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Mathematical Induction 1 Dr. Saad Shargawy

Mathematical Induction:
is a special method of proof used to prove a Statement, a Theorem,
or a Formula, that is asserted about every natural number.

The natural numbers are the counting numbers: 1,2,3,4,... etc. , also

called positive integers.
Principle of Mathematical Induction:

Let P(n) be a statement involving the positive integer N .

IF the statement is true when n=1, and whenever the statement is true

for n=K , then itis also true for N =K +1, Then the statement is true for all
integers N>1.

There is nothing special about the integer 1 in the statement above.

It can be replaced (in both places it occurs) by any other positive integer,
and the Principle still works.

Steps of Mathematical Induction:

(STEP 1): We show that P(1) is true.
(STEP 2): We assume that P(K) is true.

(STEP 3): We show that P(k +1) is true.

As shown in the following examples:
1- Use mathematical induction to prove that:

l+2+3+....+n:@_
Solution: Let the statement P(n) be 1+2+3+....+Nn :—n(n2+l)

(STEP 1): We show that P(1) is true:

1(1+1)

LHS.=1 , RHS.= =1

Both sides of the statement are equal hence P (1) is true.
(STEP 2): We assume that P(K) is true:

k(k +1)

T

(STEP 3): We show that P(k +1) is true:
LHS.=1+2+3+...+k+(k+1)

1+2+3+....+k=

:@+(k+l)

:(k—;l)[mz]

=R.H.S.
Which is the statement P(k +1) .
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L) Mathematical Induction 2 Dr. Saad Shargawy

Then the statement P(n) is true for all positive integers N .
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Mathematical Induction 3

Dr. Saad Shargawy

We can rewrite the solution as follow:

Solution: Let P(n) be 1+2+3+....+n= n(n+1)

1) at n=1:
LHS.=1 , RHS.=

- P(Q) is true.
2 let n=Kk:

1+42+3+....+k =

10+1) _,

k(k +1)

(3)at n=k+1:
LHS. =1+2+3+...+k+(k+1)

=@+(k+l)
(k

;1) k+2]

=R.H.S.
S P(k+1) is true.
Then P(n) is true for all positive integers N .
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Mathematical Induction 4 Dr. Saad Shargawy

2- Use mathematical induction to prove that:
2 N(n+1)(2n+1)
= 5 )

Solution: Let P(n) be 1? +2° + 3% +....+n

1?+22+3%+...+n

2 _ n(n+1)(2n+1)

6
(atn=1: LHS.=1>=1 | R'H'S':w:l
- P@) is true.
(2) let n:k: 12 +22+32 +----+k2 — k(k +l)(2k +1) '

6
B)at n=Kk+1:

LHS. =17 +22+3 +...+k* +(k+1)° = k(k+1)6(2k 1) +(k +1)*

(k

gl) [k(2K +1) + 6(k +1)]

:@[W K + 6k + 6]
(k

gl)[2k2+7k+6]

gl) [(2k +3)(k + 2)]
_ (k+D(k+2)(2k +3)
6

(k

=R.H.S.
S P(k+1) is true.

Then P(n) is true for all positive integers N .
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Mathematical Induction 5 Dr. Saad Shargawy

3- Prove that (n® +2n) is divisible by 3 for all positive integers .
Solution: Let P(n) be "(n®+2n) is divisible by 3"

1) at n=1:

1° +2(1) = 3 is divisible by 3.

- PQ) is true.

2 let n=K:

"(k® +2K) is divisible by 3"

@ at n=k+1:

K+ +2(k +2) = (k® +3k* + 3k +1) + (2k + 2)
=k®+3k*+5k +3
= (k® +2k) + (3k* + 3k +3)
= (k® +2k) +3(k* +k +1)

(k® + 2Kk) is divisible by 3 from (2), and 3(k* +k +1) is also divisible by 3
- P(k+1) is true.
Then P(n) is true for all positive integers N .

4- Prove that 2" <n! for all positive integers N .
Solution: Let P(n) be 2" <n!

1) at n=1:

2 =2=1<1=1

- PQ) is true.

2 letn=Kk:

24 <kt

(3)at n=k+1:

2T <kl = (22N < QK) = Q) < (k+) (k) = 2" < (k+1)! ;
2<k+1VkeZ’

. P(k+1) is true.

Then P(n) is true for all positive integers N .
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Mathematical Induction 6 Dr. Saad Shargawy

H.W:
1- Use mathematical induction to prove that:
(i) 2+4+6+...+2n=n(n+1).

(i) 1+%+%+...+ 2n1—1 =2- an_l .

2- Prove that (X" —1) is divisible by (X —1) for all positive integers n .



0_Algebra%20I%20Content.pdf
0_Algebra%20I%20Content.pdf
0_Algebra%20I%20Content.pdf
0_Algebra%20I%20Content.pdf
2_Partial%20Fractions.pdf
2_Partial%20Fractions.pdf

Next Content Back

Mathematical Induction 7 Dr. Saad Shargawy

Exercises:
1- Use mathematical induction to prove that:

(i) 1+3+5+...+(2n-1)=n’
(i) 1+4+7+...+(3n—-2) :@
n(n+1)(n+2)
3
2- Prove that (3n° —n) is divisible by 2 for all positive integers N .

(iii) 2+6+12+....+n(n+1) =

3- Prove that (7" —2") is divisible by 5 for all positive integers n .
4- Prove that (X" —y") is divisible by (X— ) for all positive integers n .
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Partial Fractions 1 Dr. Saad Shargawy

Rational Fraction:
The algebraic formula p(X) = a,Xx" +a,Xx"" +...+a, is called a polynomial

of a variable X of degree N, the coefficients a,, a,,..., @, are real numbers.
P
q(x)

of these two polynomials is called Rational Fraction,
p(X) the numerator, and q(X) the denominator.

We have two types of Rational Fraction:

1. Proper Rational Fraction.

2. Improper Rational Fraction.

Proper Rational Fraction:

If the degree of the numerator of the rational fraction is less than the degree

of the denominator of the rational fraction, then that fraction is called the proper
rational fraction.

Improper Rational Fraction:

If the degree of the numerator of the rational fraction is equal or greater than
the degree of the denominator of the rational fraction, then that fraction is called
the improper rational fraction. Suppose, the improper fraction is reducible to an
integer added to a proper fraction, then the improper rational fraction can be
reduced as a sum of polynomial and a proper rational fraction.

If p(x) and q(X) are two polynomials, then the ratio

Let us take if is a improper rational fraction, then —— PG) ) h(x) + pl( )
q(x) ax) q(x)
X
Where, h(X) is a polynomial and pl(( )) is a proper rational fraction.
g(Xx

Partial-Fraction Decompaosition
You have added and simplified rational expressions, such as:

2 1  2(x+1)+x 3x+2

X X+1  x(x+1)  xX2+x

Partial-fraction decomposition is the process of starting with the simplified
answer and taking it back apart, of "decomposing" the final expression into
its initial polynomial fractions.
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Partial Fractions y) Dr. Saad Shargawy

Partial-fraction decomposition rules:

The following tables indicates the simpler partial fractions associated to proper
rational fractions.

1- The denominator factor as distinct linear factors:

Form of the rational fraction Form of the partial fractions
f(x) A B
+ +...
(a,x+b)(a,x+h,)... ax+b ax+b,

2- The denominator factor as repeated linear factors:

Form of the rational fraction Form of the partial fractions
) A A LA
(ax+b)~ (ax+b) (ax+Db)? (ax+b)

3- The denominator factor as distinct quadratic factors can not be factored
further:

Form of the rational fraction Form of the partial fractions
f(x) Ax+B N Cx+D
(a,x* +bx+¢)(@,x* +b,x+¢,)... | ax®*+bx+c  ax’+bx+c,

4- The denominator factor as repeated quadratic factors:

Form of th? Form of the partial fractions
rational fraction
f(x) AX+B, N Ax+B, - A X+ B,
(@ +bx+c)* | (@ax®+bx+c) (ax®+bx+c)> T (ax’+bx+c)"

In the above tables A,B,C and D are real numbers to be determined suitably.

To decompose the improper fraction:
Divide the numerator by the denominator, and then use the above rules to
decompose the remainder (be proper fraction).
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Partial Fractions ﬂ Dr. Saad Shargawy
Examples:

(1) Express the following in partial fractions:
3X+2

X2+ X

Solution: To decompose a fraction, you first factor the denominator X% + X ,

which factors as X(X +1).
3x+2 A B N 3x+2  A(x+1)+Bx

Ux(X+D) x 0 x+1 0 x(x+1)  x(x+1)
= 3x+2=A(X+1)+ Bx
=3x+2=(A+B)x+A

For the two sides of the equation "3X+ 2 = (A+ B)x + A" to be equal,

the coefficients of the two polynomials must be equal.

. 3=A+B
So you "equate the coefficients of X" to get: 5 A

There is another method for solving for the values of A and B :

A=2
B=1

The equation "3Xx + 2 = A(X+1) + Bx " is supposed to be true for any value

of X, we can "pick useful values of X", and find the values for A and B .
Looking at the equation "3X + 2 = A(X+1) + BX ", you can see that,

if X =0, then we quickly find that 2= A , and

if X=—1, then we easily get —3+2=—-B,so B=1.
3x+2 2 1

L—=—t :
X“+X X XxX+1

(2) Express the following in partial fractions:
4x* —3x+5

(x-1)%*(x+2)

Solution:
Ax* -3x+5 A B C

(x=1)2(x+2) (x-1) " (x—1)2 " (X+2)
4x* -3x+5  A(X-D(x+2)+B(x+2)+C(x-1)?

(x—=1)%(x+2) (x-1)%(x+2)
= 4x% —3x+5= A(x=1)(x+2) + B(x+2) + C(x —1)°.
Pick useful values of X:

X=1=26=3B=>B=2, x=2=27=9C=C=3,

and equate the coefficients of X° to get: 4= A+C =4=A+3= A=1.
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Partial Fractions 4 Dr. Saad Shargawy

4x* —3x+5 1 2 3

= + + .
(x-D*(x+2) (x-1) (x-1)° (x+2)

(3) Express the following in partial fractions:
X+1

x* +Xx° —6X

Solution: X* +X* —6X = X(X* + X—6) = X(X— 2)(x +3)

X+1 X+1 A B C

3 3 = = 4
X"+ X" —6Xx X(Xx—2)(x+3) X x—-2 Xx+3

- X+1 _ A(x-2)(x+3)+Bx(x+3)+Cx(x—2)
X(X—=2)(x+3) X(X=2)(x+3)

= X+1=A(Xx-2)(x+3)+Bx(x+3)+Cx(x—2).

Pick useful values of X:

X=0=>1=-6A=> A:—% ,

X:2:>3:108:>B:i ,
10

X=-3=-2-16C=C=—2
15

X+1 -1 3 -2
X+ X°—6x 6x 10(x—2) 15(x+3)

(4) Express the following in partial fractions:
1

x* -1

Solution: x*—1=(x*-1)(x*+1) = (x-D(x+D(x* +1)

'__1: 1 :A+B+CX+D
X' =1 (x=D(x+D(x*+1) (x=1 (x+1) (x*+1)

N 1 CAXHD (X +1) + B(x =) (x* +1) + (Cx + D)(x* - 1)
(x=D(x+1)(x*+1) (X =D (x+1)(x*+1)

=1= AX+1D(X* +1) + B(x=1)(x* +1) + (Cx + D)(x* -1).
Pick useful values of X:

Xx=1=1=4A= A:%

x=—1:>1:—4B:>B:—%,
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and equate the coefficients of x*and x*to get:
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O:A+B+C:>0:%—%+C:>C:O,

O:A—B+D:>O:£+1+D:>D:—1.
4 4 2

o1 1 1
Uxt -1 4(x-1) A(x+D) 2% +1)

(5) Express the following in partial fractions:
X2 +x +1

X% +2x +1

Solution: the given fraction is improper rational fraction, then we divide the

numerator by the denominator:

X2 +2x+1 X2+ x+1

1 X2 +2x+1

—X

CX X+l X
X +2x+1 X*+2x+1 "

We decompose the proper fraction as follow:

X2 +2x+1

X X A B  AKXx+1)+B
X+2x+1 (x+1)?  x+1 (x+1)?>  (x+1)?
= x=A(x+1) + B.
Equate the coefficients of X and x° (constant terms) to get:
l1=Aand 0=A+B=A=1,B=-1

, X 21 1
UxP42x+1 x+1 (x+D)7
x2+x+1_1 1 1

S =1- + 5
X“+2x+1 X+1 (x+1)
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Partial Fractions 7 Dr. Saad Sharqawy

(6) Express the following in partial fractions:
X —xP+x*P-x-1
XX —x*+x-1

Solution: the given fraction is improper rational fraction, then we divide the
numerator by the denominator:

=P+ xP—x-1

3x* —3x3 +3x% —3x

X2 —x?+x-1

3X+2 2x3 —2x2 +2x-1
2x3 —2x% +2x -2

0O0+0+0+1

X —xP+x*-x-1
=@BX+2)+—4——7-—"",
X} —x?+x-1 ( ) XX —x?+x-1
We decompose the proper fraction ———————
XT=x"+x-1
XX =2+ x=1=x*(x=1) + (x=1) = (x=D(x*> +1).

as follow:

_ 1 _ 1 __ A BxsC

T —xPx-1 (x-D(X*+1)  (x-1) (x*+1)

. 1 _ A(X* +1)+ (Bx+C)(x-1)
(x-D(x* +1) (x=D(x*+1)

=1=A(X* +1)+ (Bx+C)(x-1).
Pick useful values of X:

Xx=1=1=2A=> A:%,

and equate the coefficients of x*and X to get:

O=A+B:>0=1+B:>B:—£,
2 2

i)

O=—B+C:>O=%+C:>C=—%.

_ 11 x4
T3 —xPx-1 2(x-1) 2(x*+1)°
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Partial Fractions 8 Dr. Saad Sharqawy

1 x+1
2(x-1) 2(x*+1)

O3 x4+ xP—x

x3—x2+x—1_1:(3x+2)+
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Partial Fractions 9 Dr. Saad Sharqawy

Exercises:

Express each of the following in partial fractions:

3x+4 2X+1

) .. X+1
) — i) ————— i) ——
()x2+x—6 ()x3+x2+x+1 ( )x3+x2—2x
) 1 x3—2x+2
V) —— V) ——
( )x4+x2—2 ()x3—2x+1
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Matrices:

A matrix is a rectangular array of numbers (elements), the general form
of a matrix with m rows and n columns is:

&y 8p e &
Ay Ay e a,,
a'ml amz """ amn

We denote such a matrix by (a;),,, or simply (a;), and the type of the
matrix is mxn.

1 -3 4
Examplel: consider the 2x3 matrix {0 5 ZJ'

Its rows are (1,—-3,4) and (0,5,-2) , and its columns are ((1)](_3(_ g
Capital letters A, B,... denote matrices, whereas lower case letters a,b,...
denote elements.
i+] if i<j
Example2: build a matrix A=(a;),., ; &; =4I if 1=]
i—j if i>]
Solution:
A:(all &, aisj , a,=1,a,=1+2=3,a,=1+3=4,

ay, Ay, ay a,=2-1=1,a,=2,a,=2+3=5
13 4
A= .
125
i+j if i<j
Example3: build a matrix B = (b;)4,5 ; b; =40 if i=]
iZ—j2 if i>j
Solution:
b, b, by, b,=0,b,=1+2=3,b,=1+3=4,
B=|by, b, by|, b,=2°-1=3,b,=0,b,=2+3=5
by by by) b,=3"-1"=8,b,=3"-2=5,b,=0
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Matrices and Determinants 2 Dr. Saad Shargawy
0 3 4
B=(3 0 5|
8 5 0

v" Two matrices Aand B are equal, if they have the same number of
rows and the number of columns.

v" A matrix whose elements are all zero is called a zero matrix, and
denoted by 0.

Matrix Addition:

The sum of the two matrices Aand B, written A+ B, is the matrix
obtained by adding corresponding element from AandB .

Note that: A+ B have the same type as Aand B,

The sum of two matrices with different types is not defined.

. I 1 -2 3 . 3 0 -6 4 -2 -3
xample: = ,
0 4 5 2 -3 1 2 1 6

1 -2 0 5 -2). ,
The sum + is not defined.
3 4 1 -3 -1

Properties: For matrices A,B and C (with the same type),
) (A+B)+C=A+(B+C)

(i) A+B=B+A

(iii) A+0=0+ A=A
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Scalar Multiplication:

The product of a scalar k and a matrix A, written KA is the matrix
obtained by multiplying each element of A by k.

£ e 3 1 -2 0 3 -6 0

=ramee (4 3 —3j {12 9 —15)

Matrix Multiplication:

Let Aand B be matrices such that the number of columns of A is equal
to the number of rows of B . Then the product of Aand B, written AB,
Is the matrix with the same number of rows as A and of columns as B,
and whose element in the i_th row and the j th column is obtained by

multiplying the i_th row of A by the j th columnof B.

£ | 1 21 -1 12 -1
xample: = ,
3 4) 5 O 23 -3
1 21 -2 3 B 1 -6 13
3 4\0 4 5) (3 10 29)
4
2 . .
4 —5 1 is not defined ,
6
1 -2 3Y3 0 -6). .
also is not defined.
0O 4 5)2 -3 1
Properties:

Matrix Multiplication does,however, satisfy the following properties:
(i) (AB)C = A(BC)

(i) A(B+C)=AB+ AC
(iii) (B+C)A=BA+CA
(iv) k(AB) = (kA)B = A(kB) where k is a scalar.
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Matrices and Determinants 4 Dr. Saad Shargawy

Square Matrix: A matrix with the same number of rows as columns
is called a square matrix. A square matrix with n_rows and n_columns

is called an n_square matrix. The main diagonal or simply diagonal of
a square matrix A=(g;) is the numbers a,;,ay,...,a,, .

The square matrix with 1's along the main diagonal and 0's elsewhere
is called the unit matrix or the identity matrix and will be denoted by | .
For any square matrix A, Al =1A=A.

1 -2 0
Example: The matrix |0 —4 -1 is 3_square matrix,
5 3 2
the numbers along the main diagonal are 1,—4,2.
1 00
And the matrix |0 1 0] is a unit matrix.
0 01

Transpose: The transpose of a matrix A, written by A' is the matrix
obtainad by writting the rows of A, in order, as columns.

¢ (1 4

E pl L2 3 2 -5
xample: = -51.

4 -5 6 3 6

Properties:
The transpose operation on a matrices satisfies the following properties:

(i) (A+B)' =A"+B'

(i) (A)' = A

(iii) (kA)' =kA" , for k a scalar
(iv) (AB)' = B'A'
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Exercises:
1- Build a matrices A=(3;)s,, » B=(b;),s ;

i+] ifi<] . o
) L 2i-1 if i=]
;=1 I ifi=j , b=, . L
e i+]-2 ifi#]
i—j ifi>]
1 -4 0 1
2 -1 0
1-If A= ,B=|2 -1 3 —-1|.Compute AB
1 0 -3
4 0 -2 O
1 0 2 -11 -4 6
2-1f A=|2 -1 3|,B=| 2 0 -1 /|.Compute AB',
4 1 8 2 1 -1
where B' the transpose of B.
1 2 1 2 -1 1

3-fA=1 1 -1|,B=[-4 3 -2 |.Compute AB'
1 0 -2 3 =2 1
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Determinants:

To every square matrix there is assigned a specific number called
determinant of the matrix.

We write det(A) or |A| for the determinant of the square matrix A.

Usually a square matrix is said to be singular if its determinant is zero,
and nonsingular otherwise.

Determinants of order two:

a b
The determinant of the 2x 2 square matrix ( dj is denoted and
c

! a b
defined as follows: g ‘ =ad -bc
Example:
4
) 3‘=(5)(3)—(4)(2)=15—8=7,

2 1
‘_4 6 ‘:(2)(6)—(1)(—4)=12+4:16 _

Determinants of order three:

The determinant of the 3x3 square matrix is defined as follows:

a b ¢

az b2 Cz — (_1)1+1a1 bZ CZ +(_1)1+2b1 22 C2 + (_1)1+3Cl a’Z b2
a3 b3 C3 3 3 3 3 3 3
_ b, ¢, b, a, G, ie, a, b,
b3 C3 a3 C3 a3 b3
Example:
2 3 -4

The determinant of a matrix A=|0 -4 2| is:
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2 3 -4
-4 2 0 2 0 -4
0 -4 2|=2 -3 +(~4)
-1 5 15 1 -1
1 -1 5

=2(-20+2)—3(0—2) — 4(0 + 4)
=-36+6-16=-46
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also,
2 3 4 2 3 -4| | 3 -4
0 -4 2|=2 -0 +
-1 5 -1 5 -4 2
1 -1 5

=2(-20+2) + (6-16)
= -36-10=-46
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Linear equations in three unknowns and determinants:
Consider three linear equations in the three unknowns X,y and z:

ax+by+cz=d,
ax+b,y+c,z=d,

a;X+by+cz=d,
The above system has a unique solution iff the determinant of the matrix
of coefficients is not zero;

& b ¢
D=|a, b, ¢, |#0
a3 b3 C3

In this case, the unique solution of the system can be expressed
as quotients of determinants,

Nx Ny Nz
X= ' y =" I=—=
D D D
Where the denominator D in each quotient is the determinant of

the matrix of coefficients,as avove,and the numerators N, ,N, and N,

are obtained by replacing the column of coefficients of the unknown
in the matrix of coefficients by the column of constant terms:

dl bl c:l a:l. dl Cl a’l bl dl
N,=|d, b, ¢|,N,=la, d, ¢,|, N,=la, b, d,
d3 b3 C3 a3 d3 CB a3 bS d3

We emphasize that if the determinant D of the matrix of coefficients
is zero then the system has either no solution or an infinite number of
solutions.
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Example: Solve the following system by determinants.

2X+y—-z=3
X+y+z=1
X—2y-3z=4
Solution:
2 1 -1
D=|1 1 1/=2(-3+2)-1(-3-1)-1(-2-1)=-2+4+3=5 ,
1 -2 -3
3 1 -1
N,=1 1 1|=3(-3+2)-1(-3-4)-1(-2-4)=-3+7+6 =10,
4 -2 -3
2 3 -1
N, =1 1 1|=2(-3-4)-3(-3-1)-1(4-1)=-14+12-3 =-5,
1 4 -3
2 1
N,=[1 1 1{=2(4+2)-1(4-)+3(-2-1)=12-3-9 =0
1 -2
X = N, =E=2, y=—y=—5=—1, z= N, =—=0
D 5 D D
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Invertible matrices and determinants:

A square matrix A is said to be invertible if there exists a matrix B with
the property that AB = BA =1, the identity matrix,

we call such a matrix B the inverse of A and denote it by A™.
Observe that the above relation is symmetric; that is, if B is the inverse
of A, then A is also the inverse of B.

-11 2 2 1 0 2
Example: The matrix | —4 0 1 |istheinverseof |2 -1 3
6 -1 -1 4 1 8

1 0 2)/-11 2 2 1 00
Suchthat| 2 -1 3 -4 0 11|={0 1 O
4 1 8 6 -1 -1 0 01

Minors and cofactors: Consider an n_square matrix A= (a;) .

Let M;; denote (n—1)_square submatrix of A obtained by deleting
its i_th row and j_th column.

The determinant ‘Mij‘ is called the minor of the element a;; of A, and

we define the cofactor of a; to be the "signed" minor (-1)"’

M| =4y

(Aij) is called the matrix of cofactors of A, and will be denoted by A.

2 3 -4
Example: Let A=|0 -4 2 |. The cofactors of A are:

1 -1 5
A 8 2‘:_18 __‘o 2‘: 0 —4‘:4
11 _1 5 ' 12 1 5 13 l —l '
A =3 _4‘=—11 A, =4 2 _4‘=14 ——‘2 3‘:5
21 _1 5 ' 22 1 5 ’ 23 l _1 ’
Ay =d] O _4‘=—10 A ‘2 _4‘ PN 3‘——8.
31 _4 2 ' 32 O 2 33 0 _4

—-18 2 4
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The transpose of the matrix of cofactors of A is called the adjoint of A,
denoted adj A= (A)'. And the inverse of a nonsingular matrix A is to be

2 3 -4
For the matrix A= 0 -4 2 | in the above example:
1 -1 5
2 3 -4
IA=[0 -4 2(=2(-20+2)+(6-16)=-36-10=—46 ,
1 -1 5
(’&)t 1 -18 -11 -10
=—— 2 14 -4

A8, s

-8
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Exercises:

1- Compute the determinant of each matrix:

1 2 3 4 -1 -2 2 -3 4
|4 -2 3 o 2 -3 gl r 2 -3
0 5 -1 5 2 1 -1 -2 5
2x+3y—-z=1
2- Solve the following system by determinants: 3x+5y+2z =8
X—2y-3z=-1
2 3 -1 7 -8 5
3- Verify that the inverseof A= 1 2 1 |is|-4 5 -3
-1 -1 3 1 -1 1
2t ifi<j
4- Verify that the inverse of amatrix A=(g;)s,; &; =11 ifi=]
2) ifi>]
-10 2 4

isAl:% 2 -1 0
4 0 -2
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Definition: A complex number is a number consisting of a real and
imaginary part.

Its standard formis z=x+iy ; i=+/-1, Re(z)=x, Im(z)=Yy.

v The complex conjugate of a complex number z = x+1y, denoted by z
is given by z = X—iy.

v/ The complex number —z =—X—1Iy is the addition inverse of a complex
number z = X+1y, and the multiplication inverse of a complex number

0#z=X+iyis 2‘1:1:1_: _X_Iy = );_Iyz .
z 2z (x+iy)(x—=1y) X°+y

Examples: Find Re(z), Im(z), z, —z, z* for each comlex number z
of the following:
1-2i, 2+i, i, 2i, —, -1
1+1
Solution: z=1-2i
Re(z)=1,Im(z)=-2,z2=1+2i,-z=-1+2i,

a 1 1+2i 1+2i

7o _ L4

1-2i  (1-2i)1+2i) 1°—(2i)’ 5

v Two complex numbers are equal if their real parts are equal and their
imaginary parts are equal

(i.e. If X, +1y, =X, +1y, Then x, =X, and y, =Y, ).
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The polar form of a complex humber:

z=r(cos@+isind) is called the polar form of a comlex number
Z =X+1y such that:

Xx=rcosf, y=rsing , r=[z|=x*+y? ,o=tantY
X

0 is called the argument of z, denoted by arg(z) .

The principal argument of z is —7<@<rx
(determined according to in which quarter lies?)
As shown in the following diagram:

r
2
7[_90 I\
quarterll uarterl
Sin+ / All +
T € > O 27
0, —r
uarterl\/
quarterlll
Tan+ Cos+
3_;r
2

“ All Students Take Calculus ”

- rad)

( 6, will be one of the famous angles —,—,—,Z .
6 3 4 4

In other words:
v The comlex number z = x+1y lies in quarterl.

v The comlex number z =—x+1y lies in quarterll.
v' The comlex number z =—x—1y lies in quarterlll.
v The comlex number z =X —1iy lies in quarterlV.
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Examples: Write each of the following comlex number z in polar form:

1+i , —v3+i , -1-iv/3 , 1-

1) z=1+i

r=yx2+y? =1+1=+/2,

. y 1
sing=2=—,
r 2
X 1
cosf=—=——,
roA2
ano=Y-1_1
X 1
0=
4

.'.1+i=\/§(cos%+isin%).

(2) z=—+3+i
r=yx’+y>=+3+1=2,

sinezlz !

L3+ = 2[cos(5§) +isin(5?ﬂ)].
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(3) z=-1-i3

r=yx’+y? =41+3=2,
y_-\3

sing=2 ="

~—1-i3= 2[cos(—%”)+isin(—%”)].

4) z=1-i
r=yx2+y2 =+1+1=+/2,
. y -1
sinf ==—=—,

roV2
1
cosf=—=—,
V2
tanezlz_—l:—l.
x 1
o=_"
s 1

sl-i= \/E[cos(—%)ﬂsin(—%)].

v H.W:
1- Write the complex humber z :1—2_ in the form z =x+1y, and find
+1
Re(z),, Im(z) , z, |7 , arg(z).
4

2- Write the complex number z =

- in the form z = x+1y, and find
—~/3+i
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Re(z), Im(z), z, 2| , arg(z).
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De Moivre's Theorem: Let z =r(cosé +isinéd) be a complex number
and n be any real number. Then z" =r"(cosn@+isinné).

Examples:
(1) Using De Moivre's Theorem, find the value of (1+1i)®

Solution:
we put the complex number z =1+1i in the polar form as follows:

r :\/1+1:\/§,9:tan1%:tan11:%

.'.1+i:\/§ cos£+isin£ ,
( 2 4)

S (L+0) = (V2)° (cos% +i sin%)8 =16(cos2z +isin27x) =16.

(2) Using De Moivres™ Theorem, reduce the complex number:

L (c0s20 —isin 26)°(cos36 +isin36)’
(cos46 +isin46)" (cos50 —isin56)°

Solution:

L [cos(-26) +isin(-268)T[cos38 +isin36]’
[cos48 +isin40]"[cos(-50) +isin(-50)]°

, and find its value at ¢ :% .

_ [cos@+isin@] *°[cosd +isind]*
[cos@ +isind]*[cos@ +isind)] ™
= (cos@+isind)*? =cosl20 +isinl126.

and at @ =%: 7= cos(lZ)(%) i sin(lZ)(%) = cos2z +isin2z =1
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(3) Using De Moivre's Theorem, reduce the complex number:

H 5
w , and find its value at @ :% .

(1-itan @)’
Solution:
. sing s
,_ (@it 0)° _ (L4 cpse)
cosé
_ (cos8)?(cos +isin)°
(cos@ —isin@)’
_ (cosf)?(cosO +isin®)®
(cos@ +ising)”’
= (cosd)*(cosh +isinh)*
= (cos#)’[cos(126) +isin (126)].
andat =2
.

3

7= (cos(%))z[cos(lz)(%) i sin(lZ)(%)] - (7)2[00327z +isin2s7] :% .

v H.W:
Using De Moivre's Theorem, find the value of (1+iv/3)® , (v/3+i)%
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The Series
The sum of a finite or an infinite sequence of numbers q,,aq,,...,a,
is called series :

n 0
@ +a,+..+a,=).a, OF @ +a,+..+a,+..=) a.
k=1

A series is briefly written as Zan and a, is called the nth term or the

n=1

general term of the series.

Examples of Series:

3 LR B B SR U
k2+k 22+2 3243 42+4 5245 6 12 20 30

1 1 1
(2 27 =14+ —+—+...+
)z 2 4 2"
(- l)’+1 1 1 1
(3 E =l-—+———+
) 4 9 16

Numerical Series:
a+(a+d)+(a+2d)+..+[la+(n-1)d]+...
the nthterm: a, =a+(n—-1d ,

the nth partial sum: §, =§[2a+(n—l)d]
Geomtric Series:
a+ar+ar’ +.+ar" +...
the nth term: a, = ar"”’
a(l-r )
1-r

’

S, =

n

=1
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Sum of Finite Series:

The Differences Method: we put the rth term a, as difference between

two consecutive quantities [a, =a(r+1)—a(r) or a. =a(r)—a(r+1)].
Theorem:
For a series Zar if a =a(r+1l)—a(r) then §, =a(n+1)-a(l)

r=1
Also, if . =a(r)—a(r+1) then S, =a(l)—a(n+1)

proof:
a =a(r+)—a(r) put r=123,...,n

a, =a2)-a(l)
a, =a3)-a(2)

q=am-a(m=1)
a, =a(n+1)—a(n)
~S =a,t+a,+..+a, =amn+1)-a(l)
Similarly, we can prove the second part of the theorem.
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Examples:

1- Find the sum of a series (1)(2) +(2)(3)+ (3)(4) +...+ n(n+1)
Solution:

a =r(r+l),
as a, parts are consecutive, we suggest the differences as follows:
r(r+1)(r+2)—(r=Dr(r+1)=3r(r+1)=3a,,
Sa, = %[r(r +1)(r +2)] —%[(r -Dr(r+)]=a(r+1)—a(r),
~S =am+)—-a(l)
=§[n(n +1)(n+2)] —%[(l -DIA+1)]

= %[n(n +1)(n+2)].

2- Find the sum §, of a series (1)(2)(3) +(2)(3)(4) + (3)(4)(5) +...
Solution:
a, =r(r+1)(r+2),

as a, parts are consecutive, we suggest the differences as follows:
r(r+D)(r+2)(r+3)—(r-Dr(r+)(r+2)=4r(r+1)(r+2)=4a,,

sa, = %[r(r +1)(r+2)(r+3)] —%[(r -Dr(r+1)(r+2)]=a(r+1)—a(r),
~S =an+)—-a(l)

=%[n(n +D)(n+2)(n+3)]- %[(1 -DI1+1)(1+2)]

= %[n(n +1)(n+2)(n+3)].
. , 1 2 3
3- Find the sum S, of a series —+—+—+....
20 3 4
Solution:

g =T :r+1—1: r+1 1 :l_ 1
T+ (D) (D! (D (D)
1

(n+1)

=a()—a+1) ,

=S =a(l)—a(n+)=1-
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! + ! + ! +
M@ @7 (1HAO)

4- Find the sum §, of a series

Solution:
1

a =——
T (Br=-2)3r+1
as a, is a fraction its denominator consists of two consecutive parts,
we use the parital fractions as follows:
1 A B
a, = = +
GBr-2)G3r+1) 3r-2 3r+l

~1=AGr+1)+B3r-2)

2 1 -1 -1
utr=—=A=—, putr=—=B=—,
P 3 30 7 3 3

1

O G )G _(3)(3r 2 3egp el D,
=a(l)—a(n+1) ——[1——)]

. , 1 1 1

5- Find the sum S, of a series + + +
M3 @)  B)4EG)

Solution:

B 1

- r(r+)(r+2)°

as a, is a fraction its denominator consists of three consecutive parts,
we suggest the differences as follows:

1 1 _r+2-r 2 _1g
r(r+1) (r+)(r+2) r(r+D)(r+2) r(r+l)(r+2) '

R P 1
2N +1) (r+l)( +2)

l=a(r)—a(r+1)

1 1 1
S, =a()-a(n+ )—j;—m 4 2+ (n+2)’
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H.W: ( Using The Differences Method )

n(n+1) _ n(n+1)(n+2)

1- Verify that 1+3+6+...+
1 1 1

2- Verify that

6
1 n

+ + +o.+
DA G G)7)

Qn-1)2n+1) 2n+1’




Series B Dr. Saad Shargawy

Convergence & divergence of Infinite Series:

Definition: The series Y_a, is convergent if [im S, =limC_a) =5 ;
k=1

= n—0 n—oo k=1

s defined number , and the series Zak is divergent if |im S, =~
k=1

n—>0

Results:

(1) If the series Zak is convergent then Jyma, =0, but the reverse

k=1 n—o

=1
is not true in general ( hml =0 but zz divergent ).

n—>0 k=1

(2) If ]yma. # 0 then the series Zak is divergent.

n—o k=1
Examples:
1- Using The Differences Method, find S, of the series
1 1 1

+ + +... , and then determine whether the series
M2 )3 )4

is convergent or divergent.

Solution:
a, = ! :l_ ! =a(r)—a(r+1)
r(r+1) r r+l1
=S, =05(1)—05(n+1)=1—L ,
n+l

1
S =liml-———)=1,
limsS. = lim( n+1)

n—0 n—>0

Then the series is convergent.
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2- Using The Differences Method, find S, of the series Z log (1+l),
n

n=l1

and then determine whether the series is convergent or divergent.
Solution:
1 r+1
a, =log(l+—)=log(——)=log(r +1)—log(r)=a(r+1)—a(r)
r r
~S, =am+)—al)=log(n+1)-log(l)=log(n+1) ,
limS. =limlog(n+1)=loglym(n+1) =,

n—0 n—0 n—0

Then the series is divergent.

3- Discuss the convergence or divergence of a series 1+§+%+;+...
Solution:
n
a, = .
2n-1
. . n . 1 1
~lima, =lim =lim——=5#0.
n—o n—o 21’1—1 n—o 2_ 2
n

Then the series is divergent.
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Convergence & Divergence Tests of positive series:

(1) Comparison test(ll):

Consider two series Zan and Zb

n=1 n=1

;a,20,b 20Vn

n !

“ =k ; k nonzero, positive or negative defined number

n—>o0 n

then Zan and an are convergent or divergent together.

n=1 n=1

Examples:

1- Discuss the convergence or divergence of a series Z—
n=1 n

Solution:
We compare the series Z with a series Zlog ¢ +—)

n=1 N n=l
a _1 , bn=10g(l+l) ,
n n
1
. " 1 |
hmb =lim— 7 =lim B PRLE
o e Jog(1+=) " log(1+ ) g
n

= 1 =1
and the series »_log(1+—) is divergent, then also Y — is divergent.
n

n=l1 n=l1

0
. . . 1
2- Discuss the convergence or divergence of a series Z_z
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and the series is convergent, then also ) —-is convergent.
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(2) D" Alembert’s test ( Ratio test(l) ):

Consider the series Za
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(i) If hm L <1 then Za is convergent.
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(i) If hm L>1 then Za is divergent.
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(i) If hm " L =1 then the test failure.

Examples: Using Ratio Test, discuss the convergence or divergence of
each of the following series:
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Then the series zin is convergent.
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Then the series Z:—n is divergent.
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Then the test failure.

( use the comparison test: compare the series with a series Z
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Exercises:

1- Using The Differences Method, find S, of each of the following series,
and then determine whether the series is convergent or divergent:

()Z( +1)( +2) ()z( +2)( +3) @ )2(211 1)(2n+1)

2- Discuss the convergence or divergence of each of the following
series:
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