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Random Variable In mathematical sense, a random variable {r.v.) is a real
valued function [fiX)] defined cver a specified range or overa sample space.’
is elaborately and more specsfically discussed in Chapler 6. ’

Continuous Random Variable A random variable which can take on a
continuum of vaives is called 2 continuous .v. In this case, the valves are taken
on a line within the specified range. For instance height, weight etc,

Mare: Random vaniable

ch can take a finite or

Discrete Random Variable A random variable whi
the number

denumerable number of values e.g. the number of students in a class,
of spots obtained in a throw of die eic.

Frequence Number of limes 2 variate value is repeated is called frequency
of the variate value e.g. suppose there are seven girl students wha have secured 54
marks, 7 is the frequency of 54 marks. If there are 12 puople with menthly income
of Rs. 500-700, 12 is the frequency of the income group 500-700.

Now some commonly used diagrams, charts and graphs are described here
with the aid of actual data.
Array If the individunl items or values of a variable are given

Frequency
along with their corresponding frequencies, it is called a frequency amay.
Example 2.3. The wages per month and the number of persons in a small scale
industry are presented below.
[Wagmpermonh(Rs) 350 490 600 780 800 100D
Mo. of persons 4 5 7 & 4 2

Such a presentation of data is called frequency array.

premise of data in the form of frequency
tern which the data assumes in the mass.
f the pattern of data if the number of

Frequency Distribution The
distribution describes the basic pat
Frequency distribution gives a better picture o
items is larpe enough,
itis not possible to compare characteristics of different
are established to make the series of data more
limits can sometimes arbitearily or by Sturge’s
formula be delimited. The width of a class that is the difference between the upper
and the lower limit of the class is termed class interval. Onee the classes are
formed, the frequencies for these classes from raw data are expedited with the help
of tally marks, little slanting vertical strokes. A bunch of four tally marks is crossed
by the fifth to make the counting simpler.

From a frequency array,
groups. Hence for this, the classes
compact and understandable. Class

gLt b’
Example 2.4, In a survey, the age 0f 52 women at marriage by eight parishes was

reported as given below.

1. The todadity of owmccmies of 2 randoedn experiment 15 codled sample space.

~ 1=

Clussification and Tabulation

, 24, 25 37, 26, LWL, W, M, x5 M4 35 M,
28 ¥, 25 23, 24, 25 &%, 4, IS5 5, B Mu. Mm..
7. . 2§, 24, 25 B, M, 25 27, 25 .E.. .v._... 4
25 35 M. 25 M. B UT, 35 A, wm. mw MF ....__m.

The data can be presented in the istribuoti
of tally marks. P i the form b%: withthe hielp
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"~ The &ﬂ:w:n.g .n.oam_::_mn by columns (i) and (iii} in the above table is known

TEquency distribution. It gives the number of women according to their age at
marriage i.e. two women were married at the age of 22 years, __Emn at the a qn of
23 years, twelve at the age of 24 vears and so on, ¢

.H.Fn.wnn:nmﬂ___ distribution has helped to arrange the haphazard data in a
systematic manner which is easy to handle for further treatment.

Example 2.5, The birth weights (kilogram ) of 30 children were recorded as follows:

|1.u |
=

i A 23, 30, 30, 2T, 2§ 35, 31, Ay

.0, 2 7 5
3 35 42 3, 33, 17, 25 1T, 3

30, 30, 16, 28, 29 15 401, 39 28, 23

Frequency distribution can be formed in i

. ) the manner described so far, using
ancem class wn._nnqm“_m...—.__m width of the classes and the number of classes __.E.__ w_m
ound out by Sturge’s formula (2.1). The range of datais 201042 ie.

Fr= .%.M.. S=2.0.
The class interval
L. 23 2.2 .
= T+332210ga30 ~ 14332 % 14771 ~ 5901 = 037 =04

and K=591=6.

Hence six classes with a width of 0.4 k| ‘
e e L4 kg are o be taken in the f .
distribution. The distribution with the help of tally marks is e
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Bayic Statistics

| Classes Tally marks Mo of children
| dweight e k) (Freguency)
1 20-2.4 i 5
_ 2428 I 5
_ 1532 T 0]
" 33-36 i 4
3640 il 4
40-54 i 3 |

Notes; | The lower Himit of o class is included i thal class.

2.1t is not necessary to choose the smaliest value as the bower limit
ol the lowest class or the largest value ns upper limit of the highest
chuss. One may choose the classes as | 0-1.4, 1.4-1.8 and 50 on.

Swmnothening of o Grouped Distriburion. In case the classes do not constitute
the continuous distribution, i.e. the upper limit of the previous class is not the lower
limit of the following class, it has to be made continuous. The simple way 1o do
this is to find the difference of the upper limitof the preceding class and lower limit
of the following class. Subtract half of the difference from the lower limit of each
class and add the same to its upper fimit. Continue this process for all the classes.

Exemple 2.6, The table below gives the distribution of the age of women at the
time of marriage in Sri Lanka.

Age groups (years) No_ of women

| 1514 1
20-24 36
15-39 28
3033 13
35-39 7
4044 3
44-49 2

The given distribution is not continuous as the upper Himit oi the preceding
class is rot the lower limit of the following class. Hence it is smoothened. The
difference between 20 and 1% s 1. Therefore, (1.5 is to be subtracted from the lower
limit of the classes and 0.5 is to be added to the upper limit of all classes. Since
the difference is constant, the same guantity is subtracted and added in all classcs.

Thus, the smoothened freguency distribution will be:

Smoothened agpe growps (years) | Mo of wonen
14.5-19.5 11
_ 19.5-24.5 36
| 24.5.70.5 28
| 20,5345 i1
l 345395 )
305445 3
44.5-40.5 2

Clasyification and Tabulation -

Open End Classes. An open end class is a class lacking one limit, Generzlly it is
the lowest class lacking the lower limit and highest class lacking the upper limit. For
instance, in an age group distribution, the lowest class is tken as less than five (< 5) and
highest class as more than 70 (> 70). Open end classes make it possible 1o accommadate
values which are at large gaps without increasing the number of consecutive classes.
However open end classes should be avoided as far as possible. Openendscreate problem
in processes like computations and graphical representations.

Cumulative Frequency (cu. fr.) It is the number of observations less than
fmore than) or equal to a specified value, '

Cumulative Frequency Distribution It can be formed on *‘less than'" or
“more than' basis. In example 2.5, we can cither base the distribution on the
number of children with a birth weight less than a particular weight or the number
of children with a binth weight more than a specified weight. The cumulative
frequency distributions for the data given in example 2.5 are presented below,

Table 2.2: Cumulative frequency and percentage distribulions

- n.”nmr.__._:_v?._...n _ Piautiie Mo than type Plrcesitigs
Birth weight cu.r. I Birth weigh culr,
Less than 2.4 5 [ 2.0 6r more 30 100
" 28 10 Ex} 24 " " 25 81
" "3 15 63 280" " 0 67
o " 36 23 T 32" " N i
"t ag 27 | o g " 7 23
! "4.4 M h 100 40" 3 = 10

Nt 1t must be remembered that the cumulative mﬂn._.rnan.._.. of o less than iwpe frequency distribotion
always refers to the upper limit of the class interval and for mere than 1ype it refers to the lower limit
of the class interval.

DIAGRAMMATIC REPRESENTATION OF BATA

Line and Bar Diagram Such diagrams are suitable for discrete variables i.e. for
datz given according to some periods, places and timings. These periods, places
or timings are represented on the base line(X-axis) at regular imervals and the
n.cﬂnmh_.q:&nm values or frequencies are represented on the Y-axis (ordinate). The
lines or bars of height proportional 1o these values or frequencies, as per chosen
Scale, are erected at the points marked on the X-axis,

In a line diagram, the vertical lines are assumed to have no width, whereas in
i bar diagram, the rectangles of certain width placed centrally at the points on
abscissa are erected, The width of these bars should accommodate two bars apart
on the same line. Hence, the width of a bar should be less than half the distance
between any two points placed on the abscissa. Bars of cqual width make the
Comparisons simple. For any comparison. the line diagram serves the same
Purpose as the bar diagram. The only advantage of the bar diagram is that they are
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more prominent and attractive.  The bars are filled with dashes, dots or colours,
The shapes,of the two types of diagrams are shown through an example.
Example 2.7. Aggregated figures for merchandise export (f.o.b.) in India for eight
years are as follows:

Years 1971 1972 1973 1974
Export {million Rs) 1962 2174 2415 Hi24
Years 1975 1976 1977 (R
Expent (miliion Rs) 3852 4688 5355 32

{a) Data for export are depicted through line diagram as shown in Fig. 2.1,

BO0G _
|
]
~ 5000 * .
o
[ o
]
= 4000 |-
E
T
o ]
o 3000 -
o i
>
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He 1971 1972 1973 1974 1975 1976 1977 1978
YEARS
Fig. 2.1 : Line Diapram

() Data for export have been displayed through bar diagram in Fig, 2.2
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Fig. 2.2 : Bar Diagram
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Classification and Tabwlation

Histogram This type of diagrammatic representation is more suited for
frequency distributions with continuous classes. In this type of distribution the
upper limit of a class is the lower limit of the following class. The magnitudes of
the class intervals are plotted along the abscissa and the frequencies along the
ordinate according to the chosen scale. The rectangles are drawn an each class
interval with height in proportion to its frequency. The number of such rectangles
will be equal to the number of classes.

In case the class intervals are unequal, the area of the rectangle is considered
for comparison rather than only the height of these rectangles.

A histogram for discrete frequency distribulion can also be drawn by making
an assumption. Here the frequency comesponding to a variate value is spread over
the interval (X — a/2) to (X + d/2) where d is the difference from one value to the
next higher (lower) value. It means we are considering an increasing (decreasing)
series. .

Time series are depicted through a graph tking time on the X-axis and the
variable under consideration on the Y-axis. Such a graph is called a hsrorigram,
It should rot be confused with a histogram.

Example 2.8. Indian Cotton Mills Federation has revealed the following informa-
tion about mill consumption of cotton from 1976 to 1482,

| Years Mill Consumption of Colion ]
(000 bales oof 170 ka. each)
1976-T7 G752
1977-78 ! G616
197879 6,981
1979-80 7412
1980-81 T.678
I981-82 7035

The data about consumption of cotton can suilably be exhibited in the form of
a historigram as given in Fig, 2.3,

Example 2.9. The smoothened distribution of age given in example 2.6 has been
represented by a histogram. The frequency polygon has also been shown in the
Fig. 2.4, :

It is worth noting how the points of the first and the last rectangles are joined
to the abscissa. The frequency at the mid-point of a class before the first class
interval and after the last class interval is zero. Also, the area of the frequency
Pelygon is equal to the area of the histogram in the case where class intervals are
equal since the area of the histogram left out by the polygon is equal to the area
encreached by the polygon outside the histogram.

Component Bar Diagram  The bar diagram or chart shows an aggregate
value whereas the component bar diagram gives the breakup in parts which

-& -
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P MILL CONSUMPTION OF COTTON ] Particulars Expenditure {erone R}
i ] 157980 1980-51 1931-52 2R3
" \ Primary educalion I 659.7 ] 1182 1347
TEOD xv.,\wmw ) v
> i Secondary education | 36.6 4.6 733 874

i | ] Special education | 20 22 3.5 42

W | , - ] University and higher education 14.1 15.7 28 5.1

= : ] Technical education 13 1.4 22 29

s | XX ] Sports and youth welfare 13 15 2| 23

2 o0 E ] General Ll LI 16 L&

m 7l 1 Total 126, 1444 2238 2584
i ‘ 4 The information about expenditure on education is displayed through sub-
o i % i j divided bar diagram (Fig. 2.5). ?

. 3 b S 1

1076-77 197778 ._Hw.__.mh..m 1973-80  1350-81 1981-82

YEARS
Fip, 2.3 : Historigram k i —|
1 = ral
A 320 || [ ] Gene
20 m 3 | [] sports & Youth wel.
- 5 mg -
_H_._.mn_._zwm_ education
- |
[ 1 univ. and higher ed.
N ] © 240 [
Wm_ - | H Special education
T2 - B o
m w 200 .Mm_uu_._nm@ education
] B =
= “ Qo
\ ,m @ Primary education
10 + % = -
\.\ . g 160
L = @ L ——
. : = o
o ot 1 I L1 I ' L 120 - 0 3 F
95 143 05 2e5 285 365 395 445 485 565 1T
AGE GROUPS : GMVVMW
[
Fig. 2.4 - Histogram and Frequeney Polygon g0 ﬂ)v/vﬁ
| O o3
constitutes the aggregate in a year. place or sector. Such a charl makes it possible ".WMQH& Pt KAH
te compare the changes occurring in parts and in aggregates as well. In these types - . o M. Nmmmmu
of diagrams a bar is further sub-divided into parts in proportion to the size of the ﬁﬂ¢m_ M\N/x
sub-divisions. These sub divided rectangles are shaded differently by lines, dots | - “,.,H‘,HA vw,v,\m
and colours eic. Such charts are more informative than simpie bar diagrams. o : el Vwm.m\nm
Component bar diagrams are also called subdivided bar diagrams, 1979-80 1980-81 1982-23
YEARS
Example 2.10. The figures below give the revenue expenditure in Rajasthan on Fig. 2.5 Subidividsd Bar Di
ig. 2.5 : Subdiv ar Diagram

education in crore of rupees for the last four years,

aﬂl S5 - .M .
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The ahave diagram gives a clear picture of the trend of expenditure on various
levels of education, and as a whole.

Pie Chart A pie chart is a circle divided into component sectors according
to the break-up of components given in percentage. If each component is repre-
sented by a separate circle, large figures would need large circles. But the
percentages remove this difficulty. Moreover in, a pic chart, only one circie of any
size can beautifully represent afl the components. We know that 2 circle represeats
an angle of 360° around the centre. So 360" angle is divided in proportion to the
percentages. In the circle of a desired size, a radius, generally a horizontal line, is
drawn and the calculated angles for various components are constructed one after
another with the help of a protractor. Each sector is shaded differently by lines, dots
or with different colours to look unique. A pie chart is good to represent the
component breakup of a thing or noBEGn._G_W\.

Example 2.11, %_._.m plan outlay of Rajasthan for the year 1983-84 is as tabulated
below.

5.No, Sector Budget estimales ” Percentage of Eguivalent
{crore Ls) total angles
i (i _ fiiiy fiv)

1 Agr. & alfied services 663 | 15.4 55.5
2 Cooperatien 55 13 4.7
s f_m Irrigation & Power 3164 s 1514
a7 tdustries & Mining 188 | 44 _ 158
5 Transport & Communication 19.0 44 | 15.8
6. Social Services # 006 235 | B4.6
7 Misceilancous 7 ot 24 06 | 22
Total = 429.0 0o | 360

Percentage of expenditure in different sectors is shown in column {iii} which
is calculated as,

66.3 "
== = 154
For sector 1, Percentage 429 » 100 = 1
For sector 2. Percentage Hm ® 100 = 1.3
420

Similarly other percentages are calculated. Angles equivalent to percentages
are shown in column {iv) of the above table and are calculated as,

154,

For sector u_bamunnﬁx 360 = 55.5
For sector 2, Angle uH|,u ® 360 = 4.7
R 100

~9-
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The angles for other sectors have been calculated similarly. The Pie chart is
drawn according to the method given in theory and displayed in Fig. 2.6.

IRRIGATICHN &
POWER (50.4%)

-

r COOPERATICN {1 73

AGALL & ALLIED
SERVICES (15.4%)

MISCELLANEQUS
2.2%) .

~__ SOCIAL SERMICES

INDUSTRIES & [Basm

MG [$4%) ——
¥

TRANSPOATE
COMMUNICATION (£.4%]
Fig. 2.6 - Pie: Chast

Line Graphs In this type of graph. we have two variables under considera-
tion. A variable is taken alone X-axis and the other along Y-axis. The variate values
are suitably scaled along the axes and all distances are measured from the origin.
If the smallest value in the bivariate data or frequency distribution is at a distance
from zero, the origin is shifted suitably to values other than zero. The independent
wariable should be taken on X-axis and the dependent variable on Ye-axis. The points
are plotted and joined by line segments in order. These graphs depict the trend or
variability occurring in the data. Sometimes two or more graphs are drawn on the
same graph paper taking the same scale so that the plotted graphs are comparable.

M\E.E_Em 2.12. Anexperimenton S, cervi plants, regarding the uptake of methy] glucose
#t different concentrations of methyl glucose solution, was found to be as follows:

Cencentration of methyl Muthyl plecose uptake ]
glucose {mM) (. maolefgfic)
1.0 1.50
2.0 260
& 310
6.0 .20 I
10y X2s
15.0 1w
20.0 __ A

[Sonereer fnelien L Expt. Bialogy, 2105) May, 193]

L..p lime graph for the given data have been drawn taking concentration on the
K-axis and uptake on the Y-axis. The graph is shown in Fie, 2.7,

— jo—
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Measures of Central Values )

The collected data as such are not suitable to draw conclusions about the mass from
which it has been taken. Some inferences about the population can be drawn from
the frequency distribution of the observed values, This process of condensation of
data reduces the bulk of data, and the freguency distribution is categorised by
certain constraints known as parameters. Generally, a distribution is calegorised
by two parameters viz, the locatien parameter (central values) and the scale
parameter {measures of dispersion). Hence in finding a centrad value, the data are
condensed into a single value around which the largest number of values tend to
cluster, Commonty, such a value lies in the centre of the distribution and is termed
as central tendency.

R.A. Fisher has rightly said, ““The inherent inability of the human Em._._m o
grasp entirely a large body of numerical data, compels us 1o seek relatively few
constznts that will adequately describe the data,™

Two series of observations are not comparable becauwse of the vusy.tematic
variation generaily present in the series, but the constants make it possible to

compare the series ¢asily. In this chapter we will continue the discussion of the

measures of central values. There are three popuiar measures of central tendency
namely, (i} mean, (i) medan, (i) mode. Each of these will be discussed in detail
here. Besides these, some other measures of location are also dealt with, such as
guartiles, deciles and percentiles.

CHARACTERISTICS OF A GOOD MEASURE OF CENTRAL
TENDENCY

There are various measures of central tendency. The difficulty fies in choosing the
measure as no hard and fast rules have been made to select any one.  However,
some norms have been set which work as a guide line for cheosing a particular
measure of central tendency, A measure of central tendency is good or satisfactory
if it possesses the following characteristics.

{1} It should be based on all the observations.

W“

1
i
i

Measures af Cenrral Values

12} It should not be affecied by the extreme values,

(3) It should be as close 1o the maximum mamber of observed values as
possible. .

(4) It shouid be defined ripidly which means that it should have 4 definite
value. The experimenter or investizator should have no discretion.,

(57 It should not be subjected to complicated and tedious calculations,
m:Emr the advent of electronic calculatars and computers has made it
possible to overlook this aspect,

(6) It should be capable of further alsebraic treatment, By algebraic treat-
ment we mean that these measures can be used further in the formuiation
af other formulae. For instance, 2 mean can he used 1o calculaie 1he
pooled mean of 1wo or mare series,

(7 It should be stable with regard to sampling. This means that if a number
of samples of the same size are drawn from a population, the measure
of central tendency having the mintmum variation among the different
caleulated values should be preferced.

MEANS

There are three types of means which are suitable fora particulartype of dota. Thev
-y - - -

(a) Arithmeti~ mean or Average
(b} Geometric mean

(e} Harmonic mean.

" %:._::...._.mn Mean (AM.)  1tis also popularly known as average. If mean is
wq:“w_q.:?.nm. it _.E_“__mmm arithmetic mean, as the other meuns are identified by their
names. It is the most commonly wsed measure of central tlendency.

- b_m&._::n:. Sum of the observed values of o set divided by the number of
Ervations in the set is called a mean or an average.

IF X, Xs, .. Xx are & observed values, the mean or average is given as,
XXt ‘
oor A I'fh.____ (3.1}
P F H.
= ﬂ k‘_ n.w_ 1.1 ”—

fori=12 ...x
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Population' mean is usually denoted by @ or X whereas the sample® mean is
denoted by x<smail letter).

When the data are arranged or given in the form of frequency distribution i.e.
there are & variate values such that a valee X, has a frequency i (f = |, 2, ..., &), the
formuia for the mean is, .

t."Lm_M_._..uwwmﬂ.m... .u..ﬂ»_.k.» _Hm..M..“_
s__w_ +L_wu+ .H._"

nmmn% i=1, 2 ..k (3.2.1)

H%HCJH- (3.2.2)

where N=fi+f: + .. +fi=LEf

Ifthe data are m.?na with & class intervals i.e. the data are in the form as follows:

Class imerval Frequency
Xi-Xa fi
Ka-Xa .k
X3-Xa fi
Xi-Br i
The arithmetic mean
#uh5+bm+ + ik (3.3)
' i+ e+ +1
L
=Lrey (EER)
N I fi Y
where ¥, is the mid point of the class interval X-Xi,, and is given as,
E‘ku+qw.?_ =12 ..k

In this situation the values in the interval are considered to be centered at the
mid-point of the interval.

Weighted Mean In case, & variate values X,., X, ..., X have known weights
@y, . - -0 respectively, then the weighted mean is,

._.._u|_.N_ 4+ @ Xa + -y X
My + e + -0y

(3.4}

t-"

1. Sze definition of population in Chapter 7.
2 See definition of sample in Chapter 7.

~3=

Measures of Central Values

[

wherew = oy, i=1,2, ... k

Weighted mean is commonly used in the construction of index numbers,
Neste: IF the sample values 11, &2, .., %0 are given, in the formulae given above, capital X will be changed
tosmall xand Mo n. The sample mean wili be denoted by xe.g. the formala {3.1) will be changed 1o

- Kt X,

x = " .5

I a

351)

= |—

=12, aan

Similardy all other formulas witk be changed to sample values, Since most of the studics are based on
sampies in practice. we use formulae for sample values.

Merits and Demerits

{1} Algebraic sum of the deviations of the given values from their arithmetic
mean is always zero, i.e. 5 (X;—-X) = 0.

(2} The sum of the squares of the deviations of the given values from their
AM. is minimum, i.e. E; (X, — X)" is minimum,

(3) An averape possesses all the characteristics of a central value given
earlier except No. 2, which is greatly affected by the extreme values,

{4} In.case of grouped data if any class interval is open, arithmetic mean

cannot be calculated, e.g. the classes are less than five in the beginning
or more than 70 at the end of the distribution or both,

Example 3.1, Daily cash earnings of 15 workers working in different industries are
as follows:

Averape daily eaming (Rs)
IL63, 822 1256, 1204, 2023, 1823, 1049, 1030, |
1700, 806 BG4, 2736, 821 1977 1241 [

Averape daily earning of a worker can be calculated by the formula {3.1)
A= (IL63+822+ - +1281) "

_ 21757
C 15
= 14.53
The average daily earning of a worker is Rs. 14.53,

“uﬂm_hm 3.2. The distribution of age at first mamiage of 130 maies was as given
o,



Basic Statistics ] Measures of Central Values
[AgeinyewssCo: 1R 19, 200 21, 2. 3, M, 2 26 27 I8 2 ; _ .n i o _
i o 1 i | kk
|Noofmales(n® 2, L 4 8 W 32 17 19 W 4, 13, 12 F _ -6 _ "
The average age can be computed by the formulz (3.2). 1 | R _ S8 _
F] ] . . {
[Bx2+19x 1+ - +29%I02 ] _ 8 i 66
A= : - te { 75
241+ +12 | |
" " 1
B 5340 " i 10 1 Lol
= 130 ; The given distribution with regular class intervals and their mid-values can be
2492 written as, ’
The mean age of males at first marriage is 24.92 years. Years Mid-values No. of condensers
. . : . . (¥} )
Example 3.3, The distribution of the size of the holding of cultivated land. in an o 0.5 _ﬂ
liows: :
area, was as follows L2 L5 g
| Sizeofholdings | Midpoins | Mo, of heldings 2.3 1.5 2
| {hectares) ¥ W 34 15 _ 8
02 I 48 4-5 4.5 _ 11
24 3 £ 56 53 ! 13
af 5 | 10 67 65 i 1
| 6-8 1 14 78 15 | ]
L g 1 89 B3 _ 9
S TIE 15 9 | 510 a5 _ 5
20-40 30 2 .
6 @ i The average life of a condenser can be calculated by the formula (3.3) as,
i . = ; k5
Average size of holding in the E.nm_ can be calculated with the help of the X= 3elid .wmm__+xw_._..m 1 +m+uxm.m
formula (3.3). Mid points of the class intervals are shown in the middle column
along with the data. Hence, = 431
}EIHxAm+mx_m+...+m_mxw 80
T 45+ 19+- -+ 1 = 5.39 years.
_ 397 Example 3.5, The table below presents the total expenditure in the form of **maore
114 than'' type frequency distribution. We known that the expenditure can not exceed
= 5237 Rs. 2250 crores.
The average size of holding is 5.237 hectares. Expenditure (Rs crores) | No. of Banks_-
Example 3.4, The life of eighty condensers oblained in 2 life testing experiment Mo Lan 2000 _ !
has been presented below in the form of *“less than™ type of distribution. _ S L1 2
. " "1 500 4
_ Life of condensers {Years) | Ma. of condensers . = 1350 7
Less than | _ 3 7 " 1000 - 13
o oeq 12 " 750 13
| 3 id " v 500 28
_ Wy 22 250 a0

~i5- ~ 16~
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Ta find the average cxpenditure, we rewrite the given cumulative frequency
distribution, with regular class intervals, as given below, Midvalues of the classes
are also shown in the middle column.

Expenditure (Rs ceores) | Mid-values Mo, of Banks _
H000-2250 2035 | I l
1750-2000 ! 1875 2-1=1
| 500- 1750 | 1525 4-1=1
1250- 500 1375 T-4=3
{ 1000- 1250 1125 i3-7=6
T50-1000 375 18§-13=5
500-750 628§ 2E-18=10
250-500 s | 40-28=12
On an average the expenditure per bank is,
X = 21251+ 1875 x 1+ +375% 12
I+14+---412
_ 33250
40
= §31.25 Rs, crores
CODING OF DATA

A linear transformation of data may be ﬁnwmu_.mm_n_ as coding. In coding we shifi the
origin and change the scale. A change can involve either a change of origin or a
change of scale or a change of both, origin and scale together. The effect of coding
on mean is given helow.

1. If we sebiract an arbitrary constant from each of the observation, the
mean is also reduced by the constant value.

2. Ifwe divide each observation of a set by an arbitrary constant, the mean
is reduced as many times as the constant divisor.

Nafe: In case of addition or muitiplication, the word “‘reduced’ should be replaced by “increased” in the

above statements, The ahove twa operations cat shor the calcubation, Bl the availabality of electronic

calculators and compaters has diminished the imponance of coding of data.  Anyhow. it can be used
whenever needed,

Let Xy, Xa, ..., Xy be N observations. An arbitrary constant o is subtracted from

each of the observation and the reduced observation is divided by a constant c.

Suppose the transformed observations are denored by X', X's X'y where

X = H_nln. The arithmetic mean of the original data with the help of coded
observations is given as,
T RPN 1. (S (3.6)
M

s g

o ———
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fori=1,2, ... N
In case of frequency distribution with coding of data,

= E X
X=a+ .Fr.___..q|
Where N = E .

In the case of group data, penerally the central mid-value of the classes is
subtracted from each of the mid-value and the reduced observation is divided by
the constant class interval. If the class interval is not same for all classes, any
suitable value may be chosen as divisor.

e (3.7)

Exampie 3.6. The production of pig iron and ferro-alloys in India from 1969 o
1975 is as given below, '

Years z
Production

1969 1970
624,000 602,000

1971 1972 1973 1974 1975
SEZ000 615000 626,000 620000 712,000

[Metric Tonnes)

From each observation we subtract 5,80,000 and divide each subtracted value
by 1000,

The coded values are.
. _ 624000 - 580000 _
K= 1000 =
G000 — SBO00
Xiy= 1000 =3

Similarly we can calculate all other coded values, Thus, the coded observations
are,

X7:44,22 2,35, 46,40, 132
X, = (#+22+---4 130

321

The average production of the original observations with the help of coded values
by the formula (3.8)is

mm§c+@

62585714 metric tonnes.

mgwﬁ_m 3.7. The distribution of the marks of commerce students of a college in
Business Statistics was as follows:

X

» 1000

Class [ntervals of Marks L_ No, of studenls
20-30 2
3040 5 1
A 50 k) |

-8 ~
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50-60 |
BT [
080 | 7
BO-110 _ I |

e i

L

The average marks earned by a student can be caleelated by the coding method,
For this we can prepare the following table.

Class Inlervals ! Mid-values Frequency _ o X—55 Ix
[ 10

2030 i | oz 7 I -
a0 | 35| 5 ) -y |
A40-30 45 22 1 -1 -22
S50 55 u | 0 00
60-70 &5 9 7 i 9
T0-80 75 3 v 6
$0-100 90 1| 35 35

| Toat | |7 | -195

In the above coding process we have chosen a = 55 and ¢ = 10, The average
marks cafculated by the formuia (3.7) are,

¥ [—19.5)
w‘lmm+||iqm ¥ 10

= 55-2.56
= 5244 marks.

Pooled or Combined Mean 1f we have arithmetic means X, and X» of two
groups (having the same unit of measurement of a variable}, based on Ny and N
wbservalions respectively, we can compute the mean X3 of the variate values of
the groups taken together from the individeal means by the formula,

S NXENX
.wn.nu - —_— == 3
= (3.8)

The advantage of this formula is that we do not have to do the entire
calculations for the mean of the combined set of observations again. Morcover the
formula for two groups can be extended to any number of EIOUPS.

Geometric Mean (G.M.) Inalgebra peomelric mean is caleulated in case of
geometric progression, but in statistics we need not bother about the progression.
Here itis the particular type of data foravhich the geometric mean is of importance
because it gives a pood mean value. If the variate values are measured as ratios,
Proportians or percentages, geometric mean gives a better measure of central
lendency than other means,

S

(it i o
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Definition. Geometric mean of ¥ variate values is the Nth root of their praduct.
Like arithmetic mean it also depends on all observations. Tt is affecied by the
extreme values but not to the extent of average. However, there is one prem
drawback with it, that it can not be calculated if any one or more values are zero
or negative. In case an even number of observations are negative. an absurd value
of geometric mean will be available from a practical point of view. Hence. if there
is @ zero of negative value in the set of variate values, it should net be used.

Suppose Xy, Xz, ..., Xy are N variate values, then the geometric mean is given

a5,
G=N%%- Xy (3.9)
In case Xy, Xz, ..., Xy have the comesponding frequencies f1. 5, ..., fi. then
G=NXix§ . xf (3.1

where W = E:ff for i = 1,2,... k.

Formulae (3.9) and {3.10) are exactly similar in the sense thal instead of
multiplying X, f times in (3.9) X; is mised 1o the power f in the formula (3.10),
Moreover, when eachf; is unity, formula (3.10) reduces 1 {3.9). In case of grouped
data, mid-values of the class intervals are considered as X, and the formula ER]
can be used as such,

Though some standard techniques are available 1o find out square root and
cube root, yet for large valve of &, N-th oot is not easy to compute, To overcome
this difficulty, geometric mean is computed through logarithm. Hence, some
people even call it fogarithmic mean. For logarithinic values of X's, it becomes
average of log X; values and the formula for pecmetric mean is

_Dmﬁm = M_ _H_DWE k‘hu _n.n.w._” :

1
N
fori=1,2, .. N
In case of frequency distribution where each of X, oceurs f times (=1, 2, ...,
k).
1
”_Gmm = m H Hhm“_ﬂ.h__v.ﬂ_“ _IWHH..“_

where N=X fifori=1,2, ..,k

Taking antilog of both sides in (3.11} and (3.12), we obtain G.M. Geometric
meiin is usually calculated when the growth rate or increase in production elc. are
Even for a number of years or periods.

Example 3.8. Decadal percentage growth of urbar population in India (excluding

Assam and I & K) from 1921 to 1981 is given below.,

Years S I92L 193 14l QESL 1961 197 1981
Decadal per cent increase. BIS  190R 31209 4)4% 21585 7R ge02

!Nﬁu -

s
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Average per cent growth rate of urban population with the last seven decades
can be obtained by calculating the geometric mean by the formula (3.11).

logniG) = W (logu 8.25 + logio [9.08 + logy, 32.00 + log, 4149
')
+login 25.85 + logw 37.91 + log 46.02)
1
= Bl (09165 + L2806 + 1.5063 + 16179+ 1 4125+ [.5787 + 1.6630)

= .m__.m.wmm = L4251

Taking antilog of both sides, we get the seometric mean
G =126.62

Harmonic Mean (H.M.) In algebra, harmonic mean is found out in the case
of harmonic progression only. But in statistics harmonic mean is a suitable measure
of central tendency when the data pertains to speed, rates and time.

Definition. Harmonic mean is the inverse of the arithmetic mean of the reciprocals

of the observations of a set.

Let X, Xz, ..., Xy be N variate values in a set, then the harmonic mean,

(3.13)

fori=1,2,.. .M
If the data are arranged in the form of a frequency distribution in which an
observation X, has frequency f;{i= 1, 2, ..., k), the hammonic mean is given by,
_ N
.mw_..__.k‘_ +.m__.u\1.x.u + e +.__m._....k.h.

- R S (3.14.1)

I

—_ 7

TR (45X
where N = I, fifori=1,2 ..,k

It fulfills almost all properties of a good measure of central tendency, except
when any observation is zero, it can not be calculated. Its main advantage is that
it gives more weightage to small values and less weightage to Jarge values.

H {3.14)

Lemma 1. If x and x are two observed values, the geometric mean of their
arithmetic mean and harmonic mean is equal to the geometric mean of the numbers
X and Xa.

XX
2

We know, 4 =

— 1i-
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JAH. =
Hence proved.

Lemma 2. 1f A, G and A stand for A.M, G.M and H.M respectively, the relation
AzGz2zH
holds.

Here this lemma is proved in the case of two observed values only. Letx, and
x> be two non-negative values of a variable, We know,

2x) X2
.#“H..TNH G = __H._Hu H= | Az
2 x+x

Consider two situations (i) x; = xa (i) x) 2 x2.
(i) suppose xy=x=x

hnWHM G=" x=x EHEMH
2 I+

In this siation 4 = G = H. ’ {1
{ii) when x; # X2, x; — Xz is 2 real quantity and :nann.;..ﬂﬂr 1, will also be a
real quantity.
(i -y 2 0
Hto—2gn20

140
e A=2G. ]
Apain, o+ x 2 MWoxn
ar [x) +H.u“_ d_.k_ X2 2 MJ___Hh X1 ._.__..H_ X1
Vo 2 200
X1 +x
G=zH. . (3}
Combining the results (2) and (3), we pet,
AZ2G=2H.

Example 3.9, A man travels from Jaipur to Agra by a car and takes four hours to
Cover the whole distance. In the first hour he mainins a speed of 30 km/h, in the
Second hour his speed remains 64 km/h, in the third 80 km/h and in the fourth hour

mMM|.
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he travels at the speed of 35 km/h. The average speed of the motorist can be known
by calculating the harmonic mean,

fl .1 .1 1)

4
M= _h|+|+f+|_"u

002+ 00154+ 00125 +0.0182

30 65 80 55

4 -
00661 ~ 60.5 km'hr

Example 3,10, The drithmetic mean of two numbers is 1 3and their geometric mean
15 [2. We can find (i} the numbers (it) H.M.

Let the two numbers are x; and 1.

{i) Given that,
X+
SR=n3
or H+x=20
and X =144
Also (r—x) = vl —dnmn
= (26 —dx 144
= 676 — 576
= 100
S o m—=n=%x10
Taking Xi—x=10 )]
Also xex=26 ()
All equations (1) and {2) we get
2y =36
ar x=18

Putting the value of x; in either of the equations we pet, x; = 8.
Hence the two numbers are ©, = 18 and x: = 8.

Taking x; — xa = — 10 and solving the equations we get v = & and x5 = 18,

(i1} we know
AxXH =G
Substiteting the value of 4 and , we get.
P3xH = (12F
i
= 11077

~2%-
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MEDIAN

It has been pointed out that mean can not be calculated whenever there s frequency
distribution with open end intervals. Also the mean is to o ereal extent sffected by
the extreme values of the set of observations, Hence in such cases. there has been
asearch for some better measure of central tendency. Forinstance, there are eight
persons getting salaries as Rs. 150, 225, 240, 260, 275, 290, 300 and 500, The
mean salary of the persons involved is Rs. 405. This value is not 2 pood measure
ofcentral tendency because out of the eight people, seven get Rs. 300 or less. Hence
soime better measure is preferable and median is one of them.

Definitions
(i} Inadistribution, median is the value of the variable which divides itinte
twao equal halves.
(i) In an ordered series of data, median is an observation Iving exactly in
the middle of the series.
(it} In a set of observations, median is the value of a varizble that have half
of the number of abservations below it and remaining half above it.

The median for a set of observations can easily be found out afier arranging
them in ascending or descending order. .

Let Xy, Xz, ..., Xy be N ordered observations. Now two possibilities are there:
(a) Mis odd, say, N'=2p + | where pis an integer. Inthis case {p + | }-th observation
will be the median vatue; (b) if ¥ is even, N = 1p, then the average of pth and (p +
1}-th observations will be the median value.

Consider the case where the data are arranged in the form of frequency
distribution. Suppose the ordered values X, Xo, ... X have their corresponding
frequencies fi. fa. ..., fi, the median for itcan be worked out in the following manner.

(1) Find the cumulative frequencies.

(2} Find N2 where N =L, fifori=1,2, ..k

{31 Search for the smallest cumulative frequency which contains this value
N/2. The variate value corresponding to this cumulative frequency is
the median,

Median for Grouped Data If the data are given with class intervals as,

Class imervals Freguency __ Cumubative frequency |
LessthonXa | fi Fi _
M- Xy Ja T i 7

|
Xo—Xpun I ‘ Fe 7
Xe—Xey f ! F i
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where £y = N = E fifori=1,2, . & wecan calculate median by the procedure
given here. Find N/2 and see in which minimum of the cumulative frequency, M2
is contained. Suppose V/2 is contained in the minimum cumulative frequency F,
‘then obviously the median class is X, — X,... To find the unique median value, we
take the help of the interpolation. In this approach, it is assumed that the frequency
of a class is uniformiy distributed over the class interval, Let the cumulative
frequency for the class just above the median class be ¢. Thus (M2 — ¢} is the
frequency for the interval between the median and lower limit of the median class.

The length of the interval for (M2 —¢) is % (N2 —c) x| where f—frequency of

the median class, i—class interval of the median class and say Li—Iiower limit of
the median class.

Hence the median

My = Lo + uﬁwalln x 1 (3.15)
Properties
{1} Median is a positional average and hence it is not influenced by the
extreme values,

(2) Median can be calculated even in the case of open end intervals.

(3} Median n.mb be located even if the data are incomplete.

{4} It is not a pood representative of data if the number of items is small,
(5) Itis not amenable to further algebraic treatment.

(6) Itis susceptible to sampling fluctuations.

Example 3.11. Actual waiting time for the first job on the selected sample of nine
people having different field of specialisations was as given below,
Waiting time (in months}:11.6, 11.3, 10.7, 18.0, 3.3, 9.2, 8.3, 3.8, 6.8

The median waiting time can be calculated by arranging the data first in
ascending order and then taking the mid-value.

33,3.8,6.8,83,92, 10.7,11.3, 11.6, [B.0
Hence N=9, - p=4,
Pava

Hence 5-th value is the median value that is 9.2 months.
S

Exampie 3.12. The export of agricultural products in million dollars from a country
during eight quarters in 1974 and 1975 was,

29.7, 16.6, 2.3, 14.1, 36.6: 18.7, 3.5, 21.3.

To find the median of the given set of values, we arrange the data in descending
order

~ 15-
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36.6,29.7,21.3, 18.7, 16.6, 14.1, 3.5,2.3
Here N=8, - p=4
The mean of 4th and 5th values will be median vafue,
4th value = 18.7 and 5th valee = 16.6

18.7+ 16.6
2

17.65

Median

Example 3.13. Given the distribution of income of different occupational sroups
for the families in a region as:

Professional groups Income per year Numbrer of Cu.fr
1 ("000 Bsy Famailies

Manager 1681 &2 32

Professional 136.3 { ) 62 &g

Middle management 79.1 | L 235 | 3TY

Manual work 357 179 558

Shopkeeper 340 96 654
Self-employed 0 95", LEL ;
Small Farmer 192 714 is6x
_’ Farm laboar 144 ! 147 | 1710 |

The data are written in descending order and the cumulative frequencies are
shown in the last column.

N=1T710 and N2 = 71042 = 855

The number 855 is contained in the smallest cumulative frequency 1563, Hence
the corresponding value, 19.2 is the median value. It means that the median income
is Rs. 19.2 thousand per year,

MODE

w- is another measure of ceniral tendency. Mode is a value of a particular type of
Wems which occur most frequently. For instance if shoe size No. 7 has maximum
demand, size No. 7 is the modal value of shoe sizes,

Definition. Mode is a variate value which occurs most frequently in a set of values.

In case of discrete distribution, one can find mode by inspection. The variate
value having the maximum frequency is the modal value. For instance, consider
the discrete distribution.

..m_mna.._asng_ w .h_ u w _w_ : _u _
Frequency () : 2 [ 5 14 M A 3 1

Clearly x = 8 has maximum frequency 14, Hence & is the modal value,

3=
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Rewmiark; If in 2 set of observed values, all values occur once or equal number
of times, there.is no mode,

Incases where maximum frequency js repeated for more than one variate value
oroceurs for extreme values, the variate value should not be taken as modal value.

In case of frequency distributions in which the maximum frequency differs
minutely from its adjoining class frequencies, the modal vajue or class can not be
comectly adjudeed and hence the variate value or class corresponding to largest
frequency should not be accepted as modal value or modal class merely by
inspection.

It there is an irregular distribution, that is, if the trend of frequency changes
all of a sudden far certain value(s), the variate value or class corresponding to the
maximum frequency shouid not be accepted as made.

Example 3.14. The distribation of marks of 174 students out of 25 marks is,

_u._..muhw:H_.. 3 4 ] T 9 12 s 18 zp
Frequency if): 4 8 I5 M 32 6 14 35 1 f

increasing up to the value of X =9 and then graduaily decreasing except for X = 15
corresponding to which £= 35, This frequency is not consistent with the trend of
data. Hence to consider X = I35 as mode is not proper,

In all the above three situations, mode obtained by mers inspection is not the
correct value due to certain vagaries in sampling. Moreover, a measure of central
tendency is considered pood provided most of the variate values cluster around jt,
Therefore, a better modal value can be worked our by the method of grouping.
Various steps involved in the method of prouping are;

{i} Write the variate values, in order, in column (1) and the frequencies
corresponding to them in column (2.

{ii} Add freguencies in pairs starting fram the first and place them in a
position between the two frequencies in calumn (3),

{iii} Omit the first frequency and repeat the step (i} and place the added
frequencies in column (4.

(iv) Again group the frequencies in threes starting from the first and place
the sum of each group against the mid frequency in column (5},

{v) Leave first frequency and repeat step {iv) creating column (61,

ivi) Again leave first two frequencies and repeat siep (iv) placing the added
values in column (7), Draw brackets in each column against added
frequencies for two's or three's,

~27-
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{vii) Parenthesise the maximum frequency of each column, The end frequen-
cies which are not used ip Brouping are left out. For any distriburion,
the above mentioned seven columns are ta be created.

Once the frequency table js prepared, another table known as anralysis iahle
has to be prepared. In this table, the variate values are writlen in the caption

=
= | =

(67 _

B
1=

——

62)
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() [ | ! HEEEN _ _ |
{61 NI N f
o i R | | ‘ |
Tosal vl a s [ a2l ) ]

In the above table for X = 9, the maximum sum of 1's is 4, hence the modal
value is 9.

Remarice

(1) s worh pointing cut thal by inspection one would have concludid that the mode is 15
as it has maximum frequency 35, however this is not comeet, as revealed by the analysis
fable.

(2] The given distribution is anémedal as 1 has only cne mindad value. Ther may be two or
mone colmng having equal maximum freguency in the analysis table, in such case, each
comresponding varizte value would have been taken as mode, The distibution having two
modes i known as bremocal 2nd with more than two modes is known as saftimodel,

Mode of a Continuous Distribution T the distribution is with continuous
class intervals, mode can be easily calculated in the manner described here, One
must take care that the distribution is continuous and in order rascending o
descending). The class intervals for all the classes are equal. If they are unequal,
they should be made equal presuming that the frequencies are uniform |y distributed
throughout the class interval.

Let the m.q.o_.ﬁmn frequency distribution be as follows:

Classes Frequency
Xe-Xz M
Xp-X3 ! 12
XXy i)
Xpi=Xp | fot
[ o [ s
_ Hpr1=Xpaz 1
.HHIHT_ i _n

Assume that the disiribution is in order and the maximum frequency is
Then, the modal class is X;-X,.... The exact value of mode can be found out by the:
interpolation formula,

.‘_..._, l.ﬁql
fo=Fp-0) + (G —fori)
If we denote the lower limit of the modal class by Le, the maximum frequency.

by f. the frequency preceding f and by 7+ following f by £, and the class interval
by I, the formula (3.16) can be written as,

~19-

My = X, + Kps1 = Xp) (3.16]

Measures of Central Vialues

f=i
T+ —fa)
Ay, f—fur = Az, the formula for mede is

Ay ”
A+ _Pu

Putting f=f-, =

My = Ly + ! {3.16.2)

Example 3.13. We find the mode for the frequency distribution given in example
2.5, The distribution is,

Classes (e i kg Number of children
2-0-24 5
24-28
2832
3236
3.6-4.0
44 |

w B kR o s

Obviously by inspection the modal class is (2.8-3.2). We calculate mode by
the formula (3.16.2). In this case,

Ly=28.4/=9-5=4A;=9-4=75,
[=32-28=04
Hence,

4
445

28 + 0178

= 2978 kg
Incase the frequency distribution is such that the modal class can not be ascertained
merely by inspection, the method of grouping should be adapted.

My 28 + w (L4

Many frequency distributions have more than one mode. But, we are inter-
ested in a single central value and hence for such distributions mode is considered
5 an ill-defined measure of central tendency. For a moderately skewed” or
asymmetrical frequency distribution, mode can be caleulated by Karl Pearson’s
empirical formula,

Mean - Mode = 3 (Mean — Median) (317

Mode = 3 Median — 2 Mean (3.17.1)

In case where mode is ill defined, formula (3.17) can be used to determine the
Modal valye,

~ Graphical Method of Finding Mode  If we draw a histogram for the given

istribution, naturally the highest bar will possess the modal value. To find the
e

Skew distributian is discussed in Chagpter 4.

.
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FREQUENCY

2428 2832 R23E As-4.0

VARIATE VALLES
Fig. 1.1 Mode by Graphical Method

exact modal value consider only three bars namely, the Eanﬂ. bar and the bars
adjacent to it on both the sides. In the middle bar draw two diagonal lines Joining
i following bar to C as shown in

Merits and Demerits
(1) Itis not affected by extreme values of a set of observations.
(2) Itcan be calculated for distributions with open end classes,
(3} The main drawhack of mode is
(4) Often its value is not unique,

that often it does not exjst.

(5) Tt does not fulfil most of the requirements of 2 eood measure of central

tendency.
femark, After poing through the details of the three measures of centrad tendency ramely, the mean,
megian and mede. it is pp thatno e is absolitely poad, All these measores have some good

and Bad points. The chofes of the measine
situation in which that average value is to be

depends mare upon the purpose of information angd the
used, Therefore, a measure should be used Judicioushy.

Example 3.16. Given the number of families
capita expenditure classes in rupees as,

ina locality according to monthly per

| Monthiy per capita expendi- Number of familes _
ture classes (Rs)

140-150 _ i7 ]

150-160 _ 29 _

_ 1604170 i 42 _

Measurer of Central Values

|
|

q 170-180 _ 7z |
180-190 B4 _
.— 190-200 L _
200-210 a5 |
210220 34
22-230 il
230-240 1t
240-250 12

we calculate the modal
Clearly the modal

per capita expenditure by the zraphical method,
class is 190-200 as it has maximum frequency 107. we

draw the following diagram and determine the modal value,
120
“ - *

0 [ — i _
w0 |- ]

g 4 |

WI. 60 |- 1 .

: e

2wl - _ _ |

wj . __a. “_a.,_ _

Al LT

o oy
;%.ﬁaﬁﬂn% Pty .p._.a.ﬂ.c .&..ﬁ.._nﬁh x Lo
EXPENDITLAE

BT ..ﬂv._mU‘ J_lu_..mnu\.._ e

Fig, 3.2 ; Modal Expendire by Graph
The value of M, on X-axis is 193, Hence, mode = {93,

Nee: It can be veri fied that the value of mode by the formula (3,
tothe value ohtained by gragh,

16.2} is 192.84 which is almost equal

FRACTILES

O-fractile of o continuous distribution of a random variable X is a point, X,
that for the distribution of X, the random variable has probability o of being less
than or equal to X,. For a discrete distribution, fractile may be defined as that

such

Variate value which has o-proportion of items up to this value for an increasing
Ordered set of values. Some people use the term quantile in place of fractile. Fop
nstance, 1/4-fractile is called ficst quartile, 1/2-fractile is known as second quar-
tile and 3/4-fractile is called third quartile and are denoted by 0y, ©: and @,
Fespectively, Similarly 1/10-fractile is known as first decile, 2/10-fractile is
the secong decile andsoon. In all we have nine deciles which are denoted by

~22-



Basic Statistics

O, =1,2, ... %, Inthe same manner, the multiples of 1/100-fractile are called
percentiles and are denoted by P, (i =1, 2. ..., 99).

Quarliles  From the definition of fractile, it is apparcnt that three variate
values of the variable X which divide the series into four equal parts are called
quartiles for the comesponding distribution of X. Hence () is a value which has
25% items which are Jess than or equal to @,. Similarly @1 has 505 items with
values less than or equal to G- and (2 has 73% items whose values are less than or
equal o O '

Foer discrete data it is simple to locate the fractiles, Arvange the data in order
if they are sot and work out the cumultive frequencies. To find out ) calculate
[V + 1)/4 where N is the total number of observations. Search for the minimuom

‘cumnulative frequency in which (W + 134 is contained. The variate value against
this cumulative frequency is the value of ;. For @, find (N + 112 and search for
the minimum cumulative frequency in which (W + 1¥2 is contained. The variate
value corresponding to this cumulative frequency is the second quartile ..
Calculate 3(W + 1)/ and locate 5 in the same manner as @, and .

To find the decile DI = 1, 2, ..., ) we calculate the value {N + [VI10 and
search for the minimum cumulative frequency which contains the value i (N +
LWI0. The variate vaiee corresponding to this cumulative frequency is the i-th
decile. In a similar manner, calculate SN+ [VI00{i= 1, 2, ..., 99) for percentiles
and proceeding on as for quartiles and decies, the percentiles are located,

Continuous Distribution Case Let the observations, arranged in order. in
the form of a continuous distribution be as piven below.

Classes _ Fregpgncy Caliegueney _
K- A Fi=1 _
[ RESE Ja . £ _
m . Xy-Xe 1 I
| : ' i
pL e i Fu
BNy | e Fi=N

To locate the quartile class, caleulate iV/4 instead of i(N+1 14 and proceed as
we de for discrete distributian, i.e., search that minismum cumulative frequency in
which iN/M is contained. The class corresponding to this cumulative frequency is
called quartile class. The unique value of the i-th quartile is calculated by the
formula

iN/4—c

m_.llp.___”.l...lx.__.

3.8
7 (3.18)

Measures of Central Values

i — i-th quartile which is to be worked out

Io— lovwer limit of the i-th quartile class

N — total of all the frequencies

o — cumulative frequency for the class just above the quartile class
F— frequency of the quartile class

] — class interval

Deciles The procedure for locating the i-th decile class is 1o calculate (N ED
and search that minimum cumulative frequency in which this value is contained.

The class corresponding to this cumulative frequency is i-th decile class. The
unigue value of f-th decile can be calculated by the formula,

B, p AR (3.19)
f
wherei=1,2,....9
All the terms in (3.19) can be decoded as explained in {3.18) by changing the
word quartile class by decile class.

Percentiles  To locate i-th percentile class, calculate iNFIDD (F =1, 2, ..., 99)
and find that minimum cumulative frequency which contains this value, The class
corresponding to this minimum cumulative frequency is the percentile class.
Unique value of i-th percentile can be calculated by the formula,

’ iNAID=c

A x f (3.20)
f

where (i=1,2, ..., 99).

All the terms in (3.207 are deceded as in (3.18) simply by replacing the word
Quartite class by percentile class.

Note that 24, D and Ps are equivalent io the median of the given distribution.
Example 3.17. Consider again the continuous distribution given in example 3,16
and calculate (1) all the quartiles (i) 70th decile and (iii) 90-1h percentile.

The frequency distribution ard the cumulative frequencies in the last column
are presented helow.

Cumulative frequency

Monthly per capita Number of fmilies
expenditure classes (Rs.)
140-150 17 _
150160 29 _
160-1 700 . 42 {
ATTOTRG .
180-190
(90200
m 210

210-220

17

gy
o

€

o
o
=
[}
o3
hl
I

e
3
'
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_ 230270 31 465 |
Mz —— | an) i
N T ———————— -
_ 250 _ 12 “ 493 |
N _ 493 N
(1) Hu_unm.__ s = 123325

The number [23.25 is contained in the minimum cu, freqg. 160, Hence the class
['70-180 is the first quartile class. By the formula {318} we have,

123.25— 88
o = _.E+|u_m.| w10
= 170+ 490
= 174.90Rs.
Similarly for 2 _H._q mxuﬁ u_ 246. %;

/\

The number 246.50 is contained in the minimum cu.freq. 351, Hence the class
190-200 is the second quartile class. Thus, by the formula (3.18),

246.50 — 244

o = 190 + Fﬂ % 10
= 190 + 0,23
= 190.23Rs.
Again for 0 .Ihu.. o AR enoms

4
The number 369.75 is contained in the minimum co.fr. 400,

Hence the class 200-210 is the third quartile class. By the formula (3.18),

0 o= 200 + rlwmm“_.h_warwm_ b4 £1)
= 200 + 3.83
= 203.83Rs.
s TN Tx493
{ii} For Dy, w- 10 - 3451

The number 345.1 is contained in the minimum cu.fr. 351. Hence the class
190-2040 is the 7-th decile class. By formula (3.19) we have, .

_ 3451 - 244
Dy = 190 + T 1o

190 +9.45
199,45 Rs.

I

~gh~

Measures of Central Values

90N B0 x493

(i) For Py, , T ||]H¢n_

The number 443.70 is contained in the minimum cuw.fr. 465. Hence, the 90-th
percentile class is 220-230. By formula (3.201 we have,

443.70 — 434

= 443.70

P = 220 + 4’ » 10
= 220+ 3.13
= 2723.13Rs.

Concluding Remarks Different measures of central tendency and fractiles
{guantiles) have been discussed in this chapter. Ot of mean, median and mode,
the mean (average) is the most commaonly used measure of central tendency. But
the other two namely, the median and mode are not any less | important. Median is
& largely used central measure in psychology, education and other social sciences.
Itis asuitable average for qualitative information like the attitude towards disabled
people, beauty or intelligence of certain individuals, etc. Mode is o useful measure
for manufacturers.

QUESTIONS AND EXERCISES

I What do you understand by a measure of central tendency? Explain with examplcs.

2. What are the desirable properties which an average should possess? Which of the
average to your mind possesses most of these propertics and why?

3. Under what circumstances, would you use the [ellowing instead of any other
measure of central tendency.

{a) Mode,
{b) Geomelric mean.
(c) Median,

4. In what respect is the weighted mean superior to the simple average?

5. Which type of average is mo:t suitable for the following problems and why?
{a) Average income per month in a year of an advocate.

(b) Mormal size of shirts for a readymade garment's manu facturer.

(e} Consumption per head in a family consisting of 7 men. and 4 women and ©
children,

(d} The average marks of a mediocre student in a class,

(e} Average speed of a plane in flight from Delhi 1o New York,

6. MName different kinds of averapes and discuss Ltheir merits and demerils,

7. Explain the meaning of a fractile and give its uses. What information do we obiain
by quartiles, deciles and percentiles?

8. What considerations will you weigh in choosing a suitable average for studying a
phenomenon? Give a few typical cases in which your choice will f2ll onany average
other than the arithmetic mean. (C.A, 1965}

9. How will you find {a} the average marks of a class of students to show the level of
intelligence, (b} the average cost of poods purchased in different Jots 1o determing
the selling prices, {c) the average size of groups of ilems for the purpose of

- 26~
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classification and {d) the average rate of increase in prices when the prices increase
as different rates during suocessive periods.  Explain why vou adopt & particular
method ineach case? (5. Com., Ageor and Raj,, 1948}
What is the effeet of reducing each observation of & decreasing scries by |0 on the
lollowing:

(a) the average

{b) the median

{c} the mode

d) the guartiles.

Prove that

(2l HM. < G.M. = AM.

() VAM. < LM = GM.

where AM.. G.M. and H.M. are tive usual abbreviations.

Deefine the following and give one appropriate example of your own for the uss
each,

fa) Mode,

(b'h Third guartile.

(o) Geomelric mean,

(d) Median,

{2} Averape.

Additional frrigation utilisation from major and medism schemes al the end of
wvarioos plans in Indin is.

Additional irrigation (Lakh hectares)

L0, 130, 152, 165, IRy, 22, 26,

[o7, 26|
Find the averape addilional irrigation utilisarion during this period.
Following are the percentages of literales in six villages silwated at six different
distances from the district headguarters,
Pereensage of Hterates: 52220 46.59, 2136, 30017, 22.87. 17
Find the mean perceatage of literales, -
15, Thedistribution of Labrum length of workers of Apis cerena measured in millimetre

is a5 given below

i

| Lafrum length {mm)
| 0.30
0.3t
032
033
0.4
0.35
Q.36
o
038
Q.40

Mo of workers
&

- s

- [ RN T

—_—

4 |

Find the average Labrum Iength of workers and the mode.

~37-
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16, The distribution of the dge of pati siti ¥
h paticnts visiting an ouldoor pozi 3
dispensary on Sunday is as follows: B e

- _—
_ Age (zeass) | Mo, of paticnrs i
Mo than 10 152 m
* 18 {
" I3 _
* g 77
I i |
R n
o >

_’ and up 10 0 [ L

Calculate (i) mea isiti i i i
e mmn.n i n age of persons visiting the dispensary, (ii) median age and (i)

17, The distribution of age of males at the lime of marriage was as follows:

Age (years) No. of ns_ﬁ.[_
18-20 5 f
i a0z T
12-34 28
24-26 7
| s 24 _
28.30 1 |

5 Find m._.En.:.En of Gmammn (i) the avzrage ape. (i) the modal age, {5} the median
e age, ?.”__.:En_ quarlile, {v) sixth decile and (vi} mineticth Hx.._.nn_._m_n. ‘
- The earnings of five nautionalised hanks in crore rupecs E.n as given befow:

_u_ A,

L

300500 G825, F263 .59, 224983 l__

Find the geometric mean of the carmings.

19, The prices of wheat, dal, rice, v i i
ok i - Gl nce, vanaspali ghee, milk, sugar and their weights are as

Frices (Rs. per kg)
Weights

157, 5T

G

394,
4

17.00, A s0, 4.
g

Mﬂﬁnﬁ weighted average of prices of the commodities,
Bw”mﬂnmen_@. m q_._n_...—__E..:n takes 15 days to fabricate a machine, the secontd mechanic
ays, the third mechanic wakes 30 days and the fourth mechanic takes 90

days. Find the 7
tinchine verage number of days taken by the workers 10 [ohricase he

_E..r. Find harmonie mean]

20.

33~



the formula is,
Range R = g — ¢

Coell. of range = m%

Lesser the range or coefficient of range, better the resuly,

Properties

to have a clear idea abiomt the data unless af] observations are almost the same,
! Moreover, two OF MOre sets miay have the same mean andfor median byg they may

below:
" be guite different. To clear this point consider the thres 5218 as follows:

Serd 30 0 0 T Ay Population {"oog niumber)
Ser iy 28 25 T 1] )
Ser e 3 s 30 37 75

13, s, 121, a1, 83,

We can find the range by the formula (4,1)
L =121 and § = 45
The range,
R=121 < dg= 75 -
Some peopie 10 write the range as 46-12]

neasures of dispersion are:
(I) Range

(2} Interguartile range and _DE_EF deviation Alsg,
(3} Mean deviation Coeft. of — E _J5 0.449
(&) Coefficient of variation. s

If we denote the largest observation by L and the smallest

A relative measure known as coefficient of rarge is piven s,

(1} Iiis the simplest measure and can easily be understood,

(2) Besides the above merir, jt hardly satisfies any property of g good
measure of dispersion E-. 1t is based on wo extreme v
ignoring the others, It is not liable to further algebruic freatment,

Exampied . The population in eightean Panchayat samities o3 district is ag given

Measures of Dispersion

Definition. It is the difference between the largest and the smallest observation in

observation by 5,

(4.1}

42

alues only,

SMition, Tp. difference between the third quartile angd first Quartile is calleq
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QUARTILE DEVIATION QD)
This is half of the interquartile range, i.e.
QD = & = 0. (4.4)
Also the coefficient of Quartile deviation is given by the formula,
2 — O
ff. of QD. = =22~ =1 4.
Coefl, of Q ) (4.5)

Coeflicient of quartile deviation is an absolute quantity { unitless) and is useful 1o
compare the variability among the middle 505 observations,

Properties

(1} Itis abetter measurc of dispersion than range in the sense that it involves
50% of the mid values of g senies of data rather than only two extreme
values of a series.

Since il excludes the lowest and highest 25% values, it is not affected
by the extreme valpes.

{3) 1t can be caleulated for the zrovped data with open end intervals,
{4) Ttis not capable of farther algebraic treatment.
(5} Ttis snsceptible o sampling fluctuations.

(6} This measvre does not take into account the individual vadues occurring
between () and s It means that no idea about the variation of even
50% mid values is available from this measure. Anvhow, it provides
some idea if the values are uniformly distributed between (4 and .

(7} Itisnot considered a good measure of dispersion as itdoes not show the
scattering of the central value. In fact i is a measure of partitioning of
distribution. Hence, it is not commonly used.

Lxample 4.2, The value of Oy, (1 and (s as worked out in example 3.17 are,
O = 17490 0, = 180.23 3, = 203.83
Interquartile range, IR, = 203.83 - 17490 = 2803

203.83 - 17490 2893
2 T2

(2

—

Quartile deviation,Q.D, = = 14465

20383 — 17490 2893 .
20383 +.17490 ~ 37873 ~ ¥

Coeff. of Q.D. =

MEAN DEVIATION (ML)

The measares of dispersion discussed &0 far are not satisfactory in the sense that
they lack most of the requirements of 5 gocd measure. Mean deviation i a beter
medsure than range and Q.D,

Measures of Dispersion

Definition, 1Lis the average of the absolute deviations taken from i central v e,
generally the mean or median,

Consider a set of & observations X, Xo o Xvo Then the mean deviation.,
M.D. = m‘, 5 X-Al (4.6)
4

fori=1,2, .., N where A is a central vitl e,
Let G — 41 = o,

Then, M.D. = % E 4 (4.6.1)

In case of data given in the farm ol y frequency distribution where the warkale valnes
Ay Ko ., X occur f, Sa o, fi times respectively, the formula For mean devig-
tion is,

MD. = 2% £ I - 4 @.7)

where I f = W for | = L S R

In case of grouped data, the mid-point of each class interval is treated as X, and
W can use formula (4.7), .

Properties

(1) Mean deviation removes one main objection of the earlier measures, that
it involves each value of the set.

(2} It is not alfected much by extreme values,

(3} It has no relationship with any of the other measures of dispersion,

(4} Tts main drawback is that al gebraic negative signs of the deviations are
ignored which is mathematically unsound.

(5) Mean deviation is minimum when the deviations are laken from median.

Nore- 11 the Geviations are taken from mean andl the signs of the deviations are tuken into consideration,
e st of the deviations js zroie 5 (X, - B = [,

Example 43, The production of all crops in India from 1971 (o 1978 is given
below:

Production (million tonnes)
1EL.S. 1102, 1023, 1124, 083, 1233, H&3. 13127

Mean deviation taking deviations from the mean and also from the median has
been caloutggeq,
920.7

s B 1327 = 0 = 115

1 . .
() ?_—_u.m.m.”mﬂ:m.m.w 111.2 % 5

2~
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Mean deviation wking deviations from the mean using the formula (4.6)
i%,

M.D.

w (11115 — 115090 =+ 11112 — 115.091 + .
+ 11327 —- 115.09 1)

11

w (3.59 + 3.89 + 1279 + 269 + 629 + 10.2]
+ 141 + 17.61)

Mm% = 7.31 million tonnes.

{if) Now calcelate the mean deviation laking the deviations from the

median. For finding out the median, arrange the data in ascending order, -

102.3, 108.8, 111.2, 111.5, 112.4, 116.5, 125.3, 132.7

1115 + 1124 _ 2239
2 =72

Meun deviation taking deviations from the median by the formula (4.6)
is,

= 111.95

Median =

MD. = W (11023 = 111951 + 1108.8 — 111.95] + .
+ 11327 = 111,951}

965 + 315 + 0075 + 045 + 045 + 455
+ 13.35 + 20.75)

o |

Ln

- Y- 664 million onnes.

v

The mean deviation about median is less than the mean deviation about mean. This
further substantiates the statement that mean deviation about median is minimum.

Example 4.4, The distribution of age at the marriage of grooms with brides of age

eroup 15-39 is displayved here.

Age  prowps:  I5-1% 1823 2327 2731 335 35439
{yenrs)
No. of grooms: g 59 47 21 i) 4

Mean deviaton taking deviations from the mean has been calculated. The
calculations are shown in the table given below,

Classintervals | Midpoints | Froquency R w - X JE =X _
X { s
15-19 17 & 136 7.24 5702
19-23 a1 | 50 1239 324 19116

43-

Megsures of Dispersion

2327 _ 5 a7 _ 175 076 35.72
27.3] 9 . ¢ N .1/ 476 109,45
13
3135 33 6 198 K76 5156
3 | a7 4 [ 1276 5104
Tatal [ | 147 | ase 407,85
= _ 3567
where 147 24.24
Mean deviation about mean by the formula (4.7) is,
49788
M.D, = =3, 'CArS
147 Ly
VARIANCE

The main objection of mean deviation, that the negative signs are ignored, is
remaved by taking the square of the deviations from the mean.

Definiion. The variance is Lthe average of the squares of the deviations tiken
from mean.

Let Xi, X3 ... X be the measurements on M population units, the population
variance, .

& =

fori = 1,23, R
%u&ﬁmlﬁéﬁu

where X is the population mean.

% (% - X (4.8)

==

(4.8.1)

If the daga are grven in the form ol frequency distribution in which the variate
value X; has s corresponding frequency £ (f = 1, 2, .., &), the variance,

a1

o' = & Efi (X - X . (4.9)
for = 1,13, &
where znﬁhﬂ._ﬁﬁ_mu%mma_

- — a a 1

n-ummﬂhﬁ|ﬂmh Xy 4.9.1)

FS“.H of grouped dat, mid-values of the classes are considered as X and
Consequently we can muke use of the formula 4.9),

G4 -
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The sumple’ variance of the setx. X, .., X, of n ohservations is given by the
formula,

) 1

.- 4.{”
) z._e

1

= —— 15 2~ (5 {4.10.1)

for i = 1,2, ~++ ,

where X = L Tox.
n

II' the ohservation x: c.nn.:ml__“ times for i = 1, 2, ..., k, then the sample variance,

P T BEG— T (4.11)

n-

= TH (5,548 - (T fix¥on] @.11.1)

whers =5k

Example 4.5, The following nine measurements arc the heights in inches in a
sample of nine soldiers.

. 6 €1 69 61, . 65 6812 |

The sample varianpce of height of soldiers can be computed by formula (4,10).

| Height (0:

a

T x=069+66+ ..+ 72 =0603

(xr-m:, 2, -1,0,2, =3,— 4, -2, 1
_H...,lﬂu“ 4,1,0,4,9,16,4,1, 25

Y (-M = 4+1+0+4+9+16+4+1425

G4
1 &
o= —

8
% mches”

i

CODING OF DATA
1f the values in a series or mid-values of the classes are large enough, coding of

valoes is a poad device w simplity the caleulations. In coding sublract a constant

I. Sample : sce Chapter 7.

G5 ~

Measures of Dispersion

A {generally the middle X; value of the series) from each value or mid-value in
case of grouped data and then divide the redueed values by o suitable constam *C
(C# 0}, generally the class interval in case of grooped datiw
Thus, the coded value,

X—4

[
We nﬂn.,..mnrnr&ﬂn___h_w the method of calcolating the variance for the prouped data
because it will avtomatically cover the case of ungrouped [requency distribotion,

A=

Classas Frequency Wlid-valizes ¥ N—A x _ o ._
= |
Fi—ia I X = | 3
! ¥y= .r_n; six! hxi
a=¥s 2 (= s 2 1
: A B e, B T | pxi
[
=¥ps1 X - L 2
: % JE P BX | 53
Fe—Fiyg 3 ' — . )
M i ¥ = ..:n. A X% ..h.wk..mb

e Tosd N L Y
fori=1,2, . K

Here the mean of uncoded data in terms of coded data can be obtained as,
= 1 . - A
X m EfXy== M_ £ ﬁ w

1
n.amh_ﬂkl

I

T

1 A
Q,.,MH..__ c C

' 1 =
Singe WM_..__ﬂH.NM and L fi=N

o X=4+ ﬁ‘“_.m... (4.12)

Variane . LB
m:.EFn of uncoded data ‘o™ in terms of variance of coded data 'c™ will be
Ohtained as,

s ]

0% =5 T - XY (4.13)
e | A mJJw 1 % X}
m_.qM_..___.ﬁ C IWHH%MIW_
A \ A
: et = :
Cols g Rith-X =0 (4.13.1)

t&l
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Also we can write
# =) nfxt- @5 XN 4.13.2)
Lu..._. L -+
when gach ;= 1, the variance
o = nnw_{ (5 X2 - (5 XF/N) = C o (4.133)
1
From (4.12) it is easily inferred that the mean is affected by the shift of E.mmu. and
ulso by the chanpe of scale. Hence on subtracting A [rom nmnw ohservation and
then dividing by C, the mean of the coded data is 1o be meltiplied by C, and then
added 1o the constant A 1o get the mean of the uncoded data.

The relation (4,13.1) dozs not involve A. 1t means _Fz En. variance is u."__E
affected by the shift of origin, but the change of scale does allect ._.. as the relation
involves . Moreover, if the variance of coded variable WE:?EH&. bry the sqoare
of the scale constant C, the variance of the uncoded _..E_m__.w_n is obtained. In Eam_
ol the situations coding makes the calcalations simple if A and C are properly

chosen.

Properties
{1} The variance has mosily removed the lacunac which are present in the
measures of dispersion given belore ik
(2) The main demerit of variance is, that its unit is the square n_..n_.__m unit __..;
measurement of vanate values. For clarty. say, the _..H_..r_,En X :
measured in cms, the unit of variance is cm®. Generally this .:.w:m is
luree and makes it difficalt to decide about the magnitude of variation.

(3} The variance gives more weightage to the cxireme _.___E_._nm as mc_ﬂﬂﬁ—mn
to those which are near Lo mean value, because the differcnce is srjuared

i varkance.

STANDARD DEVIATION (5.D.) .
The drawhacks of variance are overcome in this measure of dispersion.

Definition. The positive square root of the variance is called standard devia-
fon,

§D.=vd =0 LE

For 4 sample,

SD.=4F =+ (4.14.1)

In simple words, we can say that standard deviation explains the average amopol ‘

of variation on either side of the mean.

47 -
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Properties

(1) Standard deviation is considered 1o be the best measure of dispersion
and is used widely,

(2) There is however one difficelty with it 11 the unit of measurement of
variables of two serics is not the same, then their variability can naot be
compared by comparing the values of standard deviation.

(3} Ancmpirical relation between Q.D., M.D. and 5.D, is,
60QD.=5MD.=45.D. (4.15)

- COEFFICIENT OF YARIATION (C.V.)

All the measurcs of dispersion discussed so far have units. I two series differ in
their units of measurement, their variability cannol be compared by any measure
given so far. Also, the size of measures of dispersion depends upon the size of
values. Hence in situations where either the two series have dilferent units of
mcasurements, or their means differ sufficiently in size, the coefficient of variation
should be wsed as a measure of dispersion. It is a unitless measure of dispersion
and also takes into aceunt the size of the means of the two series. 1t is the best
measure 10 compare the variability of two series or sets of ohservations. A series
with less coelMicient of variation is considered more consistent or stable,

Definition. Coefficient of variation of a series of variate values is the ratio of the
standard deviation to the mean multiplied by 104,
H g is the standard deviation and X is the mean of the set of values, the
coetticient of variation is,
a
CV. = :IM. w100 4.16)
This measure was given by Professor Karl Pearson.

Wote; In cace of sample studies, we use 1, the sample 5.0. and T the sample niean instead of
T and X respeciively.
Properties

(1) Itis one of the most widely used measurc of dispersion becanse of its
virtues.

(2) Smaller the value of C.V., more consistent arc the data and vice versa,
Hence a series with smaller C.V. than the C.V. of ather serics is more
comsistent, i.c., it possesses less variability.

(3) For field experiments, C.V. is generally reported. If C.V. is Jow, it
indicates more refiability of experimental lindings.

Mnm:ﬁm 4.6. The following figures give the crude birth rate per 1000 people in
Witzerland from 1968 1o 1980,

45~
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Crode hifhrue X §70, 165 IS8, 152, (143, 126 129, 123
i, [ R | I TR ¥ P FO & o A 0

The varince, skandard deviation and coalficient of variation for birth rate are i
computed belovs,
We calculate the goantities,

(17.1 + 165 + ...+ 1168 = 17511

15
z X
=

— 5
% =181 _ 1347

13
e
i=1
Variance by e formula (4.8.1) is,

s Lo
&

I

(710 + 165 + .+ 11679 = 241157

53.1077

3 - 4,085

= 35 l241157 - 7503 =

Standard deviation by the formula (4,14) is,
= 4085 = 2.021
Cuoeflicient of variation by the formula (4.16) is,

2021
13.47
Fvample 4.7. The prices of wheat at different centres were found to be as follows:

CV. =

x 100 = 15.004 per cent

Prives of wheat _ Mo, of centres

(Rsikgh i
175
L7
173
.76
171
180
187
234 1

Th Lh &K B W

-1 k3

we can measure the variation in prices of wheat by cadculating the standard
deviation, The computations are showe in the able below:

[ Trivesof Mol IX X=X (X=X - ¥
wheat wrnlers
2 U}
175 3 sas | -4 -2 | .ooss
1.72 2 344 -7 -14 | .0o%E
I B 4 £.92 ~ 06 24 | DEH

Measures of Dispersion

.76 5 8,30 __ -4 15| omas |
1.71 & 10,26 — i -4 AR
180 z 360 A .0z S0
1.57 7 | 1309 08 56 | 04
134 | 1 | 234 55 55| aoes
Tol | 30 | 5370 | oo | e |
= 53.70
Ni=———tF

30 T

The variance of prices by formula (4.9) is,
. 04194

g = - 0.01348
og=01182

Example 4.8, Following table gives the expenditure per month on lood per Family
of $ix persons in ten regions;

Regions: 1 I n n v VoW vIim IX X

Expenditure {X): 1090 1270 1260 1200 1170 1080 pODO (310 1200 1130
[Rs}

The variance of above set of ohservations will be calculated with the hekp of
coding, Subtract 1000 from each value and divide by 10 i.e. ke A = 1000 and €
=10.

‘We show the computation in the following table,

_f
X X - 1000 oo K= 1000 ¥
I

190 Ok q 81
1270 270 27 720
1260 260 2% 676
1200 00 20 400
170 170 i 255
LOR0 B ] l 64
1000 0 0 o0
1300 310 il 961
1210 210 21 241
1130 130 1 160
Toual i72 T

The varance of the (coded) variable X by formula (4.8.1) is

4 = 4 (3810 - (7210) = BEE _ g5

o
1

—~5 0~
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The variznce of the uncoded variable by the relation {4.13.3) is
o = (10 x 8316 = 516

Example 4.9. Monthly wages of cmployees in a factory are disibuled as given below.

Whages (Hs.) No. of employees
A00-400 3
400-500 22
SO0-600 I8
GO0-T00 4
TOO-800 ]
800-500 7

A00-1000 5
1000-1 100 4

We show the calculation of varance of the given &E...E_.RE with and _..._m:v.n_E
codine. The method of computation is shown in the following table. For coding
we have chosen A = 650 and C = 100,

Measures af Dispersion
35711703
b2

37991173
The variance of the uncoded variable by relation (4,13, 1} is,

-

o = (100 x 3.7991173
= 37991.17
This example theows lght on two [oints,

(1) The resull oblained by the method of coding is the same as we pet
without coding the variable.

(2} This shows how much Iabour is saved through the procedure of coding,

Example 4.10. Find the number of ilems Iying within the interval, mean + 5.D. of
the following distribution,

| Class intervals: 10-02 13-15  16-18 1921 2224 2527 2d.30 313 3436

, [ R T 5 4
r 1
= % ¥ X650 | gx | gy . - ]
ﬂ“m,w ﬂﬂﬁ ﬂmmﬁ. ! f ¥ =" To find out the number of items within the interval, mean + 5.D., we calculate
) _uta . | Ihe mean and S.D. using the method of coding. Take A=23and © = 3.
T -1 —45 F35 =
00400 | 250 15 Mm_aam .ﬂ H” 500 m . i i Class intervals | Continuoss | Mid- o X-n I m | e |
400-500 450 22 . i 55000 - intervals values E
o2 IR = =
sop-600 | 550 1% 2900 | 5445000 M =1 i 10-12 85-125] N - 24 -85 344
oo | so15000 | 0 L e .
600-700 | 650 14 | _ : " ; i3-15 125-155) 14 -3 44 -132 396
TOO-EG0 | TS0 9 .WM.M __ “MMH | . " - 16-1% 155185 17 22 &5 —130 260
S00-500 | ESO 7 5950 | i . 19-21 185215 20 -1 7 27 27
9ge-1000 | 950 5 4750 | 4512500 2 2 2 2224 215245
1000-1100 | 1050 4 a200 | 4410000 4 15 o oz ° ” 1 *
1000- 5 = TR e pp 2527 45275 26 i 4 | a4 14
Total = == - 28-30 27.5-30.5 25 2 8 16 32
The variance of the uncoded variable X by formula (4.9.1) is, 133 05335 32 1 5 15 45
34 i
o —— _”mmm_ug_wam& > 36 335365 35 4 4 16 64
o =gyl - foal | 0 210 =324 |12:2

Ly — 33123829)
gz 136695000 !

_ 3571171
BT

= 37991.18
Now the variance of the coded varighle by formula (4.9.1) is,

6% = - [387 — (= 53 /94)

wﬂ.u.
-5~

The mean by formula (3.7) is

m.n_+_“:|mw$,xu

X 210

23 - 4628 = 18372

1

The variance by formula (4.13.2) is,

- S (- 3245
a=13 me_ Tmmm| 210 w

~52~
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2 (1222 — 499.886)

210
LUk 72201 649905 .
S = == 5
210 210 A5
o = .56
¥ - g = 18372 - 556 = 12.81

X + 0= 18372 + 5.56 = 23.93
The number of ilems which spread between 12.5 and 15.4 is 44.
MNumber of items per unit length of interval = 44/3.
The number of items lying between 12.81 and 15.5,

15.5 — 12.81 118.36
= 3 ¥ dd = 3
The number of items Iying between 21.5 and 24.5 35 19

= 3945

Number of items lying between 21.5 and 23.93.
SBB = AS gy S8 yaag
3 3
Hence, the number of items Iying between 12.81 and 23.593 is equal 1o sum of items
lying between 12.81 10 15.5, 15,5 w0 21.5 and 21.5 10 2393ie.
3045 + (65 + 27) + 1539 = 14684

= 147

POOLED OR COMBINED VARIANCE
By the combined variance of two Zroups, we mean the variance of the observations

of the two groups taken together. Let us consider two groups consisting of ¥y and
N2 ohservations respectively, Suppose the means of the groups arc X, and Xa and *
the variances are o and o3 respectively. We know by fonmula (3.8) that the

pooled mean of both the groups is,
= T, N M_ + M MW
\__w‘_w - N+ _w.._.u
The combined variance of the two groups is given by the formula,
e M _"m- F _“M.H - X)) + Mot + _"“..mu i I\E___J
ks Mo+ N

@.17.1)]

1]

V(i + di) + N (G2 + di) 1/(N + N2)
whered, = X, — Xiz and o = Xz = Xi2). 3

The advantage of the formula of combined variance is that once we know the
individual mean and variance of each group, we can calculate the variance of the:
combined groups without redoing the entire calculation,

~53"

(417

Measures af Dispersion

Obwviously the combined standard deviation can be found by tuking the square

. root of the combined variance.

Formuli (4.17) can be extended for more than two groups casily.

Examyie 4.11. The mean and variance of scores carned by two groups, one of the
boys and the other of the girls, on computation yielded the following results;

%

N o= 62 X = 1082 of = 52441
Ny = 45 X. = 1054 o = 35532
The varance of scores camed by boys and girls taken as one group of students can
be catculated by the formula (4.17),
Pooled mean by formula (3.8) is
T = 62x 108.2+45x 1054 114514
N 62 +45 107

= 107.02

Pooled variance,

_ 623 [524.41 + (108.2 — 107.02)%) + 45 x [355.32 + (105.4 — 107.02)%)

nmu =
62 +45
_ 62 {52441+ 1.3524 ] + {35532+ 2.6244 | x 45
107
_ 48707.24
= |:H_q = 455.21
Combined standard deviation,
Tz = .Nw.mh.
CONCLUDING REMARKS

A measure of dispersion, specially the variance, is the backbone of statistics. As
m.qn.._m:ﬁ of fct, statistics involves variance almost in every study in one way or the
”_:ﬁ. Most of the surveys or experiments are considered as a study of sample units.,
wwﬂ_nn the formulae for sampling are mostly used. In cases, where no inference
hu..ﬁ.a_ en.ﬁ_ﬁsﬂ for a _Emﬂ group other than the ohservations under study, we
hould use the formulae given for the population. Moreover, all the fornmulas
Mﬂnmlkmn.ﬂm:m:nn are =m_x:,maﬁn whether we consider a population or a sample, Of
W1e interpretation of values has to be made accordingly, Readers will come
307055 the use of varance vis-a-vis the standard deviation in the chapters ahead.

QUESTIONS AND EXERCISES

- c__,_._._.”: tlees dispersion indicate about the duta? Why is this 0l great importance?
- Which measure of dispersion do you consider the best and why!
- Range gives very little information about data, still used widely, why?

< h_.d a_&w.ﬁ respecls is the coefficient of vadation superior to other measures of
dispersiony

B by

_5 4 -
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ERCer 222
5. Define and discuss the following terms.
{a) Quarlile deviation.
{h) Meun devialion.
fch Varance.
{d) Coeflicient of variation.
6. What are the requirements of a good measure of dispession?
7. Explain why standard deviation is considered superior to other measures of dispes-
sion?
8. Whal is the effect of subtracling 25 from each observation and dividing the result
of each observation by 5 on the following.
{a) Mezn deviation
{b) Renge
{c) Standard deviation
{d} Coefficient of variation
9. Distinguish between absolute and relative measures of dispersion.
10, Fill in the blanks:
(2} Mean deviation is minimum about
{b) Variance is zero when
{c) Range is zero when
{d) Coefficient of variation is infinity when
() Coefficient of variation is zero when
11. Discuss the relative merits of range, standard deviation and mean deviation.
(M. Com., Sawgar, 1963)
What is meant by dispersion? What are the methods of computing measures of
dispersion? Illustrate the practical utility of thesc methods,
(M. Com., Alld., 1956; B. Com,, Agra, 1958 M.A., Vikram, 1965
Define ‘mean deviation'. How does it differ from standard deviationCA., 1965}
fatty dry milk during the twelw

12,

13.
14. Following figures give the production of non
months of 1975,

jan, Feb. Mar. Apr. May June July Aug. Sept. Ot Now. Drec.

Months:
8315 816 0958 1115 1314 12655 987 T6I 5332 503 493 671

Production
.._“_E._mbm Lbs.):

Caleulate (i) range, (i} mean deviation about mean, {jif} variance and (v coefficient

of vartation.
15, The following table gives the number of branches and mumber of plants in 2 pe %

of field.
1

No. of branches HNo. of plants
X 4]
16
13
19
12
5
| 4
eviation shout median and varance of the number of brand

(U =

.

h

-1

0.

Caleuiate the mean

55 -

1. Two persons pastici in fi
persons participated in five shooting competitions and were

- The mean wnd variance of macks of a group of §

. F fing 1 i
Cllowing tuble eives the distribution of

: _,.u...:m.z.. the data given helow, ajvine
bz groups, cafculute the avier

Megvurey af L, werEion !

16, The folbowing table gives the distributiog o

. {menthly e pendilyre per e of e

Monthiy expenditure
(R}

New o pessans

7571 “ 0
T-aG _ 17 _
R5-6] _ 15
._ 60-56 14 \
_ 5551 i i
S0-46 12 _
14 |
i5 _
10 _

| 2 . N - &
For lhe 2iver A_H?_Hum—n_n-n_._m calen) i Fi LR TR T 2V 5
- v mnr._”“_”_r_ua_-.n_uh Rl il Tat
) ’ e s LEIREN] L eean de Bty &bt

target comectly out of fifleen shots as given helow; e 0 1 the

Competitor A

Competitar 13

Find which i
of v i
the competitors is moge consistent in shooting performance

breire .o e o 20 students wre 357 wnd 510,74
eipectively. The mean and variance of marks of aiher group of 10 “..:2 i

and 41 " H ol |
544 120y wpectively, © s aly i ¥
e il L Tespectively alculate the s Lzl deviatinn +f b 1l U

S dre
groups

it ihe age of Ludy teachers of 4 sichwsl a1

B
Ape EH:___._m (yeags) Mo ol Tady teachers

519 _ [

_ 224 _ 1 w _
_ 2529 “ 2 _
3034 ( 15 (

_ 3539 m_ 5 |
_ A0 _ 4 _
| 4540 2 |

Comn, i
PUte (1) cunartile devintic .
i .._m_.w__q n?_... deviation mean deviation ubont mean (O} eoeticie
= Wl number of wachers between the age of 26 and 33 .ﬂ e
e of 2 33 years

arithmetic avensoe o standsed (e ul o
Loy ol ; T-alk ™ .
g and standazd deviation of the while SEOTE

-G8~

hmﬂi-.:u-'—!-"' e
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Chaptd

not cause any change in the other varable, sccording to any rule. Scalter diagram
pertaining o independent variables is shown in Fig. 13.2,

Fig, 13.2 Scotler Diagram

From the above fizure, it is easily verifiable that if any line is drawn through
the plotted points, not more than two points will be Iying on the line and most of
the other points will be at a considerable distance from this line,

Onee it is decided on the basis of prior information or scatter diagram that the
rwio variables are linearly related, the problem arises on deciding which of the many
possible lings is the best fitted line. To cope with this problem, mathematical basis
feads to the most logical and accurate solution. The least square method is the most
widely accepted method of [iting a straight line and is discussed here adequately,

LEAST SQUARE METHOD OF FITTING A REGRESSION LINE
The equation for & regression line of ¥ on X for the population is given as

¥Y=o+fX+e {13.1)

Equation (13,1135 also known as the smarhemarical model for linear regression.
The main difference between the canesizn equation of a line and a regression line
is that & reeression line is a probabilistic model which enables one to develop
procedures for making inferences about the parameters o and g of the model. In
this modek, the expected value of ¥ is a linear fonction of X but for fixed X, the
variable ¥ differs from its expected value by a random amounl. As a special case,
the form y = ¢ + fix is calied the deterministic model, In this model, the acival
ohserved value of v is a linear function of x. In this equation & is the intercept which
the ling cuts on the axis of ¥ and [ is the slope of the line. [ is also called the
rearession cocfficient and is defined as, ‘B iv the measure of change in the
Hependens variable [ Y} corvesponding toa wartit ehange in the independent variable
PXITL P s often written as [l to indicate that it is ﬁﬂmﬁm@ﬁ%
mﬁr& In case no seffix is anached to B, itis considered by itself. {} can take any

real value within the range — = 10 =2,

. ~5 7=

Regression and Correlgtion
—

Suppose the regression line given by (13,1} is w0 be fitted oa the basis of n

: p
of sample vbservations, (x, ¥i. (42, 32), .o, (%, ¥l Each paic {x, v fori= 1,2, ..,
1 will satisfy the regression line {13.1).

Thus, w=o+fn+ e
f ar g = (vi—a—Px)
g, sy De positive or negative in case ¥, is greater than or less than o+ P
respectively. Whether the error is positive or pegative. itdoes not matter as an esror
is after all an error. So to avoid the sign of error and confining o its magnitude
only, square both sides of (13.1.2) and take the sum aver # pairs of observations.
This gives,
I e = L(yi—o—pPx) (13.1.3)
In Legendre's principle of least squares, the quantity which is minimnized is
the residuwals or error sum of squares. Here the assumption is that each e is
nocmally distributed with mean zero and variance o.. Thus, the quantity which is
to be minimized here-Z, ¢f. Let us denote this quantity by Q. Hence,

Q = (v - a—Px)’

Ta get the least square estimates of ceand i, so that 2 is minimum, differentiate

@ partially with respect to o and [ respectively and equate to zero. Also replace
ceand B by their estimated values, say a and b respectively. Thus, we get iwo

equations as given below. These equations are call ormal equations.
il pd g ACAES BORALY

(13.1.4)

T "% 2E(v—a-bx)=10 (13.2)
wuw =-2% (p—a-bo)x =0 (13.3)

On rearranging we get,

na+bhE =L (134}
i aL x+bE £ =L nx (13.5)
From (13.4)
n+wwnhnww . (13.6)
at+br =73
or a = (y—bx} (13.T)

Substituting the value of & from {13.7) in {13.5), we get,

I I
TER-b Lk Lux+bE =% wnnx

or plri-lawlezan-tewen
n ._ "

- 58~
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AT, SHI L )
) "
or b= i - f13,

Bl 1
E o ——(E &)y
i

Expression {13.8) can easily be written as,
I R [ T :
R o g )

Suppose x, —X = and y,—¥ = v, under this transformation,

ad

h = AN

- =
e (13.82)

= —

E

If we divide the numerator and denominator by o in (13.8.1), we get

B nn__.__“.._.m“nm.dj (1383

i (1384

5%

or

B is the estimatad regression coefficient of ¥on X and is alse symbolised as
With the help of the formula (13.36.1) given ahead we can wrike,
Fxy = T 8p Sy
Substituling the value of sgy in terms of r, 5y and 5y in (13.8.4) we obtain,

by = (13.8.5]

Sy

where ris the sample correlation coefficient between X and ¥.

Propertics of Regression Cogfficient (1) It can take any value between —=o and =,
Tts sign is same as that of sy 1e. cov (X, ¥

Further, if the whele population has been studied, § will vary from 1 to ¥ for
all the M units of the population. In this situation we get population regression
coefficient [ directly, for which the formula is

B = Cr (13.9)

di

I case of population regression coefficient fol Yo X, which can elshorately

be specified as iy we con express 1 as,

By = po (139.1)

where p is the population correlation coeificient between X and ¥,

_.,m.ﬁ T

Regression anid Coreelation

A amd fare the estimaed values of o and i respectively, the eyuation of

the estimated regression line is

~

Y=o+ hY (1310
where, the hat (%) over ¥ indicates that ¥ is an estimated value. Substituting the
value of a from (13.7), the line of best fit is,

~

¥ ={y - bxy +bx

L
or (F-»=5hx-x

(F3.10.1)

(13.00.2)

Prediction Equation The regres e is also known as peediction eque -
Al b B

fiewr. Omce the constants o and & are calculated, there remains two unknowg
Siriables in the regression equation viz., ¥ and X. Moreover, we know Vdepend’
on X in the case of regression equation of ¥on X. Under the presumption that the
wrend of change in ¥ correspording to X remains the same, the value of ¥ can b
estimated for any value of X, But such a presumption rarely holds good for a very
wide range of X values. Hence, the fitted regression line gives o better estimate o
¥ for a given value of X, which is within the range of X values, taken inte
consideration at the time of caleulation of @ and b, or not much beyond the values
of X involved in the calculations. For example, we know that the crop yield
increases with the increases in the quantity of fertilizers applied in the field. Bus
beyond certain fertilizer-dose, the increase in yield is negligible. Hence the estima-
tion of the yield of a crop for a tertilizer dose should be restricted only for doses
within certain limits. In industry, the production of a product depends on the
consumption of electricity. But it does not mean that it we go on increasing the
consumption of electricity, the production of a product of a product will keep on
increasing in the same proportion. [t holds true oy up o @ certain limit because
many other factors besides consumplion of electricity affect the production. The
fitting of a regression line through actual dara is given below. -

oV
Exampie 13,1, The whie below., gives the data regarding industrial consumption
index of electricity and industrial production index (taking 1960 = 100) from 1951
1o FUT0.

| Year | Endiex of inustcial cansumption _ Irdex of industrial
_ | of electricity (X) | production (1
1951 366 | L]
1952 9.3 5712 _
1953 43.4 5%.1 |
1954 476 B 7
_ 1455 534 75 _
i 1956 585 TR
f 1957 i 1 817 _
1058 " 4.9 Bk _
1950 H7.1 | a3 _

o B g

J

—t
|

\._.rq

§
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19 _ 1660

191 i 10wz

16i3 HBE

| R

H 1xay

i TR

1957 1524
1k HeA0
| G 1753
| 197 714 1843

It is known that the production (¥) depends on the consumption of electricity
(X7 and the refation between the pwo variables is lineor. Hence, o regression line
can e fitted to the bivariate data by caleulating the values of a and b, First make
the follewing calculations,

Zx = (366 + 395 +-

Ly, = (348 + 572 +. 4 |843) = 22235

-+ 2T714) = 23033

T = (3665 + 395 4.4 2T14Y = 425211.85

X - e
i X = 0 = 12517
— 22235

et A
P 20 [11.18
Adso =20

Il

T = (36.6x 54.8+39.53 ¢ 572+ + 2714 x [84.3)

33976987
Using the formula (13,8} we get

139769.87 — m;__s 2503.3) (2223 5

425711 85 — Wamﬁ_m.m iy

f1463.449
[ 11880.31

= (L35

and from (13.7)

po= 11118 — (.35 = 125147

Il
-
i
[
=

-

mqu.».__.a...,..._._..:_.q:.__b___n.a__.a_fb.uz.
Henee the sstimated eguation of the regression line is.
M
¥o=4234 + 055X :
Given the vatue of ¥ = |50, we can estimate the value of ¥ from the estimated
equation, thal is
o
o= 4254 + 055 « 150 = 12484
If we see the data, we find that the acteal value of ¥ior X = |530s 12897, The
difference hetween the actual and estimated value is not much, Hence, the line
sepms to be a pood 1it Acain, iF we want the projection for the increased
consumption of electricity, i.e. X =330, the estimated value of ¥is,
&
¥ = 4234 + 0.55 % 330
234,84
From this we infer, that, if the industrial consumption index of electricity rises
e the level of 350, production will rise to the level of 23484,

Il

Evamiple 132, A departmental store gives in-service training to salesmen fal-
lowed by a lest. Tt is experienced that the performance regarding sales of any

wnlesman is fnearly related wo the scores secur y him, The lollowing doata uive L7
# = = il
r

west scores and sales made by nine salesmen during fixed period.

Tasd seunes (X0 ¢ 16 prk 2R 34 ) a5 1] ek} 24
Sales (VI Rs Y0 35 42 57 40 54 30 3 47 45

The sales ¥ of any salesman are considered to depend on his ability os judged
by his test scores X. The regression line of ¥ on X can be fitted o the data in the
fullowing manner.

Txo= 207 and Ey, =405 for i = 1,2, ..9.
..mum.m.EuU E,F:l.u;h_qu 4

Since the means of x and v observations are whole numbers, itis preferable 1
ese the Tormula (13,8, 13, To show the caleulations cleary, it is betier to prepare the
fullowing table.

F W | %-F y=3 [ E

I 6 ;3% =3 — 10 70

2 1 | oW -1 -3 3

3 w | 37 1 25 (E]

4 # W . 1 -3

[ 5 5 54 6| ¢ L 3 4
! 6 25 sl Fl 6 | 4 e
7 14 a3 -7 ST 77

8 1 47 i i W i

] 4 45 I i I i

Tenal Lo iis | | 141 B | 171
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From (13.8.1) Alse, the popelation regression coefficient of X oa ¥ may be given as foliows,
‘ a4
271 Ty
b= B =— 13.15)
il aor
= |.63 The population regression coefficient 3, of X on I, which is often symbolised

= - < . 5 fhev, com be expressed as.
Hence, the estimated regression line as given by {13.10.2) is, as P P

E)
(¥ = 45) = 1.63 (X - 23) Bor = p o (315,13
~ 1
=173 ;
F=73l+ 163X where p is the population correlation coefficient between X and ¥.
The predicted m&Mm due to a safesman having the scores = 30 i, Tt is trivial to prove that the two regression lines given by (1 3.10.2) and {13.14)
¥ =751+ 163 x 30 intersect each other at a point having coordinates (X, ¥ ), Le. at the mean of two
= 5641 variables. ey

Exple 133, Using the data and partial caleulations of example (13.1), we it

Thus, the estimated safe is Rs, 56,41, e
in the regression line.

Regression Line of X on Y Often we come across situations in which two
variables { ¥ and X are such that not only ¥ depends on X but X also depends on ¥,
For example, the heights and weights of people are two variables where heights of First, we calculate,
peaple depend on weights aad weights depend on heights. In such a case we can

C_M.lmu_ql._mﬁyl\ﬂ

WE = a4 pd [ L :
find not only the regression line of ¥ on X but also of X on ¥. Suppose the rearession Ly = (43 + 513 4+ 184.3)
line of X on ¥is, . = 281790.03
X=oy +B ¥ +e 1301y Mow from {13.13.1},
The parameters o, and [ can be estimated in the same way as o and [{ in b = 6146349
| T 3 a > - 3 ey M - L= -
(13.1 u_.. Instead of repeating the derivation, it will be .....,.n__n_."..qr__n.. to wrile _u.nmr:u_._ 281790.03 — Ry (2223.5)
the estimated values of @) and By, say, @, and & (by interchanging the variable ¥ 20
oy X and X by ¥ in the formuiae for @ and b respectively). Thus, the estimates are, 6146549
o ﬂ'.v.__.um Y a =(X—i¥) (13.12) 3459242
. E{xn-%) (5-F =178
Txy = o Y4 fzy’ by niiwii.u (y =¥} (13.13) _ .
_ L(x=¥] Hence, the required equation of regression ling is,
1)
_ Ty = o) ﬁw._fg (13.13.1) (X — 12517) = 1.78{¥ — 111.18)
b, Tr VAT ! M
T or X=178¢ - 7273
= mlu_., (13.132 i The value of X can be estimated for any given value of ¥, in the manner
5y followed in example (13.1),
d,.._..,m can express &, which is the mmﬁ.m_dnﬁn_ Em...mmm.,n_: Dwn.qmn._mu- of Xon ¥ n_.-n Regression Coefficient from Coded Data  Coding of data has already been
symbolically denoted as bxr. In terms of r, sy, v, as in case of (13.8.5), we can write, discussed in Chapter 4. We have to calculate the variance and covariance for
bew = ¢ X (13.13.3) calculating P or b and the methodology given in Chapter 4 is applicable. Coding is
. 5y T useful toreduce the labour of caleutations. This notonly saves time but also reduces
where ¢ is the sample correlation coefficient between X and ¥. the chances of errors in calculations. Since ages, coding has been a very popular
= : . kv 2 : device as a short cut method of caleulations, but now it is leosing its importance
The equation of the mm..:n.mﬁn regression line of X'on ¥'is, with the increasing use of modern electronic caleulators. Still in many axaminations
(X -X)y=k{¥-7). (13.14) calculatars are not provided and hence it is worthwhile to discuss it here.

)

X = (%59} + by — T — £ ~

i -
Estew Lz Lirw 1)
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Let a constan: e be subtracied from X observations and o: from Y observations,
Then the reduced values of X and ¥ are divided by o) and ds, respectively. Thus,
the coded variate values are

‘HH.I_H._, .M.,q._l_uu
dx; 7 and oy, = e

fori=1,2, .. 5

For calculating the regression coefficient from coded data, prepare the Tabie
[3.1 given on next page.

Under the transformation,
oL gy gy S
n mn d)
0 T &
T, | L n M_D*
= wm i |
dx = B
7 (13.16)
ar ¥=ddr+ o (13.16.1)
— = ¥ — Ca
Sienilarly, dy =< 7 = (13.17)
or ¥= _ummw + 2 (13.17.1}
Mow the regression coefficient from coded observations is,
- = A
g {dx; — dx} _.‘nl._..,: ) (13.18)
%, (dx, — dx)’
p— ) (R v
_ Zidxdn u () (% dy/n AL
oy — (Zida)n
Substituting the transforms for dx, and oy, etc. we get,
I, _\.__.._ =13 IHI_..._ i Yi—t3 I.._I_IE
_. _u__ _u_._ _nmu _n_.u
b= - Ey T
5 (m—c X—a
L
i =, =
T 5 Ty
i T{x-x){xn-y}
.wH_?]m._u {13.18.2)
di
B (13.183)
da

_EE

Table 13.1

Regression and Carrelation

i
1 -
. = A ia = =
- - -, L= - el
LI " i % Bis
o o g 3 Ca
e ] -t . ) L g -
% L " g kS i
_ - - e
& e s £ £ =
. , =
— el WE 5
=5 3 Iy ] = | T
|
] ~
& o o G
] -
s 1 =g’ IR e
i ol | - B Ehy
o | - Sy =
1 ] I 1 2]
= ~ = =
5 & & i ﬁ._
N (N3 ] | [~5 I | -
— il - xﬂ_ -
% £ £ . £ =
1 1l n a 1 28
- re - "
E & 3§ 5 4
[l & & Iy 5 &
| 1 1 S I |
- = = = = e
- = _ = g
ot ey a = o =
[ ! [ [ 1 |
B | = & o o i _.Mn
|
- = = - = = ey
. T
] T B - - T
=
o
-

where i vares from 1 toa.
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b, {13.18.4)

From (13.18.43 1t is clear that the regression coefficient is independent of the
chunge of origin but is affecied by the change of scale. To abtain the vaive of
regressien coefficient for original observations, from regression coefficient
based on coded data, it should be multiplied by o /).
More = i) ey, ez iy and o2 need pot recessarily be different. Any of them may be equal il found
apprepriage. o) and <2 should pever be taken s zero because the coded vaive will becamse
infEnity and da £y will become an indeterminate quandity.
Often we like 10 do only one operation. i.e. we sublr2ct a constant and no divisior 15 laken,
I this sitzation dy = da = L. Hence the value of by will directly be equal o the valoe
obtained from coded data, When the divisnrs are tken but ne constarts are subiracted
from the obseoved valugs, then cr = c2 =10, 1

4 "

Examiple 134, The wble below gives the total grain  production and cere
production of cereals in Lakh tonnes {rounded figures) for nine years.

Yoar 1 2 3 & i & i L3 k]
Total geain production (v 400 240 430 550 620 G50 &0 T40 7RO
Ceread production {1} 50 al O 85 95 100 105 115 (20

We know that total production is directly proportional to the cereal production.
Hence aregression line of total production (v) on cereal production (x} can be fitted.
Since the figures are large enough, we will use coding of data, Therefore, subiract
620 from gach value of v. Also divide each subtracted figure by 10, Also subiract
93 from each value of x and divide the reduced figure by 5. In other words, 2 =
620, /=95, d2= 10and &, = 5. The calculations for fitting of regression line, using
the coding technique, are presented in the following table.

Year | Towl | Cemeal | y—620 | x-95 |
production | praduction 10 5 |
X =dy =dr | dvdy

I 00 50 2% -4 | 194 5l

2 FRh] ] ag | = 126 a

£l e T =44 -5 0 s

3 550 §3 = -2 14 | 4

s 620 a3 il i} o | )

& asn L k] I 3 1

7 60 ns | + ] ] 4

] T 115 12 4 48 if

| & e | e | 14 5 70 5
| Tow _ 38 oy sit | s |

_ _ = Ly, = Ly mﬁnn_&..,_ s Ta'y

Regression and Corvelation

From (13.6.1),

I 1l

o0

= 2

=) ]
>

=i
1]

o

[

o
I

[0

]

620 -31.1
5889

Mow the regression coefficient from (13,18
(=28)(—11)
53—
=y
G
537 — 3422
05 - 1344

b=
2035

From (13.18.4),

Equation of the estimared regression line is,
__,.ml SBEY) = 525 (X —-88.4)
¥ = S88.9 + 525X 166.72
_mH._x+m.amH

Fram the fitted regression line, we can estimate the wetal prodection for the
cereal production of 90 Lakh tonnes.
Thus,
[22.18 + 525 » 90
I22008 4+ 47250
F9.L68

393 Lakh tonnes.

~65 —

B
==
]

I ]
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Test of Significance of Regression Parameters The estimators of o and B

- lwve ulready been given by (13.7) and (13.8) respectively bused on n paired

vhservations, The experimenter is interested 1o test whether the parameters o and

5, invelved in the regression line, are of practical relevance or not. To do so, we

ve to test the hypotheses [§ = 0 and oo = (. These hypotheses can be tested

provided we know the distribution of & and a. The estimators a and & arc randam
variables such that,

B N (13.19)
and Coa. Moo (13.20)
where o= G/ (n—-x) (13.21)
and =+ 2 (13.22)

n o I (k-xF

The variances o7 and @, are net known and are thus estimated from sample
observations. Tn (13.21) and (13.22) if o is estimated, say, by 5 . then the
estimatars 51 and - and o and @ respectively, are obtained. Therzare only # paired
observations (x, v ) where § =1, 2, ..., n and & is to be estimated from I, ¢ The
expression {13.1.3) for Z, & invalves two parameters & and B which are estimated

by a and f. The estimate of I, ¢ is,
L = Lin-a—-baf
The appropriate divisor to obtain s from E, & is (n = 2). Thus,

2 _ 1
5= —— ZLiy—a—bgy 13.23
=T {2 ! (13.23)
The divisor (1 — 21 is used because the two parameters o and [§ are estimated
resulting into a loss of two 6.f. Moreover, 5 s0 obtained is an unbiased estimate
af @, & is also called the mean square error (MSE).

With the help of simple algebra, it is easy to shown that

f= i -FEEN (A= n=FH  (13230)

(i —2)

Puiting x, —x = & and ¥ -F = 1, weget

s | N
= ——— [Eavi—b Eww 3232
5, -2) [Zovi—=8 Ewmwl (13.23.2)

In (13.23.2), the quantity & v is called the sum of squares duee 1o
rearession and the quantity within the braces is called the residual sum of squares.

Substituting the vatue of bas Zou v /T ), we ubtain,

a_ b e Eeew) {13.23.3)

T L = 5
{n=2) o

.y -

Regression and Correlation

New using the estimate s for oF, we gel the estimates 5, and &, for o 20d

o respectively, viz.,

5= T (13241
it (13.24.1)
Yoy
5 x|l ¥
and 35 =ik, _‘I 4+ — (1325}
‘_.: MH_HH_I.ﬂu_n.. ‘
= Loy (13.25.1)
n
The test for testing the hypothesis,
HitPx=0vs H: Bz 0
will be as follows:
Hy against &, can be tested by s~statistic which is aiven as:
e 2 (13.26)
LN

where the suffix (n — 2) indicales the degrees of freedom for tand x, is the standard
error of b which is the square root of s given by (13,240 1t > 1o, Teject Ho
where t. is the tble value of ¢ for (n - 23 d.f. at prefixed level of signiticance ot IF
et € fo accept Hy Accepting My means that the regression co-efficient of Fan X

has no practical significance i.e. the change in ¥ corresponding to a unit change in
X is practically meaningless.

Similarly we can perform the test for testing the hypothesis.

M“__.__“HM = [} ws, .__.|.____nH # 10
by using the statistic,

fina

8 (1327
Sa

where 5, is the standard deviation of a, which is the square root of 3, given by
(13.25). If the value of o = O is tenable, then it would be desirable to use the

regression equation ¥ = fX + e i the line is passing through the origin.
Alternarive Test. The hypothesis
Ho P =10 ws. H

can also be tested by the F-est using the analysis of variance technigue. For this
the ANOWV A table is as given below:

—~7o —
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Tahie 13.2:  ANOVA lable

ar | 5.5 | MS [ Fvale
1 e | BE _ hE W op
I | i
(=21 _ T 1= BEa ) [£25 W= B E o
_ (=21 o
=13 ot : _

[EF > Fuin e reject By otherwise accept M. The physical interpretation for
rejection or acceplance of My remains the same as given with test of .

Confidence Limits for Regression Parameters Following the same prin-
ciple os given in Chapter 9, an ex pression analogous to (. 100 is given for (1 — o}
per cent confidence limils.

Confidence fimits for By are,

I+ 5ol e :wmm“_

where e e is the table value for two-tailed r-test at & level of significance and for

(n —2) degree of freedom. & and 5, are as given sarfier.
Again (| — o) per cent confidence limits for o, the intercept, are,
(13.29)

@ E Sy la ey

where ¢ and 5, are as given earlier. fy, i has besn explained just betore.

We give the tests of significance for the data given in example

Exemple 13,3,
EREE
Test ol significance of regression coefficient amounts to testing of hypothesis,
Hyz By = 0 s Hio P # 0
To test My, we make use of the test statistic,

_ b

fiz
i
We will make use of all the calculations made in example (13,1},

To perlorm the test, we need & and 5. We have & =10.55 and now calculate 5.

From (13.23 2),

[ 2123 57
o= F; mm:m_:.ﬁnrtw.a wé_mm % 6146549
um_n_r 20 J
Since T = 48 + 572+ 184.3" = 28179003
5= J_ltﬁ%wﬁ — 33R06.02]
_ T86.40
T
= 43 .6¢

Regression and Corrglaticn

Fram { [3.24),

L 469
| FIR86.3E

an =
IR N

oF o= 00197
The statistic,

N.35
ones

27.52

ny =

The table value of ¢ for 18 d.f. and 5 per cent level of significance is 2,101
Since the table value of 1 is less than the calewlated -value, we reject [, which
means that the regression coefficient plays o significant rele in determining ¥
throwgh X. -

95 per cent confidence imterval for B from (13.28) is,
.55 £ 0.0197 = 2101
55 = 00414

Upper limit for [y is (.39 14 and lower limit 1s 05086,

Again the hypothesis, whether or not the line passes through the or
cquivalent to testing.

.M..__.__“P.H =) ¥s, __.u__._”n_..w.w_u_

Hy can be tested by the statistic,

iy ==

we know, a = 42,34
Now we calculate s, by {13.25)

5 | 125.17° |
= 4369 -+
20 11188631 |

= 43.69 (005 + 014
= §.30
or 5, = 288

4234
Tl =3¢

= |4.70

I\NM.I
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The calculated value of fis greater than the table value of fuws w = 2.101.
Hence, we reject Ho, This means that the regression line does not pass through the
origin.

95 per cent confidence limits for o from (1 3.29) are,

4234 = 2.88 x 2.101
i 4234 £ 605

The upper fimit for ¢ is 48.39 and lower limit is 36.29.

CURVILINEAR REGRESSION

It has already been stated in the beginning of this chapter that the relationship
between the dependent variable ¥ and the independent variable X can be curvilingar
in many cases. The shape of the curve depends on the rate of change in ¥
corresponding to the change in the value of X, Some of the commonly used curves
are given here along with their mathematical equations. These curves may be fitted
to the data and used.

Second Degree Curve Mathematical equation of the curve is,
¥=o+ pX+ X (13.30)

Fig. 133 Parabefa

The shape of the curve is the upper half of the parabola. It is zenerally used
far a relationship between the production of a crop and the quantity of fertilizer
applied per unit arza,

Exponential Growth Curve Mathematical equation of the curve is,
¥ = af {13.31)

If we put = | + i, where i is the rate at interest and X the number of years,
then, ¥ gives the amount o which the initial amount ¢t will rise. By taking the
logarithm of both sides, the model becomes linear in log terms.

;-

Rearession and Correlation

Fig. 134  Growth Corve

Mathematical equation of expanential growth curve is also given as

¥ o= e (13.32)
Exponential Decay Curve Mathematical model is,
¥ =of™ (13.33)

If B < 1, then it represents the decay curve. The decay of the emission of
particles of a radioactive element follows this law.

Another mathematical form of the above curve is,

¥ = o™ (13.34)

Fip. 13.5 Decay Curve

Logistic Growth Curve  The mathematical model is.
1 ;
= af’ + 13.35)

This curve is often suitable to the growth of human populations of some countries.

It is worth pointing out, that it is not possible to enumerate all sitvations in
which a particelar linear or curvilinear regression model is suitable. Moreover,
neither one can enunciate all possible equations. It is through experieace and certain

By, X
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CORRELATION COEFFICIENT )
Mhe carrefation between two variables is termed as simple comelation and its
seneral measure is Kard Pearson cogfficient of correlation. The estimated value of
opuation comelation coefficient p between two variables X and ¥ is denoted by
Here we shafl give all the formulae for » If in some study all the units of the
rapulation are measured, we should use the formulae given for r over all the
shservations of the population and, instead of r, use the symbol o, But in rare cases
we study the whole population. Therefore, we have given the formulae for sample
ubservations. Sometimes the suffix XY is added (o r, i.e. ryp, to connote that it is
the correlation coefficient between the variables X and ¥. Theoretically, the sample
correlution coefficient is given as,

_ow (5 1)
Fyy = J_T.A.M.‘.—r__.‘mﬁ_ ..A_wm.m-w
=y SR (13.36.1)
Sy Sy =

where i and sy are the sample standard deviations of variables X and Frespective
and sz is the estimated covariance between X and ¥, If we have i pairs of sample
ebservations, (v, vil, (22, va), (05 ¥3) - (5, ), then the correlation coefficient,

zuuﬂ?uhiyl;
. 5 (13.37)
Fori=1,2, ...1 .
R 4 s (13.37.13

VE (x-FF & (n=F7

1 .
Hﬁ]ﬁﬁiﬁf

= (13.37.2)
" "
fori=1, 2;...m
If we take the deviations from mean and denote
x=x =g and y, — ¥ =
then the coefficient of correlation,
S S U (13.37.3)

T Lw

The correlation cacfficient # is o pure number i.e. ris independent ol the units
im which X snd ¥ are measured.

Norer Al s about @ kol true for e except that r i5 an estumated value of the population parameter p

75~ .

-

Regvession aned

Assumptions about Correlution Coefficient  There are three assLnpier s
midle in giving the correlation coefficient by the above lormulae, They are:

The random variahles X and 'V are distributed normal A
2. The variables X and ¥ are linearly relaed.
hetween factors affecting e

There is a cause and effect relations
values of X gad ¥ in the series of da.

[

-

Limits of Correlation Coellicient Formula (1337 7.3) gives,

s (Ew)
gt W

il g

We know [rom the Schwanz inequality that if o, and v, are real [TRETE

all i=1.2, .., 5 then

vy € (Eog) (Z
The «ign of equality holds ifznd oniy §

J (13.39)

n I iy,
i : {13.din

Thus using (13,39}, we can write thal

. [t (1341

which implies that— ' € r < 1. (13.42)
Hence it is clear that the correlation coefficient can never be greatér than 1 and

less than — | When p for v} = I, it means that there exists 2 perfect positive

correlation beoween two variables and when p {or v)'= — 1. it ts called the perfect
negative correlation. When two variables are independent, the correlation between
them is zero. Butits converse is not true f.e, if the correlation between two variables
is Zero, they are not necessarily independent. Zero corvelation coefficient shows
the absence of linear relationship between the two variables. The values between
Fand — [ are interpreted accordingly.

Example 136, The age in years of fourteen young couples is given below:

Huspand ¢Xy: 21 235 26 24 22 ) 4% 24 28 32 31 29 1 |4
Wil (¥ 920 3 M M M 219 3O 19 |

To know the extent of refationship between the age of husbands and wives
we cileulate the coeflicient of correlation r from the given data. For the given
variate values,

no= [+

Zoxi= 350,

I+
=
i
fed
&z
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Negvession aned Corrplarion

Ty wv el 2 dk TN oy v
First, we muke the fotlowing table and compuie various values involve

Since means are whole numbers, i s convenient to make use of the formula

{13.37.1). To do the calculations systematicaily, prepare the following table. formul.
r . e - T | i PAE—— : F Db | ; _ . _ ]
L ¥ x—% ¥=¥ F e T ol LS ¥ i v | ¢ ;
| I I P
| ol e | |
i 2 19 -1 =3 ia o 12 ! 2 165 “| a1l i i
! ! [ | iz i
25 w |0 =) a0 3 00 | 58 1w | s
2% 24 i 2 1 4 1 | 4 152 _ g2 | a3
14 21 -1 -1 I 1 1 3 B3] 5.9 RIERT
n 2 -3 4 g I 3 m ” 136 By EXETI
! 2.9 o] e
an L= 5 2 25 4 Lo | i & T _
_ 4 | |23 | a9 [ T e
19 13 -6 ~4 36 16 4 _ & . | ) | mli=s
: . L LU S 1
g | 32 =1 0 1 o0 0o [ _ A T
[ ! 7 13225 |
8 19 3 -3 9 9 -9 I ! Iy I
32 ) 7 & 49 4 56 [ 12 B
| K | 7 ] 5 36 25 an _ i1 i s |
m aw | 26 4 F 6 16 16 | “ ;
2 1 -4 -3 s | 9 12 _ u ) |
15 I8 -7 -4 44 16 28 There are 13 pairs of vbuery cree o= 13 Now
Totd 350 308 _ 0 _ 0 264 |78 i85 (13372 hecause the means of v amd v values are nol exact.
From the above table we have, = 137477 = (173 16,9013
T
- — = =i -1 7y
(u—F) = 264 5 (3T = 178, T(6-F) (%-7) = 185 ~ sz - LS
] ] .* _
T2 o
Putting these values in the formula {13.37.1) we get, - 022 ¢
= _—= = 2
: T3 a5 -
- L85 _ 185 _ has . " . . 958
= Ti6a = 178 _ 216.78 - o e coelficient of correlation between the birth rite and the deasth rate is 0002,
which is very cluse to 2ero, Henee itcan be inferred that they are not linearly reluted

correlation between the age of husband and that of the wife t each ather.

said that there is a high degree of Correlation Coelficient from Coded Data  Using the same coding as in
r.EH.:_. regression coefticient, e, dy, = (v, — o), ..E.,._tm._.. = — e Eﬂh_ _ 50
:..._r____mc.‘,.nc_«:&._n:m.:..;m:n_._u:..__,n_u:_u:_..H.E:;_w._w:: :.H.m.___.m _._m___..

Pt ]

correlation coefficient from coded data as per formula (13.37.0) s

The coetficient of
is (185 which is close to 1. Hence it can be
relationship between the age of husbands and wives.

Evample 137, The birth rate and death rate per thousand persons in Switzerland

from 1968 to 1980 were as follows: \ i
.= T idy, —ele) {ely, — o)

: ' i - (1343
P e (1 VE, (dvi— o’ . tdy, - vl N
71 65 158 1S2 143 136 115 123 17 USs 113 13 1.6 O ’ B .

. 5 ﬁ.ﬁ.ln.“|.ﬂ.|ﬁ._ | _.~._..|_.y.._. Y-
Dreath rase { ¥ ] i | d, 4 n - _
9 wq 51 82 6% 89 BS 97 90 87 51 90 92 = JN =
v o ¥
The correlation between the birth rate and the death rate can be caleulated in <M. .sn_ L ___»_ ¥
1 iy

the following manmner.

T ~78-
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L
= i (13.43.1) - :
./_ T, —_ = — ~ =1 i ] = ! o ..Ml
= l....._\ .L..J
¥ P T Se— | L]
B (13.43.2) _
NE(x=X  E{y - ¥ . z - - _ =
o =7 =B %
= 'z (13.44) L = | wi
I L}
Relation (13.44) reveals that the correlation from coded data is independent
of the constants involved in coding of the data. This result helps in reducing the _ F
- - . - T - =+ . T L= (= | = ri
labour of colcutation of rto & great extent by choosing the suitable constants 2 g | = H.
ch cay iy and . Some or none or all of them may be equal. Moreover. ¢, andfor = | W
o should be taken as zero if the orgin is not shifted. Also d) and dx should be taken -
a5 one if the scale of measurement is not to be changed. = m,,.w, - o = - . & _ & =
E] | o
Example 138 First we give an example taking assumed set of paired observa- = = " _ P
tians showing that the correlation coefficient calculated with and without coding _
remains the same. g a _ - _ " - o | - g
frmd = ] i 1 * -
X 8 & 12 14 16 i | T ' i o
F I5 1 £ 25 i 0 = i "
We have done the coding by taking ¢ = 10, d) = 2, c; =20 and &> = 5. The | | -
calculations are shown in the following table: =1 2 | = 2 g 2 g Z g &
= —_— i ol = i
First we will calculate r with the hebp of formula (13.37.2) using the columns W
from (i) w (V).
]
a6 120 == w =1 b =il |
1450 - = g|~ |8 8 8 &8 &8 B |8 «
r= "
i 3% 2
/\ﬁmmlﬂml_ 2650 — _M_.,,,i" i
o "IN ) 2| a, T 2 3 § % 8|8 &
= P - u
W70 % 250 4
13 P ! <
= 1393 =] . |2 = & & &8 8|8 g
1 1]
= (.98 |
Now we caleulate rwith the help of coded data from columns (i) to {x}of the 5 _._
b o = o = = = b3 gl
above table, The formuia for ris. = P W
7] 1
dx; ' |
F = (% ixﬁ ay.}
r= E
o Eaxy| |o oo i)’ Z
\/\ M_ & - Ip .PH _n_r.ﬂ_ - E =
i L n

5 * o B
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N7s5=10
.98

We eel the same value of rin‘both ways. Hence, it justifies numerically that

Fo=Fyp.
Example 139, We calculate the commelation coeflicient between the variables,
Tetal grain production and cereal production for the data given in example (13,45

We also make wse of coded values, since the data is too heavy. The partiol
calculations made in the example {§3.4) have been used as such. Formula for r
from coded values is used in the form as given in the example (13.3).
(=28 % (=11

9

LAy

ATi=

_T_;._

_Em 5 _

A
= (~187 + T_,.:- =T+ _uu+ F a1 P =

1l

T
)
3

=

Since, & n iy
1418

50278
V19136 % 1330.89

502,78
G492
049958

The correlation between the area sown and the production is of high order,

Test of Significance of Correlation Coefficient  As already stoted in
Chaprer 9. the random sample {5) isfare drawn from the population o universe
under consideration.  Whatever conclusions are derived or deduded from the
sampic values, are meant do draw inferences about the pareat population. The
estinnages are not unigue and hence a sort of confirmation is sought by way of test
of significance. for the validity of inferences deawn from the sample about the
population. OF course, these tesults are subjecied w certain probability of wrong
decision which is covered by the level of significance.

The testof sigmifivance of correfation coefiicient means w lest the hypothesis.
whether or pot the correlation coefficient is zero in the population 1.e. we test,

Hy:p=0vws. Ho p=l

- gl-

Reprossion aied Cerred)

The test statistic for testing H., is,

S —

L
¥

where ris the estimated value of p based on 1he « paired shservations and 5. s the

standard errorof . Suffix (i — 2) denotes the degrees of freedom o't Also,

This,

I the calculated value of r1s greater than the table value of 1 for o level of
significance and (n— 23 d £, reject My, otherwise accept M. Rejection of My Teads
to the conclusion that the two variables are not independent, This means that the
comelation between them is worth considering, If Hy is accepted, it means that the
value of ris due to sompling whereas in reality two variables are uncorrelated in
the population.

Example 13,10, Inthe example {139,
r=09958 and n = 9.
To test the significance of the population correlation coefficient, we tes
Hip=0vws. Hy:p=0
by the statistic (13.45.1). Hence,
0.9958 Vo7

e — e

Y] I_Em_c..f-

0.9958 % 47
V0084

.63

0Nz
28.39

The table value of  at gc= (0L03 and 7 d.f. is 2.363, Since the calculated value
of t is greater than the table value of 1, we refect M. [t means that there is a
signifciont correlation between the area sown and the production,

Exvample 1301, From example {13.6] we have
=085 and = 14, v _5-9587 w_%m.
We test the hypoethesis, _m_.m_ m
Hy:p=0vs. H:p20 m\n\\&“whﬁm

T
D ch\\\\yﬁ e
x
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_ 233009
V(139 - 43.51) (111 =35,

_ —16.09

T 8512

=~ 019

The correlation between the age of workers and the number of double duty
doys is negative, It means that as the age increases. the workers avoid double duty,
OF course, the correlation isof o low degree.

RELATIONSHIP BETWEEN CORRELATION COEFFICIENT AND
REGRESSION COEFFICIENTS

It has been said that simple correlation is expressed only when there exists a linear
relation between two varables. Hence, it should be possible to establish the
mathematical relationship between the comrelation coefficient and the two regres-
sion coefficients namely, by and By, We know,

H_ _”Hh|H.w n.._.__tpnﬂ_.‘”_

r= T

NE (G- FE{n-¥

1 _ [Za-XHn-7

ol L= =3 s
Ef{u-x)yE{n-¥)
Adso by = A o) _”lralﬂ ‘
Eig—x)
and byy = ||.||JII|N _”.ﬂlmu_nw,_lu.m“_
Eiwn—yr
(Z (5= ) {3 -TF)P
By by = . s
¥Ry M_ _H.p._ =3 F M.. :__ -5 e
or ro= Vb byy (13.53)

Relation (13.53) shows that the correlation coefficient is the geomelric mean
of the two regression coefficients. The sigs of #will be the same as that of either
.__wvH or __...u.._..

. ) Swv
Again, Iy = i
5y

Sxr

and =

Xy 5p

Sy = ¥ Sy
Substitming for sy we get,

" &
==

“ad
L
3=

i
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Regression and Correfaiion

Simitarly,

RANK CORRELATION

Itis not always possible to take measurements on unils or abjects. Many characters
are expressed in comparative terms such as beauly, smartness, temperament, sic,
In such cases the units are ranked pertaining to that particular character instead of
tiking measurements on them. Sometimes, the urits are also ranked sccording o
their quantitative measure. In these types of studies, two sitvations arise. {i) the
same set of units is ranked according to two characters A and B, (i7) two judges give
ranks to the same set of units independently, pertaining to one character oaly. In
both these situations, we get paired ranks fora set of units. Forexample, two judges
rank the girls independently in a beauty competition. The stedents are ranked
according to their marks in Mathematics and Statistics. In all these situations, the
wsual Pearsonian correlation coefficient can not be obained. Hence, the
psychologist, Charles Edward Spearman (1906} developed a formula for correla-
tion coefficient, which is known as rank correlation or Spearinan's corvelation, 1t
is denoted by r. Suffix § to ris u connotation for Spearman, the name of the
inventor.

The formula for r, is derived as the ratic of covariance 1o the product of
standard deviation of two series of ranks. Here the derivation is omitted and thus
the formula for rank comelation is.

65 d

3 13.56)
mwin =1} ‘

n=1-

wherei= 1,2, ....m,
i s the difference between the ranks of the f-th wunits and » is the total number of

units,

The value of r, also lies between —1and 1.

Example 13.16. Two judges pave the following ranks {from the highest o the
lowest) to eleven girls who contested in a beauty competition. Whether or net,
there is an agreement between Lhe independent rankings of the two judges, con be
ascertained only by finding out the rank correlation between the ranks awarded by

two judges.
(Gird Mo |1 2 3 4 3 b 7 # & 10 Il _
1
tanks
3 4 I 2 5 woal 7 9 8 &
2 4 3 I T. 4 6 1l It 5 8
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Following the usual procedure, the rank correlation is calculated.

—
& [a 6 =& & 2 1 & =4 -F % =2 Total |
Fl1 o 4 t 4 1 3 W 1 9% 4 56 |
Here Iodf =66 and n=11
From {13.56]),
f 66
P —_ = ]-= =
r, 1 11 120 1 =030 =070

The value of rank correlation r, =070, which is quite high. Hence it can be
concluded that there is an agreement between judges with regard to the beauty of
the girls.

Example 13,17, The ranks of 12 students aecording to their marks in Mathematics
and Statistics were as follows:

s

tudent Na, 11 2

b
I
th
=3
-1
=
E=]
=
2

|Mathemaics | § 2 1+ 6 B a1z 4 39 7 10

The interest lies to know whether or not students who are good in Mathematics
alsn excel in Statistics and vice versa, This objective can be met out by finding out
the rank correlation coefficient. For this the caleulations are,

1 Tatal
o I KR (e - - 2 2 o 1 =2 -1 2] 49
_ L | | I 4 4 4 1 4 4 l 4 _ E
Here Td =30 and n = 12
From [ 13.36),
i S = % 30
' 123 143
=1 - 0105 Yo
= (895

The correlation betweei the ranks of marks in the two subjects is very high.
Erom this. i1 is inferred that the students who are good in Mathematics are aiso good
in Szatistics.
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Problem of Tied observations

Formula (13.56) is based on the assumption that « units received n sels of paired
canks from 1 to ¢ independently assigned in cach set. As a matter of fact po ties
should oecur in case of samples from contipezous populations. But ties seldom eoeur
due to rounding of measurements. Hence, the problem of ties comes in while
calculating spearman’s rank correlation,

If ties oceur belween measurements 4cross sets X and ¥, it creates no prablec,
Butiftics occur within a set of sample values, the problem ofties can not be iz nored.
In this situation, of course, the ranks are assigned by mid rank method. Under this
PTOCESS. the sum of ranks remain the same as 1t (rt+ 132, but there is a decrease in
the sum of squares of ranks. Hence, adjustment has to be made in the farmula of
spearman's rank correlation. Tt is given here without proof.

Suppose my is the number of tied mesurements in the ith group of tied values
(h=1,2,... k) for the set & It means there are & groups of tied values in the setw.
Then the correction factor w, for ties for the set « is given as.

5
i = E..“ {my = 1)
n=1

A similar expression v, ie. the correction factor for groups of tied measure-
ments within the set ¥ can be given as,

|
b=

Vo =

gl -1

=1
where g, is the number aof tied measurements in the jth group of tied values for j=
1,2,.... [, In case of ties in both the sets, the amended formuia for Spearman s rank

correfation is,

airt—1)—4 M dr =+ )2

= 3, = 3 : === {13.56.1)
aﬂ_lp_“:‘ AP (v 7 —a) =
i =m—6 L P T ST W
= =4 (13.56.2)

W' - ny - _T_._ — 1) (e, )

I the above formula, iF no ties occur in the setx. 1, = O and if no ties oocur in
the set v, v, = @ If no ties oceur in both the sets, 1, = 00, v. = and thus fermuta
(13.52.2) reduces to fFormula ( [3.56).

Example 13,18, The pereenldge marks secured by eleven students in LCW. A

and . A, examinations are ias follomws:

| Stulents
O, AL Marks (%

”_ Co4 Marks (eh



Excersisgs

hT Mean morphometic values of workers of Apis
at thirteen locations.

0.42 043 0.40 0.33 0,36 0.40 0.32 0.40 0.38 0.36 0.40 0.33 a.mm..

Labrum
length:
Labrum
breadth:
E Find the regression of labrum breadth on Jabrum length,
by Estimate labrum breadth for labrum length = 0.5,

{¢) Test the significance of the regression coefficient.

110 102 1.00 1.00 1,02 089 1.00 100 1.00 1.00 1.01 1.00 0.899

9~ Aggregate figures for merchandise exports and imports in India for eight years in millions

=7

of rupees are as follows: %
“Export: 1960 2170 2420 8020 3850 4680 5360 5210
Import: 2330 2110 - 2580 3540 4070 4000 4550 5920

Caleulate correlation coefficient between the import and the export using the u....n._wwa.___
of coding of data. :

mw Following are the data pertaining to the production and export of sugar in lakh n_unum.w..“

in India from 1971 to 1982,
Production (X): 37.4 31.1 387 30.5 478

g.67 3.41 2,51 B.62 9.90 6.64 6.50

| Export (1) 3.90 1.3 1.10 439 841

{#) TFind the regression of ¥ on X »

(% Test the significance of the spression coelfeient, o
it Tasi whether the ragression ‘ine in the apelsficn nesses throue!: the orizin
_“.9.._ What exporct of sugar can b expected when the production is 50  akh tomnes?

. “The age groups and monthly in: sme of 80 Emnw.mwm of a manufacturing unit were wm :
given in the following bivariate ‘equency table, &

Age groups
Monthly pay 20— 30 30— 40 — 40 — 50 50 — 60 G0 —TO

300 — 350 5 2 1 —_ -—
330 - 400 4 4 2 3 —

I 400 — 450 2 B 4 1 —

| 450 — 580 2 3 5 2 —
500 — 550 1 4 T 5 —
550 — 600 — 2 3 2 —
B00 — 650 — — 1 — 1
6550 — 700 1 1 2 2 —
700 - 750 —_ — 1 1 — |_

Caiculate the coefficient of correiation between age and MONLY 1NCOIME.

Basic Em:h#ﬂ...

Cerana measured in mm were as follows.

49,6 484 646 584 386 514 840

Regression and Correlation

.\m.\m_nE.Smn singers in a musie competition were ranked by two judges as follows:

Singers: A B € D E F G H I J K L M N
Judgel: 13 4 5 11 2 6 B 9 12 1 3 7 10 14
Judgel 10 9 7 & 1 & 6 14 11 2 4 5 12 13

Using the method of rank correlation, find whether the ranks given by the two judges
have concordance,

@~ The L.Q.'s of a group of 6 persons were measured, and then they were made to appear
in a certain examination. Their [.@'s and examination marks were as follows:

Person: A B c D E F

1Q.: 110 100 140 120 80
| Exam. Marks: it 9% a0 G0 i0 20
Compute the coefficient of correlation and rank correlation. Why are the correlation

figures obtained different? {B.8¢., Chennai, 1375}

ﬂ.__P The following caleulations have been made for closing prices of twelve stocks (X), an
the Mumbai Stock Exchange on a certain day, along with the volume of sales in thousands
of Sheres (¥ ). From these calculations, find the regression eguation:

EX=Rs 580, ¥ =Rs 370, ZX¥V = Fs 11494, EX % = Rs 41658 and T¥ 2 = Rs. 17200
(B.A, Hon. Econ., Delhi, 1871

%.\E.nup the two regression equations, find the value of r, ¥ and ¥:
4Y =9X + 15 and 25X = 6Y + 7 (hiA., Agra, 1074

%.J.w department store gives in-service training to its salesmen followed by - ‘2st to consider
whether it should terminate the services of any of the salesman who do not qualify in

[Ty P
e SRed. .

a0

during & certain period.

19 _
38 _
Calculate the coefficient of correlation between the test scores and the sales. Does it
indicate that the termination of services of the low test scorer is jusiiiied? If the firm
wants a minimum sales volume of Rs. 3000, what is the minimum test score that will
ensure continuation of the service? (C.A., Now 1974)
& (o) Given,

19
38

Test score:
Sales (00 R ):

14
31

24
48

21
37

28

o

22 15 I}

an

a3 wd

45

X series Y series
Mean o4 140
5.0, 16 48
r=0.6

({} Find out the most probable value of ¥ if X is 50 and the most probable value of X if
Y is 180.

What would be the coefficient of correlation if the two regression coefficient are
0.6 and G.4.

@i
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As per statistical dictionary by Kendall 2nd Buckland (19753, the population
is defined as, *“in sraviseical usage, the tesm population (s applied to any finite or
infinite collection of individials.""

Basic Statiztics

For example, the population of students in a University, It means anybady
who is enrofled is a University belangs to this population. The number of plants in
a field. persons suffering from cancer, workers in textile mdustry, persons in
army services in India, are some olher examplies of population in statistical

8

From the definition it is evident that population can be finite as well as infinjte,
Obvicusly, the finite population consists of individuals or items which ae finite in
number. An infinite population is one which sither possesses the infinite property
through some limiling process or is non-enumerable. The population of all rea|
numbers between 0 and 1, the population of ! iniegers are examples of infinite
population. In case of random sampling with replacement {discussed latzr), any
population is abways infinite. Without going too deep in the matter, we neay say
that a population consisting of a larse number of units or items may be deemed to
possess the properties of an infinite population.

From the above discussion it is evident that every popelation consists of
individuals or items which are known as sampling unirs. The formal definition of

sampling unit is given helow,

Sampling Unit  The population may be regarded as consisting of units which
are lo be used for the purpose of sampling. Each unit is regarded as individual and
indivisible when the selection is made. Such 2 unit is known as a sampling unit,
A sampling unit may be specified on some naturat basis or any other criterion fixed
for it. The criteria for it depend on the purpose of Lhe survey and the sampling
scheme to be followed, A person, an animal, 2 household, an archard, a factory or
a village are few examples of sampling units,

Sample A finite pari of a population or a subset of a set of sampling units,
sefected by some process, usually by deliberate selection with the abject of
investigating the properties of the parent population or set, is called a sample. For
example, if we select five students from a class of forty students, five selected
students constilute a sample. We select fifty bulbs to test the life of bulbs, from a
lot of bulbs manufactured by a factory in a week. Fifty selected bulbs constitute a

sample.

Sampling is a device witich inakes one able to draw inferences about the whole
population simply by observing or measuring a few of the sampling units, How-
ever, this creates many doubts like {a) whether the conclusions drawa on the basis
of sample observations really hold good for the whole population or the whale
mass? (b) would the results not be unreliable? Such questions always surface in
the mind of applied scientists. But the fact remains that the sampling has served

¢ -
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the purpese of all the scientisis toa greatextent, Many arguments can he put forth
inits support. A few of them are as given below,

(1) I is difficult to handle 5 population which usually consists of a laree
number of unirs. )

(2} Too much time is required 1o study the whole papulaticn and aflen the
study becomes outdated by the time it is complete,

Finances required 1o cover the whale population can hardly be made
availabie, ’

In a study where individuals arc killed or perished under abservation,
studying the population serves no purpese. To clarify this point further
we give an example. If all the battery celis of a manufacturing concern
are put to life testing, nathing will be &1t for use, )

(31 Incase, the population is infinite or consists of uncountable number of

units, its study is impossible,

Some people also think that complete enumeration yields betser results than
the samphing studies. However, this is not correct because complete enumeration
__“_umz?m.ﬁ:&n& adds many errors which are reduced or eliminated by sumpling,
Hence, in maiy cases sample siudies vield better results than nowEE.wca mEEnw,
The reliability of results depends more on the quality of the sample, If the sample
is @ true representative of the population, the resulis ohtained from it are very near
to the true value. In the view of mathematictans, a4 ‘randorm sample’ can abways
vnnnm:ﬁu a5 a true representative of the population. Toa great extent it is correct,
But :ﬁ. moment one starts identifving varipus sampling units belonging 1o
m.auﬁ.:n:o? one resorts (o thinking of varioys sampling schemes. The _;M of a
_uu:wnz_uq type of sampling scheme depends on: (i} type of population, (5} infor-
mateen available about sampling units, tiii) object of the study, (iv) availability of
resources like sampling frame, time, maoney and trained _u.wa_u.ann__ and (v} _uﬂ.vE
not the least, the knowledge and expericnce of the person selecting the sample.

m..ﬂquwm in m:.nf.mw.m In any survey twa types of erroes are likely to acour (i}
sampling errors {ii) non-sampling errors.

Sampling Ervors  The errors which are introduced due to errors in selection
of a sample or the disceepancies between population parameters and estimares
which are derived from a random sample. This discrepancy generally decreases
a a.ﬁ sample size is quite rapid bu gradually the decrease in error becores
=p_m:rmu._in with increasing sample size. Hence 2 sample of optimunt size must be
obtained for p study. In this way we can minimize the error or keep the emmor as
smali s we Please and at the same time minimizing the cost of the survey. To
determine the optimum sample size, a tolerable amount of error is prefixed and the
Stallest sample size s determined to help keep the error within talerble limir,

...m_vnu;\.
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Nem-Samypling Eveor  An error in sample estimates cannot be sttributed Iy
sumpling Muceations. It is experienced that (he sludies based on complete
enumeration do not yield similar results in repeated enumerations. Such a dis.
crepancy occurs due o many errors which are termed as nan-sampling o,
Various sources of such errors which may be visualized are,

(i} Observational error or response ecror: if the observations are tiken
repeatedly on the samie unit, the observed values zenerally differ g
otherwise even the same respondent is asked the same question repented-
. his response may differ,

(i} Lack of preciseness of definition also adds to the non-sampling errors,
Forexample, in judging the loss of crop due io a disease like wilt or rug,
will be subject to error due to definitions of what we call severely
diseased, moderately diseased and a low intensity of discase. Moreover
this measure of intensity will vary {rom person to person depending on
the maturity, qualifications and training, the person has.

(i) Errors are also introduced in editing and tabulation of data. Since the
population data are large, the chances of errors in complete enumeration
are more compared to a sample daea,

Some betier ways of minimising the sampling errors are the choice of an
appropriate sampling scheme, selecting a sample of optimum size and the use of
standard techniques of estimation. Whereas the nen-sampling errors can be mini-
mized through superior management of survey or investigation, employing hefit-
ting personnel apd by using modern computational ajids,

Here we define a few more terms which will be used often in this chapter and
elsewhere.

Parameter  Any population constant & called a parameter. For example,
popalation mean (1) and population variance {0 %) ete. are parameters. To obtain
a parameter value, the observations are taken on each and every unit of the
population and & value of a constant pertaining to a characteristic is calculated from
those observations. This constant value is termed as parameter. Such constant
measure(s) of a population characterise a population.

Estimator An estimator is a rule or method of estlimating a population
parameter, [tis generally expressed as a function of sample variates. An estimator
is itself a random variable,

Estimate A particular value of an estimacor obtained from a set of values of
a random sample is known as estimate. As an explanation, generally few units are
sclected from a population and then abservations are taken on these selected units,
The constant for a characteristic is caleuiated from these sample observations, The
constant, so obtained, is known as an estimate and stands for g population

9 -
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parameter. For example the sample mean ¥ is an estimuze of population mean 1
. 2. . 3 - . 2
and sample variance s5° is an estimate of population variance o,

Statistics A statistic is a function of observable random variables and does
rat involve any unknown parzmeter. All the more, the funciion itsell is a randam
varighle.  But a siatistic is not necessarily an estimmior of same poptdation

I . ; % .
parzmeter. For example, " EZX(i=12,---nisa statistic, student-, ie.
i (X — )/ 5 is a statistic etc,

Selection with Replacement (swr} In this case, a unit is selected from a
population with a known probability and the unit is returned to the population
before the next selection is made (afier recording its characteristicis)). Thus, in
this method at each selection, the population size remains constant and the proh-
ahility at each selection or draw remains the same, Under this sampling plan, a
enit has chances of being selected more than once. For example, acard is randoim|y
drawn fram a pack of cards and placed back in the pack, after noting its face value,
before the next card is drawn or from an urn containing halls of different colours
a ball is drawn, its colour is noted and kept back in the um before another ball is
drawn, Such a sampling method is known as sampling with replacement. There
are i " pessible samples of size n from a population of ¥ units in case of sampling
with replacement.

Sampling without Replacement (swor) In this selection procedure, if 2 unit
from a poputation of size A is selected, it is not returned 1o the population. Thus,
for any sebsequent selection, the population size is reduced by one, Obvigusly, at
the time of the first selection, the population size is N and the probabi ity of & uniz
being selected randomly is 1/A; for the second unit 1o be randomly selected. the
population size is (W — 1 ) and the probability of selection of any one af the
remaining sampling unitis (V-1 ), similarly at the third draw, the probability of
selection is LN - 2) and so on.

It we consider the limiting case that & is very farge Mo | the probabilities
b3
N N=|'N-2"
selection procedures with replacement and without replacement become
equivalent. Whereas in the case of small populations, the values
L & 3 !
N N—1"N=2""" " Non+l
small and large populations is generally nz?mﬁmﬁ_ as sampling from finite and
infinite populations respectively. There are _,_\_._U_

*, become constant and in the limiling sitzation, the

differ considerably, The sampling from

possible samples, in case of

i 3 A
sampling without replacement.

Size ofa Sample Thesize of sample is the number of sampling units which
ire selected from a population by a random methad. The problem that arises is
how 1o decide what should actually be the number of sampling units to be selecied
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from a popuintion. As a matter of fact, the sample size depends on a number of
consideration which are as follows:
{11 The purpose for which the sample is drawn.
(21 The type of population Trom which the sample is to be drawn, That is,
if the sampling units constituting the population are highly variable, then
a large sample is reguired and conversely, if the popelation comprises
of less variable units, then a small sample is gocd enough. For a
perfectly homogeneous population, a single unit is sufficient to get the
correct results for the whale population. For example, the blood of 3
person is perfectly homogeneous and hence a drep of biood aken for
investigation gives the true picture of blood constitution in the body,

(31 Awailability of technical people or equipment needed.

(4} Resources allotted for the study in terms of time and money.
)

(3} Precision required: If we want to detect very minute differences, most
probably a large sample will be required and vice-versa. The mathe-
matical formulation for determining sample size is as given below.

d 5. (7.1)
= .
L3 oo L
A
Mg S}
ar .:Hmn ) (7.1.1)
d”

where d is the precision required to detect the differences to the extent of d; uy —
the number of standard deviations necessary for the required level of reliability R,
which is generally in terms of probability. The value of ug is obtained from the
tabie of the probability disteibution which the data follow, For exampte. if the data
are safected from a normal distribution, then for a 93 per cent level of confidence
ty = 1.96 and ¥, — the standard deviation of x. Its value is substituted from
experience or is based on the information obtained from some earfier study.

From (7.1.1} it is evident that if o is small i.e. greater precision is required, we
. et .
will have to select a large sample. Also, if 5, is large, i is to be Jarge. Moreover,
as the level of reliability increases, n also increases.

SAMPLING METHODS

In the selection of a sample, always the effort is to make the sample a true
representative of the population. A large number of schemes have been worked
oul to achieve this objective. In general. we do probability sampling which is frec
from human bias. But in some sitwations, judgement sampling or purposive
sampling is preferred to probability sampling. For example, if we want a sample
of persons who are suffering from cancer, we have to select cancer patients who
happen to come to the hospital(s}, But, in general, probability sampling is in use,
which enables the investigator to control sampling errors and avoid human bias.,
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samples (i) Restricted random samples.

UNRESTRICTED RANDOM SAMPLING

If from a papulation, selection of sampling units is done in such o manner tha: each

and every unit in the population has the same probability ichance) of being selected,

such & probability sampling plan is called random sampling. Suppose there are N

sempling units in a population, the probability of sefection of ary unitis 1A
Simple Random Sampling (srs)  In this type of sampling, n units from a

population of ¥ units are selected, without replacement. in such a way that the

=N

possible samples is same i.e.

I
probability of selection of any one sample, out m_;}
M

A
N : :
I h_____. ) ; In practice, the units are drawn ane by ane from the population numbered

from (to (N — 1), This process gives an equal chance of being selected 1 all units
not previcusly selected. A random number table is always helpful in selecting a
simple random sample,

Method of Selection A random sample may be selected either by drawing
the chits ar by the use of random numbers. The chit methad is 2 random method
but is subject to many human biases as people can identify chits in many ways.
The Roulette wheel is another device for drawing numbers randomiy. 1t is more
prevalent in lotteries. But the best of all is the use of random numbers given by
Fisher and Yates — known as Fisher and Yates random numbers. The random
number table is also given by Tippett. This is known as Tippett's random number
table. But Fisher and Yates’ random number tables are mare popular. Which
random number tables one uses, docs not matter in any way. For selecting a
random sample from a pepulation of size ¥, each sampling unit is numbered from
Q1o (N = 1) IFANis a two-digit figure, the units can be numbered as 00, 0], 07,
up to the maximum of 98, In case N is a three-dignt figure, the units can be
numbered 25 B00, 001, 002, ... up to the maximum of 998 and so on. In this way,
the list of serially numbered sampling units is known as the sampling frame.
Sometimes, a sampling frame is a map showing the pasition of sampling units with
identification marks. Once the sampling frame is ready, a sample of size » can be
selected in the following manner. Let N be a d-digit number. Make usc of d-digit
random number table. Now read numbers one by one from the random aumber
table. If this abserved number, say &, is less than or equal to (V — 1), then select
k-th unit. If the observed number is equal to N, seleci the unit a1 seriaf aumber O,
Incase. K is preater than N, (K > &), divide K by ¥ and get the remainder *R°. Now
the R-th unit is selected. This process continues till & sampling units-are selected.

The sample may be selected with replacement or without replacement. In the
cuse of sampling with replacement, a number occurring more than once is accepted.
A unit is repeated as many times as a random number occurs, But in the case of
sampling without replacement, if a random number directly or by way of a

g4~
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emainder occurs more than orce is omitted at any subsequent stage. In the above
selection procedure numbering of units from 00 onwards and making use of
remainders have an advantzge, as no random number is being wasted n_ﬂﬂ:a the
selection procedurs. This saves time and fabour.

To explain the selection procedure further consider an example where a
population consists of [8 units and 2 sample of size 5 is to be selected from this
population.

Since I8 is atwo-digit figure, units are numbered as00,01,..., 17. Five random
numbers are obtained from a two digit random number table,

They are as given below: <
63, 43, 62, 54, 46

On dividing 63 by 18, the remainder is 11, hence select the unit on serial MNo.
Similarly dividing 43, 62, 34 and 46 by 18. the respective remainders are 7,

%, 0 and 10. Hence, sefect units of serial numbers, 11, 07, 08, 00 and 10 and these |

selected units constitute the sample.

ESTIMATION OF POPULATION PARAMETERS
Let X, X1, ..., X, be & random sample of size n from a population of N units and
Tp, X2, .y X b the corresponding observed values. The values of the known
parameter(s) should be estimated from the setof these sample observations. These
estimates arc often singie valued which are known as point estimates. Also, many
times an interval is to be estimated in which the parameter is expected o lie with
a certain level of confidence. Here we will not pursue the estimation theory and

kence the formulae for sample mean. sample variance, etc. arc given directly.
Some properties of mw:q:&nm are also discussed in this chapter. Formulae are
presented in terms of x(i =1, 2, ..., &), the acmal observed value comresponding to
X
Formulae for Mean and Varfance Let O, U, ., Uy be N population units.
A random sample of 1 onits is selected. Suppose the observations on the sampled
units are xj, &z, ..., L. The sample mean,

==t ditded C o0 (7.2
n
1
=—Z.x (7.2.1)
", i
fori=1}
The sample variance,
3 L —
= =X ﬂ__..m,
¥ S _MT ) (7.3}

I Ty

= — 7.3.1
(=11 ( )

Sampling ana Ity Uses

Fl: T. J |HM sw.____a___

Let the population mean be t and variance be . X is an estimated valve of @ m_.x_ 5
is an estimated vajue o, Formulas for | wand @ are givern by {3.1) and (4.8). o %
MNow, we define a special term 57, which is slightly wﬁ@d:- from o * and is

X EXy
A - Ml__blww\ll.q
_x. W74

{(7.3.2)

A

Ziven as,

.
) = W=D “h_nﬂ wy
1 R
T wo »H X -]
..._

wherei=1,2, ..., N,

(7.4.1)

PROPERTIES OF ESTIMATES
Unbiasedness  An estimate is said to be unbiased il its expected value is equal to
its parameter value. For example, if ¥ is an estimate of 1, T will be an unbiasad
estimate if and only if,
E(x)=pn (7.5

The expectation may well be understond with this example. If from a popula-
tion. we take all possible sumples of size n and take the mean of all samples, the
mean of the estimates is known as the expected value, It can theoretically be proved
that T is an unbiased estimate of f. In formula (7.3} for 57, the divisor is (n — 1}
instead of n. The reason for this is that vsing the divisor (n— 1} makes +* an unbiased
estimate of 5., i.e.,

E(s) =
Mathematical proofs are avoided in this book. Hence, the above conjecture
of unbiasedness will be shown through an example.

Exaimple 7.1. A population of five units has the nbservations.
7,06, 8 4,10
Random samples of three units are drawn such that no unit is repeated in a
sample and the order of selection does not matter. Out of the 3 units, there can be
10 sumples each consisting of 3 units.
Possible samples, their means and variances are given in the following table.

lsamgle s, | 1 T 4 5 _
| Ohse rvasions T.6.8 7.6, 4 7, 6.1 7. 8.4 .8, 1
i ¥ 7 1743 RETA) 19:3
L7 L 71 13 133
& 7 3 9
7.4 10 A, 8,4 &80 | 6410 8,4, 10
1 7 & | 5 00 2213
a 4 | 4 803 283

~9& -

A

i
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Enu_:,__‘m.,.uul..,.m_ru+,_ul..4%+%+WN+.__.+orm+%|W$
2
= mm. =1
Similary, mean of 575 = % = 50

]
LA

I

Population mean @ =

LA

and variance
A |

$ =2 [0-1 + 6-1" + -7 + @-7 + 10-7)]

pl)
4
The above calculations verify the statement that the sample mean is an unbiased
estimate of population mean whereas, 5 1s an unbiased estimate of 5

= 530

Simple Consistency The notion of consistency is mainly concerned with
infinite population. If T, is an estimator of a parameter 8 where T, is based on a
random sample X, Xr ... X, such that T, =1, (X0 X2 X0 then the sequence (T}
is said to be 2 consistent estimator of 8 if for every £ >0, the following condition
holds:

lim PB-e< T, <8 +¢e =l (7.7

(7.7.1)

or lim P{IT,-81>¢

H—tem

Wean Squared Error If o= (X, XN X.) be an estimator of a parameter
B, then £ {(T, - B is said o be the mean-squared error of the estimator T,. The
sequence of estimators | T,} is said 10 be a mean squared error consistent i the
following condition holds

lim £ (T, -8F) =0 (7.8)

Note - When the observed valwes o, X2, % for Xp, X2, X are sebstituted in the esamaor, we get
the estiminted value

Standard Error (S.E.) Standard deviation has been discussed in Chapter 4 as
o measure of variability, Another measure is standard ervor, which is the standard
deviation of the sampling ditribution of an estimator. The idea is that if we draw
a4 number of repeated samples of fixed size # from a population having a mean W
and variance @, each sample mean, say ¥, will have a different value, Here xitself
is 2 random variable and hence it has a distribution. The standard deviation of x is
cullad sremdard ervor. W has been proved that the standard ervor 'Gs" of the mean
¥ based on @ sample of size s

g: = (71.9)

r

Snwpling and {15 Ures

From formula (7.9), it is cbvious that the larger the sample size, the sm
the standard error and vice-versa. The advamage of considering standard ercor
instead of a standard deviation is that this measure s not influenced by the extreme
yalues present in a, population under consicderation. Moreover, it upholds zil the
virtues of standard deviation.

I practice we avoid studying or surveving the whole population. The process
af drawing repeated samples is still more cumbersome. Hence, in reality neither
we use o to calculate the standard error of & nor we take more than ane sample. As
a matter of fact, what we do is, that we select only one sample, find its standard
deviation 5 and use the following formula to find eut the standard error of X e,

SE.(x)= {7 10)

W

Standard error is commonly vsed in testing of hy pothesis and interval estima-
tion, Many distributions, which are originally rot normally distributed, have been
taken as normal by considering the distribution of mean ¥ for a large . This resull
follows from a most celebrated theorem known as central limit theoren. This
theorem has been stated below.

CENTRAL LIMIT THEOREM
I X Xz, Ky are o identically and independently distributed mndom variables with
mean X, and variance o, the standardized variable | X, — Ei(X,) 1/ M_n_hﬂ. ap-

proaches a standard normal distribution as n approaches infinity.
Remeerk. The standard eror may be considered as the key to the sampling theary,

Standard Error of Mean Suppose a simple random sample of size n is drawn
from o normal population of M units. The variance of the sample mean is |

- [ I ;
Vix)=|[-=-—|& (7.11)
n N
L%
N-n § "
=N (71113
An unbiased estimate of W x ) is
5= L. Ljp (7.12)

n_ N
where 57 is given by (7.3). If /N is negligible, we obtain

2
e &

"

Fy =

i
1]
-ﬂcﬁ
=
o
=

ar ¥

-
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Some Sampling Distributions

In Chapter 7 we have studied the samples and eslimates, which represent the:
corresponding population specified by the respective parameters. It means thatthe
sample and its parent population are related to each other. Hence our study can h
nlwiys be twe-fold, e, (i) what we can derive from the population regarding the .
cumpleis) 1o be wken from it and (i) what kind of information can be mﬂzﬂm__.

Jromn @ sample or a series of samples about the population from which they have
poen drawn.
Lherelom, we she

comcentrate on the second point in this chapter. Here the !

Stafistic A statistic is a fonction of one or more random variables nol
no any unknown parameter, 2.g. X ieX, N_”k._.lﬁum_”,m -1,
I ooamd ¥ /¢ ete. Moreover, a statistic lisell is a random variable and follows’

f

some distribution.

peviolvin

Generally, we draw a random sample from a population and calculate i
mean, range, median, variance and standard deviation. We know that there are

_3,_,__ pussible samples of size # from 2 population of M units, One way is to draw’
_‘ =

\ o—

w:‘mucmmk_w\_n sampies and then calcutate for cach sample, the mean X', 5.5 5, =
And find their frequency distribution. But this is possible only for small populz:
tions. Another approach is o draw a large number of samples and collect infor-
mation on the sample distribution of various statistics. The studies from this
approach have become easier with the help of electronic computers. But this
technique is not always feasible because of the cost and ambiguity of resufts
involved with it. Moreover, it is not an exact approach as we are concerned with
the theoretical sampling distribution of various statistics.

€0
T

B

tn

Definition  Sampling distribution describes the way in whi
Function of statistics, which isfare the function(s) of the random varia
%, will vary from one sample to another sample of the same size. Such

d
w0
@
L
£

~99 -
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The first point has boen covered o a great exient in Chapter 7.7

L Ll

Some Sampling Distributions

mmmiw:_mnuh have given a fillip to the number of test statistics for hypotheses
testing.” Hence, some important sampling distributions are discussed in this chapler.

'STUDENT’S +-DISTRIBUTION .
This has been discussed in Chapter 7, under the heading *Standard Error®, that if
grandom sample X, Xs, ..., X, of size n, with observed values X3, ¥, ..., x. is drawn
from a normal population having mean g and 8.D. o, the mean ¥ is distributed
normally with mean jLand S.D. 6/Vn ie. X~ N (L ,0/Vn). ‘

Also the variable Z, where, . * o

hl_.-.

Z= .
asn

(8.1
is a normal variate with mean 0 and standard deviation 1, .e. Z~ N (0, 1),

In practice, the standard deviation & is not known and in such a situation the
only w:ﬁn:mmg.ﬁ left is w0, use 5, the sample estimate of standard deviation . Thus
the variate J,_ﬂ (x — W} /5 is approximately normal provided n is sufficiently large.
If n is not sufficiently large, the variate Ve (X - ) /5 is distributed as ¢ and hence

- h”H.|I__..st

o
54N (8.2}
where 5 L il ...ﬂ.
- F = i LXp =X
: Py R ;
voitalyasnd wiriabi s tho oier e en ad vt ealle ddantts todiststhalinn

This gistribation was Jiscevered by V5. Gosset in 1907 The statistician Gossal
is better known by the pseudonym ‘sivdent” and heng sdistnibution is callzd
student’s r-distribution. He drived the distribution ofz. sz (where 5 = 54
to find an exact test of a mean by making vse of estime od standand deviation »,
based on a random sample of size n. R.A. Fisherin 1922 sublished thae e-distribu-
tion can also be appticd to the dost of regression coed: stent and other peactical
problems. Here, we give the density function and propert:es of -distribution withour
gerivation. The readers interzsted in the derivation should consult a book on mathemati-
cal stutistics, The density function of variable ¢ with & =n — 1 deg rees of freedom’ is,

. -
Sy i L
Sty = e o e —wo i Groe (4.3
Es|+, £ s
3' 7 I + e

where gL &)_risaree R res

2] kel T pfE+1)

\ &) Y

qP thas bees dizcussed in Chapters @ and 10
Depree of freedom are the nomber of independent ohservations in a setof observations,

— Jeeo —
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Thierefore, -
=+ 1} =

Sy =

Properties of ¢-Distribution
(1) r-distribution is a unimodal distribution.

ﬁ“_ The probability distribution curve is symmetrical about the line ,... n_d

(3) It is a bell-shaped curve just like a normal curve with its tails a :En
higher above the abscissa than the normal curve. Its spread increases ag-
degrees of freedom 'K’ decreases. This means that for the same EE ]
of t-variate and x, the normal variate, the arza beyond ¢ is Hmnmn_.ﬂ_ﬁ__ =__n

area bevond x.

# -
L. e
— -4 -2 L £ * =
y '

Fig. §.1: r-diss Motion curve.

{43 p-distribution hin
(=1

(5) The constants of r-distributicn are as follows: i
(Wiean) p=0for k=12, i

2 &
(Variance) 0° = — 2 for k=3 . ;
{Skewnessi g = 0 for &2 4 e
k=) y
A i = for k=35 .
(Burtosis) ot —1) =
{6) The area under cdistribution curve for r<t” is determined by the
equation,
Ry =plt<1t)= .ﬁ firy e _“m.&
|...r_v 4
e ed not integrate actually for the drea &5 2
Students and other readers need n cg _uEnﬂ_&

tables Dm area under the curve for different values of ¢ are avai
vice-versi.

~{el—

< only one parsmeter k. the degrees of freedom equakio’

Some Sampling Distributions

Equation (8.4) is given to acquaint the reader with the know-how af
getting the area if 7 is given and the value of ¢ if area is given.

.+ (T) e=distribution tends to normal distribution as & increases, For practical

e purposes, s taken as cquivalent to the normal distribution provided
k=230 - T

(8) Moment generating function for ~distribution does not exist.

{-distribution has tremendous utility in testing of hypothesis about one population
mean or about equality of two population means when standard deviation is not
Jkmown. Other uses of s-distribution will be known to the readers in the chapters
_ahead. r-distribution-table has been provided in Appendix B.

CHI-SQUARE DISTRIBUTION

Sp far, Ew(m_mf.,.o been discussing the distribution of mean obtained from all possible
mﬂau_mnm. oralarge number of samples drawn from a nermal population, distributed
with mean pt and variance nu Au . Now we are interested in knowing the distribu-
tion, of sample variances 5° of these samples. Consider a random sample Xy, Xa,...,
X, of size r. Let the observations of this sample be denoted by xy, xz..., x,. We
know that the variance, -

i1 q I

5o — = F(m—-E T for d= 1,2, n,

S : n—1

ot =)y = =104 = b

prel
Ly
—

, where - k=(n—1).

A quaniity & /G0, which i u puce number, is delined as 3i. Now we will
give the distribution of the random variable ¥i, which was first discovered by
Helmertin 1876 and later independently given by Karl Pearson in 1900, Another
way to understand chi-square is: if X, Xa, ... X, are n independent normal variates
with mean zero and variance unity, the sum of squares of these variates is
distributed as chi-square with # d.f. The chi-syuare distribution was discovered

uﬂu_z_: Toepunre withnd F

i o di A ol my
...... chi-square wit The chi souare distrihation was diccoverad main

cee el SOE-SGUANS CISINIOWUIION ol Sistonveras manny
uup.in-:.f..ll.. ....))hl)

22 L MICHSUTC O EO0UNCIs O

o case of irequendy distribution, e, whether the
-observed frequencies follow a postulated distribution or not. . The probability
density function {p.d.f)of Hﬁ.._n.q.ﬁ_n. is,
1 |- - ; L
78 A e e £ Al (5.0)
Sl x0) Pk (%)

 Properties of Chi-square Distribulion

* (1) The whele chi-square distribution curve lies in the first quadrant since
£l
the range of ¥~ is from 0 to e

=]

~fed—
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(2) From thedensity function given by (8.6),itis m..,En::_.r.:Hﬁ.m._m:mgmﬁ 1
has only one parameter &, the degrees of frecdom for X" i

- Thus, the shape of the probability density curve mainly depends on the
parameter k. The shape of the curves for four ‘different degrees 8

freedom say, k=2, k=T, k= 12, k =20 are given below.

1k (12) —

Fig. 8.2: Chi-square Distribution Curves.

(3) Chi-square distribution curve is highly positive skewed. A8

4 e and its mode is at the point, wi=(k-1)

Tt is an unimodal cuev
smmali.

-
"

v The shape of the curve varies immensely specially when kis
&= 1 and 2, it is just like an iiyperbola.

(6) Chi-sguare distribution is completely defined by one parameter 4«.

which is known as the degress aof freedon of chi-square distributio

{7) The constanis for chi-square distributions are as follows:
(Mean) L = K
(Wariance) o = 2k

i
=R
={F

—
7
S

(Skewness) O = 2

(8) The momeni generating function for chi-square distribuiion 15,

= kir2

o0 = (1—=20) &

(9) r-thraw moment of chi-square distribution is,

T m.+ﬁ
W= "2 o
P S :
...uu.l.u_r.HpT mg
Putting r = 1, t_u.||_;.m|.___mlln.ﬁ.
~led—

Some Sampling Distributions

2r|&
o \ Tl +2
v Ha= H:h&xm
. e 1 _n ;
=4|5+1 |5 =k{k+2)
Again, '
: e
= kk+2) - B2 =2
_ and so on. ;

{10) It can be shown that m.uq I ? .
- t that for large degrees of freedom say, & =

_ variable ( V27 —V2E— 1 ) is distri ’ e
dFHE T, = “_. ."m n.,mn:vﬁ.nm normally with mean 0. and

1) If 2 2 ndbnirién \
(1) HmH_ M_:._M 1 are two independent chi-squares with degrees of reedo
3 ooand kx respectively, their sum (%] + %3 i ‘ .
e ; y £ S, *1 + 3 ) will be distributed
M_“-E“mnm __....__“5 (k) + fa2) d.f. This additive property E..anﬁn:mmﬂw
i oot :Hmm E.ﬂ.w, c_mam. good for any number of chi-squares, i.e. if there are
e pendent chi-squares with &, &2, ..., k. d.f q.nmm__wn:.___n_w_ the s
. e a o . : : wla " Lm
wi (i L2, . ) will be distributed as chi-square with Z; & o1

ﬂmmm:wwum -DIETRIBUTION
i3
fwo-sample variances. Su i
: : . Suppose 5; and §3 are tivo variances
ol ; 3 of rand ampies of
wmnm. sy it mz respectively, drawn from two normal populations S
The statiztic £ is defined as, .

LI BB | e DA
“onald A Fisher defined a siatistic z which §s based opo o i
; s frlan Plas Fido of

1. [
== log |3
2 75 15 (8.7)
ar - H
> = . 5= 2
9 mm 1 = log. 51 (B.7.1)
at = _ W
n = —
¥ (R
Putting
0: v get
e e =F
(8.7.3)

—FF cteer s =) s S ] Bl ~(s -
is the Tirst __(_nﬁﬂ of Fish
sher's name as a mark of respect. 1 distribu

5] # )= P
= 4 e
(R &) mm..,__;_tm:x.um (L)

W] -
here ¢ s o constant, & = (ny— 1} and d = (ne— 1)

~leg-
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Properties of z-Distribution L
(1) z-distribution is symmetrical about the point z = 0.

(2) z-distribution is a family of distributions in which each one exists for
pair of degrees of freedom & and k.

Here the readers are acquainted with Fisher's z-distribution as it is closely 3
associated with F-distribution given below. i H

F-DISTRIBUTION v . “ethG
From (8.7.3) it is evident that the ratio of two independent mn_.._._Em variances i
denoted as F. Now we will consider the distribution of the ratio of c.qo.umaw_n...
variances in another manner and based on this new approach, the distribution of F

is given. The distribution of F was worked out by G.W. Snedecor. e

Consider two normal populations N(iL, o) and N(Ua, o3). Anindependent -
sample of size m is drawn from a population N(iLi , 7). and of size n; m._.nﬂ._mn.‘.‘..
population N(it: , 63) . Let the sample variances be 5i* and 5" respectively. From
the chi-square distribution theory we know &, 51 /o is distributed as chi-square |
with &y d.F, i .

J._F.l st

i

fo 1)

-
"t

where ¥7 has d.f. k= m — 13,

Similarly,
__.nu u.w .
z  ~
where Hw has d.f: fa == 1
From (8.9), and (8. 10) we can write that, 3
S/G Ak B
T3 SRR (B.LH)
SXS Y K2rong
= Fi.t, (8128

In(8.11.1%, & and k: are called the degrees of freedom of F. Dividing 5 (=
L. 2) by its corresponding population variance standardizes the sample variance, i
the sense that on the average both the numerator and denominator approach 1. Now
we may be interested in testing the hypothesis that both the normal populations
have the same variance, i.e. o7 = 3. Under this hypothesis, lb

TN

= __....n..._...

b

~fe§ -~

function of F-distribution is,

T Some Sampling Distributions

From (8.11) it is apparent that the ratio of two independent chi-squares is
distributed-as F and (8.12) reveals that under the hypothesis o} = o3, the ratio of
two independent sample variances is distributed as F. The* probability density

. . (Rl k)

.ﬁnb_._..ul-
= ‘ o L;w...pm. H.wuu_ = B w mw i Ea w T Y nm_.._ mu
: - 3 4y . =i .. L2tz 1. ke .‘
= O<F<oo

._..O...miu:m_w...ﬂmm.mHEnu__ﬁm_uammm..,n..E_ﬂ_un_.m:ﬁ:ﬁﬁ..m:mi#:ﬁ.o:n:?ﬁ ﬁ&o:w
mmnw.m.a the first quadrant. .ﬂm_nnn.m.nm. two parameters of F-distribution namely, k&,
and k2. Hence the shape of F-distributioncurve depends.on &; and k.. For two pairs

of degrees of freedom (ky, &2}, the shape of the F-distribution are shown in Fig. 8.3.

e, k2lF) o

_ +
] 1 4 3 4 e
Fip. 8.3: F-di- bution Curves.

Properties of F-Distribution
1. F-distribution curve extends on abscissa from 0 to es .

2. Itis an unimodal curve and its mode Hes on the point

which is always less than unity.

3. F-distribution curve is a positive skew curve. Generally the F-distribu-
tion curve is highly positive skewed when &2 is small,

|

Fal ey &

The constants of F-distribution are, __

{meaniin = Kz | ﬁ =

o= —i
ka—12

o s 2 (ko ke 2) a4,k )

(variance) o = T (6 — T (o

\Hﬁml
SeEss s TS T

for L 2 3

fior hmu = 3.
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population(s yis-z-vis population parameter(s) based on prior mmﬂn:wﬁﬂ_,.ﬁjwm
wevs OF CXparience. Sometimes these ideas might _E.....n been mxw_u. in the m._i
...,mﬁ_.man_.r._,_... There isa need Lo aseertain whether these ideas or claims are come
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whether the postulated hypothesisbe accepted or not. This involves certain

of ris

ider i igni 3 if the
hypothesis is accepled, we consider it a non-significant result and if the !

st

Tests of Sipnificance

,...r.m..u.m.. Therg is a process A which produces certain items. Itis nﬂ_..m_.ﬁ_n_.nn that

“.+a new process B is better than" process A: Both the processes are put
: _under operation and then the items produced by them are sampled and
observations are taken on them. A statistical test is performed based on
these observations which enables us to decide whether process 8 is better
-~ than' A or noL.

Often we are interested to know what is the best dose of a chemical
trfatment? Two or more doses of the chemical are applied or ad-
ministered on a number of subjects and response is observed. Now it is
tested statistically whether the doses differ significantly or not.

Psychologists are often interested in knowing whether the level of 1Q of
a group of school boys is up to a certain standard or not. In this case,
some boys are selected and an intelligence test is conducted, The scores
obtzined by them pass through a statistical test and a decision is made
whether their IQ is up to the standard or not.

arch worker or an experimenter has always some fixed ideas about cersy

" There is no end to such types of practical problems where stalisticul lests can
] “..mm,mm__u__wnn. These ar only a few examples. Here, one very important point is to
© - penoted. Whatever conclusions are diawn about the population(s), they arc always
i .,Hm._..&mmﬁn to soms error, Hence there is always some risk involved in these
i declsions. Thus,.a lzvel of significance is alvays associnted with 1 2se decisions.
Ny we will discuss various isems involved i the testing of hypoth &S inoan exact
iy before describing the statistical tests.

¢ eoflecting information in the foronof data. In this way, _.w._m no_ﬂnmﬂﬂ
s of problems, first is to draw inferences about the pupulation on the b
1o datz and the other is t0 decide whether our sample: oﬁmnﬂmﬁmﬁm‘”ﬁm

i oa posiubated population or not. The st type of problem hay ,hmmm.

Ci & i« chapie g ing with the seond
sgred i Chapiter 7. T this chapler, Wo would be dealing 7

arobiem. ..\
aeraily, a hypothesis 4 established heforehand. By Tuﬁmu.ﬁmﬁm. _&maﬁ .
2 m..._;_..mu_u_hm or "ﬂ._ds_unna valuels) of a ﬂnnﬁ‘ﬂnﬁw‘ J_H.E_ “.:m.”nun Mmﬂ.ﬁ
. some relationship between parameters is mo.wE.E.E... in Lhe case m_w.nﬁau.
_“:E.__m:cﬂm. Oin the basis of observational data, a test1s performed 5 el

“A hypothesis is an assertion or conjeciure about the parameter]: : of popuiiion

a.um&u___._ma:?\.:.
e

k. This amount of risk 3¢ termed as a level of significance. When

; nwmm we are considering more than one pupulation, it oy be about the
ﬁ - relationship between the similar parameters of the distributions. For example, the
T

Al

i 24 a sigpificant T which are dealt
ion occurs, i is called 2 siopificant resuln, The tests, e deal

5 oanod e dasbire

mean |1 of a distribution is fifty i.e., H: L= 50, 'The variance o” of a distribution is

this chanter pertain o paramnatnic oSS, A icstis definedns, TA ..,._E_:.__ mmvw_\.ﬁ...l- - 3hoe H: o =36. For two populations, e hypothesis may be that the mears i,

awﬁn_.w%“‘__.n._wrn:.nﬁbmh by certain rules, which leads _...n_ fake a n._&rrmnﬁ“_m gk ~ and g or variances oy and o areequal Le. il = e or o, = 5. Many times,

.E__E:.:mmﬁ.wa_. fty aceeplance or rejection on the basis of sample vatu e the statement in the notational form can be'given in the following manner as et
Statistical tests of hypotheses play an important role in mnm:mﬂ___u.”._n =iy

scien

ihrough a number of practical probiems.

Hpu>0H:p<0. Hu=0H:p=c,
ces, social sciences and aconomics, cte. The use c”_‘.ﬁnm_m has _u@wu Hn H<O Hu m

iy > o, He S s, el

1. A fFeed manufacturer announces that  his feed cont : ﬁd.ﬁ is a known canstant value. Similarly for variance(s), the hypotheses may
o . , ; o claim is correct or nek ORISR - - ep
protcia, Mow 1o make sure whether his clain " 1 analvsis A E =

to take a random sapis of the hroduct and by chemnicat #552 ¢ geg

© .. H:o* = ot .I..Qu....v Zoopg ek gl N

; MR : a, H: gi, H:iol =03, H:op < vz, gic.

the protein percentages in the SUnRIEs. From these ﬂwmwaqmnmn.. s S “where &3 _ ! -
would decide about the manufacturer’s claim for his proautt- ‘.qn‘ WHETe G is a known fixed value. A hypothesis is further classified according o

s e toshooF 3iaaificance. X
dome by performing i tess ot sigpificance -

-

= 1S nafure and usage,

e ~je 8~



Basic Stalistics

A hypothesis which is to be actually tested for acceptance

Null Hypothesis
pothesis. Itis denoted by H. . FHHn

or rejection is termed as null hy

Alternative Hypothesis - It is a sfatemeit abiout the population parameter A
parameters, which gives an alternative (o the null hypothesis (Hy), Within the range
of pertinent values of the parameter, i.e., If Hy is accepted, what hypothesis ista

be rejected and vice versa. An alternative :wﬁa&nmmm is denoted by Hy or Ha. The
mn_npomm:ﬁ:n..?mE_ﬁ.o_wnm.mwimm o&mmauﬁagzﬁ&ﬁh:. r

_For instance, -

if Hi:w = 0, the alternatives are, Hy: L # 0, H:p>0 b

or Hy:n <0,
if Hyily = Ma, the alternatives are. His bl # pa, Mo o > Ha
. . or Hio L < Mz,
‘o< oy

i Ha: o8 = o3, the alternatives are, Hi; @ # o, Hy
or Hy:o >

o, the alternatives are , H: o = @, H 1T >0 L.
or Hi: O < G,

e

e o=

Simpie and Composite Flypothesis  If the statistichl hypothesis compliely
specifies the distribution, it is calied a simple hypothesis, otheowise it is calledy |
For instance, we consider a normal population N (L6
gst (he hypothesis, Hy oL =23 against Hi sy :
w that L can take either of the two <mEnm__.u.u i i

gsite hypothesis,
wog g known and we want to §
4. From these hypotheses we kno
or 30, Ta this case, Hyand H, are both simple.
of the form, Hy:p = 25, Hitp <25 or Huiph > 25 . Likewise, simple am|

composite hypothesis Tor aiy other parameter(s) can be stated,

TWO TYPES OF ERRORS
After applying o test, a decision is taken abouw
hypothesis vis-a-vis the alternative hypothesis. :
of committing an error in taking a decision about the hypotheses.
he of two types: .
Type [ error. Reject null hypothesis (Ho) when it is true.
Type [T error. Accept null hypothesis (Hq) when it is false. ¢
with an example where a patiedt =

These twi types of emors can be beter understood

i given a medicine to cure some disease and his condition is scrutinised for sorhe time.
1t is just possible that the medicine has a positive effect but itis considered that ithasio.
On the contrah

effect or adverse effect. Thus, it is the first kined of erroror type I ervar, .
but is considered to have had a positive nmonm.nm
catled the secoud kiid af ziver o fype H ervor. Mow let us consider the :ﬂn..nmuamm
these bwo types of eror. TF type T ervar is committed, the patient will be given AR H \
hich may or may not be effective, Bul if type I error is commited, LR

of un pelvarse effect the patient s likely to develop s i

\JHQW\.

Ha
113

!

medicing. w
medicing 18 continued i spits

" probability of type I error which is tolerable. The level of significance is denoted

s sig

But generatly H, is ncﬁwammmn_.,m 3

e
“r s

Tests of Significance

other nnaﬁcnu_“wﬂnmm“w may even dig.’ This means that the type II error is much
more severe t type I error. Hence in drawing i

. . 1 : rawing inference about the null
hypothesis, practice is ‘followed _._.n..n type II emmor be minimized even at certain risk

- oftype I error. .

.. y FmM.mm.n___. mm_mnm_.mﬂ.w:nn : H.n is the quantity of risk of the type I error which we
are ready to tolerate in making a decision about Hy. In other words, it is the

mu___ ee and is conventionally chosen as 0.05 or 0.01. o = 0.01 is used for high
X ig

.‘ _ precision and ot =0.05 for moderate precision.

—u..ﬂ_“":.” A.u.:-nnmﬁ Another mEu.B..."n-_ is to find out the P-value at which H,
s sigr ant, i.e., to find the smallest level o at which Hy is rejected. In 5.._
jituation, it is not inferred whether Hy is accepted or rejected at level n_._c.m orQ c.”

" orany other le istici i
orany vel. But the statistician only gives the smallest level ¢ at which &,

fsrejected. This facilitates an individual to decide for himself as to
m“msummnm”“rﬂﬂﬂﬂ ﬂ_H. This approach avoids the imposition of a mﬂnnaﬂnhucﬂ_w

%ﬁh the _n._.i _E..M ; nonzﬂonﬁmubn.n _u_.,ﬁn._nn.,.mo: of Hy, the experimenter can himself

i the P-value is 1 ._..,r paring it with z.ﬁ P-value, The criterion for this is that
ess than'or equal to o, reject Hy otherwise aceept Hy.

CRITICAL REGION (C.R.)

WHM”“HM.“W_ _.H__u.“ ”Mm”mﬂ._.m_n hypothe is Ay, The test statistic follows some known
‘tworegions, viz., the h_m i ::u.n... the probability denzitv curve is divided into
of rejection is the re .Eh_.q: aﬁmﬁﬂm..}n.ﬂ_ﬁm.u:ﬁ_ the region of rejection. The region
statistics lies in __.;mw nin which £, is rejected. It means that if the value of test
o A ?Hc.mm_a:. Hy will be rejected. The region of rejection is called a
mmamnﬁ__wn.n. .m.._._npmmmﬂ.._m.n are: of :..E region is equal level of
ﬂ_d_..mwuuno: _un..:.. the EEH o_.MN_M.n:‘ Mmﬂm.”.”wm%: taetail m:.. the distribution curve.
. . -atl, dgpending upon the alternative h .

sy One- and Two-tailed Tests If the alternative hypothesis, H, is oﬂm_ﬁ_”.h._wuﬁmn.

B> sy < : _
..E%u_n.ﬁn ﬂ__: o ﬁﬂﬂnv .r_.m ___u_n..h. > o or O < 03 elc., the critical region lies on
i o o of .:ﬁ..d ability density curve. In this situation the test is called
SRS led Tes., Hajisofthe lypep > L Hi o< W a e 7 2
region is towards tie rigf if a5 shos 2 5 o Bats
e ardas te right tail as shown in Fig. 9.1

ARy

critical i all

(Lo T

it

Licar

Shaded
area =

Critical Value
Fig. 9.1: One-sided Right Tailed Critical Resion.
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Buasic Statistics

On the contrary, if Hy is of the type L < W3 O < G, by > Lo
tetc., the critical region lies on the left tail as depicted in Fig. 9.2,

Shaded
arga = o

v m
ot
Critical Vaie

Fig. 9.2: One-sided Left Tailed Critical Region.

F

=+

However, if H; is of the type 1L # O; i # fai @ # Oa or OF # Q.m_mﬁ..._mm..w
critical region fies on both the tails, In this situation a test is called a.two-tailed
test. Tn a two-tailed test, an area equal to o2 lies on both the tails, for.a test of
significance level o The critical regions are shown in Fig. 9.3

Shaded
args = e -

-

o

| Walie +ya Criteal Yalue

B Crih

Fig. 9.3: Two-taled Critical Regions.

SIZE AND POWER OF A TEST ‘ .
The size of a test is the probability of rejecting the null hypothesis when itis Eﬁ_
and is usually deroted by . The level of significance m.& size are m.ﬂ=o=¢5u=m
Therefore, :

i muﬁ‘wﬂc_ud._ Sensc,
. F (reject Hod Hp) =

The power of a test is defined as the probability of rejecting the nuli E_ﬁc:ﬁmm =

when it is actually false, i.e. when H, is true. In short,

P (reject Hu/ fy
P (accept Mo/ H)) ;
[ — (Prob. of type 1I error)

Power =

I

=1-8 {927

where [ is the prohability of type L emor  Among a-class of tests, the best testis”

the one which has the maximum power for the same size. ali

~ W=

Tests of Significance

RANDOMIZED TEST

A randomized test (T) is one in which no test statistic is used. The decision about
the rejection of Hy istaken, if it satisfies some predecided criterion. For instance,
if it is decided that H will be rejected if on tossing a coin it falls with the head on
the upper side and will be accepted if it falls with the tail on the upper side. Since
‘randomized test is rarely used, it is not explained further.

NON-RANDOMIZED TEST

A'test T of a hypothesis H is said to be non-randomized if the hypothesis H is
rejected on the basis that a test statistic belongs to the critical region cp, Le. yir (X,
Xy oo ) € ¢ Some of the commonly used non-randomized tests are given in
this chapter as well as in the next chapter.

DEGREES -OF FREEDOM (d.f.)

Itis apparent from the discussion made so far that in a test of hypothesis, a sample
is deawn from the population of which the parameter is under test. The size of the
sample varics since its depends either on the experimenter or on the resources
available. Moreover, the test statistic involves the estimated value of the parameter
which depends on the.number of observations. Hence, the sample size plays an
important role in testing of hypothesis and is taken care of by degrees of freedom,

Definilion- Degrees of freedom is the number of independent obser  wions
n'a set.

Mate: The 1able valwes for the disteibution of test statistics are provided in the appendix-B o various
levets of significance and degrees of frecdom. .:Eﬂ table values make us decide about the « jection
af .

STUDENTS +-TEST .

?amlm_:.w::n: has already been discussed in Chapter 8 where sampling distribution
of &/ was discussed. Here we shall make use of Tn_m—:_u::_u_: E testing of
hypothesis about the population mean or means.

Xoyof size u has been drawn from

Suppose, o smail random samplhe (X, X
W wand

2 nonmal poputationhaving mean [ and va
to'test the b ‘é_a.__nﬂ.q.
iyt

where Ly is some assumed value considered fit for u. Let the observed values on
random sample (X, Xa, ..., Xo) be (0, xa, ., x). Stalistic ¢ is given as,

a0 which are uaknown,

= |y against E_ T # L

(9.3

Uz



Basic Statistics

where ¥ is the sample mean, s is the standard deviation of the sample, {n — 1 ) in
suffix indicates the d.f. of £. L

On substituting formula (7.3) for 5, (9.3.1) can be written‘as

_np—1)
(=X

fooy = (X — Ha)

wherei= 1,2, ..., M.

mean wxm_:wmmnﬁ_ in terms of standard deviation.

“To decide about the acceptance or rejection of Hy vis-a-vis fi, the calculated
value of tis compared with the table value of ¢ for (n = 1) d.f. and level’ “of
significance o (-distribution table is provided in Appendix B (Table V) for
different d.f. and various levels of significance. The tabulated r-value gives the ;
critical value of ¢, H...Eun cleadly, if ton 2 fasa for (n—1734d. f., reject Ha, c.EE.....:mn
accept it. ;

Noter (1) Tnthe above situation, o two-tailed test bas ta be applied since Iy ispe # o TITSEENT

{2y Tn case of a one taifed test, i Tor the alternative f.ﬁo..#
Hppo» e reject Ho, 6 Lol 2 fe for {r — 1) d.f. C.K. lies on the right tail.
liernative hypotiwesis is, S < po, reject My 00 fod S — e for{n— 1}l .;n.na
lizs on mns taik.

(35 b i=takls s puovided Tora two ailed critic ~egion, i shonid be consulted as such. _w
ane taled ~tabie has been provided, we sha ., -d consult the tabie for level /2 where @it |
1 prefixed level of significance. )

(4) 17 £ is rejected at o= 001, caleulated t-vi s is called a highly significant valee.

random sample has been drawn from a normal population.

3. All ohservations in the sample are mzanﬂnnm@n..
3. The sample size is not jarge. A.rrﬁd is no hard-and-fast rale which
be given o cail a sample large. But, as o ractice, a sample of si

or more is considered a large sample. At the same time one should note
that at least five observations are desirable for applying a f-test. :

4. The assumed value [y of the popolation mean is the correct value.

5. The mm_.:_u_n values are correctly taken and recorded. i

In case the above assumptions do not hold good, the reliability of the test
doorsases: | .u.?.m_. come tests arg very sensitive and some are not. The test whigh
mive 4 ite a satisiactory result in spiie of somc ocparturs from the basic assamps
Nons is called 4 robut fest. It is interesting to point out that the student’s ¢ i-iest i3
a robust test,

W3-

4
o M..f.
: s

. Tests of Significance

* faimple 9.1, A breeder-claims that his variety of cotton contains, at the Eow., 40
Jn per cent lint in seed cotton, Eighteen samples of 100 grams each were taken, and

bl

H_ after ginning the following quantity of lint was found in each sample.

Sample Mot | 2
Quantity a_.,\r.-an in ‘ i ) ’ ’ ' ’ ’
wog mE...u.an” 363 170 6.5 175 315 379 u.u.m 6.9 67
10 Ll 12 I3 14 Is ., I6 17 L&
ozt B 385 319 188 aT1.5 371 7.0 6.3 6T 5.7

To check the breeder's claim, a r-test is performed as under. Here we have to

Ho: L = 40 against Hy:p < 40
To test My, the test statistic is

Vi — o)

5

fne) =

Given [w = 4
Now we compute X and 5.

669.7
I8

. x= = 37305

ty
]

&.HH__ |nM._.N_..__ .____.:“_.

= :I_

T
- .T%E.mm - am_wq.,_

10,77
17

i 0.633 '
= 0796

oo J__‘Hnm.l__E__
—ﬂ. .
18 (37.206 — 40)
(L7846
—11.854

= o6 = "4

The table value of ¢ at the prefixed o = 0.01 and

le = — 2 547

17 o.f. is 2.567. Here,

EF b eend ot
- Hence Hy is rejected. It means that the average percentage of lint

In this cotton cw:nmu. is less than 40 per cent.

V14



Basic Statistics
Example 9.2, The life expectancy of people in the year 1970 in Brazil is expected
to be 50 years. A survey was conducted in eleven regions of Brazil and the data

obtained are given below. Do the data confirm the expected view? i
Life expectancy: 542, 50.4, 44.2, 49,7, s54. ]
{years)
58.2, - 566, 619, 51.5, 53.4.
Here we have to test,
Hq = |1 =50 against pL# 50 . |
e

To test My, the statistic £ 15

_ n(X-po) . =

e e 5

Mow, we first complete xand s,

7= 283 _ s

& = -1 (32799.91 — (59850 / 11} .

It

_ q
—_— 3 I3
5 (236.07) a0

23.607
s = 4.859

AL (5441 - 50) ‘
T 4859
14.626
4.859

= 3.01 ..
— 0.05 and 10 d.f. is 2.228. Since fa > 2.228 , reject Hi
S0 vears. The chance of this result

The table value of rat o
Tt means that the life ex
holding good for ihe woo

pectancy is more than

s

e populanon

TEST OF EQUALITY OF TWO POPU LATION MEANS

am two normal populations and want (o test the

Often, we have samples
hy pothesis,
Mool = b oagainst Fyoopy # Ha >
w..ﬂ.. Hq ! My — W2 = 0 Hu.qu._mﬂmﬁ .m..__._ o= Ha = 0
ey 1. sha

Totesi Fy we come acioss either af the two situations, (1) 61 = 02 , b, Doil
. 5 . ¥ BT - - 2 A p

populations are distributed with the same vanance, (iiy oy = O, Le.,.bwo populi-

tions have uneaual variances and are unknown for both the populations.

~M5~

plarion ix 95 per ceat. s

Tests af Significarce

To test Ay against A, in situati i

1gain: on (i), the test statistic under H, [
. ‘ n based on tw
En_n_dn_..am:p samples Xy, Xiz, ... Xin, and Xap, X, ..., X2o of size n; and ¥
Rw_“_@n:ao_w from the two population is, B R

djire . __...u .”Mthuwl__.. i — W)

Let the sample values be denoted by
(X010 X120 cony Xin, ) A0 (o, 222, eoy X))
Then for sample observations, the nxuq.ﬂ_.ﬁn: fortis, .
£ X LHM ) )
H 9.4.1)

8 —_ =
L] Ha

Since under Mo, [y = W,
Statistic r has (m + n2—2 ) d.f,

where X, and X are
‘ L :ﬁ_ Xy are :._.ﬂ mezans ofthe samples [ and I respectively, s, is the pooled
standard deviation which is equal to Vs) , wherens T S

mo
—_n

- ®F 4 T (f -3’
o= B ez e o
r (ry 4= — 2 -3

£, Can also be Cae ._m.nma without ne _— il
nﬂ—pu the deviatio from the mem e
ns 1 5 UU_. |

ﬁm_awl.ﬂm_ ham}i + * T - Am ) i
" = f= f=1 i=1l N

iy =
oty + 1= 2) {8.5.1)

In case the sampl i 2 2 ‘
ple variances i and 53 are known orc Atedl Exrlier. thea s
may be obtained by the formulja, i alenlated earlicr, thea's,

(9.5.2)

Fi
ormulac {9.5.1) and (9.5.2) can easily be obtained from (9.5) using the

formulae for the sample variance as given below,
e 0 o :
o= z A.Hq. = b

=1 o

|

n—1

n
=

i1

: .H..: - HM \@....u ..___. (1) m
3 - Wty

4

1]
IR

=1

P

It shou ;
o popul _.a be noted that the pooled variance has been calculated because the
pulations possess the same variability. The pooled variance 5= will be 2 oood
awillbe a pood

-\
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estimate of the pooled varianc

standard deviation of (% —).

(% —X2) . Decision about the acceplance on rejection is taken according to the

following rule:

(i) Given H: Ji #Ha and ot level of significance, reject Ha

(ii)

(i) Given Hy: l < Ha, and o level of signiticance, reject My :

otherwise Ha is not rejected.

Given Hy:

otherwise, Hy is not rejected.

otherwise

Ly > Mz,

if foar =

or by S —lagz, (Metm—2)

if tey 2

.:. __.n.\._. m

. Hyis not rejected.

Exampded 3. The following jable giv

o ohod

e of (3 — X) and the EXPression 5,

and ¢t level of significance, reject Hu

es the monthly average of total solar radiation
smtel and an irclined surfaze at a particular place.

I_-+P isthe
(L] Ha e

This is also called the standard error'” of

fasz. (M + 21— 2)

fa ._”:.+:u|.wu_

fo o {my+ 12— 2).

_‘ Month

tleain dlaily total radiation an
lsorizontal surface _Hnn_.__nﬂu._&nq”__

Mean daily total radiation onin- -

Jan.
Pl
Mar.

Dec. _

To test whether the average daily total Fadiations in a year on.a horizontal and
an inclined si pal amounts lo testing Hy: 14 = Ha against Hy: g #He

To test Hy under the assumption that the population vas

363
404
518
518

clined surface (eal/em® fdnyy -
syg ol
474
556

faco arseguy

|, By definition, stand

L LR,

ard deviation of an estimate is called its standard error.

\.:WI

teed Ol BYDIRg

nnees of averaoe HDGEE..«..

Teses of Significance

total radiation on horizontal and inclined surfaces are equal ie. o = o
eheo | M z

statistic is
1 a«._f.m,mw

, the test

L= ﬁ.u._u ﬂn___mm_.' S .M___
. sl (3= 94t
b N
i ny 12 2 0
_ 55197 L
Now make the following computations: ®m.\ ﬁ.‘.\._ ? = MQ‘H /
’ i
12
By = o= _ 2421 R
. Zoxu = 54203 o= S = 45175 T = 2543583

i=1
12 .
1z

o, i . o= _. 3B01 P
h._n_Hn_ S801; X = ST 483.42, .,..uh_ = 2859497
. h.W_Jm\.n_m-. = __..M.‘H:..__u fagp + Hgl (% Hmh",.__u £t T =k
i ; =1 = . =
(m+n2=2) __.\Wﬂmﬂlmw
2 __ £ N
_ 12543583 —(S421) 412} + [ZB59497 — (5801)* / 12} 3_. i
,M 22
i
_ 946463 + £5197.0 ]
7 > . 45175-48%42
= &Y 06 2 \|1|.||.|rllnof‘||IJ
. (o4gel 3 , 3997y
5= BU.53 L ] Iz

The statistic
, _ 4517548342
82.53 ./\P 1
12712

_ —3167
._ 3369,

- oy

= —LlLYS

The table value of ¢ at cc= 0,05 and 22,d.f. is 2.074. Since et > — 2074 ' H,

u“ -

. WCans tnat (A1~ H oie, the a ¥
5 N0 re Gﬂnﬂﬂ_ Ito il TEik On H WwWlione, crage dail HDL—.._.m nr__.u_mn_—_n:u: on the
_SM-NQ_:L.— surface and the :-_HH: ﬁﬁ_ Surtace are .n.n_-ﬂ.rL

Situation (ii) when &&= o

e variancics et oo S a3 ...f_H_L this situation the problem that arises is that
’ and hence the deprees | [

X . . egrees of freedon ¢

b_uﬂu._n-_uq.m. The test of differenco haturaon fum maane (o el .u;.__m. fiandiok b

Boger. WD msans 6 his case is Kiown as

R o
S Beri i Fi

frer probienm. . derhans and Fisher showed that the tese statistic is
X — X
!

\/h_ $1...03
2l
Hy

M

\._:%\

{4r.5)



Basic Statistics

where & are s° are estimates of O} and-o? , respectively, obtained’ from two
independent random samples of sizes m, and m, selected randomly from two
populations. The statistic {9.6) does not follow the student’s t-distribution under |

Ho. The theoretical considerations of Berhans-Fisher problem are omitted in this
book. Here, we give the Cochiran’s approximation in which case an ordinary #table [

can be used and this is sufficiently accurate for testing Hu.

For taking a decision about H, the calculated value of t is compared with *

which is obtained by the formula .x____

. .-.
f s .w_._ t: 53/ M
S/t sSim

i =

where & EF."_ t2 are the table values ofrata H.u_.nmxnm o level of significance with,

{my— 0 and {na—1) d.f. respectively.
In case when m = = 1 (S8Y), We obtain
= fy with (7 — 1) d.f.

If el > 1, reject Hy, otherwise Ho is not rejected.

(9.7

More. The test of significance by o -est of the hypotheses about correlatinn eoeflicient. regrossion

encfficient, cie.. have been given in the respective chapters,

Example9.4;: The following dala giva the gaip in body weight (kilograms) per heifer

of two different breeds under a grazing treatment:

—

_ Breed L:
Breed 2

Gain in body weight (kgh
16.RB,
26.6,

€217

Sy

44.8,
445,

269

513, :
52.2.

04.Z, 486,

542, T4

ot

To test the equality of mean gain inthe body weight of the two breeds, amounts.

to the testing of hypothesis,

Hy: e = U Mﬁﬂmﬂmn Hy: wy # Ha .

Here we assume that the population variances of gain in wcigh

breeds are different, .., ol # G
H, can be tested by the statistic,

# 5

Hy Ha

T

=

ot

Tiental

718 i

Tests of Significance

fi

. Lxy = 3079,% = 51.32,
i

=1

=

X = 17051.49

.*.w".u

|

| 17162.02 - (324.6)* /7| = 351.64 : _

2L .W :
S {17051.49 - (307.9* 76} = 25022

Substituting the values in.thé formula for ¢, we get

_— 4637 —51.32
351.64 25022

36, 250
_ =495

V5023 + 41.70 ﬂ.\
=yt 4.95 .f|.\.ﬂﬂ I 1

9.59 ~2-447F oy

= —-0.516

To take the decision about My, at 5
; per cent level of signifi e
B T el i of significance, we calculate

faras.s = 2.447 &

By formula (9.7),

e o 2447 % 50234 2,571 % 41.70
23+ 4170

A2
1.93
= 2.50

T
e JM. calculated value ._u_..w. > — 2.50. Hence, hypothesis My is not rejected. Tt
ans that the average gain in weighi in the two breeds is squa ‘

issgual.

‘PAIRED ;-TEST

MMH..‘HMDM MWM;MMMH@EQ&M ”...‘_._nﬂ Hu...._n. mm_.:_..mnm are not independent and the
e nc_.u.nmm_m.:_m.m:q ﬂ:?. H_..__ :.._,m case, for cach observation in one sampie
i H__E.u_._c servation in __un.o_zﬁﬂ sample perlaining to the same
i = EEE, o e _w.u:.nn_ observations are on the same unit or matching
i .HN 2 m:.: mnE.H..nn wanis ‘5 test the circularity of ball-bearing,.
o e ecis some ball-bearings randomly and measures the diameter ajiong
WO vy, perpendicatar diameotors. Another example may be here. are

Another gxample may be, sy, there are

sixteen ivi i i i ;
e __..M._._an:_w divided into eight pairs such that in each pair, boil the sttdents
‘ mm_:_nO.,_.Ecmnonﬂ_mmnnmoﬂﬂnﬁ_mo_mm_csﬁmﬂ:n_m:.cmnmnsﬁu.:._.m:..wn:

\...._Mﬂ_ -
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ina grosp. The two groups are exposed to two teaching methods and a eest ig

performed after one month, The experimenter is interested to test whether there is.
any diflerence in the effectiveness of teaching methods on the basis of test scores,
From the discussion, it is amply clear that the paired #-test is applicable when the -
paired observations are taken on the same or matching units or items. ;

Let the mean difference among the paired observations in the population wnw.
denoted by D . The null hypothesis raf

Hy:D=0 against H: D=0 or D>0 or D <0 s tested as folloivs,

Suppose r observations in pairs and their differences, (X — X"
sample are as given below:

The test statistic for testing M, is

d

- =

B

©.8)

Paiv MNa. Samplz values Sample vales Difference
- (X (&) (X=X =
_ | K] £ o)
2 Xz 'z Tela
1 i1 e o
| I :
i i ol
| i Ln X aly
since O = () i
- _nd
hal e =
¥
Sulfin {m — [} denotes the d.f. of £
where d=%Xdin <
i=1
5 1 " =y m."...
arud 55=——25 {d-d) 9.9
n—1.2
= — T & — (T} I (9.9.1)
N—L |z J =

~ 2=

d,in :.rw 3

Tewts of Significance

5 The criterion for decision about &, is

if £

2 fusz, wel
i | A

 Given Hy;. Wﬁ 0, reject H,

-

= fas2, a—

otherwise 4y is not rejected

Given Hy: D > 0, reject Hy if 4, >

Tan—

otherwise H, is not rejected

Given Hi D < 0, reject Hy if 1, <

— faon—t
otherwise Hy is not rejected,
Rejecting ffa means that the difference is meaningful and can not be ignored
by considering it as a casual difference or the difference due to ranclom error.

Moate: We can dake (X - XY or (8= X} as difference o Bul whatewver we take ance, it should be
maingdned wniformly.

Example 9.5, The following table gives the pulsality index (P11 of 11 patients

Paticnt Mo, PI value L Difference |_

During Seizure () Adter Seizure (1) (X-x =4 _

] 045 [ER 1] LI B _

Z 0.5¢ .u”.”r_ (V] |
~3 048 0.63 LR
4 0.62 .78 016
5 048 Q.63 015
il .60 080 020
i 0.45 ‘ .69 0.24
8 046 0.62 014G
9 .35 63 013

i {40 S { o.in

1 e 0.57 0.13 _

[Source of date: Gastroemeralogy, Vol, 84, [983 |

We want to test whether there is a significant increase on the average in PI
values, after scizure as compared to during seizure. This amounts to testing the
bypothesis,

Hy: D=0 against H:D > 0.
Hy will be tested by the statistic,
Vn d

f =

-122 -



along with the data.

rejected. lemeans that the PEvalue after seizure increases significantly as compared
to Curing seizure

Examypde 9.0, The data befow show the infiltration rate (cm/h) 2t an upstream and; :
a cownsiream of the experimental plots. ;

Beasic Statistics
Now we calculate d and s 3 The differences s are entered in the last column

L 1.58 L
T =188,d= .4 = 0171, Tdf = 0.3642
i=1

By tormula (9.9.1).

m_ sn_.nsu
i = g 103642 -

0.004289
= ﬁ_._mrmm

VI x 0.171 3
pE e

0.065 3
=872 :

The table value of £ at ot = 005 and 10 d.f is [.812. Since t > 1.B12, Hyis

Thus,

i
|

Infiltration Rale i Drifference
-xy=d |
Flat Mo, Upstream {X) Downstream (57 :
( 1 | 15.66 1356 2.10 il
2 m 15.54 13.62 192 i
3 _ 13,00 12.30 0.70 .
; 1162 13.20 D42 :
5 _. .46 18.78 168 {
& 1980 (.94 786 i
7 i N 14,70 17 =
E . 22,08 1508 a00
g 17.40 10,86 (i -
T 1380 | 1152 238
L I8 18 | 15.30 288
12 (116 ﬁ 12.00 _n84
13 16,830 | 6.30 q 1050
14 20,10 | 9.12 | 10,98
is {320 “ a4 i 336
_ 16 LL16 L | paz i

-

[Snarce of e Asale of Arid Zone, Vol, 22, mwm”:. -

~ 123~

Tests of Significance

‘To know whether the average difference in infiltration rae upstream and
downstream is significant or pot, amounts to testing the hypothesis,

&R..W.ﬂn.»m&:ﬂﬁ...mﬂn
" Hycan be tested by the statistic o
St e ol oo

" The nm.q.mnqnuhn d has been entered in the tast column of the above table. Now
compule d and 83
o= I6 . 6
" Id = 5596, d =350, 4 = 42325

i=| i=

., By formula (9.9.1),

g

= <5 142325 35500

_ 22753
1§
= 1517
B - S = 3.89
Vig = 3.50
38y
= 3.60

" The table value of r at ot = 0.01 and 15 d.f is 2.602. Since t > 2.602, Hyis

rejected. It shows that there is a highly significant difference between the infiltra-
tion rate along upstream and downstream,

Thuz 1=

INTERVAL ESTIMATION

The theory of interval estimation was developed by Jerzy MNeyman. Tt was a
breaklivough in the Oeid of statistics. In point estimaiion, only one value is found
thiough samiple observations, as this represents the parameter. This value may or
may not be a good representative of the parameter. But in an interval estimation,
two limits (lower and upper) are found out through sample values within which
any puint may be taken us an acceptable value of the parameter, with certajn
confidence probability. The twe limits are called the conficence v (C.L.) and
the difference between the upper and the lower confidence limits is called the
confidence fnterval.

In case, different samples ‘are drawn from the sanme population, then each
Sumpic wiil gencrally provide different estimates and ilicse estimates themasclves

behave a5 4 random Pariable. The standard deviation obtained by these estimated
Values is called the standard error and helps in finding the confidence interval,

124~
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Suppose, we are interested in finding out {1 — o} per cent confidence interys)
where ot is the tolerable probability of the event that an estimated value may'lj;
putside, Consider a parameter & of a distribution. Let x” be the value of the deviar
far the distribution, f{x, 8) corresponding to the confidence probability ﬁ—.l‘ﬁw.‘..
Let the sample estimate of 8 be & and o, the standard error of f§ . The confidence
intervatTs given by B+ oo Generally G is not known and hence it is replace|
by si, the estimated value of oy. Thus, the confidence limits are given by
(B = ¥ s). The lower limit is (8 —x" st) and upper limit is (8 + 2" x). The
confidence interval is “_”m +x" ) — _H_m —x )} ie 2 sy SR

The above general ideas will be implemented to the specific problems which
will further elucidate the concepts about interval estimation. Let us draw a sma]
sample of size a(n < 30) from a normal population Ny ,o*) . To find out the
confidence limits for the mean L when @ is unknown, we have to consider the
statistic r. A value of swnple mean is an acceptable valve of population mean if
and only if the statistic r lies between —iy and ty, i.e.,

X—p
b & ————
I PYRNT

1A

fo 910y
wehere £y 18 the table value of ¢ at o level of stgnificance and {n —1) d.f
Taking the left side of veguality {9.10) we get, e

(x—1

&

or WEEE ]
R

Similarly, taking the right side of inequality (9. [0) we get

X
2/ o m <
1
xX—i T - 7
al R e T
Wi = ..m.__ _\.L.._..H.._u.._ . s
— 5 - 5 g
"~ 1ot - i . A z .
combining (9.1 1) and (9.12) we obtain, x — i, I s X+ I
i 5 i ﬁl i B s
Thus, | x—fx - T s the lower limit for W and | X + ¢, - = | is the upper [imit -
\

| Wn
for L. (| — ) per cent confidence interval is 21, .,HW Similarly (1 — o) m.xu_.Rs_

o e ISP TR
KU EdCcG i

Ual are

mits for the difference between two normal population means i.g; =
et coeay, ) oand

“taps

given

sundl  samples (X, X,

(%21 2z, - -4z} of size #y and 2 be independently drawn from populatuis

AL oy and M on) resneciively,

~ (29~

Jsed here directly,

" Upper limii = 38.20a

F... The confidence interval = 320 (- 101

Tests of Significance

i

Consider the situation o7 = @3, 1n this situation the confidence limits for

fui—pepare c \W_,.\\
T
. N e
< ‘ -x) £ 15 - al.+r\\“|u ﬂﬂ,\, P9 14)
X C ]

_.._wan.._ and ¥; are sample means, o is the table value of t at o probability and
H_.+.wu| 2) d.f. s, is given by the formula (9.5) through (9.5.2). In a similar
manner, the confidence limits for ({4, — [i2) in the Situation 6% # o are,

i) ﬁ-Pﬂ_JHw.wumu Hf,.

(915}

X 2 ) - = .
where 51 and 53 are two sample variances and r* is as given

. : : i by (9.7). Similarly
(i - o) per cent confidence limits for D aré,

Tt
m.H__n.ﬂ N (9.16)
All the notations in (9.16) are as given with paired r-test.

Erample 9.7. For the data given in example 9.2, we find the 93
limits for L.

per cent confidence
=

 Ali the calculations, made there, are used here directly. Thus the confidenc:
limits tor i by the foitula [S1.5) are,

4.859
Vi1

C.L.

5441 £ 2228 x

(& 5441 + 326
Upper limit = 57.67 and lower limit = 5 1.15.

mvw_wﬁnm 9.8. Confidence interval for {p, — p,

: ) For the data given in example (9.3
Ecomputed here, All 03 1

the calculations made in the solution of exampie (9.3) are

Thus the 95 per cent confidence limits f (i

; WS IOF i, — G,
; ’
CL. = (451.75—483.42) + 82.53 L
: 2
_ _..\IIJI.,.,.,.I.'!},I
= —31.67 + 33.69 x 2.074 5>

J o ragi; e

= -31.67 £ (6987049 & 7'
S A

rd bower Hinii = =i .54

e~

i

s b

= 13974

: - 126~

)= ?.T ,._.__m\

1




 Basic Statistics

LARGE SAMPLE TESTS

The test of hypothesis about a population mean or two population means, by thy
{-test, is applicable under the circumstances that population variance(s) isfare:mng
known and the samplé(s) isfare of small size. In cases where the mﬁvﬁmnﬂ_
variance(s) isfare known, we use Z-test (normal test), Moreover, when the samp
size is large, sample variance approaches population varignce and is de 3 1.\_ 10

almost equal to u.nﬂEm:o: varjance. In this way, the _.Eﬂ_.__ﬁ_c:.___mam:nn is m:msm
even it we have sample n_m_b and hence the _._n_n.:u_ test 'is uﬁﬁ:nn_u_m.. 3
distribution of Z is always normal with a fean Mn_d and a variance 1. ,H#m.érs
of Z can be read from the table for the area under the normal curve, e.g., Bivep
o= 0.05, Z=196and givenit= 0.01, Z=12.58, when we are applying :.BLSE
_test. Any other value of Z, for any given value of o, can be read from ._“_m.odw,__.___
For testing Hy: |0 = o against M L # [, the test statistic is

lHIF_ ‘.
i TSN ) _Hm.._. _
whereas in (9.17), X is the sample mean and o is the standard deviation .ummm.m.“.wm

large sample of size n.
"

Also fortesting Hy 1 jy = Ha + Avs, Hzly # Ha + ,w, the nk—uﬁ.ww.m.ﬁ. 3 “m.

where & is a known quanrtity.

In (9.18), o and o7 are the two population variances and all other ﬂL;:ﬁn.

are as in (9,67, Here it .w__n.:_n be remeimbered that variances calculated from Fﬂm i
samples are treated as population variances. : ey

Merte= 1n case of 4 one-tailed test, the value of Zshould be obtained from the table for the Eﬁ:.._
normal curve., cormresponding to the preseribed value of . For .E.&:u.._u_ valui of o= _ucm Mﬂe_

ang-tailed test s EAed wnd for =001, F iz u.mu
oo sost critacian for e iee commanly encouniered alizm 1y

i, . _:
Given  Hyppo# pp or [ # pa +
L [if Z = Zura
eject fin _TH -
Given My W > o, rejece My i 2 2 Zu,
Given F: b < [y, seject Hn il 2 Zy.

. . 2 ; add
Example 9.9 The table below gives ihe ioial incoms in thousand rupees per yeas

36 randomly selected persons from a particular class of people. L s

127~

Tests of .M._._w_,:w__.mmb.:nm

) . 2 Income (thousand Rs.)
65 s - 127 138 132 L4
Han 80 96 9.1 90 8.5
| s 13 84 BT ) 7.4
7 6B . . 69 6.8 Y 65
40 . - 64 6.4 T 66 6.2
47 _ T4 B0 © B3 Ce 76 6.7

= the __,mw.m cmﬁ_.ﬁ E.Hm_n data, can it be concluded that En mean income of
apersof in this n“_mmm.nmﬁgﬁ_n is Rs. 10,000 per u_,mmnu

We have to test the hypothesis,

A p = t Hep = 10
Since the sample size is m_m we c..___ use a normal test for which the statistic is
7= X Hn .
Pt

Mow we compute ¥ and .’
an

i
I x = 2807, X = 7.80, X i} = 2368.75

I=1 =
o = == 1236875 — (250
35 mm

_ 180,07
. 35

= 514
o =227
Thus, . 7 e ,.__m.m (7.80— __B
2.27

E =132

A 2327

= — 58I

..??n table value of Z from ,_.me IV at &t = 0.05 for a two-tailed test is 1.96.

Sinc -
e Z < — 1.96, reject Hy. It means that the average annual income is less than
a?nm ten thousan.

B
Hample 9.10. Two samples were drawn from two normal populations ¥ (11, ,GY)

and [y,
i W (1 _nJ The following information was available on these samples recard-
B the expenditure in Ew@mm per month per family.

np =42, % = 74485, & = i58165.43
Sampl -
L “ample2: =32, % = 51678, 63 = 26413.61

=
- Sampie |
|

4 ={egr
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On the basis of the available information it is required to test E_._._wﬁ_ﬁ;#
average expenditure per month per family is equal. For the said problem we E_a
to test the hypothesis,

Ho: by = iz against H, by # W

Since the sample sizes are large, Hy is tested by the statistic,

H_ nlm... B

1
o u“ . .
s S L
#y a2

N"

Substituting the values of various terms in the formula we get

744.85 —516.78

£o=

./\Gmam.ﬁ | 26413.61
42 32
_ 228.07
T 6176
= 3.36

The table value of Zat c=0.05 is 1.96. Since Z> 1.96, we reject Hy. It _.mnmm
that the average =xpenditure per month per family in the two populations is m

Test of Hyyothesis for muﬂ.ﬁ_aan_m If the observations on various :EE n
objects are categ-wised into two classes ¢, and oz (binomial population), we often .ﬁn
to test the hypoth2sis. whether the proportion of items in a particular class, say ¢, _Eu.
or not. For example, the management n_mu manufacturing concern introduces :ﬁ,ﬁs

Ho: P = Py oagainst HoP # pg or Hi: P > my or Hi:P <

n of items in the m__n_m_EmH_B
amnles and ._.:._m

ErELE= R LR

where P is the actual proport

10
Birmoa d e Tasn
0

betonging to class o m.no rions are sty Base

z-test is given here. ‘L'he test for a smail sample case which involves a hyper”
ceometric distribution is omitted. Let a large sample of n items be mm_m.ni
randomly, Out of = items, n, belong to class ¢ and n2 belong to ﬂm}...__._._nnﬂ .._.u..u.w..,_
—m). Also let the estimated proportion in class ¢, be denoted by p . In this waf

wee have the following configuration,

| Class €l 2 Total i
| Mo, of items: s na I 7
1 N i A L "
Propomca ” W = 1
Ll iy A Ha ~ "
where p=—yg=—,p= =g =

~
S
\

Tesis of Significaiice

Hycam be tested by the statistic,
”

— M
e %ﬂ%ﬂ
Po gud it
where gi=1—po

Un_ﬂwmos. m,uﬂi .nw___ cam be Hm_nn: mnnna_am to the following criterion.

9.9

| Given Hy: P = Pas _.m._nn?r.a :. z'> Larn O Z S Top
9;.&: Hio:P>py, _.n_.nnm.lu itz >
Given_H: P A.? nn._nnn _J.: ifz <24

- 005, 2 = 196 and 2
233, !

For any other level of significance o, the readers should obtain the value of
s OF Zgs2 from Table IV for aréa under the normal curve given in the appendix.

For prefixed o
»= 258 and Z, =

=, 1645 and for oo = 0.01,

s

Example.11. Totest the conjecture of the management that 60 per cent employees
favour a new bonus scheme, a sample of 150 employces was drawn and their
opinion was taken whether they mmﬂaﬂnnm it or not. D:_v_ 55 employees out of 150 -
favoured the new bonus scheme.

Thus, we test the hypothesis,
‘ Hy: P = 0.60 against #,: P = 0.60
The: test for Hy through (9.19) is,

B 0.367 ~0.60 55

- M,
. ma.%x.na T
: _mc\\H\mﬂw o
‘ =b. & i 4
J.MMMMC 5

Atoe= 0.01,z <—2.58. E.m:nn Hyis rtejected. It means that 60 per cent
nsnwﬁ__ﬁnm do not favour the new bonus scheme.

= 0367
&n.mww

I
|

) _._.R_ owm_ﬂum_.? of Proportions  If we have two populations and each item
E a population belonged to either of the two classes ¢; and ¢2. A persan is ofien
interested to know whether the proportion of items in class e; in both the popula-
tions is the same or not i, e., we want to test the hypothesis, .

B Ho: Py =

P against Hy: Py ProrHe P> Pa

or Hi: Py <
d____ﬂ.n P and __au are the proportions of items in the two populations belonging to

Class ¢,
endent random samnles

T ne
w..um__._r.::: i 4 and B respective
and £ b as follows:

sl

s of large sizes ‘:ﬁ nz are drawn from
eiy. Lel the number of iiems ging to classes o

)30 —
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_ Classes
cf f [ Total ¥
Sample from A (o]} 0Oz ny
Sample from 8 o s
Taotal o + 'y o7 + ..u._.u

The estimated proportion in ¢, for the population A ispy, =

oY &
m ' % "

for population Bis p, =

Hn against f; can be tested by the statistic,

z = -
under Huie. Pe= Py,
A S Mg P+ ra pa L 4
whey = d =1-
vhere I HiyE s and g n_
= O -+

I I 1

ALY
and ¥ pg H ity Hh
I 2 i
Pi=P1=p n case #; is doubted to be true, standard error of (pv— p2) should be'

restandardised using,

o :

2
The decision about &, against any of the three commonly encountered alter-
can be taken aecording to the mles disonzeed

RLEL ] iy lhacoe
native hypotheses can

CGEC.

Example 9.12. A sample of 400 families in an old city is selected randomnily anda
sample of 500 families is randomly selected from several new coionies of the same’
city. A survey is conducted for the number of houses possessing television 3.5
scts. The number of TV holders in the old city is 48 out of 400 selected familizs.
and 120 in mew colonies out of 500 families. Then the hypothesis whether the
proportion of TV holders in old city and in the new colonies is the same, ie "

.T_._._“ .ﬁ_ = »ﬂ-u VS, ._I_-?v .-ﬂ‘_ = ._Uu

P 1

= = g =

is the standard emor of (p; — P2) under the mmmﬁﬂtmna‘_.‘..‘

with one samnle

Tests of Significance

_.! Television
- ﬂ Holders MNon-holders Total
olel cily = R 43 352 400
Mow colonies T 380 f 500
‘.‘.. From the data,

From (9.21.1),

A

T\hnl \

Hn‘_”m.mcu_.nm given below,
13/35-6/25

Thus, Z is computed by for

Z o=

Moyl 1 < e
Y757 735 400 F Snp I
_ 3% 75 . NEE
TSN 14 % AL w000 Z= ___w

4.8

The i.ble value of Z at o = 0,03 for two-tailed test is 1.96. Since Z> 1.96, 4,
isrefected, which means that the propoiticn of TV holders in old city area and in
new coloaies is not the same at S per cent level of significance,

This chapter has covered the general theory of testing of hypothesis, ¢ and Z
tests. Besides these tests, there are a great number of test procedures suitable for
test of significance in a variety of cases. Tt is impossible to cover all of them inone
or two chapters. Hence, only two more tests namely, 7* and F test. which are
widely applied and used, are discussed in the next chapier.

QUESTIONS AND EXERCISES

L. Throw light on the need of the testing of hypothesis.

2. Discuss a hypothesis, What types of hypotheses do you know? Discuss cach af
them.

3. Discuss two types of crrors in ke testing oF hypothesis, What is their role in testing?

4. Whar i< critieal reaiomn and on what basis, are we ahic (o koow b the rrsition

S e e I P LN .
aof critical _nm.-._..:._.u_u-“-

3. Why are the degrees of freedam so important in taking a decision about the rejection
or acceptance of & hypothesis?

I,___WM\

co 264
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confidence .:mnn...n_ for average 2. :E rice bag.

[t0ss=4.023, 1os,s=2.57] g
[tons,e=3.707, rozs6=2.44] (M. Com, Calciitta, ”‘.E_m.@
Is it likely that a sample of size 300 whose mean is 12, is a random mmEEwmiﬂn
large population with mean 12.5 and S.D. 5.2.. [LC WA, (Inter); Dec, ES“_

41.
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Chi-Square and F-Test

W!.mn:n_.n test is one of the most commonly used tests of significance. All basic
ideas concerning the test of significance remain the same as discussed in Chapter
.0, The chi-square distribution as discussed in Chapter 2 has its importance in
_mn.&:m the critical values of y*-variate. For convenience, the table for eritical
\values of y*at various levels of significance, and “or different degrecs of freedom,
s provided in appendix B.

The chi-square test is applicable te test the "iypotheses of the variance of a
normal popuiation, goodness of fit of the thec tical distribution to observed
fraguarcy distribution, in 2 fre way chass ficatie havine f-categories. Tt is also
applied for the test of imlependence of attrily s, when the frequencies are
presented in a two-way classification called the co tingency table, The chi-square
test dates back to 1900, when Karl Pearson used it for frequency data classified
into K-mutually exciusive categorics. Itis also orequently used test in genelics,
where one tests whether the observed frequencics in differznt crosses agree with
the expected frequencies or not. Now we give chi-quare test of various hypotheses
in sufficient details one by one.

TEST OF HYPOTHESIS FOR POPULATION VARIANCE

Suppose. on the basis of previous knowledge, we have a preconceived vaiue, o,
of variance of a normal population. Draw a mndom sample of size n(n < 30} from
this population. On the basis of n sample observations (x, xz, ..., &), the postulated
value o of the population variance ¢ is to either be substantiated or refuted with
the hetp of a statistical test. For this the hypothesis

Hy: o' =ohvs H o8 # G

is tested by the statistic

i=1,2,. .n
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(n—1ys - ‘
= (10,119
where 57 is the variance of the sample, % -statistic has (n— 1 } d.f. Reject E.ﬂ

pre-decided level of mHuEmnm:nn oif Ay = pr n—1@r _mHa_ < H:-pbu —

In case of one-tailed test, ie., testing HuagainstH, : & > o , the test nEn:E_

is that reject Mo if Jon = xa,.-1
Again for testing Mo against H, T <
Hy, if ..“__.<M__ < H_“u_LR_.al_. ;
Pl i 2 : i
Exampie 10.1. An owner of a big firm agrees to EHNURR the HHoQ:nn of a mmﬂaam_ﬂ
if the produced itemns do not have variance of more than 0.5 mm” in their length
To make sure of the specifications, the buyer selects a sample of 18 items from his

lot. The length of each item was measured to be as follows:

o3, the test criterion is that reject’

; Length {mmb:

1857, FRLIO, 1.6, 18.32, 18.33, 18,445, 1 ;
| sz A, 1857, 1822, 14,63, 1843, 1 ]
| 18.37, A6, 1554, 1,34, 1B.43, 18.63

On the basis of the sample data, the hypothesis

Horer =05 vs. Hi:o® > 03
can be tested by the statistic ] _
.. i fu— w&
ST E
=12 18
5ot
We calculate, Ein—X) = L ».wln”!“_w
For the given data,
Tox o= AilZ6Ad B = 33069 =
5 (331.69)° z
e Folx—=x1 = 11264 ——7— . ' 7 ¢TEH
;x5 — %) 6112.6 s 0B 't
= {112,640 - 6112125
= 0.515. i
[
Thus, _
;  D:5IS w
= 0.5 - _ %
= 1.03 g e
g Y
{ el

Chi-Square and F-Test

Foro.=0.05, %17 = 27.587 . Since the calculated value of % is 1.03 which
s not greater than 27.587,” we accept the null hypothesis, o = 0.5 at & = .05. It
Enﬁnm that the buyer should _ununrnmn 50 lot.

_ | TEST OF OOD—UZNMWAVH_ EIT

mn=nB__u. En Huonn_ﬁﬁ._.. E._nmq u:._n.._. has been Ewn: to follow aknown m.mqazzcn
! uch as =Qaswﬁ.v5_ﬂ.=.u_.9 Poisson distribution. There is neither enough evidence
usq&:oﬁw_.. Iaaic, inthe number of casés, to assume a particular distribution for the
' data. In Such a situation one has every right to question the validity of such an
EE.:H__:Q:. To test the assertion of how closely the actual distribution ap-
.___dx_am.mm to a particular theoretical distribution, chi-square test is appropriate.
To assume that the popalation is distributed normally is 2 common practice and
hence we explain the test of goodness of fit of normal population first.
. Let there be & class intervals and the corresponding frequencies be fi, fz, ... fi.
“The area of normal eurve within each interval is found from the table of area under
the __E.Hum curve (see appendin). On multiplying this area by the total of frequen-
cies, we m_ﬁ the expected (theoretical) frequencies. In this way, the expected
frequency for each interval is obtained. Since the tables are provided for standard
normal eurve, we first change cach limit of class interval into a standard normal
deviate by using the formula,

z ==
where ¥ is the sample mean and 5 is the sample standard deviation,
Let the expected frequencies, as worked out in & classes, be fi". &7, -
respectively.
Chi-square statistic is
o =5 0EL (10.2)
K
i=1,2 .k
Diegrees of frecdom ?3. in (10.2) are (k — p— 1 ) where k is the pumber of

ciass intervals and p is the number of parameters _n___ the distribution estimated. One
d.f.is reduced since E; fis a-constant. For normal distribution two parameters jt
and @ are estimated by ¥ and 5. Hence, in this case, chi-square has (f~3) degrees
of freedom. -

If the calculated value of 3° is greater than the table value of * for (k—p— 1)
d.f. and level of significance o, reject Hy. Rejection of Hy means, that the postulated
thearetical distribution is not fit to the observed data, or in other words the data do
not support the assertion about the theoretical distributior.

Exampie 10.2. The data regarding suppiemeniai securily income (351)

programme, to escape from poverty, the poor people over 65 years as enrolled up
0 1975 in an area are as follows:

134 -
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(5 3 5), the maximum value of C is 0.894. it is meaningless to calculate the ._,mr.h.u.
of C if the hypothesis of independence is not rejected. o

F-TEST
Alarge number of surveys or experiments are conducted to draw conclusions m_um_!
the effect of certain factors or treatments. Observations are taken pertaining to fhe
character under study. F-test is used either for testing the hypothesis aboutith,
equality of two population variances or the equality of two or more populatiog :
means. The equality of the two population means has been dealt with ftes
Besides a r-test, we can also apply a F-test for testing equality of two —uam._._nwﬂa:.
means. F-distribution has already been discussed in Chapter 8. The nﬁ—uﬁaﬁ_nn
{%.12) cleariy indicates that the ratio of two sample variances is distributed ag'F
The same has been used in this chapter. The F-test is given w_nﬂai in n&nnﬂﬂn
details for testing various hypothesis,

TEST OF EQUALITY OF TWO POPULATION VARIANCES
Let there be two normal populations & (Ju, o) and N (s, o3). The _,.v.ﬂcﬁ,:ﬂ.__m.

Hqi:oh=03 vs. H, Loy oE O
can be lested by F-tesL.

Lot an independent sample of size :_ be selected from population & (L. _uJ
and of size m: from population & (1, o3t Let the observations for these tin|
sermples Be (11, K1z, e X1 1) and (220, 221, o 22020, Then the sample variances e,

I ¥ ey E VA — 1) and 8 = E (xy=0 0 — 1)

P i=1
55 and 5% are the unbiased estimates of o7 and o respectively.

The statistic to test M 15,

=

Fro.m= (10.11)

L |'-':
11

== .m:u - HH_

Mg oporm, larger variance is taken in the numerator ow_:
corresponding to it is denoved ..:w kv I e catcutaied valisc of 7 is gre
table vaiue of F for (ki &) d.f. and o jevel of u.,.wm,».,rmnnn_ reject
Foa = P, (ko E2), _...wwnnn Hoorif Far < Fooae . (b, k), _...W._“Gnn Hoa.

whiere iy = (m — 1) and ko

1} and the _um

eater than the
~t

i -.nm

iy ma=

For H, : o > 03, reject My if Foy > Fe, (f1 f52)
For H, : O] < 01, reject Hy if Fo < Flog (ko k) W
and in the reverse situation Ho is not rejected. i

Alternative Method  Hqcan also be tested by nonmal deviate test. We know

do T r

from (8.7) i

~ (29—

Chi-Square and F-Test

- 1
z =5 log. (si/sh) (10,12
z P + 1 (1 1
and conspicuously o= T (10.13)

The statistic {z/45,) is aporoximately a standard normal deviate for large or
moderately large d.f. k) and k. . L

If the value of (2/40.) is greater or equal to the normal deviate value for o level
of significance, reject Hu. For ot = 0.05, the normal deviate value is 1.96.

In case the experimenter knows whether o7 < o3 or o] > o3, he should use
one-tailed test. Tablg value of & or'z be obtained accordingiy and decision about
_H, be taken in the usuval manner.

Example 10.12. Life expectancy in 9 regions of Brazil in 1900 and in 11 regions
of Brazil in 1970 was as given in the table below:

Life expectancy
Regions {years)

i 1a0n 1970

1 1 427 54.2
2 . 3.7 S04
3 344 a2
4 f el ! 497
5 A4, 354
G 487 57.0
7 a9.4 582
B 45.9 ' 566
9 553 Gl.%
e 57.5
i 53.4

o, 2, Tune 19831,

AR Y A R R e e
SERpEsansy ihVEicEs

Let the population in
N {1, o), respectively.

900 and 1970 be considered as N {u,, o) and

The hypothesis,
Hy:oi=03 vs. i : 0203

can he tested by Fotest,

~138 —
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- 2 2
First we caleulate 57 and 3,

' L[y cxu)
teg (2 AR
Exy = 405, 5 x% = 18527.78 ‘
2
st =1 Jigsag7g — (409
8 9
= 30278 _ ;848
8
g=-Lilys Gny :
E Te ST 1
Lay = 598.5, %% = 32799.91
i = -t l327099) _ (59851
10 1
236.07 "
== = 23.607

The test statistic,

F

Wl B

7848
23.607

1.603 T

The table values of F at o = 0.05 and (8, 10) d.f. for two-tailed testae
Foiss. = 3.BSand Fums g = 00233, Caloelated value of 7 is less than 385
and preaier than 11,233, Hence, Ma is not rejected. This canfirms the equalityof=
variances in 1900 and 1970 in regions of Brazil.

TEST OF EQUALITY OF SEVERAL POPULATION MEANS

Frequently we come across situations where we have to test the validity of the

hypothesis of equality of & normal population means i.e. we want o test, - §
Aol =la=|h=...=

VS, 2 at beast two of the means (1L 5} are not equal, ¥

where £ > 2.

normal populations N (., o) fori= 1, 2, ., kare as given below.

~ 139~
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Sumples

4R
4 L 2 3 - &
A X X2 X1 X1l
T\”nzm : Xz X221 132 4 Xz
B 4‘4 oI S = 3 :
3 wﬁ% . Xiny K3 - Lhny Kby
Nn_.._.ﬁ_.h._ ‘ Xf X2, Xy . S X r.=0G

ws_‘w._.ﬂn&h._.n_n:aﬁnm the j-th obscrvation in the i-th sample fori=1. 2, ..., & andj= 1,
2y s i IF we assume that the population variances o, o2 ... . 0: are
| pomogeneous, F statistic is,

7
W- 3 I (%=X YAk—1)
| Bt : {10.14)
. L E (5—-x) /L (m—1)
m_ i =1 j=1 =1
" " where mean of i-th samplex; = E H.u.___._._____.. .
’ i=t
: o ,
U Owermean , ¥ = £ X xpfn = =
L i=1 j=1 "
ihiere, ¢, + M1 F ..+ Hy = n

L Stastic Fhas {(k— 1), (n— )] 4.

Th: nxua.mm_.,u: in-the numerator of (10.14) denotes the sample variance
between samples and the expression in the denominator denotes the variance within
sumples. The test criterion is that reject Hy if Fa> Fa o 1o 1 where Fo b= pom=

is the table value of F at o level of significance and =1L n—fdif

Calculations involved in F-test can conveniently be carried out through a table
known as analysis of variance table. Analysis of variance is extensively used in
uwaiysis of data peraining w agricultral and biological experiments, the detaiis
- of which are kept out of scope of this book. Here we give delails ol anaivsis of
variance as applicable to survey designs, simple experiments and regression
analysis, etc., in this chapter and the chapters ahead.

ANALYSIS OF VARIANCE (ANOVA)

When a number of populations are under study and from each population.a random
sample or o group of units is selected, analysis of variance is a powerful tool 1o
Inalvse the data. The nurpnse of analvsis of variance is rwo-fald

{i} The total variance with respect to a variable (Factor) is splitted into

numbar of

dependeni component variances, which are responsible far
the total variance. Still, the sum of variances due 10 companent factors

& e —
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never equals the total variance. Such a difference is attributed (o errg
variance. This is the variance that occurs due to certain nHﬂ.mzmcE
factors which can not be held responsible for any known n.a:..@n:m:_.

{ii) The next step is to test the null hypothesis about each of the _ncBm_E-mE

factors individually. This hypothesis is tested by finding out the ratiogp |

variance of a component factor to the error variance. In ANOVA ta],
estimated variances are termed as-mean sum of square (M. mu dun
- skeleton of analysis of variance table is given below.

Table 10.3: ANOVA

Source of Degrees of Sum of squares Mean sum of
variation lreedom square
Diae o d.f. 5.5. M.S.
A
B ) ...
- !
| Emvar !
Taital |

Table (10,3} in peactice is given with abbreviated notations, Degrees of ‘,.S_wnomq_
for various comporents are writter in the usual way. Error degrees of freedom are
cotained by subtracting the compouents d.f. from total d.f. Similarly the error i5.501s
otiained hy subtracting the components 5.5. from (otal 8.5, whereas the total sum of

square is calculated by taking the total of the square of each individual value and
subtracting from ils valve a factor which is known as correction for mean or correciion.

Jactar {C.F). Herce, the sum ol squares for testing _E.:mm:u, of k-population n._nmum_
using the same notations as given in the preceding section are,

2

k n,
{Correction for mean) CF.=| E xii |#n
. izl j=1
= G
& "y 2 it
Total 5.8, =L Exj-—="Ta
) i=l j=1 ' I e
i 2 2
Between samples 8.5, =52 _ . Se
im0 n
3 ay [ H.w
Error 8.5, =X Bay—X 2 =T, =&,
i=1 j=1 i=1 fi
= .ﬁ.ﬂn =

Mean sum of squares are obtained by dividing the sum of sguares by
corresponding d.f. F-value for a component is obtained by taking the ratio of it

14l
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companent MLS. to error M.S. Analysis of variance table with full details is as

uﬂmmnﬁa below,
Table 10.4: ANOVA
Due 10 d.f. 5.5 M.S. F-value

Bet. samples (k=1 L Sy S/E = F

E == g

] N -
Wilhin samples (it =k} k e R E {

ror) £x4-z8op | THea
(Ermo i=lj=1 f=1 M
Total ¥ & = G*
| Z E H: - — = T
I Falijal n

The calculated vaiue of Fis compared with the table value of F for & level of
significance and (k ~ I, n — k) d.f. Traditionally ¢ is'chosen to be (L05. and for
mare precision, o is chosen to be 0.01, thought there is no hard-and-fast rule abouw

it We may choose any other value of o if it sounds more logical.

The above ANOWVA is meant for one way classification. The ANOVA table
may be extended for two or more way classification. In that situation, the con-
ponent factors will increase in the ANOVA table accordingly. The methodology
of asalysis of variance is further explicated through a numerical example.

Exatnple 10013, The following table gives the gain in body ..q.mmmrn (kg) per heife:

. during four grazing treatments.

Heifer Mo, Gain in baody weight (kg) Total |
Treatmess
T T2 Ta Ty

Loig)

| 573 74.2 63.1 487

2 369 42.2 312 4940

3 63 REA] 34,2 LR

4 LIRS A 43.4 AR m

5 54.8 54,6 4.0 482

(4] 642 1.8 HhA.6

T Bl4

Total 394.6 R0 W72 246.7 1286.5

The hypothesis that the mean gain in weight of heifers under four treatments
Is equal or net, can be tested by Ftest, i.e. the hypothesis,
Hoili=Ha=a= 1y
against Ff, : at least two means are different,
can be
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For the given data, my =7, 1 =0, 1y =8, g =5 and n=24, i
G = [286.5, £, =394.6, x0. =348.0, 2. =297.2, xy. =246.7

Il

4 ES - p
5 OE 5l = (6737 3697+ ...+ 3887+ 4827
i=

J=1

7435757
G = E = 68961.76

Total 5.5 = T4357.57 — 68961.76
. = 5395.81
m A _ GE.E.. (348.0)° ﬁmq 2" m\km 7
. P 7 6 e m\
= 22244 |6+ 20184.00 + 14721.31 + E.hqm 18- in ,.
= 69321.65
Between treatment S.5.,
4 i
z 2
n; i
=. 35089
Error §.5. = 5395.81 —359.8%
= 503592
{ Theu Loy dir; - _ 5.5, i LS.
| Treatments i 159,80 11996
_ Error a0 s e | 25179
| Taal 23 539581 |

From Table VIL (i), vatue of Faos, oo = 3.0

It feads to the result that the mean increase in weight of rn_—.n;. E.En-. ﬁozﬂm_.mhﬁm..l
trestments, is not sionificantly different at 5 per cent level of significance. il

RELATION BETWEEN ¢, H FAND z

It is worth pbinting out that for some hypothesis, more than one test can _un 1]
For instance, the equality of two population means can be tested a_w i-lest as s_n=
a8 Foiest, The reason is that some relationship exists between 7, wF and F-distriby-
tion in particular situations and hence these tests become equivalent, permitting the.
use of either of these. Thus, the relationship for &y = |, k2= is, .

mm = iy

Chi-Sguare and F-Test

= e = VF, {10.15.1)
.&.umnm gis given by (10.12).
If ki = 0, k2 = ==, z is related to chi-square and the relation is
z= W H“umn ; L.m_w i (10.16)
; e = xn 1 (10.16.1)
. fL F=tm (10.16.2}
i Since we know, F = mw
If k=1, ka=oo, then e ’
=3 . . (10.17)
“where suffix 1 denotes the d.f. m_a:n sy ‘ &
i Also from (10.135),
=% - (10.18)

If F-table is available only for the upper. percentage points, the following
identity enables us to obtain the F-values on the lefi-tail distribution. Let o be the
_niw_ of the test and F be distributed with Qr__ ka) d.f, the identity is,

: Fogaig = Fioaiew (1o
CThe identity (10,19 is very useful and easy to prove.

17 the degr~2s of “eedom for a chi-squr- ~re large Lo, moce then 300, then

the chi-square can be . aproximated Lo a standard normal variate using the relation,

z=ayt —NTE=1 (10.20)
where & is the 4. for i chi-square and Z~ M (0, 1), Inthis situation, the significance
of null hypothesis can be tested by using-the normal table for one tail.

These tests will be used in subsequent chapters also as and when the need arises
to lest varipus hypotheses.

QUESTIONS AND EXERCISES

ds ol Bypetheses that can be tasted by the chi-square test?
2. What are the types of n.vm_un....u:a:._._ data suitable for the chi-square lest,
contingency lable?

What do vou understand by the test of goodness of [iL?
Discuss a contingency table.

What is Yates' cormection and its need?

Answer the fallowing in not more than three lines.

(1} Expected lrequencies arc obtained under which hypothesis?
(h)  Why can the chi-square aor be pegative?




