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o Partal Fractions

Rational Fraction:

The algebraic formmla p(x)=ax"+ax™ +_.+a, is called a polynomial of a
variable x of degree n: the coefficients a,.a,.....a, are real mumbers.

If p(xjandg(x)are two polynomials, then the ratio % of these two
polynomials is called Rational Fraction, p(x) the numerator, and gi{x)the
denominator.

We have two types of Rational Fraction:

1. Proper Rational Fraction.

2. Improper Rational Fraction.

Proper Rational Fraction:

If the degree of the mumerator of the rational fraction 15 less than the degree

of the denominator of the rational fraction then that fraction is called the
proper rational fraction

Improper Rational Fraction:

If the degree of the numerator of the rational fraction 1s equal or greater than
the degree of the denomunator of the rational fraction, then that fraction is
called the improper rational fraction Suppose, the improper fraction is
reducible to an infeger added to a proper fraction. then the improper rational
fraction can be reduced as a sum of polynomial and a proper rational fraction.

g P o ; - P _ Bx)
L-:iustakﬂifg[:x} is a improper rational fraction, then g'l:l']_h{x}-'- s

Where, k(x) 15 a polynomual and ;;:;} 15 a proper rafional fraction




o Partal Fractions

Partial-Fraction Decomposition
You have added and simplified rational expressions, such as:

2 1 _ll‘:x+1;]+x= ix+2

x x4+l x(x+1) e+x

Partial-fraction decomposition 1s the process of starting with the simplified
answer and taking it back apart. of "decomposing” the final expression into

its mitial polynomial fractions.

Partial fraction decomposition rules:

The following tables indicates the simpler partial fractions associated to proper
rational fractions.

1- The denominator factor as distinct linear factors:

Form of the rational fraction | Form of the partial fractions

fix) A 5. B "
(ax+bXax+b).. ax+h ax+h

2- The denominator factor as repeated linear faciors:

Form of the rational fraction | Form of the partial fractions

® T . & 7
(@ +b) il @ B (mth)

3- The denominator factor as distinct guadratic factors can not be
factored further:
Form of the rational fraction | Form of the partial fractions

fix) Ax+8 | Ce+D
(ax'+bx+c)ax* +bx+c,). | ax’ +hx+e, ax’+hx+c,

e




o Partal Fractions

4- The denominator factor as repeated guadratic factors:

Form of the
rational Form of the partial fractions
fraction
fix) Ax+B, 4 Ax+B, i Ax+B,
{(m’ +bx+e) | (o' +Bbx+¢) (o +bx+c) (o +bx+c)

In the above tables 4 B.Cand D are real numbers to be determined suitably.

To decompose the improper fraction:
Divide the numerator by the denominator, and then use the above mles to

decompose the remainder (be proper fraction).
Examples:

(1) Express the following in partial fractions:

3x+2
x*+x

Solution: To decompose a fraction. you first factor the denominator x* +x
which factors as x(x+1).

3x42 _ A B _ 3+ _AGD+Bx

“Mx+D) x x4+l xx+D  x(x+D
= ix+2=A(x+1)+Bx
= ix+2=({A+Bx+ 4

For the two sides of the equation "3x+2=(4+ B)x+ 4" to be equal
the coefficients of the two polynomials mmst be equal.

3=A+EB A=12
=
=4 B=1

There 15 another method for solving for the values of 4 and B:

S0 vou "equate the coefficients of x" to get:



o Partal Fractions

The equation " 3x+ 2= 4(x+1)+ Bx" is supposed to be true for any value
of x, we can "pick useful values of x"', and find the values for 4 and B.
Looking at the equation " 3x+ 2= A(x+1)+ Bx", you can see that,
if x=0, then we quckly find that 2=4 . and

if x=—1, then we easily get -3+2=-F_so0 B=1.

Bx42 21

Ty wooxEl

- (2) Express the following in partial fractions:
dx* —3x+43

(x-Dx+2)

Solution:
4’ —3x+5 4 B . C

x-1P(x+2) (x-1) -1 (x+2)

4x' —3x+35 ] Ax-Dix+ N+ Blx+ D+ Cx-1}
(x—1P{x+2) (x—1¥(x+2)

= dxrt —Ix+5=Ax-Dx+ 2+ Blx+ N+ C(x-1)".

Pick useful values of x:

x=1=6=3B=8=2_ x=-12=27=9C=C=3,

and equate the coefficients of x* to get: 4=4+C=4=4+32 4=1.
dx*—3x+35 1 2 3

GG D G @)

(3) Express the following in partial fractions:

x+1
x +x'—6x

Solution: x' +x’ —6x=x(x" +x—6 =x{x-2x+3)




o Partal Fractions

o x+l _ x+1 =£+ B I &
x4 —-6x x(x-x+3F x x-2 x+3
x+1 _ Alx -2 x+3)+ Bx(x+ 3+ Cx(x—2)
x(x—2x+3) x(x—2Hx+3)

=x+l=Alx-2x+3)+ Bx(x+ 3+ Cx(x—2).
Pick useful values of x:

x=ﬂ:=1=—ﬁd:>.-{=—lﬁ ,

x=2=3=10B=B=_
10

x=-32-2=15C>C=-2
15

) x+1 -1 3 -2
S P + :
r+x -6x 6x 10{x-2) 15x+3)

{4) Express the following in partial fractions:
|

-1
Solution: ' -1={x"-Dx* +D=a-1x+D{x* +1)

= % 1 _A4 B Cx+D

-1 (x-DE+D+D (-0 (c+D (&40
o I =£{I+I}{Ii+1}+E{I—H{Iz+1}+tﬂr+ﬂ}ﬂxl—ﬂ
(x—Dx+Dx* +1) (x—Dix+Dix"+1)
=i=Alx+x' + D+ Blx—-Dx" + D+ {Cx+Dx* -1).

Pick useful values of x:

x=1:‘.\»1=4.-i::ui=%,

1

x=—1:v1=—4E:=E=—E=



@ Partial Fractions
and equétt the coefficients of x’and x*to get:

D=.{+E+C:>ﬂ=%—%+{?:.ﬁ C=0,

u=a-3+1:=::u=%+%+ﬂ:aﬂ=—£_

]

Ny T T e
X1 -0 Ax+D) 24D

(5) Express the following in partial fractions:

x*+x 41
x4 +1
Solution: the given fraction 1s improper rafional fraction. then we divide the

numerator by the denommator:

b
x'+2x+1 . TN
1 x4+ 2x+1
—X
Cxt+x+l x

g T P G Py

W the fraction —*  as follow:
e decompose the proper mnf+2x+135 L

X e _.ri+ B  Ax+D)+B
F+2x+1l (x+1F x+1 (x+17 {x+1¥

= x=Alx+1}+ B
Equate the coefficients of x and x* (constant terms) to get:
=4 and 0=4+B = 4=1_B=-1



o Partal Fractions

: I
T+ 2x+]l x4+l D
o o 1
x4+ 2x+1 +1 (x+1*

) Express the following in partial fractions:

4 3 2
I —-x+x —x-1
A L R

Solution: the given fraction is mproper rational fraction, then we divide the
mumerator by the denominator:

x5 I —x+xt-x-1
r—xt+x-1

-3+ -3x
3x+2 P2yt 4 2x-1
2 -2+ 2x-2
0+0+0+1
) R B e | 1
SYc 3% P —
r—=x+x—1 Pl r =31

We decompose the proper fraction ﬁ as follow:

+x-1

- +x-1=x*(x-D+{x-D=0x-D(x* +1).

i 1 1 A Bx+C
- = = +
r-x+x-1 (x-DE*+D - & +D
o1 _ A +D+(Bx+Ox-D
(x—1x* +1) (x—1x"+D)
=1=A(x* + D+ (Bx+ CHx-1).
Pick usefil values of x:
1

.I=1::rl=2..*1:ui=5,



o Partal Fractions

andequéttthf: coefficients of x*and x to get:

N M T
3 3
1 1°
D=—B+C:}U=E+C‘:>C=_E_

- 1 ™ 5.
Txt-xt4x-1 Ax-1) 2xP+D)

_3.1"'—13+x1—x—1_{31+1}+ 1 x+l
X —-x'+x-1 Ax-10 Ax*+D)

Exercises:

Express each of the following in partial fractions:

~ 3x+4 = 2x+1 . x+1

2 kT yese— iy ——
® ¥ +x—6 () x4 x+1 (i) r4+x—-2x
Y 1 X —2x+2
) T ) X =2x+1




[ Mathematical Induckion

Mathematical Induction-

1s a special method of proof used to prove a Statement, a Theorem, or a
Formula, that is asserted about every natural number.

The natural numbers are the counting numbers: 1234, efc. | also called
positive integers.

Principle of Mathematical Induction:

Let P(n) be a statement involving the positive integer ».

IF the statement 1s true when n=1. and whenever the statement is true for n=k
. then it 1s also true for n=k+1. Then the statement 1s true for all integers n>1.
There is nothing special about the mteger 1 in the statement above.

It can be replaced (in both places it occurs) by any other positive integer,

and the Pnnciple still works.

Steps of Mathematical Induction:
(STEP 1): We show that P(1) is true.

(STEP 2): We assume that P(k) is true.
(STEP 3): We show that P(k+1) 1s true.

As shown in the followi les:

1- Use mathematical induction to prove that:
1+2+3+__+n= "{";1} _

Solution: Let the statement P(n) be 1+2+3+__+n= ”{”; 1

(STEP 1): We show that P(1) is true:

IHS =1, RHS = lﬂ;ﬂ 5

10



[ Mathematical Induckion

Both sides of the statement are equal hence P(l) is true.
(STEP 2): We assume that P(k) is troe:

1+2+3+. _ +k= k':k;-l} -

(STEP 3): We show that P(k+1) is true:

LHS=142+43+._+k+{k+1D)
EE+D)
2

+({k+1)

(k

;1}{1: +2]
=RH.S.
Which is the statement P(k+1).
Then the statement P(n) 15 true for all positive mtegers n.
We can rewrite the solution as follow:

n{n+1)
2

Solution: Let P{n) be 1+2+3+ . +n=

(1)at n=1:

LHS=1 , RHS = lﬂ;ﬂ -1

- P{I) is true.
(2)let n=k-

1+243+  +k= k(e +1) !

(3at n=k+1:

LHS=14+2+3+__+k+{k+1}
_k(k+1)
-2
_(k+D)
g
=RHS.

+{k+1)

[k+2]

11



[ Mathematical Induckion

= Plk+1) 1s true.
Then Pin) is true for all positive integers n_
2- Use mathematical induction to prove that:

. a(n+12n+1)
: _

+274+3%4+ __4n

_n(n+1)2n+1)
6

1+ 142 +1) -1
6

Solution: Let P(n) be ' +2° +3" + _+n’

(I)at n=1: LHS.=1=1 , RHS.=

- P(I) is true.

E(k+1D(2k+1)
Er .

(et n=k:1*+2*+3+__+k*=

(3)at n=k+1:

k(k+ D2k +1)
6

;Hmmum{m}]

=¥[2H +k +6k+6]

LHS=1'+2+3%+ _+E+(k+D) = +(k+1)*

{k

{k; Dokt £ 7k 467

_ {k;H [k + 39k +2)]

_ (k+D+ Dk +3)
6

—RHS.

o P(k+1) is true.

Then P(n) 1s true for all posttive integers n_

3- Prove that (n* + 2n) is divisible by 3 for all positive integers ».
Solution: Let P(n) be "(n’ +2n) is divisible by 3"

(1) at n=1:

12



[ Mathematical Induckion

1'+2)=13 is divisible by 3.

- P(1) is true.

(2) let n=k:

"{i' +2k) 15 divisible by 3"
(3)at n=k+1:

(E+1 +2k+D=(k +3 +3k+D+(2k+2)
=k +3k* +5k+3
= +2B)+ 03K +3%k+3D
= +2E)+ k' +k+1)

(k* +2k) is divisible by 3 from (2), and 3(k*+k+1) 15 also divisible by 3
o P(k+1) 1s true.

Then Pi(n) is true for all positive integers n_
4-Prove that 2" =a! for all positive integers n.
Solution: Let P(n) be 277 <

(1) at n=1:

Fr==121=1

- P(1) 15 true.

(2)let n=k:

<

(3)at n=k+1:

P <l = (D2 (D) = () S (R + DD = 2 < (k+ 1)1
1<k+l vkeZ*

S Pk+1) 1s troe.
Then P(n) is true for all positive integers »_

13



[ Mathematical Induckion

H.W:
1- Use mathematical induction to prove that:
(M 2+4d+6+  +2n=nmn+1).

(i) 1+%+%+"'+2+“= E—En—i_l.

2- Prove that (x" -1) 1s divisible by (x-1) for all positive integers n.
Exercises:

1- Use mathematical induction to prove that:

@ 1+3+3+  +(2n-D=n"

(i) 14447+ +(Gn-2)= ""3';‘1?'
(iif) 2+ﬁ+12+....+n{ﬁ+1}=w

2- Prove that (3n* —n) ts divisible by 2 for all positive integers »n.
3- Prove that (7* -2") is divisible by 5 for all positive integers n.
4- Prove that (x" - ") is divisible by (x-y) for all positive infegers n.

14



@ Complex Numbers

Definition: A complex number 15 a number consisting of a real and imaginary
part.

Its standard form is z=x+iy ; i=+/~-1 . Re(zi=x, Imz}=y.

v The complex conjugate of a complex number z=x+iy, denoted by z

is given by z=x-iy.

¥ The complex number —z=-x—iy is the addition inverse of a complex
number z=x+iy, and the multiplication inverse of a complex number

Oz=x+iy18 ' =—=_= x -y = ‘f_i}'i ;
(x+iyMx—iy) x +y

T
Examples: Find Re(z), Im(z), z. —z, = for each comlex number =
of the following-

1%, i o9, A

1+i
Sohttion: z=1-2%
Re(z)=1 Im{z)=—2 z=1+2% _ —z=—1+2_
= 1 1+2i 1+24 —lﬂ+2ﬂ

T1-% -2+ PP S

¥ Two complex mumbers are equal if their real parts are equal and their
imaginary parts are equal

(1e If x +iy,=x,+iy, Then x,=x, and y, =y, ).

The polar form of a complex number:

z=r(cos8+izng) 15 called the polar form of a comlex mumber z=x+iy such
that:



@ Complex Numbers

x=rcosf, y=rsmné , r=[g= JE+)P m—l}.

& 1s called the argument of : , denoted by arg(z) .

The principal argumentof z 15 —w=8=nm
(determined according to in which quarter lies?)

As shown in the following diagram-
x
2
n—k F &
e arteri quarter
Sin+ f 0\ Al +
= > (0=2x
T e,
e _/ gquarterly
e areerill
Cos +
Tan + w oy
2
“ All Students Take Calculus ™

g, will be one of the famous angles = £ rad )
(6, g

Eeifint

47477

In other words:

¥" The comlex number = =x+iy lies in quarter].

¥" The comlex number z =—x+iy lies in quarter]L

v" The comlex number z=-x—iy lies in quarterIIL

v" The comlex number z=x—iy lies in quarterIV.

Examples: Wnte each of the following comlex number z in polar form-
ti =340 —1-if3 1=

16



@ Complex Numbers

(1) z=1+i
r=o+3 =1+1=42,

cA+i=+T(cos = +isin X}
N2( 2 4)

() z=—f3+i
!’=-|||I..'l.'i+:|r‘1 =3+1=2,

mﬂ': =£
2

Sl
peg E_OE

JB=x e ¢
_'_—«E+I=![ms{j?r}+fsh1{j%}].
(3) z=-1-if3

r=qx’+3* =+1+3=2,

17



@ Complex Numbers

mﬂ:l:ﬂ
A s
Fi T
t:mﬂ—}—_.ﬁ=wﬁ
5 =1
x Iz
.E:_— — ——
g ¢
—1—:J§=1[m{—i—x}+imt—2—x}]
(4) z=1-i
Jl'=-.'||.1r1 +3t =4141=42,
: y -1
smi==—=—f/,
ro42
- 3 |
f=—=—p=,
cos6=— ;]
ppad ey
i
w
==
4

o ﬁ{ms{—EH i'sin{—%]].

7 LW:
1- Write the complex mumber z=% in the form z = x+iy, and find

Re(z) . Im(z) . z ., |z

. arg(z).

2- Write the complex number = = in the form z=x+iy, and find

4
—-._J'E +i
Re(z) , Im(z) , =, |2| . arg(z).

18



@ Complex Numbers

De Moivre's Theorem: Let = =r{cosf+izn ) be a complex number and » be
any real oumber. Then z" =r"(cosné +isinnd) .

Examples:

(1) Using De Moivre's Theorem. find the value of (1+)*

Solution:

we put the complex number z=1+i in the polar form as follows:

r=+T+1 =ﬁ.__ﬂ=ta.u'li=tan"1=%

cA+i=<TcosZ+isn Ty
J2( 3 4}

S+t =Eﬂ}“{m%+iﬂu%}“=lﬁ{mir+ fsin 2) =16.

(2) Using De Morvres” Theorem, reduce the complex mumber:

{cos28 —ism 28)°(cos38 +ism 38)° , T
B . and find 1ts value at 8=— .
(cosd8 +isin 48) " (cos 59 —ism 58 ° &

Solhation:

[cos(~28) + i sin{—28)][cos 36 +iin 36T
[cos48 +ism 48] [cos(—538) + isinl 38T

-
“=

_ [cos®+ism 6] "[cosé +ism £]"
[cos8 +isin 8]*[cosd +ism &)™

={cos8 +isn @)’ =cos128 +isinl2s.

and at a=%: z =cus{12}(%}+ m:u:iz}(%}= cosdy +isin2r=1

. 5
(3) Using De Motvre's Theorem, reduce the complex number: % ]

and find its value at a=%_

Solhation:

19



@ Complex Numbers

_Em 8 .
(1+itang)’ _ i cosd )
[:]—ft:anﬂ:}r [I—I‘E}j
cosg
_ (cos8)’(cosd +isin6)’
(cos®—ism &Y
= {cos6) (cos8 +ism &)
(cos@+isme)
=(cos8) (cos@ +ism &)

= (cos8) [cos(126) +isin (126)].

-
“=

_F o teostTY) Ty isin A5 = (B2 el
amiatﬂ—ﬁ-g E:usfﬁ:l} [ms{‘l!}[ﬁ}ﬂsm{ﬂ]{ﬁ}] {2}[mslt+i-2ﬂ] e

v H.W:
Using De Moivre's Theorem. find the value of (1+i/3)° | (3+)®



[ Series

The Series
The sum of a finite or an mfinite sequence of numbers a,.4a,,...a

15 called series -
a+a,+.+ta,=% a4 of g+a+.+4,+.=%4,.
= =l

A senes 15 briefly written as iﬂuﬂﬂd a, 15 called the nfh term or the general
=]

term of the series.

Examples of Series:
1 t 4 a1 E ¢ E ¥

1 =, T T T
(}Ek‘.—'k 2242 F+3 F+4 5P+5 6 12 20 30
I.1 1

Numerical Series:
a+{ag+di+{a+2d)+_ _+[a+(n-1Dd]+...
the nth term” a, =a+(n-Dd |

the nth partial sum: S, =gﬂa +(n—-Dd]

(e ometric Series:
a+art+ar’+ _+a +
the nth term: a, =ar™
afi-r") r#l

1-r
Sum of Finite Series:
The Differences Method: we put the rih term a_ as didference between two
consecutive quantities [a =afr+1)—alr) or a_=a(r)—a(r+1}].
Theorem:

For aseries Z:z if a =fr+l)—f{) then 5 = fin+1)- Q1)

5, =

Ako, if a —_;I'“{r] fir+1) then S = f{i)- f(n+1)
21




[ Series

proof:
a=fr+l}—fr) pot r=123__ n:
g =) -yl
a, = f(3)—d(2}

a, = fln)— fln-1)
a, = f{n+1)— fin)
LS =ata 4+ ta =f(n+D- )
Smilarly, we can prove the second part of the theorem.

Fxamples:

1- Find the sum of aseries (20 + (20 D+ 3K+ +nn+1)
Solution -

a =rir+l) ,

as g parts are consecutive, we suggest the differences as follows:

Hr+ 1 + 2 —(r—Dr(r+ D =3r(r + D=3a, .
4, =3B+ D + D151 -Drr + D= £+ D - £6).
=8, =fn+D)-f(D)
~ i +D)(n+ 2)]- 310~ Dict+ D]

=%[ﬂ{i‘l +1in+ 2.

2- Fmd the sum 5, of a series (D{2X3) + (2} 34+ BX4H5) +...
Sohution |

a =rr+iir+2).

as a_ parts are consecutve, we suggest the differences as follows:
rr+ D+ 20 r+ 0 -r-Drr+ Dr+ D =4rir+1){r+ D =4a_,

2 =%HH I+ 2)(r+ 3}]—%{&'— D+ Dr + 201= fr+D- 10




[ Series

s 8 =f+D-f0
=£Ir—:{ﬂ + 1 + Dn+3)] —%m DI+ I D)

=a_1t:{n{n +1n+2n+3))

3- Fmd the sum 5, of a series l—gvi .....

23 4
Sohstion -
r _r+l-1_r+l 1 1

5 {r+E|| (r+I {r+lj!_{r+I)1 e {r I}l

2 y. L A+ Th=F- l
25, =fO-fE D=1

=fr—flr+l},

; ; 1 1 1
4- Fmd the sum § of 105 + + o
S 2, O SEIS I T @mm T mao)

Sohrtion :
Er -

1
(r—D3+1)
as a 15 a fraction its denommator consists of two comsecutive parts,
we use the parital fractions as follows:

1 .. + B
(r—DGr+l) -2 3r+l
Sl=KF+D+BEG -2

~1

2 1 —}
tr=—="2Ad=—, tr=—=B=—/
Pui ¥ 3 3 Purr 3 3

E|'=

o 1 _ e

SR Yo T 311' 2 3 +1:I A
1 1

+5, = f)-flnsD=3l-3 51

; ; 1 1 1
5- Fmd the 5 of : ¥
S 0, 15T 0o T 0@ T 8@0)
Sohrtion ;-
- 1
D)

23
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as a_15 a fraction its denommator consists of three consecutive parts, we

suggest the differences as follows:
1 I r+2—r 2

rrel) (relir+d) rrelir+d) rorslir=D) =2,
B o Lo N
L e v v L A

1.1 i i i

o8 =I{I}_I‘{“+H=212_{n+l}fﬂ"2} "4 Mp+Din+2)

H.W: ( Using The Differences Method )

i : . 4 n+l)  a(n+D(n+)
1- Verify that 1+3+6+..+ 5 5 5

1 ] | ] : ; 1 __n
M3 G XN 7 @-D2n+1) I+l

2 Verify that

Convergence & divergence of Infinite Series:
Definition: The series iﬂi is convergent if Ly 5. =}jﬂl{‘iai}=: :
= = =]

5 defined mumber | and the series ial 5 divergent if lyp S.==.
k=l e
Results:

(1) If the series iﬂi is convergent then |y a, =0, but the reverse

=l
15 not true m general ( ]jﬂli=f.} but ié divergent ).
a= M =1
(2) If fiy @, = 0 then the series S"a, is divergent

A )

E : : 1 | 1
1- Using The Diffi Method, find 5 of the + +.
mg erenices od, O SETIeS 00 G B
. and then determine whether the senes

15 convergent or divergent.

Sohstion
24
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B T I S
o o s v B LS
8, = M- for+D=1-—— .

lim S. = lim 0-— =1 .
e b n+l
Then the series 15 convergent.

2- Using The Differences Method. find S, of the series élog{f{-%}?
and then determme whether the series 1s convergent or divergent.
Sohstion -

a,=log(1+ 1) =log ") ~log(r +1)-log () = £+ D~ 1)

L, =flntD— f=log(n+D—log(l) =log(n+1) .

i 5. =lim g+ =logjyypy (n+1)=w .

Thel e smes s ioaiat .

3- Discuss the convergence or divergence of a series 1+%+E+$ +...
Solution -
H

I =

el |,
fim & =lim 5 = m— =5 *0
i R I

n—F= 2__
H

Then the series 15 divergent.

Convergence & Diversence Tesis of positive series:
(1) Comparison test(1l):
Consider two series S a, and b, ; a,20.b 20vn
L] o
Eﬂ

If im 5 =k . k nonrzero, positive or negative defined mumber

== a

then iaﬂ and ibﬂ are convergent or divergent together.
=l =i
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Fxamples:

1- Discuss the convergence or divergence of a series i‘%
Solution -

We compare the series Z— with a series Zlog{l*—]

1 i
== b =log{l+—~
Ll = “J,

l

1 1
]1111 =lhm— 7 =hm =g
B ew log{I+—} e 10g{1+ 1'5'55

and the series Zlog{fv—] 15 divergent, then ako Z— 5 divergent.

2- Dhscuss the convergence or divergence of a senes iﬂ—i
=]

Sohtion -
We compare the series Z— with a series gﬂ {ﬂi 5
”"=% - B=g ;-:1;1} :
]1111 3 1111_31} H{HTH =1,
and the series ZH{H 5 is convergent, then also iﬂ—iiﬂ convergent.

(2} D Alembert’s test { Ratwo test{T} }:
Consider the series i"- ca. 20 v¥n

(1) If]ﬂ L1 £1 then Za is convergent

(1) If]]ﬂl Zet1 -1 then Z" is divergent.

L ] .
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(i) If Jiyp —= =1 then the test failure

== n
Exam ples: Usmyg Ratio Test, discuss the convergence or divergence of each of
the following series:

il | P i
(@} gg— {iTJ;? (ﬂilgn
Sohstion :
) a, =31_ = {;{;EJ :

- fim 5= i G0 =lim @7 =3lim G =5 <L
Then the series Zl 15 convergent

wa=2 a,=020

3r| T ﬂﬂ'H 3I'r|+|]

n+l

- fim %= lim GG =lim B ==>1

Then the series "2 is divergent
=]

i) a, = @y =
nt+1 (n+1) +1
S AEL n+l I -r11 . om+n +ntl
= —_—=1
]31_}:1 2 11111{ 1]1. " hm 9w 17

Then the test fmh:rt
{ use the comparison test: compare the series with a series i% )
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Exercises:

1- Usmg The Differences Method. find 5 of each of the followmg series,
and then dﬂﬂmmt whether ﬂ:ua SETies 1S r:unvf:rgtnl or divergent:

mz m:n 7 {JZ

e }Z{En I}L’EHTI]

2- Discuss the convergence or divergence of each of the followmg series:

; SR R e o
”ﬁ_i e (1) EE"
it E"Hr Al
{WJZ (¥ >

i) 32

a=1 H
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The answer:
}-
1
(i) a, =—I——=f{r] fir+1),
G s s ¥ - _1
"Sn_f‘:l} f{“lj_z ?‘I'!"E-.]El_}l}sn 2'
Then the series 15 convergent.
Wa=—> —=—1 1 _ 65 forep
T AN D 1D ’
it LA Vg _ 1
5, =) fin+l) : “+3~1_1£13.
Then the series is convergent.
Gya=— =tp T . o stean

@r-D2r+0) 2 {Ir @2 J—Ij
5.=f{1}—f{ﬂ+1)=%[1— 1. limS,

(Zn+1)
Then the series is convergent.

2
(@ div. ]1111 ]1111{2:: {:IIJP = & 11111 i
i ; i
{ﬁ]m':h,l_},?‘ﬂann =E::l
(i) div. ]ﬂn—d‘-'- 2=1
. zuH I . 2 2
@ fin 2= i CEEGD <l 77 = =1
1
(¥) conv. ; ]]I__;l;l 2 =5 <1
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For mudterm & final exam -

1- Usmg The Differences Method. find 5 of the followmg series,
and then dﬂﬂmﬂl& whether the series is convergent or divergent:

Z{EH z}r:sn o
5, =311~ (see cxamplet page®). limS. =
Then the series 15 convergent.

2- Discuss the convergence of :iivtrgmce of each of the followmg series:

o W " ;
034343450 Gvia =300 me. o

e 7 4 9 o

{:ﬂ':] E::|+I::2 +{3I¢:|+m {tﬁ'i-'__.ﬂ'" ﬂ{;r] I:] 1!]__}35 I#ﬂ}
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Analytic Geometry

BEeh0 LA BIRDEEE oo e e T s
Section].2 HyperDolas ..........oooiiiiiiiii e
Section 1.3 Parabolas and Non-Linear Systems ............cccocovieiiiieiiienie e
Section 1.4 Conicy in Polar Coordinates. ... snmaninnnaininannss

In this chapter, we will explore a set of shapes defined by a common characteristic: they
can all be formed by slicing a cone with a plane. These families of curves have a broad
range of applications in physics and astronomy, from describing the shape of your car
headlight reflectors to describing the orbits of planets and comets.

Section 7.7 E/jpses

The National Statuary Hall® in Washington, D.C. is an
oval-shaped room called a whispering chamber because
the shape makes it possible for sound to reflect from the
walls in a special way. Two people standing in specific
places are able to hear each other whispering even
though they are far apart. To determine where they
should stand, we will need to better understand ellipses.

An ellipse 1s a type of conic section, a shape resulting from intersecting a plane with a
cone and looking at the curve where they intersect. They were discovered by the Greek
mathematician Menaechmus over two millennia ago.

The figure below? shows two types of conic sections. When a plane is perpendicular to
the axis of the cone, the shape of the intersection is a circle. A slightly titled plane
creates an oval-shaped conic section called an ellipse.




2 Geometry of Conics

An ellipse can be drawn by placing two thumbtacks in a piece of
cardboard then cutting a piece of string longer than the distance
between the thumbtacks. Tack each end of the string to the
cardboard, and trace a curve with a pencil held taught against
the string. An ellipse is the set of all points where the sum of
the distances from two fixed points is constant. The length of
the string is the constant, and the two thumbtacks are the fixed
points, called foci.

Ellipse Definition and Vocabulary

An ellipse is the set of all points Q(x, _v) for which the sum of the distance to two
fixed points F1(x1 ,y;) and F,(x,,y, ), called the foci (plural of focus), is a constant k:

d(Q:E)—t_d(Q#FE):k

d(Q.F)s,

The major axis is the line passing through the foci.

Vertices are the points on the ellipse which intersect the major axis.

The major axis length is the length of the line segment between the vertices.

The center is the midpoint between the vertices (or the midpoint between the foci).
The minor axis is the line perpendicular to the minor axis passing through the center.
Minor axis endpoints are the points on the ellipse which intersect the minor axis.
The minor axis endpoints are also sometimes called co-vertices.

The minor axis length is the length of the line segment between minor axis endpoints.

y

Note that which axis is major and which is minor
will depend on the orientation of the ellipse. In Verttices
the ellipse shown at right, the foci lie on the y
axis, so that is the major axis, and the x axis is
the minor axis. Because of this, the vertices are
the endpoints of the ellipse on the y axis, and the
minor axis endpoints (co-vertices) are the
endpoints on the x axis.

Major axis

Minor axis
endpoints

Minor axis




Ellipses Centered at the Origin

From the definition above we can find an equation for an ellipse. We will find it for a
ellipse centered at the origin C(0.0) with foci at E(C,O) and £, (— C,O) where ¢ > 0.

Suppose Q(x, y) is some point on the ellipse. The distance from F; to Q is

d0.F)= \/(x—f?)2 +(y-0) = \/(x—c)2 +y°
Likewise, the distance from F> to O is

d(Q.B)=(x— (<)} +(r-0F =q(x+cf +5?

From the definition of the ellipse, the sum of these distances should be constant:

d(Q,F)+d(Q,F,)=Fk so that
\/(x—c)z +y’ +\’/(Jc+c)2 +3’ =k

If we label one of the vertices (a,O) , it should satisfy the equation above since it is a point
on the ellipse. This allows us to write & in terms of a.

\/(a—c)z +0? +J(a+c)2+02 =k

‘a - c‘ + ‘a + c‘ =k Since a > c, these will be positive
(a—c)+(a+c)=k
2a=k

Substituting that into our equation, we will now try to rewrite the equation in a friendlier
form.

\/(x - (:)2 +y* + \/(x+ 0)2 +y* =2a Move one radical

A (x - 0)2 +y* =2a—+ (x F 0)2 +y° Square both sides

2

[ (x—c_)2 +? ]2 = (Za—ﬂ'(erc)z +y° ) Expand

(x— 0)2 +3* =4a® —4aq|(x+ 0)2 +37 +(x+ 0)2 +y? Expand more

x> —2xc+ct+y*=4a*—4a (x+c)2 +y* +x2 4+ 2xc+c” + 37

Combining like terms and isolating the radical leaves

4(11’(.’64-6)2 +y> =4a’ +4xc Divide by 4
a\/(x + 6)2 +y* =a’+xc Square both sides again

afz((erc)2 +_v2):a4 +2a’xc+x*c? Expand
(/112(3«72 +2xe+c + _vz): a* +2a’xc+x°c’ Distribute
2.2 2 v 2_2 4 2 22 3 2
& x"F2g xerwcray =aFla ety Combine like terms
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0 4 2.7 2. 4 it ]
ax —xc +a’'y =a —ac Factor common terms

(az g }\,2 +aty? = az(az _Cz)

Let > =a” —¢”. Since a > ¢, we know b > 0. Substituting b’ for a” —¢” leaves
b*x* + a*y® = a’b? Divide both sides by a’h®
i _|_y_2 il |

a b

This is the standard equation for an ellipse. We typically swap @ and b when the major
axis of the ellipse is vertical.

Equation of an Ellipse Centered at the Origin in Standard Form

The standard form of an equation of an ellipse centered at the origin C (0,0) depends

on whether the major axis is horizontal or vertical. The table below gives the standard
equation, vertices, minor axis endpoints, foci, and graph for each.

where b* =a’ —¢?

Major Axis Horizontal Vertical

. 2 2 2 Z
S‘rand::.ud L LY
Equation at b? b 4t
Vertices (—a, 0) and (a, 0) (0, —a) and (0, a)
Minor Axis N 2
Bridpoints (0, —b) and (0, b) (=b, 0) and (b, 0)

(—¢, 0) and (c, 0) (0, —¢) and (0, ¢)

Foci

where B> =a*—¢?

Graph
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Example 1

Put the equation of the ellipse 9x* + y* =9 in standard form. Find the vertices, minor

axis endpoints, length of the major axis, and length of the minor axis. Sketch the graph,
then check using a graphing utility.

The standard equation has a 1 on the right side, so this equation can be put in standard
form by dividing by 9:
2 2
x_ + L =1
1“5

Since the y-denominator is greater than the x-denominator, the ellipse has a vertical
2 2

major axis. Comparing to the general standard form equation —+-— =1, we see the
b e

value of a:J§23 and the value of b:\fizl.

The vertices lie on the y-axis at (0,2a) = (0, £3).

The minor axis endpoints lie on the x-axis at (£, 0) = (1, 0).
The length of the major axis is Z(a) = 2(3) =6.

The length of the minor axis is 2(b)=2(1)=2.

To sketch the graph we plot the vertices and the minor axis endpoints. Then we sketch

the ellipse, rounding at the vertices and the minor axis endpoints.
y y

[ % T O -

I/ 1 2 3 4 °

;i
-2
-3
-4

To check on a graphing utility, we must solve the equation for y. Isolating y* gives us
y2 = 9(1 3 )

Taking the square root of both sides we get

y=43y1-x?

Under Y= on your graphing utility enter the two halves of the ellipse as y =3+/1— x’

and y=-341-x" . Set the window to a comparable scale to the sketch with xmin = -5,
xmax = 5, ymin= -5, and ymax = 5.
Here’s an example output on a TI-84 calculator:
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Sometimes we are given the equation. Sometimes we need to find the equation from a
graph or other information.

Example 2

Find the standard form of the equation for an ellipse centered at (0,0) with horizontal
major axis length 28 and minor axis length 16.

Since the center is at (0,0) and the major axis is horizontal, the ellipse equation has the
2 2

standard form x_2 +£—2 =1. The major axis has length 2a =28 or a = 14. The minor
a
xZ VZ 2 v2
axis has length 25 =16 or 5 =8. Substituting gives —+-—=10or —+-—=1.
i L 16> g 256 64

Try it Now
1. Find the standard form of the equation for an ellipse with horizontal major axis length
20 and minor axis length 6.

Find the standard form of the equation for the ellipse graphed here.

The center is at (0,0) and the major axis is vertical, so the standard 3
2 2 24
form of the equation will be —-+ y—z =il
a .

From the graph we can see the vertices are (0,4) and (0,-4), giving
a=4. g
The minor-axis endpoints are (2,0) and (-2,0), giving b = 2. 5

2 2 2 2
The equation will be x—2+y—2:1 o g
2 4 4 16




Ellipses Not Centered at the Origin

Section 1.1 Ellipses

Not all ellipses are centered at the origin. The graph of such an ellipse is a shift of the

graph centered at the origin, so the standard equation for one centered at (%, k) 1s slightly

different. We can shift the graph right / units and up & units by replacing x with x — A
and y with y — £, similar to what we did when we learned transformations.

Equation of an Ellipse Centered at (%, k) in Standard Form

The standard form of an equation of an ellipse centered at the point C (h,k) depends

on whether the major axis is horizontal or vertical. The table below gives the standard
equation, vertices, minor axis endpoints, foci, and graph for each.

Major Axis Horizontal Vertical
Standard (x—=n) (y-k)f (x—nf (y—k)f
. + =] + =1
Equation a’ b2 B2 a2
Vertices (hta k) (h, k+a)
Minor Axis _
Endpoints (h,k+b) (h=b,k)
_ (hxe k) (h,k*c)
Foci
where b?=a’-¢? where b= a’-c?
Graph (h-a.k) (h-c.k) (hte.)\(htak) == (h+bk)
(%) N >
> X
X
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Example 4

Put the equation of the ellipse x* +2x+4y*> —24y =-33 in standard form. Find the

vertices, minor axis endpoints, length of the major axis, and length of the minor axis.
Sketch the graph.

To rewrite this in standard form, we will need to complete the square, twice.

Looking at the x terms, x> +2x, we like to have something of the form (x+#)*. Notice

that if we were to expand this, we’d get x” +2nx+n", so in order for the coefficient on
x to match, we’ll need (x+1)° =x* +2x+1. However, we don’t have a +1 on the left

side of the equation to allow this factoring. To accommodate this, we will add 1 to both
sides of the equation, which then allows us to factor the left side as a perfect square:

> +2x+1+4y* —24y=-33+1
(x+D)*+4y* —24y=-32

Repeating the same approach with the y terms, first we’ll factor out the 4.
4y’ —24y =4(y* - 6y)

Now we want to be able to write 4(_1(‘2 - Gy) as 4(y+n)’ = 4(_1,»'2 +2ny+n’ )
For the coefficient of y to match, » will have to -3, giving
4(y-3)* =4(y* —6y+9)=43>—24y+36.

To allow this factoring, we can add 36 to both sides of the equation.
(x+1)> +4y> —24y+36=-32+36

c+D)*+4(2 —6y+9)=4

(x+1)’+4(y-3) =4

Dividing by 4 gives the standard form of the equation for the ellipse

G+1f -3
1 1

Since the x-denominator is greater than the y-denominator, the ellipse has a horizontal

(x—;r)z +(h—2fr)2

major axis. From the general standard equation =1 we see the value

ofa:ﬁZZ and the value of b:\ﬁ:l.

The center is at (4, k) = (-1, 3).
The vertices are at (hta, k) or (-3, 3) and (1,3).
The minor axis endpoints are at (1, k&+b) or (-1, 2) and (-1,4).
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The length of the major axis is 2(0) = 2(2) =4.
The length of the minor axis is 2(5): 2(1) =2

To sketch the graph we plot the vertices and the minor axis endpoints. Then we sketch

the ellipse, rounding at the vertices and the minor axis endpoints.
y

Y
4

L ]
® L
O CONI A S T
®
Q.’

Example 5
Find the standard form of the equation for an ellipse centered at (-2,1), a vertex at (-2,4)
and passing through the point (0.1).

The center at (-2,1) and vertex at (-2,4) means the major axis is vertical since the x-

values are the same. The ellipse equation has the standard form (x ;2;1.)2 + = j)l = |
a

The value of a = 4-1=3. Substituting ¢ =3, # =-2, and k=1 gives
(x+2) .\ (v—1)

—=1. Substituting for x and y using the point (0,1) gives

b’ 3
2 2
(0 -;22) L ;21) _

Solving for b gives b=2.

2.
The equation of the ellipse in standard form is (x ;2)2 + (y 3_21) =1 or
¥4 2
(+2)' O-1°
4 9
Try it Now

2. Find the center, vertices, minor axis endpoints, length of the major axis, and length of

beed] oy
4

the minor axis for the ellipse (x—4) +
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Bridges with Semielliptical Arches

Arches have been used to build bridges for centuries, like
mn the Skerton Bridge in England which uses five
semielliptical arches for support’. Semielliptical arches
can have engineering benefits such as allowing for longer
spans between supports.

Example 6

A bridge over a river is supported by a single semielliptical arch. The river is 50 feet
wide. At the center, the arch rises 20 feet above the river. The roadway is 4 feet above
the center of the arch. What is the vertical distance between the roadway and the arch
15 feet from the center?

Put the center of the ellipse at (0,0) and make the span of the river the major axis.

VA

g

/ 201t

' 50ft

"y

2 2
Since the major axis is horizontal, the equation has the form x_2+ “;:—2 =1,
a
1 .. r g
The value of a = 5(50) =25 and the value of » = 20, giving ot + F =4,

L . 152 y? . [ 225
Substituting x =15 gives —+—-——=1. Solving fory, y=20 [1-— =16.
2 i 25% " 207 Sy 47

The roadway is 20 + 4 = 24 feet above the river. The vertical distance between the
roadway and the arch 15 feet from the center is 24 — 16 = 8 feet.

3 Maxine Armstrong
(https://commons. wikimedia.org/wiki/File:Skerton Bridge, Lancaster. England.JPG), “Skerton Bridge,
Lancaster, England”, CC BY-SA
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Ellipse Foci

The location of the foci can play a key role in ellipse application problems. Standing on a
focus in a whispering gallery allows you to hear someone whispering at the other focus.
To find the foci, we need to find the length from the center to the foci, ¢, using the

equation b> =a” —c”. It looks similar to, but is not the same as, the Pythagorean
Theorem.

Example 7

The National Statuary Hall whispering chamber is an elliptical room 46 feet wide and

96 feet long. To hear each other whispering, two people need to stand at the foci of the
ellipse. Where should they stand?

We could represent the hall with a horizontal ellipse centered at the origin. The major

axis length would be 96 feet, so a = % (96) = 48, and the minor axis length would be 46

feet, so b= %(46) =23. To find the foci, we can use the equation b*> =a*> —c’.
23*=48" ¢’

¢* =48* 237

c=4/1775 =442 ft.

To hear each other whisper, two people would need to stand 2(42) = 84 feet apart along
the major axis, each about 48 — 42 = 6 feet from the wall.

Example 8

2 2
Find the foci of the ellipse (x _42) + S ;93) =1,

2 2
The ellipse is vertical with an equation of the form (x f) + b Zk) =
a

The center is at (1, k) = (2, —3). The foci are at (1, k £ ¢).

To find length c we use b*> =a* —¢*.
Substituting gives 4 =29 —c¢* or c=+/25 =5.

The ellipse has foci (2, =3 = 5), or (2, —8) and (2, 2).
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Find the standard form of the equation for an ellipse with foci (-1,4) and (3,4) and major
axis length 10.

Since the foci differ in the x -coordinates, the ellipse is horizontal with an equation of

2 2
(x—j.*) MU —21() Ty
a b

The center is at the midpoint of the foci (x] ;xz HtY ) = ((_ 1)+3 4 ; 4) =(1,4).

the form

» 2 2 2
The value of a is half the major axis length: a = %(10) =5

The value of c is half the distance between the foci: c¢= % B-(-1)= %(4) =2.

To find length b we use b*> =a” —c¢>. Substituting @ and ¢ gives b* = 5> -2% =21.

The equation of the ellipse in standard form is =1 or

1f . 1) o
5 21

(-1 (r-4)
5 21

Try it Now
3. Find the standard form of the equation for an ellipse with focus (2,4), vertex (2,6),
and center (2,1).

Planetary Orbits

It was long thought that planetary orbits around the
sun were circular. Around 122, Johannes Kepler
discovered they were actually elliptical*. His first law
of planetary motion says that planets travel around the
sun in an elliptical orbit with the sun as one of the foci.
The length of the major axis can be found by measuring the planet’s aphelion, its greatest
distance from the sun, and perihelion, its shortest distance from the sun, and summing
them together.

4 Technically, they’re approximately elliptical. The orbits of the planets are not exactly elliptical because
of interactions with each other and other celestial bodies.
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Example 10

Mercury’s aphelion is 35.98 million miles and its perihelion is 28.58 million miles.
Write an equation for Mercury’s orbit.

Let the center of the ellipse be (0,0) and its major axis be horizontal so the equation will
2 2

have form x_2+y_2 =l

a b
The length of the major axis is 2a =35.98+28.58 =64.56 giving a =32.28 and
a’®=1041.9984 .

Since the perihelion is the distance from the focus to one vertex, we can find the
distance between the foci by subtracting twice the perihelion from the major axis
length: 2¢ =64.56— 2(28.58) =74 giving c=3.7.

Substitution of @ and ¢ into b* = a®> —¢* yields »* =32.28>-3.7> =1028.3084 .

o 2

PRI g
1041.9984  1028.3084

The equation is

Important Topics of This Section

Ellipse Definition
Ellipse Equations in Standard Form
Ellipse Foci

Applications of Ellipses

- — ——
Try it Now Answers

xz v2
1. 2a=20,s0a=10. 2b=6,s0b=3. —+-——1

100 9

2. Center (4, -2). Vertical ellipse witha=2,b=1.
Vertices at (4, -2+2) = (4,0) and (4,-4),
minor axis endpoints at (4+1, -2) =(3,-2) and (5.-2),
major axis length 4, minor axis length 2

3. Vertex, center, and focus have the same x-value, so it’s a vertical ellipse.
Using the vertex and center,a=6—-1=35
Using the center and focus,c=4—-1=3

=53 . b=
2 X
(=2F , (-1
16 25
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Section 7.7 Exerc/ises

In problems 1-4, match each graph with one of the equations A-D.
2 2 2 3 2 2
T A B F g g G, Eolgp -y D. Pipd uef
4 9 9 4 g - 9

x

4 4

3
2 2 \ 2
l

ek i - /H—\,\ s y ; 5 '“ 43 1 1 3 4"
31 1 A g A 13 A 4% -2 -1 1 % 4 4

&5 M.‘__.-r/‘ e —’/ -1t

V4 -2 -2

- 5 .

=t 4 -4

In problems 5-14, find the vertices, the minor axis endpoints, length of the major axis,
and length of the minor axis. Sketch the graph. Check using a graphing utility.

2 Z 2 2 2 Z

B ¥ g b g g 7. L4y2=1 8. x+L =1
425 16 4 4 5

9. x> +25y% =25 10. 16x>+1* =16 11. 1632 +9y* =144

12. 16x> +25y* =400 13. 9x2 + y* =18 14. X2 +4y* =12

In problems 15-16, write an equation for the graph.

I5: 16.
uy U
A A
at 51
4+
31 3+
24
1t 1
} i t f + t 1 Ll 4 + J t + t > T
BT, e B | 1 2 '3 5 “Bo=d -§ =2 4 2 3 4 5
1+
3+
At
54 5

In problems 17-20, find the standard form of the equation for an ellipse satisfying the
given conditions.

17. Center (0,0), horizontal major axis length 64, minor axis length 14

18. Center (0,0), vertical major axis length 36, minor axis length 18

19. Center (0,0), vertex (0,3), b=2

20. Center (0,0), vertex (4,0), b =3
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In problems 21-28, match each graph to equations A-H.

i &=2F -1 4

&+2f+jy+nzzl

E.
4 9 4 9
% 12 2 2
g A Bl - i) eEy .
4 16 4 16
% 2 2 N2
c =2 O0-1»*_, G &+2f (+D® .
16 4 16 4
x—2F (y—1)’ +2fF  (y+1)°
i, E-2f - g 6+2) G+)’
9 4 9 4
21: 22 23. 24.
] _-:I —,‘; 5
l \ | ( ..... I P el .
5 4 - -'J_l_ EENE] 1 EER ] \i. R [ ;
i 4 .
23 26. 2. 28.
H : : :
5 RN -'5-1-3-2-'1_1 54%2'1\3 *
: " .
-4 -4 -
5 -b 5

In problems 29-39, find the vertices, the minor axis endpoints, length of the major axis,
and length of the minor axis. Sketch the graph. Check using a graphing utility.

N2 2
29, (x—1) +(_v+2) 1
25 4

=3

31. (425
( ) 7

1

33. 4x*+8x+4+y*=16
35. x2+2x+4y*> +16y=—1

37. 9x*—-36x+4y? +8y =104

30

32

34.

36.

39

x5 (=3

1
16 36
(x—1)2 2
1 +(y—6)" =1
55 (y—6)

x2+4y* +16y+16 =36
Ax* +16x+y* -8y =4

.4x +8x+9y*+36y=—4
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In problems 3940, write an equation for the graph.
39. 40.

4 u
A A

L~ JE - B S |
| h r f I
t t + T

R 1 5 -4-3-2-1 [ 123 45

I
LA R L
——t—+—

P IR P
B S

In problems 41-42, find the standard form of the equation for an ellipse satisfying the
given conditions.

41. Center (-4,3), vertex(-4,8), point on the graph (0,3)

42. Center (1,-2), vertex(-5,-2), point on the graph (1,0)

43. Window A window in the shape of a semiellipse is 12 feet wide and 4 feet high.
What is the height of the window above the base 5 feet from the center ?

44. Window A window in the shape of a semiellipse is 16 feet wide and 7 feet high.
What is the height of the window above the base 4 feet from the center?

45. Bridge A bridge over a river is supported by a semielliptical arch. The river is 150

feet wide. At the center, the arch rises 61 feet above the river. The roadway is 5 feet

above the center of the arch. What is the vertical distance between the roadway and
the arch 45 feet from the center?

46. Bridge A bridge over a river is supported by a semielliptical arch. The river is 1250
feet wide. At the center, the arch rises 175 feet above the river. The roadway is 3

feet above the center of the arch. What is the vertical distance between the roadway

and the arch 22 feet from the center?

47. Racetrack An elliptical racetrack is 100 feet long and 90 feet wide. What is the
width of the racetrack 20 feet from a vertex on the major axis?

48. Racetrack An elliptical racetrack is 250 feet long and 150 feet wide. What is the
width of the racetrack 25 feet from a vertex on the major axis?



Section 1.1 Ellipses

In problems 49-52, find the foci.

2 3 3. 3
g F g sg, gt g
19 3 2 39
132 - 2
51 e+ 2D s2. &) Lpasp o
26 10

17

In problems 53-72, find the standard form of the equation for an ellipse satisfying the

given conditions.

53. Major axis vertices (£3,0), c=2 54. Major axis vertices (0,£7), ¢

55. Foci (0,£5) and major axis length 12

56. Foci (£3,0) and major axis length 8

57. Foci (£5,0), vertices (£7,0) 58. Foci (0,£2), vertices (0,£3)
59. Foci (0,+4) and x-intercepts (+2,0)

61. Foci (£3,0) and y-intercepts (0,£1)

61. Center (0,0), major axis length 8, foci on x-axis, passes through point (2, Jg)

62. Center (0,0), major axis length 12, foci on y-axis, passes through point (\/ﬁ _,4)
63. Center (-2,1), vertex (-2,5), focus (-2,3)

64. Center (-1,-3), vertex (-7,-3), focus (-4,-3)

65. Foci (8,2) and (-2,2), major axis length 12

66. Foci (-1,5) and (-1,-3), major axis length 14

67. Vertices (3,4) and (3,-6), c=2

68. Vertices (2,2) and (-4,2), c=2

69. Center (1,3), focus (0,3), passes through point (1,5)

70. Center (-1,-2), focus (1,-2), passes through point (2,-2)

71. Focus (-15,-1), vertices (-19,-1) and (15,-1)

72. Focus (-3,2), vertices (-3,4) and (-3,-8)

=4
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73.

74.

15!

76.

Tiik

78.

I

Geometry of Conics

Whispering Gallery If an elliptical whispering gallery is 80 feet long and 25 feet
wide, how far from the center of room should someone stand on the major axis of
the ellipse to experience the whispering effect? Round to two decimal places.

Billiards Some billiards tables are elliptical and have the foci marked on the table. If
such a one is 8 feet long and 6 feet wide, how far are the foci from the center of the
ellipse? Round to two decimal places.

Planetary Orbits The orbits of planets around the sun are approximately elliptical
with the sun as a focus. The aphelion is a planet’s greatest distance from the sun and
the perihelion is its shortest. The length of the major axis 1s the sum of the aphelion
and the perihelion. Earth’s aphelion is 94.51 million miles and its perihelion is
91.40 million miles. Write an equation for Earth’s orbit.

Satellite Orbits The orbit of a satellite around Earth is elliptical with Earth’s center
as a focus. The satellite’s maximum height above the Earth is 170 miles and its
minimum height above the Earth is 90 miles. Write an equation for the satellite’s
orbit. Assume Earth is spherical and has a radius of 3961 miles.

Eccentricity e of an ellipse is the ratio € where c is the distance of a focus from the
a

center and a is the distance of a vertex from the center. Write an equation for an
ellipse with eccentricity 0.8 and foci at (-4,0) and (4,0).

Confocal ellipses have the same foci. Show that, for £ > 0, all ellipses of the form
2 2

X +-? =1 are confocal.

6+k

The latus rectum of an ellipse is a line segment with endpoints on the ellipse that
2

passes through a focus and is perpendicular to the major axis. Show thatz— is the
a

2 2
length of the latus rectum of x_ﬁ + ;—2 =1 where a > b.
a
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Section 7.2 Ayperbolas

In the last section, we learned that planets have

approximately elliptical orbits around the sun. When an 5
object like a comet is moving quickly, it is able to escape

the gravitational pull of the sun and follows a path with the \
shape of a hyperbola. Hyperbolas are curves that can help

us find the location of a ship, describe the shape of cooling towers, or calibrate
seismological equipment.

The hyperbola is another type of conic section created by intersecting a plane with a
double cone, as shown below”.

u

Y
]

The word “hyperbola” derives from a Greek word meaning “excess.” The English word
“hyperbole” means exaggeration. We can think of a hyperbola as an excessive or
exaggerated ellipse, one turned inside out.

We defined an ellipse as the set of all points where the sum of the distances from that
point to two fixed points is a constant. A hyperbola is the set of all points where the
absolute value of the difference of the distances from the point to two fixed points is a
constant.

5 Pbroks13 (https://commons.wikimedia.org/wiki/File:Conic sections with plane.svg), “Conic sections
with plane”, cropped to show only a hyperbola by L Michaels, CC BY 3.0
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Hyperbola Definition

A hyperbola is the set of all points Q(x, _v) for which the absolute value of the
difference of the distances to two fixed points P;(xl, yl) and Fz(::c2 ) yz) called the foci
(plural for focus) is a constant £: ‘d(Q, F)- d(Q,le =k-.

F;

=Y

The transverse axis is the line passing through the foci.

Vertices are the points on the hyperbola which intersect the transverse axis.

The transverse axis length is the length of the line segment between the vertices.
The center is the midpoint between the vertices (or the midpoint between the foci).
The other axis of symmetry through the center is the conjugate axis.

The two disjoint pieces of the curve are called branches.

A hyperbola has two asymptotes.

Which axis is the transverse axis will depend on the orientation of the hyperbola. As a
helpful tool for graphing hyperbolas, it is common to draw a central rectangle as a
guide. This is a rectangle drawn around the center with sides parallel to the coordinate
axes that pass through each vertex and co-vertex. The asymptotes will follow the
diagonals of this rectangle.

,.fi--'Asymptote

Conjugate axis

T st

1 7% AT .

! <« —— Transverse axis
Cenfer +.__ . . !

s

o "¢ ® >

= A s [T ® X
= 1
Co-vertex i i
5
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Hyperbolas Centered at the Origin

From the definition above we can find an equation of a hyperbola. We will find it for a
hyperbola centered at the origin C (0,0) opening horizontally with foci at FI(C,O) and
¥, (— 0,0) where ¢ > 0.

Suppose Q(x,y) is a point on the hyperbola. The distances from Q to F1 and Q to F> are:
d(0.F)=(x—cf +(y-0F =y(x—c +3?
d(0.F)=(x—(=c)f +(y—0F =y(x+c) +1* .

From the definition, the absolute value of the difference should be constant:

d(0.R)-d(@. 1) =Nl—cP +3* ~flx+cf +37| =k

Substituting in one of the vertices (0,0), we can determine £ in terms of a:

‘\/(a—c)z+02 —\/(a+c)2+02 =k

Ha—c‘—‘aJrcH:i( Since ¢ >a, la—c|=c—a
‘(c—a)—(aw#c)‘:k

k:‘—Za‘:‘Za‘

Using & =2a and removing the absolute values,

\/(x —::)2 +y* — \/(x =2 0)2 +y* =42a Move one radical

A (x —.:')2 +y* =+2a+ 1/(}: + 0)2 457 Square both sides
(x—c)2 +y” =44’ i4a1f(x+c)2 +y7 Jr(erC)2 + y® Expand

2
x> —2xc+c’ +y* =4a’ +4a (x+c) +9° +x* 1 2xc t ety

Combining like terms leaves

—4dxc=4a’ + 4a1}(x + 6)2 +y? Divide by 4
—xc=a’ tay(x+ 0)2 +y? Isolate the radical
+ a\/(x + 0)2 +y* =—a*—xc Square both sides again

a’ ((r + 6)2 +y? ) =a*+2a’xc+xc? Expand and distribute
a’x’ +2a’xc+a’c® +a’y’ =a* +2a’xc+ x’c’ Combine like terms
v eate" —a* =3¢ —-a'x’ Factor common terms

a’y? +a2(c2 —az): (6‘2 —az}rz
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Let b*> =c* —a*. Since ¢>a, b> 0. Substituting b*> for ¢* —a* leaves

a*y* +a*b® = b’x? Divide both sides by a’b’

2 2
) : .
;)_2 +l=— Rewrite
a
T2 yZ B
a* b

We can see from the graphs of the hyperbolas that the branches appear to approach
asymptotes as x gets large in the negative or positive direction. The equations of the
horizontal hyperbola asymptotes can be derived from its standard equation.

2
x—z—v—z = Solve for y
s
= (x_z IJ Rewrite 1 as x_za_z
a” x
x * 4 T
= (—2 —2—2) Factor out —
a
2 X a
—2{ ——2) Take the square root
b ,
y=%t—x l——
a X
a? a’ b
As x — +oo the quantity —- — 0 and ,/1-— — 1, so the asymptotes are y=+—x.
X X a

Similarly, for vertical hyperbolas the asymptotes are y =+ % X.

The standard form of an equation of a hyperbola centered at the origin C(0,0) depends on
whether it opens horizontally or vertically. The following table gives the standard
equation, vertices, foci, asymptotes, construction rectangle vertices, and graph for each.
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Equation of a Hyperbola Centered at the Origin in Standard Form

Opens Horizontally Vertically
Standard x_z_i_l i—ﬁ—l
Equation at b a’l br
Vertices (-a, 0) and (a, 0) (0, -a) and (0, a)

(-c, 0) and (c, 0) (0, -c) and (0, ¢)
Foci

where b* =c¢* —a? Where b° =c* —a’
Asymptotes y= iéx V= +9
a b

Construction
ReCtangle ((I_, b)# (_a: b)o ( a'!_b)ﬂ ('aa _b) (b: (I), (_ba a).# (b's _a)a ('b: -CI)
Vertices

Graph

Example 1

Put the equation of the hyperbola y* —4x* =4 in standard form. Find the vertices,

length of the transverse axis, and the equations of the asymptotes. Sketch the graph.
Check using a graphing utility.

2 2
The equation can be put in standard form % — XT =1 by dividing by 4.

2 AL
Comparing to the general standard equation Y X _1 weseethat a= «/Z =2 and

gv B
b=+1=1.

Since the x term is subtracted, the hyperbola opens vertically and the vertices lie on the
y-axis at (0,xa) = (0, £2).
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The length of the transverse axis is 2(0) = 2(2): 4.

’ a
Equations of the asymptotes are y = i; A o =22%.

To sketch the graph we plot the vertices of the construction rectangle at (£b,+a) or
(-1,-2), (-1,2), (1,-2), and (1,2). The asymptotes are drawn through the diagonals of the
rectangle and the vertices plotted. Then we sketch in the hyperbola, rounded at the
vertices and approaching the asymptotes.

y y
4% et .
\ "
31 st
'
[ s O ) Yo2ey
: Fa ’
: F
i1 \1__' i
[y ;
' ! : ! ! T 4
5 5 3 i 32 3|3 23 i 2 3 3
: H H 4 B T
N TN
FR e p
r
=3+ ’t o 1 ‘\
’ A Y
4t ‘ at .

To check on a graphing utility, we must solve the equation for y. Isolating y? gives us
2 2
y =4 (1 +Xx )

Taking the square root of both sides we find y = +2+/1+x7 .

Under Y= enter the two halves of the hyperbola and the two asymptotes as
y=241+x%, y==2+41+x>, y=2x, and y=—2x. Set the window to a comparable
scale to the sketch with xmin = -4, xmax = 4, ymin= -3, and ymax = 3.

Sometimes we are given the equation. Sometimes we need to find the equation from a
graph or other information.
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Find the standard form of the equation for a hyperbola with vertices at (-6,0) and (6,0)

and asymptote y = ;:r :

Since the vertices lie on the x-axis with a midpoint at the origin, the hyperbola is
2 2

horizontal with an equation of the fo XY _1. Thevalue of a is the distance

a* b
from the center to a vertex. The distance from (6,0) to (0,0) is 6, so @ =6.

The asymptotes follow the form y = J_rgx. From y :%x we see % =— and
a a
o : 3 b : ;
substituting @ = 6 give us - = - Solving yields b = 8.
xZ vZ '{2 2
The equation of the hyperbola in standard form is — =1 or —~ ., )
6 8 36 64

Try it Now
1. Find the standard form of the equation for a hyperbola with vertices at (0,-8) and (0,8)
and asymptote y =2x

Example 3
Find the standard form of the equation for a hyperbola with vertices at (0, 9) and (0,-9)
and passing through the point (8,15).

Since the vertices lie on the y-axis with a midpoint at the origin, the hyperbola is
2 2
¥ X

vertical with an equation of the form —-——=1. The value of a is the distance from
a

the center to a vertex. The distance from (0,9) to (0,0) is 9, so a= 9.

2 2
Substituting @ = 9 and the point (8,15) gives 19%—2—2 =1. Solving for b yeilds
2 2 2 2

2{p2
e L
15° 92
y: x ¥y

The standard equation for the hyperbolais = ——=1 or !
9° 6 81 36
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Hyperbolas Not Centered at the Origin

Not all hyperbolas are centered at the origin. The standard equation for one centered at

(h, k) 1s slightly different.

Equation of a Hyperbola Centered at (%, k) in Standard Form

The standard form of an equation of a hyperbola centered at C(h, k) depends on

whether it opens horizontally or vertically. The table below gives the standard
equation, vertices, foci, asymptotes, construction rectangle vertices, and graph for

each.
Opens Horizontally Vertically
Standard (x = h)z (y —k) - (_v = k)z (x o 17)2 -
Equation 2 = B
Vertices (h*a k) (h,k+a)
(h+tc, k) (h,k+c)
Foci where b’ =c? —a* where b’ = ¢’ — a?
b a
Asymptotes y—k=+—(x—h) y—k:ig(x—h)
a
Construction
Rectangle (hta k£tbd) (hxb,kta)
Vertices
) A
’ + \ (h.Jet+c)
®
X (hJe+b
T o e et T
R | N (hkta)
% e i
Graph " bRy | “wingy $0rtdh
e === == E
(.J-b)
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Worite an equation for the hyperbola in the graph
shown. 61

-

The center is at (2,3), where the asymptotes cross.
It opens vertically, so the equation will look like

-3 (2P _
a’ i )

The vertices are at (2,2) and (2,4). The distance
from the center to a vertex is a=4-3=1. ol

If we were to draw in the construction rectangle, it would extend from x =-1 to x = 5.
The distance from the center to the right side of the rectangle gives b=5-2=3.

(-3 -2f

The standard equation of this hyperbola is T =1, or

(v—3) - (x—gz)z =1.

Put the equation of the hyperbola 9x* +18x—4y* +16y =43 in standard form. Find the

center, vertices, length of the transverse axis, and the equations of the asymptotes.
Sketch the graph, then check on a graphing utility.

To rewrite the equation, we complete the square for both variables to get
9(x? +2x+1)—4(tv2 —4y+4)=43+9-16
9(x+1F —4(y—2) =36

Dividing by 36 gives the standard form of the equation,

(r+1f (G-2F
4

9

=1 we see that

Comparing to the general standard equation

(c=nf (h—kf
a’ b’
a=+4=2and b=+9=3.

Since the y term is subtracted, the hyperbola opens horizontally.
The center is at (4, k) = (-1, 2).

The vertices are at (ixa, k) or (-3, 2) and (1,2).

The length of the transverse axis is 2(0) = 2(2) =4.

Equations of the asymptotes are y —k = J_ré(x—h) or y—2= J_r%(x+l).
a
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To sketch the graph we plot the corners of the construction rectangle at (i+a, k+b) or
(1, 5),(1,-1), (-3,5), and (-3,-1). The asymptotes are drawn through the diagonals of
the rectangle and the vertices plotted. Then we sketch in the hyperbola rounded at the
vertices and approaching the asymptotes.

bttt .
b5 B2 2 3 4

To check on a graphing utility, we must solve the equation for y.

y=2+ 9[M—1].
' 4

Under Y= enter the two halves of the hyperbola and the two asymptotes as

2 2
Y= 9[@—1}, - 9(@—1],_1;:%(;:“)”, and

y= —%(er 1)+ 2. Set the window to a comparable scale to the sketch, then graph.

Note that the gaps you see on the calculator are not really there; they’re a limitation of
the technology.

Find the standard form of the equation for a hyperbola with vertices at (—2,—5) and

(-=2.7), and asymptote y = %er 4.
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Since the vertices differ in the y -coordinates, the hyperbola opens vertically with an

(v—zk)2 _(x=n)

a b’

equation of the form =1 and asymptote equations of the form

y—k:i%(x—h).

=591

The center will be halfway between the vertices, at {— 2, ] =21y

The value of a is the distance from the center to a Veﬁex. The distance from (—2.1) to
(=2,-5) i1s 6,80 a =6.

While our asymptote is not given in the form y—k =+ % (x = h), notice this equation
would have slope % . We can compare that to the slope of the given asymptote

: c 3 T 2
equation to find b. Setting » = % and substituting @ = 6 gives us b = 4.

The equation of the hyperbola in standard form is 0 ;21)2 - (x :22)2 =1 ¢
b-1f _G+2F
36 16 '
—_——— = 3

Try it Now
2. Find the center, vertices, length of the transverse axis, and equations of the asymptotes

(x+5) (2]

for the hvperbola =1
- 9 36

Hyperbola Foci

The location of the foci can play a key role in hyperbola application problems. To find
them, we need to find the length from the center to the foci, ¢, using the equation

b* =c* —a®. Tt looks similar to, but is not the same as, the Pythagorean Theorem.

Compare this with the equation to find length ¢ for ellipses, which is b* =a* —¢*. If you
remember that for the foci to be inside the ellipse they have to come before the vertices

(c <a), it’s clear why we would calculate @* minus ¢”. To be inside a hyperbola, the
foci have to go beyond the vertices (¢ > a), so we can see for hyperbolas we need ¢’

. 2 .
minus a”, the opposite.
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Example 7

2 2
Find the foci of the hyperbola (y :1) - (x_j) =%

e : (y-ky (x-n)y

The hyperbola is vertical with an equation of the form e
a b

The center is at (1, k) = (3, -1). The foci are at (4, k£ = ¢).

To find length ¢ we use b> =¢* —a*. Substituting gives 5=c¢* -4 or ¢ = Jo=3.

The hyperbola has foci (3, -4) and (3, 2).

Example 8

Find the standard form of the equation for a hyperbola with foci (5, -8) and (-3, -8) and
vertices (4, -8) and (-2, -8).

Since the vertices differ in the x -coordinates, the hyperbola opens horizontally with an

G

equation of the form
a b

The center is at the midpoint of the vertices

(%+% h+%):p+ea>—&+%ﬂzuay

2 2 2 7 2

The value of a is the horizontal length from the center to a vertex, or a =4—-1=3.
The value of ¢ is the horizontal length from the center to a focus, or =5-1=4.
To find length b we use b* =c¢> —a®. Substituting gives b* =16-9=7.

(-1 (-(-8)f

=1or
3? 7

The equation of the hyperbola in standard form is

(G-1F _(+8F
9 7

Try it Now
3. Find the standard form of the equation for a hyperbola with focus (1,9), vertex (1,8),
center (1,4).
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Example 9

Stations A and B are 150 kilometers apart and send a simultaneous radio signal to the
ship. The signal from B arrives 0.0003 seconds before the signal from A. If the signal
travels 300,000 kilometers per second, find the equation of the hyperbola on which the
ship 1s positioned.

Stations A and B are at the foci, so the distance from the center to one focus is half the

distance between them, giving ¢ = % (150) =75 km.

By letting the center of the hyperbola be at (0,0) and placing the foci at (£75,0), the

2 2

equation — —;6—2 =1 for a hyperbola centered at the origin can be used.
a

The difference of the distances of the ship from the two stations is

= 3(}0,(}00g -(0.00035) =90km . From our derivation of the hyperbola equation we
S

determined k= 2a, so a = %(90) =58

Substituting @ and ¢ into 5> =c* —a? yields b* =75" —45%=3600.

2 2 2 2

The equation of the hyperbola in standard form is x_2 - - d
45° 3600

= =1.
2025 3600

To determine the position of a ship using LORAN, we would need an equation for the
second hyperbola and would solve for the intersection. We will explore how to do that in
the next section.
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Important Topics of This Section

Hyperbola Definition

Hyperbola Equations in Standard Form
Hyperbola Foci

Applications of Hyperbolas

Intersections of Hyperbolas and Other Curves

e ||
Try it Now Answers
1. The vertices are on the y axis so this is a vertical hyperbola.

The center is at the origin.

a=28

. 8
Using the asymptote slope, s =2,s0b=4.

2 2
yo X

4 16

2. Center (-5, 2). This is a horizontal hyperbola. a=3. b=6.
transverse axis length 6,
Vertices will be at (-54+3,2) = (-2,2) and (-8.2),

Asymptote slope will be g =2. Asymptotes: y—2= iZ(x + 5)

3. Focus, vertex, and center have the same x value so this is a vertical hyperbola.
Using the vertex and center,a=9 -4 =35
Using the focus and center, c=8 —4 =4

hr=5"—4* bh=3.
-4 G-I _

16 9
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Section 1.2 Exerc/ses

In problems 1-4, match each graph to equations A-D.

2 2 3 2 2 2
4 9 9 4 9 9
1 2 3. 4
1| 1 3 45 © 4 ) 'I‘_l EEEE == RiER R
; -2 /—:
e R

In problems 5-14, find the vertices, length of the transverse axis, and equations of the
asymptotes. Sketch the graph. Check using a graphing utility.

2 2 2 2 2 2
- - 5 ¥ .F.n 7. SF—E. 8 x2-2 =1
4 25 16 9 4 25
9. x*-9y*=9 10. y*—4x* =4 11. 9y*-16x* =144
12. 16x>—25y* =400 13. 9x° —y* =18 14. 4y —x*=12

In problems 15-16, write an equation for the graph.
15. 16.
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In problems 17-22, find the standard form of the equation for a hyperbola satisfying the

given conditions.

: 1
17. Vertices at (0,4) and (0, -4); asymptote y = 3 x

18. Vertices at (-6,0) and (6,0); asymptote y =3x

19. Vertices at (-3,0) and (3,0); passes through (5,8)

20. Vertices at (0, 4) and (0, -4); passes through (6, 5)

21. Asymptote y = x; passes through (5, 3)

22. Asymptote y = x; passes through (12, 13)

In problems 23-30, match each graph to equations A—H.

" (x—l)z_(y—Z)z:l
4

(x+1)2 (v+2 _3
4

(x+1)2 (v+2y -
16

- (x—l)z_(,v—Z) 1
9 16

23.

- e

L ) +
* -, I
b 5
‘\ 5
» ¥
b
b 1
b1
I
Ls
3

2 2
g -2 -1,
4 9
2 2
- (y+2)" (x+1) -
4 9
- (_v+2)2_(x+1)2:1
4 16
2P Gy
4 16
25.

26.
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In problems 31-40, find the center, vertices, length of the transverse axis, and equations
of the asymptotes. Sketch the graph. Check using a graphing utility.

- (3;—1)2_(};+2)2:1 -~ (,1;—3)2_(,~,c+5)2:1
25 4 16 36
¥ x—1
33. (-"T)—(x+2)2:1 34. %—(_1}—6)2:1
35. 4x2—-8x—yp? =12 36. 4y” +16y—9x* =20
37. 4y*-16y—x*-2x=1 39. 4x —16x—y*+6y=29
39. 9x*> +36x—4y° +8y=4 40. 9y* +36y—16x>—96x=-36

In problems 41-42, write an equation for the graph.

41, 42.
4..
L
L 5
4]
g
Py
L
L5,
4
Lo
Ll

In problems 43-44, find the standard form of the equation for a hyperbola satisfying the
given conditions.

43. Vertices (-1,-2) and (-1,6); asymptote y—2 = 2(x +1)
44. Vertices (-3,-3) and (5,-3); asymptote y+3= %(x— 1)

In problems 45-48, find the center, vertices, length of the transverse axis, and equations
of the asymptotes. Sketch the graph. Check using a graphing utility.

45. y=4449x" -1 46. y:i%1/9x2+1

47. yzli%\/9x2+18x+10 48. =—1+249x* —18x+8
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In

51

53.

In

Geometry of Conics
problems 4954, find the foci.
2 2 a
i . 50. -2 =1
8§ 19 35
2 iy 5
) ~(y=6F =1 s, 3 G5,
15 47 2
4 12
y:Ii:«Jx2+8x+25 54. y:—3i?\}x2—4x—21
=

problems 55-66, find the standard form of the equation for a hyperbola satisfying the

given conditions.

61.

61.

62.

63.

64.

66.

. Foci (5,0) and (-5,0), vertices (4,0) and (4,0)
. Foci (0,26) and (0, -26), vertices (0,10) and (0,-10)

. Focus (0, 13), vertex (0,12), center (0,0)

. Focus (15, 0), vertex (12, 0), center (0,0)
8 8
. Focus (17, 0) and (-17,0), asymptotes ¥y :l_ix and y= —Ex
Focus (0, 25) and (0, 25), asymptotes y Z%x and y= —2—; X

Focus (10, 0) and (-10, 0), transverse axis length 16
Focus (0, 34) and (0, -34), transverse axis length 32
Foci (1, 7) and (1, -3), vertices (1, 6) and (1,-2)
Foci (4, -2) and (-6, -2), vertices (2, -2) and (-4, -2)
. Focus (12, 3), vertex (4, 3), center (-1, 3)

Focus (-3, 15), vertex (-3, 13), center (-3, -2)



67.

68.

69.

70.

71.

J2.
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LORAN Stations A and B are 100 kilometers apart and send a simultaneous radio
signal to a ship. The signal from A arrives 0.0002 seconds before the signal from B.
If the signal travels 300,000 kilometers per second, find an equation of the hyperbola
on which the ship is positioned if the foci are located at A and B.

Thunder and Lightning Anita and Samir are standing 3050 feet apart when they
see a bolt of light strike the ground. Anita hears the thunder 0.5 seconds before
Samir does. Sound travels at 1100 feet per second. Find an equation of the
hyperbola on which the lighting strike is positioned if Anita and Samir are located at
the foci.

e
Cooling Tower The cooling tower for a power plant 75 NJ
has sides in the shape of a hyperbola. The tower il
stands 179.6 meters tall. The diameter at the top is 72
meters. At their closest, the sides of the tower are 61
meters apart. Find an equation that models the sides
of the cooling tower.

1786m

T M\

+ AT )

Calibration A seismologist positions two recording devices 340 feet apart at points
A and B. To check the calibration, an explosive is detonated between the devices 90
feet from point A. The time the explosions register on the devices is noted and the
difference calculated. A second explosion will be detonated east of point A. How
far east should the second explosion be positioned so that the measured time
difference is the same as for the first explosion?

Target Practice A gun at point A and a target at point B are 200 feet apart. A
person at point C hears the gun fire and hit the target at exactly the same time. Find
an equation of the hyperbola on which the person is standing if the foci are located at
A and B. A fired bullet has a velocity of 2000 feet per second. The speed of sound
is 1100 feet per second.

Comet Trajectories A comet passes through the
solar system following a hyperbolic trajectory with
the sun as a focus. The closest it gets to the sun is
3x10% miles. The figure shows the trajectory of the
comet, whose path of entry is at a right angle to its
path of departure. Find an equation for the comet’s
trajectory. Round to two decimal places.
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2 2 2 2
73. The conjugate of the hyperbola Y—z = ;_2 =11s x—z—L =—1. Show that

a’> b
59> —x* +25=0 is the conjugate of x> —5y° +25=0.

74. The eccentricity e of a hyperbola is the ratio E, where c is the distance of a focus

a
from the center and a is the distance of a vertex from the center. Find the
2 2
.. ¥
eccentricity of — ——=1.
y 16

75. An equilateral hyperbola is one for which @ = . Find the eccentricity of an

equilateral hyperbola.

76. The latus rectum of a hyperbola is a line segment with endpoints on the hyperbola

that passes through a focus and is perpendicular to the transverse axis. Show that
2 2 2
& is the length of the latus rectum of x_2 —';:—2 =
a a

77. Confocal hyperbolas have the same foci. Show that, for 0 < k£ < 6, all hyperbolas of

r?, 2
the form — ——
- 6-k

=1 are confocal.
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Section 7.3 Parabolas and Non-Linear Systems

To listen for signals from space, a radio telescope uses a dish in the
shape of a parabola to focus and collect the signals in the receiver.

While we studied parabolas earlier when we explored quadratics, at the
time we didn’t discuss them as a conic section. A parabola is the

shape resulting from when a plane parallel to the side of the cone
6

intersects the cone®.

Parabola Definition and Vocabulary

A parabola with vertex at the origin can be defined by placing a fixed point at
F (0, p) called the focus, and drawing a line at y = —p, called the directrix. The

parabola is the set of all points Q(x, y) that are an equal distance between the fixed

yh jAxis of
\ | symmetry
FE ocus+

j Vertex  Directrix

e e B

point and the directrix.

[ .
L

L
A X

For general parabolas,

The axis of symmetry is the line passing through the foci, perpendicular to the
directrix.

The vertex is the point where the parabola crosses the axis of symmetry.
The distance from the vertex to the focus, p, is the focal length.

§ Pbroks13 (https://commons.wikimedia.org/wiki/File:Conic sections with plane.svg), “Conic sections
with plane”™, cropped to show only parabola, CC BY 3.0
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Equations for Parabolas with Vertex at the Origin

From the definition above we can find an equation of a parabola. We will find it for a
parabola with vertex at the origin, C (0,0), opening upward with focus at F (0_, p) and
directrix at y=—p.

Suppose Q_(xz y) is some point on the parabola. The distance from O to the focus is
d(0.F)=(x—0F +(y—p)f =yx*+(y-p)

The distance from the point O to the directrix is the difference of the y-values:
d=y-(-p)=y+p

From the definition of the parabola, these distances should be equal:

X+ (J’ = p)z =y+p Square both sides
2+ (y - p)2 = (y + p)2 Expand
Xy 2py+ pi =y +2py+ p’ Combine like terms
x’=4 py

This is the standard conic form of a parabola that opens up or down (vertical axis of
symmetry), centered at the origin. Note that if we divided by 4p, we would get a more
2

familiar equation for the parabola, y = :— . We can recognize this as a transformation of
P

the parabola y = x?, vertically compressed or stretched by % :
p

Using a similar process, we could find an equation of a parabola with vertex at the origin
opening left or right. The focus will be at (p,0) and the graph will have a horizontal axis

of symmetry and a vertical directrix. The standard conic form of its equation will be
"

y* =4 px , which we could also write as x = l— :
P

Example 1

Write the standard conic equation for a parabola with vertex at the origin and focus at
(0, -2).

With focus at (0, -2), the axis of symmetry is vertical, so the standard conic equation is
x* =4py . Since the focus is (0, -2), p = -2.

The standard conic equation for the parabola is x* =4(-2)y, or
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For parabolas with vertex not at the origin, we can shift these equations, leading to the
equations summarized next.

Equation of a Parabola with Vertex at (1, k) in Standard Conic Form

The standard conic form of an equation of a parabola with vertex at the point (h,k)

depends on whether the axis of symmetry is horizontal or vertical. The table below
gives the standard equation, vertex, axis of symmetry, directrix, focus, and graph for

each.
Horizontal Vertical
Standard ) 2
Equation (y—k) =4p(x—h) (x—h) =4p(y—k)
Vertex (h, k) (h, k)
Axis of syl .y
symmetry :
Directrix x=h-p v=k-p
+
Focus (h+p,k (.t p)
An example with p <0 An example with p > 0
y ix=h-p
y I
i ¥ - Ix=h
I |
I Lk
Graph (1K) @
- I— - w
I} k,
(htp.k) : 3 (B o
i > e e -
1 X : >
|
|

Since you already studied quadratics in some depth earlier, we will primarily explore the
new concepts associated with parabolas, particularly the focus.
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Put the equation of the parabola y =8(x—1)" +2 in standard conic form. Find the

vertex, focus, and axis of symmetry.

From your earlier work with quadratics, you may already be able to identify the vertex
as (1,2), but we’ll go ahead and put the parabola in the standard conic form. To do so,
we need to isolate the squared factor.

y=8(x—1)>+2 Subtract 2 from both sides
y—2=8(x-1)’ Divide by 8

This matches the general form for a vertical parabola, (x —/)* = 4p(y —k), where

1 . ; 1 2 s
4p= 3 Solving this tellsus p = 0" The standard conic form of the equation is

(e—1) = z{%](v ).

The vertex is at (1,2). The axis of symmetry is at x = 1.

The directrix is at y =2 —i = 9
32 32

The focus is at 1,2+i = 1,é !
22 32

Example 3
A parabola has its vertex at (1,5) and focus at (3,5). Find an equation for the parabola.

Since the vertex and focus lie on the line y = 5, that is our axis of symmetry.
The vertex (1,5) tellsus #=1 and k= 5.
Looking at the distance from the vertex to the focus,p=3 -1 =2.

Substituting these values into the standard conic form of an y
equation for a horizontal parabola gives the equation

(y=5) =42)(x-1)
(y—5) =8(x-1)

-1 ®m D

o @

Note this could also be rewritten by solving for x, resulting in
1 2

x==—(y-5) +1
Lys)

Lot &~ - -
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Try it Now
1. A parabola has its vertex at (-2,3) and focus at (-2,2). Find an equation for this
parabola.

Applications of Parabolas

that a ray eminating from one focus will be reflected back to the

other focus, the property that enables the whispering chamber to

work. Parabolas also have a special property, that any ray

eminating from the focus will be reflected parallel to the axis of ©
symmetry. Reflectors in flashlights take advantage of this property

to focus the light from the bulb into a collimated beam. The same

property can be used in reverse, taking parallel rays of sunlight or

radio signals and directing them all to the focus.

In an earlier section, we learned that ellipses have a special property /

Example 4

A solar cooker is a parabolic dish that reflects the sun’s rays to a central point allowing
you to cook food. If a solar cooker has a parabolic dish 16 inches in diameter and 4
inches tall, where should the food be placed?

We need to determine the location of the focus, since y

that’s where the food should be placed. Positioning the ;
base of the dish at the origin, the shape from the side \ / 4
looks like: .

The standard conic form of an equation for the parabola would be x* =4py . The
parabola passes through (4, 8), so substituting that into the equation, we can solve for p:
8" =4(p)(4)

82
p e E =

The focus is 4 inches above the vertex. This makes for a very convenient design, since
then a grate could be placed on top of the dish to hold the food.

=
Try it Now
2. A radio telescope is 100 meters in diameter and 20 meters deep. Where should the

receiver be placed?
o
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Non-Linear Systems of Equations

In many applications, it is necessary to solve for the intersection of two curves. Many of
the techniques you may have used before to solve systems of linear equations will work
for non-linear equations as well, particularly substitution. You have already solved some
examples of non-linear systems when you found the intersection of a parabola and line

while studying quadratics, and when you found the intersection of a circle and line while
studying circles.

Example 4

2 2
Find the points where the ellipse X + Y _1 intersects the circle x*+ y*=9.

To start, we might multiply the ellipse equation by 100 on both sides to clear the
fractions, giving 25x> +4y* =100.

A common approach for finding intersections is substitution. With these equations,
rather than solving for x or y, it might be easier to solve for x> or y*. Solving the

circle equation for x* gives x> =9— 2. We can then substitute that expression for x*
into the ellipse equation.

25x* +4y* =100

Substitute x* =9 -y’
25(9— %)+ 45> =100

Distribute

225-25y> +4y> =100

Combine like terms

—21y* =-125 Divide by -21
5 L3
¥ o1 Use the square root to solve

We can substitute each of these y values back in to x> =9— y? to find x

: 2
oo [ [125) _g 125_189 125 _64
‘ 21 91 21 B 81
ri=1 ﬂ—-f——8

N21 21

There are four points of intersection: (
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It’s worth noting there is a second technique we could have used in the previous example,
called elimination. If we multiplied the circle equation by -4 to get —4x”> —4y* =36,
we can then add it to the ellipse equation, eliminating the variable y.

25x> +4y* =100

~4x* - Ay*=-36 Add the left sides, and add the right sides
21 =64 Solve for x

64 8
X =dyl-——=k—r—

2 21

2 2
Find the points where the hyperbola % —% =1 intersects the parabola y =2x”.

We can solve this system of equations by substituting y =2x” into the hyperbola
equation.

(@2x*y e
e oo Simpli
4 9 phity
4x* x° o A :
%—% =1 Simplify, and multiply by 9
9x*—x*=9 Move the 9 to the left
9x*—x*-9=0

While this looks challenging to solve, we can think of it as a “quadratic in disguise,”
since x* = (x?)*. Letting # =x", the equation becomes

9u* —u*-9=0 Solve using the quadratic formula
—(—1)Y+ : 2 = + /
= ) _\/( A0S = Lw 2 Solve for x
2(9) 18
+ [‘
2 N3RS But 1-+/325 <0, so

18

X= iW’% This leads to two real solutions

x~=1.028,-1.028

Substituting these into y =2x?, we can find the corresponding y values.
The curves intersect at the points (1.028, 2.114) and (-1.028, 2.114).
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Try it Now
2 2
3. Find the points where the line y = 4x intersect the ellipse VT ¥ =

Solving for the intersection of two hyperbolas allows us to utilize
the LORAN navigation approach described in the last section.

In our example, stations A and B are 150 kilometers apart and
send a simultaneous radio signal to the ship. The signal from B
arrives 0.0003 seconds before the signal from A. We found the

equation of the hyperbola in standard form would be

2 2
X ¥

2025 3600

Example 10
Continuing the situation from the last section, suppose stations C and D are located 200
km due south of stations A and B and 100 km apart. The signal from D arrives 0.0001

x> (y+200)°
225 2275

seconds before the signal from C, leading to the equation =1. Find

the position of the ship.

To solve for the position of the boat, we need to find where the hyperbolas intersect.
This means solving the system of equations. To do this, we could start by solving both

equations for x*. With the first equation from the previous example,

2 2
2;25 a 3200 =1 Move the y term to the right
2 2
232 5 =1+ 3;2 Multiply both sides by 2025
’ 2
x? =2025+ 223;—" Simplity
2
x? =2025+22
16

With the second equation, we repeat the same process
x*  (y+200)° .
225 2275
225(y +200)*
2275

Move the y term to the right and multiply by 225

¥ =235+ Simplify
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2 2
x? =225+ 202000 4;?00)

Now set these two expressions for x> equal to each other and solve.

9y’ 9(y +200)°

2025+ ? =225+ Subtract 225 from both sides

9y®  9(y+200)°

1800 +— Divide by 9

16 91

2 2

+200 . :
200+ = % Multiply both sides by 16-91=1456
291200+91y* =16(y +200)> Expand and distribute
291200+ 91y* =16y* + 6400y + 640000 Combine like terms on one side
75y* — 6400y —348800=10 Solve using the quadratic formula
—(—6400) £ +/(—6400)*—4(75)(—348800

V= ( ) J( 2(?2) (K ) = 123.11 km or-37.78 km

We can find the associated x values by substituting these y-values into either hyperbola

equation. When y = 123.11, ’
2 "
x* = 2025 +79(12136.1 L

x~+102.71

-150 -100 A

T T &
100 150

When y = -37.78km,

: 2
¥tz 2025+79( 317;8)

x~153.18

This provides 4 possible locations for the ship. Two can be immediately discarded, as
they’re on land. Navigators would use other navigational techniques to decide between
the two remaining locations.
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Important Topics of This Section

Parabola Definition

Parabola Equations in Standard Form
Applications of Parabolas

Solving Non-Linear Systems of Equations

Try it Now Answers

1. Axis of symmetry is vertical, and the focus is below the vertex.
p=2-3=-1
(x—(=2)) =4(-1D(y-3).0r (x+2) =—4(y-3).

2. The standard conic form of the equation is x* =4py .

Using (50,20), we can find that 50> =4p(20), so p = 31.25 meters.
The receiver should be placed 31.25 meters above the vertex.

-
3. Substituting y =4x gives (4%)_;_6:1- Simplify
16x> x° :
——=1. Multiply by 16 to get
116 ply by g
64x* —x* =16

16
x==1,/— =10.504
63

Substituting those into y =4x gives the corresponding y values.
The curves intersect at (0.504, 2.016) and (-0.504, -2.016).
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Section 1.7 Exerc/ses

In problems 1-4, match each graph with one of the equations A-D.
A. y?=4x B. x’=4y C. x*=8y D. y*+4x=0

1. 2 3 4.

N
N

In problems 5-14, find the vertex, axis of symmetry, directrix, and focus of the parabola.

2

5. y'=16x 6. x> =12y 7. y=2x 8. x:—%
9. x+4y°=0 10. 8y+x*=0 11. (x-2)* =8(y+1)

2 1 2 1 .
12. (_v+3) :4(X—2) 13. y:z(x+l) +4 14. x:—E(J;+1) +1

In problems 15-16, write an equation for the graph.
15. 16.

¥
A

TP

BRI I B B R ' EERE

T o W b
! 0
hy At

In problems 17-20, find the standard form of the equation for a parabola satisfying the
given conditions.

17. Vertex at (2,3), opening to the right, focal length 3

18. Vertex at (-1,2), opening down, focal length 1

19. Vertex at (0,3), focus at (0,4)

20. Vertex at (1,3), focus at (0,3)
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21

22

23

24.

25.

26.

Geometry of Conics

The mirror in an automobile headlight has a parabolic cross-section with the light
bulb at the focus. On a schematic, the equation of the parabola is given as x*> =4y°.
At what coordinates should you place the light bulb?

If we want to construct the mirror from the previous exercise so that the focus is
located at (0,0.25), what should the equation of the parabola be?

A satellite dish is shaped like a paraboloid of revolution. This means that it can be
formed by rotating a parabola around its axis of symmetry. The receiver is to be
located at the focus. If the dish is 12 feet across at its opening and 4 feet deep at its
center, where should the receiver be placed?

Consider the satellite dish from the previous exercise. If the dish is 8 feet across at
the opening and 2 feet deep, where should we place the receiver?

A searchlight is shaped like a paraboloid of revolution. A light source is located 1
foot from the base along the axis of symmetry. If the opening of the searchlight is 2
feet across, find the depth.

If the searchlight from the previous exercise has the light source located 6 inches
from the base along the axis of symmetry and the opening is 4 feet wide, find the
depth.

In problems 27-34, solve each system of equations for the intersections of the two

curves.
5 y=2x 58 y=x+1
teat=l 2yt =1
2 2 2 2
x 3 =ll 2x"+y =4
29. § 30. i
x =4y =1 ¥ =x =1
L
1;:3{2 ¥ =¥
31, 32. y2 42
y* —6x* =16 —+—=1
2 2 2
X =P = x"=4y-2
33. 4 34. -2
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35. A LORAN system has transmitter stations A, B, C, and D at (-125,0), (125,0),
(0, 250), and (0,-250), respectively. A ship in quadrant two computes the difference
of its distances from A and B as 100 miles and the difference of its distances from C
and D as 180 miles. Find the x- and y-coordinates of the ship’s location. Round to
two decimal places.

36. A LORAN system has transmitter stations A, B, C, and D at (-100,0), (100,0),
(-100, -300), and (100,-300), respectively. A ship in quadrant one computes the
difference of its distances from A and B as 80 miles and the difference of its
distances from C and D as 120 miles. Find the x- and y-coordinates of the ship’s
location. Round to two decimal places.
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Section 7.4 Cornrcs /n Polar Cooradinates

In the preceding sections, we defined each conic in a different way, but each involved the
distance between a point on the curve and the focus. In the previous section, the parabola
was defined using the focus and a line called the directrix. It turns out that all conic
sections (circles, ellipses, hyperbolas, and parabolas) can be defined using a single
relationship.

Conic Sections General Definition

A conic section can be defined by placing a fixed point at the origin, F (0,0) , called
the focus, and drawing a line L called the directrix at x=+p or y=+p. The conic
section is the set of all points Q(x, y) for which the ratio of the distance from O to
to the distance from Q to the directrix is some positive constant e, called the
do.F)_,

dQ.r)

eccentricity. In other words,

]
]
I
1
i X

e T ——

Warning: the eccentricity, e, is not the Euler constant e = 2.71828 we studied with exponentials

The Polar Form of a Conic

To create a general equation for a conic section using the definition above, we will use
polar coordinates. Represent Q(x, ¥) in polar coordinates so (x, y): (r cos(6),rsin(0)).
For now, we’ll focus on the case of a horizontal directrix at y = —p, as in the picture
above on the left.

The distance from the focus to the point O in polar is just r.
The distance from the point Q to the directrix y =—p isrsin(8)—(—p) = p+rsin(8)

The ratio of these should be the constant eccentricity e, so

M = Substituting in the expressions for the distances,

d(Q,L)

r
p+rsm(6)
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To have a standard polar equation, we need to solve for r. Start by clearing the fraction.

F= e(p +r Siﬂ(&)) Distribute
r=ep+ersin(f) Move terms with r to the left
r—ersin(@) =ep Factor the r
r(l—e Shl(t?)) =ep Divide
e
1—esin(6)

We could repeat the same approach for a directrix at y = p and for vertical directrices to
obtain the polar equations below.

Polar Equation for a Conic Section

A conic section with a focus at the origin, eccentricity e, and directrix at x=+p or
y ==+ p will have polar equation:

ep

re—— when the directrix is y=+p
1+ esin(8)

ep

p=—— when the directrix is x=+p
1+ecos(6)

Example 1

Write the polar equation for a conic section with eccentricity 3 and directrix at x=2.

We are given e = 3 and p = 2. Since the directrix is vertical and at a positive x value, we

use the equation involving cos with the positive sign. i
0 6 T
1+3cos(d) 1+3cos(6) L i :

Graphing that using technology reveals it’s an equation for a
hyperbola.

Try it Now
1. Write a polar equation for a conic with eccentricity 1 and directrix at y=-3.
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Relating the Polar Equation to the Shape

It was probably not obvious to you that the polar equation in the last example would give
the graph of a hyperbola. To explore the relationship between the polar equation and the
shape, we will try to convert the polar equation into a Cartesian one. For simplicity, we
will consider the case where the directrix is x=1.

e

po=————— Multiply by the denominator
1+ ecos(0)

: x
1+ ecos(é’)) =e Rewrite cos(f8) =—
r
' % -
r[l +e —] =e Distribute
r
rtex=e Isolate
r=e—ex Square both sides
r? =(e— er)z Rewrite 7° = x” + y” and expand
x*+y’ =’ 2e’x+e’x’ Move variable terms to the left
x> 12e’x —&'x" 137 =& Combine like terms

*(1-e*)+2e’x+y* =’

We could continue, by completing the square with the x terms, to eventually rewrite this

. sl g N e
n the standard form as ((1 i ) ](x— . € 2} +(1 Ze J};g =1, but happily there’s no
e

e —

need for us to do that.

In the equation x*(1—e”)+2e’x+y* =e”, we can see that:
When e < 1, the coefficients of both x> and y* are positive, resulting in ellipse.

When e > 1, the coefficient of x” is negative while the coefficient of y? is positive,
resulting in a hyperbola.
When e = 1, the x* will drop out of the equation, resulting in a parabola.

Relation Between the Polar Equation of a Conic and its Shape

For a conic section with a focus at the origin, eccentricity e, and directrix at x=+p
or y=x1p,

when 0 < e < 1, the graph is an ellipse
when e = 1, the graph is a parabola

when e > 1, the graph is a hyperbola
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Taking a more intuitive approach, notice that if e < 1, the denominator i
1+ecos(6) will always be positive and so » will always be positive. } ;
2 1

This means that the radial distance r is defined and finite for every

value of 8, including g, with no breaks. The only conic with this -2+

characteristic is an ellipse.

If e = 1, the denominator will be positive for all values of 8, except

— m where the denominator is 0 and r is undefined. This fits with a
parabola, which has a point at every angle except at the angle pointing
along the axis of symmetry away from the vertex.

4
If e > 1, then the denominator will be zero at two angles other \
3
‘2.
l.

than i% , and r will be negative for a set of & values. This

division of positive and negative radius values would result in :
two distinct branches of the graph, fitting with a hyperbola. A7

_3/

For each of the following conics with focus at the origin, identify the shape, the
directrix, and the eccentricity.
8 6 8

= b. r=— € pe=— 5
1-2sin(6) 3—2cos(6) 5+5smn(6)

ep

——— for a conic with horizontal
1+ esin(@)

a. This equation is already in standard form » =

directrix at y=—p.
The eccentricity is the coefficient of sin(€) , so e =2.
Since e = 2 > 1, the shape will be a hyperbola.

Looking at the numerator, ep = 8, and substituting e = 2 gives p = 4. The directrix is
y=—4.
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b. This equation is not in standard form, since the constant in the denominator is not 1.
To put it into standard form, we can multiply the numerator and denominator by 1/3.

1 6(1
6 3 3 2

(3-2 cos(t?){%] . 1= %cos(ﬁ')

P -
3—2cos(8) 1

[95]

This is the standard form for a conic with vertical directrix x =—p . The eccentricity is
. 2
the coefficient on cos(8),so e=—.

Since 0 < e < 1, the shape is an ellipse.
. 2 .. . ..
Looking at the numerator, ep = 2, so F p =2, giving p = 3. The directrix is x=-3.

c. This equation is also not in standard form. Multiplying the numerator and
denominator by 1/5 will put it in standard form.

1 8(1) 8
P 5 . 3
5+ 5sin(6) G SSm(a){%] 1+sin(6)

Ln

| =

This 1s the standard form for a conic with horizontal directrix at y = p .
The eccentricity is the coefficient on sin(#) , so e= 1. The shape will be a parabola.

: . 8 . o 8
Looking at the numerator, ep = e Sincee=1, p= 5 The directrix is y = 3

Notice that since the directrix is above the focus at the origin, the parabola will open
downward.

____________________________________________________________________________________________________________________________|
Try it Now

.

4+ 2cos(6)

2. Identify the shape, the directrix, and the eccentricity of » =

Graphing Conics from the Polar Form

Identifying additional features of a conic in polar form can be challenging, which makes
graphing without technology likewise challenging. We can utilize our understanding of
the conic shapes from earlier sections to aid us.
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Example 3

3 _ . .
Sketch a graph of » = —————— and write its Cartesian equation.

1-0.5sin(8)

This is in standard form, and we can identify that e =0.5 , so the shape is an ellipse.
From the numerator, ep =3, so 0.5p =3 giving p = 6. The directrix is y =—6.

To sketch a graph, we can start by evaluating the function at a few convenient 8 values,
and finding the corresponding Cartesian coordinates.

3 3
=0 = —==3 A5 :3’0
1-0.5sin(0) 1 =0
9:5 = : -6 (x,y)=(0.6)

l—O.SSin[EJ 1-05

2
3 3
6=r T S === x,¥)=(-3,0
d 1-0.5sin(z) 1 (x7)=( )
3

92% "= : 37) 1 305:2 (x,»)=(0,-2)

1—0.5@:{%) -

Plotting these points and remembering the origin is one of the
foci gives an idea of the shape, which we could sketch in. To
get a better understanding of the shape, we could use these
features to find more.

The vertices are at (0, -2) and (0, 6), so the center must be
-2+6

halfway between, at (0, } = (0, 2). Since the vertices are

a distance a from the center, a=6 -2 =4.

One focus is at (0, 0), a distance of 2 from the center, so ¢ = 2, and the other focus must
be 2 above the center, at (0, 4).

We can now solve for b: b* =a*—c*,so b* =4>—-2* =10, hence b= +4/10 . The
minor axis endpoints would be at (— @ _,2) and (\/ﬁ ,2).

We can now use the center, @, and b to write the Cartesian equation for this curve:
2 2
-2
R )
10 16
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Try it Now
3. Sketch a graph of 7= . and 1dentify the important features.
1+ 2cos(6)

Important Topics of This Section

Polar equations for Conic Sections
Eccentricity and Directrix

Determining the shape of a polar conic section

L _______________________________________________________________________________________________________|
Try it Now Answers
__0® 3

1-sin(6) 1—sin(8)

o 1
2. We can convert to standard form by multiplying the top and bottom by 1
9

4

r =————— . Eccentricity = 4 , so the shape is an ellipse.
1 2
I+Ecos(6’)

The numerator is ep = % p :% . The directrix is x = % ;

3. The eccentricity is e = 2, so the graph of the equation is a hyperbola. The directrix is
x=3. Since the directrix is a vertical line and the focus is at the origin, the hyperbola
1s horizontal.

Gl g 8 5 (x,5)=(2,0)
1+2cos(0) 142
0-2 g B __ B & (x,7) = (0,6)
1+2cos(£) .
2
6 6
9:71’ ==; = :_6 s :630
k 1+2cos(z) 1-2 (x.7)=(60)
3
9:77? r=%:é:6 (x,3)=(0,-6)
1+2c03(§} 1
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Plotting those points, we can connect the three on the left
with a smooth curve to form one branch of the hyperbola,
and the other branch will be a mirror image passing through
the last point.

The vertices are at (2,0) and (6,0).

The center of the hyperbola would be at the midpoint of the =% 5 -1 | |
vertices, at (4,0). -
The vertices are a distance a = 2 from the center.

The focus at the origin is a distance ¢ = 4 from the center.

Solving for b, b2 =4*—-22=12. b=+12=4243.

The asymptotes would be y = +.3 (x—4).

The Cartesian equation of the hyperbola would be:
(x—4) »* _

4 12
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4 Exerc/ses

In problems 1-8, find the eccentricity and directrix, then identify the shape of the conic.

' _1+3cos(9) ' _l—siu(é’)
2 7
3. = 4 F=—
4—3sin(f) 2 —cos(0)
5, e 6. re— 2
5—5cos(8) 3+8cos(8)
4 16
P 8 ?':7_
7+2cos(8) 4 +3s1in(8)

In problems 9-14, find a polar equation for a conic having a focus at the origin with the
given characteristics.

9. Directrix x = —4, eccentricity e = 5. 10. Directrix y = —2, eccentricity e = 3.
. : . 1 . : o 5 3

11. Directrix y = 3, eccentricity e = o 12. Directrix x = 5, eccentricity e = rs

13. Directrix y = —2, eccentricity e = 1. 14. Directrix x = —3, eccentricity e = 1.

In problems 15-20, sketch a graph of the conic. Use the graph to help you find important
features and write a Cartesian equation for the conic.

9 4

e 6. f=——
1—2cos(6) 1+ 3sin(@)
i re— 18, r=
3+sin(@) 3—2cos(6)

19. r 20 F=

- 1+ cos(6) 1—-sin(@)
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At the beginning of the chapter, we defined an ellipse as the set of all points Q for
which the sum of the distance from each focus to O is constant. Mathematically,
d(O,F)+d (Q, F,)=k . Ttis not obvious that this definition and the one provided in

this section involving the directrix are related. In this exercise, we will start with the
definition from this section and attempt to derive the earlier formula from it.

a. Draw an ellipse with foci at (c,O) and (— 0,0), vertices at (a,O) and (— a,O), and
directrixes at x=p and x=—p. Label the foci F| and F,. Label the directrixes
L and L,. Label some point (x, ) on the ellipse Q.

b. Find formulas for d(Qll) and D(Q,LQ) in terms of x and p.
d(Q%ﬁ): d(Q=F2):e
d(0.L,) d(0.L,)

as well. Use these ratios, with your answers from part (b) above, to find formulas
for d(QFI) and D(Q,Fz) in terms of ¢, x, and p.

c. From the definition of a conic in this section, e. Likewise,

d. Show that the sum, d (Q K )+ d (Q F, ) is constant. This establishes that the
definitions are connected.

e. Let O be a vertex. Find the distances d(Q,Fl) and D(Q.F,) in terms of a and c.

Then combine this with your result from part (d) to find a formula for p in terms
of @ and e.

f. Let O be a vertex. Find the distances D(Q,Lz) and D(Q, }72) in terms of @, p, and
d(Q.F,) _
d(0.1,)

a formula for e in terms of ¢ and c.

c. Use the relationship

e, along with your result from part (e), to find

When we first looked at hyperbolas, we defined them as the set of all points Q for
which the absolute value of the difference of the distances to two fixed points is

constant. Mathematically, ‘d (Q F)-d(0, sz =k . Use a similar approach to the one

in the last exercise to obtain this formula from the definition given in this section.
Find a formula for e in terms of @ and c.



