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Chapter: 1 

Introduction 
General principles                                             

       Mechanics:  Mechanics is a branch of physical sciences which describes or predicts 

the conditions of rest or motion of bodies under the action of forces. 

Mechanics: Mechanics is a branch of physical sciences that is concerned with the 

state of rest or motion of bodies that are subjected to the action of forces. 

Mechanics can be subdivided into three branches:  rigid body mechanics- 

deformable body mechanics- fluid mechanics  

1-  Rigid bodies:  (i) Statics    (ii) Dynamics                                               2- 

Deformable bodies                                                                                                   

3- Fluid Mechanics:    (i) Compressible – gas  (ii) incompressible - liquids 

Here we will study only the rigid body Mechanics. In the first term we will study some 

subjects in Statics  

In Statics we will assume the bodies to be perfectly rigid, no deformation. 

This is never true in the real world, everything deforms a little when a load is applied. 

These deformations are small and will not significantly affect the conditions of 

equilibrium or motion, so we will neglect the deformations. 

 

Basic Quantities 

Basic Concepts: There are four basic quantities in Mechanics space, time, mass, 

force: 

(1) - Length:  Length is used to locate the position of a point and describe the size of 

physical systems.  

(2) - Time:  Time is the measure of the succession of events and it is important in 

Dynamics  

(3) - Mass:  Mass is a measure of a quantity of matter that is used to compare the action 

of one body with that of another. This property manifests itself as a gravitational 

attraction between two bodies and provides a measure of the resistance of matter to a 

change in velocity. 
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(4) - Force: Force is push or pull exerted by one body on anther. This interaction can 

occur when there is direct contact between the bodies, such as a person pushing on a 

wall, or it can occur through a distance when the bodies are physically separated.  

Idealizations: Models or idealizations are used in mechanics in order to simplify 

application of the theory. Here we will consider three important idealizations.                       

(i) - Particle: A particle has a mass, but a size that can be neglected. For example, the 

size of the earth is insignificant compared to the size of its orbit, and therefore the earth 

can be modeled as a particle when studying its orbital motion.  

(ii) - Rigid Body:  A rigid body is a combination of a large number of particles in 

which all the particles remain at a fixed distance from one another, both before and after 

applying a load 

A rigid body is considered rigid when the relative movement between its parts is 

negligible. 

(iii) - Concentrated Force. A concentrated force represents the effect of a loading 

which is assumed to act at a point on a body when the contact area is small compared 

with the overall size. We can represent a load by a concentrated force, provided the area 

over which the load is applied is very small compared to the overall size of the body. 

An example would be the contact force between a wheel and the ground 

 

Weight and Mass 

Weight is the measure of how heavy an object 

The unit of measurement for weight is that of force, which in the International System 

of Units (SI) is the newton. 

Mass is both a property of a physical body and a measure of its resistance to 

acceleration (a change in its state of motion) when a net force is applied (The mass of an 

object is the amount of material it contains. ). An object's mass also determines the 

strength of its gravitational attraction to other bodies.  

The unit of measurement for mass in the International System of Units (SI) is the 

kilogram (kg). 
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Weight is not the same thing as mass. Mass is a literal representation of the amount of 

matter in a particle or object, and is independent of external factors such as speed, 

acceleration, or applied force (as long as relativistic effects are small enough to be 

neglected). Weight has meaning only when an object having a specific mass is placed in 

an acceleration field. At the Earth's surface, a kilogram mass weighs about 2.2 pounds, 

for example. But on Mars, the same kilogram mass would weigh only about 0.8 pounds 

Newton's Three Laws of motion: 

Engineering Mechanics is formulated on the basis of Newton's three Laws of motion: 

First Law (1st Law):    
A particle originally at rest, or moving in a straight line with constant velocity, tends to 

remain in this state provided the particle is not subjected to an unbalanced force. 

A particle remains at rest or continues to move in a straight line with a constant speed if 

there is no unbalanced force acting on it (resultant force = 0). 

Second Law  (2nd Law):    
A particle acted upon by an unbalanced force ( F ) experiences an acceleration ( a ) that 

has the same direction as the force and a magnitude that is directly proportional to the 

force.                                                                                                                                      

If ( F ) is applied to a particle of mass ( M ), this law may be expressed mathematically 

as                                                       aMF =                                                                                                                                                          

Third  Law (3rd Law):    
For every action there is an equal and opposite reaction. 

The mutual forces of action and reaction between two particles are equal, opposite, and 

collinear 

The forces of action and reaction between interacting bodies are equal in magnitude, 

opposite in direction, and act along the same line of action (Collinear). 

Newton's Law of Gravitation Attraction 
The gravitational attraction force between any two particles is     

                                            
2r

mM
GF = ,  

F  = mutual force of attraction between two particles 

G  = universal constant known as the constant of gravitation 

M, m = masses of each of the two particles 

r  = distance between the two particles 

 

What am I talking about?  Weight. 

The weight of a particle is the gravitational force between a particle and earth; 

By using the equation       
2r

MG
g =  ,  where 
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M = mass of earth,   m = mass of a particle 

r = radius of earth,       g = acceleration of gravity at earth’s surface 

Using 
M

rg
G

r

MG
g

2

2
=→=  

Substituting into    
2r

mM
GF = ,    we have   








=

2

2

r

mM

M

rg
F  

                            gmF =     weight  is      gmW =   

Or using       amF =  and at the surface of the Earth   ga=  

  gmF = ,  then     W = mg 

g is dependent upon  r.  Most cases use  g = 9.81 m/s² = 32.2 ft/ s² 

Units of Measurement 

A unit of measurement is a definite magnitude of a physical quantity. 

There are two main measurement systems:  

(1)- Metric system (International system SI):  

This system is based on three main units: 

Meter – Kilogram – Second ( It is called mks System). 

SI is an abbreviation of French expression (Systeme International d’Unités) in English 

(International system)  

(2) – English system (British System or Imperial System or US Customary System)  

This system is based on three main units: 

Foot - Pond - Second (It is also called FPS system).  See below Table 

Name Length Time Mass Force 

International 

system of Units  

(SI) 

Meter Second Kilogram Newton 

m  s  kg  
2

.

s

mkg
N =  

U. S. Customary 

FPS 

Foot Second Slug Pound 

ft  s  
ft

sIb
N

2.
=  Ib  

Pound (Ib) , unit of avoirdupois weight, equal to 16 ounces, 7,000 grains, or 0.45359237 

kg, 
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Newton 

The newton is a unit to for measuring force equal to the force needed to move one 

kilogram of mass at a rate of one meter per second squared. 

The newton is the SI derived unit for force in the metric system. Newtons can be 

abbreviated as N , for example 1 newton can be written as N1 .                                       

Newtons can be expressed using the formula: s²)m/  1(kg) (1)1( =N . 

Pound-Force 

Pound-force is a unit of force equal to the force needed to move one pound of mass at a 

rate of 17404932. . 32 foot per second squared. 

The pound-force is a US customary and imperial unit of force. A pound-force is 

sometimes also referred to as a pound of force. Pound-force can be abbreviated as 

IbF or FIb . For example, 1  pound-force can be written as IbF1 or FIb1 .                                                                                  

Pound-force can be expressed using the formula:  
2s

ft
 Ib32.1740491 =Ib .   

How to convert kilograms to pounds 
1 kilogram = 2.2046226218488 pounds 

1 pound = 0.45359237 kilograms 

 
Force:  Newton (N) 

s²)m/  1(kg) (1)1( =N  

1 Newton is the force required to give a mass of 1 kg an acceleration of 1 m/ s². 

Weight is a force.  The weight of 1 kg Mass is: 

gm=W N 81.9s²)m/  81.9(kg) (1W ==  
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Chapter: 2  

Vectors Forces 
Part 1: Vectors in 2D and 3D 

Introduction      
Statics: The study of bodies when they are at rest and all forces are in equilibrium. 

Static equations are often used in truss problems. To solve a static equation, engineers 

use a free body diagram. If an object is at rest, as it is in statics, the sum of the forces 

acting upon the object will equal zero. The sum of the moments will also equal zero. 

Scalars and Vectors 

Scalar:  A scalar is any positive or negative physical quantity that   can be completely 

specified by its magnitude  

Examples: Examples of scalar quantities  include length, mass, and time. 

Vector:  A vector is any physical quantity that requires both a magnitude and a 

direction for its complete description. 

Examples(For instance):  Examples of vectors encountered in statics are force, position,  

and moment.  

Vector  A vector is shown graphically by an arrow. The length of the arrow represents 

the magnitude of the vector, and the angle between the vector and a fixed axis defines 

the direction of its line of action . The head or tip of the arrow indicates the sense of 

direction of the vector (see below Figure ) 

 

Vector Addition:  

 All vector quantities obey the parallelogram law  of Addition 
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BAR


+=                                                                                                 

Vector Subtraction. The resultant of the difference between two vectors A and B of 

the same type may be expressed as 

)( BBAR


−+=−=  

Dot Product                                                                                                            

The Dot Product gives a scalar (ordinary number) answer, and is sometimes called the 

scalar product. 

                   

The Dot product define as cosBABA =•


          

Laws of Operation  

1. Commutative law :                             ABBA


•• =  

2. Multiplication by a scalar    ( ) ( ) ( ) ( ) BABABABA


•••• ===  
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3. Distribution law :                   ( ) ( ) ( )DABADBA


••• +=+  

4. Cartesian Vector Formulation  

Dot product of two vectors KaJalaA ZYX


++=  and KJl ZYX bbbB


++=  , 

then . ZZYYXX bababaBA ++=


    

5. Applications:  The angle formed between two vectors given by    

222222
cos

ZYXZYX

ZZYYXX

bbbaaa

bababa

BA

BA

++++

++
==

•




  

If →= 0BA


 A


 perpendicular B


 

6- Dot product of Cartesian unit vectors  0=== ikkjji


, while  

.1,1,1 222 ====== kkkjjjiii


                                                                                 

Cross Product                                                                                                           

The Cross Product which gives a vector as an answer, and is sometimes called the 

vector product. For two vectors define as  eBABA


sin= , where e


 is unite 

vector in the direction of BA


   

 

Laws of Operation  

1. Commutative law  ABBA


 , but  BABA


−=   

2. Multiplication by a scalar  ( ) ( ) ( ) ( ) BABABABA


===  
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3. Distribution law  ( ) ( ) ( )DABADBA


+=+  

4. Cartesian Vector Formulation  

Cross product of two vectors KaJalaA ZYX


++=  and KJl ZYX bbbB


++=   

Then 

ZYX

ZYX

bbb

aaa

kji

BA




= . 

5. Applications : 

 The angle formed between two vectors given by 
 

BA

BA





=sin  

6- Cross product of Cartesian unit vectors  

jikikjkji


=== ,, , while  

0, 0, 0.i i j j k k =  =  = , see below figure  

 

Triple Scalar Product                                                                                           

For three vectors CBA


,,  the Triple Scalar Product define as 

               ( )
ZYX

ZYX

ZYX

ccc

bbb

aaa

CBA =


 

Note that                                                                                                          

(1) ( ) ( ) ACBCBA  =


,                                    

(2) ( ) ( ) ( )ACBBACCBA


==                                                       

(3) ( ) ( ) ( )CABBCACBA


−=−=   , see below figure  
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(4)- Triple Scalar Product represents the volume of parallelepiped 

( )= CBA


 the volume of parallelepiped 

 
Triple Vector Product                                                                                        

For three vectors CBA


,,  the Triple Vector Product define as ( )CBA


   

Note that                                                                                                               

(1)- ( ) ( )BCACBA


 ,                                                                                

(2)- ( ) ( ) ( )CBABCACBA


 −= ,( prove that this property?)   

Unit vector 

A unit vector is a vector that has a magnitude of  1  

 vector theof Magnitude

Vector
r Unit vecto =  

Example 1:  Given a vector  jir


34 −= , find the unit vector? 

Solution 

525916)3()4( 22 ==+=−+== rr


 









−=−== 3,4

5

1

5

3

5

4
ji

r

r
u







 

Cartesian vector 

Introduction  

   The operations of vector algebra, when applied to solving problems in 

three dimensions , are greatly simplified if the vectors are first represented in 

Cartesian vector form. In this section we will present a general method for 
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doing this; then in the next section we will use this method for finding the 

resultant force of a system of concurrent forces. 

Right-Handed Coordinate System. 

 We will use a right-handed coordinate system to develop the theory of 

vector algebra that follows. A rectangular coordinate system is said to be 

right-handed if the thumb of the right hand points in the direction of the 

positive z  axis when the right-hand fingers are curled about this axis and 

directed from the positive x  towards the positive y  axis, as in Figure. 

 

Position Vectors 

Here we will introduce the concept of a position vector. It will be shown that 

this vector is of importance in formulating a Cartesian force vector directed 

between two points in space. 

  A position vector A


 is defined as a fixed vector which locates a point in 

space relative to another point. For example, if A


 extends from the origin of 

coordinates, O  , to point  ),,( zyxP  (Fig. a),  then A


 can be expressed in 

Cartesian vector form as 

kajaiaA zyx


++=  

Note how the head-to-tail vector addition of the three components yields 

vector r (Fig. b) . Starting at the origin O , one “travels” x  in the i+  
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direction, then y  in the j+  direction, and finally z  in the k+  direction to 

arrive at point ),,( zyxP  

 

Rectangular Components of a Vector. 

A vector A   may have one, two, or three rectangular components along the 

zyx ,,   coordinate axes, depending on how the vector is oriented relative to 

the axes. In general, though, when A  is directed within an octant of the 

zyx ,,  frame ( see front Figure), then by two successive applications of the 

parallelogram law, we may resolve the vector into components as zAAA +=  

and then yx AAA +=  Combining these equations, to eliminate AA ,  is 

represented by the vector sum of its three rectangular components,  

zyx AAAA ++=  
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Cartesian Unit Vectors.  

In three dimensions, the set of Cartesian unit vectors, kji ,,  is used to 

designate the directions of the zyx ,,  axes, respectively. The sense (or 

arrowhead) of these vectors will be represented analytically by a plus or 

minus sign, depending on whether they are directed along the positive or 

negative yx,  or z  axes. The positive Cartesian unit vectors are shown in 

Figure. 

 

Cartesian Vector Representation.  

Since the three components of A

 in above equation act in the positive  

ji


,  and k

 directions (see Figure) , we can write A


 in Cartesian vector  

form as kajaiaA zyx


++=  



15 

 

 

Magnitude of a Cartesian Vector. 

The magnitude of a Cartesian vector is ( ) ( ) ( ) 222

zyx aaaA ++=


.  The 

magnitude of A


 is equal to the positive square root of the sum of the squares 

of its components. 

Direction of a Cartesian Vector.                                                                                    

We will define the direction of A


 by the coordinate direction angles a 

 ,, , measured between the tail of A


 and the positive zyx ,,  axes 

provided they are located at the tail of A


 (see Figure). Note that regardless 

of where A


 is directed, each of these angles will be between O0  and O180 .                                                                                                     

The angles  ,, given by    
A

a

A

a

A

a zyx ===  cos,cos,cos                                

From this Eq. we have  
222222 cos,cos,cos zyx aAaAaA ===   

22222222 coscoscos AaaaA zyx =++=







++  . Then    

1coscoscos 222 =++   
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Note that, the unit vector given by   

k
A

a
j

A

a
i

A

a
A zyx

u


++= . Also given by kjiAu


 coscoscos ++= . 

Then the direction of vector A


  given by  

A

a

A

a

A

a zyx ===  cos,cos,cos  

In the space represent the force as: 

(1) If we know two angles with two axes 

In this case 1coscoscos 222 =++   and the force given by  

kFjFiFF


 coscoscos ++=  

(2)   If we know an angles with two axes in plane 

In this case we resolve the force in the vertical axis and in the other plane   

(3)   If we know the unite vector in space  

In this case k
A

a
j

A

a
i

A

a
A zyx

u


++= , kjiAu


 coscoscos ++= , and 

A

a

A

a

A

a zyx ===  cos,cos,cos  . 

Example 2:    Given a vector  kjir


4312 −−= , find the unit vector? 

Solution 

13169169144)4()3()12( 222 ==++=−+−+== rr










−==−−== 4,3,12

13

1

13

4

13

3

13

12
kji

r

r
u







 

Example 3:  Determine the length and its direction measured from  B toward      A   

as shown in Figure? 
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Solution  

The coordinates of A and B are )4,1,6( −B ,  )6,2,4( −A   

kjir

kjirAB




1032

))6(4()21()46(

+−=

−−+−−+−==
→

11310094)10()3()2( 222 =++=+−+== rr


kji
r

r

AB

AB
u







113

10

113

3

113

2
+−===

→

→

 

The direction of rAB


=
→

 given by                        

 
r

r

r

r

r

r zyx


===  cos,cos,cos

113

10
cos,

113

3
cos,

113

2
cos =−==   

O

O

O

319.8136571
113

10
cos

,03106.392746
113

3
cos

,179.1554523
113

2
cos

1

1

1

=













=

=













−=

=













=

−

−

−
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Example 4: An elastic rubber band is attached to points A  and B  as shown in Figure 

. Determine its length and its direction measured from A toward B ? 

 

Solution  

The coordinates A and B are )3,0,1( −A  , )3,2,2(−B  

kjir

kjirAB




623

))3(3()02())1(2(

++−=

−−+−+−−−==
→

7493649)6()2()3( 222 ==++=++−== rr


he T                                                        kji
r

r

AB

AB
u







7

6

7

2

7

3
++−===

→

→

direction of rAB


=
→

 given by.
r

r

r

r

r

r zyx


===  cos,cos,cos   

Then   
7

6
cos,

7

2
cos,

7

3
cos ==−=  . This tends to  
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O

OO

13
7

6
cos

,39837
7

2
cos,376151

7

3
cos

1

11 ..

=







=

=







==








−=

−

−−
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Part 2: Vectors Forces in 2D and 3D  
Resultant of Concurrent Coplanar Forces 

How to calculate the resultant force acting on an object?                                  Several 

forces can act on a body or point, each force having different direction and magnitude. 

In engineering the focus is on the resultant force acting on the body. The resultant of 

concurrent forces (acting in the same plane) can be found using the parallelogram law, 

the triangle rule or the polygon rule..     Two or more forces are concurrent is their 

direction crosses through a common point. For example, two concurrent forces 
1F  and 

2F  are acting on the same point P. In order to find their resultant F , we can apply either 

the parallelogram law, triangle rule . 

 
Fig. 1 

A force is a vector quantity since it has magnitude and direction. There force, the force 

addition will be according to the Parallelogram law   

Parallelogram in 2D:                                                                         Redraw a 

half portion of the parallelogram to illustrate the triangular head-to-tail addition of the 

components. From this triangle, the magnitude of the resultant force can be determined 

using the law of Cosine, and its direction is determined from the law of Sine. The 

magnitudes of two force components are determined from the law of Sine. The formulas 

are given in Figure. 

Cosine law 

 

 Fig. 2 (a)  
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From the triangle force, the resultant force is the vector sum between the components : 

                                                                  21 FFF


+=  

Cosine law is        cos2 21

2

2

2

1 FFFFF −+=  

Sine law 

 
Fig. 2 (b) 

Sine law is          1 2

sin sin sin

F F F

  
= =  

Components 
Also, we can find the resultant of Concurrent Coplanar Forces as  

Step 1: to resolve each force into its yx −  components. 

Step 2: to add all the x  components together and add all the y  components together. 

These two totals become the resultant vector. 

Step 3: find the magnitude and the angle of the resultant vector. 

I. e, we calculate both  xF  and  yF , then the resultant is  

( ) ( )22

 += yx FFF   

The direction is   













=


−

x

y

F

F
1tan . 

Final, the results for two forces can calculate by   

 
Example 1: If O60= and NF 450= , determine the magnitude of the resultant force and 

its direction, measured counterclockwise from the positive −x  axis. 
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Solution                                                                                                                    

We can draw the forces as in below Figure (Free-Body Diagrams) 

 
Fig. (1) 

Applying the law of Cosine to Fig. (1),This yields 

NF O

R 49745cos)450()700(2)450()700( 22 =−+=                                          Again, 

applying the law of Sine to Fig. (1), and using this result, yields 

sin( 30 ) sin 45
95.19

700 497.01

o o
O


+

= → =                                                                  

Thus, the direction of angle of measured counterclockwise from the positive −x  axis is  
OOOO 19.1556019.9560 =+=+=                                                                   

Solve this problem using the components method? 

Example 2: The vertical force F  acts downward at A  on the two membered frame. 

Determine the 

magnitudes of the 

two components of 

F   directed along 

the axes of BA  and 

AC . Set 500=F ? 
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  From the Cosine low cos2 21

2

2

2

1 FFFFF −+=  

N

F O

03.8423.64423.1252

)2588.0)(48(1636105cos)4)(6(2)4()6( 22

==+=

−−+=−+=
                                 From the 

Sine law 

761.284811.0
03.8

8637.3
)9659.0(

03.8

4

105sinsin
sin105sin

11

=→==

==→=






o

o F

FFF

     

Then O761.325761.28 =−=                                                                                           

Example 3: Determine the magnitude of the resultant force (see below Figure) and its 

direction, measured counterclockwise from the positive x axis ? 

 
Solution 
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From the Cosine low cos2 21

2

2

2

1 FFFFF −+=   

)08715.0()800()500(2)800()500(95cos)800)(500(2)800()500( 2222 −−+=−+= OR

Ib98065539979594959724594.69724640000250000 .. ===++=                                   

Using this result to apply the sine law 

50820
980

99610
500

95sin

980
500sin

sin

500

95sin

980

sin

500

95sin
..

=







==→=→=

ooo

R



 

( ) O544953050820sin ..1 =→= −   

Thus, the direction f of R  measured counterclockwise from the positive x  axis is 
OO 5419544953050 .. =−=  

Example 4: The force F  has a magnitude of Ib80  and acts within the octant  shown. 

Determine the magnitudes of the zyx ,,  components of F ?   

 

Solution 
From the Figure clears that O60=  and O45=  and using the relation 

1coscoscos 222 =++   , we find that ( ) ( ) 1cos)45(cos)60(cos 222
=++ OO  

( ) 25.0cos1cos5.025.01cos
2

1
5.0 222

2

2
=+→=++→=+








+  →= 5.0cos2    o60=   

Or o120=  

By inspection it is necessary that o60=  , since xF  must be in the x+  

Now using the relation kFjFiFF


 coscoscos ++= , we have 
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( )kjiF ooo


60cos45cos60cos80 ++=

( )( ) 












++=














++= kjikjiF


5.0

22

2
5.0805.0

2

1
5.080

( )( )( ) ( )kjikjiF


++=++= 2405.025.05.080  

So, IbzFIbyFIbxF 40,240,40 ===


                                                                            

Not that IbF 80)2(4044012140 ===+++=  

Example 5: The bolt is subjected to the force F , which has components acting along 

the zyx ,,  axes as shown. If the magnitude of F  is N80 , O60=  and 
O45= determine the magnitudes of its components (see below Figure). 

 

Solution 
From the Figure clears that O60=  and O45=  and using the relation 

1coscoscos 222 =++   , we find that ( ) ( ) 1)45(coscos)60(cos
222
=++ OO   

( ) 25.0cos15.0cos25.01
2

1
cos5.0 22

2

22
=→=++→=








++   

→= 5.0cos2    o60=   Or o120=  

By inspection it is necessary that o120=  , since xF  must be in the x+  

Now using the relation kFjFiFF


 coscoscos ++= , we have 

( )kjiF ooo


45cos120cos60cos80 ++=  

( )( ) 












+−=














+−= kjikjiF



22

2
5.05.080

2

1
5.05.080  

( ) ( )( ) ( )kjikjiF


24025.05.05.080 +−=+−=  

So, NzFNyFNxF 240,40,40 ===


 

 

Example 6: Express the force F  shown in Figure  as a Cartesian vector and its 

direction? 
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Solution 
If we resolve the force as in Figure 

 
Then  ( )kjiF OO


6.8645sin5045cos50 +−=  









+−= kjiF


6.86

2

50

2

50  

( )kjiF


6.864.354.35 +−=  
Not that NF 10010005)6.86()4.35()4.35( 222 =++=  

The direction of the force given by 

F

F

F

F

F

F zyx ===  cos,cos,cos   

100

6.86
cos,

100

4.35
cos,

100

4.35
cos =−==   

OOO 30
100

6.86
cos,73.110

100

4.35
cos,3.69

100

4.35
cos 111 =








==








−==








= −−−   
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Example 7:  Two forces act on the hook shown in below Figure. Specify the 

magnitude of 
2F  and its coordinate direction angles so that the resultant force 

RF  acts 

along the positive y  axis and has a magnitude of N800 . 

 

Solution 
Free-Body Diagram. we can plot the Free-Body Diagram as in figure         

 

So, we can expresses 1F


as follows: 

( )kjiF OOO


120cos60cos45cos3001 ++= ( )kjikjiF


−+=







−+= 21505.05.0

2

1
3001 . 

Also, jFR


800=  

We require 21 FFFR


+= (see below Figure)  
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Then 

( ) kFjFiFkjij zyx


2222150800 +++−+=  

150,650,2150 222 ==−= zyx FFF  

( ) ( ) ( ) 7004900002250042250045000
2

2

2

2

2

22 ==++=++= zyx FFFF            The direction of 

2F  given from   
2

2
2

2

2

2

2

2
2 cos,cos,cos

F

F

F

F

F

F zyx ===   

OOO 6.77
700

150
cos,8.21

700

650
cos,64.107

700

2150
cos 1

2

1

2

1

2 =







==








==














−= −−−   

Example 8: The screw eye is subjected to the two forces as shown below Figure. 

Express each force in Cartesian vector form and then determine the resultant force. Find 

the magnitude and coordinate direction angles of the resultant force. 

 

Solution 
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( )kjiF OOoOo


60sin45cos60cos45sin60cos3001 ++−=  














++−= kjiF



2

3
)

2

1
()50()

2

1
()50(300 ..1  

( )kjiF


7321)35350()35350(300 ...1 ++−=  

( )kjiF


8125907106)07106( ...1 ++−=  

 
Using the relation kFjFiFF


 coscoscos ++= , we have 

( )kjiF OOO


120cos45cos60cos5002 ++=  









−+= kjiF


)50(

2

1
)50(500 ..2                                                                   

( )kjiF


)50()70710()50(500 ...2 −+=  

( )kjiF


250)5542353(250 .2 −+=  

So, the resultant is given by  

( ) ( )kjikjiFFFR


250)5542353(2508125907106)07106( ....21 −++++−=+=  

( )kjiFR


8196294593143 ... ++=  

( ) ( ) ( ) NFR 734818196294593143 .... 222
=++=  
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O

O

O

83388)02030(cos02030
73481

819
cos

4217)94510(cos95410
73481

62459
cos

615872)2987770(cos2987770
73481

93143
cos

...
.

.

...
.
.

...
.
.

1

1

1

==→==

==→==

==→==

−

−

−







 

 

Example 9: Determine the coordinate direction angles of 
1F . 

 
Solution 

 

( )kjiF OOoOo


60sin45cos60cos45sin60cos3001 ++−=














++−= kjiF



2

3
)

2

1
()50()

2

1
()50(300 ..1 ( )kjiF


7321)35350()35350(300 ...1 ++−=     
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( )kjiF


8125907106)07106( ...1 ++−=

OO

O

O

309990929)6880330(cos6880330
300

81259
cos

0969)35690(cos35690
300

07106
cos

7056110)35690(cos35690
300

07106
cos

....

....

....

1

1

1

===→==

==→==

=−=→−=−=

−

−

−







 

Example 10: A chandelier is supported by three chains which are concurrent at point 

O . If the resultant force at O  has a magnitude of Ib130  and is directed along the 

negative Z −  axis, determine the force in each chain. 

 

Solution 
Equations of Equilibrium. First we will express each force in Cartesian vector form. 

Since the coordinates of points BAO ,,  and C  are ),6,0,0(O  

Figure) we havebelow (see )0,4,0(),0,2,32(),0,2,32( CBA −−−  



32 

 

 

)64(
52

)6232(
52

)6232(
52

kj
F

F

kji
F

F

kji
F

F

OC
OC

OB
OB

OA
OA







−=

−−−=

−−=

 

The magnitude of resultant force is, i. e. OCOBOAR FFFF


++=   

)64(
52

)6232(
52

)6232(
52

130 kj
F

kji
F

kji
F

kF OCOBOA
R


−+−−−+−−==       (1) 

From Eq. (1), we have  

( ) OBOA
OBOA FF

FF
=→−+= )32(

52
32

52
0                         (2) 

Also, from Eq. (1), we have  

OCOBOA
OCOBOA FFF

FFF
20)4(

52
)2(

52
)2(

52
0 +−−=→+−+−=  

From Eq. (2) , we have 02220 =+−→+−−= OCOAOCOAOA FFFFF  

OCOA FF =                                                                                (3) 

From Eqs. (2) and (3) , we have    

OCOBOA FFF ==                                                                     (4) 

Again, from Eq. (1), we have  

)6(
52

)6(
52

)6(
52

130 −+−+−= OCOBOA FFF
, and from Eq. (4), we have  

IbF
F

OA
OA 152

18

52130
)6(

52
3130 .−=−=→








−=  

Then the force in each chain are   IbFFF OCOBOA 152.===  
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Example: 11 Express each of the forces in Cartesian vector form and determine the 

magnitude and coordinate direction angles of the resultant force for the two forces act in 

below figure ? 

 
Solution 

Equations of Equilibrium. First we will express each force in Cartesian vector form.  

Since the coordinates of points BA,  are given )6,0,2(),0,4,0( −BA  

While, C  is given as  (see blow Figure)  )6,0,52())52(
5

12
,0,52( ... −→− CC . 

Since the force ABF  acts across the two points )0,4,0(A  and )6,0,2( −B . So the unit 

vector in this direction is )6,4,2(
56

1
−−=ABe


, i. e. Then                                     

)6,4,2(
56

50
)6,4,2(

56
−−=−−== AB

ABABAB

F
eFF


.   

Also, force ACF  acts across the two points )0,4,0(A  and rSo the unit vecto . )6,0,52( .−C  

in this direction is )6,4,52(
2558

1 .
.

−−=ACe


, i. e. Then                                     

. )6,4,52(
2558

80
)6,4,52(

2558
.

.
.

.
−−=−== AC

ACACAC

F
eFF


 

ACAB FFF


+=  

kjiF

F













+−+








+−








−=

−−+−−=

2558

480

56

300

2558

320

56

200

2558

200

56

100

)6,4,52(
2558

80
)6,4,2(

56

50

...

.
.

 

kjiF










+−+








+−








−=

6327

480

48337

300

6327

320

48337

200

6327

200

48337

100

......
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( ) ( ) ( )kjiF


89362089240928741726126205426351113 ...... +−++−−=  

( ) ( ) ( )kjiF


80722654868854312 ... +−=  

Then ( ) ( ) ( ) IbF 57380722654868854312 .... 222
=+−+−=                                           The 

direction of F  given from   
F

F

F

F

F

F zyx ===  cos,cos,cos  

Then   

O

O

O

922771)3102990(cos3102990
573

80722
cos

0798159)9340780(cos9340780
573

654868
cos

0233100)8.0(cos1740490
573

854312
cos

...
.

.

...
.

.

..
.

.

1

1

1

==→==

=−=→−=−=

==→−=−=

−

−

−







 

Example:  12  The bracket is subjected to the two forces shown in below Figure. 

Express each force in Cartesian vector form and then determine the resultant force Find 

the magnitude and coordinate direction angles of the resultant force 

 
Solution 

( )kjiF OOoOo


35sin25cos35cos25sin35cos2501 −+=  

( )kjiF


)573570()90630()819150()422610()819150(250 .....1 −+=  

( )kjiF


394143)5989185)54586 ...1 −+=  

Using the relation kFjFiFF


 coscoscos ++= , we have 

( )kjiF OOO


60cos45cos120cos4002 ++=                                         









++−= kjiF


)50(

2

1
)50(400 ..2                                                                  

( )kjiF


200)8427282(200 .2 ++−=  

So, the resultant given by  

( ) ( )kjikjiFFFR


2008427282200394143598918554586 ....21 ++−+−+=+=  
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( )kjiFR


6065644161468455113 ... ++−=

( ) ( ) ( ) NFR 34856065644161468455113 .... 222
=++−=

O

O

O

301783)116640(cos116640
3485

60656
cos

146215)965260(cos965260
3485

44161468
cos

5197103)233780(cos233780
3485

455113
cos

...
.

.

...
.

.

...
.

.

1

1

1

==→==

==→==

=−=→−=−=

−

−

−







 

Problems 
(1) Express F1, F2, and F3 as Cartesian vectors. 

 
(2) Determine the magnitude of the resultant force and its orientation 

measured counterclockwise from the positive x axis 

 
(3) Express F1 and F2 as Cartesian vectors. 
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(4) Determine the magnitude of the resultant force and its direction measured 

counterclockwise from the positive x axis. 

 
(5) Determine the magnitude and coordinate direction angles of  f3 so that the resultant of the three 

forces acts along the positive y axis and has a magnitude of 600 lb. 

 
(6) Determine the magnitude and coordinate direction angles of  F3 so that 

the resultant of the three forces is zero 
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(7)  The plate is suspended using the three cables which exert the forces 

shown. Express each force as a Cartesian vector. 

 
(8) Determine the magnitude and coordinates on angles of the resultant force. 
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(9) Express force F in Cartesian vector form if point B is located 3 m along 

the rod end C. 
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 3Chapter:  

Condition for the Equilibrium of a particle 
A particle is said to be in equilibrium if it remains at rest if originally at rest, or has a 

constant velocity if originally in motion. Most often, however, the term “equilibrium” 

or, more specifically, “static equilibrium” is used to describe an object at rest. To 

maintain equilibrium, it is necessary to satisfy Newton’s first law of motion, which 

requires the resultant force acting on a particle to be equal to zero . This condition may 

be stated mathematically as 

0=F                                                                                            (1) 

where F  is the vector sum of all the forces acting on the particle.                        

Not only is 0=F  a necessary condition for equilibrium, it is also a sufficient condition. 

This follows from Newton’s second law of motion, which can be written as amF = . 

Since the force system satisfies Eq. (1) , then 0=am , and therefore the particle’s 

acceleration 0=a  Consequently, the particle indeed moves with constant velocity or 

remains at rest.  

 

Fig. 1 

1. Coplanar Force Systems 

plane, as in Fig. (2) , then each force can be resolved into its i


 and j


 components. For 

equilibrium, these forces must sum to produce a zero 

force resultant, i.e.,    00 =+→=  jFiFF yx
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For this vector equation to be satisfied, the resultant force’s x and y components must 

both be equal to zero. Hence,. 0,0 ==  yx FF    

These two equations can be solved for at most two unknowns, generally represented as 

angles and magnitudes of forces shown on the particle’s free-body diagram. 

When applying each of the two equations of equilibrium, we must account for the sense 

of direction of any component by using an algebraic sign which corresponds to the 

arrowhead direction of the component along the x or y axis. It is important to note that 

if a force has an unknown magnitude , then the arrowhead sense of the force on the free-

body diagram can be assumed . Then if the solution yields a negative scalar , this 

indicates that the sense of the force is opposite to that which was assumed. 

 

Fig. 2 

Example 1: The Crate has a weight of )55(550 kgN = . Determine the tension in 

each supporting cable in Figure  

 

Solution                                                                                                                             

Applying the equations of equilibrium along the x  and y  axes, we have 
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550
2

1
055030sin0

0
2

3
030cos0

5

3

5

3

5

4

5

4

=+







→=−+








→=

=−







→=−








→=





ABAC

O

ABACy

ABAC

O

ABACx

TTTTF

TTTTF

 

,0358 =− ABAC TT          (1),                    550056 =+ ABAC TT          (2) 

        

( )
NTAC 518

368

35500
=

+

=   ( ) →=+ 35500368 ACT ,    Then  355003536 =+ ABAC TT

  In Eq. (1), we have    
( ) ( )

,0

368

1100
8035

368

35500
8 =−

+

→=−
+

ABAB TT  

                                                                              
( )

NTAB 5478

368

8800 .=

+

=

       2. Three-dimensional force system                                                             

         The necessary and sufficient condition for particle equilibrium is    = 0F             

      In the case of a three-dimensional force system, as in Figure .  

 

We can resolve the forces into their respective kji


,,  components, so that 

 =++ 0kFjFiF zyx


.  

To satisfy this equation we require 

0,0,0 === zyx FFF  

These three equations state that the algebraic sum of the components of all the forces 

acting on the particle along each of the coordinate axes must be zero. Using them we 

can solve for at most three unknowns, generally represented as coordinate direction 

angles or magnitudes of forces shown on the particle’s free-body diagram. 

Example 2: If cable AD  is tightened by a turnbuckle and develops a tension of  

Ib1300 . Determine the tension developed in cables AB  and AC  and the force developed 

along the antenna tower AE  at point A . 
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Free-Body Diagram. First we will express each force in Cartesian vector form. Since 

the coordinates of points BAO ,,  and C  are (see below Figure) 

),0,0,0(),0,512,0(),0,10,15(),0,15,10(),30,0,0( . EDCBA −−−   

Form the Figure we can express  ADACAB TTT ,,  and F  as follows  

Since the tension 
ABT


 acts across the two points A  and B . So the unit vector in this 

direction is )6,3,2(
7

1
)30,15,10(

35

1
)30,15,10(

1225

1
−−=−−=−−=−= ABeAB


, i. e 

)6,3,2(
7

1
−−=ABe


. Then                                                                              

)6,3,2(
7

−−=== AB
ABABABAB

T
eeTT


.                                                                                              

Also, the tension ACT


 acts across the two points A  and C . So the unit vector in this 

direction is                                

)6,2,3(
7

1
)30,10,15(

35

1
)30,10,15(

1225

1
−−−=−−−=−−−=−= ACeAC


, i. e 

)6,2,3(
7

1
−−−=ACe


. Then                                                                                     

)6,2,3(
7

−−−== AC
ACACAC

T
eTT


                                                                                               

A third time, the tension ADT  acts across the two points A  and D . So the unit vector in 

this direction is                  
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)300,125,0(
325

1
)30,512,0(

532

1
)30,512,0(

51056

1 .
.

.
.

−=−=−=−= ADeAD


,                                  

i. e  )12,5,0(
13

1
−=ADe


. Then        

)12,5,0(100)12,5,0(
13

1300
)12,5,0(

13
−=−=−== AD

ADADAD

T
eTT


                                              

kFF


=                                                                                                                               

Equations of Equilibrium: Equilibrium requires                                        

00 =+++→= FTTTF ADACAB


,  i. e. 

0320)0()0(100)3(
7

)2(
7

=−→=++−+ ACAB
ACAB TTF

TT
                       (1) 

03500230)0()5(100)2(
7

)3(
7

=+−−→=++−+− ACAB
ACAB TTF

TT
         (2) 

078400660)1()12(100)6(
7

)6(
7

=+−−−→=+−+−+− FTTF
TT

ACAB
ACAB     (3)                             

From Eq. (1) and Eq. (2), we have                              

03500232323 =








+−−+








− ACABACAB TTTT  

NTTTT ACACACAC 461538700013035002233 .=→=→=








+−+







−  

In Eq. (1), we have  

NTNTT ABACAB 692807692807461538
2

3

2

3 ... =→=







==  

While in Eq. (3), we have  

( ) ( ) ( ) 84004615386928076707840046153866928076 .... ++=→=+−−− FF  

NF 8452353.=  

Final 

 .8452353,461538,692807 ... NFNTNT ACAB ===  

 

Example 3:  The crate has a mass of kg130 . Determine the tension developed in each 

cable for equilibrium. 
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Solution 

Free-Body Diagram. First we will express each force in Cartesian vector form. Since 

)0,1,2(),1,3,0(),1,0,0(),1,0,4( DCBA                                                                           

Form the Figure we can express  CDBDAD TTT ,,  and F  as follows                                

Since the tension ADT


 acts across the two points A  and D . So the unit vector in this  

direction is   )1,1,2(
6

1
−−=−= ADeAD


. Then                                         

 )1,1,2(
6

−−=== AD
ADADADAD

T
eeTT


.                                                                                            

Since the tension BDT


 acts across the two points B  and D . So the unit vector in this 

direction is     )1,1,2(
6

1
−=−= BDeBD


. Then                                                     

)1,1,2(
6

−=== AD
ADADADBD

T
eeTT


.                                                                                            

Since the tension CDT


 acts across the two points B  and D . So the unit vector in this 

direction is   )1,0,2(
5

1
−=−= CDeCD


. Then                                                     

)1,0,2(
5

−=== CD
CDCDCDCD

T
eeTT


.                                                                                        

Equations of Equilibrium: Equilibrium requires 

00 =+++→= FTTTF ADACAB


,  i. e.  
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0)1,0,0()12,5,0(100)6,2,3(
7

)6,3,2(
7

=+−+−−−+−− F
TT ACAB  

0320)0()0(100)3(
7

)2(
7

=−→=++−+ ACAB
ACAB TTF

TT
                       (1)     

03500230)0()5(100)2(
7

)3(
7

=+−−→=++−+− ACAB
ACAB TTF

TT
         (2) 

078400660)1()12(100)6(
7

)6(
7

=+−−−→=+−+−+− FTTF
TT

ACAB
ACAB     (3) 

   From Eq. (1) and Eq. (2), we have                                 

03500232323 =








+−−+








− ACABACAB TTTT

NTTTT ACACACAC 461538700013035002233 .=→=→=








+−+







−                                        

In Eq. (1), we have  

NTNTT ABACAB 692807692807461538
2

3

2

3 ... =→=







==  

While in Eq. (3), we have  

( ) ( ) ( ) 84004615386928076707840046153866928076 .... ++=→=+−−− FF  

NF 8452353.=  

Final 

 .8452353,461538,692807 ... NFNTNT ACAB ===  

Example 4:  The Ib80 chandelier is supported by three wires as shown. Determine 

the force in each wire for equilibrium.  
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Solution 

 

From this Figure we can organize the next three Figures (b-d) 
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From Figure (b-d) we can find that 

)1(07071.0045sin
6.2

1

6.2

1
=−→=− ABAC

o

ABAC TTTT

)2(07071.0045sin
6.2

1

6.2

1
=−→=+− ABAD

o

ABAD TTTT

)3(666.86080
6.2

4.2

6.2

4.2

6.2

4.2
=++→=−++ ABADACABADAC TTTTTT                             

Solving Eqs. (1)- (3)                                                                                                         

Subtracting Eq. (1) and (2), we have ADAC TT =                                                                             

Then substituting into Eq. (3)                               

333.43
2

1
666.86 =+→=++ ABACABACAC TTTTT                               (4)                                      

Again substituting into Eq. (3)                       IbTTT ABABAB 9.35333.435.07071.0 =→=+                                                                              

Then in Eq. (4), we have IbTT ACAC 4.25333.43)9.35(
2

1
=→=+                                                          

Final IbTTT ADACAB 4.25,9.35 ===    (Ans.)                                           

Example 5: If each wire can sustain a maximum tension of Ib120  before it fails, 

determine the greatest weight of the chandelier the wires will support in the position 

shown. 
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Solution 

From the above example 

)1(07071.0045sin
6.2

1

6.2

1
=−→=− ABAC

o

ABAC TTTT

)2(07071.0045sin
6.2

1

6.2

1
=−→=+− ABAD

o

ABAD TTTT

)3(08.10
6.2

4.2

6.2

4.2

6.2

4.2
WTTTWTTT ABADACABADAC =++→=−++                                     

Now if we put  120=ACT  in Eq. (1), we get 

1207072.169
7071.0

120
07071.0120 ==→=− ABAB TT     rejected solution                          

Again, if we put  120=ABT  in Eq. (1) , we get 

( ) 12085.847071.012007071.0 ==→=− ACABAC TTT     A reasonable solution                    

Then in Eq. (2), we have                                    

12085.84)7071.0()120(07071.0 ==→=− ABABAD TTT      A reasonable solution 

In Eq. (3) 

24.2687.28908.108.112085.8485.84 =→=→=++ WWW  

Example 6:The Ib80  ball is suspended from the horizontal ring using three springs 

each having an unstretched length of ft51.  and stiffness of  ftIb /50 . Determine the 

vertical distance h  from the ring to point A  for equilibrium. 
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Solution 

 

It clears that, the three springs are symmetric and subjected to a same tensile force. If 

one realizes  this forces to the −z axis, we have 

)1(80cos3080coscoscos =→=−++  ssss FFFF                               

But we know that , the relation between spring force and stiffness ( k ) given by  

)2(1
sin

1
7551

sin

51
50)( .

.
0 








−=








−=−==


LLkksFs   

Substituting from Eq. (1) into Eq. (2)   

)3(1sintan3555.0sin1
225

80

cos

sin
1

sin

1
75

cos3

80
=+→−=→








−= 
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  tan3555.0  sin  1sintan3555.0 =+   

30 205240)57730()35550( ... =  50.  705240.  

40  298290)8390()35550( ... =  64270.  92990.  

42  320)90()35550( ... =  66910.  98910.  

542.  325750)9160()35550( ... =  675590.  00131.  

 

Then O5.42=  

 

From Fig. (b) we note that  

fth
h O

641
9160

51

)5.42(tan

5.15.1
tan .

.
.

===→=  

Then, the vertical distance h  from the ring to point A  for equilibrium is ft641.  
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Problems 
(1) The three cables are used to support the 40-kg flowerpot. Determine the force 

developed in each cable for equilibrium ? 

 
(2) The 25-kg flowerpot is supported at A by the three cords. Determine the force acting 

in each cord for equilibrium ? 

 
(3) If each cord can sustain a maximum tension of 50 N before it fails, determine the 

greatest weight of the flowerpot the cords can support ? 
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(4) If the maximum force in each rod can not exceed 1500 N, determine the greatest 

mass of the crate that can be supported. 

 
 

(5) If the tension developed in either cable AB or AC cannot exceed 1000 lb, determine 

the maximum tension that can be developed in cable AD when it is tightened by the 

turnbuckle. Also, what is the force developed along the antenna tower at point A ? 

 
 

 

 

(6) Determine the tension developed in cables AB,  AC and AD required for 

equilibrium of the 300-lb crate. 
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(7) Determine the maximum weight of the crate so that the tension developed in any 

cable does not exceed 450 lb. 
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Moment and Couples Forces 
 

 

n this chapter we will obtain the moment of a force about a point or about an axis, reduction the 

forces at a point. 

 

⧫ The Moment 

The moment of a force is the tendency of some forces to cause rotation. The 

moment of a force about a point is defined to be the product of the force 

and the perpendicular distance of its line of action from the point. On the other 

hand The moment of a force F  about point O , or actually about the 

moment axis passing through O  and perpendicular to the plane containing 

O  and F , as shown, can be expressed using the vector cross product, namely, 

OM r F  

Here r  represents a position vector directed from O  to any point on the 

line of action of F . Note that 

O sinM r F rF h  

So if the force F  in Cartesian coordinates is ˆ ˆ ˆ
x y zF F i F j F k and the vector r  is given by 

ˆ ˆ ˆr xi yj zk , then 

O

ˆ ˆ ˆ

ˆ ˆ ˆ( ) ( ) ( )

x y z

z y z x y x

i j k

M r F x y z

F F F

yF zF i xF zF j xF yF k

 

 

 Varginon's Theorem If a number of coplanar forces acting at a point of a rigid body have a resultant, then the 

vector sum of the moments of the all forces about any arbitrary point is equal to the moments of the resultant 

about the same point. 

Proof. 

Let the coplanar forces 1 2, , ......, nF F F
 
acting at a  

a rigid body have the resultant F . 

1 2 ...... n iF F F F F  

Let O  be an arbitrary point and ir  be the  

position vector directed from O  to any point on the line of action of 

F . The sum of the moment of the forces 1 2, , ......, nF F F  about O  is 

I 

OM 

h 

r 

F 

 

O 

A 
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1 2

1 2

.....

......
i n

n

r F r F r F r F

r F F F

r F

 

which is equal to the moment of the resultant about O.  

Any system of forces, acting in one plane upon a rigid body, can be reduced to either a single force or a single 

couple. 

Three forces represented in magnitude, direction and position by the sides of a triangle taken the same way 

round are equivalent to a couple. 

⧫ Moment of a force about an axis 

Thus if F  be a force and L be a line which does not  

intersect F , OA h  the shortest distance between F   

andL , and  the angle between F  and a line through A   

parallel to L , then sinF is the resolved part of F  at  

right angles to L  and sinFh  is the moment of F  about  

L  notation by LM . If F  intersects the line L  or is parallel toL , then the moment of F  about L  is zero, 

because in the one case 0h and in the other sin 0 . 

Or on the other hand    o ˆ ˆLM M n n  where n̂  is a unit vector of axis L  and oM  represents  the moment 

of the force F  about a point O  (say) lies on the axis L , here 

ˆL

x y z

m n

M n r F x y z

F F F

 

( ) ( ) ( )z y z x y xyF zF m xF zF n xF yF  

 When two forces act at a point the algebraical sum  

of their moments about any line is equal to the  

moment of their resultant about this line. 

 

⧫ In brief to calculate the moment of a force about an  

axis, one does the following three steps 

(i) Obtain a unit vector of the axis (say n̂ ) 

(ii) Determine the moment oM  of the force F   

(iii) about a point lies on the axis, say O . 

(iv) The moment of a force about an axis is  

F 

O 

 
sinF

 

L 

A h 
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o ˆ ˆLM M n n   

 Particular cases 

The moment of a force F  about X  axis is OX o
ˆ ˆM M i i  

The moment of a force F  about Y  axis is OX o
ˆ ˆM M j j  

The moment of a force F  about Z  axis is OX o
ˆ ˆM M k k

 

⧫ Couples  

Couples play an important part in the general theory of systems of forces and we shall now establish some of 

their principal properties. Since a couple consists of two equal and opposite parallel forces (unlike forces), the 

algebraical sum of the resolved parts of the forces in every direction is zero, so that there is no tendency for the 

couple to produce in any direction a displacement of translation of the body upon which it acts; and the couple 

cannot be replaced by a single force. The effect of a couple must therefore be measured in some other way, and, 

since it has no tendency to produce translation, we next consider what tendency it has to produce rotation. 

Let the couple consist of two forces of magnitudeF . It is of course assumed that they are both acting upon the 

same rigid body. Let us take the algebraical sum of the moments of the forces about any point O  in their plane 

as the measure of their tendency to turn the body upon which they act about the 

point O . 

o ( )A BM r F r F  

o A BM r r F r F  

Where its magnitude is o sinM r F rF F  

 

 

 

 

 

 

 

 

 

 

 

 Forces completely represented by the sides of a plane polygon taken the same way round are equivalent to a 

couple whose moment is represented by twice the area of the polygon. 

⧫ Reduction a system of forces 

 

When a number of forces and couple moments are acting on a body, it is easier to understand their overall effect 

on the body if they are combined into a single force and couple moment having the same external effect. The 

two force and couple systems are called equivalent systems since they have the same external effect on the 

F  F  

oM  

 

r  

Br  

Ar  

 A  

B  

O  

Moment plane 



57 

 

body. Suppose a system of forces 1 2, , ....., , ....,i nF F F F  is reduced at a chosen point O  to a single force F  and a 

single couple M  viz. the obtaining result is o,M F  where 

o
1 1

,
n n

i i i
i i

M r F F F  

Once again if the system of these forces reduced at another point O where the obtaining results is  

o
1 1

,
n n

i i i
i i

M r F F F  

That is when the point of reduction changed from O  to O , the resultant of the forces does not change while the 

moment altered, such that  

o
1

1

1 1

o
1

o
1

n

i i
i
n

i i
i
n n

i i i
i i

n

i
i

n

i
i

M r F

r L F

r F L F

M L F

M L F

 

o oM M L F  

Also it is obvious 

o o o. . . .F M F M L F F M F L F
0

o. const.F M  

The quantity o.FM  is called invariant quantity 

Wrench 

Suppose a system of forces is reduced to a single force F  and a single couple M  such that the axis of the 

couple is coincides with the line of action of the force F , then that line is called central axis. In addition, F  

and M taken together are called wrench of the system and are written as ( , )F M . The single force F  is called 

the intensity of the wrench and the ratio /M F  is called the pitch of the system and is denoted by . Since F  

and oM have the same direction so 

o oM M r F F  multiply by F using scalar product 

2 o O O
o 2 2

FM MF M
F M r F F

FF F
   

Where  is known as the pitch of equivalent wrench 

Also since o 0F M  multiply by F  using cross product we have, 

o

o o 0

M

F M r F F M F r F  

According to the properties of triple vector product 

L  

ir  

iF  

ir  

oM  

F  

F  oM  

O  

O  
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2. . .F r F F F r F r F F r F r F  

2
o . 0F M F r F r F  

1

o
12 2

.
Or

r

r FF M
r F r r F

F F
    

 

 

 

 

 

 

 

 

The previous equation represents the equation of the central axis or axis of equivalent wrench in vector form and 

to get the Cartesian form let  

1( , , ), ( , , ), ( , , )x y zr x y z r a b c F F F F  

Therefore, the Cartesian form of central axis is 

x y z

x a y b z c

F F F
 

 Special Cases 

o o(i) . 0 and 0, 0FM F M  

The system reduced to a single force that acts along the line r F  

o o(ii) . 0 and 0, 0F M F M  

The system reduced to a single moment  

o o(iii) . 0 and 0, 0F M F M  

In this case oM  will be perpendicular to F  and the system can be reduced to wrench in which the central axis 

is  

o
2

F M
r F

F
 

o(iv) 0 and 0F M  

The system of forces will be in equilibrium or it is a balanced system of forces. 

 

 

 Examples Illustrative  
 

 EXAMPLE 1 

 

oM  

F  F  

oM  

O  

O  L 
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Determine the moment of the force ˆ ˆ ˆ2 3 4F i j k  acting at the point (3, 2, 0)A  about the origin and the 

point (2,1, 1)B . 

 SOLUTION 

Since the moment is given by  oM r F  where 

ˆ ˆO O (3,2,0) (0,0,0) 3 2r A A i j   

Therefore the moment of the given force about the origin is  

o

ˆ ˆ ˆ

ˆ ˆ ˆ3 2 0 8 12 5

2 3 4

i j k

M r F i j k  

Again, ˆ ˆ ˆB (3, 2, 0) (2,1, 1)r BA A i j k  

Hence,  the moment f the given force about the point (2,1, 1)B  is  

ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ3 2 2 1 0 1 1 1 1 2

2 3 4 2 3 4
B

i j k i j k

M r F i j k  

 EXAMPLE 2 

Calculate the moment of the force of magnitude 10 3  and passing through the point (5, 3, 3)A  to 

(4, 4, 4)B about the origin. 

 SOLUTION 

We have to write the force in vector form, to do this the unit vector in the direction of the force F̂ , viz. from 

point (5, 3, 3)A  to (4, 4, 4)B  so  

ˆ ˆ ˆ(4, 4, 4) (5, 3, 3)

ˆ ˆ ˆ 1 1 1ˆ , ,
3 3 3 3

AB B A i j k

AB i j k
F

AB

 

Therefore the force be  

ˆ ˆ ˆ
ˆ ˆ ˆ ˆ10 3 10 10 10

3

i j k
F FF i j k  

Choosing any point as an acting point of the force, then the moment of the force about the origin O (consider 

(5, 3, 3)A  as an acting point) 

(5, 3, 3) (0, 0, 0) (5, 3, 3)r 

o

ˆ ˆ ˆ

ˆ ˆ5 3 3 80 80

10 10 10

i j k

M r F j k  

Also if we choose the point (4, 4, 4)B  as an acting point 
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o

ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ4 4 4 40 1 1 1 80 80

10 10 10 1 1 1

i j k i j k

M r F j k  

 EXAMPLE 3 

Determine the moment of the force as shown about point O. 

 SOLUTION 

Taking horizontal axis X  as shown, the force 500 can be resolved into  

0 0ˆ ˆ ˆ ˆ500cos 45 500 sin 45 250 2( )i j i j  

Therefore, the moment is given by,  

o
3 3

250 2 3 250 2 750 2
2 2

M  

Or by cross product where 

0 0

3 3ˆ ˆ3
2 2

ˆ ˆ ˆ ˆ500cos 45 500 sin 45 250 2( )

r i j

F i j i j

 

o

ˆ ˆ ˆ

3 3 ˆ250 2 3 0 750 2
2 2

1 1 0

i j k

M r F k  

 EXAMPLE 4 

Force F acts at the end of the angle bracket as shown.                  

Determine the moment of the force about point O. 

 SOLUTION 

Using a Cartesian vector approach, the force and           

position vectors are 

0 0

ˆ ˆ0.4 0.2
ˆ ˆ ˆ ˆ400 sin 30 400cos30 200 346.4

r i j

F i j i j
 

The moment is therefore, 

o

ˆ ˆ ˆ

ˆ0.4 0.2 0 98.6

200 346.4 0

i j k

M r F k  

 EXAMPLE 5 

Find the sum of moment of the forces, ˆ2F i  acts at the origin, the force 
1

2
F  acts at 2

ˆ3r j  and the force 

1

2
F  acts at 3

ˆ5r k  about the origin. 

 SOLUTION 

As clear the resultant of these three forces is zero but the moment about the origin is given by 

X 

Y 
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3

o 1 1 2 2 3 3
1

ˆ ˆ ˆ

0 0 0

2 0 0

i i
i

M r F r F r F r F

i j k ˆ ˆ ˆ ˆ ˆ ˆ

0 3 0 0 0 5

1 0 0 1 0 0

i j k i j k

o o

ˆ ˆ ˆ

ˆ ˆ0 3 5 5 3 and 34

1 0 0

i j k

M j k M  

 

 

 

 EXAMPLE 6 

The force ˆ ˆ2i j  acts along the line that passing through the point (4, 4,5)  and the force ˆ3k  acting at the origin. 

Find the pitch and axis of equivalent wrench. 

 SOLUTION 

The two forces reduced at the origin to a resultant force F  and a moment OM  so that 

2
1 2

ˆ ˆ ˆ2 3 , 14F F F i j k F  

O 1 1 2 2

ˆ ˆ ˆ

ˆ ˆ ˆ0 4 4 5 5 10 12

2 1 0

i j k

M r F r F i j k  

Thus the pitch of equivalent wrench is given by 
2

F M

F  
that is 

2

ˆ ˆ ˆ ˆ ˆ ˆ2 3 5 10 12 36 18

14 14 7

i j k i j kF M

F
 

In addition the equation of axis of wrench 1r r F  

1 2

ˆ ˆ ˆ
1 1 ˆ ˆ ˆ2 1 3 18 39 25
14 14
5 10 12

i j k
F M

r i j k
F

 

Then the vector form of the axis becomes 

1 ˆ ˆ ˆ ˆ ˆ ˆ18 39 25 (2 3 )
14

r i j k i j k  

And Cartesian form is 

 

18 39 25
14 18 14 39 14 2514 14 14 Or

2 1 3 2 1 3

x y z
x y z
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 EXAMPLE 7 

A force P  acts along the axis of OX  and another force nP  acts along a generator of the cylinder 
2 2 2x y a at the point ( cos , sin , 0)a a ; show that the central axis lies on the cylinder 

2 2 2 2 2 4 2( ) (1 )n nx z n y n a  

 SOLUTION 

Generators of the cylinder are parallel to the axis of . Let one generator of it pass through the point and its unit 

vector is and the force acts along this line.  Also the force acts along axis then 

1

2
2 2 2

,̂ acts at(0, 0, 0)

,̂ acts at( cos , sin , 0)
ˆ ˆ( ), ( (1 ) )

F Pi

F nPk a a

F P i nk F n P

 

The system reduces to a single force and a moment so that 

o 1 1 2 2M r F r F  

o

ˆ ˆ ˆ ˆ ˆ ˆ

0 0 0 cos sin 0

1 0 0 0

ˆ ˆ(sin cos )

0

i j k i j k

M a a

n

P

Pa i jn

 

The pitch of equivalent wrench is given by 
2

F M

F  
that is 

2 2 2 2

ˆ ˆ(sin cˆ ˆ
sin

(1

o

)

s

1

)P i Pnk anF M an

F n

i

P n

j
 

In addition, the equation of axis of wrench 1r r F  

2

1 2 2 2

2

ˆ ˆ ˆ

1 0
(1 )

sin cos 0

ˆ ˆ ˆcos sin cos
1

i j k
F M anP

r n
F n P

an
n i n j k

n

 

Then the vector form of the axis becomes 

2
ˆ ˆ ˆ ˆ ˆcos sin cos ( )

1

an
r n i n j k i k

n
 

And Cartesian form is given by 

2 2

2 2 2

cos sin cos

1 1 1 Or
1 0

an an an
x y z

n n n
n

 2 2

2 2 2

22

2 2

sin cos cos
0,

1 1 1

(1 )cos
sin ,

1 1

an an an
y n x z

n n n

an nan
y n x z

n n

 

 

X 

Y 

Z 

nP 

P 
( cos , sin , 0)a a
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Squaring these equations  

2 2
2 2 2 2 2 2 2

2 2
sin , ( ) (1 ) cos

1 1

an an
y n nx z n

n n
 

then multiply first equation by 2 2(1 )n  and the second by 2n  then  adding the result we get

 2
2 2 2 2 2 2 2 2 2 4

2
(1 ) ( ) (1 )

1

an
n y n nx z n n a n

n
 

 EXAMPLE 8  

Three forces each equal to P  act on a body, one at point ( , 0, 0)a  parallel to OY , the second at the point (0, , 0)b  

parallel to OZ  and the third at the point (0, 0, )c  parallel to OX , the axes being rectangular. Find the resultant 

wrench. 

 SOLUTION 

As given we see  

1

2

3
2 2

,̂ acts at(0, 0, )

,̂ acts at( , 0, 0)

,̂ acts at(0, , 0)
ˆ ˆ ˆ( ), ( 3 )

F Pi c

F Pj a

F Pk b

F P i j k F P

 

The system reduces to a single force and a  

moment so that 

o 1 1 2 2 3 3M r F r F r F  

o

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

0 0 0 0 0 0

1 0 0 0 1 0 0 0

ˆ

1

ˆ ˆ( )

i j k i j k i j k

M P

P bi cj a

b

k

c a

 

The pitch of equivalent wrench is given by 
2

F M

F  
that is 

2 2

ˆ ˆˆ ˆ ˆ

3

ˆ( )

3

P bi cj akP i j kF M a b c

F P
 

In addition the equation of axis of wrench 1r r F  

2

1 2 2

ˆ ˆ ˆ

1 1 1
3

1 ˆ ˆ ˆ( ) ( ) ( )
3

i j k
F M P

r
F P

b c a

a c i b a j c b k

 

Then the vector form of the axis becomes 

1 ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )
3

r a c i b a j c b k i j k  

Y 

Z 

X 

P 
(0, , 0)b 

(0, 0, )c 

P 
P 

( , 0, 0)a 
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and Cartesian form is 

1 1 1
( ) ( ) ( )
3 3 3 Or
1 1 1

3 2 and 3 2

x a c y b a z c b

y x b c a z y a c b

 

 EXAMPLE 9 

Forces , ,XY Z  act along three lines given by the equations  

0, ; 0, ; 0,y z c z x a x y b  

Prove that the pitch of the equivalent wrench is 

2 2 2( ) / ( )aYZ bZX cXY X Y Z  

If the wrench reduces to a single force, show that the line of the action of the force lies on the hyperboloid 

( )( )( )x a y b z c xyz  

 SOLUTION 

As given    

1

2

3
2 2 2 2

,̂ acts at(0, 0, )

,̂ acts at( , 0, 0)
ˆ acts at(0, , 0)
ˆ ˆ ,̂

F Xi c

F Yj a

F Zk b

F Xi Yj Zk F X Y Z

 

The system reduces to a single force and a moment so that 

o 1 1 2 2 3 3M r F r F r F  

o

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

0 0 0 0 0 0

0 0 0 0 0

ˆ

0

ˆ ˆ

i j k i j k i j k

M

bZi

c a b

X

k

Z

j

Y

cX aY

 

The pitch of equivalent wrench is given by 
2

F M

F  
that is 

2 2 2

2 2 2

2

ˆ ˆ ˆ ˆ) ˆˆ( bZi cXj aYkF M

F

bX

Xi Yj Zk

X Y Z

X Y

Z cXY aYZ

Z

 

Besides, the equation of axis of wrench 1r r F  

1 2 2 2 2

2 2 2
2 2 2

ˆ ˆ ˆ
1

1 ˆ ˆ ˆ( ) (

( )

( )
) ( )

X Y Z

X Y

i j k
F M

r X Y Z
F

bZ cX aY

aY cXZ i bZ aXY
Z

j cX bYZ k

 

Then the vector form of the axis becomes 
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2 2 2

2 2 2ˆ ˆ ˆ( ) ( ) ( )
ˆ ˆ ˆ

(
)

)
(

aY cXZ i bZ aXY j cX bYZ k
r Xi Yj

X
Z

Y
k

Z And Cartesian form is
 

2 2 2 2

2 2 2

2 2 2 2 2
OrX Y Z X Y

aY cXZ bZ aXY cX bYZ
x y z

Z X
X Y

Y Z
Z

 2

2 2 2 2 2

2

2

aY cXZ bZ

X

aXY
Y x X y

Y Z X Y Z
 

2

2 2 2 2 2

2

2

cX bYZ bZ

X

aXY
Y z Z y

Y Z X Y Z
   ……Complete 

 

 EXAMPLE 10 

Two forces each equal to P  act along the lines 
cos sin

sin cos

x a y b z

a b c
 show that the axis of equivalent 

wrench lays on the surface 
x z a c

y b
z x c a

 

 SOLUTION 

First line is 
cos sin

sin cos

x a y b z

a b c
 passing through ( cos , sin , 0)a b  

the second line is 
cos sin

sin cos

x a y b z

a b c
 passing ( cos , sin , 0)a b  

The unit vector of first line is 

1 2 2 2 2 2

1
ˆ ( sin , cos , )

sin cos
1 ˆ ˆ ˆsin cos

n a b c
a b c

a i b j ck
 

The unit vector of second line is 

2 2 2 2 2 2

2 2 2 2 2

1
ˆ ( sin , cos , )

sin cos
1 ˆ ˆ ˆsin cos ( sin cos )

n a b c
a b c

a i b j ck a b c
  

Therefore, 

1 1
ˆ ˆ ˆˆ sin cos

P
F Pn a i b j ck  

2 2
ˆ ˆ ˆˆ sin cos

P
F Pn a i b j ck  

The system reduces to a single force and a moment so that  
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1 2

2
2 2

2
2 2

ˆ ˆ ˆ ˆ ˆ ˆsin cos sin cos

2 4ˆ ˆsin and sin

F F F

P P
a i b j ck a i b j ck

P P
a i ck F a c

 

1 1 2 2

ˆ ˆ ˆ ˆ ˆ ˆ

cos sin 0 cos sin 0

sin cos sin cos

M r F r F

i j k i j k
P
a b a b

a b c a b c

 

2 ˆ ˆsin
P

M cb i abk  

since the equation of axis of equivalent wrench is 1r r F  

2 2

1 2 2 2 2 2 2 2

ˆ ˆ ˆ
sin

ˆsin 0
sin sin

sin 0

1
i j k

c a bF M
r a c j

F a c a c
cb ab

 

Then the vector form of the axis becomes 

2 2

2 2 2

( ) sin ˆ ˆ ˆsin
sin

c a b
r j a i ck

a c
 

While the Cartesian form is 

2 2

2 2 2

( ) sin

0 0sin
sin 0

c a b
y

x za c
a c

 

Thus we can deduce from these equation 

2 2

2 2 2

( ) sin sin
and

sin

c a b x a
y

z ca c
 

2 2 2 2 2

2
2 2 2

sin sin

sin
sin

y a c c a b

c
y a b c a

 

Dividing by ac  and substituting 
sinx a

z c
 we get 

x z c a
y b
z x a c

 

 EXAMPLE 11 

Two forces each equal to F  act along the sides of a cube of length b  as shown, Fin the axis of equivalent 

wrench. 

 

 SOLUTION 

By calculating the unit vectors of the forces, we get, 
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1

1 1

1 ˆ ˆˆ ( , , ) (0, 0, ) ( )
2

ˆ ˆˆ ( )
2

n b b b b i j

F
F Fn i j

 

And for the second force 

2

2 2

1 ˆ ˆˆ (0, , 0) ( , 0, 0) ( )
2

ˆ ˆˆ ( )
2

n b b i j

F
F Fn i j

 

The system reduces to a single force and a moment at the origin so that 

2 2
1 2

ˆ2 2R F F Fj R F  

1 1 2 2

ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ1 1 0 1 1 0
2 20 0 1 1 0 0

i j k i j k
Fb Fb

M r F r F i j k  

Here we choose the point (0, 0, )b  as an acting point of first force and the point ( , 0, 0)b  of the second force. The 

pitch of equivalent wrench is given by 
2

F M

F  
that is 

2 2

ˆ ˆ ˆ ˆ2
2

22

Fb
Fj i j k

R M b

R F
 

since the equation of axis of equivalent wrench is 1r r F  so 

2

1 2

R M F
r

R 22

b

F

ˆ ˆ ˆ

ˆ ˆ0 1 0
2

1 1 1

i j k
b
i k  

Then the vector form of the axis becomes 

                                         ˆ ˆ ˆ
2

b
r i k j  

While the Cartesian form is given by 

02 2 Or and
0 1 0 2 2

b b
x z

y b b
z x  

 

 

 

 

 

 

 

 

Y 

Z 

X 

F 

F 

(0, , 0)b 

( , 0, 0)b 

( , , )b b b 

(0, 0, )b 
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PROBLEMS 

 If the force ˆ ˆ ˆ3 7F i j k  acts at the origin, determine its moment about the point(4, 4, 6) . 

 A force of magnitude 100  acts along the line passing through the point (0,1, 0)  to (1, 0, 0) . Obtain its moment 

about the origin point and about the axes. 

 The three forces ˆ ˆ ˆ ˆ ˆ ˆ ˆ2 2 , 2 , 2i j j k i j k  act at the points (0,1, 0), (1, 0, 0), (0, 0,1)  

respectively, Find the pitch of the equivalent wrench.  

 Two forces each equal to 3F  act along the lines
1 1 2

2 2 1

x y z
 and 

2 1 1

1 2 2

x y z
. Find 

the equivalent wrench. 

 The magnitude of two forces is 2 1,F F  act along the lines ( c, tan )z y x  and ( c, tan )z y x . 

Determine the central axis of equivalent wrench. 

 

 

 

 

 

 


