Lecture in Algebra

Preparing by
Dr. Amr M. Elrawy



DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE,
SOUTH VALLEY UNIVERSITY

PREPARING BY DR. AMR M. ELRAWY

First release, 2020



1.1
1.2
1.3

2.1

2.2
221
222

CContents

Mathematical Induction

Introduction
Mathematical Induction

Exercises

Partial Fractions

Introduction

Partial fractions

Proper Fraction: . ..................
Improper Fraction: ............ ... ...



23 Process of Finding Partial Fraction 18

24 Exercises 26
3.1 Matrix Addition 30
3.2 Scalar Multiplication 33
3.3 Maitrix Multiplication 33
34 Transpose 36
3.5 The inverse of a matrix 39
3.5.1 Adjoint of asquare matrix . ........... 40
3.6 Exercises 43

4.1 The polar form of a complex number 47

4.1.1 Multiplication and Division of Complex Numbers
50
4.2 De Moivre‘s Theorem 52
4.2.1 Roots of Complex Numbers . .. ........ 54
4.3 Exercises 56
5.1 Sequence 57
5.2 Serie 58
53 Geometric series 58
54 Arithmetic Series 58
5.5 The method of differences 59

5.6 Exercise 65



5.7

5.8

5.8.1
5.8.2
58.3
58.4

5.9

Convergence or Divergence of Serie 66
Tests of convergence and divergence 67

Comparisontest .. ............ . .... 67
Limit ComparisonTest ... ............ 68
Roottest .. ..... ... .. ... .. .. .. ... 70
Ratiotest . .......... . ... .. .. ... .. 71

Exercise 72



Chapter one

Mathematical Indlctin



1.1

1. Mathematical Induction

Infroduction

Mathematical induction is a technique for proving results or
establishing statements for natural numbers.

In 370 BC, Plato’s Parmenides may have contained an
early example of an implicit inductive proof. The earliest
clear use of mathematical induction may be found in Euclid’s
proof that the number of primes is infinite.

In India, early implicit proofs by mathematical induction
appear in Bhaskara’s "cyclic method", and in the al-Fakhri
written by al-Karaji around 1000 AD, who applied it to arith-
metic sequences to prove the binomial theorem and properties
of Pascal’s triangle.
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1.2 Mathematical Induction

In this section, we can use mathematical induction to prove
that a propositional function (a statement) P(n) is true for all
integers n > 1.

Definition 1.2.1 Principal of Mathematical Induction
Let P(n) be a propositional function (a statement) defined
for integers n, and a fixed integer a. Then, if these two
conditions are true

1. P(a) is true.

2. if P(k) is true for some integer k > a, then P(k+ 1)

is also true.

then the P(n) is true for all integers n > a.

Now, we can refine an induction proof into a 3-step proce-
dure:

1. Verify that P(1) is true.

2. Assume that P(k) is true for some integer k > 1.

3. Show that P(k + 1) is also true.

1. The first step, is called the basis step or the
anchor step or the initial step.

2. The second step, the assumption that P(k) is
true, is sometimes referred to as the induc-
tive hypothesis or induction hypothesis.

= Example 1.1 Use mathematical induction to prove that

1
14243+ +n= @
Solution: Let the statement P(n) be
_n(n+1)

14243+....4+n= >
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1. We show that P(1) is true:

1(1+1)
2

LHS=1, RHS= =1

Both sides of the statement are equal hence P(1) is
true.
2. We assume that P(k) is true:

k(k+1)

n

1+243+....+k=

3. We show that P(k+ 1) is true:

L-H-S=1+2434...+k+(k+1)

I

_ (k+1)
=" [k+2]

=R.H.S.

Thus, the statement P(n) is true for all positive integers
n.

= Example 1.2 Use mathematical induction to prove that

n(n+1)(2n+1)

12422432 4. 4n’= <

Solution Let the statement P(n) be

1)(2n+1
24224324 2= M DCED) )6("+ ).

1. Atn=1

1(1+1)2+1)

LHS.=1*>=1, RHS.= <

=1,

therefore P(1) is true.
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2. Let n =k, then P(k) is true i.e.,

k(k+1)(2k+1
12+22+32+....+k2:%.

3. Atn=k+1

LHS =12422 432+ 4,2+ (k+1)?

_ k(k+ D)2k 1) k1)

- [k(2k+1) +6(k+1)]

:71[2k2+k+6k+6]

~—

= [2k* + Tk + 6]

= [(2k+3)(k+2)]

(k+1)(k+2)(2k +3)
B 6

=R.H.S.

So P(k+ 1) is true and therefore, the statement P(n) is
true for all positive integers n.

» Example 1.3 Prove that (n® +2n) is divisible by 3 for all
positive integers 7.
Solution Suppose that P(n) be

" (n®+2n) is divisible by 3"
1. Atn=1
13 4-2(1) = 3 is divisible by 3,

therefore P(1) is true.
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2. Let n =k, then P(k) is true i.e.,

(K +2k) s divisible by 3.

3. Atn=k+1
(k+1)* +2(k+1) = (kK +3k*+3k+1) + (2k +2)
=k +3k* + 5k +3
= (I +2k) + (3K + 3k +3)

= (K +2k) +3 (K +k+1)

(k* + 2k) is divisible by 3 from (2), and 3 (k* + k+1)
is also divisible by 3, therefore P(k + 1) is true.
Thus, P(n) is true for all positive integers .

» Example 1.4 Prove that 2"~ ! < n! for all positive integers
n.
Solution: Let P(n) be 2"~ < n!.

1. Atn=1, we get

2t =201 <11 =1,

then P(1) is true.
2. Let n =k, then P(k) is true i.e.,

k=1 <k

3. Atn=k+1, then we get
2= (2)(21) <@k
= (2) (271) < (k+ (kY

=2 < (k+1)WVkeZ",

ie., P(k+1) is true.
Thus, P(n) is true for all positive integers .
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= Example 1.5 If P(n) : 749" + 16" + k is divisible by 64 for
n € N” is true, then the least negative integral value of & is......
Solution For n = 1,P(1) : 65+ k is divisible by 64.

Thus k, should be -1 since, 65 — 1 = 64 is divisible by 64 =

= Example 1.6 State whether the following proof (by math-
ematical induction) is true or false for the statement.

nn+1)(n+1)

P(n): 12422 4...+n* = <

Solution False.
Since in the inductive step both the inductive hypothesis and
what is to be proved are wrong. .
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Exercises

(1) Prove each of the statements by the Principle of Mathe-
matical Induction:
(i) 4"~ 1is divisible by 3, for each natural number 7.
(i) 23” I'is divisible by 7, for all natural numbers 7.
(iif) n° —7Tn+3 is divisible by 3, for all natural numbers n.
(iv) 32” — 1 is divisible by 8, for all natural numbers #.
(v) 1+549+...4+(4n—3) =n(2n—1) for all natural
numbers 7.
(vi) 244+ 6+ ...+ 2n = n? 4 n for all natural numbers 7.
Fill in the blanks in the following :
(2) If 10" + 3.4"*2 4 k is divisible by 9 for all n € N, then
the least positive integral value of k is......
(3) If P(n) : 2n < n!,n € N, then P(n) is true for all n >.......



Chapter two

Partial Fractions



2.1

2. Partial Fractions

An algebraic fraction is a fraction in which the numerator
and denominator are both polynomial expressions.

In this chapter, we study a fraction and convert it into a partial
fraction.

It useful give some definitions which help for understanding
this subject.

Infroduction
Definition 2.1.1 A polynomial of degree n in one variable
x is an expression of the form

f(x)=ap+ax+---+ax"

= er'lzo ai-xi,
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2.2.1
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where a;, i =0,1,...,n € Ror C, are coefficients of
polynomial and the degree of polynomial deg f = n.

Definition 2.1.2 Let f(x) and g(x) be two polynomials,
then the quotient of two polynomials

where g(x) # 0 with no common factors, is called Ratio-
nal fraction, f(x) the numerator, and g(x) the denomi-
nator.

Partial fractions

To express a single rational fraction into the sum of two
or more single rational fractions are called partial fraction
resolution.

For example,

a4 -1 1, 1 1

x(x2—1) RS x+1°

A rational fraction is of two types:

Proper Fraction:

f)

Definition 2.2.1 A rational fraction h(x) = 20)’ is called
glx

a proper fraction if the degree of numerator f(x) is less
than the degree of denominator g(x).

= Example 2.1 The following are proper fraction

9x2—9x+6
( 1 ) (x=1)(2x— 14)>(x+2) :
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(2) =5

Improper Fraction:
Definition 2.2.2 A rational fraction h(x) = féxi is called
glx
an improper fraction if the degree of numerator f(x) is
greater than or equal to the degree of denominator g(x).

= Example 2.2 The following are improper fraction

x> —9x+6
( 1 ) (x— 19) (2x2 IJ)r(x+2) :

6x* 427
(2) 3x3—9x"

p) Animproper fraction can be expressed, by division,
as the sum of a polynomial and a proper fraction

ie.,
0 _ )
o) PO ey

where degqg(x) less than deg g(x).
= Example 2.3 The improper fraction

6x3+5x2 -7
32 —2x—1"

can be expressed, by division, as

6x3 +5x2—7 8x—4
et et A (, TOSIE. ) S R
Er o ey S e e
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Process of Finding Partial Fraction

A proper fraction fgxg can be resolved into partial fractions
X

as: 8
(1) The denominator factor as distinct or repeated linear
Jfactors

| The rational fraction | The partial fractions \

J&) A B
’ (a1x+by)(apx+by)... ‘ a1 x+by + arx+by +.. ‘
f(x) Ap Ay Ay
(vt b @+5) " facrb? T T iR

(2) The denominator factor as distinct or repeated quadratic
Jactors cannot be factored further

The rational fraction | The partial fractions
[ Ax+B CrtD
(a1x2+b|x+cl ) (a2x2+b2x+cz)... a x2+byx+cy ayx2+byx-+cy
f(X) k A1x+By Arx+B, I Arx+By v
(ux2+bx+c) (ax2+bx+c) (ax2+bx+c)2 (ax2+bx+c)A

where A,B,C,A1,A»,....,Aj are constants whose values

are to be determined.
The evaluation of the coefficients of the partial fractions is

based on the following theorem:

If two polynomials are equal for all values
of the variables, then the coefficients having same degree
on both sides are equal.
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= Example 2.4 Resolve

Tx—25
x2—Tx+12
into partial fractions.
Solution:
Tx-25 A n B
(x—=3)(x—4) (x—3) (x—4)

Multiplying both sides by (x —3)(x —4), we get
Tx—25=A(x—4)+B(x—3).

Comparing the coefficients of like powers of x on both sides,
we have
7=A+B,
—25=—-4A-3B.
Solving these equation we get A = 3 and B = 4. Hence the
required partial fractions are:

7x—25 3 N 4
2—Tx+12  (x—=3) (x—4)

= Example 2.5 Resolve into partial fraction

8&x—8
X3 —2x2—8x’
Solution:
B8 &8 A B C
W28 x(x—4)(x+2) x (x—4) (x+2)

Multiplying both sides by x(x —4)(x +2), we get

8x—8=A(x—4)(x+2)+Bx(x+2)+Cx(x—4)



20 Chapter 2. Partial Fractions

Put x = 0 in the above equation, we have A = 1.
Put x = 4 in the above equation, we have B = 1.
Put x = —2 in the above equation, we have C = —2.
Hence the required partial fractions

&x—8 1 1 2

= Example 2.6 Resolve into partial fractions:

2 —3x+1
(x—=1)2(x—2)
Solution:
x> —3x+1 A B C

Go12(x—2) x—1 =12 x2

Multiplying both sides by (x —1)%(x — 2), we get
K =3x4+1=Ax—1)(x—2)+B(x—2)+C(x—1),

Put x = 1 in the above equation, we have B = 1.

Put x = 2 in the above equation, we have C = —1.
Comparing the coefficient of like powers of x on both sides
in the above equation, we get

A+C=1=>A=2.

Hence the required partial fractions

xX2=3x+1 2 P B G )
(x—1)2(x—-2) x—1 (x—1)2 x-2°
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= Example 2.7 Express the following in partial fractions:

x+1
B2 —6x
Solution:
x+1 A B C

Bral—6x P (x—2) +x—|—3
Multiplying both sides by x> + x> — 6x, we get
x+1=Ax—-2)(x+3)+Bx(x+3)+Cx(x—2),
—1
Put x = 0 in the above equation, we have A = 5

. . 3
Put x = 2 in the above equation, we have B = —.

10
Put x = —3 in the above equation, we have B = I—S
Hence the required partial fractions
—1 3 -2
x+1 6 10 15
__6 410 15

B+x2—6x x  (x—2) x+3
[ |

Now, we give some example when the denominator con-
tains ir-reducible (repeated) quadratic factors.

= Example 2.8 Resolve into partial fractions:
9x—7
(x+3)(x2+1)°
Solution:

%-7 A Bx4C
G321 6 13) T @ty

Multiplying both sides by (x+3)(x*>+ 1), we get
9x—7 =A% +1)+B(x*+3x)+C(x+3),
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—-17
Put x = —3 in the above equation, we have A = ——.

Comparing the coefficient of like powers of x on both sides
in the above equation, we get

17
A+B:0:>B:?.

—6
3B+C=9=C= .

Hence the required partial fractions

(-17) 17 6
w-7 5 g *g
x+3)(2+1)  (x+3)  (2+1)°

= Example 2.9 Resolve into partial fractions:

4x+2
x2(x2+3)2°

Solution:

4x+2 A B Cx+D Ex+F

x2(x243)2 e (x2+3) * (x2+3)2

Multiplying both sides by x*(x* +3)2, we get
4 x4+2=Ax(x*+3)2 4+ B(x* +3)> 4+ (Cx+D)x* (x> +3)+
(Ex+F)¥*

Putting x = 0 in the above equation, we have B =

@\l\)

Comparing the coefficient of like powers of x on both sides
in the above equation, we get Coefficient of x°
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Coefficient of x*

Coefficient of x>

6A+3C+E=0............ (3)
Coefficient of x*

6B+3D+F=1............ (4)

Coefficient of x

Hence the required partial fractions

2
x+2 x—1

9
X2 (x243)  (x243)%

¥ (x2+3)2 +

1
Z4x+2 9
x

= Example 2.10 Resolve into partial fractions:
X +1
xX—x2+1
Solution:

P +1 _ Ax+B Cx+D
H-x24+1 (R —x+1) (Z+x+1)

Multiplying both sides by x* +x? + 1, we get
¥ +1=Ax+B)(F*+x+1)+ (Cx+D)(x* —x+1),

Comparing the coefficient of like powers of x, we have
Coefficient of x*:
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Coefficient of x%:
A+B—C+D=1............... (2)

Coefficient of x:

Constant:

Adding (1) and (5), we have A = 0.
Putting the value of A and C in (3), we have

B=D......iiiiiiiiii (6)
Adding (4) and (6)
1
B=—
2
Hence the required partial fractions
1 1
xr41 B B

M -x24+1 (2 —x+1) * (2+x+1)
n

Now, we give some example for improper rational frac-
tion.

= Example 2.11 Express the following in partial fractions:
X 4+x+1
x24+2x+1

Solution:
The given fraction is improper rational fraction, then we
divide the numerator by the denominator
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1
X +2x+1 x +x+1
x +2x+1
i
x4 x4l e x
T 2xt] ¥ +2x+1
as follow:

We decompose the proper fraction —
x +2x+

x I I " B  Ax+h+B

v 22xt]l xtD x4l (Y (x+1)°

= x=A(x+1)+B.
Equate the coefficients of x and h (constant terms) to get

l=Aand 0=4+8B = A=1_B=-1

) X i .
aaderl ozl GEpld
x?+x+1 1 1
d =1- + -
x+1 {x+1)

x4
n
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2.4 Exercises
Express each of the following in partial fractions:
3x+4
" x24x—6
2x+4
X+ Hx+1
x+4
0342 —2x
4
a2
X —2x+2
B =2x+1
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(3. Matrices

In 1848, G.G. Sylvester introduces the concept of matrices
as the name of a group of numbers arranged in a rectangular
in the form of rows and columns. In 1855, Arthur Cayley
studied matrices from an algebraic perspective. In this study,
he defined the process of multiplying matrices using linear
transformations.

Definition 3.0.1 A matrix is a rectangular arrangement
of numbers (real or complex) which may be represented
as,

al “ee ain

A:(aij)mxn: : . y
aml P ]

the general form of a matrix with m rows and n columns.
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p) Capital letters A, B, ... denote matrices, whereas
lower case letters a, b, ... denote elements.

= Example 3.1 Build a matrix A = (a;j)2x3, Where
i+j ifi<j
ajj = i ifi=j
i—j  ifi>]

Solution:
A ( ain an  a )
a1 axp ax
1 3 4
=(133)

= Example 3.2 Build a matrix B = (b,'j)3><3 ;

i+j ifi<j
bj={ 0 ifi=j
P—2ifi>j
Solution:
b1 b b3
B=1| by bxn by |,
b31 bxn b33

b1 =0,b,=14+2=3,b3=14+3=4,
by =22—12=3,bp=0,by3=2+3=5,
b31=32—12=87b32=32—22=5,b33=0,

0 3
~B=| 3 0
8 5

S L b
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Definition 3.0.2 Two matrices A,,x, = (a;;) and Byxg =
(by) are equal, if

I-m=pandn=gq.

2- ajj = bkl Vi,j,k,l.

= Example 3.3 Given

and

disuss the possibility that

1. A=B.
2. B=C.
3. A=C.
Solution
1. A = B is impossible because A and B are of different
size.

2. Similarly, B = C is impossible.
3. A=Cis possible.

Definition 3.0.3 A matrix whose elements are all zero is
called a zero matrix and denoted by 0 or O.

Definition 3.0.4 A matrix with the same number of rows
as columns is called a square matrix.

A square matrix with n rows and n columns is called a
n—square matrix.
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= Example 3.4 The matrix

1 =2 0
A= 0 -4 -1 |,
5 3 2
is a 3 square matrix. .

Definition 3.0.5 The main diagonal or simply diagonal of
a square matrix A = (a;;) is the numbers ay1,a2, ..., dun.

= Example 3.5 In the above Example 3.4, the numbers along
the main diagonal are 1,—4,2. .

Definition 3.0.6 The square matrix with 1s along the
main diagonal and Os elsewhere is called the unit ma-
trix or the identity matrix and will be denoted by 1.

For any square matrix A, Al = IA = A.

= Example 3.6 The matrix

1 00
L= 0 1 0 [,
0 0 1
is a unit matrix of type 3 x 3. .
Matrix Addition

Definition 3.1.1 The sum of the two matrices A and B,
written A + B, is the matrix obtained by adding the corre-
sponding element from A and B i.e.,

A+B= (a,-j—l—b,-j).

R ) A+ Bhave the same type as A and B.
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p) The sum of two matrices with different types is not

defined.

= Example 3.7 Let A and B;

1 20
A= 3 1 0 |,
0 4 1
1 2 1
B= 3 1 0],
-1 4 1
be two matrices, then
2 4 1
A+B= 6 2 0
-1 8 2
s Example 3.8 Let
1 -2 3
A= 0 4 5 ) ’

and
0O 5 -2
D_<1 -3 1)
Find A+ B and C+D.
Solution

4 -2 -3
A+B:<2 1 6)’

and the sum of C + D is not defined.
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Theorem 3.1.1 Let A, B and C be matrices with the same
type, then

1. A+B)+C=A+(B+C).

2. A+ B=B+A.

3. A+0=0+A=A.
Where O is a zero matrix with the same type of A.

Proof. Let A= (aij)mxn, B= (bij)mxnand C = (¢ij)mxn, then

(i) (A+B)+C = [(aij) + (bij)] + (cij)
= (aij +bij) +cij
= (aij +bij +cij)
(a,j) (bij +cij)
A+ (B+C)

(i) A+ B = (a;j) + (bi)
= (a;jj+bij)
= (bij+aij)
= (bij) + (aij)-
(iii) Trivial. ]

= Example 3.9 Solve

EHESEE)!

where X is a matrix.

Solution:
3 2 1 0
(27 )e=(42)

To solve
simply subtract the matrix

(7))
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from both sides to get
1 0 3 2 -2 =2
X:<—1 2)‘(—1 1>:<0 1)'

3.2 Scalar Multiplication

Definition 3.2.1 The product of a scalar k and a matrix
A, written kA is the matrix obtained by multiplying each
element of A by £, i.e.,

kA = (kal'j)an.

1 -2 0 3 -6 0
-Example3.103<4 3 3>—(12 9 _15 )
[ |

= Example 3.11 If kA = 0, show that either k =0 or A = 0.
Solution:

Write A = (a;;), so that kA = 0, means ka;; = 0, for all i and
Jj. If k=0, there is nothing to do. If k # 0, then ka;; = 0
implies that a;; = 0, for all i and j; thatis, A = 0. n

3.3  Matrix Multiplication
Definition 3.3.1 Le Ay, = (a;;) and Byxg = (bjx), then

n
mep :AB = (Z aijbjk).
j=0

= Example 3.12 Let
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and

-1\ (12 -1
5 0)_(23 —3)‘
1 -2 3\ (1 -6 13
(0 4 5)‘(3 10 29)

1 4
(3)AD = ( 2 ) 2 —5 | is not defined. .
3

Theorem 3.3.1 Let A, B and C be matrices with the same
type, then

(i) (AB)C = A(BC)

(ii)A(B+C) =AB+AC

(iii) (B+C)A=BA+CA

(iv) k(AB) = (kA)B = A(kB) where k is a scalar.

Proof. LetA = (a;j)mxn, B= (Dji)nxpand C = (cx)pxq, then
(i) L.H.S = (AB)C
= (Xj_oaijbji)-(cu)
= (Lr—ol (X0 @ijbjr)-cul)
= (Lo Xi—0aijbjk-cxr)-
R.H.S = A(BC)
= (aij) (LY=o bjkcw)
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= (X)ooaij (Xh_objkcur)]
= (Y=o Li—o @ijbjkcir)-

Assuming I have written these correctly, we can make
two observations: first, the summands are equivalent, as
multiplication is associative. Second, the order of the sum-
mations doesn’t matter when we’re summing a finite number
of entries. Thus, (AB)C = A(BC).

(it) Let A = (aij)mxn» B = (Dji)nxnand C = (cjk)nxn, then
LHS=A(B+C)

= (Lo aij (bj+cjx))

= (X1 (@ijbj+aijcjr))

= (X)o1 aijbje) + (X)= aijeji)

=AB+AC.

(iii) In the same way.
(iv) Trivial.

p) The matrix product is not commutative in general
ie.,
AB # BA.

= Example 3.13 Simplify the expression
A(BC—-CD)+A(C—B)D—AB(C—D,).

Solution
A(BC—CD)+A(C—B)D—AB(C—D)=A(BC)—A(CD)+
(AC—AB)D— (AB)C+(AB)D =ABC—ACD+ACD—ABD —
ABC+ABC =0. .

= Example 3.14 Show that AB = BA if and only if

(A—B)(A+B)=A>—B>.



36 Chapter 3. Matrix

Solution
In general the following hold

(A—B)(A+B)=A(A+B)—B(A+B)=A>+AB—BA—B>.

Hence if AB = BA, then (A — B)(A+ B) = A> — B>. Con-
versely, if this last equation holds, then equation becomes

(A—B)(A+B)=A(A+B)—B(A+B) =A>+AB—BA—B>.

This gives 0 = AB — BA, and then AB = Bc. "
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3.4 Transpose
Definition 3.4.1 The transpose of a matrix

A= (aij)mxna

written by A” is the matrix obtained by writing the rows
of A, in order, as columns, i.e.,

Al = (aji)nxm~

s Example 3.15 Let

then
1 4
AT=12 -5
3.6

The transpose operation on a matrix satisfies the following

properties:
Theorem 3.4.1 Let A and B be matrices with the same
type, then
1. (A+B)T =AT +BT.
2. (AT =A.
3. (kA)T = kAT | for k a scalar.
4. (AB)T = BTAT.
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3. Exercise.
4. Exercise.

I Definition 3.4.2 A matrix A is called symmetric if
A=AT,
I Definition 3.4.3 A matrix A is called skew-symmetric if

A=-AT.

p) A symmetric matrix A is necessarily square.

= Example 3.16 If A and B are symmetric n X n matrices,
show that A + B is symmetric.

Solution:

Since A = AT and BT, so, we have

(A+B)" =A" +B" =A+B.
Hence A + B is symmetric. "
= Example 3.17 Let A be a square matrix satisfies,
A=24T.

show that necessarily A = 0.
Solution:
If we iterate the given equation, gives

A=2AT.
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=2(241)T,
= 2((247)").
=4A.
This lead to 3A = O and hence A = 0. n

= Example 3.18 If A and B are two skew symmetric matrices
of same order, then AB issymmetric matrix if ........
Solution

AB = BA. .
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The inverse of a matrix

The inverse of a square 7 X n matrix A is another n X n matrix
denoted by A~! such that

AA ' =A"A=1

where [ is the n X n identity matrix. That is, multiplying a
matrix by its inverse produces an identity matrix. Not all
square matrices have an inverse matrix. If the determinant
of the matrix is zero, then it will not have an inverse, and
the matrix is said to be singular. Only non-singular matrices
have inverses.

Definition 3.5.1 If A is a square matrix, a matrix B is
called an inverse of A if and only if

AB=1I1and BA=1.

= Example 3.19 Show that

is an inverse of

Solution:
Compute AB and BA.

0 1 -1 1 1 0
‘w<11)<1 o><01>’
-1 1 0 1 1 0
m=(3 o) (T 1)=(s V)
Hence AB =1 = BA, so B is indeed an inverse of A. .

= Example 3.20 If

0 —1
(05
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show that A3 = I and so find A~!. Solution:

We have
0 -1 0 -1 -1 1
2 _ _
2=V )Y ) =(0 6 )
and so

-1 1 0 -1 1 0

3_ _

A= o) T )=(a V)

Hence A3 =1, as asserted. This can be written as
A’A =AA =1,

so it shows that A2 is the inverse of A. That is,
-1 1
—1__ 42 _
A=A —< 10 )

Adjoint of a square matrix

Let A = (ajj),, be a square matrix of order n and let c;; be
the cofactor of a;; in the determinant |Al, then the adjoint
of A, denoted by adj (A), is defined as the transpose of the
matrix, formed by the cofactors of the matrix.

Theorem 3.5.1 Given any non-singular matrix A, its in-
verse can be found from the formula
| adjA

Al

A

where ad j A is the adjoint matrix and |A| is the determinant
of A.

= Example 3.21 Find A~ ! where

1 2 2
A= 2 1 =2
2 =2 1
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Solution:
We calculate the value of the determinant of the matrix

12 2
Al=2 1 =2
2 -2 1
1 2 2

=0 -3 -6
0 -6 -3

:1‘ -3 —6’

-6 -3
=-2740

The cofactors of the matrix

A” — (_1)1+1

AIZ — (71)1+2
A13 — (_1)1+3

2
A21 _ (_1)2+l _ _67

A22 — (_1)2+2

A23 — (_1)2+3
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1 2
_(_1)3+3 _
Az = (—1) ) 1‘ 3.
So,
-3 -6 -6 1 2 2
A== -6 -3 6 |=-3(2 1 -2
-6 6 -3 2 -2 1
and
1 2 2
adjA=A'=-3(2 1 -2 ],
2 -2 1
thus )
A_lzad]A
|A|
1 2 2
:;23 2 1 -2
27T\ 2 2
[ 12 2
=5 2 1 =2
2 -2 1

Theorem 3.5.2 All the following matrices are square ma-
trices of the same size.

1. Iisinvertible and /! = I.

2. If A is invertible, so is A~!, and (A') ' = A.

3. If A and B are invertible, so is AB, and

(AB)"! =B 1Aa7!

4. Tf A is invertible, then (A7) ™' = (=)
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Exercises

1- Prove that

(i) (kAT = kAT | for k a scalar.

(ii) (AB)T = BTAT.

(iii) I is invertible and I~! = I.

(iv) If A is invertible, so is A~!, and (A~1) ' = A.

(v) If A and B are invertible, so is AB, and (AB) ! =B~!A~1.
(vi) If A is invertible, then (AT)7I = (A_I)T.

2- Build matrices A = (a;j)3x2 , B = (bij)ax3 ;

i+j ifi<j . e
2i—1 ifi=
,bij—{ fi=J

ij i’_jlfi}i;j itj—2 ifi#j
1 -4 0 1
3-1fA=(f *01 _%),B: 2 -1 3 -1
4 0 -2 0
Compute AB.
1 0 2 —11 -4 6
4-1fA=1| 2 -1 3 ,B= 2 0 -1
4 1 8 2 1 -1
Compute AB'.
1 2 1 2 -1 1
6-If A = 1 1 -1 ,B=1| -4 3 =2
1 0 -2 3 -2 1
Compute AB'.
7- Find the inverse of the matrices
O .
-5 -6
. 35
(11)(7 9>.

(iii)

W N =
NN =

3
1
1
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Complex numbers



4. Complex Numbers

Complex numbers evolved through the work of Caspar Wes-
sel (1745-1818), Jean-Robert Argand (1768-1822), and Carl
Friedrich Gauss (1777-1855).

Definition 4.0.1 A complex number is a number consist-
ing of a real and imaginary part. Its standard form is

z=x+1iy

where x,y € R, Re(z) = x,Im(z) =yand i = /—1.

p) The setof all complex number denoted by C
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Definition 4.0.2 Two complex numbers are equal if their
real parts are equal and their imaginary parts are equal,
i.e., if z1 = x1 +iy; equal 7o = xp + iy, then x; = x» and
y1=)2.

Definition 4.0.3 The complex conjugate of a complex
number z = x + iy, denoted by 7 is given by

Z=x—1Iy.

Definition 4.0.4 Let z; = x| +iy; and 2o = x; + iy, be
two complex number, then the addition of z1,z, is given
by

21+ = (x1 +x2) +i(y1 +y2).

Definition 4.0.5 The absolute value or modulus of a com-
plex number z = x+iy is

lz| = v/x2 +y2.
» Example 4.1 Find Re(z), Im(z), Z, —z and z~! for each

comlex number z of the following:

1
1-2i,2+14, i, —, =2
1+i

Solution
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I
comlex number 1-2i 2+1i i - -2
1+1
1
Re(z) =x 1 2 0 3 -2
—1
5
z 142i | 2—i | —i % 2
—1713
—z g2 | —2—i | —i 2“” 2
1 1+2i B i ;1

4.1 The polar form of a complex number

Definition 4.1.1 Let z = x+iy be a complex number, then
the polar form of a complex number defined as follow

z=r(cos 6 +isin O)

where
x=rcos@, y=rsinb,

r=lzl=vx2+y*, 0 :tan_lijfc.

The number r is the absolute value or modulus of z, and
0 is an argument of z; denoted by arg (z).

and

p) The principal argument of zis —t < 0 < 7.

Now, we show how to determined, the principal argument
according to in which quarterlies.
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z—6, x [
quarterll quarterl
Sin+ / 4\ All+
P 0=2w
8, %
i \- _j quarterlV
quarterlll
Tan+ Cos+
37
1.jpg 1.jpg
= Example 4.2 Write each of the following comlex number
z in polar
1. 1+i.
2. —V3+i.
3. —1—iV3.
4. 1—1.
Solution:
l. z=1+i.
Since x =1, and y = 1, then
r=+vx2+y2=+1+1 :\/E,
sinf =2 =1
r \{E ’
cosf =7 =—,
tanf = = lﬁ— 1
ang = x 1
T
0=
45

T n
-Hl—l—izﬁ(cosz—i—isin Z).

2. z=—V3+i.
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Since x =1, and y = 1, then

r=+/x24+y2=34+1=2,

sinf=2=1,
cos@z’r—c:%@,
tanezizfﬁ.
T 5T
=TT
-'~—\f3+i:2[cos(5€)+isin(5£)].
3. z=—1—iV3.

Since x =1, and y = 1, then

r=+vx24+y?2=v1+3=2,

sinGz%z%ﬁ,
cosezf—%,
tanezﬁz__—\{g:\/@

T 2

3 37

2 2
.'-71fi\@:2[(:05(7?717)Jrisin(f?ﬂ7
4. z=1-i.
Since x =1, and y = 1, then
r=vVx2+y2=vV1+1=+2,
ing =Y — =L
s1n9—r_@,

—x_ 1
cosB—yr—l/li,
tan@zjczT:—l

T
0=——
47

cl—i= ﬁ[cos(—%)—i—isin(—g)}.
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Multiplication and Division of Complex Numbers
The polar form of (trigonometric form for) a complex num-
bers is particularly convenient for multiplying and dividing
complex numbers.

Theorem 4.1.1 Let z; = ri(cosO + i sin6;) and zp =
r2(cos6; +i sind,), then
1. z1.22 = rirafcos(01 + 62) +i sin(6; + 6,)].

2. 9= r—l[cos(91 —6,) +isin(6; — 6,)].
2 N

Proof. Suppose that z; = ri(cos0; +i sinB;) and zp = rr(cos6, +

i sin6,), then
1. z1.22 =11 (cos0; +i sinB).r2(cos0, + i sinb,)
= rirz[(cos0;cos6, — sinBsinB,) + i(cosO, sinbr+
cos0,s5in0 )]
= rir2[cos(6; + 62) +i sin(6; + 63)].
2. Exercise. [ |

= Example 4.3 Use an algebraic method to express the prod-
uct of and in standard form.Approximate exact values with a
calculator when appropriate.

71 = 25\[2(c0s_—n7 +i sin_—n)
4 4
and

2= 14(cos§ +i sing).

Solution: S
71.20 = 14(25V/2) (cos(T +3
= 350\/§(cos% +i sini)

12
~478.11+128.11i. n

)—Hsin(_Tn—&-g))

= Example 4.4 Use an algebraic method to express the prod-

21 . . .
uct L in standard form. Approximate exact values with a
2
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calculator when appropriate.

and

21 = 2V/2(cos135° + i sin 135°)

22 = 6(cos300° + i sin300°).

Solution

21 2v2(cos135° +i sin 135°)
» 6(cos300° +i sin300°)

22
= T\[(COS(]:sSO —300°) +i sin (135° —300°))

2
= g(cos —165° +i sin —165°)
~ —0.46 —0.12i. .
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De Moivre‘s Theorem

Theorem 4.2.1 Let z = r(cos 6 +isin @) be a complex
number and n be any real number. Then

7' =r"(cos nf +isinnb)

Proof. We can prove this theorem by using Mathematical
Induction. u

= Example 4.5 Using De Moivre‘s Theorem, find the value

of
(1+1)8.
Solution:
We put the complex number z = 1+ in the polar form as
follows:
r=VIi+1=v2,
1 T
f=tan '- =tan 1=
an” 7 =tan )
T T
= \fZ(cosZ —l—isinz),
o)

n n
= (\/5)8(cosz+i sin Z>8 =16(cos2m+i sin2x) = 16.

n
= Example 4.6 Using De Moivres‘ Theorem, reduce the

complex number:

~ (cos26 —isin26)3(cos36 +isin36)’
~ (cos46 +isin40)!1(cos50 —isin50)°’

and find its value at

T
9—8.



4.2 De Moivre's Theorem 53

Solution: We rewrite z as follow:

_ [cos(—28) + i sin(—26)]°[cos 36 + i sin36]’
~ [cos48 +isin48]!1[cos(—560) + i sin(—50)]°

_ [cos 6 +isinB]1[cos 6 +i sin 6]*!
~ [cos @ +i sinB]*[cos O +i sin §)] 45

= (cos@ +isinf)"?
=cos 120 +isin 126.

and when 6 = % we find

T T
7= cos(12€)+isin(12€) =cos2m +isin2w = 1.

= Example 4.7 Using De Moivre‘s Theorem, reduce the
complex number:
(1+itan@)>
(1—itanB)7’
and find its value at
0=—.

Solution:
We rewrite z as follow:

=

1+itan6)’
1—itan0)7’

(
(
_a +z‘"")
(1=
_(

c0s0)%(cos 0 +isin@)>
(cos® —isinB)’

_ (cos6)*(cos @ +isinH)>
~ (cos@+isin@)7
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= (cos 0)*(cos @ +isin0)'?
= (cos 8)%[cos (126) +i sin (120)].

and when 6 = ¢, we find

7= (cos(g))z[cos(ng) +isin(12g)]

3 3
= (%)2[cos27r+isin27r] =7

4.2.1 Roots of Complex Numbers
Definition 4.2.1 A complex number u = x + iy is an n’
root of z if

h

u" =1.
If z= 1, then u is an n"” root of unity.

Now, we find n* roots of a complex number as follow

Definition 4.2.2 1Ifz = r(cosB + isinB), then the n distinct
complex numbers

0+2nk .. O+2mk
ri(cos + isin

);

where k=0,1,2,...,n— 1, are the n’”* roots of the complex
number z.

= Example 4.8 Find the fourth roots of

7= 5(cos§ + ising).

Solution:
The fourth roots of z are the complex numbers

1 z +2mk r + 27k
54 (cos 3 + isin ),
n n
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where k =0,1,2,3.

When k=0,
T
L V() = +27(0)
21 :54(cos3 +isin-> )
1
- T
= 4 - S1 ).
5 (cos12 —|—lsmlz)
Whenk =1,
Vo Zoonay Zaonq
=54 (cos?’i +isin37),
n n
! 7 7
n T T
= 4 - iSi ).
54 (cos B + isin 12)
When k = 2,
T
1 = +27m(2) —+2n(2)
Z3:54(6083 + isin ),
1 13
=54 (cosﬁ + isml—;).
When k = 3,
T
L Y 16)) Z +2n(3)
24 =54 (cos 3 + isin ),
n n
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Exercises

A- Write the complex number z = 2 inthe form z = x+ iy,

T+i
and find

5. arg(z).
B- Write the complex number z =
x+ 1y, and find
1. Re(z).
2. Im(2).
3. 2.
4. |z|.
5. arg(z).
C Prove Theorem 4.2.1.
D Using De Moivre‘s Theorem, find the value of
1. (1+iv3)°.
2. (V3+i)2

4 . _
i in the form z =
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(5. Series

In mathematics a series is defined as the sum of a sequence of
numbers. It can be express by using the notation Y a,,, where
Y represents “sum” and a,, is the n' term of the sum, which
is a generalized way of expressing the terms of the sum.

5.1 Sequence

Definition 5.1.1 A sequence is a mapping from N to a
non-empty set X i.e.,

fN—=X,

and we can write sequence terms in the formay,as, ..., ay,...
where
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a=f(),aa=f(2),....,an=f(n),...
We call a; the first term and a,, the general term.

5.2 Serie
Definition 5.2.1 A serie is a summation of sequence
terms.
Infinite serie:

Zar:a1+az+-~-—|—an+...

r=1

Finite serie:

n
Zar =ai+ay+---+ay,.

r=1

5.3 Geometric series
Definition 5.3.1 For r # 0, the sum of the first n terms of
a geometric series is:
n dr—1
a,=a+ar+ar*+---+ar ! = %
' _

r=

Where ad" ! is a basis.

5.4  Arithmetic Series
Definition 5.4.1 Let

a+(a+d)+(a+2d)+---+(a+(n—1)d),
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the the summation is
n
Z 2a +(n—1)d|,

where d is a basis (a+ (n—1)d) ord = (a,+1 —a,).

Now, we introduce a method of differences which it used to
sum of finite series

5.5 The method of differences

Theorem 5.5.1 In a series

Zarzal—i—az—l—---—i—an.

r=1

If we can write the general term in the series in the form

ar = f(r+1) = (7).

Then the summation is

Zar n+1 f(l)

Proof. Letr=1,2,3,...,nina, = f(r+1)— f(r) , then we
obtain

ap = f(2)—f(1).

a = f(3) - f(2).

an = f(n+1) = f(n).

So the summation is

Y a =f(nt1)— £(1).
r=1
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|
= Example 5.1 Find the summation of series
1+243+---+n.

Solution:
The general term is a, = r and we apply the Theorem 5.5.1

r(r+41)—=(r=1)r=r[r+1-r+1]=2a,.

Thus, |
ar = E[r(r—i—l)— (r—=1)r].

So the summation:

Y ar=fn+ )= f(1) = Sn(nt1).
r=I1

= Example 5.2 Find the summation of series
1x24+2%x34+3%x44...tonterm.

Solution:
The general term is

ar=r(r+1),
and we apply the Theorem 5.5.1
rir+ ) (r+2)—(r—1)r(r+)=r(r+1)[r+2—r+1]=3a,.
Thus,

a, = %[r(r—l—l)(r—i—Z)—(r— Dr(r+1)].

So the summation:

Zn:a, =f(n+1)—f(1)= %n(n+1)(n+2).
r=1
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= Example 5.3 Find the summation of series
1 X2%x34+2%x3%x443%x4%x5+4+...t0nterm

Solution:
The general term is

ar=r(r+1)(r+2),
and we apply the Theorem 5.5.1
r(r+1)(r+2)(r+3)—(r=1)r(r+1)(r+2) =4a,.
Thus,
a, = %[r(r—i— Dr+2)r+3)—(r—Dr(r+1)(r+2)].

So the summation:

Zn:la, =f(n+1)—f(1)= %n(n+l)(n+2)(n+3).

Theorem 5.5.2 In a series
n
Zar =ai+ay+---+a,.
r=1
If we can write the general term in this series in the form

ar=f(r)=f(r+1).

Then the summation is

Y a=f (1)~ f(rt1)
r=1
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= Example 5.4 Find the summation of series

1 1
1><2+ﬁ+ .tonterm.

Solution:
The general term is

1

ar= r(r+1)’
and by using Partial Fraction we find
1 1
Cr o

we apply the Theorem 5.5.2

n
Za,—f fln+1)= P

= Example 5.5 Find the summation of series

1 1
2><3><4+3><4><5

+...tonterm.
Solution:
The general term is

1
(r+1)(r+2)(r+3)’

and by using Partial Fraction we find

a, =

1 1

2 _ 2
(r+1)(r+2) (r+2)(r+3)’
we apply the Theorem 5.5.2

a, =

n(n+3)

Zar—f fln+1)= 2nt2)ne3)
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= Example 5.6 Find the summation of series

1 2

— Jr +...tonterm.
31

Solution:

The general term is

we apply the Theorem 5.5.2

1

Zar—f fln+1)= P TA

p) We can use some laws to find the summation some
series:

1. Zf_lr—%n<n+1)
2.Y0 r —én(n+1)(2n+1)
3. Z;‘_lr —4n 2(n+1)%

= Example 5.7 Find the summation of series

Solution:
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20 20 10

Yy 2= Zrz— Zrz =2485.

r=11 r=1 r=1
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Exercise

A Find the summation of series
1. 1x54+3x8+5x11+ ...to n terms.
2.1 x3+2%x54+3%x7 4+ ... to n terms.
3.1 x4 4+4xT7+7x10 + ... to n terms.
4, 1x4xT+4xTx104+7x10x13 + ... to n terms.
5.3Xx4%x54+4%x5x6+5%x6%x7T + ...to n terms.
6. 1 x1!4+2x2!4+3x3!4...t0onterms.
B. Prove that
1 1 1 1 n

O3 T3 T mT Tt e D@t T 2t 1
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5.7 Convergence or Divergence of Serie
Definition 5.7.1 Let S, be n’* partial sum of the Serie,
then the Serie is Convergence if

limS,=L,

n—oo

where L is constant.
Let S, be n™” partial sum of the serie, then the serie is
divergence if

lim S,, = £ .

n—oo

Necessary condition for convergence

Definition 5.7.2 Let ), a, be convergence serie, then

lima,=0.
n—oo

= Example 5.8 Study convergence or divergence series

i n
“3n+1
Solution:
n 1
li =—-#0.
137

So the series is divergence. .
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Tests of convergence and divergence

Comparison test
Definition 5.8.1 Let ) >, a, and },"_| b, be series, then
1. Ifa, <b,and Y, b, isconvergence, then) = | a,is
convergence.
2. Ifa, >byand )| by isdivergence, then Y, | ayis
divergence.

= Example 5.9 Study convergence or divergence series

Yo

B

Solution:

We comparison by

i =14= ! + = ! + = ! +.

= 2 2 2

We find a, > b, and }_,_, b, divergence, so )., a, is diver-
gence.
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5.8.2 Limit Comparison Test
Definition 5.8.2 Consider two series Y ,._; an,and Y., | by,

where
a,>0,b,>0Vn
If
. n _
Jim =k

where k nonzero, positive or negative number, then ) ~_; a,
and ) ;°_, b, are convergent or divergent together.

= Example 5.10 Study Convergence or divergence series

i 3t +2n+7
n+4

n=1

Solution:
We compare the series

> 3n24+2n+7
27

5
= n+4
with a series
. ©
bn - 73 )
n=1 n=1 n
then 4
lim = =3
n—eo b,
So ¥, a, is Convergence. n

= Example 5.11 Discuss the convergence or divergence of a

series -
Y

n=1

SR,

Solution



5.8 Tests of convergence and divergence 69

We compare the series

S|

)
n=1

with a series

= 1
log (1+ =
n; og(1+-),
1 I
an=~ , by=log(14-),
n n
1
cdim @ = fm 1 —fim L= Ly
n%wbn n—soo IOg(l + Z) n—soo log(l + E)n 10g e

and the series Y;»_; log (1+ 1) is divergent, then also Y7, 1
is divergent. .
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Root test
Definition 5.8.3 Let ), a, , the root test be

L < 1 convergence
lim,, e Wa, =L = L > 1 divergence
L=1 faild

= Example 5.12 Study convergence or divergence series

o

n
Solution:
Y e
lim{/ = =0<1.
n—oo \[ plt
So the Serie is convergence .

= Example 5.13 Study Convergence or divergence series

o 1

Solution:

So the Serie is convergence .
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5.8.4 Ratio test
Definition 5.8.4 Let) ~_, a,, a, > 0, the ratio test be

L < 1 convergence
limy—e ”:’1“ =L= L > 1 divergence

L=1 faild

= Example 5.14 Study convergence or divergence series

o 3n
Y 5
n=1 n
Solution:
3n+l
. Qpil . (nr1)?
lim 2L — gim 3,,)
n—eo n—soo 2
=3>1.

So the serie is divergence. .
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5.9 Exercise

A. Study Convergence or divergence series
1 Zoo 2n+7
© &n=1 pt+4
o 3n’42n47
n=1 ?n3+8 ’

Zn:l On+4-

w 33
L1 5n3+8°
Y1y

o 3yn"
y v

n=1 " n!

o Nk v




Wish you all the best,
Dr.A.Elrawy
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