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KH� SK\VLFDO� TXDQWLWLHV� RU� PHDVXUDEOH� REMHFWV� RI� UHDVRQLQJ� LQ�

$SSOLHG�0DWKHPDWLFV RU�0HFKDQLFV DUH�RI�WZR�FODVVHV��7KH�RQH�

FODVV�� FDOOHG� 9HFWRUV�� FRQVLVWV� RI� DOO� PHDVXUDEOH� REMHFWV� RI� UHDVRQLQJ� ZKLFK�

SRVVHVV� GLUHFWLRQDO� SURSHUWLHV�� VXFK� DV� GLVSODFHPHQW�� YHORFLW\�� DFFHOHUDWLRQ��

PRPHQWXP�� IRUFH�� HWF��7KH� RWKHU� FODVV�� FDOOHG�6FDODUV�� FRPSULVHV�PHDVXUDEOH�

REMHFWV� RI� UHDVRQLQJ� ZKLFK� SRVVHVV� QR� GLUHFWLRQDO� SURSHUWLHV�� VXFK� DV� PDVV��

ZRUN��HQHUJ\��WHPSHUDWXUH��HWF�

5HFWDQJXODU�&RPSRQHQWV�RI�D�9HFWRU

$� YHFWRU� ! PD\� KDYH RQH�� WZR�� RU� WKUHH� UHFWDQJXODU�

FRPSRQHQWV�DORQJ�WKH�8�9�: FRRUGLQDWH D[HV��GHSHQGLQJ�RQ�

KRZ� WKH� YHFWRU� LV� RULHQWHG� UHODWLYH� WR� WKH� D[HV�� ,Q JHQHUDO��

WKRXJK��ZKHQ�! LV�GLUHFWHG�ZLWKLQ�DQ�RFWDQW�RI� WKH� 8�9�:

IUDPH� )LJXUH�EHKLQG��WKHQ�E\�WZR�VXFFHVVLYH�DSSOLFDWLRQV�RI�

WKH� SDUDOOHORJUDP� ODZ� ZH� PD\� UHVROYH� WKH� YHFWRU� LQWR�

FRPSRQHQWV� DV� e
Z! ! ! K DQG� WKHQ ee

X J! ! I ! �� &RPELQLQJ� WKHVH�

HTXDWLRQV�� WR� HOLPLQDWH� �! ! LV UHSUHVHQWHG� E\� WKH� YHFWRU� VXP� RI� LWV� WKUHH

UHFWDQJXODU�FRPSRQHQWV� e e e
X Y Z! ! I ! J ! K

0DJQLWXGH� RI� D� &DUWHVLDQ� 9HFWRU ,W� LV� DOZD\V� SRVVLEOH� WR REWDLQ� WKH�

PDJQLWXGH�RI�$�SURYLGHG�LW�LV�H[SUHVVHG�LQ�&DUWHVLDQ�YHFWRU IRUP��$V�VKRZQ�

� � �
X Y Z! ! ! ! !

7



9HFWRUV �

6LQFH�WKH�PDJQLWXGH�RI�D�YHFWRU�LV�HTXDO�WR�WKH�SRVLWLYH�VTXDUH�URRW�RI WKH�VXP�

RI�WKH�VTXDUHV�RI�WKH�PDJQLWXGHV�RI�LWV�FRPSRQHQWV��DQG�! KDV�D PDJQLWXGH�RI�

&RRUGLQDWH�'LUHFWLRQ�$QJOHV

:H� ZLOO� GHILQH� WKH� GLUHFWLRQ� RI ! E\� WKH� FRRUGLQDWH�

GLUHFWLRQ� DQJOHV� �DOSKD��� �EHWD��� DQG� �JDPPD��

PHDVXUHG�EHWZHHQ�WKH�WDLO�RI�! DQG�WKH�SRVLWLYH�8�9�:

D[HV�SURYLGHG�WKH\ DUH�ORFDWHG�DW�WKH�WDLO�RI�! ��)LJXUH��

1RWH� WKDW� UHJDUGOHVV� RI� ZKHUH� ! LV GLUHFWHG�� HDFK� RI�

WKHVH�DQJOHV�ZLOO�EH�EHWZHHQ����DQG������

� � �

� � �

� � �

COS

COS

COS

X X

X Y Z

Y Y

X Y Z

Z Z

X Y Z

! !
!! ! !

! !
!! ! !

! !
!! ! !

! LV� WKH� PDJQLWXGH� RI� ! � ,W� LV� REYLRXV� WKDW� IURP� SUHYLRXV� UHODWLRQ�� DQ�

LPSRUWDQW� UHODWLRQ DPRQJ� WKH� GLUHFWLRQ� FRVLQHV� FDQ� EH� IRUPXODWHG� DV� E\�

VTXDULQJ�DQG�DGGLQJ�

� � �COS COS COS �

+HUH�ZH�FDQ�VHH�WKDW�LI�RQO\�WZR RI�WKH�FRRUGLQDWH�DQJOHV�DUH�NQRZQ� WKH�WKLUG�

DQJOH�FDQ�EH�IRXQG�XVLQJ�WKLV�HTXDWLRQ�

� 7KH�WZR�YHFWRUV� �! " LV VDLG�WR�EH�HTXDO�LI�WKH\�KDYH�WKH�VDPH�

PDJQLWXGH�DQG SRLQW� LQ WKH�VDPH�GLUHFWLRQ��ZKLOH� ! �QHJDWLYH�

RI�D�YHFWRU ! �� KDV�WKH�VDPH�PDJQLWXGH�DQG�RSSRVLWH�GLUHFWLRQ��

8QLW�YHFWRU�RI�D�YHFWRU� $�YHFWRU�LV�VDLG�WR�EH�D�XQLW�YHFWRU LI�LWV�PDJQLWXGH�

HTXDOV� XQLW\�� $ XQLW� YHFWRU� PD\�� WKHUHIRUH�� EH� FKRVHQ� LQ� DQ\� GLUHFWLRQ�� ,Q�



�

SDUWLFXODU�WKH�XQLW�YHFWRU�DORQJ�D�YHFWRU�! RU�LQ�GLUHFWLRQ�RI�WKH�YHFWRU�! LV�

GHILQHG�E\ e � � COS � COS � COSYX Z!! !!!
! ! ! !

9HFWRU�'LUHFWHG�$ORQJ�D�/LQH

4XLWH� RIWHQ� LQ� WKUHH�GLPHQVLRQDO� VWDWLFV� SUREOHPV��

WKH�GLUHFWLRQ� RI� D� IRUFH� LV� VSHFLILHG�E\� WZR�SRLQWV�

WKURXJK� ZKLFK� LWV� OLQH� RI� DFWLRQ� SDVVHV�� 6XFK� D�

VLWXDWLRQ� LV� VKRZQ� LQ� )LJXUH� EHKLQG�� ZKHUH� WKH�

YHFWRU� ! LV� GLUHFWHG� DORQJ� WKH� FRUG�$%��:H� FDQ�

IRUPXODWH�! DV�D�&DUWHVLDQ�YHFWRU�E\�UHDOL]LQJ�WKDW�

LW�KDV�WKH�VDPH�GLUHFWLRQ�DQG�VHQVH�DV�WKH�SRVLWLRQ�

YHFWRU�R GLUHFWHG�IURP�SRLQW�$�WR�SRLQW�%�RQ�WKH

FRUG��7KLV�FRPPRQ�GLUHFWLRQ�LV�VSHFLILHG�E\�WKH�XQLW�YHFWRU e �U R R ��+HQFH�

� � �

e e e� 	 � 	 � 	e
� 	 � 	 � 	
" ! " ! " !

" ! " ! " !

X X I Y Y J Z Z KR! !U ! !
R X X Y Y Z Z

$GGLWLRQ�RI�&DUWHVLDQ�9HFWRUV

7KH�DGGLWLRQ��RU�VXEWUDFWLRQ��RI�WZR�RU�PRUH�YHFWRUV�LV�JUHDWO\�VLPSOLILHG LI�WKH�

YHFWRUV�DUH�H[SUHVVHG�LQ�WHUPV�RI�WKHLU�&DUWHVLDQ�FRPSRQHQWV��)RU H[DPSOH��OHW�

�! " EH� WZR� YHFWRUV� RI� FRPSRQHQWV e e e
X Y Z! ! I ! J ! K DQG�

e e e
X Y Z" " I " J " K WKHQ�WKH�DGGLWLRQ�RU�VXEWUDFWLRQ�LV�JLYHQ�E\

e e e e e e� 	 � 	
e e e� 	 � 	 � 	

X Y Z X Y Z

X X Y Y Z Z

! " ! I ! J ! K " I " J " K
! " I ! " J ! " K

/DZ�RI�7ULDQJOH��VWDWHV WKDW�LI�D�ERG\�LV�DFWHG�XSRQ�E\�

WZR�YHFWRUV�UHSUHVHQWHG�E\�WZR�VLGHV�RI�D�WULDQJOH�WDNHQ�LQ�

RUGHU�� WKH�UHVXOWDQW�YHFWRU� LV� UHSUHVHQWHG�E\� WKH� WKLUG�VLGH�

RI�WKH�WULDQJOH�



9HFWRUV �

3RO\JRQ�RI�9HFWRUV

,I�DQ\�QXPEHU�RI�YHFWRUV��DFWLQJ�RQ�D�SDUWLFOH�EH�UHSUHVHQWHG��

LQ�PDJQLWXGH�DQG�GLUHFWLRQ��E\�WKH�VLGHV�RI�D�SRO\JRQ��WDNHQ�

LQ� RUGHU� WKH� UHVXOWDQW� YHFWRU� LV� UHSUHVHQWHG� E\� WKH ODVW� VLGH�

WKDW�ZLOO�FORVHG�WKH�SRO\JRQ��DV�VKRZQ�LQ�UHG�FRORU�

6FDODU�3URGXFW

2FFDVLRQDOO\� LQ� VWDWLFV� RQH� KDV� WR� ILQG� WKH� DQJOH� EHWZHHQ� WZR� OLQHV� RU� WKH

FRPSRQHQWV�RI�D�IRUFH�SDUDOOHO�DQG�SHUSHQGLFXODU�WR�D�OLQH��,Q�WZR GLPHQVLRQV��

WKHVH� SUREOHPV� FDQ� UHDGLO\� EH� VROYHG� E\� WULJRQRPHWU\� VLQFH WKH� JHRPHWU\� LV�

HDV\� WR� YLVXDOL]H�� ,Q� WKUHH� GLPHQVLRQV�� KRZHYHU�� WKLV� LV RIWHQ� GLIILFXOW�� DQG�

FRQVHTXHQWO\� YHFWRU� PHWKRGV� VKRXOG� EH� HPSOR\HG� IRU WKH� VROXWLRQ�� 7KH� GRW�

SURGXFW��ZKLFK�GHILQHV�D�SDUWLFXODU�PHWKRG�IRU ³PXOWLSO\LQJ´�WZR�YHFWRUV��FDQ�

EH�XVHG�WR�VROYH�WKH�DERYH�PHQWLRQHG SUREOHPV�

/HW �! " EH� WZR� YHFWRUV� RI� FRPSRQHQWV� e e e
X Y Z! ! I ! J ! K DQG

e e e
X Y Z" " I " J " K WKHQ�WKH�VFDODU�SURGXFW��QRWDWLRQ �! " LV�H[SUHVVHG�LQ�

HTXDWLRQ� IRUP� COS! " !" 2U PD\� EH JLYHQ� E\� WKH� &DUWHVLDQ� YHFWRU�

IRUPXODWLRQ

e e e e e e� 	 � 	X Y Z X Y Z

X X Y Y Z Z

! " ! I ! J ! K " I " J " K
! " ! " ! "

,Q�ZKLFK �! " UHSUHVHQW�WKH�PDJQLWXGH�RI �! " DQG� LV�WKH�DQJOH�EHWZHHQ�

WKHP��1RWH�WKDW�WKH�VFDODU�SURGXFW�LV�D�VFDODU�TXDQWLW\��,W�LV�HDV\�WR�GHGXFH�WKDW

� �� � � 	
� �#OMMUTATITVE LAW	

� 	 � �!SSOCIATIVE LAW	
� 	 � 	 � 	

! ! !
! " " !
! " # ! " !#
! " ! " ! "

7KH� GRW� SURGXFW� FDQ� EH� DSSOLHG� WR� GHWHUPLQH� WKH� DQJOH� IRUPHG� EHWZHHQ� WZR�

YHFWRUV�RU�LQWHUVHFWLQJ�OLQHV ZKHUH �COS � � 	! " !"



�

,Q� SDUWLFXODU�� QRWLFH� WKDW� LI �� COS �
�

! " �� VR� WKDW� ! ZLOO�

EH�SHUSHQGLFXODU� WR� " � 2Q� WKH�RWKHU�KDQG� WKH� VFDODU�SURGXFW�JLYHV� WKH�ZRUN�
GRQH�E\�D�IRUFH�

&URVV� SURGXFW�

/HW� �! " EH�WZR�YHFWRUV�RI�FRPSRQHQWV� e e e
X Y Z! ! I ! J ! K

DQG� e e e
X Y Z" " I " J " K WKHQ� WKH� FURVV SURGXFW� ! " RU

! " LV�GHILQHG E\�

e e e

e e e� 	 � 	 � 	

X Y Z

X Y Z

Y Z Z Y X Z Z X X Y Y X

I J K
! " ! ! !

" " "
! " ! " I ! " ! " J ! " ! " K

2U eSIN! " !" N

,Q�ZKLFK� eN LV�D�XQLW�YHFWRU�QRUPDO�WR�WKH�SODQH WKDW FRQWDLQV�WKH�YHFWRUV� �! "

DQG�FDQ�EH�GHWHUPLQHG�E\�XVLQJ�WKH�ULJKW�KDQG�UXOH��DV�VKRZQ��

%HVLGHV��LW�LV�HDV\�WR�GHGXFH�WKDW

�I	 �� �II	 � 	 �
�III	 � 	� �IV	 � 	 � 	 � 	
! ! ! " # ! " ! #
! " " ! ! " ! " ! "

2QH� RI� LPSRUWDQW� DSSOLFDWLRQ� RI� FURVV SURGXFW� LV� WR�

HYDOXDWH� WKH� DUHD� RI� SDUDOOHORJUDP� LQ� ZKLFK� �! "

UHSUHVHQWV�WKH�VLGHV�RI�WKH�SDUDOOHORJUDP�ZKLFK�LV�HTXDO

SIN! " !"

7ULSOH�'RW�SURGXFW

,I� e e e
X Y Z! ! I ! J ! K �� e e e

X Y Z" " I " J " K DQG e e e
X Y Z# # I # J # K

DUH�WKUHH�YHFWRUV�WKHQ�WKH�WULSOH�VFDODU�SURGXFW�LV�GHILQHG�E\ �! " #
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� 	

� 	 � 	 � 	

X Y Z

X Y Z

X Y Z

X Y Z Z Y Y X Z Z X Z X Y Y X

! ! !
! " # " " "

# # #
! " # " # ! " # " # ! " # " #

,W�LV�HDV\�WR�SURRI�WKDW��SURSHUWLHV�RI�GHWHUPLQDQWV�

� 	 � 	
� 	

! " # # ! "
" # !

,Q� DGGLWLRQ� WKH� DEVROXWH� YDOXH� RI� WULSOH� VFDODU� SURGXFW�

� 	! " # JLYHV� WKH�YROXPH�RI SDUDOOHOHSLSHG LQ�ZKLFK�

� �! " # DUH� WKUHH� YHFWRUV� DW� WKH� FRUQHU� RI� WKH

SDUDOOHOHSLSHG� ,Q� SDUWLFXODU� FDVH� DV� � 	 �! " # WKHQ�

WKH�WKUHH�YHFWRUV�OLH LQ�D�SODQH�

7ULSOH�&URVV SURGXFW

7ULSOH�FURVV�SURGXFW � 	! " # IRU�DQ\�WKUHH�YHFWRUV� � �! " # LV�GHILQHG E\

� 	 � 	 � 	! " # !# " ! "#

1RWH�WKDW � 	 � 	! " # ! " #

,I�WKH�WULSOH�YHFWRU�SURGXFW� � 	 �! " # WKHQ�HLWKHU�! RU�" RU�# LV�]HUR�

VLQJO\�RU�LQ�FRPELQDWLRQ��RU�! LV�LQ�WKH�SODQH�FRQWDLQLQJ�" DQG�# �

Ȝ�ȝ 7KHRUHP�

,I� $%2� LV� D� WULDQJOH� DQG� WKH� SRLQW� &� GLYLGHV� WKH� OLQH� $%� VXFK� WKDW�

� �#" #! WKHQ � 	/! /" /# �

3URRI�

/HW�WKH�SRLQW�&�GLYLGH�WKH�OLQH�$%�VXFK�WKDW #! #" "# WKHQ

��	#! "# �VLQFH�#! DQG "# DUH�LQ�WKH�VDPH�GLUHFWLRQ�



�

1RZ�LQ� /!# ��	/! /# #! /! /# #!

DJDLQ�LQ� /"# ��	/" /# #" /" /# #"

$GGLQJ�HTXDWLRQV�����DQG������ZH�JHW

� 	
� 	 � 	
� 	 � FROM��		

/! /" /# #! #"
/# #! "# #" "#
/# #! "#

&RU� ,I� ��WKHQ�ZH�KDYH

�/! /" /#



9HFWRUV �

([DPSOHV,OOXVWUDWLYH

(;$03/( �

'HWHUPLQH� D� XQLW� YHFWRU� WKDW� SDUDOOHO� WR� UHVXOWDQW� RI� WKH� YHFWRUV�

e e e� � �! I J K DQG� e e e� �" I J K

62/87,21

7KH�UHVXOWDQW�RI�WKH�WZR�YHFWRUV� �! " LV�

e e e e e e�� � � 	 � � � 	
e e e� �

2 ! " I J K I J K
I J K

7KHUHIRUH�WKH�XQLW�YHFWRU e2 SDUDOOHO�WR WKH�UHVXOWDQW 2 LV�JLYHQ�E\

e e e� �e
�

2 I J K2
2

(;$03/( �

'HWHUPLQH� WKH� FRQVWDQW� VR� WKDW� WKH� YHFWRU e e e�! I J K EH�

SHUSHQGLFXODU WR�WKH�YHFWRU e e e� �" I J K

62/87,21

6LQFH�WKH�YHFWRUV �! " ZLOO�EH�RUWKRJRQDO�LI �! " WKHUHIRUH��

�

e e e e e e�� 	 �� � 	
� � � � AND �

! " I J K I J K

(;$03/( �

)LQG� D� XQLW� YHFWRU� QRUPDO� WR� WKH� SODQH� WKDW� FRQWDLQV� WKH� YHFWRUV�

e e e� � �A I J K DQG� e e e� �B I J K

62/87,21

6LQFH�A B LV�D�YHFWRU�QRUPDO�WR�WKH�SODQH�WKDW�FRQWDLQV� �A B KHQFH�



�

e e e
e e e� � � �� �� ��

� � �

I J K
A B I J K

7KHQ�WKH�XQLW�YHFWRU�

e �A BN
A B

e e e� � �
�

I J K � e e e�� � � 	
���

I J K

(;$03/( �

,I e e e� ��! " I J K DQG e e e� � � �! " I J K )LQG�WKH�YHFWRUV� �! "

62/87,21

/HW�WKH�FRPSRQHQWV�RI�WKH�YHFWRU! EH � �X Y Z! ! ! DQG

�

e e e� � � THEN

� 	

! " I J K

! ! " ! ! ! " ! "

� 	

e e e e e e e e e� 	 �� � � 	 � ��X Y Z

! ! " ! "

! I ! J ! K I J K I J K

e e e
e e e�� � 	 �� � 	 �� � 	

� � �
X Y Z Y Z X Z X Y

I J K
! ! ! ! ! I ! ! J ! ! K

%\�HTXDWLQJ�WKH�FRPSRQHQWV

e e e e e e�� � 	 �� � 	 �� � 	 � ��

� � �� � � ��� � � �

Y Z X Z X Y

Y Z X Z X Y

! ! I ! ! J ! ! K I J K

! ! ! ! ! !

6ROYLQJ�WKHVH�WKUHH�HTXDWLRQV ZH�JHW�

e e e�� �� � � �X Y Z! ! ! ! I J K

%XW�LW�LV�JLYHQ�WKDW� e e e� � �! " I J K VR� e e e� � �" I J K

1RWH�WKHUH�DUH�DQ�LQILQLWH�QXPEHUV RI�YHFWRUV

e e e e e� � AND � �! I J " I J K HWF� �+RZ"�
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(;$03/( �

)LQG�WKH�YHFWRU�X WKDW�VDWLVILHV WKH�HTXDWLRQV �A X B A LI� �A X B

62/87,21

0XOWLSO\ WKH�HTXDWLRQ� �A X B A E\�YHFWRU�A XVLQJ�FURVV�SURGXFW�VR

�

� 	 � 	 USING TRIPLE CROSSPRODUCT

� 	 � 	
B A

A A X A B A

A X A A A X A B A A
�

�
BA A BBA A X A B X

A

(;$03/( �

2EWDLQ�WKH�YHFWRU�WKDW�VDWLVILHV WKH�HTXDWLRQ�� 	 �A X X MA ZKHUH�M
LV�D�VFDODU�

62/87,21

0XOWLSO\ WKH�HTXDWLRQ�� 	 �A X X MA E\�YHFWRU� A X XVLQJ�VFDODU�

SURGXFW�VR

� 	 �� 	 	 � FROMASSOCIATING LAWA X A X X MA

� �
�

� 	 � 	 � 	 � 	 �

� �

A X A X X A X MA A X

A X A X

8VLQJ�WKLV�IRUPXOD�DQG�VXEVWLWXWH�LW�LQ�HTXDWLRQ� �A X X MA ZH�JHW

�X MA X MA

(;$03/( �

6ROYH�IRU�YHFWRU X WKH�HTXDWLRQ�KX A X B ZKHUH�K LV�D�VFDODU�

62/87,21

0XOWLSO\ WKH�HTXDWLRQ�KX A X B E\�YHFWRU�A XVLQJ�VFDODU�SURGXFW�VR

� 	A KX A X A B



��

� 	 � 	K A X A A X
�

� � 	 A BA B K A X A B A X
K

2QFH�DJDLQ��PXOWLSO\ WKH�HTXDWLRQ�KX A X B E\�YHFWRU�A XVLQJ�FURVV�

SURGXFW�VR

� 	 � 	

�

� 	 � 	

� 	 � 	

A X A A A X

K A X A A X A B

K A X A X A A X A B

(TXDWLRQ� KX A X B JLYHV� A X B KX DQG� WKHQ� VXEVWLWXWLQJ� LQ�

SUHYLRXV�HTXDWLRQ�ZH�KDYH

�

� �

� 	

� 	

A BK B KX A A X A B
K

A BA K X KB A A B
K

2U �
� �
� [ � 	 ]

� 	
X K B A B A KA B

K A K

(;$03/( �

)RU�DQ\�YHFWRUV WKUHH �! " DQG�# VKRZ WKDW�

�I	 �
�II	� 	 � 	 �
�III	 � �

! " # " # ! # ! "
! " " ! ! "
! ! "

62/87,21

�L� %\�DSSO\LQJ�WKH�WULSOH FURVV SURGXFW SULQFLSOH� ZH�KDYH
! " # !# " ! " #
" # ! " ! # " # !
# ! " # " ! # ! "

$GGLQJ�WKH�WKUHH�HTXDWLRQV�ZH�REWDLQ

�! " # " # ! # ! "

�LL�
�

� 	 � 	! " " ! ! " ! !
�

" " " !
�! " ! " ! "
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�LLL� )URP�SURSHUWLHV�RI�WULSOH�VFDODU�SURGXFW�
�

� �! ! " " ! ! �ZH�

KDYH
�

�! ! " " ! ! �

$QRWKHU�WHFKQLTXH�IURP�WKH�SURSHUWLHV�RI�GHWHUPLQDQWV �WZR�HTXDO�URZV�

� �
X Y Z

X Y Z

X Y Z

! ! !
! ! " ! ! !

" " "

(;$03/( �

)RU�DQ\�IRXU�YHFWRUV� � �! " # DQG�$ SURYH�WKDW�

$ ! " # $ " $ # $ !

62/87,21

,�(�3�

4RIPLECROSS PRODUCT

$ ! " # $

$ ! " $ # " # $

$ ! # " $ " # ! $

�

� 	[ � 	] � 	[ � 	]

� 	[ � 	]
� 	[ � 	] 2�(�3�

" $ $ ! # " # $ ! $

" $ $ ! #
" $ ! # $

,�(�3�ÅMEANSÅ,EFTÅHANDÅSIDE�ÅÅÅÅÅÅÅÅÅÅÅ2�(�3�ÅMEANSÅ2IGHTÅHANDÅSIDE

(;$03/( ��

'HWHUPLQH� WKH� PDJQLWXGH� DQG� GLUHFWLRQ� RI� WKH

UHVXOWDQW�IRUFH IRU�WKH�IRUFHV�DFWLQJ�RQ�WKH�KRRN�



��

62/87,21
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,I�DQ\�QXPEHU�RI�IRUFHV��DFWLQJ�RQ�D�SDUWLFOH�EH�UHSUHVHQWHG��LQ�

PDJQLWXGH� DQG� GLUHFWLRQ�� E\� WKH� VLGHV� RI� D� SRO\JRQ�� WDNHQ� LQ�

RUGHU� WKHQ�WKH�IRUFHV�DUH�LQ�HTXLOLEULXP�

7KHRUHP

,I�D�V\VWHP�RI�IRUFHV�DFW� LQ�RQH SODQH�XSRQ�D�ULJLG�ERG\��DQG� LI� WKH�DOJHEUDLF�

VXP��RI�WKHLU PRPHQWV�DERXW�HDFK�RI�WKUHH�SRLQWV�LQ�WKH�SODQH��QRW�O\LQJ�LQ

WKH�VDPH�VWUDLJKW�OLQH��YDQLVK�VHSDUDWHO\��WKH�V\VWHP�RI IRUFHV LV�LQ�HTXLOLEULXP�

7KHRUHP

$�V\VWHP�RI IRUFHV��DFWLQJ�LQ�RQH SODQH XSRQ�D�ULJLG�ERG\��LV�LQ�HTXLOLEULXP��LI�

WKH�VXP�RI WKHLU�FRPSRQHQWV SDUDOOHO�WR�HDFK�RI�WZR�OLQHV�LQ�WKHLU�SODQH�EH�]HUR��

DQG�LI WKH�DOJHEUDLF�VXP�RI WKHLU�PRPHQWV�DERXW�DQ\ SRLQW�EH�]HUR�DOVR�

� 7ZR�LPSRUWDQW�WULJRQRPHWULF�WKHRUHPV

7KHUH�DUH�WZR�WULJRQRPHWULFDO�WKHRUHPV�ZKLFK�DUH�XVHIXO�

LQ 7KHUH� DUH� WZR 6WDWLFDO 3UREOHPV�� ,I� D� OLQH� &'� EH�



��

GUDZQ�WKURXJK�WKH�YHUWH[�&�RI�D�WULDQJOH�$%&�PHHWLQJ�WKH�RSSRVLWH�VLGH�$%�LQ�

SRLQW�'�DQG�GLYLGLQJ�LW�LQWR�WZR�SDUWV�M DQG�N DQG�WKH�DQJOH�&�LQWR�WZR�SDUWV�

DQG� ��DQG�LI� #$" WKHQ�

�L� � 	COT COT COTM N M N
�LL� � 	COT COT COTM N N ! M "

3URRI

�

SIN SIN
SIN SIN

SIN� 	SIN � ��� � 	
SIN� 	 SIN

M !$ !$ $# "
N $" $# $" !

$"#

SIN �SIN COS COS SIN 	 COT COT
SIN �SIN COS COS SIN 	 COT COT

�COT COT 	 �COT COT 	 OR

� 	COT COT COT

M N

M N M N

$JDLQ
SIN SIN
SIN SIN
SIN� 	 SIN �

SIN SIN� 	

M !#$ "
N $!#

! "
! "

SIN �SIN COS COS SIN 	 COT COT
SIN �SIN COS COS SIN 	 COT COT

�COT COT 	 �COT COT 	 OR
� 	COT COT COT

" ! ! !
! " " "

M " N !
M N N ! M "

&RQGLWLRQV�IRU�ULJLG�ERG\�(TXLOLEULXP

,Q� WKLV� VHFWLRQ��ZH�ZLOO� GHYHORS� ERWK� WKH� QHFHVVDU\�

DQG� VXIILFLHQW� FRQGLWLRQV� IRU� WKH� HTXLOLEULXP�RI� WKH�

ULJLG� ERG\��$V� VKRZQ�� WKLV� ERG\� LV� VXEMHFWHG� WR� DQ�

H[WHUQDO�IRUFH�DQG�FRXSOH�PRPHQW�V\VWHP�WKDW�LV�WKH�

UHVXOW RI� WKH� HIIHFWV� RI� JUDYLWDWLRQDO�� HOHFWULFDO��

PDJQHWLF�� RU� FRQWDFW� IRUFHV� FDXVHG� E\� DGMDFHQW�

ERGLHV�� 7KH� LQWHUQDO� IRUFHV� FDXVHG� E\� LQWHUDFWLRQV�



(TXLOLEULXP ��

EHWZHHQ�SDUWLFOHV�ZLWKLQ� WKH�ERG\�DUH�QRW� VKRZQ� LQ� WKLV� ILJXUH�EHFDXVH� WKHVH�

IRUFHV�RFFXU�LQ�HTXDO�EXW�RSSRVLWH�FROOLQHDU�SDLUV�DQG�KHQFH�ZLOO�FDQFHO�RXW��D�

FRQVHTXHQFH�RI�1HZWRQ¶V�WKLUG�ODZ�

8VLQJ� WKH� PHWKRGV� RI� WKH� SUHYLRXV� FKDSWHU�� WKH� IRUFH� DQG� FRXSOH PRPHQW�

V\VWHP�DFWLQJ�RQ�D�ERG\�FDQ�EH� UHGXFHG� WR� DQ� HTXLYDOHQW UHVXOWDQW� IRUFH� DQG�

UHVXOWDQW� FRXSOH�PRPHQW� DW� DQ\� DUELWUDU\� SRLQW�2 RQ RU� RII WKH� ERG\�� ,I� WKLV�

UHVXOWDQW�IRUFH�DQG�FRXSOH�PRPHQW�DUH ERWK�HTXDO�WR�]HUR��WKHQ�WKH�ERG\�LV�VDLG�

WR�EH�LQ�HTXLOLEULXP� 0DWKHPDWLFDOO\��WKH�HTXLOLEULXP�RI�D�ERG\�LV�H[SUHVVHG�DV

O
� �

�� �
N N

I I
I I

2 & - -

7KHVH�UHODWLRQV FDQ�EH�UHZULWWHQ�LQ�&DUWHVLDQ�IRUP DV

� � �

� � �

�� �� ��

�� �� �

N N N

IX IY IZ
I I I
N N N

IX IY IZ
I I I

& & &

- - -

3DUWLFXODU�FDVHV

)RUFHV�DFW�DORQJ�WKH�VDPH�OLQH�

,Q� WKLV�FDVH� WKH�HTXDWLRQ�RI�HTXLOLEULXP� WHQGV� WR�
�

�
N

I
I

& VLQFH� WKHUH� LV�QR�

URWDWLRQ�

3DUDOOHO�IRUFHV�V\VWHP

,I�WKH�DFWLQJ�IRUFHV�DUH�SDUDOOHO�WKHQ�WKH ULJLG�ERG\�PD\�EH�LQ�HTXLOLEULXP�LI�WKH�

UHVXOWDQW�RI�DFWLQJ�IRUFHV�LV�]HUR�DQG�WKH�VXP�RI�PRPHQW�RI�DFWLQJ�IRUFHV�DERXW�

D�FKRVHQ�SRLQW�LV�]HUR�WRR VR�WKDW�WKH�WZR�IROORZLQJ�HTXDWLRQV�DUH�VDWLVI\LQJ

�
�

N

I
I

& �
�

�
N

I
I

-

&RSODQDU�IRUFHV�V\VWHP

,I� WKH�DFWLQJ�IRUFHV�DUH FRSODQDU�WKHQ� WKH�ULJLG�ERG\�PD\�EH�LQ�HTXLOLEULXP�LI�

WKH�WKUHH�IROORZLQJ�HTXDWLRQV�DUH�VDWLVILHG �WKH�IRUFHV�FRQVLGHUHG�WR�EH�LQ� 89

SODQH�



��

�
�

N

IX
I

& �
�

�
N

IY
I

& �
�

�
N

IZ
I

-

1RWH�WKH�PRPHQW�ZLOO�EH�LQ�D�GLUHFWLRQ�QRUPDO�WR�WKH�89 SODQH L�H��: �D[LV

6SDWLDO�IRUFHV V\VWHP

,I�WKH�DFWLQJ�IRUFHV�DUH LQ�VSDFH�WKHQ�WKH�ULJLG�ERG\�PD\�EH�LQ�HTXLOLEULXP�LI�WKH�

IROORZLQJ�HTXDWLRQV�DUH�VDWLVILHG�

�
�

N

IX
I

& �
�

�
N

IY
I

& �
�

�
N

IZ
I

&

�
�

N

IX
I

-
�

�
N

IY
I

-
�

�
N

IZ
I

-

,I� WZR HTXDO� DQG� LQYHUVH�PRPHQWV� DUH DFWLQJ�RQ�D� ERG\

WKHQ�WKH�ERG\�ZLOO�EH�LQ�HTXLOLEULXP

5HDFWLRQV�DW�-RLQWV

7KHUH� DUH� D� ODUJH� QXPEHU� RI� SUREOHPV� LQ�ZKLFK� WZR� ERGLHV� DUH� GHVFULEHG� DV�

VPRRWKO\�KLQJHG
�DW�D�SRLQW��,Q�VXFK�D�FDVH�WKH�KLQJH�PD\�EH�UHJDUGHG�DV�D�SLQ�

SDVVLQJ� WKURXJK�F\OLQGULFDO�KROHV� LQ� WKH�ERGLHV�� FORVHO\� ILWWLQJ�DQG�VR� VPRRWK�

WKDW�HDFK�ERG\�FDQ�WXUQ�DERXW�WKH�SLQ�ZLWKRXW�IULFWLRQ��:KHQ�WKH�KLQJH�RU�MRLQW�

LV� VPRRWK� WKH� UHDFWLRQ� RI� WKH� SLQ� RQ� HLWKHU� ERG\� UHGXFHV� WR� D� VLQJOH� IRUFH��

EHFDXVH��QR�PDWWHU�KRZ�PDQ\�SRLQWV�RI�FRQWDFW�WKHUH�PD\�EH�EHWZHHQ�WKH�SLQ�

DQG� WKH�F\OLQGULFDO�KROH� LQ� WKH�ERG\�� WKH� UHDFWLRQ�DW�HDFK�RI� WKHVH�SRLQWV�DFWV�

DORQJ� WKH�FRPPRQ�QRUPDO� DQG� WKHUHIRUH�SDVVHV� WKURXJK� WKH�FHQWHU�RI� WKH�SLQ�

�FRQVLGHULQJ�RQO\�IRUFHV�LQ�RQH�SODQH��DQG�DOO�VXFK�IRUFHV�FDQ�EH�FRPELQHG�LQWR�

D�VLQJOH�IRUFH�WKURXJK�WKH�FHQWHU�RI�WKH�SLQ��:KHQ�WKH�SLQ�FRQQHFWV�WZR�ERGLHV�

$�DQG�%�RQO\��WKHQ�WKH�SLQ�LV�VXEMHFW�WR�WZR�IRUFHV�RQO\��QDPHO\�WKH�UHDFWLRQV�RI�

$�DQG�%�XSRQ�LW��DQG�LQ�HTXLOLEULXP�WKHVH�PXVW�EH�HTXDO�DQG�RSSRVLWH��%XW�WKH�

UHDFWLRQV�RI�WKH�SLQ�RQ�WKH�ERGLHV�DUH�HTXDO�DQG�RSSRVLWH�WR�WKH�IRUPHU�IRUFHV�



(TXLOLEULXP ��

VR�WKDW WKH�UHVXOW�RI�WKH�VPRRWK�MRLQW�LV�WR�VHW�XS�HTXDO�DQG�RSSRVLWH�IRUFHV�RQ�

WKH�ERGLHV�$�DQG�%�DQG� LW� LV� XQQHFHVVDU\� WR� FRQVLGHU� WKH�SUHFLVH� IRUP�RI� WKH�

MRLQW�� EHFDXVH� LW� LV� VXIILFLHQW� WR� NQRZ� WKDW�� DV� WKH� UHVXOW� RI� WKH� VPRRWK� MRLQW��

WKHUH�LV�D�SDLU�RI�HTXDO DQG�RSSRVLWH�IRUFHV�EHWZHHQ�WKH�ERGLHV�DW�D�FHUWDLQ

SRLQW� DQG� WKDW� WKH� ERGLHV� DUH� VR� FRQVWUDLQHG� WKDW� WKH� RQO\� SRVVLEOH� UHODWLYH�

PRWLRQ�LV�RQH�RI�WXUQLQJ�DERXW�WKLV�SRLQW�



��

,OOXVWUDWLYH ([DPSOHV

(;$03/( �

,I� WKH� UHVXOWDQW�RI� WKH�IRUFHV� � �& & SHUSHQGLFXODU� WR� & ��'HWHUPLQH WKH�DQJOH�

EHWZHHQ�WKH�WZR�IRUFHV�

62/87,21

/HW� EH�WKH�DQJOH�EHWZHHQ�WKH�WZR�IRUFHV� � �& & WKHQ IURP�WKH�ODZ

� SIN � SINTAN TAN ��
� COS � �COS

� �COS �

&
& &

� O�COS /R ���
�

(;$03/( �

7KH�UHVXOWDQW�RI�WZR�IRUFHV�0 DQG�1 LV�HTXDO�WR� �1 DQG PDNHV�DQ�DQJOH�RI�

��� ZLWK�WKH�GLUHFWLRQ�RI�0 ��VKRZ�WKDW�0 LV�HLWKHU HTXDO�WR��RU�LV�GRXEOH�RI�1 �

62/87,21

� COS�� COS ��	
� SIN �� SIN ��	
1 0 1
1 1

(TXDWLRQ� ���� OHDGV� WR� � ��� OR �� WKHUHIRUH�� IURP�

HTXDWLRQ�����ZH�JHW

�� � COS�� COS 	 WHEN ��0 1 0 1

�WHEN ��� �0 1

(;$03/( �

7KH� JUHDWHVW� UHVXOWDQW�ZKLFK� WZR� IRUFHV� FDQ� KDYH� LV� 0 DQG� WKH� OHDVW� LV� 0 ��

6KRZ�WKDW�LI�WKH\�DFW�DQ�DQJOH� WKH�UHVXOWDQW�LV�RI�PDJQLWXGH�

� � � �� �COS SIN
� �

0 0
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62/87,21

/HW�WKH�PDJQLWXGH�RI�WKH�WZR�IRUFHV�EH�& DQG�& WKH�UHVXOWDQW�RI�WKH�IRUFHV�LV�

JUHDWHVW�ZKHQ� WKH\� DFW� LQ� WKH� VDPH� GLUHFWLRQ� DQG� LV� HTXDO� & & ��$OVR� WKH�

UHVXOWDQW� LV� OHDVW�ZKHQ� WKH\� DFW� LQ� RSSRVLWH� GLUHFWLRQV� DQG� LV� HTXDO� & & ��

FRQVLGHU�& & WKHUHIRUH�

�0 & & 0 & &

6ROYLQJ�IRU� �& & ZH�JHW�����
� ��
� �

& 0 0 & 0 0

7KHQ�WKH�PDJQLWXGH�RI�WKH�UHVXOWDQW�RI�WKH�IRUFHV�& DQG�& ZKHQ�WKH\�DFW�DW�DQ�

DQJOH� LV�JLYHQ�E\�

� � �

� � �

� �

� � � �

� � � �

� COS
� � �� 	 � 	 � 	� 	COS
� � �
� ��� COS 	 �� COS 	
� �

� �COS SIN
� �
� �COS SIN
� �

2 & & &&

2 0 0 0 0 0 0 0 0

0 0

0 0

2 0 0

(;$03/( �

7ZR�IRUFHV� �0 1 DFW�DW�D�SRLQW�DORQJ� WZR�VWUDLJKW OLQHV�PDNLQJ�DQ�DQJOH� ��

ZLWK�HDFK�RWKHU�DQG�2 LV�WKHLU�UHVXOWDQW��WZR�RWKHU�IRUFHV� �0 1 DFWLQJ DORQJ�

WKH� VDPH� WZR� OLQHV�KDYH� D� UHVXOWDQW� 2 � )LQG WKH� DQJOH�EHWZHHQ� WKH� OLQHV�RI�

DFWLRQ RI�WKH�UHVXOWDQWV�

62/87,21

/HW�WKH�UHVXOWDQWV� �2 2 PDNH�DQJOHV� � ZLWK�WKH�OLQH�RI�DFWLRQ�RI 0 DQG�

0 ��%\�UHVROYLQJ�DORQJ�DQG�SHUSHQGLFXODU�WR�WKLV�OLQH��ZH�JHW

COS COS � SIN SIN
COS COS � SIN SIN

2 0 1 2 1
2 0 1 2 1

0XOWLSO\LQJ�WZR�HTXDWLRQV��ZH�KDYH
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COS COS � COS 	� COS 	22 0 1 0 1

�SIN SIN SIN22 11

%\�DGGLQJ WKHVH�WZR�HTXDWLRQV�ZH�JHW

��COS COS SIN SIN 	 � COS 	� COS 	 SIN22 0 1 0 1 11

2U �COS� 	 � COS 	� COS 	 SIN22 0 1 0 1 11

7KHUHIRUH��

�

�
�

�

� COS 	� COS 	 SINCOS� 	

� COS 	� COS 	 SINCOS

COS � 	COS

0 1 0 1 11
22

0 1 0 1 11
22

00 11 01 0 1
22

(;$03/( �

$ URG�ZKRVH�FHQWHU�RI�JUDYLW\�GLYLGHV�LW�LQWR�WZR�SRUWLRQV� ZKRVH�OHQJWKV�DUH�D

DQG�E��KDV�D�VWULQJ��RI�OHQJWK� ��WLHG�WR�LWV�WZR�HQGV DQG�WKH�VWULQJ�LV�VOXQJ�RYHU�

D�VPDOO�VPRRWK�SHJ���ILQG�WKH�SRVLWLRQ�RI HTXLOLEULXP�RI�WKH�URG��LQ�ZKLFK�LW�LV�

QRW�YHUWLFDO�

62/87,21

6LQFH�WKHUH�DUH�RQO\�WKUHH�IRUFHV�DFWLQJ�RQ�WKH�

ERG\�WKH\�PXVW�PHHW�LQ�D�SRLQW��$QG�WKH�WZR�

WHQVLRQV� SDVV� WKURXJK / �� KHQFH� WKH� OLQH� RI�

DFWLRQ�RI�WKH�ZHLJKW7 PXVW�SDVV�WKURXJK /

��7KH�WHQVLRQ�RI�WKH�VWULQJ�LV�QRW�DOWHUHG��VLQFH�

WKH�VWULQJ�SDVVHV�URXQG�D�VPRRWK�SHJ�� WKDW� LV�

WKH�ZHLJKW�7 EDODQFHV� WKH� UHVXOWDQW� RI� WZR�

HTXDO� IRUFHV�� VR� LW� PXVW� ELVHFWHG� WKH� DQJOH�

EHWZHHQ�WKHP�

�SAY	!/# "/#



(TXLOLEULXP ��

+HQFH
X !# A
Y #" B

$OVR X Y

6ROYLQJ�WKHVH�HTXDWLRQV�ZH�REWDLQ

X Y
A B A B

$JDLQ�IURP�WKH�WULDQJOH $2%��ZH�KDYH

� � � �

�
� � � �

�

� 	 � COS� � 	 � �� COS� 	
�� 	 � COS COS

� 	

A B X Y XY X Y XY
ABX Y XY

A B
� � �

�
�

� 	 � 	COS
�
A B A B

AB

/HW�EH�WKH�LQFOLQDWLRQ�RI�WKH�URG�WR�WKH�KRUL]RQWDO��VR�WKDW

���/#!

)URP�WKH�WULDQJOH�$&2�ZH�KDYH

SIN��� 	 3INCE
SIN

!/ X X Y
!# A A B A B A B

SINCOS
A B

(;$03/( �

$� EHDP� ZKRVH� FHQWHU� RI� JUDYLW\�

GLYLGHV�LW�LQWR�WZR�SRUWLRQV�RI�OHQJWKV�

D DQG� E� UHVSHFWLYHO\�� UHVWV� LQ�

HTXLOLEULXP� ZLWK� LWV� HQGV� UHVWLQJ� RQ�

WZR�VPRRWK�SODQHV�LQFOLQHG�DW�DQJOHV�

� UHVSHFWLYHO\� WR�WKH�KRUL]RQ�� WKH�

SODQHV� LQWHUVHFWLQJ� LQ� D� KRUL]RQWDO�

OLQH��ILQG�WKH�LQFOLQDWLRQ�RI�WKH�EHDP�

WR� WKH� KRUL]RQ� DQG� WKH� UHDFWLRQV� RI�

WKH�SODQHV�



��

62/87,21

/HW�. DQG�. EH�WKH�UHDFWLRQV�DW�$�DQG�%�SHUSHQGLFXODU�WR�WKH�LQFOLQHG�SODQHV��

OHW� EH�WKH�LQFOLQDWLRQ�RI�WKH�EHDP�WR�WKH�KRUL]RQ�

5HVROYLQJ�YHUWLFDOO\�DQG�KRUL]RQWDOO\��ZH�KDYH

COS COS ��	. . 7

SIN SIN ��	. .

$OVR��E\�WDNLQJ�PRPHQWV�DERXW�*��ZH�JHW

� SIN � SIN.'! '!/ . '" '"/

1RZ��� O O�� �� � 	'!/ "!/

DQG��� O O�� �� � 	'"/ !"/

+HQFH�WKH�HTXDWLRQ�RI�PRPHQWV�EHFRPHV

COS� 	 COS� 	 ��	.A . B

)URP�HTXDWLRQ�����ZH�KDYH�

COS COS FROM%Q���	
SIN SIN SIN COS SIN COS SIN� 	
. . . . 7

7KHVH�HTXDWLRQV�JLYHV�. DQG�. ��DOVR�VXEVWLWXWLQJ� IRU�. DQG�. LQ�(T�� ����
ZH�REWDLQ

SIN COS� 	 SIN COS� 	�
SIN COS COS SIN SIN SIN COS COS SIN SIN �

A B
A B

� 	SIN SIN SIN COS � SIN COS COS SIN 	�
� 	TAN COT COT
A B B A
A B B A

(;$03/( �

$�KHDY\� XQLIRUP� URG�� RI� OHQJWK� �A �� UHVWV� SDUWO\�ZLWKLQ� DQG SDUWO\�ZLWKRXW� D�

IL[HG� VPRRWK� KHPLVSKHULFDO� ERZO�� RI� UDGLXV� R �� WKH� ULP RI� WKH� ERZO� LV�

KRUL]RQWDO�� DQG� RQH� SRLQW� RI� WKH� URG� LV� LQ� FRQWDFW�ZLWK� WKH ULP�� LI� EH� WKH�

LQFOLQDWLRQ�RI�WKH�URG�WR�WKH�KRUL]RQ��VKRZ�WKDW � COS� COSR A �
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62/87,21

6LQFH�2& DQG�$(�DUH�SDUDOOHO�

/#! #!%

6LQFH�2& 2$� /!# /#!

$OVR� ���'$# $'#

1RZ�� COS COS �!% !' A �

DQG COS� � COS� �!% !$ R

� COS� COSR A

+HQFH�� LI�. DQG�. DUH� WKH UHDFWLRQV��

E\�/DPL
V�7KHRUHP

SIN � SIN SIN
. . 7

� � COS. 7 . 7

(;$03/( �

$�EHDG�RI�ZHLJKW�:�FDQ�VOLGH�RQ�D�VPRRWK�FLUFXODU ZLUH�LQ�D�YHUWLFDO�SODQH��7KH�

EHDG� LV� DWWDFKHG� E\� D� OLJKW� WKUHDG� WR� WKH� KLJKHVW SRLQW� RI� WKH� ZLUH�� DQG� LQ�

HTXLOLEULXP� WKH� WKUHDG� LV� WDXW� DQG�PDNHV� DQ� DQJOH )LQG� WKH� WHQVLRQ� RI� WKH�

WKUHDG�DQG�WKH�UHDFWLRQ�RI�WKH ZLUH�RQ�WKH�EHDG�

62/87,21

/HW� % EH� WKH� EHDG�� $%� WKH� WKUHDG�� $2& WKH� YHUWLFDO�

GLDPHWHU�RI�WKH FLUFOH��DQG�2 WKH�FHQWHU��7KHQ�WKH�DQJOH

/"! /!" DQG� �"/#

+HQFH��LI�4 GHQRWHV�WKH�WHQVLRQ�DQG�. WKH UHDFWLRQ��E\�

/DPL
V�7KHRUHP

SIN � SIN SIN
4 . 7

7KHUHIRUH��ZH�JHW � COS �4 7 . 7
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$�EHDP�ZKRVH�FHQWHU�RI�JUDYLW\�GLYLGHV�LW�LQWR�WZR�SRUWLRQV��LV�SODFHG�LQVLGH�D�

VPRRWK�VSKHULFDO�ERZO��VKRZ�WKDW�LI� EH�LWV�LQFOLQDWLRQ�WR�WKH�KRUL]RQWDO�LQ�WKH�

SRVLWLRQ� RI� HTXLOLEULXP� DQG� � EH� WKH� DQJOH� VXEWHQGHG� E\� WKH� EHDP� DW� WKH�

FHQWHU�RI�WKH�VSKHUH��WKHQ

TAN TANB A
B A

62/87,21

/HW�D�EHDP�$%�RI�ZHLJKW�7 EH�LQ�HTXLOLEULXP�LQVLGH�D�

VPRRWK�VSKHUH�RI�FHQWHU� / DQG�UDGLXV� R �VD\�� ��,I�'

LV�WKH�FHQWHU�RI�JUDYLW\�RI�WKH�EHDP�WKHQ�!' A DQG�

"' B �� $V� FOHDU�� WKH� EHDP� $%� LV� LQ� HTXLOLEULXP�

XQGHU�WKH�DFWLRQ�RI�WKH�IROORZLQJ�IRUFHV�

; �. WKH UHDFWLRQ� DW� SRLQW�$� DORQJ� WKH� QRUPDO� WR� WKH�

VSKHUH�DW�$�DQG�VR�SDVVLQJ�WKURXJK�WKH�FHQWHU��

; �7 WKH�ZHLJKW�RI�WKH�EHDP�YHUWLFDOO\�GRZQZDUGV�DQG

;. WKH�UHDFWLRQ�DW�SRLQW�% DORQJ�WKH�QRUPDO�%2�WR�WKH�VSKHUH�DW�%

,W� LV� JLYHQ� WKDW� �!/" DQG� DFFRUGLQJ� WR� WKH� WULJRQRPHWULF� WKHRUHP� LQ�

WULDQJOH� /!" ZH�JHW

� 	COT��� 	 COT��� 	 COT��� 	

TAN TAN

A B B A
B A
B A

(;$03/( ��

$�ULJLG�ZLUH��ZLWKRXW�ZHLJKW�� LQ�WKH�IRUP�RI�WKH�DUF�RI�D�FLUFOH�VXEWHQGLQJ�DQ�

DQJOH� DW�LWV�FHQWHU�DQG�KDYLQJ�WZR�ZHLJKWV�W DQG�W DW�LWV�H[WUHPLWLHV��UHVWV�

ZLWK�LWV�FRQFDYLW\�GRZQZDUGV��XSRQ�D�VPRRWK�KRUL]RQWDO�SODQH��6KRZ�WKDW��LI�

EH� WKH� LQFOLQDWLRQ� WR� WKH� YHUWLFDO� RI� WKH� UDGLXV� WR� WKH� HQG� DW� ZKLFK� W LV�

VXVSHQGHG��WKHQ�

SINTAN
COS

W
W W
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62/87,21

7KH� ZLUH� LV� LQ� HTXLOLEULXP� XQGHU� WKH� DFWLRQ� RI�

IROORZLQJ�WKUHH�IRUFHV

�W WKH� ZHLJKW� DW� $� DQG� ZHLJKW� W DW� %�

YHUWLFDOO\� GRZQZDUGV� DQG� WKH� UHDFWLRQ�

. DW� WKH� SRLQW� RI� FRQWDFW� &�� DFWLQJ� DW�

ULJKW�DQJOH�WR�WKH�KRUL]RQWDO�SODQH�ZKHUH�

WKH�OLQH�RI�DFWLRQ�RI�WKH�UHDFWLRQ�ZLOO�SDVV�

WKURXJK�WKH�FHQWHU�RI�WKH�FLUFOH��

*LYHQ�WKDW� !/# WKHQ� "/# ��7R�DYRLG�WKH�UHDFWLRQ���WDNLQJ�

PRPHQWV�RI�DOO�WKH�IRUFHV�DERXW���ZH�KDYH�

O � � 	 � 	 �
SIN SIN� 	

SIN �SIN COS SIN COS 	

- W !! W ""
WA W A
W W

'LYLGLQJ�E\� COS WKHQ�ZH�REWDLQ

TAN SIN TAN COS
SINTAN
COS

W W W
W

W W

(;$03/( ��

$�XQLIRUP�EHDP��RI�OHQJWK� �A �� UHVWV� LQ�HTXLOLEULXP�DJDLQVW�D�VPRRWK�YHUWLFDO�

ZDOO� DQG�XSRQ�D�SHJ�DV� D�GLVWDQFH� B IURP� WKH�ZDOO��

SURYH�WKDW�WKH�LQFOLQDWLRQ�RI�WKH�EHDP�WR�WKH�YHUWLFDO�LV�

���
�SIN B
A

62/87,21

7KH�EHDP�LV�LQ�HTXLOLEULXP�XQGHU�WKH�DFWLRQ�RI�WKH�

IRUFHV QDPHO\�� �. WKH�UHDFWLRQ�DW�SRLQW�$�DORQJ�WKH�

QRUPDO�WR�WKH�YHUWLFDO�� �7 WKH�ZHLJKW�RI�WKH�EHDP�



��

YHUWLFDOO\�GRZQZDUGV�DQG�. WKH�UHDFWLRQ�DW�SHJ DORQJ�WKH�QRUPDO�$%��/HW�

EH�WKH�LQFOLQDWLRQ�RI�WKH�EHDP�WR�WKH�YHUWLFDO�DQG�VLQFH LQ

#/!#/ SIN �
!/
!/!// SIN �
!/
!/!'/ SIN
!'

0XOWLSO\LQJ�WKHVH�WKUHH�IRUPXODV�ZH�JHW

�

��� ���
�

#/ !/ !/ #/SIN
!/ !/ !' !'

SIN OR SIN

B
A

B B
A A

(;$03/( ��

7ZR� VPDOO� ULQJV� RI� ZHLJKWV�:� DQG�:� HDFK� FDSDEOH� RI� VOLGLQJ� IUHHO\� RQ� D�

VPRRWK�FLUFXODU�KRRS�IL[HG�LQ�WKH�YHUWLFDO�SODQH�DUH�FRQQHFWHG�E\�D�OLJKW�VWULQJ��

VKRZ� WKDW� LQ� WKH� SRVLWLRQ� RI� HTXLOLEULXP� LQ� ZKLFK� WKH� VWULQJ� EH� VWUDLJKW� DQG�

LQFOLQHG� DW� DQJOH� WR� WKH� KRUL]RQWDO� � � � �
�� 	TAN � 	TAN
�

7 7 7 7

ZKHUH LV�WKH�DQJOH�VXEWHQGHG�E\�WKH�VWULQJ�DW�WKH�FHQWHU�

62/87,21

7KH� ULQJ� DW� $� LV� LQ� HTXLOLEULXP� XQGHU� WKH� IROORZLQJ�

IRUFHV�� ZHLJKW� RI� WKH� ULQJ� �7 DFWLQJ� YHUWLFDOO\�

GRZQZDUGV��7HQVLRQ 4 LQ� WKH� VWULQJ� DORQJ�$%�DQG� WKH�

UHDFWLRQ . DORQJ� WKH� QRUPDO� 2$� SDVVLQJ� WKURXJK� WKH�

FHQWHU�RI�WKH�FLUFOH��7KH�VWULQJ�LV� LQFOLQHG�DW�DQ�DQJOH�

WR� WKH�KRUL]RQWDO�DQG� !/" �� WKHUHIRUH�E\�/DPL¶V�

WKHRUHP�DW�SRLQW�$��ZH�KDYH



(TXLOLEULXP ��

�

�

�

�

SIN .!7 SIN "!.

SIN� � � �		 SIN� � � � �	
SIN� � �	 ��	
COS� � �	

74

74

4 7

LQ WKH�VDPH�PDQQHU�IRU�ULQJ�DW�%�ZH�KDYH

�

�

�

�

SIN . "7 SIN !".

SIN� � � � 		 SIN� � � � �	
SIN� � � 	 ��	
COS� � �	

74

74

4 7

)URP�(TV������DQG�����

� �
SIN� � � 	 SIN� � �	
COS� � �	 COS� � �	

7 7

� �
� � � �SIN COS COS SIN SIN COS COS SIN
� � � �

7 7

'LYLGLQJ�E\� COS COS� � �	 ��ZH�JHW

� �
� �TAN TAN TAN TAN
� �

7 7

2U � � � �
�� 	TAN � 	TAN
�

7 7 7 7

(;$03/( ��

7ZR�HTXDO�URGV��HDFK�RI�OHQJWK� � DQG�ZHLJKW�W ��DUH�IUHHO\�MRLQWHG�DW�DQG�WKH�

RWKHUV�HQGV�RI�WKH�URGV�DUH�VXVSHQGHG�IURP�D�IL[HG SRLQW��,I�WKH�OHQJWKV�RI�HDFK�

VWULQJ� LV� � DQG� WKH� DQJOH� EHWZHHQ� WKH� URGV� LV� � �� D� GLVN� RI�ZHLJKW� �W DQG�

UDGLXV�A LV�SXWWHG EHWZHHQ�WKH�URGV LQ�HTXLOLEULXP�LQ�D�YHUWLFDO�SODQH��VKRZ�WKDW�

�SIN T� ANA

62/87,21

:LWK�UHVSHFW�WR�WKH�GLVN�
�� � SIN

�SIN
WW . .
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7KH�HTXDWLRQV�RI�HTXLOLEULXP�IRU�WKH�ZKROH�ILJXUH��L��LQ�YHUWLFDO�GLUHFWLRQ�

� � COSW 4 �
�COS
W4

&RQVLGHULQJ�RQH�RI WKH URGV��ULJKW�RQH�VD\��DQG�WDNLQJ�PRPHQW�DERXW�WKH�SRLQW

/ ��UHDFWLRQ�LV�UHDFWLRQ�RI�WKH�GLVN�RQ�WKH�URG�ZKLFK�HTXDOV�WKH�UHDFWLRQ�RI�WKH�

URG�RQ�WKH�GLVN�EXW�LQ�RSSRVLWH�GLUHFWLRQ��ZH�JHW

COT SIN COS �� SIN 	 SIN �� COS 	.A W 4 4

� �COT SIN � COS SIN
�SIN COS
W WA W

�
� COS SIN �� SIN
�SIN
A

� �� �� TAN SIN � TAN SINA A

L LL
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(;$03/( ��

$� KH[DJRQ� !"#$%& LV� IRUPHG� RI� VL[� HTXDO URGV� RI� WKH� VDPH� ZHLJKW�7

VPRRWKO\�MRLQWHG�DW�WKHLU�H[WUHPLWLHV��,W�LV�VXVSHQGHG IURP�WKH�SRLQW�! DQG�WKH�

UHJXODU�IRUP�LV�PDLQWDLQHG�E\�OLJKW�URGV BF DQG CE ��3URYH�WKDW�WKH�WKUXVW�LQ�WKH�

IRUPHU�"& LV�ILYH�WLPHV�WKDW�LQ�WKH ODWWHU #% �

62/87,21

6XSSRVH�WKDW�WKH�URG�%)�LV�DWWDFKHG�WR�WKH�WZR�XSSHU�URGV�DQG�WKH URG�*(�WR�WKH�

WZR�ORZHU�URGV��/HW� 0 DQG�0 GHQRWH� WKH�WKUXVWV� LQ�%)�DQG &(��7KHQ�VLQFH�

WKH�RQO\�HIIHFW�RI�WKHVH�URGV�LV�WR�SURGXFH�WKUXVWV�DW WKHLU�HQGV��ZH�PD\�LJQRUH�

WKHVH�URGV�LI�LQVWHDG�RI�WKHP�ZH�VXSSRVH KRUL]RQWDO�IRUFHV�0 WR�DFW�RXWZDUGV�

RQ�$%�DW�%�DQG�RQ�$)�DW�)��DQG KRUL]RQWDO�IRUFHV�0 WR�DFW�RXWZDUGV�RQ�&'�DW�

&�DQG�RQ�'(�DW�(��%HJLQ E\�LQVHUWLQJ�WKHVH�IRUFHV�LQ�WKH�ILJXUH� 7KHQ�FRQVLGHU�

WKH�HTXLOLEULXP�RI�WKH�URG�&'��7KH�UHDFWLRQ�DW�'�LV KRUL]RQWDO�EHFDXVH�WKHUH�LV�

V\PPHWU\�DERXW�WKH�YHUWLFDO�WKURXJK�'� %XW�WKH�RQO\�KRUL]RQWDO�IRUFHV�RQ�&'�

DUH�WKH�IRUFH�0 DW�&�DQG�WKH UHDFWLRQ�DW�'��VR�WKDW�WKLV�UHDFWLRQ�DW�'�PXVW�EH�

HTXDO� DQG�RSSRVLWH� WR� 0 � 7KHQ�DV� UHJDUGV�YHUWLFDO� IRUFHV�� WKH�ZHLJKW�:�DFWV

YHUWLFDOO\� GRZQZDUGV WKURXJK� WKH� PLGGOH� SRLQW� RI� &'� DQG� WKH� RQO\� RWKHU�

YHUWLFDO IRUFH�FDQ�EH�DW�&��WKHUHIRUH�WKHUH�LV�D�UHDFWLRQ�DW�&�ZKLFK�DFWV�YHUWLFDOO\

XSZDUGV�DQG�LV�HTXDO�WR�:��,QVHUW�WKLV�LQ�WKH�ILJXUH��DQG��VLQFH�LW�LV SURGXFHG�E\�

WKH�URG�&%��DOVR LQVHUW�DQ�HTXDO�DQG�RSSRVLWH�IRUFH�: GRZQZDUGV�DFWLQJ�DW�&�

RQ�&% :H�FDQ�QRZ�H[SUHVV�0 LQ�WHUPV�RI�:�E\�WDNLQJ�PRPHQWV�IRU�WKH�URG

&'�DERXW�&�RU�DERXW�'��RU��ZKDW�LV�WKH�VDPH�WKLQJ��HTXDWLQJ�WKH PRPHQWV�RI�

WKH�WZR�FRXSOHV�WKDW�DFW�XSRQ�WKH�URG��:H�ILQG�WKDW



��

O O�SIN �� COS��
�

0#$ 7 #$ �
�

0 7

7KHQ��UHWXUQLQJ�WR�WKH�ILJXUH��FRQVLGHU�WKH�URG�%&��,W�LV�LQ�HTXLOLEULXP XQGHU�WKH�

DFWLRQ�RI�LWV�ZHLJKW�:��D�GRZQZDUG�IRUFH�:�DW�&�DQG WKH�UHDFWLRQ�DW�%��7KLV�

ODWWHU� IRUFH�PXVW� WKHUHIRUH� DFW� YHUWLFDOO\� XSZDUGV DQG�EH� HTXDO� WR� �:�� ,QVHUW�

WKLV�IRUFH�LQ�WKH�ILJXUH�DQG�DOVR�WKH HTXDO�DQG�RSSRVLWH�UHDFWLRQ��:�DW�%�RQ�$%�

7KHQ�FRQVLGHU�WKH�URG�$%��,W�LV�LQ�HTXLOLEULXP�XQGHU�WKH�DFWLRQ�RI�LWV ZHLJKW�:��

WKH�KRUL]RQWDO�DQG�YHUWLFDO�IRUFHV�0 DQG��:�DW�%�DQG�WKH UHDFWLRQ�DW�$��,W�LV�

QRW�QHFHVVDU\�WR�VSHFLI\�WKH�ODWWHU�EHFDXVH�ZH�FDQ WDNH�PRPHQWV�DERXW�$��E\�VR�

GRLQJ�ZH�ILQG�WKDW

O O�SIN �� COS��
�

0 !" 7 !" �� �
�

0 7 0

(;$03/( ��

$�UHJXODU�SHQWDJRQ�$%2'(�IRUPHG�RI�ILYH�XQLIRUP�URGV��HDFK�RI ZHLJKW�7 ��

IUHHO\�KLQJHG�WR�HDFK�RWKHU�DW�WKHLU�HQGV�LV�SODFHG�LQ�D�YHUWLFDO SODQH�ZLWK�&'�

UHVWLQJ�RQ�D�KRUL]RQWDO�SODQH�DQG�WKH�UHJXODU�SHQWDJRQDO IRUP�LV�PDLQWDLQHG�E\�

PHDQV�RI�D�VWULQJ�MRLQLQJ�WKH�PLGGOH�SRLQWV�RI�WKH URGV %&�DQG�'(��3URYH�WKDW�

WKH�WHQVLRQ�LQ�WKH�VWULQJ�LV

�COT � COT
� �

7

62/87,21

,W� LV� RQO\� QHFHVVDU\� WR� FRQVLGHU� WKH� UHDFWLRQV� DW� WKH� FRUQHUV� $� DQG� %� %\�

V\PPHWU\�WKDW�DW�$�LV�KRUL]RQWDO DQG�HTXDO�VD\�WR�;��7KH�URG�$%�LV DOVR�DFWHG�

RQ� E\� LWV� ZHLJKW�:� DQG WKH� UHDFWLRQ� DW� %�� 7KH� ODWWHU� PXVW WKHUHIRUH� KDYH� D�

KRUL]RQWDO� FRPSRQHQW ;� DQG� D� YHUWLFDO� FRPSRQHQW :� XSZDUGV�� ,QVHUW� LQ� WKH�

GLDJUDP IRUFHV�DW�%�DFWLQJ�XSRQ�%&�LQ�WKH RSSRVLWH�VHQVHV��7KHQ�E\�WDNLQJ

PRPHQWV�DERXW�%�IRU�WKH�URG�$%� VLQFH�WKH�URG�$%�PDNHV�DQ�DQJOH�?Q ZLWK�WKH�

KRUL]RQWDO��ZH�JHW
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�SIN COS ��	
� � �

8 7

DIWHU�GLYLGLQJ�E\� WKH� OHQJWK�RI� WKH� URG� $JDLQ� LI�7�GHQRWHV� WKH� WHQVLRQ� LQ� WKH�

VWULQJ�ZKLFK�MRLQV�WKH�PLGGOH SRLQWV�RI�%&�DQG�'(��E\�WDNLQJ�PRPHQWV�DERXW�&�

IRU�WKH�URG�%&� ZKLFK�PDNHV�DQ�DQJOH��Q�ZLWK�WKH�KRUL]RQWDO��ZH�JHW

� � � � � �SIN COS COS SIN ��	
� � � � � �
4 7 7 8

DIWHU� GLYLGLQJ� E\� WKH� OHQJWK� RI� WKH� URG� 2Q� VXEVWLWXWLQJ� IRU�;� LQ� WHUPV� RI�:�

IURP������ZH�ILQG�WKDW

�COT � COT
� �

4 7
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� ,I� WZR� IRUFHV� 3� DQG�4� DFW� DW� VXFK� DQ� DQJOH� WKDW� 5 3�� VKRZ WKDW�� LI� 3� EH�

GRXEOHG��WKH�QHZ�UHVXOWDQW�LV�DW�ULJKW�DQJOHV�WR�4�

� 7KH� UHVXOWDQW� RI� WZR� IRUFHV� 3� DQG� 4� DFWLQJ� DW� DQ� DQJOH LV HTXDO� WR

� ��� �	M 0 1 �� ZKHQ� WKH\� DFW� DW� DQ� DQJOH �� �� WKH UHVXOWDQW� LV�

� ��� �	M 0 1 ��SURYH�WKDW
�TAN
�

M
M

� 7KH�UHVXOWDQW�RI�IRUFHV�3�DQG�4�LV�5��LI�4�EH�GRXEOHG�5�LV GRXEOHG��ZKLOVW��LI�

4�EH�UHYHUVHG��5�LV�DJDLQ�GRXEOHG��VKRZ�WKDW � � � � � � �0 1 2

� 7KH� VLGHV� %&� DQG�'$ RI� D� TXDGULODWHUDO�$%&'� DUH� ELVHFWHG LQ� )� DQG�+�

UHVSHFWLYHO\��VKRZ�WKDW�LI�WZR�IRUFHV�SDUDOOHO�DQG�HTXDO�WR $%�DQG�'&�DFW�RQ�D�

SDUWLFOH��WKHQ�WKH�UHVXOWDQW�LV�SDUDOOHO�WR�+)�DQG HTXDO�WR��+)�

� $�VROLG�KHPLVSKHUH�LV�VXSSRUWHG�E\�D�VWULQJ�IL[HG�WR�D�SRLQW RQ�LWV ULP�DQG�WR�

D� SRLQW� RQ� D� VPRRWK� YHUWLFDO� ZDOO� ZLWK� ZKLFK� WKH� FXUYHG� VXUIDFH RI� WKH�

KHPLVSKHUH�LV�LQ�FRQWDFW��,I� � DUH�WKH�LQFOLQDWLRQV�RI�WKH�VWULQJ�DQG WKH�SODQH�

EDVH�RI�WKH�KHPLVSKHUH�WR�WKH�YHUWLFDO��SURYH�WKDW

�TAN TAN
�

� 7KH�VLGHV�$%��%&��&'��DQG�'$�RI�D�TXDGULODWHUDO�$%&'�DUH ELVHFWHG�DW�(��

)��*��DQG + UHVSHFWLYHO\��6KRZ�WKDW�WKH�UHVXOWDQW�RI�WKH IRUFHV�DFWLQJ�DW�D�SRLQW�

ZKLFK�DUH�UHSUHVHQWHG�LQ�PDJQLWXGH�DQG GLUHFWLRQ�E\�(*�DQD +)�LV�UHSUHVHQWHG�

LQ�PDJQLWXGH�DQG�GLUHFWLRQ E\ $&�
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� 7ZR�XQLIRUP�URGV�$%��%&��ULJLGO\�MRLQWHG�DW�%�VR�WKDW�$%&�LV�D�ULJKW�DQJOH��

KDQJ�IUHHO\�LQ�HTXLOLEULXP�IURP�D�IL[HG�SRLQW�DW�$��7KH�OHQJWKV�RI�WKH�URGV�DUH�

A � B DQG�WKHLU�ZHLJKWV�DUH�WA DQGWB ��3URYH� WKDW�� LI�$%�PDNHV�DQ�DQJOH�

ZLWK�WKH�YHUWLFDO� WKHQ � �� TANA AB B

� 7ZR�HTXDO�URGV��$%�DQG�$&��HDFK�RI�OHQJWK��E��DUH�IUHHO\�MRLQWHG�DW�$�DQG�

UHVW� RQ� D� VPRRWK� YHUWLFDO� FLUFOH� RI� UDGLXV� D�� VKRZ� WKDW� LI� � EH� WKH� DQJOH�

EHWZHHQ�WKH�URGV�WKHQ� �SIN COSB A

�:HLJKWV� � ��7 7 DUH�IDVWHQHG�WR�DOLJKW�LQH[WHQVLEOH�VWULQJ�$%&�DW�WKH�SRLQWV�

%��&�WKH�HQG�$�EHLQJ�IL[HG��3URYH�WKDW��LI�D�KRUL]RQWDO�IRUFH�3�LV�DSSOLHG�DW�&�

DQG�LQ�HTXLOLEULXP�$%��%&�DUH�LQFOLQHG�DW�DQJOHV� � WR�WKH�YHUWLFDO�WKHQ�

� � �� 	TAN TAN0 7 7 7

� $�VSKHUH��RI�JLYHQ�ZHLJKW�:��UHVWV�EHWZHHQ�WZR�VPRRWK SODQHV��RQH�YHUWLFDO�

DQG�WKH�RWKHU�LQFOLQHG�DW�D�JLYHQ�DQJOH� WR�WKH YHUWLFDO��ILQG�WKH�UHDFWLRQV�RI�

WKH�SODQHV�

� $�SLFWXUH�IUDPH��UHFWDQJXODU�LQ VKDSH��UHVWV�DJDLQVW�D�VPRRWK YHUWLFDO�ZDOO��

IURP� WZR� SRLQWV� LQ�ZKLFK� LW� LV� VXVSHQGHG� E\� SDUDOOHO VWULQJV� DWWDFKHG� WR� WZR�

SRLQWV� LQ� WKH� XSSHU� HGJH� RI� WKH� EDFN� RI� WKH IUDPH�� WKH� OHQJWK� RI� HDFK� VWULQJ�

EHLQJ�HTXDO�WR�WKH�KHLJKW�RI�WKH IUDPH��6KRZ�WKDW��LI�WKH�FHQWHU�RI�JUDYLW\�RI�WKH�

IUDPH�FRLQFLGH�ZLWK LWV�FHQWHU�RI�ILJXUH��WKH�SLFWXUH�ZLOO�KDQJ�DJDLQVW�WKH�ZDOO�DW�

DQ�DQJOH �TAN
�
B
A
WR�WKH�YHUWLFDO��ZKHUH�D LV�WKH�KHLJKW�DQG�E�WKH�WKLFNQHVV�

RI WKH�SLFWXUH�
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IUDPHZRUN� LV� DQ� DVVHPEO\� RI� EDUV� FRQQHFWHG� E\� KLQJHG� RU�

SLQQHG�MRLQWV�DQG�LQWHQGHG WR�FDUU\�ORDGV�DW�WKH�MRLQWV�RQO\��(DFK�

KLQJH�MRLQW�LV�DVVXPHG�WR�URWDWH�IUHHO\�ZLWKRXW IULFWLRQ� KHQFH�DOO�WKH�EDUV�LQ�WKH�

IUDPH� H[HUW� GLUHFW� IRUFHV� RQO\� DQG�

DUH� WKHUHIRUH� LQ WHQVLRQ� RU�

FRPSUHVVLRQ�� $� WHQVLOH� ORDG� LV�

WDNHQ� DV� SRVLWLYH� DQG� D� PHPEHU�

FDUU\LQJ WHQVLRQ� LV� FDOOHG� D� WLH�� $�

FRPSUHVVLYH� ORDG� LV� QHJDWLYH� DQG� D�PHPEHU� LQ FRPSUHVVLRQ LV� FDOOHG� D� VWUXW��

7KH�EDUV�DUH�XVXDOO\�DVVXPHG�WR�EH� OLJKW�FRPSDUHG�ZLWK� WKH�DSSOLHG ORDGV�� ,Q�

SUDFWLFH� WKH� MRLQWV� RI� D� IUDPHZRUN� PD\� EH� ULYHWHG� RU� ZHOGHG� EXW� WKH� GLUHFW

IRUFHV�DUH�RIWHQ�FDOFXODWHG�DVVXPLQJ�SLQ�MRLQWV��7KLV�DVVXPSWLRQ�JLYHV�YDOXHV�

RI� WHQVLRQ RU� FRPSUHVVLRQ� ZKLFK� DUH� RQ� WKH� VDIH� VLGH� ,Q� RUGHU� WKDW� WKH�

IUDPHZRUN VKDOO�EH�VWLII�DQG�FDSDEOH�RI�FDUU\LQJ�D�ORDG��HDFK�SRUWLRQ�IRUPV�D�

WULDQJOH� WKH� ZKROH� IUDPH� EHLQJ� EXLOW� XS� RI� WULDQJOHV�� 1RWH� WKDW� WKH� ZDOO� DG�

IRUPV�WKH�WKLUG VLGH�RI WKH�WULDQJOH��7KH�IRUFHV�LQ�WKH�PHPEHUV�RI�D�SLQ�MRLQWHG�

VWLII� IUDPH� FDQ EH� REWDLQHG� E\� WKH�PHWKRGV� RI� VWDWLFV�� L�H�� XVLQJ� WULDQJOH� DQG�

SRO\JRQ�RI�IRUFHV� UHVROXWLRQ�RI�IRUFHV�DQG�SULQFLSOH�RI�PRPHQWV��7KH�V\VWHP�

RI�IRUFHV�LQ�VXFK�D�IUDPH LV�VDLG�WR�EH�VWDWLFDOO\�GHWHUPLQDWH�

)UHH�%RG\�'LDJUDPV

6XFFHVVIXO� DSSOLFDWLRQ� RI� WKH� HTXDWLRQV� RI� HTXLOLEULXP� UHTXLUHV� D� FRPSOHWH

VSHFLILFDWLRQ� RI� DOO� WKH� NQRZQ� DQG� XQNQRZQ� H[WHUQDO� IRUFHV� WKDW� DFW� RQ WKH�

ERG\��7KH�EHVW�ZD\�WR�DFFRXQW�IRU�WKHVH�IRUFHV�LV�WR�GUDZ�D�IUHH�ERG\ GLDJUDP��

7KLV�GLDJUDP�LV�D�VNHWFK�RI�WKH�RXWOLQHG�VKDSH�RI�WKH�ERG\��ZKLFK UHSUHVHQWV�LW�

$
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DV�EHLQJ� LVRODWHG�RU� ³IUHH´� IURP� LWV� VXUURXQGLQJV�� L�H��� D� ³IUHH ERG\�´�2Q� WKLV�

VNHWFK� LW� LV� QHFHVVDU\� WR� VKRZ� DOO� WKH� IRUFHV� DQG� FRXSOH PRPHQWV� WKDW� WKH�

VXUURXQGLQJV�H[HUW�RQ�WKH�ERG\�VR�WKDW�WKHVH�HIIHFWV�FDQ EH�DFFRXQWHG�IRU�ZKHQ�

WKH�HTXDWLRQV�RI�HTXLOLEULXP�DUH�DSSOLHG��$ WKRURXJK�XQGHUVWDQGLQJ�RI�KRZ�WR�

GUDZ� D� IUHH�ERG\� GLDJUDP� LV� RI� SULPDU\ LPSRUWDQFH� IRU� VROYLQJ� SUREOHPV� LQ�

PHFKDQLFV�

6XSSRUW�5HDFWLRQV

%HIRUH�SUHVHQWLQJ�D�IRUPDO�SURFHGXUH�DV�WR KRZ�WR�GUDZ�D�IUHH�ERG\�GLDJUDP��

ZH�ZLOO�ILUVW�FRQVLGHU�WKH�YDULRXV�W\SHV RI�UHDFWLRQV�WKDW�RFFXU�DW�VXSSRUWV�DQG�

SRLQWV� RI� FRQWDFW� EHWZHHQ� ERGLHV VXEMHFWHG� WR� FRSODQDU� IRUFH� V\VWHPV�� $V� D

JHQHUDO�UXOH� $�VXSSRUW�SUHYHQWV�WKH�WUDQVODWLRQ�RI�D�ERG\�LQ�D�JLYHQ�GLUHFWLRQ�

E\ H[HUWLQJ�D�IRUFH�RQ� WKH�ERG\�LQ� WKH�RSSRVLWH�GLUHFWLRQ� $�VXSSRUW�SUHYHQWV�

WKH�URWDWLRQ�RI�D�ERG\�LQ�D�JLYHQ�GLUHFWLRQ�E\ H[HUWLQJ�D�FRXSOH�PRPHQW�RQ�WKH�

ERG\� LQ� WKH� RSSRVLWH� GLUHFWLRQ� +HUH�� RWKHU� FRPPRQ� W\SHV� RI� VXSSRUWV� IRU�

ERGLHV� VXEMHFWHG� WR FRSODQDU� IRUFH� V\VWHPV�� �,Q� DOO� FDVHV� WKH� DQJOH� LV�

DVVXPHG�WR�EH�NQRZQ��

� 2QH� XQNQRZQ�� 7KH� UHDFWLRQ� LV� D�

WHQVLRQ�IRUFH�ZKLFK�DFWV DZD\�IURP�WKH

PHPEHU�LQ�WKH�GLUHFWLRQ�RI�WKH�FDEOH�

� 2QH� XQNQRZQ�� 7KH�

UHDFWLRQ� LV� D� IRUFH� ZKLFK�

DFWV� DORQJ WKH� D[LV� RI� WKH�

OLQN�

� 2QH� XQNQRZQ�� 7KH� UHDFWLRQ� LV� D� IRUFH�
ZKLFK� DFWV SHUSHQGLFXODU� WR� WKH� VXUIDFH� DW�
WKH�SRLQW�RI�FRQWDFW�

� 2QH� XQNQRZQ�� 7KH� UHDFWLRQ� LV� D� IRUFH�
ZKLFK� DFWV SHUSHQGLFXODU� WR� WKH� VXUIDFH� DW�
WKH�SRLQW�RI�FRQWDFW�
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� 7ZR� XQNQRZQV�� 7KH�
UHDFWLRQV�DUH�WZR�FRPSRQHQWV�
RI IRUFH�� RU� WKH� PDJQLWXGH�
DQG�GLUHFWLRQ�RI� WKH� UHVXOWDQW
IRUFH�� 1RWH� WKDW� DQG� DUH� QRW�
QHFHVVDULO\� HTXDO� >XVXDOO\

QRW��XQOHVV�WKH�URG�VKRZQ�LV�D�OLQN�DV�LQ����@�

� 2QH� XQNQRZQ�� 7KH�
UHDFWLRQ�LV�D�IRUFH�ZKLFK�DFWV
SHUSHQGLFXODU�WR�WKH�VORW�

� 2QH� XQNQRZQ�� 7KH�
UHDFWLRQ�LV�D�IRUFH�ZKLFK�
DFWV SHUSHQGLFXODU�WR�WKH�
URG�

� 2QH�XQNQRZQ��7KH� UHDFWLRQ� LV� D� IRUFH�
ZKLFK�DFWV SHUSHQGLFXODU�WR�WKH�VXUIDFH�DW�
WKH�SRLQW�RI�FRQWDFW�

� 7KUHH� XQNQRZQV�� 7KH�
UHDFWLRQV� DUH� WKH� FRXSOH�
PRPHQW DQG� WKH� WZR� IRUFH�
FRPSRQHQWV�� RU� WKH� FRXSOH�
PRPHQW�DQG WKH�PDJQLWXGH�DQG�
GLUHFWLRQ�RI�WKH�UHVXOWDQW�IRUFH�

� 7ZR� XQNQRZQV�� 7KH� UHDFWLRQV�
DUH� WKH� FRXSOH� PRPHQW DQG� WKH�
IRUFH� ZKLFK� DFWV� SHUSHQGLFXODU� WR�
WKH�URG�
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$�75866

$�WUXVV�LV�D�VWUXFWXUH�FRPSRVHG�RI�VOHQGHU�PHPEHUV�MRLQHG�WRJHWKHU�DW WKHLU�HQG�

SRLQWV��7KH�PHPEHUV�FRPPRQO\�XVHG�LQ�FRQVWUXFWLRQ�FRQVLVW RI�ZRRGHQ�VWUXWV�

RU�PHWDO� EDUV�� ,Q� SDUWLFXODU�� SODQDU� WUXVVHV� OLH� LQ� D VLQJOH� SODQH� DQG�DUH� RIWHQ�

XVHG�WR�VXSSRUW�URRIV�DQG�EULGJHV��7KH�WUXVV VKRZQ�LQ�WKH�ILJXUH LV�DQ�H[DPSOH�

RI�D�W\SLFDO�URRI�VXSSRUWLQJ�WUXVV��,Q WKLV�ILJXUH��WKH�URRI�ORDG�LV�WUDQVPLWWHG�WR�

WKH�WUXVV�DW�WKH�MRLQWV�E\ PHDQV�RI�D�VHULHV�RI�SXUOLQV��6LQFH�WKLV�ORDGLQJ�DFWV�LQ�

WKH� VDPH�SODQH DV� WKH� WUXVV�� WKH� DQDO\VLV� RI� WKH� IRUFHV� GHYHORSHG� LQ� WKH� WUXVV

PHPEHUV�ZLOO�EH�WZR�GLPHQVLRQDO

7R�GHVLJQ�ERWK� WKH�PHPEHUV�DQG� WKH

FRQQHFWLRQV�RI�D�WUXVV��LW�LV�QHFHVVDU\�

ILUVW�WR�GHWHUPLQH�WKH�IRUFH GHYHORSHG�

LQ� HDFK� PHPEHU� ZKHQ� WKH� WUXVV� LV�

VXEMHFWHG� WR� D� JLYHQ� ORDGLQJ� 7R� GR�

WKLV�ZH�ZLOO�PDNH�WZR�LPSRUWDQW�DVVXPSWLRQV�

� $OO� ORDGLQJV� DUH� DSSOLHG� DW� WKH� MRLQWV�� ,Q� PRVW� VLWXDWLRQV�� VXFK� DV IRU�

EULGJH� DQG� URRI� WUXVVHV�� WKLV� DVVXPSWLRQ� LV� WUXH��)UHTXHQWO\� WKH ZHLJKW�RI� WKH�

PHPEHUV�LV�QHJOHFWHG�EHFDXVH�WKH�IRUFH�VXSSRUWHG�E\ HDFK�PHPEHU�LV�XVXDOO\�

PXFK� ODUJHU� WKDQ� LWV�ZHLJKW��+RZHYHU�� LI� WKH ZHLJKW� LV� WR� EH� LQFOXGHG� LQ� WKH�

DQDO\VLV��LW�LV�JHQHUDOO\�VDWLVIDFWRU\�WR DSSO\�LW�DV�D�YHUWLFDO�IRUFH��ZLWK�KDOI�RI�

LWV�PDJQLWXGH�DSSOLHG�DW�HDFK HQG�RI�WKH�PHPEHU�

�7KH�PHPEHUV� DUH� MRLQHG� WRJHWKHU� E\� VPRRWK�SLQV��7KH�

MRLQW�FRQQHFWLRQV DUH�XVXDOO\�IRUPHG�E\�EROWLQJ�RU�ZHOGLQJ�WKH�

HQGV�RI�WKH�PHPEHUV�WR�D FRPPRQ�SODWH��FDOOHG�D�JXVVHW�SODWH��

DV�VKRZQ�LQ�WKH�ILJXUH��RU�E\�VLPSO\ SDVVLQJ�D�ODUJH�EROW�RU�SLQ�

WKURXJK�HDFK�RI�WKH�PHPEHUV��DV�VKRZQ��:H FDQ�DVVXPH�WKHVH�

FRQQHFWLRQV�DFW�DV�SLQV�SURYLGHG�WKH�FHQWHU�OLQHV�RI WKH�MRLQLQJ�

PHPEHUV�DUH�FRQFXUUHQW��DV�VKRZQ�
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%HFDXVH�RI�WKHVH�WZR�DVVXPSWLRQV��HDFK�WUXVV�PHPEHU�ZLOO�DFW�

DV�D�WZR IRUFH PHPEHU��DQG�WKHUHIRUH�WKH�IRUFH�DFWLQJ�DW�HDFK�

HQG� RI� WKH� PHPEHU ZLOO� EH� GLUHFWHG� DORQJ� WKH� D[LV� RI� WKH�

PHPEHU�� ,I� WKH� IRUFH� WHQGV� WR� HORQJDWH WKH� PHPEHU�� LW� LV� D�

WHQVLOH�IRUFH �7���DV�LQ�WKH�ILJXUH��ZKHUHDV�LI�LW�WHQGV�WR�VKRUWHQ

WKH�PHPEHU�� LW� LV� D� FRPSUHVVLYH� IRUFH �&��� )LJ�� �±�E�� ,Q� WKH�

DFWXDO� GHVLJQ� RI D� WUXVV� LW� LV� LPSRUWDQW� WR� VWDWH� ZKHWKHU� WKH�

QDWXUH� RI� WKH� IRUFH� LV� WHQVLOH� RU FRPSUHVVLYH�� 2IWHQ�� FRPSUHVVLRQ� PHPEHUV�

PXVW�EH�PDGH�WKLFNHU�WKDQ WHQVLRQ�PHPEHUV�EHFDXVH�RI�WKH�EXFNOLQJ�RU�FROXPQ�

HIIHFW�WKDW�RFFXUV ZKHQ�D�PHPEHU�LV�LQ�FRPSUHVVLRQ�

6LPSOH�7UXVV

,I� WKUHH�PHPEHUV�DUH�SLQ�FRQQHFWHG�DW� WKHLU�HQGV� WKH\�IRUP�D� WULDQJXODU� WUXVV�

WKDW� ZLOO� EH� ULJLG�� DV� VKRZQ�� $WWDFKLQJ� WZR PRUH� PHPEHUV� DQG� FRQQHFWLQJ�

WKHVH�PHPEHUV�WR�D�QHZ�MRLQW�'�IRUPV�D ODUJHU�WUXVV��DV�VKRZQ��7KLV�SURFHGXUH�

FDQ�EH�UHSHDWHG�DV�PDQ\�WLPHV�DV GHVLUHG�WR�IRUP�DQ�HYHQ�ODUJHU�WUXVV��,I�D�WUXVV�

FDQ� EH� FRQVWUXFWHG� E\ H[SDQGLQJ� WKH� EDVLF� WULDQJXODU� WUXVV� LQ� WKLV� ZD\�� LW� LV�

FDOOHG� D� VLPSOH� WUXVV� 7KH� EDVLF� HTXDWLRQ� EHWZHHQ� QXPEHUV� RI�PHPEHUV� RI� D�

WUXVV�M DQG�QXPEHUV�RI�MRLQWV N VR�WKDW� � �M N

7KH�0HWKRG�RI�-RLQWV

,Q�RUGHU�WR�DQDO\]H�RU�GHVLJQ�D�WUXVV�� LW�LV�QHFHVVDU\�WR�GHWHUPLQH�WKH� IRUFH LQ�

HDFK�RI� LWV�PHPEHUV��2QH�ZD\� WR�GR� WKLV� LV� WR�XVH� WKH�PHWKRG�RI� MRLQWV� 7KLV�

PHWKRG�LV�EDVHG�RQ�WKH�IDFW�WKDW�LI�WKH�HQWLUH�WUXVV�LV�LQ�HTXLOLEULXP� WKHQ�HDFK�

RI�LWV�MRLQWV�LV�DOVR�LQ�HTXLOLEULXP��7KHUHIRUH��LI�WKH�IUHH�ERG\ GLDJUDP�RI�HDFK�

MRLQW� LV�GUDZQ��WKH�IRUFH�HTXLOLEULXP�HTXDWLRQV�FDQ� WKHQ�EH XVHG� WR�REWDLQ�WKH�
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PHPEHU� IRUFHV� DFWLQJ� RQ� HDFK� MRLQW�� 6LQFH� WKH�PHPEHUV RI� D� SODQH� WUXVV� DUH�

VWUDLJKW�WZR�IRUFH�PHPEHUV�O\LQJ�LQ�D�VLQJOH�SODQH��HDFK MRLQW�LV�VXEMHFWHG�WR�D�

IRUFH�V\VWHP�WKDW�LV�FRSODQDU�DQG�FRQFXUUHQW��$V�D UHVXOW��RQO\� �X& DQG�

�Y& DUH QHHG�WR�EH�VDWLVILHG�IRU�HTXLOLEULXP�

:KHQ� XVLQJ� WKH�PHWKRG� RI� MRLQWV�� DOZD\V� VWDUW� DW� D� MRLQW� KDYLQJ� DW� OHDVW RQH�

NQRZQ� IRUFH� DQG� DW� PRVW� WZR� XQNQRZQ� IRUFHV�� ,Q� WKLV ZD\�� DSSOLFDWLRQ� RI�

�X& DQG� �Y& \LHOGV�WZR�DOJHEUDLF�HTXDWLRQV ZKLFK�FDQ�EH�VROYHG�

IRU�WKH�WZR�XQNQRZQV��:KHQ�DSSO\LQJ�WKHVH HTXDWLRQV��WKH�FRUUHFW�VHQVH�RI�DQ�

XQNQRZQ�PHPEHU�IRUFH�FDQ�EH GHWHUPLQHG�XVLQJ�RQH�RI�WZR�SRVVLEOH�PHWKRGV�

� 7KH�FRUUHFW�VHQVH�RI�GLUHFWLRQ�RI�DQ�XQNQRZQ�PHPEHU�IRUFH�FDQ��LQ PDQ\�

FDVHV��EH�GHWHUPLQHG�³E\�LQVSHFWLRQ�´�,Q�PRUH�FRPSOLFDWHG�FDVHV��WKH VHQVH�RI�

DQ� XQNQRZQ� PHPEHU� IRUFH� FDQ� EH� DVVXPHG�� WKHQ�� DIWHU DSSO\LQJ� WKH�

HTXLOLEULXP�HTXDWLRQV�� WKH�DVVXPHG� VHQVH� FDQ�EH YHULILHG� IURP� WKH�QXPHULFDO�

UHVXOWV��$�SRVLWLYH�DQVZHU�LQGLFDWHV WKDW�WKH�VHQVH�LV�FRUUHFW��ZKHUHDV�D�QHJDWLYH�

DQVZHU� LQGLFDWHV� WKDW WKH� VHQVH� VKRZQ� RQ� WKH� IUHH�ERG\� GLDJUDP� PXVW� EH�

UHYHUVHG�

� $OZD\V�DVVXPH�WKH�XQNQRZQ�PHPEHU�IRUFHV�DFWLQJ�RQ�WKH�MRLQW¶V IUHH�ERG\�

GLDJUDP�WR�EH�LQ�WHQVLRQ��L�H���WKH�IRUFHV�³SXOO´�RQ�WKH�SLQ� ,I�WKLV�LV�GRQH��WKHQ�

QXPHULFDO�VROXWLRQ�RI� WKH�HTXLOLEULXP�HTXDWLRQV ZLOO�\LHOG�SRVLWLYH�VFDODUV� IRU�

PHPEHUV�LQ�WHQVLRQ�DQG�QHJDWLYH�VFDODUV IRU�PHPEHUV�LQ�FRPSUHVVLRQ��2QFH�DQ�

XQNQRZQ�PHPEHU�IRUFH�LV IRXQG��XVH�LWV�FRUUHFW�PDJQLWXGH�DQG�VHQVH��7�RU�&��

RQ�VXEVHTXHQW MRLQW�IUHH�ERG\�GLDJUDPV�

=HUR�)RUFH�0HPEHUV

7UXVV�DQDO\VLV�XVLQJ� WKH�PHWKRG�RI� MRLQWV� LV�JUHDWO\� VLPSOLILHG� LI ZH�FDQ� ILUVW

LGHQWLI\� WKRVH�PHPEHUV�ZKLFK�VXSSRUW�QR�ORDGLQJ��7KHVH�]HUR�IRUFH PHPEHUV�

DUH�XVHG�WR�LQFUHDVH�WKH�VWDELOLW\�RI�WKH�WUXVV�GXULQJ�FRQVWUXFWLRQ DQG�WR�SURYLGH�

DGGHG�VXSSRUW�LI�WKH�ORDGLQJ�LV�FKDQJHG� 7KH�]HUR�IRUFH�PHPEHUV�RI�D�WUXVV�FDQ�

JHQHUDOO\�EH�IRXQG�E\�LQVSHFWLRQ�RI HDFK�RI�WKH�MRLQWV��
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7KH�0HWKRG�RI�6HFWLRQV

:KHQ�ZH� QHHG� WR� ILQG� WKH� IRUFH� LQ� RQO\� D� IHZ�PHPEHUV� RI� D� WUXVV�� ZH� FDQ

DQDO\]H�WKH�WUXVV�XVLQJ�WKH�PHWKRG�RI�VHFWLRQV��,W�LV�EDVHG�RQ�WKH�SULQFLSOH WKDW�

LI� WKH� WUXVV� LV� LQ� HTXLOLEULXP� WKHQ� DQ\� VHJPHQW� RI� WKH� WUXVV� LV� DOVR� LQ

HTXLOLEULXP�� :KHQ� DSSO\LQJ� WKH� HTXLOLEULXP� HTXDWLRQV�� ZH� VKRXOG� FDUHIXOO\�

FRQVLGHU ZD\V�RI�ZULWLQJ�WKH�HTXDWLRQV�VR�DV�WR�\LHOG�D�GLUHFW�VROXWLRQ�IRU�HDFK�

RI WKH� XQNQRZQV�� UDWKHU� WKDQ� KDYLQJ� WR� VROYH� VLPXOWDQHRXV� HTXDWLRQV�� 7KLV�

DELOLW\�WR�GHWHUPLQH�GLUHFWO\�WKH�IRUFH�LQ�D�SDUWLFXODU WUXVV�PHPEHU�LV�RQH�RI�WKH�

PDLQ�DGYDQWDJHV�RI�XVLQJ�WKH�PHWKRG�RI VHFWLRQV

6SDFH�7UXVVHV

$�VSDFH� WUXVV�FRQVLVWV�RI�PHPEHUV� MRLQHG� WRJHWKHU�DW� WKHLU�

HQGV� WR� IRUP� D VWDEOH� WKUHH�GLPHQVLRQDO� VWUXFWXUH�� 7KH�

VLPSOHVW� IRUP�RI�D� VSDFH� WUXVV� LV�D WHWUDKHGURQ�� IRUPHG�E\�

FRQQHFWLQJ�VL[�PHPEHUV�WRJHWKHU��DV�VKRZQ��$Q\�DGGLWLRQDO�

PHPEHUV�DGGHG�WR�WKLV�EDVLF�HOHPHQW�ZRXOG�EH UHGXQGDQW�LQ�

VXSSRUWLQJ� WKH� IRUFH� 3��$� VLPSOH� VSDFH� WUXVV� FDQ EH� EXLOW�

IURP WKLV�EDVLF�WHWUDKHGUDO�HOHPHQW�E\�DGGLQJ�WKUHH�DGGLWLRQDO�PHPEHUV�DQG�D

MRLQW�� DQG� FRQWLQXLQJ� LQ� WKLV� PDQQHU� WR� IRUP� D� V\VWHP� RI� PXOWL FRQQHFWHG

WHWUDKHGURQV� $VVXPSWLRQV�IRU�'HVLJQ��7KH�PHPEHUV�RI�D�VSDFH� WUXVV�PD\�EH

WUHDWHG� DV� WZR�IRUFH�PHPEHUV� SURYLGHG� WKH� H[WHUQDO� ORDGLQJ� LV� DSSOLHG� DW WKH�

MRLQWV�DQG�WKH�MRLQWV�FRQVLVW�RI�EDOO�DQG�VRFNHW�FRQQHFWLRQV��7KHVH DVVXPSWLRQV�

DUH� MXVWLILHG� LI� WKH� ZHOGHG� RU� EROWHG� FRQQHFWLRQV� RI� WKH MRLQHG� PHPEHUV�

LQWHUVHFW�DW�D�FRPPRQ�SRLQW�DQG�WKH�ZHLJKW�RI�WKH PHPEHUV�FDQ�EH�QHJOHFWHG��

,Q�FDVHV�ZKHUH�WKH�ZHLJKW�RI�D�PHPEHU�LV� WR EH�LQFOXGHG�LQ�WKH�DQDO\VLV�� LW� LV�

JHQHUDOO\� VDWLVIDFWRU\� WR� DSSO\� LW� DV� D YHUWLFDO� IRUFH�� KDOI� RI� LWV� PDJQLWXGH�

DSSOLHG�DW�HDFK�HQG�RI�WKH�PHPEHU�
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([DPSOHV,OOXVWUDWLYH

(;$03/( �

'UDZ�WKH�IUHH�ERG\�GLDJUDP�RI�WKH�REMHFW DV�VKRZQ�

62/87,21

)UHH�%RG\� 'LDJUDP�� 7KH� VXSSRUWV� DUH�

UHPRYHG�� DQG� WKH� IUHH�ERG\ GLDJUDP� RI� WKH�

EHDP�LV�VKRZQ�LQ�WKH�ILJXUH�EHORZ��6LQFH�WKH�

VXSSRUW� DW� $� LV� SLQ�� WKH� SLQ H[HUWV� WZR

UHDFWLRQV�RQ�WKH�EHDP��GHQRWHG�DV� X! DQG� Y! ��

7KH� PDJQLWXGHV� RI� WKHVH� UHDFWLRQV� DUH�

XQNQRZQ�� DQG� WKHLU� VHQVH� KDV� EHHQ� DVVXPHG��

7KH�ZHLJKW� RI� WKH� EHDP��7 1�� DFWV� WKURXJK� WKH� EHDP¶V� FHQWHU� RI� JUDYLW\�*�

ZKLFK�LV���� P�IURP�$�VLQFH�WKH�EHDP�LV�XQLIRUP� 7KH�WHQVLRQ�LQ�WKH�VWULQJ� DV�

LOOXVWUDWHG�

(;$03/( �

'UDZ�WKH�IUHH�ERG\�GLDJUDP�RI�WKH�XQLIRUP�EHDP�VKRZQ�

LQ�WKH�ILJXUH� 7KH�EHDP�KDV�D�PDVV�RI�����NJ�

62/87,21

7KH� IUHH�ERG\� GLDJUDP� RI� WKH� EHDP� LV� VKRZQ� LQ� ILJXUH� EHKLQG�� 6LQFH� WKH�

VXSSRUW�DW�$�LV�IL[HG�� WKH�ZDOO�H[HUWV� WKUHH� UHDFWLRQV�RQ� WKH�EHDP��GHQRWHG�DV

�X! Y! DQG� !- ��7KH�PDJQLWXGHV�RI�WKHVH�UHDFWLRQV�DUH�XQNQRZQ��DQG�WKHLU�

VHQVH�KDV�EHHQ�DVVXPHG��7KH�ZHLJKW�RI�WKH�EHDP��:  �����������1� �����1��

DFWV� WKURXJK� WKH� EHDP¶V� FHQWHU� RI� JUDYLW\�*� ZKLFK� LV� ��P� IURP�$� VLQFH� WKH�

EHDP�LV�XQLIRUP�
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(;$03/( �

'HWHUPLQH� WKH� KRUL]RQWDO� DQG� YHUWLFDO�

FRPSRQHQWV� RI� UHDFWLRQ� RQ� WKH EHDP�

FDXVHG�E\�WKH�SLQ�DW�%�DQG�WKH�URFNHU�DW�$�

DV�VKRZQ� 1HJOHFW�WKH�ZHLJKW�RI�WKH�EHDP�

62/87,21

7KH� VXSSRUWV� DUH� UHPRYHG�� DQG� WKH� IUHH�ERG\

GLDJUDP� RI� WKH� EHDP� LV� VKRZQ� LQ� ILJXUH�

EHVLGHV�� )RU VLPSOLFLW\�� WKH� ����1� IRUFH� LV�

UHSUHVHQWHG� E\� LWV� X DQG� Y FRPSRQHQWV� DV

VKRZQ�

(TXDWLRQV�RI�(TXLOLEULXP��

6XPPLQJ�IRUFHV�LQ�WKH�X GLUHFWLRQ�\LHOGV

�� ���COS�� �� ��� .X XX& " "

$�GLUHFW�VROXWLRQ�IRU� Y! FDQ�EH�REWDLQHG�E\�DSSO\LQJ�WKH�PRPHQW

HTXDWLRQ� �"- DERXW�SRLQW�%�

�� �����	 ���SIN ����	 ���COS ������	 ��	 �
��� .
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6XPPLQJ�IRUFHV�LQ�WKH�\�GLUHFWLRQ��XVLQJ�WKLV�UHVXOW��JLYHV

�� ��� ���SIN �� ��� ��� �� ���Y YY& " "

127(��5HPHPEHU�� WKH�VXSSRUW�IRUFHV� LQ� WKH�ILJXUH DUH� WKH�UHVXOW�RI SLQV� WKDW�

DFW�RQ�WKH�EHDP��7KH�RSSRVLWH�IRUFHV�DFW�RQ�WKH�SLQV

(;$03/( �

'HWHUPLQH�WKH�VXSSRUW�UHDFWLRQV�RQ�WKH�PHPEHU�LQ�

WKH�ILJXUH��7KH FROODU�DW�$�LV�IL[HG�WR�WKH�PHPEHU�

DQG�FDQ�VOLGH�YHUWLFDOO\�DORQJ�WKH YHUWLFDO�VKDIW�
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62/87,21

)UHH�%RG\� 'LDJUDP� 5HPRYLQJ� WKH�

VXSSRUWV�� WKH� IUHH�ERG\� GLDJUDP RI� WKH�

PHPEHU� LV� VKRZQ�� 7KH� FROODU� H[HUWV� D�

KRUL]RQWDO IRUFH� X! DQG�PRPHQW� !- RQ�

WKH�PHPEHU��7KH�UHDFWLRQ� ". RI�WKH�UROOHU

RQ�WKH�PHPEHU�LV YHUWLFDO�

(TXDWLRQV�RI�(TXLOLEULXP��7KH�IRUFHV� X! DQG� ". FDQ�EH�GHWHUPLQHG GLUHFWO\�

IURP�WKH�IRUFH�HTXDWLRQV�RI�HTXLOLEULXP�

�� �
�� ��� � ��� .

XX

" "Y

& !
& . .

7KH�PRPHQW� !- FDQ�EH�GHWHUPLQHG�E\�VXPPLQJ�PRPHQWV�HLWKHU DERXW�SRLQW�

$�RU�SRLQW�%�

�� ��� ��������	 ��	COS ��	 �
���� .
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!
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RU�%

�� ��������	 ��	COS ��	 ��� �
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!
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7KH�QHJDWLYH�VLJQ�LQGLFDWHV�WKDW� !- KDV�WKH�RSSRVLWH VHQVH RI�URWDWLRQ WR�WKDW�

VKRZQ�RQ�WKH�IUHH�ERG\�GLDJUDP�

(;$03/( �

'HWHUPLQH�WKH�IRUFH�LQ�HDFK�PHPEHU�RI�WKH�WUXVV DV VKRZQ�

DQG� LQGLFDWH� ZKHWKHU� WKH� PHPEHUV� DUH� LQ� WHQVLRQ� RU�

FRPSUHVVLRQ�

62/87,21

6LQFH�ZH� VKRXOG� KDYH� QR�PRUH� WKDQ� WZR� XQNQRZQ� IRUFHV� DW� WKH� MRLQW DQG� DW�

OHDVW�RQH�NQRZQ�IRUFH�DFWLQJ�WKHUH��ZH�ZLOO�EHJLQ�RXU�DQDO\VLV�DW MRLQW�%�
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-RLQW� %� 7KH� IUHH�ERG\� GLDJUDP� RI� WKH� MRLQW� DW� %� LV� VKRZQ�

$SSO\LQJ�WKH�HTXDWLRQV�RI�HTXLOLEULXP��ZH�KDYH

�� ��� SIN �� � ����� .
�� COS �� � ��� .

"# "#X
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6LQFH�WKH�IRUFH�LQ�PHPEHU�%&�KDV�EHHQ�FDOFXODWHG��ZH�FDQ�SURFHHG�

WR DQDO\]H� MRLQW�&� WR� GHWHUPLQH� WKH� IRUFH� LQ�PHPEHU�&$� DQG� WKH�

VXSSRUW UHDFWLRQ�DW�WKH�URFNHU�

-RLQW�&� )URP� WKH� IUHH�ERG\�GLDJUDP�RI� MRLQW�&�� DV� VKRZQ��ZH�

KDYH

�� �����COS �� � ��� .
�� �����SIN �� � ��� .
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-RLQW�$� $OWKRXJK�LW�LV�QRW�QHFHVVDU\��ZH�FDQ�GHWHUPLQH�WKH

FRPSRQHQWV�RI�WKH�VXSSRUW�UHDFWLRQV�DW�MRLQW�$�XVLQJ�WKH�UHVXOWV�

RI� #!& DQG "!& ��)URP�WKH�IUHH�ERG\�GLDJUDP��ZH�KDYH

�� ��� � ��� .
�� ��� � ��� .
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127(��7KH� UHVXOWV� RI� WKH� DQDO\VLV� DUH� VXPPDUL]HG� LQ� ODVW�

ILJXUH��1RWH WKDW�WKH�IUHH�ERG\�GLDJUDP�RI�HDFK�MRLQW��RU�SLQ��

VKRZV�WKH�HIIHFWV�RI DOO�WKH�FRQQHFWHG�PHPEHUV�DQG�H[WHUQDO�

IRUFHV�DSSOLHG�WR�WKH�MRLQW� ZKHUHDV�WKH�IUHH�ERG\�GLDJUDP�RI�

HDFK�PHPEHU�VKRZV�RQO\�WKH�HIIHFWV RI�WKH�HQG�MRLQWV�RQ�WKH�

PHPEHU�

(;$03/( �

'HWHUPLQH�WKH�IRUFH�LQ�HDFK�PHPEHU�RI�WKH�WUXVV�VKRZQ�LQ�

WKH�ILJXUH� ,QGLFDWH�ZKHWKHU�WKH�PHPEHUV�DUH�LQ�WHQVLRQ�RU�

FRPSUHVVLRQ

62/87,21
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6XSSRUW� 5HDFWLRQV�� 1R� MRLQW� FDQ� EH� DQDO\]HG� XQWLO� WKH�

VXSSRUW UHDFWLRQV�DUH�GHWHUPLQHG��EHFDXVH�HDFK�MRLQW�KDV�DW

OHDVW� WKUHH XQNQRZQ� IRUFHV� DFWLQJ� RQ� LW�� $� IUHH�ERG\�

GLDJUDP�RI�WKH�HQWLUH�WUXVV�LV JLYHQ�LQ�WKH�ILJXUH��$SSO\LQJ�

WKH�HTXDWLRQV�RI�HTXLOLEULXP��ZH�KDYH

�� ��� � ��� .
�� ��� ��� � ��� .
�� ��	 �����	 �����	 � ��� .
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7KH�DQDO\VLV�FDQ�QRZ�VWDUW�DW�HLWKHU�MRLQW�$�RU�&��7KH�FKRLFH� LV�

DUELWUDU\ VLQFH� WKHUH�DUH�RQH�NQRZQ�DQG� WZR�XQNQRZQ�PHPEHU�

IRUFHV�DFWLQJ�RQ WKH�SLQ�DW�HDFK�RI�WKHVH�MRLQWV�

-RLQW�$� $V�VKRZQ�RQ�WKH�IUHH�ERG\�GLDJUDP�� !"& LV DVVXPHG�

WR�EH�FRPSUHVVLYH�DQG� !$& LV�WHQVLOH��$SSO\LQJ�WKH�HTXDWLRQV RI�

HTXLOLEULXP��ZH�KDYH

��� ��� � ��� .
�
��� ����	 � ��� .
�
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!$ !$X
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-RLQW�'� 8VLQJ� WKH� UHVXOW� IRU� !$& DQG�VXPPLQJ� IRUFHV� LQ

WKH�KRUL]RQWDO�GLUHFWLRQ��ZH�KDYH

��� ��� ��� � ��� .
� $" $"X& & &

7KH� QHJDWLYH� VLJQ� LQGLFDWHV� WKDW� $"& DFWV� LQ� WKH� RSSRVLWH�

VHQVH WR� WKDW VXSSRVHG� 7R� GHWHUPLQH $#& �� ZH� FDQ� HLWKHU�

FRUUHFW�WKH�VHQVH�RI� $"& RQ�WKH�IUHH ERG\ GLDJUDP��DQG�WKHQ�
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DSSO\ �Y& ��RU�DSSO\�WKLV�HTXDWLRQ�DQG UHWDLQ�WKH�QHJDWLYH�VLJQ�IRU� $"& ��L�H��
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127(��7KH�DQDO\VLV�LV�VXPPDUL]HG�LQ�

ODVW�ILJXUH��ZKLFK�VKRZV�WKH�IUHH ERG\

GLDJUDP�IRU�HDFK�MRLQW�DQG�PHPEHU�

(;$03/( �

'HWHUPLQH�WKH�IRUFH�LQ�PHPEHUV�*(��*&��DQG�%&

RI�WKH�WUXVV�VKRZQ LQ�WKH�ILJXUH��,QGLFDWH�ZKHWKHU�

WKH�PHPEHUV�DUH�LQ�WHQVLRQ�RU FRPSUHVVLRQ�

62/87,21

6HFWLRQ�DD LQ�WKH�ILJXUH�KDV�EHHQ�FKRVHQ�VLQFH�LW�FXWV�

WKURXJK� WKH� WKUHH PHPEHUV�ZKRVH� IRUFHV� DUH� WR� EH�

GHWHUPLQHG�� ,Q�RUGHU� WR�XVH� WKH PHWKRG�RI� VHFWLRQV��

KRZHYHU�� LW� LV� ILUVW� QHFHVVDU\� WR� GHWHUPLQH WKH�

H[WHUQDO� UHDFWLRQV� DW� $� RU� '�� :K\"� $� IUHH�ERG\�

GLDJUDP�RI WKH�HQWLUH�WUXVV�LV�VKRZQ�LQ�VHFRQG�ILJXUH� $SSO\LQJ�WKH�HTXDWLRQV�

RI HTXLOLEULXP��ZH�KDYH

�� ��� � ��� .
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)RU�WKH�DQDO\VLV�WKH�IUHH�ERG\�GLDJUDP�RI�WKH OHIW�SRUWLRQ�

RI� WKH� VHFWLRQHG� WUXVV�ZLOO� EH� XVHG�� VLQFH� LW� LQYROYHV� WKH�

OHDVW QXPEHU�RI�IRUFHV� 6XPPLQJ�PRPHQWV�DERXW�SRLQW�*

HOLPLQDWHV� '%& DQG '#& \LHOGV�D�GLUHFW�VROXWLRQ�IRU "#& �

�� �����	 �����	 ��	 � ��� .' "# "#- & &

,Q� WKH� VDPH�PDQQHU�� E\� VXPPLQJ�PRPHQWV� DERXW�SRLQW�&�ZH�REWDLQ D�GLUHFW�

VROXWLRQ�IRU '%& �

�� �����	 ��	 � ��� .# '% '%- & &

6LQFH� "#& DQG� '%& KDYH� QR� YHUWLFDO� FRPSRQHQWV�� VXPPLQJ� IRUFHV� LQ WKH� Y

GLUHFWLRQ�GLUHFWO\�\LHOGV '#& ��L�H��

��� ��� � ��� .
� '# '#Y& & &

127(��+HUH�LW�LV�SRVVLEOH�WR�WHOO��E\�LQVSHFWLRQ��WKH�SURSHU�GLUHFWLRQ�IRU HDFK�

XQNQRZQ� PHPEHU� IRUFH�� )RU� H[DPSOH�� �#- UHTXLUHV� '%& WR EH�

FRPSUHVVLYH�EHFDXVH�LW�PXVW�EDODQFH�WKH�PRPHQW�RI�WKH�����1 IRUFH�DERXW�&�

(;$03/( �

'HWHUPLQH�WKH�IRUFH�LQ�PHPEHU�(%�RI�WKH�URRI�

WUXVV� VKRZQ� LQ� WKH� ILJXUH� ,QGLFDWH� ZKHWKHU�

WKH�PHPEHU�LV�LQ�WHQVLRQ�RU�FRPSUHVVLRQ�

62/87,21

)UHH�%RG\�'LDJUDPV��%\�WKH�PHWKRG�RI�

VHFWLRQV�� DQ\� LPDJLQDU\ VHFWLRQ� WKDW�

FXWV� WKURXJK� (%�� DV� VKRZQ�� ZLOO� DOVR�

KDYH� WR� FXW� WKURXJK WKUHH� RWKHU�

PHPEHUV� IRU� ZKLFK� WKH� IRUFHV� DUH�

XQNQRZQ��)RU�H[DPSOH� VHFWLRQ�DD�FXWV�
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WKURXJK�('��(%��)%�� DQG�$%�� ,I� D� IUHH�ERG\�GLDJUDP�RI WKH� OHIW� VLGH� RI� WKLV�

VHFWLRQ� LV� FRQVLGHUHG�� LW� LV� SRVVLEOH� WR REWDLQ� %$& E\�

VXPPLQJ�PRPHQWV�DERXW�%�WR�HOLPLQDWH�WKH�RWKHU�WKUHH

XQNQRZQV�� KRZHYHU�� %"& FDQQRW� EH� GHWHUPLQHG� IURP�

WKH�UHPDLQLQJ�WZR HTXLOLEULXP�HTXDWLRQV��2QH�SRVVLEOH�

ZD\� RI� REWDLQLQJ� %"& LV� ILUVW� WR GHWHUPLQH� %$& IURP�

VHFWLRQ�DD��WKHQ�XVH�WKLV�UHVXOW�RQ�VHFWLRQ�EE� ZKLFK�LV�

VKRZQ�LQ�WKH�ILJXUH��+HUH�WKH�IRUFH�V\VWHP�LV FRQFXUUHQW�DQG�RXU�VHFWLRQHG�IUHH�

ERG\�GLDJUDP�LV�WKH�VDPH�DV�WKH IUHH�ERG\�GLDJUDP�IRU�WKH�MRLQW�DW�(� ,Q�RUGHU�

WR� GHWHUPLQH� WKH�PRPHQW� RI %$& DERXW� SRLQW�%��ZH�ZLOO� XVH� WKH�SULQFLSOH� RI�

WUDQVPLVVLELOLW\ DQG� VOLGH� WKH� IRUFH� WR� SRLQW� &� DQG� WKHQ� UHVROYH� LW� LQWR� LWV�

UHFWDQJXODU FRPSRQHQWV�DV�VKRZQ��7KHUHIRUH�

�� ������	 ������	 ������	 SIN ����	 �
���� .
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& &RQVLGHULQJ�

QRZ�WKH�IUHH�ERG\�GLDJUDP�RI�VHFWLRQ�EE��ZH�KDYH
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(;$03/( �

'HWHUPLQH� WKH� IRUFHV�DFWLQJ� LQ� WKH�PHPEHUV�RI� WKH�

VSDFH� WUXVV� VKRZQ LQ� WKH� ILJXUH�� ,QGLFDWH� ZKHWKHU�

WKH�PHPEHUV�DUH�LQ�WHQVLRQ�RU FRPSUHVVLRQ�

62/87,21

6LQFH�WKHUH�DUH�RQH�NQRZQ�IRUFH�DQG�WKUHH�XQNQRZQ�

IRUFHV� DFWLQJ� DW MRLQW� $�� WKH� IRUFH� DQDO\VLV� RI� WKH�

WUXVV�ZLOO�EHJLQ�DW�WKLV�MRLQW�
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-RLQW�$�� ([SUHVVLQJ�HDFK�IRUFH�DFWLQJ�RQ�WKH�IUHH�ERG\ GLDJUDP�RI�MRLQW�$�

DV�D�&DUWHVLDQ�YHFWRU��ZH�KDYH
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6LQFH� !"& LV�NQRZQ��MRLQW�%�FDQ�EH�DQDO\]HG�QH[W�

-RLQW�%�
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7KH�VFDODU�HTXDWLRQV�RI�HTXLOLEULXP�FDQ�QRZ�EH�DSSOLHG�WR�WKH�IRUFHV DFWLQJ�RQ�

WKH�IUHH�ERG\�GLDJUDPV�RI�MRLQWV�'�DQG�&��6KRZ�WKDW

�$% $# #%& & &
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� 'HWHUPLQH�WKH�PDJQLWXGH�RI�IRUFH�DW�WKH�
SLQ� $� DQG LQ� WKH� FDEOH� %&� QHHGHG� WR�
VXSSRUW� WKH� ����OE� ORDG�� 1HJOHFW WKH�
ZHLJKW�RI�WKH�ERRP�$%�

� ,Q� HDFK� FDVH�� FDOFXODWH� WKH� VXSSRUW� UHDFWLRQV� DQG WKHQ� GUDZ� WKH� IUHH�ERG\�
GLDJUDPV�RI�MRLQWV�$��%��DQG�&�RI WKH�WUXVV�

� 'HWHUPLQH� WKH� IRUFH� LQ�HDFK�PHPEHU�RI� WKH� WUXVV�
6WDWH�LI�WKH�PHPEHUV�DUH�LQ�WHQVLRQ�RU�FRPSUHVVLRQ�

� ,GHQWLI\�WKH�]HUR�IRUFH�PHPEHUV�LQ�WKH WUXVV�



�� $UWKXU�6WDQOH\�5DPVH\��6WDWLFV�$�7H[W�%RRN��&DPEULGJH�8QLYHUVLW\�
3UHVV�
�� 5��&��+LEEHOHU��(QJLQHHULQJ�0HFKDQLFV��6WDWLFV����(GLWLRQ��
�� 6��/��/RQH\��7KH�HOHPHQWV�RI�6WDWLFV�DQG�'\QDPLFV��3DUW�,��&DPEULGJH�
8QLYHUVLW\�3UHVV�


