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    Introduction to ODEs 
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Objectives of Lesson  - 
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History of  differential equations: - 

 

:Definition of DEs and some properties - 
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Example 2: 
 
 
 
 

 
 :Differential EquationOrder of a  - 

The order of an ordinary differential equation is the order of the 

highest order derivative        
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: Linear ODE - 

An ODE is linear if the unknown function and its derivatives  

appear to power one. No product of the unknown function and/or  

its derivatives. 

 
:Nonlinear ODE - 
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:Auxiliary Conditions - 
 

 

 

 

:Value and Initial value Problems-Boundary- 
 

 

:Classification of ODEs - 
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Solutions of Ordinary Differential Equations - 

 For example, this function  

 

olutionUniqueness of a S - 
In order to uniquely specify a solution to an n

th
 order differential 

equation we need n conditions 
 
 
 
 
 
 

Classification of ODEs 
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:Applications of Differential equations -  

 Electric Circuits:-  

 Biological Systems:- 
The SIR epidemic model is one of the simplest compartmental models, and 

many models are derivations of this basic form. The model consists of three 

compartments–S for the number susceptible, I for the number of infectious, and 

R for the number recovered (or immune).  
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First-order differential equations 
Separable Differential Equations 

 
Objectives of  Lesson  - 

 Definition of DE of first order 

 
 

 

 

 
 Separation of Variables 
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Example 7 
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Reducible to Variable Separable Form 
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EquationsHomogenous Differential  
 

 -Homogeneous Function: 

   

 

 

  

 

 

 

 

  2 2g x, y =x - xy+y

f(x, y)dy
=

dx g(x, y)

dy dv
= v+x

dx dx
y=vx

dv
v+x =F(v)

dx

y

x

lab
Rectangle



OOrrddiinnaarryy  DDiiffffeerreennttiiaall  EEqquuaattiioonnss  ((OODDEEss))  
Chapter 2   

 

 

 

 

 

  

 

 

 

 

 

 

Example 2 
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Example 3 
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Exact Differential Equations & Integrating Factors 
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Integrating Factors 
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-:Examples 
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Linear & and Bernoulli Differential Equations 

-:Integration Factor 
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equations Differential Bernoulli 
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oefficientsEquations with Linear C 

 

Equations with linear coefficients that is, equations of the form 
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Riccati Differential Equation 

  Solution: 
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Chapter Summary: 
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CHAPTER 3 

FIRST-ORDER DIFFERENTIAL EQUATIONS OF HIGHER DEGREE 

3.1 Equations of the First-order and not of First Degree 

3.2 First-Order Equations of Higher Degree Solvable for Derivative p
dx

dy
  

3.3 Equations Solvable for y 

3.4 Equations Solvable for x 

3.5 Equations of the First Degree in x and y - Lagrange and Clairant  

3.6 Exercises  

 

3.1 Equations of the first-Order and not of First Degree  

In this Chapter we discuss briefly basic properties of differential equations of first-order 

and higher degree. In general such equations may not have solutions. We confine 

ourselves to those cases in which solutions exist.  

The most general form of a differential equation of the first order and of higher degree 

say of nth degree can be written as  
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
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
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n

dx
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n

dx
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…   …  …  0),(),(1  yxna
dx

dy
yxna  

or           pn+a1p
n-1+a2p

n-2+ …….+an-1 p+an=0    (3.1) 
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where 
dx

dy
p   and a1, a2, . . , an  are functions of x and y. 

  (3.1) can be written as 

 F(x, y, p) = 0       (3.2) 

3.2 First-Order Equations of Higher Degree Solvable for p 

Let (3.2) can be solved for p and can be written as 

              (p-q1(x,y))  (p-q2(x,y))  ………. (p-qn(x,y)) = 0 

Equating each factor to zero we get equations of the first order and first degree. One can 

find solutions of these equations by the methods discussed in the previous chapter. Let 

their solution be given as: 

                i(x,y,ci)=0, i=1,2,3 ………n     (3.3) 

Therefore the general solution of (3.1) can be expressed in the form  

                1(x,y,c) 2(x,y,c)………n(x,y,c)  = 0   (3.4) 

where c in any arbitrary constant.  

It can be checked that the sets of solutions represented by (3.3) and (3.4) are identical 

because the validity of (3.4) in equivalent to the validity of (3.3) for at least one i with a 

suitable value of c, namely c=ci 

Example 3.1    Solve 0)( 22

2


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
xy

dx

dy
yx

dx

dy
xy   (3.5) 

Solution:  This is first-order differential equation of degree 2. Let   
dx

dy
p   
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Equation (3.5) can be written as  

                   xy p2+(x2+y2) p+xy=0                (3.6) 

                      (xp+y)(yp+x)=0 

This implies that  

                  xp+y=0, yp+x=0              (3.7) 

By solving equations in (3.7) we get 

                       xy=c1    and   x2+y2=c2 , respectively  

                              ,0y
x

1

dx

dy
or0y

dx

dy
x  Integrating factor  

                               .)( log

1

x
dx

x eex 


     

This gives  

                   y.x  = o.x dx +c1 or xy=c1 

                     
0xdxydyor,0x

dx

dy
y 

 

By integration we get    cxy  2
2
12

2

1
 

                                                 or     x2+y2 = c2, c2 >0,   22 cxc    

The general solution can be written in the form  

                     (x2+y2-c2) (xy-c1)=0                                         (3.8) 
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It can be seen that none of the nontrivial solutions belonging to xy=c1 or x2+y2=c2 is 

valid on the whole real line.  

3.3      Equations Solvable for y 

Let the differential equation given by (3.2) be solvable for y. Then y can be expressed 

as a function x and p, that is,  

                        y= f ),( px                           (3.9) 

Differentiating (3.9) with respect to x we get  

                  
dx

dp
.

p

f

x

f

dx

dy









      (3.10) 

(3.10) is a first order differential equation of first degree in x and p. It may be solved by 

the methods of Chapter 2. Let solution be expressed in the form  

                     0),,( cpx       (3.11) 

The solution of equation (3.9) is obtained by eliminating p between (3.9) and (3.11). If 

elimination of p is not possible then (3.9) and (3.11) together may be considered 

parametric equations of the solutions of (3.9) with p as a parameter. 

Example 3.2:  Solve     y2-1-p2=o 

Solution:  It is clear that the equation is solvable for y, that is  

             21 py                 (3.12) 

By differentiating (3.12) with respect to x we get  
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dx

dp
p

p
dx

dy
2.

21

1

2

1



        or   
dx

dp

p

p
p

21

  

or  0
21

1
1 




















dx

dp

p

p                            (3.13) 

(3.13) gives  p=o   or  0
21

1 




dx

dp

p

p
 

By solving p=0 in (3.12) we get  y=1 

By                       0
dx

dp

p1

1
1

2



  

we get a separable equation in variables p and x. 

                         21 p
dx

dp
  

By solving this we get 

                p=sinh (x+c)         (3.14) 

By eliminating p from (3.12) and (3.14) we obtain  

                 y=cos h (x+c)                        (3.15) 

(3.15) is a general solution. 

Solution y=1 of the given equation is a singular solution as it cannot be obtained by 

giving a particular value to c in (3.15). 

3.4      Equations Solvable for x 

Let equation (3.2) be solvable for x, that is  
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                              x=f(y,p)                        (3.16) 

Then as argued in the previous section for y we get a function  such that  

                     (y, p, c) = 0                  (3.17) 

By eliminating p from (3.16) and (3.17) we get a general solution of (3.2). If elimination 

of p with the help of (3.16) and (3.17) is cumbersome then these equations may be 

considered parametric equations of the solutions of (3.16) with p as a parameter. 

Example 3.3  Solve 0812
3










dx

dy

dx

dy
x  

Solution:   Let  then
dx

dy
p ,   xp3-12p-8=0 

It is solvable for x, that is, 

                  
3

8

2

12

3

812

ppp

p
x 


             (3.18) 

Differentiating (3.18) with respect to y, we get 

3 4

12 8
2 3

dx dp dp

dy p dy p dy
    

3 4

1 24 24
or

dp dp

p p dy p dy
    dp

pp
dyor
















3

24

2

24  

                    c
pp

yor 
2

1224
                   (3.19) 

(3.18) and (3.19) constitute parametric equations of solution of the given differential 

equation. 

 



OOrrddiinnaarryy  DDiiffffeerreennttiiaall  EEqquuaattiioonnss  ((OODDEEss))  
Chapter 3 

 

3.5  Equations of the First Degree in x and y – Lagrange’s  

 and Clairaut’s Equation. 

 
Let Equation (3.2) be of the first degree in x and y, then 

              y = x1(p) + 2 (p)               (3.20) 

Equation (3.20) is known as Lagrange’s equation. If 1(p) = p then the equation 

          y = xp + 2 (p)            (3.21) 

is known as Clairaut’s equation. By differentiating (3.20) with respect to x, we get  

           
' '

1 1 2
( ) ( ) ( )

dy dp dp
p x p p

dx dx dx
      

             or  
' '

1 1 2( ) ( ( ) ( ))
dp

p p x p p
dx

            (3.22) 

From (3.22) we get 

             0
dx

dp
))p('

2
x(     for    1(p)=p 

This gives 

                 0
dx

dp
 or   x+ '

2
(p) =0 

                  0
dx

dp
 gives p = c and 

by putting this value in (3.21) we get 

                           y=cx+2(c)  
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This is a general solution of Clairaut’s equation. The elimination of p between 

 x+ '
2

(p) = 0  and (3.21) gives a singular solution. If 1(p)  p for any p, then we 

observe from (3.22) that  0
dx

dp
 everywhere. Division by  

        
dx

dp
)]p(p[ 1  in (3.22) gives x

)p(
1

p

'
1

dp

dx




  = 

)p(
1

p

)p('
2




 

which is a linear equation of first order in x and thus can be solved for x as a function of 

p, which together with (3.20) will form a parametric representation of the general 

solution of (3.20). 

Example 3.4  Solve 
dx

dy

dx

dy
xy

dx

dy


















1  

Solution:  Let 
dx

dy
p   then, (p-1)(y-xp)=p 

This equation can be written as  

                  
1


p

p
xpy  

Differentiating both sides with respect to x we get  

             0
2)1(

1



















p
x

dx

dp
  

Thus either  0
dx

dp
 or   0

2)1(

1





p
x  
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0
dx

dp
 gives p=c . 

Putting p=c in the equation we get 

1

c
y cx

c
  


 (y-cx)(c-1)=c 

which is the required solution. 

3.6 Exercises 

Solve the following differential equations 

1. xe
dx

dy

dx

dy 2
3








  

2. y(y-2)p2  -  (y-2x+xy)p+x=0 

3. 024
2









 xy

dx

dy
 

4. 02 

























 x

dx

dy
xy

dx

dy
xxy

dx

dy
 

5. 0
2

4 









dx

dy
x

dx

dy
xy  

6. 
dx

dy
hx

dx

dy
yy

dx

dy
x 2

















  

7. x
dx

dy
yx

dx

dy
y 








)(

2
 

8. 02
2









ax

dx

dy
y

dx

dy
x  


