
  

 
  

 

 

 

 

 

 

SOUTH VALLEY UNIVERSITY 

 

Fourth  

Quantum Mechanics  

2023-2024 

Prepared by: 

Dr.Asmaa sayed ahmed  

Faculty of Education                      

Physics Department 

   academic year



download the free trial online at oitroodf com/professional 

created with 

nitroPoF professional 

16 

o~I Ul.111 u-.a Complex Conjugate Function ~ly o.l.il.A Ub ~ Jy-a=JI ~.., i = ~ 

).l.Lll ~ <.f_.,_h:i I.fl, Complex Function o~ UI~ If/ ~_,..JI Ub 0-£- o_.;#, u~I ~ ~ 

particle, and denoted If/ . 

Wave function: is the amplitude of the matter field which associated the moving 

(Wave Function) ~_JA,11 ll1..1 

Elementary Properties of Quantum Mechanics 

Chapter Two 
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-0() -0() 0 

1 0() 0() 

fdp=p,= Jllf/(r,t)l2dr= flf'(r,t)*lf/(r,t)dr=l (2) 

1=% 

dp = dp = f llf'(r,t)l2 
dr 

:~WI ~)WI ~ L..S (Probability density) 

dp = fllf'(r,t)l2 dt = f lf/*cr,t) lf/(r,t) d t (1) 
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. , ·- II .hi ~ Jt.....:h.1 · 'j 4..il. ·,'JL., i ,«. ,:; · <-: · I · 'j .:i._.hii · "' · :U · (-: · i ~b11 1- W.:,,.J 3 ~ . Y U ~~ ~ U..J-""' U .)~ .J LP <.,r Y-" U..J-""' U ~ .. ~ • 

o~->-* Ubl\ u..,..S u'i , o~ 4--i~ '21.1~.., (continuous) o~ ~_,.JI ~1~1 ufa ui .2 

(HW) Q) If lf(x) = ~ , calculate the normalization constant N. 
x-+a 

Normalization condition o.J:!'-1....ll 
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In three dimension 

(3) 
i 
- (PxX-E t) 

lj/(x,t) = lf/o eh 

E =fU1J .. k = 2n *' k , p = n 
,.i 

Mathematical Representation ofW.F 
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1//(x,t) ~ * ~.bli..o.ll ~Jh y~ 

(6) 

(5) 

(4) 

20 

* 
p2 

E=-+V(x) 
2m 

·: E=T+V 

al//(X t) a .!_(PxX-EI) .!_(Px-X-Ef) i 
--'- = -('!/ en ) = If/ en (--E) 

at at O O n 

_ _,, 2 a21f/(X,t) _ 2 ( ) 
rt :::i ? - Px If/ x,t o x: 

-ih al//t,t) = r. 1//(x,t) 

alf/(x,t) _ }_ ( ) --- - Pxlf/ x,t 8x 'Ii . 

alf/(x,t) a .!_(px.x-Et) .!_(px.x-Et) i 
___ - -("' en )-11, en (-p ) OX OX 'f'o 'f'o '/i .X 

Time Dependent Schrodinger Equation (T.D.S.E) 
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? 2m v-1//(r) +-2 [E -V(r)] · 1//(r) = 0 
fl 

In three dimensions 

(10) 
-n2 82 

[--2 + V(x)] 1//(x) = El//(x) 
2m ox 

. i t2 ;:i? ( ) i i - l --Et - rt u-1// X --Et --Et in· (-)El//(x) e n - --- ? e n + V(x) 1//(x) e n. n 2m ox- 

(9) 

:~ ~ (8) ~ .. bh.JI ~ (9) ~ ... bl.La.ll ~~ 

-i 
-Et 

1//(x,t)=en 1//(x) 

i 
-(pxx-Et) 

1//(x,t) = 1//o en 

= 1//(t) 1//(X) 

Time Independent Schrodinger Equation {T.I.S.E) 6,Ajll u::l': o.1.4:ia..4~1_~.1J~ 4J.1w 

81//(r t) -Pi2 ? in ' = -V-1//(r,t) + V(r)l//(r,t) at 2m 

In three dimension 

(8) ·t 01//(x,t) _ -Pi2 021//(x,t) Ti( ) ( ) 
lrl - 2 + ,, X 1// X, t at 2m ox 

(7) El//(x,t) = p21//(x,t) + V(x)l//(x,t) 
2m 
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3 , 1//=X 
" a Example 2: A= - ax 

" 3 4 Al//=X·x =x =</J 

Example 1: A= x , 1// = x3 

o~~ ~Y' 4..lb c)I 431~ ~_,.JI .d..lb c)c u_)l 1~1 ~I ~I _y, : Ji.JAll 

_)y,ll A _y, ?~I j.,,)1 

Operator: any mathematical entity which acts on a wave function and change it to 

another function. 

t-JI (f_;l)I r=--)1 ,~_,.JI 'r=--)1 ,AJlhll Ji... c_yi~ 

energy .... etc 

Example: energy, momentum, position, angular momentum, total energy, potential 

Observable: any physical property which can be measured 

Observable and Operator 
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A -t,,2 82 
H=--+V(x) 

2m 8x2 

2 

H = !!.__ + V(x) 
2m 

5) Hamilton 

A a 
E=in- ot E=T+V(x) 4) Total energy 

A 2 -1;.2 02 A p + rt 
T=-=-- 

2m 2m 8x2 

2 

T = E: 
2m 

3) Kinetic energy 

A •-1,. a p.=-Zn- .\ ox P =mx x 2) Momentum 

A x x 1) Position 

Q.M.R 

~\ ~~\ ~ J.µ...:ill 

C.M.R 
.&u\.S.i.J I . Jµ...:i1 I ~ ~ ~ ~ 

~)lS.11 

Observables 

(11) a a 
-x= (l+x-) ox ox 

a 
= (1 + X-) lf/(X) ox 

a a ( ox x) lj/(x) = ox (x lj/(x)) 

= 1//(x) + x Olj/(x) 
ox 

Operator Equation 
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eigen function ~I~ ~b 

eigenvalue ~I~~ 

" A lj/11 (x) = a11 lf/11 (x) 

ur (x) = ei4x -r 11 

" a A=- ax Let 

Solution: 

· fu · fh " a e1gen nction o t e operator A = - ax 

Example 1: By using the eigenvalue equation show that the function lf/11 (x) = ei4x is an 

(12) " A lj/11 (x) = a11 If/ 11 (x) 

Eigen value equation 
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· · If/ 11 (x) remain unchanged, thus lf/11(x) = cos( 4x) is an eigenfunction for A= - 82? 

ax- 

lf/11(x) = cos( 4x) 

,.. 
A lf/11(x) = 16cos(4x) 

fi 
=t:» (cos(4x)) = 16cos(4x) ox- 

4~sin(4x) = 16cos(4x) ox 

,.. ff 
A lf/11(x) = --2 cos( 4x) ox 

,.. 
A lf/11(x) = a11 lf/11(x) 

Solution: 

a2 A= - -a ? Jiy-U ~1~ 4.Jb ~ If/,, (x) = cos(4x) 4.Jb.11 u' ,~~~1 4..jj1il1 ~1 4-J~LL.. f'1~~ : 2 J.!w 
x- 

,.. az 
is an eigen function of the operator A = - - 

8x2 

Example 2: By using the eigenvalue equation show that the function lf/11 (x) = cos( 4x) 
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•• lj/11(x) remain unchanged.fhus lf/11(x)=sin(6x) isaneigenfunctionfor A=- 82? 

ax- 

lf/11(x) = sin(6x) 

a11 =36 

,.. 
A lf/11(x) = 36sin(6x) 

- cP? sin(6x) = 36sin(6x) ox- 

-6~cos(6x) = 36sin (6x) 
8x 

,.. cP 
A lf/11 = --2 sin(6x) 

8x 

,.. 
A lj/11 (x) = a11 lf/11 (x) 

Solution: 

,.. a2 
A= -- )y,ll ~\~ 4-Jb ~ lf/,,(x) = sin (6x) 4.Jb11 ,.JI ,~,/;1 ~1~1 ~I u~h..a ~\~~ :3 J\!w 

8x2 

is an eigen function of the operator A = - 
82? 

ax- 

Example 3: By using the eigenvalue equation show that the function lf/11(x) = sin(6x) 
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AB :;t: BA Not commutator operator 

" " " iii. If C :;t: 0 => [A, B] :;t: 0 

" C = Unit operator 

ii. If C = 1 

,... " ,... " 
AB = BA Commute operator t)µ~\+i.o 0:!) _;.JI ~ 4-JL:....ll o~ Ji... ~ 

" " " 
1. If C = 0 => [A, B] = 0 

AB=BA 

(Commutator operator) J~l )_;.J~ ~Cul~ 

" " " C = [A, B] = AB - BA 

(Commutation) J~\.+ill ~ .2 

: ~ L..S B ' A U:! . ..>t, ... J~\+i LI~ 

a is constant " " ii. A(alf/)=aAlf/ 

" " " 
1. A(lf/1 +lf/2) =Alf/1 +Alf/2 

(linear operator) ~I ~I .1 

~w.ll .b · ~-'I ~·· l~l L.i.h:... I ,. · A" ,. • 11 Jw ~ ..J~ ~ ~ YJA JJ_y:>J ~ 

Properties of Operators 



download the free trial online at oitroodf com/professional 

created with 

nitroPoF professional 

28 

" 8 
C=[x, 8x]=-1 

F=[C,D] O.Jl,a..ll i_;I 

D Ji .:,.JI t-4 C Ji .:,.JI J..)\.+i 4 :- F· y, ft ~I Ji y,11 ,.JI 

~ o.h.., ):,.,. y, [~,x] )_:,..JI ul ,~,y~I J\!w ax 

Prove that H.W 

" C=l 

" Clj/(x) = lj/(x) 

8 {)11r(x) 
= -(xlj/(x))-x-'t'- 

8x 8x 

= lj/(x) + x Olj/(x) -x Olj/(x) 
8x 8x 

c '//( x) = { ! x - x ! } '//( x) 

8 8 = -x(lj/(x))-x-(lj/(x)) 
8x ox 

" " " " =AB-BA 

" " " C = [A,B] 

Solution: 
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-CfJ 

co f lj/,: lj/111 d t = 0 

2. Eigen function correspond to different eigen value are always orthogonal i.e. 
-(:F.) 

co 

f 'If; v; dt = 0 

1. The eigen value correspond to any Hermitean operator are real quantities 

-CfJ -CfJ 

(13) 
(:fJ co 

f 1//; Al//111 dr = f 1//111 (A 1//11)* dr 

Operator A is said to be Hermitian when satisfying the relation: 

Hermitean operator 

H .W ( ~ ~IJ) Prove that [.Px, x] = -iii 

c = iii (.,.J_,lh.JI .f'J 

" " " c =xpx -pxx 

" A ( •t O ) •r,, 0 ( A) C = X -Zn- + lrl- X ox ox 
c'lf(x) = {x(-in~) + in~(x)}l//(x) ox ox 
c'lf(x) = x(-in O'lf(x)) +in~x 1//(x) ox ox 
c'lf(x) = -ilix O'lf(x)) + ili'lf(x) + inx O'lf(x) ox ox 
c'lf(x) = iii 1//(x) :U..)\..it..J\ ~_;b LJA 1//(x) u~ 

" [" " ] C = X,Px 

Example: Show that [x ,.Px] = iii 

Solution: 
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-00 

00 

0 = (a11 - a;) f If/; v, dr 

-00 

00 00 

f * " f "+ * lf/11 A lf/11 d t - lf/11 A lf/11 d t = 0 

-00 -00 -00 -00 

00 00 00 00 f If/; A If/ 11 d r - f If/ 11 A"' If/; d t: = f If/; a11 If/ 11 d t: - f a; If/ 11 If/; d t: 

-00 -00 

00 00 

f "+ * f "' "' If/ n A 1//n = an If/ n If/ n d L · · · · · · · · · · · · · · · (b) 

.... * * * * lf/nA v; = an v; v; 

11r ~ * * ..J.:i~I y l..>.....O.J 'f'n ~ 

** ""'* * * * A v, = an v, 

-00 -00 

00 00 

f lf/,:Alf/11 di = f If/; a11 v, d t (a) 

" 
A 1//n = an 1//n · · · · · · · · · · · · · · · · · * 
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-00 

Orthogonal o~w... 
00 

f If/,:, v, dt = 0 

-00 --0() --0() -00 

00 00 00 00 

f + A f A+ * f + * f + lf/111 A lf/11 d t - lf/11 A lf/111 d t = a11 lf/111 lf/11 d t - a,,1 lf/11 lf/111 d t 

-00 -00 

00 00 

f A+ + f + + 
If/ n A 1//m = am 1//n 1//m d r · · · · · · · · · · · · · · · · · · · · · · (b) 

"'* * * * v, A v; = 1//n am v; 

1* *. * * v; = am v; 

--0() -00 

00 00 

f * A f * lf/111 Alf/11 d t = a11 lf/111 lf/11 d t (a) 

. 1- . ' : · ' ~ * . ~ . .bh...JI u · . -~~u..o ..J lf/111 l -~ 

.. 
11 

A 

A 1//m = am 1//m 

1 
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0() 

f If/ :l v; d t = omn 
-00 

2. Wave function that are solution of given Schrodinger equation are usually 

orthogonal one to other 

~l ~ ~ o.l.alo... 0~1.c. ufa ~ji..:a.a fa~..,y:;, 4...l~k....1 J:,.. ~ ufa ~14_,..,J1 u'ib 

3. Wave function that are both orthogonal and normalized called (orthonormal) such 

that 

-0() 

0() 

f If/,:, lf/n d t = 0 

1. Tow different wave function If/ n & lf/111 are said to be orthogonal if 

Orthogonality of Wave Function 

Normalized ~.J4::- 4...lb \+le- J~ o)\.c.l .J~k...Jl ~ lf/(x,t) u.il.S l~I 

-0() 

0() 

f If/ *ex, t) · lf/(X, t) dx = 1 

-0() 

0() 

f p(x,t) dx = 1 

~I ~I?. .Jbll y_fa ~l.::.. ',?I 

x+dx ,x c.£.l.o.llJ~ t ~1~~~y.,,...,9l....hluco.J~~ p(x,t)dx ~lufa.yk..., 

llf/(x,t)l2 dx Probability of finding particle betweenx and x+dx at time t 

~ by.,,.y ufa ul ~'i ~I I~ ul.9 .b..l_, ~ ~ ~~I~~ L...i...di lf/(x,t) u.il.S l~I ~I !Y'.) 

u\J illlil ~~I _bt_gj !Y' 4..bii 

* p(x,t) = If/ (x,t) lf/(x,t) (Is the probability density) 

Normalized Function 



download the free trial online at oitroodf com/professional 

created with 

nitroPoF professional 

33 

0() a* 0() a* 
= iii f lj/111 ;n dx = f lj/111 (iii ;n) dx 

·O() ·O() 

x =O 

' V = ur u~I "f'm 

* 
du= 81//n dx ax 

d 8 d u·\,IL>,.ii V=-lj/m X ....,-~ ox 
* U = 1//n 

·O() ·O() 

..i.:i ··- -:1u · ' I.S.:i\1 1~u ~.UA (' .J 

0() 0() 

f udv = uvl:: - f vdu 

• dv u 

0() * 8 
- iii f lj/11 -lj/111 dx ox -<IJ1 

-0() -0() 

0() 0() f lj/; A lj/111 d t = f lj/111 (A v, )* di 

Q) Prove that p x is Hermitian operator ? 

at m '*- n c)mn = 0 

at m==n c)lll/1 = 1 

Where the kroneker delta (81111) is function with tow values 
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(IO), (6), (5), (4) .d.J~u, ufa 1~1 

(14) ,.. 
H v; = En v, 
r 1/f' 11 = rn 1/f' 11 

~1 .d.Jw1 ~ ~y..,.JI.) 1//n .d...lb.l~ u~..,..J1 r"lh1l1 ~ ; ~j.11 ).:,... )).! ~ J..,ii ~m )_j:- ~.) 

.d.Jw I '21.l:i . lh1l.l · ) I liii .. 4,_j \J ~r' ~ (_)JJ~. r'~ n 

,.. 
A 1//n (x) = a11 1//11 (x) 

Make Measuremenr 1 l_. Result of Measurement 

on a system in State n 

_. I. LS. ~\]\ .:i........iill ~ .. bLLJ u · .. :1\ · · .:-:11 . c.,r-; Y' ~ ~ (J.J ~~ ~ 

:i.....i...SJ1.d.Jw1 ·.h.1.-:.11 ur ~ .. 11.d.Jb..iu .. 11 lh1l11.1~. -:114....i u .. :11~1 liii ·· A" ~ •. 1, ~ ~ . ~ .J 't" • .r-' . ~.r-' r' ~ ~ ~.J ~~ (.)'J ~. r'~ Y.r' 

~\~\ .:i........iill lli11 ~ ~ , . a,1 ~ ~ ~ (.)'J ~ ~ . ~ n 

,.. 
A 1//11 (x) = a,, 1//,, (x) 

Physical Interpretation 

-00 

00 

= f v; (Pxl// n)"' dx 

"°s ( ·t 01/f' n )* dx = 1//111 =t: 
-eo 
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L, = -ih ( x : - y ! ) 

8 8 
L =-ih(y--z-) 

x 8z 8y 

8 8 L =-ih(z--x-) y 8x 8z 

2. Q 2) By using the classical relation L = F x p show that; 

c)l_,:;11 ~ ~ '-?-'')' ~)\ w~y, wl)_:,.., 01 ,~,_,~1 L = r x p ~~' ~11...a~ .3 

(15) 
fI =ifl.£_ at 

A h2 82 
H=---+V(x) 

2m8x2 

· w · Liu...::. .J ~1..b.11 ~ • ~ . u .. Y.Y" ~ 

(10) { tt2 a2 } - -- + V(x) If/= Elf/ 
2m8x2 

(6) 

(5) 

(4) . 8 - zfl- lj/ = p If/ ox 
82 

"t.2 If/ 2 -n -=p If/ 8x2 
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I * a (p_,) = -iii If/ ox If/ dx 

<P.,) = f v/ p x If/ dx 

. a 
Px = -ih. ax 

(Momentum) ~)\ .2 

(Position) ~_,.JI .1 

Example: 

For normalized ~.Jl..p ~bl\ w.ilS \~\ 

(16) 
_ f lf/\41f/dT 
A=(A)=--+-- f If/ If/ dt 

If the system is in state If/ which is not an eigen state of a such observable, then it 

is not possible to say with certainty what measured value will be found for A. Therefore, 

one has to use the average value A which called in Q.M. expectation value of A. It is 

defined mathematically as: 

~'i "-.iU A Jij-Jl '4i'~ ~ ~b ~ ~,.., If/ 4_,.J1 ~,~ w~_,... '-:?1 If/ ~w, ~ ttl:.lll ,.JS 1~1 

w -: ,, ~Li .<11 illl.i~ · ill ~1 J~ ~ ~w, o~ . i:: · w11 ~ ~ · .·.-:11 ~ ~ -~ ~ ~ c..r~'-:?.., ~ f l.).IAc..rlJ-'l~ ~ -~ -~ 

·Ul:i..11 ~u)l Aj)h.ll.J ~Li ~ ill . ~ ~ ~ . ~ ~.J ~ '-:? .., 

Expectation Value and Variance 
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M = {((A-(A))2)}Yi 

(M)2 = ((A-(A))2) 

= f 1J1 *(A- (A) )2 IJI di 

= f 1J1 *(A2 - 2A(A) + (A/) 1J1 d t 

= f 1J1"' A2 IJI d t= f IJI* (2A(A) )IJI d t + f 1J1"' (A/ IJI d t 

(M)2 = (A2) - 2(A)(A) + (A)2 
(M)2 = (A2) - (A) 2.................................................................. (17) 

u.JL.u.ll ~.:i\.,t,..., 

Variance: The deviation in the measured of the operator A from its expected value (A) 

'"· .1112ll~ ~ .: .11 ~1 - l..llll ~ ul ·y1 ,~ · u Lu.ll -Y.r-' ~ ~ UC(..}'I~ ~- ~ .J f'. J 

~ _;.JI ~\ ~JA J..a.c .)~ ~ ~Y.JJ 

(Variance) 

" p,,2 82 
T=---- 

2m 8x2 

"? 

T" _- _P- , " ·-1;. a p=-zn- 
2m ax 

(Kinetic energy) 4..fi_p,JI ~lhll W_,:i.JI ~I .4 

f + 8 
(E) = in 1J1 -IJI d r at 

. a E =zn,- at ( E) = f 11/ E 1J1 d t: , 

(Total energy) ~I ~lhll W_,:i.JI ~I .3 
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~\ <.Y'yil\ uyL.c. J_S Uw\ oll Ji., ~ (.jl~ (a) ~~ ~\~ ~ A ) _:,..Jl ~\~ 4-lb If/ 4..11~\ ujlS \~\ 

~ JLl..i ULl\ o:U. Ji,, · (A) = · I I :i..ii\~\ .:i........iil\ I\ Y~ CA) .4...b.~I 4...14S..l\ ~w'i ~ ~ ~ ~ a u cJ a ~ ~ Cf cJ .:,..w, ~ . ~ cJ_;:::.-J 

(aA = O) at 

observable A is called ( constant of motion) and it is conserved quantity 

measurements of the observable CA) lead to the Eigenvalue (a) i.e. (A)= a then the 

~ 
If the Eigen function If/ of the operator A with Eigen value (a) , then all 

Eigen function and constant of motion ~~I ~l~.J 91~1 JI.J.lll 

C~px)2 = (p_;) -(px)2 

(p_;)= f lf/"'p;lj/dx 

(Px )2 = Cf If/* Px If/ dx)2 

2. (Momentum) 

C~)2 = (x2 )-(x)2 

(x2) = f If/"' x:21j/ dx 

(x>2 = cf If/+ X If/ dx)2 

1. (Position) 

Example: 
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A 

The equation of motion (18) show that the fact the observable A to be motion constant 

if its operator are commute with the Hamilton operator. 

~ __,jL.4-J 1 ; _j..a] 1 t"' "i j\.+i-a c.:;ts ,~ 1 .:i..s ..?- u,il'.i ufa A ; _j..a] 1 u I c.; 1 

Constant of motion .:i..s _p.-ll u,il'.i ~ A .J 

Motion equation .:i..s _p.-ll :i..b~ 

"7"' l [ A A] A=- H,A (18) 
ti 

In Q .M we assume that A = A 

.. A=~ f lf/\HA-AH) If/ dt 

f Alf/(Hlf/)*dr=f lf/*iI Alf/ d t 

!!_(A) =A =!_flf/\HA-AH) If/ dt: 
dt h 

..................................... (b) 

8 --=-- f Olf/ A • Olf/ -(A) =A= (-Alf/+lf/ A-) di (a) at at at 
·-1;. al// HA 

Zn-= If/ at 
+ • al// A + -znat = (HI//) 

• ·.11 ~u ... LI\ Ag),7,a ~u (._)A..)-'-' • • (.).¥! ..)-""'-' . 

· BA A=-=0 Lr")\ at 
vl;!L4 Ai.. 'J ~4_., imj ~1.fN 
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Elf/=Tlf/+Vlf/ (a) 

81f/ -h2 ? ih- = --· v-lf/ + v If/ 
in 2m 

_4-i...\.S..ll ~\..hl.l W_;..JI ~I ~l ul...a.c ~_pJI ~\..hl.l W_;..JI ~I e,f.J~ ~I ~\..hl.l W_;..JI ~I 

(T D S E) · _)1 i., o~I .c ;.) ~ ~ . .bl..t..., u:iS.i · • I.A · • 11 . . . Lr" ~ ..)-"-' .)...)'-" . . u .Jt' 

a) (E) = (1) + (V) 

Prove that: 

P = 0 p = constanof motion 4-Sp w,ili JA ~)\ u~I p=O 

. --1:;3 83 --1:;3 83 -;- _ z { in If/ in If/ } 
P I/F - ------ 

'!' h 2m ox3 2m ox3 

- l " " p If/ = -(Hp - pH)lf/ 
h 

-;- i - h2 82 . 81f/ . 8 - h2 821f/ 
p If/ = h { ( 2m ox2 ) . ( -iti ox ) - ( -zh ox) . ( 2m ox2 ) } 

- l " " p=-(Hp-pH) 
h 

-1:;2 82 " -rl 
H=-- 

2m ox2 

V(x) = 0 

Solution 
,.. -ti2 cl 

H =---- + V(x) Since free particle 
2m ox2 

Example: Show that the momentum Px of free particle is constant of motion? 

y A.Sp u,ili JA..? ~ Px ~\~)\,.JI ,.:..i.µl 
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From Greens Theorem: 

d ih f * 2 2 * -(x)=- (1//X lj/-lj/x lf/)dr (d) 
dt 2m 

* 
:~ ~ a 4..l~k..o..11 ~ c , b uµl~h.....11 o- al// , al// ~ u.a:i~_., at at 

al// ih 2 V(r)lf/ -=-V If/+ (b) at 2m iti 

al// -t,,2 2 in - = -V If/ + V ( r) If/ at 2m 

From T.D.S.E 

* 
= f x(I// al// + 1//* al//) dt . (a) at at 

(x) = f v/xlj/ dx 

!!__(x) =!!_flf/"'xlf/ dx 
dt dt 

d 1 b) -(x) =-(px) 
dt m · 

<Ui.S.11 ~ ~~ x ot..,..:il ~ ~jll W_,:i.JI ~\ '-?-'~ u,a)I o.h_., ~ x J W_,:i.JI ~l_»i.J 

c.)S W :~1.A.;tll 

.. (E) =(I)+ (V) y}h.JI _y2>_., 
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!!.._ (x) = (p_,.) 
dt m 

i I ... ,... d = - If/ Px If/ r 
m 

1 f ... 8 = - If/ (-ih-)lf/ di 
m ox 

-ih I ... Olf/ d =- If/ - T 
m ox 

d iti f ... '.) ... '.) ... 8 If/ -(x) = - (If/ x -lf/-lf/ x -lf/-21f/ -) d t 
~ 2m ox 

"\12xlf/=X 21f/+2~1f/ (f) ox 

V2xlf/ = V · Vx If/ 

= x"v21f/ + V If/+ V If/ 

d ih f + 7 + 2 -(x) =- (If/ x -lf/-lf/ Xlf/) d t (e) 
dt 2m 

function If/ is equal to zero on the surface 

The probability of finding the particle outside the volume is equal to zero i.e. the wave 

The boundary condition imposed on If/ make the surface integral equal to zero 
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d I + 8 + Olf/ li2 I Olf/ 2 + + 2 Olf/ -(px) =- (If/ -Vlf/-Vlf/ -) dr-- [-V If/ -f// V (-)]dr 
dt ox 8x 2m 8x 8x 

d < ) -f [ li2 "'n2 Olf/ + 8 v ti2 n2 + Olf/ v + Olf/]d - p - -If/ v --If/ - If/-- v If/ -+ If/ - T 
dt x 2m 8x 8x 2m ox 8x 

d . I + 8 -Ii 2 v Ii 2 + v + Olf/ - (p ) = -tt. [ If/ -(-V If/+ - If/)+ (- If/ - - If/ )-] d r 
dt x 8x 2mi iii 2mi iii 8x 

: ~ (a) ~.l.)~I ~ (c) , (b) 4-.bb ~~ 

8 If/"' h 2 ... V (r) If/"' 
-=-V If/ - (c) 

at 2mi iii 

Olf/ -t. 1 V(r)lf/ 
at 2mi -If/ + iii (b) 

8 -h2 
ih_J!_ = -v'21f/ + V(r)lf/ 

at 2m 

From T.D.S.E 

d . f + 8 Olf/ Olf/+ Olf/ -(px)=zh (If/---+--) d t . (a) 
dt · ox at at ox 

f 
+ 8 

(p .. ) = If/ (-iii-) If/ d t .. 8x 

:!:_ (p ) =-iii:!:_ f If/"' O If/ d r 
dt x dt 8x 

~~ V .t.la\.S.ll ulh11 ~ ~.,:WI ~I ~l...u c.$.J~ u,aj.JI o..L::...J ~ Px _J ~.,:WI ~I~ 

x _)l.h~ 
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d f * av dt (pJ = - 1// &I// d t 

d av 
d/Px) = -(Bx) y)h.JI _JA.J 

J[: 21//* 
~· 

2 :]dr= J[: 1//* ~· :]-ds 

=0 

Apply Greens theorem on the second term 
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J dl/f(t) = -i Ef dt 
o 1//(t) n o 

I
t i 

In 1//(t) 0 = - n Et 

In 1/f(t) = _!_Et 
1//( o) n 

.................................................................... (19) in-1_ dl//(t) = E 
1//(t) dt 

in-I-. dl/f(t) = -1i2 zl//(r) + V(r) 
1//(t) dt 2m 1//(r) 

~ ul ~ u->1, JS.J ,p_,.J1 ~ ~ (JA:!'il u,.;hll ~ <.Y')\ ~ ~ ,.)-Ul:!'il u,.;hll ul u'il .b.~ 

..i.....uii Ll,)\.'.il\ )~\ '-,?.J~ LI_):. JS i~I A:,, J' · a 4.H .. L.,J\ ~ ~ u,il:i 

~ ~ 1/f(r,t) ~ ~ 

~ ~ 8 tblL.. ~ (b) , (a) (.)A uaJ1-i 

- n2 1//(t) v'21/f(r) + V(r) 1//(r) 1//(t) = in 1//(r) Ol/f (t) 
2m & 

1//(r,t) = 1//(r) 1//(t) 

01/f(r, t) 01/f (t) -- = 1//(r) (a) at at 
v'21/f (r, t) = 1/f(t) v'21/f (r) (b) 

Solution of T .D.S.E 6,4jll ~ o.l..,uL,4J\_;5.j..1,J~ 4..l..1w ~ 

- n2 ? 01/f(r t) -V-1/f(r,t) + V(r) 1//(r,t) = in ' (8) 
2m & 

~ ~> uu ~l.'.il1 ~)1 (J---4 ~~ ~w u.)lL.. ~ <Y'Y' ~ ;;~1 fa.).J~ u.)lL.. ul ~ 

ul '-:?\ : tbl.L.JI o~ J.,.J I"~ ul ~ ul__#i.JI 
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Stationary state o_foui... 4.Jb. ~ ..iJI u. J~ (20') ~~ ~..,.JI ..(i\b r.;~I ~I 

f f//\r) f//(r)dr = 1 

i i 

f f 
-Et -Et 

f//\r,t)f//(r,t)dr= f//\r)en 1//(r)e n dr=I 

-i -Et 
f//(r,t) = f//(r)e n 

Let 1//( o) = 1 

_!_Et 
f//(r,t)=f//(r){l//(o) en } (20') 

-i -Et 
1//(t) = 1//( o) en (20) 
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I~ 4 ul (Overlap integral) ~Lu.II J....~ ~ o_»'il ~l-;!)1 ~~I~ J_...1.S.:i..11 ul ~~ 

~ ..iJ ~ JslJ 1 J,..\.S:ill 

For normalized 

llf/,:¢dif 
Pn = l¢*¢drl 

(22) 

(21) 
N 

A.P _ ~ i 
'f'n - ~ C pi lf/11 

i=l 

1 2 3 N 
If/ n ' If/ n ' If/ n ' · · · · · · · · · · · · · · · ' lf/11 

~ ~Lb.ll <S~ ~ w~I o:U Ji.. ~J (linearly independent) ~I~ UC-~~ 

12lh.l ~lyJI ~I ~..,..JI Jlyll .:i~ c;J1u,;j degree of Degeneracy J~\tl ~..J.:iJ Degeneracy 

u~ ~I Jl_,.:i..11 .:i~ uU N c;j~ ~I ~..J~ ~ En ~\.bl\ <Sji.uu, ul.S I~\~ .<S~I 

N JyJb 

Degeneracy: is the case when there are more than one wave function corresponds to the 

same eigen value 

Properties of Energy Level and Wave Function -Degeneracy 

J~~I - ~-.,.ul JI.J.1.J 4..i\bll ~Li~ ~~ 
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~ (<1.....U · .. 11 UL.h y I) 121 c: 11 J:;...b u~LL...l.l .i..:Jh.J\ .. ::11 uliu c- l....u:i ~\ ~L.h YI · \ \ · · ~J ~ ...?.-' ~ ~ ~ . ..)A L~ '-?J ~ ~ U '-? 
ul..sJYI ~ ~ .h.lJ r_;..;1~ 01 

11 

if 011111 = 1 for n = m L,L,C; C111 011111 = 1 
11 Ill 

L, L, c,: c111 f If/,: lj/111 d r = 1 
11 m 

f Lc; If/; ·L,Cm lf/111 =1 
11 m 

f ¢*¢dr=I 
all space 

( linear superposition principle) ~\ '4jill i~ 4J~\ o~ ~ 

rp = C11f/1 + C2lf/2 + C31j/3 + + C11lf/11 = L,Cnlf/11 
11 

uY\ll~ ~..).j u':/lll\ 0¥ rl..hi u':/k.. u....di ····· If/ 2 , lf/3 , lf/i J\yll o- ~ ~ ~~ u~ 1~1 : ~ 

;1. o..l...l.h.11 Ubl\ A.....JliS -.« .. i.'.i.ili..s 11 ~,, 1~ L..hl1\ \"--' A.ii\~\ .• ::11 \.hill 4..ii\il\ 'f' ~ . . ~ · '-.,?"' ~ ~ • • • • • a2 , a3 , a1 ~ f ~ ~ ~ J f ~ 
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ox\ 4..b\.1.....l.\ u · .. :I\ · · .:-:I\ __,A '-? ..J ~_J:f'-J ~ 

The expectation value of A is the sum of each eigen value a,, times the partial 

probability lc,l of the system to be in that state n 

11 

when n = m => 8,m1 =1 = 2i2ic: cm am onm 
n m 

= 2ic:2ic111 a111f If/; lf/,,ir 
11 Ill 

= f Le,: If/,;· 2ic111Alj/111dr 
11 Ill 

( A) = f ¢*A¢ d r 

= f {LC111f/,J+ A{LC1111f/11Jdr 
11 111 

• I.A .. ,, u Jt' 

n 

~\~\ ~\ • 4....1.i • __ 11 u':/Lc.h':/1 u · ~b. t t......u:i ~~ ~ W -: -'I~\ · I L..lii\ (2 ~ ~ c.r ~ _r.>-' • ~ ~ '-?..J ~ _,..,,.., ~ u . 

4J ~Li.JI 
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Olf/ =i " -=-Hlf/ at n 

dpt d f + d -=- If/If/ T 
dt dt 

To proof conservation of probability 

dpt = Must be equal zero 
dt 

L.IL.:u..:i. ~I _;Li:i 4-il!i.S.J L.IL.:u..:i. ~I w,:::i~1 
Conservation of Probability and Probability Current density 

n=m => 811m =1 

• 1.A .. ,, (.) ..r. 
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opd i "* * * -i " - = - H If/ If/ + If/ (-)H If/ 
at ti ti 

* UL.h. 'ii 4Jl.:iS . 'ii . ,-;_ :I Pd =If/If/ ~ u ~ 

apd alj/"' .alf/ 
-=--lj/+lf/ - 
at at at 

~ ~ ul ~La ~Y--Y- ~1 ~1 c.;~j3 Pd= lf/*lf/ L,-J.fa ~L::... Lr" ol..b...JI J\.....h'il 4J~ ofo ul 

~~ ~..J 4JOO\ ~--*"" ~..J ~.u\ ~ ~~\ t.Pl+JI l",.,,.,,.;,) \..ii\ _JA 211~ ~ y,w.11..J .~L.h.'il .J~ 

(.JL;.. ~~~ .Jy:i uY__r'-11 ~I c.;~~ ~ ~ ~ c.Y")\ ~ ~~~ ulh...:Zi 4JtiS fo ~ \..b,uy, .J4ill 

-~' 121J~ ~\ ~\ 
I . I~ ~ I ~ ~I tlll.a.4 ~~~ .<I\~~\ . UL.h. 'ii ~tiS i.1.J..a I~ l · .. __ -; -.« · · s .Cl\ · I .)_)L~ ~~ '-' ~ ~ ~ i.,r ~ . ~~~ ~ u 

4...Uu . - <I\ · 4...J I ~ 'j\ 4.blL.a . ~ -~ c.r ~.J y,.i.u, 

Probability Current density 

dp, if * " * " - = - (If/ Hlf/ -If/ Hlf/) di 
dt t,, 

.. dpt = 0 
dt 

~I ~ , ~ .. 11 ul ,. .. 11 lfu..l.::... L.....:...il ~I lli ~ . ·. 11 1~ ~'i .:i....JSJI UL.h. 'ii · 1 · 1~ ~ ~ ~ .ft"' .. Y_J-.AJ.J . ~ . ~ ~Y ..J u,a ..J-' ~ ~ ~ u c,r1:! 

. ·.I\ ..(u\.:i .:i.....JS..ll UL.h. 'ii ~I.ii 4..lll.a .. I\ .(.)A...)' ~ • ~ ~ • ~ ~ ~ _ft"' 

·: fI Is Hermitian operator i.e. 

dp if " * * " _t = - [(Hlf/) If/ -If/ (Hlf/)] d t 
dt t,, 

* . alj/ ,.. * 
-1h- =(Hlf/) -- 

at 
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(23) dpd + V.J=O 
dt 

o Wu · ~lw __ .. , ..) . . J ~ ~.) 

dpd - h +- - + -+ .-_(If/ lj/-lj/ If/ )=0 
dt 2mz 

dpd - h +- - + 
- =- .-. (If/ lj/-lj/ If/ ) 
dt 2mz 

2 + fl + 2 If/ - - lj/ If/ 
2mi 

- ih ? + ih + 211, = - lj/ -If/ + - lj/ 't: 

2m 2m 

2 l ... 
If/ - -If/ V(r )If/ 

h 
2 + i + ih + 
If/ +-If/ V(r)lf/ +-If/ h 2m 

-ih 
=-lj/ 
2m 

· t2 *-? l - rt ? + + - ,z- ? = -[lf/(-V- + V(r))lf/ -If/ (-V- + V(r))lf/] 
h 2m 2m 

if= -h2 v72 + V(r) 
2m 

l A + + + A = -(H If/ If/- If/ Hlf/) 
h 
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(A2) = f lf/\4(A If/) dr 

= f If/* Aalj/ d t 

=af lj/*Alf/ d t 

=af lj/*alj/ dt: 

= a2 f lf/*lf/ d t 

(A)= f v/ Alf/ d t 

= f lj/*alj/ d t 

=af lj/*lf/ d t 

.. (A)= a 

~Li L.W 4J A ~\ · .<-: ~~ ~ ~ <.:.1..il.:i ~ a ~ . _..)2-A ~ u~ ~ . a ~ 

-u..§_,:i..JI ~1 ~ ~m ~ ~y.U.J 

( w ~ ~ ) c.:.i\.....,\.llll ~ ' .. 1- J....=,...j -:11 - .::11 0 ._ .1 . ~ y-" ~ ~ . ~ ~ c.r ~ ~ ~_)y 
~ ·· ~ JI , 1\ o.:U L...W ~\ ~ ~l..:i ~ ' · ,., · - <-: ·:11 ~WI l-11..ii ~ .1\ JI ..) · e- · ~UA \~\ ~ y-, .J ~ _..)2-A ~ ~ ~ ~ ~ u..,...... c.r . . ~ .J Lr" LY 

9u..ll ~..)l..it...J\ 

Quantized States 

lii .d...sl.:iS ·l.J l....ll..uJ..l :iu UL.h.':/1 .d...sl.:iS .. .:.-:1 · ·.I\ J~\ ·l.J · ~ o~\ ~ .. blLJ.I U · .. :I\ ·· .:-:I\ .) ~ U ~ft ... ~ ~ ~ c.,r-"Y U. ~ '-?.J ~~ ~ 

-~' t.L;...b ~\ .l;>-lji ~ J~ '-?.J~ <.:.ii ~ ~ ~ Jy,,. 41.S:i c_Jill.J 9L.h. 'ii 
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-x-s x Jl~l~J 

1//(-x) = 1/f(X) Le.I 

1//(-x) = -1//(X) JI 

(>.ayl ~ o~ ~I fa~J.? ~ .. bl..L.. ~ 1//(X) u.ilS LJJ 

Example 2 

y(x) = cosx 

y(-x) = cos(-x) 

y(-x) = cosx = y(x) 

u~\i...J J..,_hJI ~ u~ .i....h..i.a ..J-P ulhll wy~J V(-x) = V(x) ul '?I o_):,Ui.a V(x) w..JlS 1~1 

~I i;..t:i o- j11 ~ o~ ~I fa~ J_ySJ 

Example 1 

y(x) =smx 

y(-x) = sin(-x) 

y(-x) =-sinx= -y(x) 

odd parity 

even parity 

{

1//(-x) 

1//(X) = 
-1//(-x) 

' 'ii :i...hii J)l;. wliil.h 'ii · lS.,J)lJ ~Li ( dd) Li~ · ( ) u, · 1 .1-:.l.i:i w l.Iill 1- ~ ~ ..r L)-ll • • o ~ y J even ~. J.J ~ . J ~ 

a ~I~~ ~.JL" A t:.il ~ A 4 ~ (~~'i JI)~ '?I ~u.,. ~ c.£.?I o.J~ 

J!iLA:i..11 Parity 

2 2 0 =a -a = 
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" R(R lj/(x)) = R r,11j/(x) 

" R lj/(x) = r,1 lj/(x) = lj/(-x) 

ufa ox I ~.:il.it...Jl ~_;b ~ R )y.l~ <Sy.I oy u"il li)l }.J ,JiWll ~Iii\~\ Ji,..:i rn ~ 

'WI 1'" ~ 1u (*) ~.:il.it...Jl .d..llli · .c · · .h.i....u .. r..r ~- . ~ ~ -~~ 

Reflection operator: is that operator when operate on such function convert it around 

the origin i.e. Rlj/(x) = 1//(-x) 

" R lj/(x) = 1//(-x) 

-x ~ x Jl~\ 

y, 1//(x) Ubll cs1c- o_jil:i ~I..::.. c..;ill (Reflection operator) R <Y'~"il Ji:y. uy..j ul u"il ~.J 

1//(-x) = ±lf/(X) 

rS~"il Uwl ~ ~ ~.Jj J_i'"W If/ Ul.ill ~ 1//(-x) =lf/(x) ~ u~ ~1 uwi ~.J 

.c..;:i_p JiW 4.1 ul ~ 1//(-x) = -lj/(x) 

==•• r,1 =±1 lf/(X) = r,; lf/(X) 

lf/(X) = r,1r,1 lf/(X) 

lf/(X) = r,1 lf/(-x) 

1//(-x) = r,1 lf/(X) * 

- t,,2 ? 
-V-lj/(-x) + V(x)lj/(-x) = Elj/(-x) 
2m 

,) ~.J c).oj..ll ~ o~ _;.j;- fa:i.J_ySJ ~ .. bk... ~.J o.h.l.J ~lli ~:ih.... ~ 1//(x) , 1//(-x) ul L..,i.J 
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" "" C=RH-HR=O 

" " (RH(x)-H(x)R)l/f(x) = 0 

" " RH(x)l/f(x) = H(x)R 1/f(x) 

" " = H(x)R 1/f(x) 

" = H(x)l/f(-x) 

" R(H(x)l/f(x)) = H(-x)l!f(-x) 

" ? ? Rl/f(x)=(-xt =x- r,1 =1 

~ J~L+i:! .iJI LJAY.9 H(x) = H(-x) ul -fl x ~ ~Jj ~b (~_,:il...4-JI Jij-Jl) H(x) Jij-Jl ulS ,~, ((.)M 

(tY'~'il Ji.:,..,) R Ji_;.JI 

Example 

Let 1/f(x) = x2 

LlA. ,~~_) JI x ~ ~Jj u_,.5.:i ul L...I J.'.iL..:ill ~_,..JI Jly ul ~ l~J ± 1 ~ J.'.iL..:ill 91]1 ~I ul (fl 

4-iil~I ~1-lll ( ) L.i1.i R" ~ • · 11 4-iil]I - ,;;11 + 1 ~ ~ If/ x ~· y _yu, ~ ~ ~ r11= _ 

r,~ =l~r11 =±1 

" " " R(Rl/f(x)) = R 1/f(-x) 

= 1/f(X) 

? 
= r,; 1/f(X) 
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Hence the tow operators ~ , x11 are not commute, and the corresponding commutator ax 
. . [ 0 n] 17-1 operator i s, I.e. - x = nx 

ox' 

17-1 ( ) = nx If/ x 

n-1 ( ) n Olj/(x) n Olj/(x) =nx lj/X +x -x 
ox ox 

o o o 
[-, X11 ]lf/(X) = (- X111j/(x))- (x11 -) lf/(X) 

fJx fJx ox 

b) 

O n n-1 n O -x =nx +x - 
ox ox 

Since this equation must valid for any function of x, thus the operator equation is : 

= nxn-llj/(x) + x11 Olj/(x) 
ox 

o n o II (-x )lf/(x) = - (x lj/(x)) 
fJx fJx 

Solution: 

a) For any function of x, say lj/(x) one can write: 

b) and hence show that : 

[ e ll J 11-1 - x =nx 
fJx ' 

) 0 n 11-1 n O a -x =nx +x - 
ox ox 

Ql) Establish the operator equation 



download the free trial online at oitroodf com/professional 

created with 

nitroPoF professional 

58 

1 2 --x = -e 2 

_.!.r2 
? . +x" e 2 

1 2 
? -x 

+x " e 2 
1 2 --x 

=-e 2 

1 2 1 1 a --x ? -c-x: 
= -(-xe 2 )-x-e 2 

ox 

~2 _.!.r2 u 2 . =(--x )e 2 

8x2 

" Al//11 (x) = a,, I//,, (x) 

Solution: 

corresponding eigenvalue? 

1 1 2 

Show that 1//(x) = e -ic is an eigenfunction of the operator ~ - x2 and find the 
ax- 

Q3) 

a a,, 
The tow operators - and -- are not commute ax ax11 

=0 

an+l 1//( x) an+ll//( x) 
axn+l axn+l 

a an a an 011 a 
[ax' axn]l//(X)=(ax OX11) l//(X)-(OX11 Bx)l//(X) 

= ~(0111//(X))- ~(01//(X)) 
Bx 8x11 8x11 Bx 

Solution: 

a an 
Q2) Evaluate [- , -] 

ox ax" 
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oV(x) 
[P.n V(x)] = -in. ox 

= =iti aV(x) lf/(X) 
ax 

= -in. V(x) O'//(X) - ih'//(X) oV(x) + in V(x) O'//(X) 
ox ox ox 

o o 
= -iii - (V(x) '//(x))- V(x)(-in. -)'//(x) 

ox ox 

. 0 p =-zh- 
x ox 

= Px V(x)'//(X)-V(x) Px '//(X) 

[Px, V(x)]'//(x) = (Px V(x)-V(x) p\'.)'//(x) 

[p\'., V(x)] = (Px V(x)- V(x) Px) 

oV(x) 
Q4) Show that [Px,V(x)]=-ih ox 

" function of A and its corresponding eigenvalue is a11 = -1 

1 2 --x 
Since the function '//(x) = e 2 remain unaltered under the operator, thus it is an eigen 

= -'//n (x) 
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V = 1//m 
d2 + 

du= 1//n dx 
dx" 

=> 

dv = dl//111 dx 
dx 

... 
dl//11 

U=-- 
dx 

= -h2 "'.!!__ "'+ tz2 oof (dl//m) (di//:) dx 
2m 1//n dx 1// 11 2m dx dx 

-00 

-00 -00 

00 00 

f u dv = uv[00 - f v du 

d v-- 1/F -dx.,,111 
du= dl//n dx 

dx 

d2 
dv = 1//m dx 

dx" 
U = 1//n 

oo + _ tz2 d2 _ tz2 oo + d2 
I ( ) d f 1//m dx 1//n 2m dx2 1//m x = 2m 1// 11 dx: 

-00 -00 

-00 -00 

00 00 f 1//,: A 1//111 dx = f 1//111 (A 1//,)" dx 

-1,.2 d2 
-~I ~·· w . l.ii..l.o H" = =.!.!:._ __ ·I.S l~l . ~ ~ ~~ Y' ? u 

2m dx: 

t2 d2 
~ ~ H" - rl . - I\ ~ . -:1 .. 'I ~ .. I\ I (5 ~Y' YY' ..JA = ---- ...?-' ~ . ~~ y:,..U u LJAY. u--i - 2m dx" ·· 
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F" ( 2 2a 2a)A -ax If/= a --+- e 
x x 

" d2 _ 2 d _ 2a _ 
Flj/=--? (Ae ax)+- -(Ae a.'')+-(Ae ax) 

d x' x dx x 

" d2 2 d 2a ~\) a , A ul ~ F = -- + - - + - )yJJ ~\~ .d...lb ~ If/= Ae-ax .d...11..l.ll ul c~,y~I (6 u.i 
d x" x dx x 

-00 

00 

= f lf/111 (Hlf/11f dx 

- -,,_2 d11r,•1 oo r.z2 oo d? ... 
rt .,, n I -lf/11 dx 

2m If/,,, dx - 2m lf/m dx" 
-00 -00 
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d d d2 2 (--y)(-+ y)=-? -y +1 
dy dy dy' 

Since 1//(Y) is an arbitrary function of y, so we can write the operator equation as: 

d d 
(- - y)(- + Y) 1//n(Y) 
dy dy 

d d 
= ( dy - Y ){ ( dy + Y) 1//11 (y)} 

= (; -y){d~/) + Y\Vn(Y)) 

= 3:_ { d '!/ n (y) + Y '!/ n (y)} - Y { d '!/ n (y) + Y '!/ n (y) } 
dy dy dy 

_ d2'!/11(y) +3:_ II/ ( )- d'!/11(Y) _ 211/ ( ) 

dy2 dy Y 'f' 11 Y Y dy Y -r n Y 

- d2'!/n (y) + II/ ( ) + dl//11 (y) - dl//11 (y) - 21// ( ) 
dy 2 'f' 11 y y dy y dy y 'f' 11 y 

d 21//11 (y) 2 d 2 2 
d? -y 1//,/y)+'!/n(Y)=(-d? -y +1) 1//,/y) y- y- 

1) 

Solution: 

Q7) Verify the operator equation 

d d d2 1. (- - y )(- + y) = - - y2 + 1 
dy dy dy2 

d d d2 
2. (- + y)(- - y) =-? -y2 -1 ilk! ~ ~,,,, 

dy dy dy' 
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ti2 2 ti2 n.2 2 
=-x-V lf/--2Vlf/ +x-V If/ 

2m 2m 2m 

= xV21f/ + V If/+ V If/ 

= xV21f/ + 2V If/ 

V2xlf/ = V(Vx If/) 

= V(xVlf/+lf/) 

t,,2 2 t,,2 2 
=--V Xlf/+x-V If/ 

2m 2m 

t,,2 2 t,,2 2 
=--V xur + V(x,y,z) xip' + x-V If/- xV(x,y,z)lf/ 

2m 2m 

[ A A] {-t,2 ? -n.2 } H, x If/= (- - + V(x,y,z))x - x(- 2 + V(x,y,z)) If/ 
2m 2m 

[H, x]lf/ = ck x -xH) If/ 

82 82 82 n2 
v =-+--+- 

8x2 8y2 8z2 

.,,2 
A - fl ? 

Where H = --V- + V(x,y,z) and 
2m 

[H, xJ=Hx-xH 

Solution: 

A -in. 
Q8) Show that [H, x] =-px 

m 
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