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CHAPTER I

Fourier Series

I.1 Periodic Punctions:

Let £(x) be defined on the real x-axis, If
f(x+T) = f(x),; for all x (-(-oo; o0 ); T 'ig a resl
constant , f(XS'is said to be periodic with per-
iod T,

It is clear that f(x+nT) = £(x+(n-1)T ) = ....

= f(x+T) = £(x) ,
Where n is a positive integer. The lagt ve-
lue of T>0 is called the least period or simply

‘the period of f£(x).

For example: cos x = cos(i+2ﬂ9 = cos(x+4 ) = ..
= cos(x+2n®) ,

Then the period of cos x 1isg 27" . Also the period

of sin x 1is 27, the périod of tan x is 7 end

the period of a constent function is any positive

number.

If f(x) has the period T then the function :

g(z) = f(ax) has the period T/a , Since

g(X4T/5} = £ a(x+T/a) ) = £( ax+T) = f(ax) = g(x].




CHAP. I o 2 . F‘SO

It is clear that cos 2x has the period 7, the

period of sin 4x is %1 :

If £(x) has the period T, then :

C+T | 2 .
jﬁfo) dx = j‘f(x)'dx (prove it?)
C ' 0

Tt is apparent that a sum, & difference ,
a product and a ratio of periodic functions with
the same period T are again periodic functions

with period T, (not necessary the least period).

gin X
cog X

+ is clear that tan x =

cos ¥ is 27, but the period of ten X is T .

I.2 0dd and Even FPunctions:

A function f£(x) 1s said to be. B%d if

P(-x) = = £(x) for all x .
T+ is easy to see that : xs, 2 - 2% , sin x ,
‘tan x , ¢ &> ~ ™% ) are odd functions.

A function f(x) is gaid to be even if £(-x) = £(x)

for all X.

,the period ofsinx,
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Thus x° , x4 + 3 x° +.f y 008 X , (8™ & ¢ )
are even functions. '

These definations imply that the graph of
an even function ig symmetric with respect to the
axis of ordlnates and the graph of an odd function
1s symmetric with respect to the origin.
It is clear that s llnear cqmbination of an even

(0odd) functions is also even (odd) function

If £(x) is integrable on the interval
[.-a, a ], then :
a 0 a
jf(x) dx =ff(x) dx + f fix) ‘%

-a -8 | 0

Replacing x by =x in the first integral, we gef:

0 -
J f(X) dx = Jf(_x) dx
:"8 O
The - | a |
i, afrens, s rior-
J;(x)dx =Jq( T2 )Pl -2) )dxé{ 0 even function,
-a 0 ' 0 ,‘if (%) -

odd function,
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Tn general, any function £(x) can be~représented A
" as the sum of even end odd functions. It is obv- :

ious that -
f(X) _ f(X) + f("‘X) & f(X) 'é f(-X) * F(X) + G(X),

2

£(x) + £(-x)

f(x) -f£(~%)
> s

(x) = 5

G(x)=

F(x) - even function gnd G(x) - odd function.

Every function £(x) defined on the interval of

the form[ -a, & ]can be represented as the sum

of the corresponding even and odd funciions.

Txample 1.1l: Graph each of the following functions

a) f£(x) = |x| » xé[ -T & ] end has a period 27
- & |

Since the period is 27, that portions of the

graph in -TL X7 is extended periodically,
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outside this range. Tt is clear that |-X|= |x|,

then f(x) is an even function.

b) - /4, xe(=T,0)
f(x) = | , period = 2,
w4, =x¢(0 ,T7)
/kj
; : P 1 X
2T =T 0 - s

It is clear thet, f(x) is not defined at =x=0, +T
+ 27, ..... etc.

These values are the discontinuities of £(x). It is

obvious that f(x) is an odd function.

C) f£(x) =x ) -T<xg 7 , paeriod = 277

' >
-y .‘ﬁTJ =Zi =T ; T P (0
ya | ey |
! |

[ A S
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Exercises 1.1

Graph each of the following functions and

clegsify each of them according ags they are even,
odd, or neither evennor odd.
:2 0<x3
Y- f(x)-= period = 6
-2 .-,'3<X<O
' cos X 0LxgT
sy +  £(x) {- , ’period:= 2
W x L2T
OLxg7
43) £ix) {; period = 27
: ek 2m |
sin X 3;0$x<f lf
4) £(x) = {- period = 27
<msx < x<2W
o L1
J ".L$x<2 period = 3

5.) PlR) =\ 2
\p L 2¢x 43

— mm e
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, 5  0<x<3 '
L S B) e} ={: | period = 6
| -5 -3< x<0
T3 £(x) = x (5 = x) 0<x< 5 periaei =5

1.3 Fourier Series :

Let f£(x) be defined in the interval «—Q;T)‘
and outside of this intervel by i’(x+2T) = £(x),
i.e. assume that f(x) has the perlod 22# The

Fourier expansion or Fourier series correspond;ﬁng'

to f(x) is glven by .:

S(X) = T + Z( 8 x + B’n sinn_"TT_Z.) (1)
Where 8, bn are called Fourler Coefficilemtis and
given by : |

T C+2T
ay = %—J- (x) cos —T— dx =--%;— ff(x) cos&?—’-‘dx

-T C

n=0,1,2,... (2}
b C+2T
L [ v o .

b, = =— f(x)sunn‘n‘xd:c:lff‘ in 84X gx
2~ 7 T L

\\

N
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( Where C is any real number )

To determine & in (1), we are use (2) with n=b,

T
a-ljf()d
o~ T o =

-T

hence ,

The constant term in (1) is equal to
T

a
-23 . %T' §T £(x) dx ,

which is the mean of f(x) over a period. It 1s

clear that 'bo =0, since 8in O = D .

Example 1.2: .

Find thé Fourier cbefficiénté corresponding

to the function : ¢ 1)

,‘»-'O’/) —3 (I < Q = ™~
f(x) = period = 6
2 0<x<3 - -
Solution: ,
The greph of f(x) is shown below
."\ 3
: 0
-12 -9 - 6 -3 5
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Period = 2T = 6, end T = 3

- 3
= _%—.(‘f 0) cos 2—j—zdx + é' (2) cos E%ZE dx)
| T
= —%—03cos—ng;—jsdx _ —%— ( 53—' Sln—%'&}_) =0
0

for all n= Ly 2iy3y
5 4

Similerly ,

& 3
b = (2/3)J;s:.n (n1x/3) ax = (2/3) (= —2—-

. cos (n7x/3) )‘3 =2 (l-col nir) /o
0

0 if n is even

P 01 e ta1d™ )

n

4 if ' n 1is odd
nqr o

i.e. by =4/wr, by, =0, by= 4/3W , b
bs - 4/STr Y b 6= O etc.

=9

Therefor ,

I
O

b2 — b4 = b 6= v = b2m ’ b2m+1 = 4/(2m+1)’77

for all m , 8 = 8, = 83 = ... = 8y =0’
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Exercigses 1.2

Prove that :=
‘T ’ ;
1) jsin(n‘ﬂ'x/T)dx
-T
oo |
2) jsin (nmrx/T)
-T
i b
39 ‘J cos (nm=x/T)
-T

T

= Jsin(nfx/T) gin(m?x/T) d4x =

-T
Find the Four
+o the functions:
4) £(x) =
5

[Answers: ao =5,

TZ
= f cos (nvrx/'l‘)o\’/»:O . B=152 5000

-T

cos (nmwx/T) - dx =0 n=1l,2,.0

cos (mwx/T) dx =

0 if m =% n,

P 3f m = n.

ier coefficients corresponding

-2 <X 0
period =4
DELx L 2 |
a_ =0, Yoy =0y Dopyl =10/(2m+1)wj

P i S A
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5) f£(x) = (m- x)/2 , -x€ (0,27 ),
period = 27

(Answers: a, =a_ = O , by=1/n )'

6) £(x) = x| A <x< 1l  period =2
, . ' ) " ) "
{.Answers. a, =1 . 8on =0, a2n+1—.-4/ﬂ‘(2n+D

bn=o]

1.4 Convergence of Fourier series:

Definition ¢ Piecewise continunity:

A fuction f(x) is.said § % T

to be pilecewise continuous
in ‘an interval if :

1) the interval can be di-

R

R

— e Smn —— — —

|

- |

vided into & finite number |
|

|

of subintervals in each

of-'which f(x) is eontinuous

and ,f
2) the limits of f(x) as'x.apprOBChes the end-

points of each gubinterval are finite i.e. the

pakil ——
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piecewise continuous function is one that

haea only a finite number of finite disconti-

nuities.

Now, we shall state a theorem that will yield. i
suffieient conditions for representing a function

f(x) by a Fourier series.

Theorem ( Dirichlet conditions s

Suppose‘that:(l) Pix) is defined and single -

valued except possibly at a £inite number of

points in ( =T , Tl)'a

{2y #(x) ig periodic outside ( -T , T ) with period
2% A

(3) £(x) and f'(x)‘are piecewise continuous in |
(-2, T) » |
Then the series (1) with eoefficients (2)

converges to :

a) f(k) if x is a point of continuvity..

b) f(X+O) ; f(X—O)

Where f£(x+0) = lim £(x+€) , £(x-0) = Iim f(x- € )
§—>0+ €0, :

if x is point of disqontinuity,
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The conditions (1), (2) and (3) imposed on £(x)

are sufficieht but not necessary, and are gene-

rally satisfied in practice. There are at present
no known necessary and sufficient condition for

convergence of Fourier series.

In Example (1.2); the Fourier series corresponding

to Flx) 41s 2
1~ 44 {-81n(1TX/3) & 175 wip( 3w =/3)
. /5 sin(5mx/3) + 1/7 sin(Tm=x/3) + }

S:nce f£(x) gsatisfies the Dirichlet conditions,
we can say that the serier converges to f(x) at

b1 -
all points of continuity and to .*‘“*0)2+ (x=0)

et points of discontinuity. At x = -3,0 and 3

Vod ek

which are points of discor+*“nity, the geries con-

verges to %19 = 1 as seen from the graph.

If we redefine f(x) as follows

Cor? "
2- T
- —
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- x = -3
2 '-3{x<\0' ,
f£(x) = ﬁ 1., “x = 0 | period = 6
2 Oex & 3
L1 x= 3

Then the series will co'n'verg.e' to £(x) for -3g&x<£3.

Example 1l.3:

Expand f(x) = x> , O0<x<27r with period o9

in Fourier series.

Solution:

The graph of f(x) with period 27 is shovm below:
ﬂ -xTﬁLY I ’
: I I l

[
[




“? L
LERJ

e = L

2 2w

L 2 . o) "
a8, _zj cog nx dx = fo d(sin nx) =
0

(L

-f?x gin nx dx )
o O
DY
= (=2/nm (-1/n) f-x d( cog nx ) ' =

' (#]
rx' 27
=(2/n21r)( X CcoS nxL - cog nx dx ) =

PR
_nn_,(x fin nx

o

; 21

=(2/n27r) {2—77‘008 (2nm) - (Sln nx) }:
® o

=@r/mTr) (-1 ) < am® nto

b. = —’-fxz gin nx dx =
n w A
y {(xz) (—-cos nx)- (2x) (—sin m:) +
L 2 |
n- n
- 2T |
- ¢0S  nx : = 417 /n
+(2) ( o ) } | |
: 0
Then

£l%) = 2% a (477"2/3) +.Z€4/n2)cos nx -

n=z)

- ( 44-77"/n..>sin nx)
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This is velid for 0 <x<.27 . At x=0 and x = 21T

: 2
the series converges 10 (0+47 )/2 = 2T .

od

=\ n2

2

At x=0 the Fourier geries reduces to igt + -i—— ’
n

By Dirichlet condition, the series converges at

=0 %o 27"

Then ﬂfz &
5 v ) A =2
n={f 1

(2o anTi= @D

00
1.8, ZZ_—i§
n-_—i

n
Hence Z

n=y

b
noj-
1]

2
(i
.—;— y

pxample 1.4:

Let us take the periodic function f(x) = X

regarded as being defined on the interval‘;—T, T'l

-
— s

with period 2T, and ezpénd it iﬁto a Tourier series.
—— 0

I\
Solution: Ay

e
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T+ is clear that, this function is an _odd function,

then f(x) cos n;fx: ig an odd function and

f(x) sin ngrx is an even function.
1 .nﬂ' . nwT x
an=TJif(X) cos—T——dx=-—T-_£x cos dx
- O n= 1,2;3,."51.;0000'
Y i -
ao = e Tx dx: = 0O
bn = —%— £{x) sinn%rx dx = —%4 x gin R X dx
ET o . e
- 2 [x sinBE ax
2 4 v . T . iid
_ _ =T nNNX B N x _
—T ( ,'.,COS )\O+nﬂ,£cos—m—dx =
. 27 n+l ;
e n"IT (—1) 9

‘Consequently, according to the convergence

theorem, we have

~x for -T<x<T,
@2 n+1l : )
8(x) = —%%— Z;;‘<nl) sinBAE =( £(~1+0)+£(T-0) _
5
L = —M4T = O
=

for x = 4+ T
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It is clear that the function S(x) is peri-

odic with period 2T , and S(x) = x only for -T<x<T

At the points x = (2m+1)T , m=0,+1, *2, ... etc., ;
the function x- hes discontinuites; its left - hand
and right - hand 1imits being, respectively, equel
to -T and +% , but S(x) assumes the value which is
the half - sum of the left - hand and righ - hand _
1imits i.e. equal to ( =T + T Y& O 4 | E

In the following graph we see the graph of
the partial sum Ss(x) :

SS(X) = (2T/w ) [:sin (77=/T) - (1/2) sin (27 x/T)
+ (1/3) sin (3W x/T) -(1/4) gin(4mTx/T )
+(1/5) Sin(Sﬂ’x/T)}

constructed on the interval [;T . T‘l

Y

/
’Lfﬁ“
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In the following,
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we gilve somé important integrals;:

jx CO0S ax dx=%~

a
2 1 [ 2 2
X"co8 ax dx = 2ax cos ax + (a° x©-2)e
J —3 -

[cos axX + ax gin ax]+ C

-sinax] + @

3 [ 2 .2 -
fx cos ax dx = 1 (38“x“-6) cos ax +
—[;-8 .

+ (a3 %> - .6ax) gin ax]+ g

dx = ‘—;31—5- [:(483 x3 - 24ax) cos ax +

+ (é"‘ x* - 1262 x°4 24) sinax]+0

[sin aX = ax cos ax ]+ C,

—1—5— [Zax sin ax - (32x2-2)'
a
e COS axJ + € ,

2 2

3a x - 6) sin ax -

fx-3 sin ax dx = 24— (
U

fx[]'sin ax dx

~ 2 xo- 6ax) cos ax] + C

=—-:5L- B483x3- 24ax) sin ax -

y

(a4x4 -

12 g

2

x2+24)cos ax] + C
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Example 1.5:

Tet us take the periodic function £(x)
on the intervel [-T , T} with period 2T .

This function being even, W€ have
- AY

———— — ——
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dn = _3'—51 [(Znﬁcos n7T + (n'n‘— 2)/1/
2
= 4 T ( <5 )n .
n? 72
=
b_ = (1/T) fxz sinBT X 4r - o
n i
T
Then 5 i
2 n
T 4T 2 (-1)
S(X) = —;—— + ———
47'2 =1 n
= x° TS xgT

The function x2

series are continuous everywhere including the .

points =x = ( 2m+1)T

k =0, +1

v #2 § <o

| Since for the function f(x) _x2 we have

f(- T+O)

f(T-0)

TIED =T we gt

72 |

=

-,2—.: + 4 -—:J_'.._ Cosnﬂ’x .
Zj 2 Al
n=| 1

- xLT

and the sum S(x) of Fourier's

Substituting x = 0, we obtain the useful relation

2 — e s,

S e e

’
\ +,,—

+ oot (w1)

(m=1)1

-
e
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1.5 Fourier gerieg for_even and odd functions:

From the definition of an even and odd func-

tions it follows that
{§

2 j\f(x) dx 1if f£(x) is en even func.
0

-
Jqf(x) dx =
o

0 if £(x) is en odd function.

sunction f£(x) is expended in

Now, if an odd
n? -

Fourier series, then the product f(x) cos 2%

ig also an odd functiom, while £(x) gin—2— x is

an even functionj hence ,

1
1 =
2 =] fx)ax =0,
b
T 4
an - _L—jf(x) COST x dx =O ’ n= 1,2,3,-.0.
. T
T
b, = —%—Lyf(x) sinBT- x dx = —%rj £(x) sinfp dx
Zp 0

Thus the Fourier geries of en odd function contains [

only Sines ( see Example 1.4 )
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If an evenzfunction f(x)gis expanded in

a Fourier series, then the product f(x) cos B%Z X
~is also an even function, while £(x) sin 3%: X
is an odd function ; hence ,
| T
a, = —2—‘/Pf(x) dx
T
0
'
a, = _%—Qr f(x) cosg%E x dx B=1,2. 3000
0
bn = 0

Thus, the Fourier series of an even functions

contains only cosgines ( see Example 1.5 ).

The formulas obtained permit gimplifying
computations when seeking Fourier coefficients in
cases'whén the given function is even or odd.

It is obvious that nof every periodic function is

eéven or odd, for example f(x) = sin x + ocos x ;
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1.6 Half range Fourier Sine or Cogine series:

A half range Fourier sine oT cogine series

is a series in which onlyosine terms or only cosine
terms are present respectively. Wﬁen a half range
gerieg corresponding to a given function 1is degired,
the function is generally defined in the interval
(0, T) and then the sunction is specified as odd

or even, SO %hat 14 is clearly defined in the other

helf of the interval, namely (-T, 0) . In such case,

we have : 2\
5 L 2 . - L o
B, = O 5 By = ﬁrjf(x) sinm— X dx for
O .

nelf range Sine series,

T

= - nT’

b = Q5 By F —T—lf(x) COS=f— ; dx for half
range Cosine series.
Example 1.6:
Expand £(x) = sinx , 0 <x<7 in 8 Fourier

Cosine series.
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A Tourier series consisting of cosine terms
allone 1s obtained ohly'for an even function. Hence
we extend the definition of f(x) so that it becomes
even. Witﬁ this extension, f(x) is then defined in
an interval of length 27 .

Teking the period as 27 , we have 2T = 27

so that P =%

A4
~2T -1 0 | @ T x
a | ap

_ 2 (as _ 2 - _ 4

a, -.my051n X dx = —- (-cos x ) ; B
5 v -

a, = s gin X cos nx dx = ——:f[szn(x+nx) +
: 6 o fsin(x-nx):] dx =

_ J, _ cos (p+l)x . cos-(n-}) X T _

(n+177 (n—-1) 5 .

" [.1-cos(n+l)7r cos(n-1)T - 17
= (n+1) » (m-1) ]




T
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___-i 1 + cos n7r _ _ 1+ cos nT
®n = T o+ 1 n - 1
_ (1 + cos nTr) 1 e |
- m n + 1 n - L
- 5 (1 + cos n?) TR
¢ oo 1 )
1 i | 1 i
84 =—7;—jsin 2x dx =--2—7-F'(COS 2X)lo=9

[+

o0
z' 1 + cos n7l e i

Then S(x) 2 5
; Y y\cz ﬁJ(n . 1)

+ =t

2
¢/ 3
_ 2 _ 4 [Coﬁsﬁ2x . cosdx cosbx 'J
T T L 22217 4% 65—t

Example 1.7

Expand f(x) = x , 0L X% T , in a half range

a) Sine series ,  b) Cosine geries.

Il “- . . i
atl i Careat -

" Solution :

a) Extend the definition of the given function
to that of the odd function of period 2T
( See Example 1.4 )
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i.e. f(x) = x in the interval [—T ¢ TP s
Then

00
:"‘ n+ 1
Sx) = %;2 rgt (-i) gin EJ%;E—

b) Extend the definition of the given function

£(x) to that of the even function of period

27 gg shown below :

l\g
//\\ /f\ /'\\
/ \ / \\ \ / \
\ / \ \
/ % “uil \ \ / \
/ \/ % N \
kT 3T T u et : —
=& =T 9 v 27 3T 4T
i
Thus
bn - 0 3 n = 1,2,3, e s e o oo
' rnr
red o
2 (- 1 2 |T
a = —<-lxdx =5 (x ) = T
o) T y T 5
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M . 2
8n ~ o ( n —1r')

[cos‘ g—’g—x 4 gg-x gin %Ex:]

2 - _
W[(COSH’H’+MIW)-(1+O{|

- [(—1)“— 1]
Sk 0 ~
Then ' o
n
S(x) = —p= +) 2T ((-1) 1) cos 2T
'. n=y| n 7r
T AT < (2m=1)1r _ _
-5 - Hr) (2n1)? 008 s
m=|
_ B AT [ cos(mx/T) " cos(37 x/T) .
- 12 l2 32

: N cos ( S?J}QZT) o ]
2 res
8
It should be noted that the given function f(x) =x,
0 <x< T, ig repregented equally well by two

different series in (a) and (b) .
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Example 1.8

-

2

Expand f(x? =x", 0 gﬂx*< T’%’ in a half
range . |
a) Cosine series j b) Sine series.
Solution:

a) Extend the definition of the given function to

that of the even function of period 2T

( See Example 1.5) i.e. f(x) = x2 , T <x< T

Then
: 2 2
T 4T cos( 7x/T) cog (27 x/T)
S(X) = -— - [ R +
, gos ( 37x/T) _ cos (49 x/T) - }
2 42 - . e " s 0
3

b) Extend the definition of the given function f(x)

to that of the odd function of period 2T

ixz 0 X € 7T

i.e. f(z)=<

~

[X -7 < x < O.




|
\
I

I

-—a = 0  n= 1
89 n 2 Q

-—%— (T/n ) - [211"”{ gin Ef@z - ((n'ﬂ’X/T)Z-Q) e

-

|
|
|
l
|
l .
|
|
\
|
!

,2,3‘...,..' B

. cosg (n'n‘x/T)] \Z‘ =

]
2 1 [- (n -2) cos n1r
g

2]+

- (212 (n7'r’%) [(n2 2oz ) (=1)% % 2]

- (2 /(n 7r)) [( l)nnzfr

((-nn*l(zm ,(mm) - ((m ey [ 1% (-.mnflh ))

+2(1(1n)J
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Then 00
S(x) Z [(__1)n+1 (21%4nm) - (47°/m0) )

B ( 13_!—_"(-1)n+1 Z] gin (nw=x/T) =

2

_ 27 sin ( mx/T) _ sin-(2ﬁ‘x/T§
2 5 2
+ 8in (%ﬂ’x/T) _ sin §47fx/T) " .'.‘]_

_8.1° [sin (Tx/T) | sin (37 %/T) |

, 8in (Sg'x/T) ., 8in (;W‘X/T) b o }
5 T

1.7 Harmonic anglysis:

This is the determination ofﬁfhe Pourier

coefficients 8,y 89, 8, oeee ?1 4 b2 5% mimeme

In technology it is frequently used to analysge

periodic phenomena. An oscillation is split up by

harmonic analysis into a sum of pure sine oscilla-

tions (harmonic oscillations) and a constant part.
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Apert from the fundamental oscillations there
whosge frequency

occure the go-called "hermonics”

ig twice, three times etc. the fundemental freque-

abour can be gaved in harmonic analysis

ncy. Much 1
of one obsgerves certain symmetry properties of
the function f(x) toﬂbé analysed.
1) For the function with
the property' , qu
f(x+T) = = P(x) (odd .
harmonlc) the absolute : . .
0 T 27T ‘L

term 1is B, = 0 and

only coefficients with B

an odd index occur

ioeo 82 = 84 = e w0 o = b2 = b4 = e e = O .

It is clear that: |
T (o} T |

- =_—%— j\f(x) dx = —%— ( j f(x).QX +~§ £(x)dx )
-7 ~T 0

in the first integral, put x=u-T and dx = du
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20, Using the expansions of the functions x and

x° in the interval (0,77 ) in cosines series,

prove the equality :

} 2 2
'2' ccg nx 3 - 67X + 2T
T =

(0 & XL,
h=) R 12

21. Expand the function £(x) = sin4x in a Fourier

series.

(Answer: -—%— - -%— cos2x + —%— cos4x )

22. TFor the periodic functions with the property

f( 27m = x) = £f(x) prove that :

b=0 for all o =1,2,... .

f.ﬁ 23, Tor ithe periodic functions with the property
?-f f(27m - x) = -f(x) prove that :-

i ﬁ a,=a, =0 for all n=1,2,3,... ;

;15 24, Expand the funcition f(x) = cosBy in a Fourier
_g'ﬁ geries. (Answer: —%4 cos X + —%—-cos}x )
W °5. Expand the function f(x) = sin3x in a Fourier

series x¢€ [—‘Tf’,'ﬂ'] ’ period = 27
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"CHAPTER 2

FOURIER INTEGRALS

2.1 Theorem 2.1

Let f(x) satisfies the Dirichlet conditions
in every flnlte interval (~T, T) and .f\f(x) dx
converges (i.e. f(x) is absolutely integrable in

(-=o0, 0@ ), then :

f(x) = ‘[.[A(u) cos ux + B(u) sin ux] (l).
Where A(u) = _%r J.f(x) cos ux dx } E'f
(2) &

B(u) = 1 J‘f(x) gin ux dx

The result (1) holds if x is a point of cont-

inuity of f(x). If x is a point of discontinuity,

we must replace f(x)lby' £ (x+0) ; £ (x=0) as in

the case of Fourier series. Note that the above
conditions are sufficient but not necessary.
The right hand side of (1) is sometimes called

Fourier integral expansions of f(x)

L 3 14
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Example'2.l

T 1

| — b et

Find the Fourier integral of f(x)

| x\<a
= {

|x\> a

a

& Solution: oo
: if f(x) = Jﬁ[A(u) cos ux + B(u) sin ux] du ,
1 | Where: = 3 a
] A(u) = -l—‘ff(x) cos ux dx = ———:fcos ux &
i —p ! o
3 ; = e ( sin ux )| = -l- sin ua =sin(~ugz)
o umr ur o
b 3 -0
| ' — 2 .
. j_‘ = _—U’Tf S1n us ’
:-:' %A 1 . ¢ ll .
- B(u) = —=—|f(x) sin ux dx = ——(8in ux dx== O
F (@) = =2-|£(x) sin =
B B T
& . P
"2
® Therefore f(x) = £ \f L 8in ua cos ux dx =
;.‘r ™ ° "
1 |x{< =
o
- .' = 4 1/2 f X ] = a
9 1=z]> e
YA -
L. » 3 % 1 o’( St duy
= Rl dsadnteew g o TE olv
o 0", A >
“Ti VS T
o e 3 - ‘: N M
) ¥ BT = =4 “ 8 G wna :
o gy hemdm
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.2 Egquivalent forms of Fourier's integral theorem:;

Fourier's integral theorem can also be wrifien

in the forms :

s O
f(x) = 1#3:( J~ £(t) cos u(t—x}m dt du (3)
U=v é- == SIS

V.

oo o) TR

f(X) = 2:71’-," j e—iux du j‘f(t) eiu‘t dt/ )
= 2%7 jif (%) Juls-z) 41 "%

Where it is understood that if f(x) is nct cont-

inuous et x the left side must be replaced hy

f(x+0) + fF(x-0)
2

The case. of . even functionsg :

\oo 00. ' .
f(x)~= ﬁ%r.jcos ux du J&(t) cos'uti dt’ e gl
is even. L (5)
Thé case of odd fﬁnctions’-

09 P9
fix) = 7ﬁr sin ux du Jaf(t) gin ut dt if £(x) is’
odd (B8] -

o) (0]




o B

i iut
Flu) = et Jf f(t) e dt ~ﬁ¥Q (7)
3 L2 Y,
in (4) , We get ::\_ﬁ—__ _
: PSS!
'. 3 ; | I
;f(x) =- F(u) o=1ux g4y il (8)
| e j | o
‘\\‘ - 00

The function F(u) is called the Fourier trans~
form of f(x) and is ‘gometimes written.%(u) -€;§f(xj%
The functlon f(x) ig the 1nverse Fourler transform

of F(u) and is wrltten f(x) = {F {F(u)(

The constants preceding the integral signs in

(7) end (8) were here taken as equal to ;//gﬁy

However, they can be any constants different fronm
zero so long as their product is lAéfT). The above
is called the Symmetric form,

Equation (7) can Dbe written as follows

Plu) = -l—ff(t) PR g o
. b0 '
s L f(t)[oos‘ut +1i sin ut] dt
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po

F(u) = —1 ‘ff(t) cog ut 4t + .

Vz«r' ™

o0
" b ff(t) gin ut dt (9)
VT

Equation (8) cean be written as follows:-—

-iux

f(X) F(U) e ' du =
V2; . -
= L L[F(u) ( cos ux = 1 sin uXx ) du =
Veir Yoo
00 (22
ks j‘ i
= ' F(u)cos R [F(u) sin ux du
V2T - 204
‘ (10)

If f(x) is an even function,chen £(t) sin ut

is odd and f(t) cos ut is even. Then the second

integral on the right of (9) is zero and the result

can be written
o0

Fc(u) = = \Jf(t) cos ut 4t =
g o0

Ve

© a4
G sl /2: £ e(§) cos ut dt (11) 4

From (11) it is clear that F(-u) = F(u) so that ﬁ;”

F(u) is an even function and F(u) cecs ux 1s even
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and F(u) sin ux is odd. Then the second integral

on the right of (10) i1s zero and the result can

be written

w '
f(x) = = F(u) cos ux du =
V27T Jo“oo
_ /2 d
. = JFC(u) cos ux du (12)

and we call Fc(u) and f(x) Fourier cosine trans-

forms of each other.

A similar result holds for ©dd functions

o .
2 . 9
J—;— J £(%) sin ut 4t —-. -
O00 :
fi=) =i/7§f jﬁFs(u) gin ux du
0

and we call Fs(u) and f(x) Fourier sine trans-

Fs(u)

} (13)

forms of esch other

Examnle-2.2

Find the Fouriler transform of the function:-

L wise e XX 8,
f(x) = { %o X = a

9 x| > a
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Solution:

Tt is clear that f(x) - en even function,

then the Fourier transform of f(x) is

F_(u) ___J_E__ If(t) cos ut dt _Y:-S cos ut dt =
C 'TT‘ ;
_ k. . sin ut ‘ a2 i § £,§
== [ % ] o el ua,.) I

u £ 0

0

o0
For u = O we obtaein F, (0) —V;g;\[%(t) it =

e

The graphs of f(x) and F(u) for a=3 are shown in

the figure below . q\FYu)
3 -+
ﬁ(XM\
)
1
LN LS > U
) ST
‘ 3 i 3 3
_3 -2 =l \ z 3
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u 9
o0
2 . 2 Sin ua
f(x) —)/77 u/\ o i cos ux du
o)
oo

2 gin ua cos ux
i.e. -;;—J[ - = du = B x|
o

(%)

Hence 2fsn.n uau COS ux du

o

e

-~ 00

Putting x = 0 and g =1 we get

o) oQ

sin u _ sin u,j._
j' u du C i j u Ve 77/
0 A

Example 2.3

Solve the integral equation

g— 1-u 0
Jf(x) cCoS ux dx ={

0

IN
o
A

;s

o \X| < a
Sin ua cos ux e
= j g T du ={ T/ | x|

1
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v
. T
and then prove that gin 2 gu = "JZ_
; w
£ .
Solutions ed
Let p/"?,;sz-;-—jf(x) cos ux dx = F((u)
| 0
foue (1-u) ogxug 1
aT ™
Fc(u) = 4 |
0 u>l

0
fhen T(x) = \-gwj‘ P(u) cos ux du =

¥ g

i
t
ar\:
N
H
|
&
~
Q
G
w
G
jod]
o
I

Hence ¢ -

:/_,%_j 2(1_@—3X) . COS ux d.x_.I
r 7 xe .

.0

Taking the lim as u —> 0+ , we find

- Cc0S_X _
Lor-0582 dx = 5
X

o0
S i But this integral can be

0
written &8s © @
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Q0

oD
. 2 ) :
T _ Jﬁ2 sin (x/g) i ;\[‘51n U dus= T
| 2 J XZI ué . 2
; , o :
Example 2.4

.+ Find the Fourier cosine (sine) trensform of

) TR

Tix) =”e_a¥ (>0, =x30), and then prove that

. .

J_T__cosuxdu =——-f—-7r e X : xy 0,
o w+l 2

(o)

o 8in ux T -X

N 1 + u2 2 ’ 7

c
Solutions

From (11) we:determine the Foutier cosine

transform

[¥) g
Fc(u) = %%g;‘j~f(t) cos ut dt =Ygg;jﬁe_atcos utdt
§ (7] _ - 0

(ee)

-at j
[ S 5 (-8 cos ut + u sin utﬂ
8 + U

0

1]

2
f
/"5* a

r ay u°

and from (12) we get
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| .. o0
2 2 a
flx) = F—f // cos ux du
T A T ajé:u2
i.e. Jr cos ux d & @ o& (1)
77 a |

Prom (13) we determine the Fourier sine transform:

T (u) %——gf(t) sin ut 4t )/—’J Ygin ut dt=

—VCE‘ [ e—at (-2 sin ut - u cos~utﬂ
R ¥ 2 ‘ '
8%+ 1

2 / 5 u i
and therefore f(x) = jﬁ- « oin ux du
f a2 +ud

in ux -8 »
L= 3 . du = e ° {44
a + U

2
g

e e o e N T R S e

i.e.

QQ__,..\B

In (1) , (ii) put a = 1, we get




306

- (82)
CHAPTER 7

TAPLACE TRANSFORMS -
§7.1 : The Laplace Integral:
Let £(t)-be a-function of t specified for all %,
Ogtgeo and. consider

lim im JT e-St £(t) dt (74%)
€ =0 %—)” € ' ’

for some complex s . If the double limit exists, we
shall write this. as the improper integral

- _
J e ae) as v (7.2)
and denote it by L {f(t)} = F(s) .

If the function of t is indicated in terms of a
small (lower case) letter, such as f£(t) , g(t)
v(t) , etc., the Laplace integral or the Laplace
transform of the function is denoted by the corres-
ponding capital letter, i.e. F(s) , G(s) , Y(s) ,etc.
In other cases, a tilde (~) can be used to denote
the Laplace integral (or the Laplace transform ) .
Tnus, for example, the Laplace transform of f(t) is
f(s) or L f(t)} or T*‘(s) . We shall write
£(t) = F(s) to denote that L {f(t)} F(s)
Definition: Exponential order

A‘function f(t) is said to be of exponential
order for t>T if we can find constants M and &
such that |£(t)| g M e*¥ for t > 1T .

Theorem 7.7 '

*

If £(t) is piecewise continuous in every finite
interval 0Lt T and is of exponential order for '
t > T, then the double limit (7.1) exists .
It must be emphasized that the 'stated conditions
are sufficient to gurantee the existence of the
Laplace transform. If the conditions are not




Liais

307

S =

A (83)
?fﬁsatisfied, however, .the Laplace transform may or may
exist.

4 not Thus the conditions are not necessary for

"‘ an

existence of the Laplace transform.

Somé important properties of Laplace trans

forms:

i

_ In the following list of theorems we assume
ﬁ?fthat all functions £(t) possesses a Laplace transform
W i.c. the double limit (7.1) exists ..

b | '1

- L. L
N |
&

Linearity property:

Theorem 7.2

if If L3f(t)] = F(s) and Lig(t)} = G(s) , then
& ror any constants-a and b :
L'{af(t) + vg(t)} = aF(s) + bG(s) .  (7.3)

& Proof:

i L{af(t)+bg<t)} = _fZ‘St [af{t)+5g(t)] at =

-

) 0
2 [ 5% £(t)at + b [ e"SVg(£)dt = aF(s) + bG(s).®
The result is easily extended to more than two fun-
ctions. This implies that the taking of a Laplace
transform is a linear operation.
2. Translation property or Shifting property:
Theorem 7.3 First translation theorem

8K i L§L<E)} = F(s) then {eab f(t)} F(s=-3a).

Proof: SR T
R T {e®F 2(6)] = [ ™% 2% 2(t) at - fe~(s=a)tr(ryq
= ri‘(s—a) E ¢
EH Theorem 7.4 Second translation theorem :——
3 i a | f(t-a) t > a
i Lig(t)} = e™*% 7(s)
& lvroorf: L .
* ' “- N : -8t . . [’a ~st LN g fi -
1 uig<b)} =\fe g(t)dt= J e g(:;ﬁi;j e g(t)dt=
bi o O a
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- [ e7SF(0)at+ [ e7SC(t-2)dt= [ e~ 5s(v-a)at = ,

0 a o R - o 7

. | R ) |

=‘[ o—s(utad e yan = e-sa.[ e'suf(u)du= e=35 B(2) . @
0 S | P
Theoren 7.5 Change of scale proncrvy 1

If L f<t>} F(s) then Lif(at)f = - Fls/a).

'p'T“QQI:-

Liz(at } je ste(at)ats fe s(u/8)g(y) au/a) =
~(1/a) \f -su/2 £(y) qu = ; F(s/a) . ®

Theorem 7.5 Laplace transform of derivatives

Ir £(t) is continuous for ogts N and of expon-
ential order for t >N while f' () is piecewise cont-
inuous for o gtg N and b{f(t)} F(s), then

L{f (t)} = sF(s) - £(o) .

Proof:
Using 1nuegraflon by parts 4 Wwe have
i)} = j e~5%01 (t)dt = Llim f e"Str1(4) at =

o T=>% o
T

2%
= 1im {e_Stf(t)\ + 8 f e~ ST (%) dt} =
T =0 o) o) T .
= lim i e-STf(T) - £(0) + s J' e-Stf(t) dt} =
3

4—)09

'S j' é"scf(t)dt - £(o0) + lim. e -8Te(1) = sF(s)-£(o).
T—eo

Using the fact that £(t) is of exponential order ¥

as t — o0 , so that lim e sk f(T) =0 for s>¥%¥ « ®W
Tp 0o | :

Theorem 7.7

If in Theorem 7.5, f£(t) fails to be continuous
at t=p , but llm £(%4) =f(o+) exists (but is not

equal to 1(0,, wthQ may or may not exist) , then

L {f'(t}j = sF(s)-— £flo+) .

i
1

ol it

H B
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If in Theorem 7.6, f(t) fails to continuous at
t=a , then : L if‘(t)} = s F(s) = £(o0) -
- e7%5 [r(a+) - £(a-)] ,

.,: where [j‘(a+) - f(a-)] is called the jump at the dis-
l eontinuity £ = 8 .
| Theorem 7.9

If £(t) and £'(t) are continuous for o gt N

- and of exponential order for +t>N while £"(%t) is

viecewise conulnuous for ogtg N , and ILif (£} =F(s),
then L{f"(t)} = 52 P(s) - s £(o) - £'(0) .

Proof :

By Theorem 7.6 : L{g'(t)}= s G(s) - glo) ,
Let g(t) £'(t) . Then '
L{f”(t)} s G(s) - glo) = s Lig(t)} - £'(0) =
s LIE'(6)f = £'(0) = s{sF(s) ~Tg(o)} -£'(0)=
s° ¥(g) - s f(o) = £'(0) « ®

The generalization to higher order derivatives
can be proved by using Mathematical induction .
If £(t) end £'(t) have discontinuities, appropriate
modification can be made as in Theorems 7.7 and 7.8,
Theorem 7.10 »

If f(t),f'(t),...,f(n-qD(t) are continuous foxr

0 £t &N and of exponential order for t >N while
Ladsion i : .
1‘n‘(t) 18 plecewlse continuocus for ogtg N , and
n{s(t)f = #(s) , then
- (; 3 wt I . *\ - —D
u?f‘q'(t)§= 3 Flg). = sn (o) -sn o )=ve

L : ) o.l"'9> —/‘ )

L N 1 M ( ) ( >

Thacren 4 Multiplication by powers of t

,.-’r.v l“_i
{:(t)} = F(s),then

L {Pr(e)} = (=0® &2 p(s) = (<) pR)(s)

s J1
where n =1,2,3,...';?S




T

CH‘A.P. 7 (86) L.To
310

Proof: s i

Ve have F(s) = vge_St £{t) db

Then by Leibnitz's rule for differentiating und:r

the integral sign

o0

oo
¥ _ _ 4 -st o¢+ = 3 ,-St =
= = Piie) = g8 \Le £(t) 4t -‘i 7e © £(%) db

_ _j:oe‘s"’ {s £(5)] at = - L 'p’:f(ﬁ:)’; .

Thus L {tf(t)} = - %% - - T'(s) , which proves the
theorem for n=1 .We shall using Mathematical induct-

ion. Assume the theorem true for n=k, i.e. assume

[ost (o 2(0)] a6 = (F 30O (1)
Then & Le—St 5 £(8))at = -] 5T 52 (8)] as

i.e. jZ—St\_tkm £(8)) a6 = (=F £+ sy (2)

TE follggs that if (1) is True, i.e. if the theorem
nolds for n = Kk ,then (2) is true, i.e. the theorem
nolds for n=k+1. But the theorem is true for n=1 .
Hence it is true for n=2 and n=3, etc., and thus for
all positive integer value of n ..“\g
Theorem 712 Laplace transform of integrals

1e L{E(8)} = F(s) ‘then L} uddn | = Ffs)
Propf: & © -

Tet glt) = f f(u) du « Then g'(t) = £(t) and g(o)=04
Taking the OLaplaoe transform of both sides, we ‘have
pi£(e)}= 1le' () = s Liles(t)} -g(0) = s L‘s\g(t)‘] -
Thus - Lig(t)| = L opie(e) = 2(s)

or L Slft ;'”.(,-u) du% =F(s) / s = @

O

Theorem 7.1% Division by T :

1¢ 1im £(%) / t exists and L ‘\i(t)g - F(s):
X o> ©
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I then T Jf£(t)/t = - F(u) du .

jammissy. & 7

f foopfs 2

f Let g(t) = £(t)/t or £(t) = t g(t) -,

| F(s) = i £(6)} = L {tg(e)t = - L1 5g(t)} -
; s_;d<Gg} {<)§.dsig<>}
= - 5 G(s) . .

Thus G(s) = - _fs T(u) du = jg F(u) du .
¢ - )

Now since g(t) satisfies the conditions of Theoren
AR 7.7, it follows that li@aG(s) = 0 » Then ¢ must be
S—

infinite and so G(s) = L {f(t)/t} = _fw Flu) du.
1 . S

Theorem 7.14 Convolution theorem: i .
HLﬁ&H=T@) Lg&ﬂ=Gu),

s
I f(u) g(t—u) du} = F(s) G(s)..

s
.

| then L {
@]

We call the above 1ntegral the convolution of
£ gnd g 3 and write

Py~ _f I(u) g(t~u) du o

87 3 Laplace “ranuforms of elementary functions.
: Example 7.1:

Prove that &1) L’ﬁ} =1/s , 8>0

(b) L {%] 1/s° , 50 (e) L {eat} = 1/(s~a), s>a
Solution : - : T

(a) L {1] S¥(1) at = 1im [ &St 4t -

o P g

lim(ﬂ-e'sm)/s

,,,

B R

il

il
~
@®

{

= lim e ~©

5 L= ' h " s )
-l-— ’42 = /}/S a-.f 3 >0 °  —un
: - n = gt . T +
: (v) L{t} = [ s t) dt = lim [ ¢ ¢75% 4=
1]

T—r“’é

- Y o5t _ e~St /2
- lin [5¢e™F/=5) = (1) (e >J]




-7 ~gT L
. q g™ T e 1
= 1lim _— - —5 e = 1f 8> 0 «
T—+“=\‘52 32 S 1 —;2
(e) 1,{e3t} il -st o8% g4 = 1lim _fT -(s-2)%¢ -
o T—ree @
~-(s=a)t \T -(s-a)T 1
I & e S = 1i 1= = ’
T —y00 "'(S"'a) o M —p Seegd S—a
if s> a

Another method: :

Tt is clear that I {f%t)} = s Lif(t)} « *Ele)
( see theorem 7.5 )
(a) Let £(t) =1 , then £1(t) =0 4 £(0) = 1 then

L, {0} =0 =sIitf -1 of L{1} = /s

(o) Let £(t) = t , then £1(t).=1 4 £(0) =0 , using
part (a) we get L{1} = 1/s = s L{t} -o
or Litk = 1/5?
By using mathematical induction we can similarly
show that L gtn‘ = n!/s(n+1> for any positive
integer n .
(c) Let £(%) = % | Then £'(%) = 2 g% ; £(o) = 1,
then L {a eatk =s L ieat} - 1
i.2. a LSeat} =s L %eat} -1 or L ieat} = 1/(s-a).
Example 7.2

Prove that:(a) L {ginat| = ———é——g-,
= { . } 32 + a
(p) L {cosaty = if sy o .
i } 52 $ a2
Solution: o6 0
(a) I {sinat} = | e” %% ginat dt = lim j' e_Stsinatdtz
o] T o
T & PO sin %t - g cos at ) I _
e sT + & o)

; 3 g7 .
= 1inm| e (s sinaT+ a cos at ) } _
S

(RO AV

&
+ a
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. = 2 D i.f S>,0 °
s~ + a-

"Another methods:

‘% i) From Theorem 7.9 we have

L iem(8)} = 82 1ie(e)} - s £(0) - T'(0) .
(a) Let £(t) = sin at , £"(t)=- a2 sin at , £(0) = o,
f'(o) = a 4, then I;{-ag sin ats = s2Lisinat} -a ,
i.e. (52+a2) L{sin at} =a or L isin atl = 2a 5
s+a '
(o) Tet £(t) = cos at , £"(t) = -a° cos at , £(o)= 1,

f'(o)=0 4 then L i—ag cos at} = s2 L{cos atg - S e

i.e. (s2+a2)L{cos at} = s or L jcos at§ = 25 5 .
- s%+a

ii) From Example 7.1 part (c) we have

ﬁrL_{eiat} = 1/(s=-ia) = (s+ia)/(52+a2) . (%)
But e+2% - cos at + i sin at . Hence

. add .
yir Eelat} = _Le_St( cos at +i sin at ) 4%

60 o0

= fe'St cos at dt +i.fe-8t sin at dt =
[0} (=}
s + 1 a

52 + a2

On equating real and imaginary parts, we get
s a
L Jcos at} e . B isin atj = ' #
i 52 + a2 52 - a2

L {cos at} +1 L %sin at} =

Example 7.3 :

Using the linearty property to prove that

{;),L{sinh at§ = 52 ?“é (b) L{COSh at% =___E“_Z

Solution: | |
&) L%sinh at% =Li%(eat_e“at)§ - %L{eat§ -%L%e-atf _
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& K.s—a ) s+a] - 2 2 for s >la|

L et —at\l _ yurfedT [ =857 _
b) L cosh au} = L {é(e “+e )} = LLie ] 4 hL{“ }

1 3 S
s-2 s+a 4% o

\\}5‘ Short Table Of Special TLaplace Transforms

g =

o
49 £5) Lgf(t)} - F(s) | congi-ions [
117 1 | VR s >0 |
5 |° v ; 1/8° s 70 v

l %1 B WESET ml gt I s> o s

" . : a_t ¢ n=o,112,oon L
- e . 1 /(s-a) s > e .
5 sin at a/(s2+a ) s > O 7

f
5 cos at _ s/(s2+a%) s ¥ o 9
7 sinh at a/(sg-az} s >\a) A
8 cosh at s/(sg—a?) s >lal L
1_’).‘"| ’ = \I "
91 7 o M(o+1)/s' P77 sy0 , pr-1}.
Lxemple 7.4: )
Prove that: I,{tpj = -E$%;ﬁ% if 3o and pr -1 .
s\PT
Solution:
oo".gt p A -
itp} = oe t¥ dt , Let st = u and note that
in order for the integral to nverge we must have
..>>O o LIIGIN 1 o .
= f Pt o P o= 4, 4 Llped)
. { ) } ) Sp+1 J[ bl > L E \?1“])
¢

-he restriction p> -1 occurs because the integral

¢ the gamma function converges if and only 1if
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. L T
i Example 7.5 : LR

¢ Find the Laolace transforms of each of the following:

a) Ue =5t ,b) Bt 3¢) 5 cos 4t , d) sin7wt , e) -SHT .
Solution:

a) L4 e } = 4 L§_ Bt} 3y = si} y S> =3,
2 21 g
b) L{3t°f = 3 L{it } =3 - -;E% 8D
¢) TI5 cos 4t 5Lcos4t=5ﬁs . e
i } { } s<4+4 s°4+16
d) L{sinﬂ‘t} = ’T/(s + ) y BPO

e) Li'j%f = -5 Li"c_y"} = -5 Z(}é = -B-E y B0

Example 7.6: e

¥ind the Laplace transforms of each of the following:

a) e’ cos2t b) 4t2-3c052t+ Se-t c) t2 o2t

d) a0 cosh5t e) e—gt(BCOSGt-BSinGt) f) t sin at

g) £° cos at .

Solution:

a) Using theorem 7.3 we get

L{e"t cos2t} = F(s+1) = s+12 = 2s+1 R

(s+1)“+4 s +2s+5
2 -t7 . _ 2 -ty
b) L{st ~3cos2+5e7*{ =4L{t"}-3L{cos2t} + 5Lie”T} =
21 P - T 5 8 I8 - 5
= L= )+5 (——) = - ’ e
(sa) ( 2 ) < s+1) “35 82+4- s+1 ’
) e :

c) L{t“ ea“} = F( -3) = 2/(s=3)? o, ]
Y _ % 2 osb 85 sapd, |
where TF(s) = 21/s” = L{t } o ‘ / 1% 4 g

: ' ¢ . - L

d) L{cosh5t§ = s/(52u25) . Then Fe)

', s=4

L %egt coshSt} = 5 = —

‘ (s=4)c=25 sS-

b T - 4% (85" =3




e) L{}cosSt-BsiL5t} = BLiCOSOt} —pL{51not} S
S ) ] 35=-30
=g AR M TR
m s +33 S~ +35 s~ +36
-nenpt _ 3(s+2>-50
{e-“ (5cos6t—551n6t)} = F(s+2) =
Fg=2u (8+2)" +50
= Ld ¥ ot v =0y o, Bag
52+4s+&0 ’ 5 s . ds /¢
" /
T )Since Lisin at}= 55~ s We have L{fqnmt}: -t
S a 2 S8 l~-1'-"‘2
. s a as : y s
Lit sin atp = -~ - ;}= G ¥
i } ds Ls®+a® (52+a2 - :
S
g)Since Licos at} =5 5 ,we have
s“+a
2 % 2
L{t cos at} 4 2( 25'1= 2; Saas s Since
ds s +a% (s“+a") :
b '
- }" } { i 52}- _ 25(s°-3a°)
52,02 (s2+a°)° (sF+a")
Example 7.7 Te(4) @ .
a) Prove that 5 dt = vL?(s) ds

provided that the integrals converge,
b) Show that f LA tat B,

Solution: e

(+]
a) From Theorem 7.1% , er"sc f(t)dt = JPF(u)du.
) 8 7 S
Tnnn taking the limit as s—>»0+ , assuming the

1nterr 1ls converge, the required result is obtained
09

J —if) at = [ Pu) au .

I

Q -
4. : )
b) Let #£{(f) = sin t . Then F(s) =1 (s“+ﬂ) "
oo : 1) 4 “ [o%
= . S =" a1y G =
Hence —35$¥§- dt = =; tan =T .
v 2 0o




STHEPT (S5 =25
Exanple 7.8 : 317
Find Lif(t)}if ‘
3 p<et%5 cos(t=-%F) %
a) £(t) = W) £(E) = -
' o t>5 » o t&3
Solution:
a) By definition -, Lii‘(t)f fe Stz(t) dt =
= -St(B)dt + f e St(O)dt -3 f B g -
0
ki j(1~e—55)
ot -S e v S -
. /3 . o
b) Lif(t)j.= J e-ip(ggdt +'£e'$t cos(t--—)dt =
° /3

co o
=.£e-s(u+§:) cos u du = e-ﬁg/} l.e-su cosu du=
= & 83 s(s241) . .
~Theorem 7.15 Periodic functions ' J;-Sﬁf(t)dt
Let £(t) have period T3> O then L{f(‘c)}: "W .
: 1=e

Prool:
£(t) periodic function with period T, then
£f(u) = £(u+T) = £(u+2T) =eee= £(u+nl) .We have

e T oT
njs(o)} = [ Pr(t)at = [ e~5Vs(t)at+ [ e SPr(t)at+
] 3 T

+ Jf e~ ST PCE) 8L + wws
2T :

In the second integral let t =u+T , in the third
integral 1et t =u+2T , etc. Tnen

L{f(t)} j e~ $ludu + f e~S(u+T) £um) du +

T .
+ f e""“’(u"gT> FU+2T) A0 + eee =
(0]

T T |
= [ & P%p i Ydus g~8T S e~ SUr(w)du +
S o
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T : ' 3 Aim, _F:._
e-ZsT f —su ’(u).du'+'..° _ ;I
0 {
'=(’1+e-sT+e-2 Foo 16 ) fm .7SY £ (u)du= b
] -
[ ™" f(u) du \
- Q - B
K e—sT | :
Example 7.9 &
Find the Daplace transform of the functicn of period
o which in the interval 0§ <t<2Mis given by

[

sin ©

__p/

£L8)

Solution:

The graph of this function,
sine wave Or 2 half w

e

{

0

\b<77_
T L2

often called 2 rectified
ave rectified sine curve.

e e e . e

fit)
t
o] - 4
Since T= 2T, let R = 1 - ‘“ i , ve have :
1 o -
L{f(t)} = ;; j. e~ f(u) du= — jﬂ 1ntdt-
o
_ _1 {e—st(-ssin‘b-costj} _ 1 ['1+e ik ] _
R 52+1 » R sa+4
< 2 \
= ﬂ/(ﬂ—e'w”)(s“+4) ¢
Tneorem 7.16 Behavior of T(s) ag s —>o;
if & gf(t>} - F(s) , +then im ¥(s) =0 -

’ i '
Theorem V.17 Initial-value and Final-value theorem:
T¢ the indicated limits exists then
2) 1im £(t) = W

e
G e

1im g F(s)

vy £

“im £le) = 1im st(s).

B
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:é Example 7.710 e
L; Illustrate Theorems?.16 and 7.17 for the function
Qo) =277

4§ Solution:
ff:We have f(t) = 2 g 9" , F(s)
dF 1t is clear that:

1}

LiZe—Bti = 2/(s+3).

Bun v =g 2/(e3) =0, P
I?fglm sF(s) = 71m 25/(s+3) = 2 , (2)
§ 1insr(s) - %m 28/(s+3) = O , (3)
Ef %i%'f(t> = %1m Tix T (&)
¥ 1ins(t) -1im2e?® -0 (5)
@l T T oo

i.e. 1im F(s) = 0 , lim £(t) = lim s F(s) ;
S=2»00 tT =0 S =00 .

f lim £(%) = lim s F(s)
4 Tt s =0

i §7.4 Some Special Functions:

T. Bessel Functions:

We define a Bessel function of order n by

() = —B A S il -....}
5 27 (n+1) 2(2n+2)  2.4(2n+2)(2n+4)
Some important properties are
J_ () = (-1 3" J (t) if n is a positive integer.
2n
2. Jn+q(t) = J (t) = Jn_q(t>

5. 5 {87 90 I T B0 Ly TEEEY @ = ke

4. exp.(Bt(u=1)/u) =;Z: Jn(t) i

n:-OO
This is called the generating function. for the
Bessel functions .’
B J.(8) satisfies Bessel's differential egquation:
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£2 yn(6) + £ 3'(E) + (£2-n) y(v) =
It is convenient %o define J (1t) e o A(E

where I (t) is called the mod*fled Bessel fun tion
of ordv_ s

Example 7.11:
2) Find L {J_ (%)} and then use it to find
{7 (at)} . b) Find L{7 (5.

Solution: > L 5
Tt is clear that J, () = 1 - e - St
| 22 T 27 4° 2%4%6
A1 2t 1 4l 1 sl
Then L J(t)-'—- - oo
p { ; s 2° g7 22 57 224252 7

' Using the binomial théorem.»
To find L{Jo(at)}we use Theorem 7.5

i.e. L'iLf(at)} =1 r(e/a) .
{J (at)} = 1//)[s/a) 4 1 = /s +az

b) Since Jo(t) = - d, (t) , Lif (t)i- sF(s) = f(o)
then

L{3,(6)} = -'LiJé(t)g - - e, (t)}— 7} =

=1 - Sq ({41 - 8 ) // 5°+1
s+

. knother method:using differential equations.
a) The function J (%) satisfies the D.E.
tJ"<t)+J(t)+ J(t)-o,.‘ ‘
Taking the 133140@ *ransform of both sides and uzing
- ! a4
Jo(o) =1, Jo(o) =0 , = LiJo(t)} , we have
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boa 122 0 T—— _ Sy _

SACE AL S CR - B

bownier W ol Bl imiis & woe BB &8
v 8 +1 . s” + 17

i by integration Yy = c//25221 .
v SE&& sy(s) lim c s,/ys +1 =.c and

in Jo(t) = 1 . Thus by the initial-value theorem

g o

17(2) we have ¢ = 1 and so LiJo(t}}'= 1/ %1 .
,,i The Unit Step Function

' The unit step fuliction, also called Heaviside's

3%‘§it step function, is defined as W(E -a) = ulE-b)
(RN | i

4 1 t>a 2 ‘ ‘ A

i”gt is possible to express AP ' '

g{varlous ‘discontinuous | LT

#ffunctions in terms of ' ;

E & o '

e unit step function. : a ;

H#1t is clear that < . '

il -8t 4. . -8t

ﬁ;;{U(t-a)} IU(t-a) e °Y dt é'j'f e (o)dt+

| 0 00 + i -S ‘°°

-5 _ e =" _ _-as
¥ ie (1at = o+ 2 | =e7®s

lE ) if s> 0 . .

4 xample 7.712: L <3 o

Al Express the function f£(%) ={ in terms of the

‘ 2 %£>235 i) _

8l unit step function and thus obtain Lif(tﬁ'. J’:#ﬁkg[q?““

.’.n . i il C-S./‘

4l Solution: o} t< 3 o] T3 = 4%E < gulh

We have £(%) = 4 +{ =4 ~2{ -
-2 73 1 t> 3

= 4 - 2 U(t-3) . "E

- o
= 4/ - BB 28 /s = ( 4 - 2 e—ﬁu Y / s .

A
——
-3
T
N
2
1
-
—
=
l\\
N
Wil
——
I
o
L
‘-A/‘
=
g
i
A8
i
~
gt
PN
ct
|
N
S
P
li
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\ 7
322

It is clear that, the second. translation theorem 7.4

can be written as follows: |

Theorem 7.4' :

If Liftt § T(s) and g(t) = £(t-a) U(t-a) , then
ig( )} - 'i (=a YU % a)} = " 25 =(s) .

Example 7.13

o) tco
Find Lir(t)} where (%) ={t oetea s 350 .
a 5 >a
Solution: & ; T¥tﬁ
L{e(t)} = [£(t) 75 at =

oo

a e _ 7 Y
J“ t e" 5%t + [ ae STat= :
& :

f P

ae” > /sl =

d
[——te-St/s -e-St/sgj i
a

-as s . B 2 -as 1~ ¢
= -ae /s =e /s +1/s°+ ae /s = 2

Using the unit function,we can exvress f(t) as

follows : o

£(£) = £ %) - T.T'(_t—a\z n 2l(-2) = tU(E)
-(t-2)U(t-a) -

Hence L{f(t)} = ’l/s2 ~ e_as/s2 ‘

Example 7.14 g t<¢o

Find Lif(t)} where £(%) ={

n  na <t <(n+1)a
N= 0,11,2,3,000 ‘ “-“-—_’

. w*m
Solution:
00 4“
if(t)} = [£(%) 5% at = % .

0 o (n+1)a +

= Z_ f ne dt= 29 TO—
Nn=0 na
o I e ——

=éz: n e~ St (n+1)a _

=0 _. = .
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-2 8
e 1

g(1=e">") s( e®° -1 )

?ggcan express f(t) as follows:

E &) - [U(t-a)-U(t=2a)] +2 [U(t-2a)-U(t=3a)| + ... *
S 1 [0(t-na)-U(t-(n+D)a) + .en
AUé?—a)+U(t—2a)+U(t-5a)+...+U(t-na)+... =

- :Z; U(t-na) o

] &' R
: -nas
e ziced- ) T {u(snad) = D BT
N _ g7 7 T 1
| a(1-a"%") s(e®5-1)
1T The Unit Impulse Functiom: o 380 S ,
4 The unit impulse function, € g gy 8
dlaiso called Dirac delta function. 5'f / Bfx
;Consider the function : | )
: e
1/ o0LEgE PR B -
F () = { g
, € Lo t >€, :
fvnere €¢yo . It is geometrically ; ”.
Jevident that as ¢—» 0 the height |

?éof the rectangular region increases indefinitely
é“and the width decreases in sugp a way that the aresa
ﬁ is always equal to 1, i.e. _LZQ () dt =1 s

‘ This idea has led some engineers and physicists
4 to think of = limiting functiondenoted by LB 5
approached by Fe(t) zg€—>0. This limiting function
they have called the impulse function of Dirac delta
function. Some of its properties are

00 o0 :
1. [866) at =1, 2. [8(t) g(s) at = g(o)
6] J J
ir 0 : ' S
';'5-‘f5<t‘a> g(t) dt = g(a) for any continuous
L A

function =(t) .
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t is clear t%;t Y | e 00
AR (0] = [e"St | (3) at = j'e'St(é)dt +d[e"526;t=
¢ A ¢ ) L
LS -st T Bl -
=E-je dt =

5 Fsﬂ—(1—56+s262/2! P
ad lim LIE (£)] = lim "
€—»o LE . e—ro s

l. ll -Sé o e 0 =,l .
2 (= gp e )

Althouaﬁ mathematically speaking such a limit:
in T (£) does not exist, so that L{llm (*)f is
10T de ined, manipulations or operatlons using iv
.an be made rigorous. It proves useful to cons:.der
BlE) = ééfkgé(t) to be such that I i$(t)§ =1,
cxample 715 » b
Show that L {§(t-a)f = ™" .

Solution: oo : '

Let g(t) = ¢~ 5% and trom [ §(t-a) &(t) dav = &(a)
[o)

we get

L i&(t-a)} j S(t—a) 5T gt = o72%
IV Null Functions:

If N(t) is a function of t such that for all
4

t ) : .
f N <u) du = O //:,I-’ /A b o=

0

TC2Zo

We call N(t) a null function.

The function g t=K
£(t) =4 -1 t=2 is a null function.
0  otherwise

In general, any function which is zero at all buv a
countable set of points:is a null function. '
Exemple 7.15 ' | | .

Indicate which of the following are null
functions: |

r’\p'f"‘lﬂ Sa

2 & =3 % %=
2) f(t)=§ | b) f(t)={’l 4O\<2
a Lo at?
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£(%) = S(t)

.t

f f(u) du = o for all t>o ,
o)

f(t) is a null function .

f fla) du =0 if €21 |,

£lu) du = ft-('\) du =t -1 if 1<gt<2 |,
/l

g flul du = 'Jf (1) du =1 if t72 .

t ;
lince j f(u) du # O for all t»o , £(t) is not
| o ,

B ou11 function .

Wing Lif( )] where £(t) is given. as showen in the
igure. AfLE)

imlution:

It is clear that

E : ‘ e
f‘ d(u) du =1 for a1l t>0 , §(t) }s not a (\u“

= .
o T 2 3 4 5

9
dt = [ (t=1)e"5Y at +
/\

-1 1cte2 | ///’__—__“\\\
£(E) = {1 2 stg4 - -
bt g5
e

- 2 o ] |
¢™5% at + qf (5-t) e™S% at =

no

—S = ~5¢ 2 -
3 =a /S 25/5 + € 53/5 - e 45/52 ®
ﬁym can express £(t) by using the unit step function
4i(t-a) as follows :

4:0) = - [uce-1) ~us-2)] + [U(s-2) = u(s-4)]
1 #(5-t) |U(t=t) = U(z-5)] = |

¥
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=(£=13U0(t=1)=(£=2)U(t-2)= (t-4)U(t-4)+(‘- 5)U(%-5). i
Then _L{f(t)} = e-s/sg.— e-gs/s,+ g I57gE e HS /52 ”gi
Example 7.18 : : 1
Find L{f(t)} where f( ) is the square wave function g
1 , 2na<t<(2n+1a ,
£(t) = £f(t+2a) = 1 -1 , (2n+1)a<t<(2n+2)s ,

‘37%

0 t <0
BSolution: N=041432935ycc«
£(t) = U(s) - U(t-a)] - N
- iU(t-a) - U'(t—Ea):\-.h { . | .

+ [U(t—Ea)-U(t—Ba)] ~eee=

= U(t) -2U(%-a) +2U(t-2a)-
-2U(t- Ba) toee = :

- ue) =2 3 (=DEW(t-na) ST
Lii‘(t)% - Liu(%')i -eZ(—ﬂ)nM 3U(t-na)} -

== -2 ( q)n+1 -nas _ 1. - —ge—izs' -
- = T s s(M+e ") “
1 —'e %as ~%as -
2 - e 1

" - = — tanh (¥as).
s(1+e~35) S(e%as i e—%aS) S 3
Example 7.19 : t
Find Lif(t)} where f(t) is saw tooth wave function ]
{g——n . na<t< (n+1)a n

£{t) = £(t+a) = i

o t <o ;

n= o e 3,...
Solution:

f(t) is a periodic function,then
a

2
[ % o(t) at = [e75% ¢ at =
o) : o a
214

_ 4% i 7B
1 A1 L AL ////////
L s 1 s
= 55(-5—) -k B = ‘

Ol a Zq 3a 44 5a /.'




3207
_gTas -as 1 - g"85  gmas
Lo T T2 —
S as s
s
(63 = | ly¢a-e38) -
. e—as
as2 s( 1 - e~85)

ixample 7.20

:‘ t .
@rrove that L i‘f Slﬁ L du} = %—tan T1/s)

Who1ution:

qret £(t) = [ S22V 4y . Then £(o) = o and
: 0 :

E%f'(t) = sig " or ¢t £'(t) = sin t .

dlaking the Laplace transform |, |

1 . . d_ A /\

Lit £'(t)} = I3sin ' tt or - 5= ( sF(s)-f(o0))= -
i } { } ds s§+4

ﬁ , d s
Ji.e. T—\sF(s)| =
¢ a dSX? ° } 52+1

; Integrating we get sF(s) = - tan~ b S + C
ngy the initial wvalue theorem s 17(a)
qLim sF(s) = lim £(%) = £(0) =

Hls—r= t—o

ﬁ so that ¢ =T .

d thus sF(s) =% - tan™'s = tan” (1/s)
qlor 7() tan-q(ﬂ/s) /s .

| 7.5 The Inverse Laplace Transform:

If the Laplace transform of a function £LE). A
?(s) , i.e. if LIE(E)| = F(s) , then £(t) is called
an inverse Laplace transform of F(s) and we write
symbulié;llv (t) i { (Q)E , where 1 g

. —— e

called the 1nverae Laolace transformaulon operator.
2t§

For example, since L{e = 1/(s+2) we can write

iﬂ/(s+2>} ~2t ;
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Since the Laplace trénsform of a null function
N(t) is zero, it is clear that if L{f(t)} = P(s) ‘
then also if(t)+N(tﬁ' F(s). From this it foliowsd
that we can have two different functions with the

ame Laplace transform., If we dlsallow null dunctlonw-'

(whlch do not in general arise in cases of physical i
interest). This result is indicated in ;
Theoren 7.18 Lerch's thesorem:

If we restrict ourselves to functions f£{(t) which @

are piecewise continuous in every finite interval
o&tg N and of exponential order for t >N , then.
tne 1nverse Laplace transform of W(s),

i.e. {V(s)i = £(t) , is unioue

We shall always assume such uniqueness unless
otherwise stated.

Short Table Of Special Inverse Laplace Transforms

b P(s) | 2(6)= 7 F(s) | conditions
1 : 1/s 4 | S:»0
2 | 1/s° J t s »o0
;(y—B S(n+1) t? / nl n=o,4;2,...
4 1/ (s=a) 2t s > a
ﬁgf'S ﬂ/(82+32) (sin at)/a s >0
| 5 s/(s%42®) cos at: 5i» 0
A q/<52"a2) (sinh at)/a| s.>|a|
& s/(5°=a%) cosh at s 7 )al
7 /st tF/m(pe1) |s >0, py=1
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i cSome Imnortant Properties Of Inverse Laplace

In vthe following list we have indicated various
irmportant properties of inverse Laplace transforms.
Note the analogy of propertiss 1-8 with the corres-
3 vonding properties on Lagplacs transforms.

1. Linearity Property:

al {2F(s) + va(s)] = aL-ti(s)} - bL‘incsﬁ

- L
Proof:
since L{af(t) + bg(t)} = aLiz(t)} + vife(t)} =

= a F(s) + b G(s) .
Then L'qgaF(s)+bG(s)}= af(t)+bg(t) =
= a1 R} T (s

i-_2. First tfanslafion or shif<Ting property:
12 17P(8)]} = £(8) , then L7 {F(s-a)] = ¢2F £(t).
;~f5. Second translation or shifting property:
1 - L‘“{F(s)} = £(t) , then L*q{é‘asF(s>}=f(t-a)U(t-a1.
?,<4. Change of scale property:
Ir 17 {F(s)} = £(t) , then L7{F(ae)} = £(t/a)/a.
>€ »5. Inverse Laplace transform of derivatives:
[ e 1 iF(s)k = £(t) ,then L‘“§F<n)(s>§=(-ﬂ)ntnf(t).
g‘yjhﬁénverse Laplace transforz of integrals :

"_/I.<>='" ’ = °°‘L 4 = '.
It 17 {F(s)} = £(8) , then L {‘L‘W(u)du} B

M-.7. lultiplication by s

Tt L"q{F(s)j= £(t) and £(o)= o , then L-qisF(s)}=fKt)-
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Thus the multiplication by s has the effect of
differentiating £(%t) .
* If £(o) £ o , then L‘“{sF(s) " f<o)} = £'(%)

8. Divigion by s :

i1 3 L‘ti(s)§= £f(t) , then L"“ing)} = dft f(u) du .
9. The convolution property:
% L—q{F(s)} - £(%) and L;q{G(s)}=g(t) , than

1% F(s)G(s)} = g~ f(u) g(t-u) du = £*g

We call f£*g the convolution or faltung of f and g.

The proofs are Ieft to the students.

Examnle 7 o]

a - Ss+4 _ 28-18 +45 -
e T N Ry el

Soelutions:

b= T Zars +5/5%44/5%-25/(s749) +18/(s%49) +

+1/3(s°=16/9) +(4/9)(s/(s°=16/9)) =
363%/2 | 5t 4 4(42/21) -2c083t + 18(sin3t)/3 +
+(1/3)(3 sinh4t/3)/% + 4(coshht/3)/9 =

= 3 e9%/2 | 5t 1 2t2 - Zcosst +6sinFbedeinh(Lt/3)4

+(4/9) cosh(4t/3) .
Example 7.22

Find each of the followlng -

S=2 -
&) L i) z }'b) - i 25 5 } ) 11 35+7 i

s~ =Ls+20 s~ +8s+16 L52—25—5

iy 1 S+1 1
a) 1 :_i e) Irq%—z;———‘i £ L-q%_“___—7'i.
25+3 LS 48+ . (s+4)5 2
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35-2 7 35-2 14 § Ble=a)4h
{2-' =L.i 2 = 5 . I
5=45+2C (s=2)c+16 5-2)5+16

» =2 k 4 E
2 L =
{(5—2)2+1o \(S—Q) +16

3 egt cos 4T + e‘eJtJ sin 4t

ezt(36054t+sin4t),

_b) L_/\ s+3 } L""’1 s+3 } L*q (s+4)-1 } .
3 .is2+85+15 i i(s+4)2 (s444)°

L (s42)°
v Bl et L g

e s 2 |
A q{(s:)e—L»} e qi(s-ﬂ)z-ui T

~y_1.t_. 4 ¢~ 2 /oy 1 _-3t/2 .-%
) '{25+5} 5 i(5+9/2) j = e
1 h =3%/2 | (e
AR R

o) L_q{ s+1 7 L_1{ s+1 } ) I_qi(é+%)+% 4%
s 4541 (s+%)2+5/4 (s+1)%+3/

_qi S+% 3 A L_qi ~3/2 §
(5+%)°43/40 A3 (s+%)2+3 /1

G y
- Cos[igz +J%‘ oWt i BT

I
=

-2t
= -%-5 (Y3 cos{iéjtz + sin"/»g—g—t )

= L—I]{?:II_;"} - L—’]i___’]____} = ‘e—ut—te—q‘t =e-4t(’l-“‘c).
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4 ,-% -1 1 =4t | 3/2
ol o g " L {, = e £
1(s+ 4)5/?} 5/2} et

. I (5/2)
-(s 8372 ¢ %)/(;r) :
Example 7.23

Find each of the following:

2) L"‘is/<s2+a2>2} b) {1+ 1) T }

52/ lﬁg(s +1)

o A } | I;-ZBS+7 ]_f) L;qi, 2524k ‘3
G Y (e—— e) J e |k B
) isB(s2+1) x s2-2s-5 s+1)(s=2)(s-3)] i

Solution:.

. : 1 4
i _ -25 S - N
a) dS { 2 2} E 2)2 l.e. <32 2) % (S +32) R

s€+a (52+a
gt } _ sin at

" ]
The
Then since L {52+32 a

s we have by prope-

Nl o -5 -1 | 1 > t sin ét
. {s2+a2)2} - el {ds<82+a } ) 2 a ‘
b) Let F(s) = 1n(1+ §§) = L{f(t}}. z o :éﬁg§:~v;;~;;
-2 i s AR e
Then F'(s) = ;E;z:qs— = D {:: - :;Z;T} . Alal S
Thus since L {F! (s)} =

—2(1 cost) -t£(t) ,

; e Il
pin) = 21 %osﬁf7 .

/]
c) Since L 1{ > $= sin t , we have by repeatved

. s +1 - bt o AR )
applicaticn of property 8 , iy R L

t =~ 5=~ t
| s(s +1) gin u du = 1-— cggmt

.L.

< 1
o 5——————~—} " (1-cosu )du=t = sin t
\52(52+1) oj P B AR

S reve iAol
’3'&-'-—,-. By YT A A A
S 4 K A

= Gy RS s B gl o S s LW L e N
AR A £ B A N e e & G F i M 2




1
35(52+1)

)

0

4e) By using the method

of parvial
r

(109) L.T,
, 333
5 e -
= j‘ (u=-sinu ) du =% + cost-1.

fractions e fiaad

” - A

g /38 H'7 _ 4 LT
4 that '2 y = !
| B wER = 3 B=3 cat

hen I~ =222 7} = 4 L_”/Ii_/_]_} “ B i_i_.ﬁ &

s —28-3 =3 -1
=4 &% - 7F
éf) By partial fractions method we get
| [ _ /6 /3 7/
4(s+1)(s=2)(s=3) s+1 s=2 s=3
4Irmus 2
(s+1)(s=-2)(s-3) 6 B 2

'g-xample "7 o 24
qFind each of the following:
1) 1-1 §3s —453—413} b)L—qi 235+ " }
; (s+1)(s=2) (s=1)(s"+1)
] -1§_- S2+2Sf3 -1 255+1052+85+4o
| A b 2 4 L B, B
i (s“+25+2)(s“+2s+5) \ s=(s%+9)
I. -1 B ; =1 -S S+2
1R 57 T Je R )}
] {(s+1)(52+1)} ' i (s +4
f|solution: |
41a) It is clear that
455215511 . A . i
b > = ol 1 B Z + e 1/3

(s41)(s-2) s+1 (s=2)7 ' (s=2) (s-2)

Thus -

- 5 2._ Cae = : 4
. 1%()8 e 1%} = -7t L 42 ¢PThute®T
s+1)(s=2) 3 2 +egt/5
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b) Since 25+71

£110)

(5-1)(52+1)

Therefore

L—T i<s57;25 —1)§ )

A

7

cY It is clear “hat

/3

e

=25+

o1
2L-1{
2 et

F(s) =

s-1

v =

e
2L { §+L
s=1 52+1

- 2 cos8 t + 8in £ .

52+Es+3

S +1'

2/3

(s)+2s+2)(s +2s5+5)
1/3

5 .+
sT+2s8+2

Then L-ti(s)i -8

g sint

sg+25f5

e

52C52+9)
253+1052+85+4O
s°(s2+9)

==;L[%i
9
and so

+

3 ~
= ¢ % ( sin % + sin 2t ) /7
d) Since —_——

40

j.(ﬂ_
S 52

=,_1 ‘_(25+1O+

ol
>

% 108

) (s+1)2+1

1 ~%

sé¢9

8 .40

S

n -10s8=50

2+9

50

L~ i253+1052+85+40
52(52+9)

=( 24+12Ot+500035t+565ih3t)/27 -

#& can also use

e) We can apply

§°

I

s
s+9 +-;2——]

+9

+
(

2/3

sin 2t =

) s Wwe have

)--(2s+10+

a ( 8+4Ot+10cos§t+-§9%igﬁz) =
Q 4

the method of partial fractions.

property 8. Since L-qﬁ.;l_}
s+1

s+1)2+4

)] -

= e-t

and L™ : f = cos t , then

ST+ £ '
If1§( 1\/ ?s \3 J' e—(tfu> cos u du =
— (VBFT /S F1/J




I

“illnp. 7 AL LI

t

’ﬂife_t J e cos udu=%(cost + sint -¢e ") .

o)

o - o =S
‘%) It is clear that F(s) = e . <~72 )= E° +58

) ]
g~ +4 s+ 52+4
2

. o s o
iow L ﬂ{ 5 } = cos 2t 4 L i i-§=—§' = sin 2t .
3 s~ +L4 g™ +4
#'pplication of property 3 yields

=S

= E%:f} 2(£=1)U(%=1) L‘“.Q%:f - s1n2(t=1)U(t=1
L = cos2(v- o= { } = sin -1 T
{ s+ ’ s +l+ .

QThen property E ( linearity ) glves

gF(s)} e {cosa(t A 4 EAnSlh= 1)} U(t-ﬂ) .

[ — e o S s s’

'f? & Solution of differential eguations

The method of Laplace transforms is particularly

f}useful for solving linear differential equations
#vwith constant coefficients and associated initial

fconditions. To accomplish this we take the Laplace

4 transform of the given differential equation ( or

i equations in the case of a system ), making use of
;.the initial conditions. This leads to an algebralc
4 equations (or system of algebraic equations) in the
?_Laplace transform and then taking the inverse, the
f required solution is obtained .

ffExample Pe2 )

| Solve y"(%) + y(t) =t , given y!(o)= +2, y(o)=1 .

Solution:

Take the Lavnlace transform of both sides of the

given differential equation and let Y = ¥Y(s) L{y(t)}
Then L {y“(t)fy(t)} I{t} or saY—sy(o)-y (0)+Y=1/5%,
Since y(o0)=1, y'(o0)=-2 this becomes

2y j_? /] §=2
S I=-s5+2+ 1Y = 7T = +

2 , 52(52+1) | 5241
Then Y= —. 1 B LB L 1 e

= ) ‘s -
527 52+4 s+ 5"+ 52 s£+4 sd+4




sk ' (112)- LT
na© F = L_qu} = "% +‘coé t”; 3 sin % ¥

xample 7.256

4

solve y" =3y' + 2y = 4 e’ , y(o) = =3 , y'(o) =5 .
solution: | '
e nave Ly -3 Liy} + 2L{z} = 4 L{e>"}
2Y-s7(6)-7' (0)) =3 [sT-y(o)]+ 2¥ = 5I3
§2Y+3s-5J -3{§Y+3J+ 2Y = ;%E 3

=~ T .
(S -5.)1'2)Y * BS 14 = g=2
.o L , _Al=3s  _ =35°420s-24 _

B 2 2 B ; ¥ .

(& e35+2)(s-2) s€=35+2 (s=1)(s=2)

+
=

=" A 4

- 5~ =2 (s-232 |
Thus y(t) = L-qu} = =7 e.b + 4 e2t + 4t e .

Example 7.27
Solve y" + ¥

cos t given y(o)=0 , y'(o) = o0 .

Solution:
Liy"} + Ly} = D{cos t] i.e. L .
HencL, } &=4

T o et = < S )f 1 )
(52+4)2 " s2+1 \s2+1
L”q{Yg = _f cos u sin(t=u) du =
, o)

v(t)

t

%int (‘}éu + }ésinucosu}— cost(}ésin2 u)]\
| 0

=%t sin t .
Example 7,28
Solve ' + 4y+4z=0, z'+2y+5z=0 given y(0)=3,z2(0)=15.
Bolution: '

{gY—y(o)} +UY. +47 =0 ,,S?Z—z(o)] +2Y +6Z =0
(g+4)Y + 42 = 3 . (s+6)Z +2Y = 15




H (44157 I
; | 337

W - 3(s+5)+15(-4 o BE~AD _ -8 a1
an & s2+105+16 ~. . (s+2)(s+8) S+2 T 548

4, _3(2)+5(s+k) _  15s+54 s

ft 32+1Os+16 (s+2)(s+8)3 s+2  s+8
?ce:y(t) = '1§Y} = =8 e-2t + 11 63"83C .

j z(t) = L_q{ZE = i e78F 4 qq 78T,

:upie Te2d

i%d the general solution of y™ =3y" + 3y'-y= £° o

'ﬁutlon

(o)

t

v = _A\?
¥ 2/'(s 1) ,

3-‘(SBY—Asz-BS-C)—B(s2YFAs-B)+5(sY—A)—Y "
| (s=1)

As +(B-5A)s+ A-3B+C __ 2

§ (s=1) (8-1)0

fnce A,B andC are arbitrary, so also is the polyn-
fial in the numerator of the first term on the

Y =

.fght. We can thus write

i (s=1) (s=1) | (s=1) (s=1)

ifd'invert to find the required general solution
t5 %

iﬁy_ BeltTe " + ﬁtet +Fa” & = 5t2et+ﬂte +5e +§;§t
ﬁ?ere %, B, ¥ ,8 are arbltrary constants.

_i‘ It should be noted that finding the general

M ution is easier than finding the particular

2.t

}lution since we avoid the necessity of determining
[@e constents in the partial fraction expansion.




CHAP. 7 (T74) . Lo

EXERCISES 7 4
1. Find the Laplace transforms of each ol ths follnﬁi
ing functicns.In sach case specify the vilues of s

for which the Laplace transform exists.

) 20", 0) 378, o) 5-3, @) 2B,
e) Beosst , f) 1Csin6bt,g) 6sin2t=5ces?t, h) (tcf1)2¢é

@

i) (sint—cost)“,j) 3cosh5t-4sinh5t .

rora) 2/(s-4) , syl , b) 3/(s+2) s s> =2 >
2 \5-%3,/5“ y BY0 4d) (4+4s -8~ )/s3(s+1) "

(s®+2%) , £} yO/(s +56) , B) (12-)c)/(s +4.)
h) <54+4”£+Pu>/b i ) (s‘—2o+4)/s(s +4)
3) (5Se20)/(o'~2?) y S7 5 4 ) :
2. Find the Laplace transforms of each of ths \follow-
ing functions: ;
a) 4%4—°t ‘plie 5t_,qin5t+jvov?t , b) £9e -z, c) e +cos;
a) 2e Vsindt , e) (L+2)Le, £) e“%(3sintt-tcosht) ,
g) e asﬂoch:F » h) & (351nh23—:coshdt) :
(" Answers: ;) 72/\ —12/8 +4/ (s+ /)+35/(S +41-10/(° +9'
) 6/(s5+3)%, o) (s+1)/(s° +25+5), d) u/( —-6s+25),
g} f+52—4s+2)/(s 1)3 g B3 (20~4ﬁ)/(s =ls+20) , !
5) (s+4)/(s° +8S+12) h) (1-58)/(s%+25=3) . ) ?

%« Pind &) L{e 51n2t} . 5 i(4+t e't}a}
( Answers: 5

(s+1)(32+2s+5) y D) *is+1) ,+Q) 35
+6/(5+3) .)

(5-1)° 31
0O G &ELCT

,D7C1

8

4., Show thatl:
a) L {f(t)}= 2¢75/s7 if £(4) = {
0) sz(Et)§= (s2-2s+4>/4(s+1>2(5-é) g

if LIE(e)] = (s%-s+1)/(2541)%(s-1)
SRR " =3/(s+1) [r  an

]

cn »( n/.\" "'4

tron
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Jiadlas daaa a3 8 il RN

Pl le can (1) e
L L
(@) jsin@dx = jcosmdx =0; k=1,2,3,...
i L M L

L L
mi X Y/ .. mMmzX . NnNxX
b cosS cosS dx= = sin sin dx
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