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Mathematical Induction:  
is a special method of proof used to prove a Statement, a Theorem,  
or a Formula, that is asserted about every natural number. 

The natural numbers are the counting numbers: .,...4,3,2,1 etc  , also  

called positive integers. 
Principle of Mathematical Induction:  

Let )(nP  be a statement involving the positive integer n .  

IF the statement is true when 1n , and whenever the statement is true  

for kn   , then it is also true for 1 kn , Then the statement is true for all 

integers 1n . 

There is nothing special about the integer 1  in the statement above.  
It can be replaced (in both places it occurs) by any other positive integer,  
and the Principle still works. 
Steps of Mathematical Induction: 

(STEP 1): We show that )1(P  is true. 

(STEP 2): We assume that )(kP  is true. 

(STEP 3): We show that )1( kP  is true. 

As shown in the following examples:   
1- Use mathematical induction to prove that:  

2

)1(
....321




nn
n . 

Solution: Let the statement )(nP  be 
2

)1(
....321




nn
n  

(STEP 1): We show that )1(P  is true: 

1... SHL   ,  1
2

)11(1
... 


SHR  

Both sides of the statement are equal hence )1(P  is true. 

(STEP 2): We assume that )(kP  is true: 

2

)1(
....321




kk
k . 

(STEP 3): We show that )1( kP  is true: 

...

]2[
2

)1(

)1(
2

)1(

)1(...321...

SHR

k
k

k
kk

kkSHL















 

Which is the statement )1( kP . 
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Then the statement )(nP  is true for all positive integers n . 

-------------------------------------------------------------------------------------------------------- 
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We can rewrite the solution as follow: 

Solution: Let )(nP  be 
2

)1(
....321




nn
n  

(1) at 1n : 

1... SHL   ,  1
2

)11(1
... 


SHR  

)1(P  is true. 

(2) let kn  : 

2

)1(
....321




kk
k . 

(3) at 1 kn : 

...

]2[
2

)1(

)1(
2

)1(

)1(...321...

SHR

k
k

k
kk

kkSHL















 

)1(  kP  is true. 

Then )(nP  is true for all positive integers n . 

-------------------------------------------------------------------------------------------------------- 
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2- Use mathematical induction to prove that:  

6

)12)(1(
....321 2222 


nnn

n . 

Solution: Let )(nP  be 
6

)12)(1(
....321 2222 


nnn

n  

(1) at 1n : 11... 2 SHL   ,  1
6

)12)(11(1
... 


SHR     

)1(P  is true. 

(2) let kn  : 
6

)12)(1(
....321 2222 


kkk

k . 

(3) at 1 kn :  

...

6

)32)(2)(1(

)]2)(32[(
6

)1(

]672[
6

)1(

]662[
6

)1(

)]1(6)12([
6

)1(

)1(
6

)12)(1(
)1(....321...

2

2

222222

SHR

kkk

kk
k

kk
k

kkk
k

kkk
k

k
kkk

kkSHL































 

)1(  kP  is true. 

Then )(nP  is true for all positive integers n . 

-------------------------------------------------------------------------------------------------------- 
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3- Prove that )2( 3 nn   is divisible by 3  for all positive integers n . 

Solution: Let )(nP  be " )2( 3 nn   is divisible by 3 " 

(1) at 1n : 

3)1(213   is divisible by 3 . 

)1(P  is true. 

(2) let kn  : 

" )2( 3 kk   is divisible by 3 ". 

(3) at 1 kn : 

)1(3)2(

)333()2(

353

)22()133()1(2)1(

23

23

23

233









kkkk

kkkk

kkk

kkkkkk

 

)2( 3 kk   is divisible by 3  from (2), and )1(3 2  kk  is also divisible by 3  

)1(  kP  is true. 

Then )(nP  is true for all positive integers n . 

-------------------------------------------------------------------------------------------------------- 

4- Prove that  !2 1 nn 
  for all positive integers n . 

Solution: Let )(nP  be !2 1 nn 
 

(1) at 1n : 

1!1122 011 
 

)1(P  is true. 

(2) let kn  : 

!2 1 kk 
 

(3) at 1 kn : 









Zkk

kkkkk kkkk

12

;)!1(2)!)(1()2)(2()!)(2()2)(2(!2 111

 

)1(  kP  is true. 

Then )(nP  is true for all positive integers n . 

--------------------------------------------------------------------------------------------------------- 
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H.W:  

1- Use mathematical induction to prove that: 

).1(2...642)(  nnni  

.
2

1
2

2

1
...

4

1

2

1
1)(

11 


nn
ii  

2- Prove that )1( nx  is divisible by )1( x  for all positive integers n . 

---------------------------------------------------------------------------------------------------------- 
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Exercises:  
1- Use mathematical induction to prove that:  

2)12(....531)( nni   

2

)13(
)23(....741)(




nn
nii  

3

)2)(1(
)1(....1262)(




nnn
nniii   

2- Prove that )3( 2 nn   is divisible by 2  for all positive integers n . 

3- Prove that )27( nn   is divisible by 5  for all positive integers n .  

4- Prove that )( nn yx   is divisible by )( yx   for all positive integers n . 

---------------------------------------------------------------------------------------------------------- 
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Rational Fraction: 

The algebraic formula 
n

nn axaxaxp   ...)( 1

10
 is called a polynomial  

of a variable x  of degree n ; the coefficients naaa ,...,, 10 are real numbers. 

If )(xp and )(xq are two polynomials, then the ratio 
)(

)(

xq

xp
  

of these two polynomials is called Rational Fraction, 

)(xp  the numerator, and )(xq the denominator.  

We have two types of Rational Fraction:   
1. Proper Rational Fraction. 
2. Improper Rational Fraction. 
Proper Rational Fraction:  
If the degree of the numerator of the rational fraction is less than the degree  
of the denominator of the rational fraction, then that fraction is called the proper 
rational fraction. 
Improper Rational Fraction:  
If the degree of the numerator of the rational fraction is equal or greater than  
the degree of the denominator of the rational fraction, then that fraction is called 
the improper rational fraction. Suppose, the improper fraction is reducible to an 
integer added to a proper fraction, then the improper rational fraction can be 
reduced as a sum of polynomial and a proper rational fraction. 

Let us take if 
)(

)(

xq

xp
 is a improper rational fraction, then 

)(

)(
)(

)(

)( 1

xq

xp
xh

xq

xp
  

Where, )(xh is a polynomial and 
)(

)(1

xq

xp
 is a proper rational fraction. 

Partial-Fraction Decomposition 
You have added and simplified rational expressions, such as: 

xx

x

xx

xx

xx 












2

23

)1(

)1(2

1

12
. 

Partial-fraction decomposition is the process of starting with the simplified 
answer and taking it back apart, of "decomposing" the final expression into  
its initial polynomial fractions. 
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Partial-fraction decomposition rules: 
The following tables indicates the simpler partial fractions associated to proper 
rational fractions. 
1- The denominator factor as distinct linear factors: 
 

Form of the rational fraction Form of the partial fractions 

)...)((

)(

2211 bxabxa

xf


 ...

2211





 bxa

B

bxa

A
 

 

2- The denominator factor as repeated linear factors: 
 

Form of the rational fraction Form of the partial fractions 

kbax

xf

)(

)(


 

k

k

bax

A

bax

A

bax

A

)(
...

)()( 2

21








 

 
3- The denominator factor as distinct quadratic factors can not be factored 
further: 
 

Form of the rational fraction Form of the partial fractions 

)...)((

)(

22

2

211

2

1 cxbxacxbxa

xf


 ...

22

2

211

2

1











cxbxa

DCx

cxbxa

BAx
 

 
4- The denominator factor as repeated quadratic factors: 
 

Form of the 
rational fraction 

Form of the partial fractions 

kcbxax

xf

)(

)(
2 

 
k

kk

cbxax

BxA

cbxax

BxA

cbxax

BxA

)(
...

)()( 222

22

2

11














 

 

In the above tables CBA ,, and D  are real numbers to be determined suitably. 

----------------------------------------------------------------------------------------------------------- 

To decompose the improper fraction: 
Divide the numerator by the denominator, and then use the above rules to 
decompose the remainder (be proper fraction). 
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Examples: 

(1) Express the following in partial fractions:  

    
xx

x




2

23
. 

Solution: To decompose a fraction, you first factor the denominator xx 2
, 

which factors as )1( xx . 

)1(

)1(

)1(

23

1)1(

23



















xx

BxxA

xx

x

x

B

x

A

xx

x
 

BxxAx  )1(23  

AxBAx  )(23  

For the two sides of the equation " AxBAx  )(23 " to be equal,  

the coefficients of the two polynomials must be equal.  

So you "equate the coefficients of x "  to get:  
A

BA





2

3
   

1

2





B

A
  

There is another method for solving for the values of A  and B :  

The equation " BxxAx  )1(23 " is supposed to be true for any value  

of x , we can "pick useful values of x ", and find the values for A  and B .  

Looking at the equation " BxxAx  )1(23 ", you can see that,  

if 0x , then we quickly find that A2  , and   

if 1x , then we easily get B 23 , so 1B . 

1

1223
2 







xxxx

x
. 

----------------------------------------------------------------------------------------------------------- 
(2) Express the following in partial fractions:  

)2()1(

534
2

2





xx

xx
 

Solution:  

)2()1(

)1()2()2)(1(

)2()1(

534

)2()1()1()2()1(

534

2

2

2

2

22

2
























xx

xCxBxxA

xx

xx

x

C

x

B

x

A

xx

xx

 

.)1()2()2)(1(534 22  xCxBxxAxx  

Pick useful values of x : 

2361  BBx ,  39272  CCx ,  

and equate the coefficients of 
2x  to get: 1344  AACA . 
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)2(

3

)1(

2

)1(

1

)2()1(

534
22

2















xxxxx

xx
. 

 
(3) Express the following in partial fractions: 

    
xxx

x

6

1
23 


 

Solution: )3)(2()6(6 223  xxxxxxxxx  

)3)(2(

)2()3()3)(2(

)3)(2(

1

32)3)(2(

1

6

1
23



























xxx

xCxxBxxxA

xxx

x

x

C

x

B

x

A

xxx

x

xxx

x

 

).2()3()3)(2(1  xCxxBxxxAx  

Pick useful values of x : 

6

1
610  AAx  , 

10

3
1032  BBx  , 

15

2
1523  CCx  , 

.
)3(15

2

)2(10

3

6

1

6

1
23 















xxxxxx

x
 

----------------------------------------------------------------------------------------------------------- 
(4) Express the following in partial fractions:  

   
1

1
4 x

 

Solution: )1)(1)(1()1)(1(1 2224  xxxxxx  

)1)(1)(1(

)1)(()1)(1()1)(1(

)1)(1)(1(

1

)1()1()1()1)(1)(1(

1

1

1

2

222

2

224


























xxx

xDCxxxBxxA

xxx

x

DCx

x

B

x

A

xxxx

).1)(()1)(1()1)(1(1 222  xDCxxxBxxA   

Pick useful values of x : 

4

1
411  AAx , 

4

1
411  BBx ,  
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and equate the coefficients of 
3x and 

2x to get: 
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0
4

1

4

1
00  CCCBA , 

2

1

4

1

4

1
00  DDDBA . 

.
)1(2

1

)1(4

1

)1(4

1

1

1
24 











xxxx

 

----------------------------------------------------------------------------------------------------------- 
(5) Express the following in partial fractions: 

    
12

1
2

2





xx

xx
 

Solution: the given fraction is improper rational fraction, then we divide the 
numerator by the denominator:  

 

122  xx   12  xx  

 122  xx  1  

     x           
 

12
1

12

1
22

2









xx

x

xx

xx
 , 

We decompose the proper fraction 
122  xx

x
 as follow: 

2222 )1(

)1(

)1(1)1(12 













 x

BxA

x

B

x

A

x

x

xx

x
 

.)1( BxAx   

Equate the coefficients of x  and 
0x (constant terms) to get: 

A1  and BA0 1,1  BA  

22 )1(

1

1

1

12 








xxxx

x
 , 

22

2

)1(

1

1

1
1

12

1












xxxx

xx
. 

----------------------------------------------------------------------------------------------------------- 
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(6) Express the following in partial fractions: 

    
1

13
23

234





xxx

xxxx
 

Solution: the given fraction is improper rational fraction, then we divide the 
numerator by the denominator:  
 

123  xxx  
 13 234  xxxx  

 xxxx 3333 234   

23 x       1222 23  xxx  

       2222 23  xxx           

         1000   
 

1

1
)23(

1

13
2323

234









xxx
x

xxx

xxxx
 , 

We decompose the proper fraction 
1

1
23  xxx

 as follow: 

).1)(1()1()1(1 2223  xxxxxxxx  

)1)(1(

)1)(()1(

)1)(1(

1

)1()1()1)(1(

1

1

1

2

2

2

2223























xx

xCBxxA

xx

x

CBx

x

A

xxxxx
 

).1)(()1(1 2  xCBxxA  

Pick useful values of x : 

2

1
211  AAx , 

and equate the coefficients of 
2x and x  to get: 

.
2

1

2

1
00

,
2

1

2

1
00





CCCB

BBBA

, 

)1(2

1

)1(2

1

1

1
223 










x

x

xxxx
, 
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)1(2

1

)1(2

1
)23(

1

13
223

234














x

x

x
x

xxx

xxxx
. 
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Exercises:  

Express each of the following in partial fractions: 

.
12

22
)(

2

1
)(

2

1
)(

1

12
)(

6

43
)(

3

3

24

23232



















xx

xx
v

xx
iv

xxx

x
iii

xxx

x
ii

xx

x
i
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Matrices: 

A matrix is a rectangular array of numbers (elements), the general form 
of a matrix with m  rows and n  columns is: 





















mnmm

n

n

aaa

aaa

aaa

.....

....................

.....

.....

21

22221

11211

  

We denote such a matrix by nmija ,)(  or simply )( ija , and the type of the 

matrix is nm . 

Example1: consider the 32  matrix 












250

431
. 

Its rows are )4,3,1(  and )2,5,0(  , and its columns are 

























2

4
,

5

3
,

0

1
. 

Capital letters ,..., BA  denote matrices, whereas lower case letters ,...,ba  

denote elements. 

Example2: build a matrix 32)(  ijaA  ; 

















jiifji

jiifi

jiifji

aij    

Solution:  











232221

131211

aaa

aaa
A  ,   

532,2,112

,431,321,1

232221

131211





aaa

aaa
 

.
521

431








A  

Example3: build a matrix 
33)(  ijbB  ; 

















jiifji

jiif

jiifji

bij

22

0    

Solution:  



















333231

232221

131211

bbb

bbb

bbb

B  ,   

0,523,813

532,0,312

,431,321,0

33

22

32

22

31

2322

22

21

131211







bbb

bbb

bbb
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.

058

503

430

















B  

 

 Two matrices A and B  are equal, if they have the same number of    
rows and the number of columns. 
 A matrix whose elements are all zero is called a zero matrix, and 

denoted by 0 . 

------------------------------------------------------------------------------------------------- 
Matrix Addition: 

The sum of the two matrices A and B , written BA , is the matrix 

obtained by adding corresponding element from A and B . 

Note that: BA  have the same type as A and B ,  
The sum of two matrices with different types is not defined. 

Example: 






 





















 

612

324

132

603

540

321
, 

The sum 



















 

131

250

43

21
 is not defined. 

Properties: For matrices BA ,  and C  (with the same type), 

AAAiii

ABBAii

CBACBAi







00)(

)(

)()()(

 

------------------------------------------------------------------------------------------------- 
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Scalar Multiplication: 

The product of a scalar k  and a matrix A , written kA is the matrix 

obtained by multiplying each element of A  by k . 

Example: 

























15912

063

334

021
3 . 

Matrix Multiplication: 

Let A and B  be matrices such that the number of columns of A  is equal 

to the number of rows of B . Then the product of A and B , written AB ,  

Is the matrix with the same number of rows as A  and of columns as B , 

and whose element in the thi  row and the thj  column is obtained by 

multiplying the thi  row of A  by the thj  column of B . 

Example: 



















 









323

112

05

11

43

21
,  

                 






 








 









29103

1361

540

321

43

21
, 

                 


























63

52

41

43

21
 is not defined ,  

         also 


















 

132

603

540

321
 is not defined. 

Properties:  
Matrix Multiplication does,however, satisfy the following properties: 

.)()()()(

)()(

)()(

)()()(

scalaraiskwherekBABkAABkiv

CABAACBiii

ACABCBAii

BCACABi









 

------------------------------------------------------------------------------------------------- 
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Square Matrix: A matrix with the same number of rows as columns  

is called a square matrix. A square matrix with 
n rows and 

n columns  

is called an n square matrix. The main diagonal or simply diagonal of  

a square matrix )( ijaA   is the numbers nnaaa ,...,, 2211 . 

The square matrix with s1  along the main diagonal and s0  elsewhere  

is called the unit matrix or the identity matrix and will be denoted by I . 

For any square matrix A , AIAAI  . 

Example: The matrix 





















235

140

021

 is 3 square matrix,  

the numbers along the main diagonal are 2,4,1  .  

And the matrix 

















100

010

001

 is a unit matrix. 

------------------------------------------------------------------------------------------------- 

Transpose: The transpose of a matrix A , written by 
tA  is the matrix 

obtainad by writting the rows of A , in order, as columns. 

Example: 



























63

52

41

654

321
t

. 

Properties:  
The transpose operation on a matrices satisfies the following properties: 

ttt

tt

tt

ttt

ABABiv

scalarakforkAkAiii

AAii

BABAi









)()(

,)()(

)()(

)()(
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Exercises:  

1- Build a matrices 3223 )(,)(   ijij bBaA   ;   

























jiifji

jiifi
b

jiifji

jiifi

jiifji

a ijij
2

12
,    

 

1- If 





































0204

1312

1041

,
301

012
BA . Compute AB  

2- If 










































112

102

6411

,

814

312

201

BA . Compute 
tAB , 

where
tB  the transpose of B .  

3- If 












































123

234

112

,

201

111

121

BA . Compute 
tAB  

======================================================= 
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Determinants: 

To every square matrix there is assigned a specific number called 
determinant of the matrix.  

We write )det(A or A  for the determinant of the square matrix A . 

Usually a square matrix is said to be singular if its determinant is zero, 
and nonsingular otherwise. 
 
Determinants of order two: 

The determinant of the 22  square matrix 








dc

ba
 is denoted and 

defined as follows: bcad
dc

ba
  

Example: 

7815)2)(4()3)(5(
32

45
  ,  

16412)4)(1()6)(2(
64

12



 . 

 
Determinants of order three: 

The determinant of the 33  square matrix is defined as follows: 

33

22

1

33

22

1

33

22

1

33

22

1

31

33

22

1

21

33

22

1

11

333

222

111

)1()1()1(

ba

ba
c

ca

ca
b

cb

cb
a

ba

ba
c

ca

ca
b

cb

cb
a

cba

cba

cba



 

 

Example: 

The determinant of a matrix 

























511

240

432

A  is: 
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4616636

)40(4)20(3)220(2

11

40
)4(

51

20
3

51

24
2

511

240

432




















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also, 

461036

)166()220(2

24

43
1

51

43
0

51

24
2

511

240

432

























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Linear equations in three unknowns and determinants: 

Consider three linear equations in the three unknowns zandyx, : 

3333

2222

1111

dzcybxa

dzcybxa

dzcybxa







 

The above system has a unique solution iff the determinant of the matrix 
of coefficients is not zero; 

0

333

222

111



cba

cba

cba

D  

In this case, the unique solution of the system can be expressed  
as quotients of determinants, 

D

N
z

D

N
y

D

N
x zyx  ,,  

Where the denominator D  in each quotient is the determinant of  

the matrix of coefficients,as avove,and the numerators zyx NandNN ,   

are obtained by replacing the column of coefficients of the unknown  
in the matrix of coefficients by the column of constant terms: 

333

222

111

333

222

111

333

222

111

,,

dba

dba

dba

N

cda

cda

cda

N

cbd

cbd

cbd

N zyx   

We emphasize that if the determinant D  of the matrix of coefficients  
is zero then the system has either no solution or an infinite number of 
solutions. 
-------------------------------------------------------------------------------------------------
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Example: Solve the following system by determinants. 

                

432

1

32







zyx

zyx

zyx

 

Solution: 

5342)12(1)13(1)23(2

321

111

112







D   ,  

09312)12(3)14(1)24(2

421

111

312

,531214)14(1)13(3)43(2

341

111

132

,10673)42(1)43(1)23(3

324

111

113























z

y

x

N

N

N

 

0
5

0
,1

5

5
,2

5

10





D

N
z

D

N
y

D

N
x zyx  

------------------------------------------------------------------------------------------------- 
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Invertible matrices and determinants: 

A square matrix A  is said to be invertible if there exists a matrix B  with 

the property that IBAAB  , the identity matrix,  

we call such a matrix B  the inverse of A  and denote it by 
1A . 

Observe that the above relation is symmetric; that is, if B  is the inverse 

of A , then A  is also the inverse of B . 

Example: The matrix 























116

104

2211

 is the inverse of 



















814

312

201

  

Such that 



















814

312

201























116

104

2211

=

















100

010

001

. 

Minors and cofactors: Consider an n square matrix )( ijaA  . 

Let ijM denote  )1(n square submatrix of A  obtained by deleting  

its thi  row and thj  column. 

The determinant ijM  is called the minor of the element ija  of A , and 

we define the cofactor of ija  to be the "signed" minor ijij

ji M  )1( . 

)( ij is called the matrix of cofactors of A , and will be denoted by A
~

. 

Example: Let 

























511

240

432

A . The cofactors of A  are: 

18
51

24
11 




   ,  2

51

20
12    ,  4

11

40
13 




   , 

11
51

43
21 




  ,  14

51

42
22 


   ,  5

11

32
23 


   , 

10
24

43
31 




 , 4

20

42
32 


 ,  8

40

32
33 


  . 

























8410

51411

4218
~
A . 

------------------------------------------------------------------------------------------------- 
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The transpose of the matrix of cofactors of A  is called the adjoint of A , 

denoted 
tAAadj )

~
( . And the inverse of a nonsingular matrix A  is to be 

A

A

A

Aadj
A

t)
~

(1 
. 

For the matrix 

























511

240

432

A  in the above example: 

461036)166()220(2

511

240

432









A  , 

























854

4142

101118

46

1)
~

(1

A

A
A

t

. 

======================================================= 
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Exercises:  

1- Compute the determinant of each matrix: 































































521

321

432

)(

125

320

214

)(

150

324

321

)( iiiiii  

2- Solve the following system by determinants: 

132

8253

132







zyx

zyx

zyx

 

3- Verify that the inverse of 























311

121

132

A  is 























111

354

587

. 

4- Verify that the inverse of  a matrix 
33)(  ijaA  ; 

















jiifj

jiifi

jiifi

aij

2

2

   

is .

204

012

4210

2

11























A  

======================================================= 
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Definition: A complex number is a number consisting of a real and 
imaginary part.  

Its standard form is  iyxz   ; 1i  ,  .)Im(,)Re( yzxz   

 The complex conjugate of a complex number iyxz  , denoted by z   

is given by iyxz  .  

 The complex number iyxz   is the addition inverse of a complex 

number iyxz  , and the multiplication inverse of a complex number 

iyxz 0  is 
22

1

))((

1

yx

iyx

iyxiyx

iyx

zz

z

z
z











 . 

Examples: Find 
1,,,)Im(,)Re(  zzzzz  for each comlex number z   

of the following: 

1,
1

1
,2,,2,21 




i
iiii   

Solution: iz 21  

)21(
5

1

)2(1

21

)21)(21(

21

21

1

,21,21,2)Im(,1)Re(

22

1 i
i

i

ii

i

i
z

izizzz


















 

-------------------------------------------------------------------------------------------- 
-------------------------------------------------------------------------------------------- 
-------------------------------------------------------------------------------------------- 
-------------------------------------------------------------------------------------------- 
-------------------------------------------------------------------------------------------- 
 

 Two complex numbers are equal if their real parts are equal and their 
imaginary parts are equal  

( i.e. If 2211 iyxiyx   Then 21 xx   and 21 yy   ). 
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The polar form of a complex number: 

)sin(cos  irz  is called the polar form of a comlex number 

iyxz   such that: 

 sin,cos ryrx    ,   
x

y
yxzr 122 tan,    

  is called the argument of z , denoted by )(arg z . 

The principal argument of z  is      

(determined according to in which quarter lies?) 
As shown in the following diagram:  
 
 

 
 
                 

“ All Students Take Calculus ” 

( 0  will be one of the famous angles ...,
4

,
4

,
3

,
6


 rad ) 

------------------------------------------------------------------------------------------------- 
In other words: 
 The comlex number iyxz   lies in quarterI. 

 The comlex number iyxz   lies in quarterII. 

 The comlex number iyxz   lies in quarterIII. 

 The comlex number iyxz   lies in quarterIV. 

------------------------------------------------------------------------------------------------- 
 

 20 

2

3


0 

 0

0

2


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Examples: Write each of the following comlex number z  in polar form: 

iiii  1,31,3,1  

(1) iz 1   

    ,21122  yxr  

   

.1
1

1
tan

,
2

1
cos

,
2

1
sin







x

y

r

x

r

y







 

   
4


    ,  

).
4

sin
4

cos(21


ii   

------------------------------------------------------------------------------------------------- 

(2) iz  3   

   

.
3

1
tan

,
2

3
cos

,
2

1
sin

,21322











x

y

r

x

r

y

yxr







 

    
6

5

6


    , 

].)
6

5
(sin)

6

5
(cos[23


ii   

------------------------------------------------------------------------------------------------- 
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   (3) 31 iz   

    ,23122  yxr   

   

.3
1

3
tan

,
2

1
cos

,
2

3
sin













x

y

r

x

r

y







 

    
3

2

3





    , 

].)
3

2
(sin)

3

2
(cos[231


 ii  

------------------------------------------------------------------------------------------------- 

(4) iz 1  

   ,21122  yxr  

   

.1
1

1
tan

,
2

1
cos

,
2

1
sin











x

y

r

x

r

y







 

    
4


    , 

].)
4

(sin)
4

(cos[21


 ii  

------------------------------------------------------------------------------------------------- 
 H.W:  

1- Write the complex number 
i

z



1

2
 in the form iyxz  , and find  

)arg(,,,)Im(,)Re( zzzzz . 

2- Write the complex number 
i

z



3

4
 in the form iyxz  , and find  
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)arg(,,,)Im(,)Re( zzzzz . 

------------------------------------------------------------------------------------------------- 
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De Moivre`s Theorem: Let )sin(cos  irz   be a complex number 

and n  be any real number. Then )sin(cos  ninrz nn  . 

Examples:   

(1) Using De Moivre`s Theorem, find the value of 
8)1( i  

Solution:  

we put the complex number iz 1  in the polar form as follows: 

4
1tan

1

1
tan,211 11 

  r  

)
4

sin
4

(cos21


ii   ,  

.16)2sin2(cos16)
4

sin
4

(cos)2()1( 888  


iii  

------------------------------------------------------------------------------------------------- 
(2) Using De Moivres` Theorem, reduce the complex number: 

911

75

)5sin5(cos)4sin4(cos

)3sin3(cos)2sin2(cos





ii

ii
z




   , and find its value at 

6


   . 

Solution: 

4544

2110

911

75

)]sin[cos]sin[cos

]sin[cos]sin[cos

)]5sin()5[cos(]4sin4[cos

]3sin3[cos)]2sin()2[cos(























ii

ii

ii

ii
z

 

 .12sin12cos)sin(cos 12  ii   

and at 
6


  : 12sin2cos)

6
)(12sin()

6
)(12cos(  


iiz  

------------------------------------------------------------------------------------------------- 
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(3) Using De Moivre`s Theorem, reduce the complex number: 

7

5

)tan1(

)tan1(





i

i




  , and find its value at 

6


   . 

Solution: 

)].12(sin)12([cos)(cos

)sin(cos)(cos

)sin(cos

)sin(cos)(cos

)sin(cos

)sin(cos)(cos

)
cos

sin
1(

)
cos

sin
1(

)tan1(

)tan1(

2

122

7

52

7

52

7

5

7

5
























i

i

i

i

i

i

i

i

i

i
z


























 

and at 
6


  : 

4

3
]2sin2[cos)

2

3
()]

6
)(12(sin)

6
)(12([cos))

6
(cos( 22  


iiz . 

------------------------------------------------------------------------------------------------- 
 H.W:  

Using De Moivre`s Theorem, find the value of  
6)31( i  , 

12)3( i  

------------------------------------------------------------------------------------------------- 
 

The polar form of a complex number: 

)sin(cos  irz   Is called the polar form of a comlex number iyxz   such that: 

 sin,cos ryrx    ,   
x

y
yxzr 122 tan,    

  is called the argument of z  , denoted by )(arg z  , and the principal argument of z  is                      

                               ( 0  will be one of the famous angles ...,
4

,
3

,
6


 rad ) 
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The Series 

The sum of a finite or an infinite sequence of numbers naaa ,...,, 21   

is called series : 





n

k
kn aaaa

1
21 ...  or   






1

21 ......
k

kn aaaa . 

A series is briefly written as 


1n
na and na  is called the nth term or the 

general term of the series. 
 
Examples of Series: 

(1) 
30

1

20

1

12

1

6

1

55

1

44

1

33

1

22

11
22

5

2
222

















k kk

 

(2) 
n

n

r

r

2

1
...

4

1

2

1
12

0




  

(3) ...
16

1

9

1

4

1
1

)1(

1
2

1











r

r

r
 

----------------------------------------------------------------------------------------- 

Numerical Series:  

...])1([...)2()(  dnadadaa   ; 

the nth term: dnaan )1(   , 

the nth partial sum: ])1(2[
2

dna
n

Sn   

Geomtric Series: 

...... 12  nararara   ; 

the nth term: 1 n
n ara  , 

1;
1

)1(





 r

r

ra
S

n

n  
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Sum of Finite Series: 

The Differences Method: we put the rth term ra  as difference between 

two consecutive quantities [ )1()()()1(  rraorrra rr  ]. 

Theorem: 

For a series 


1r
ra  if )()1( rrar    then )1()1(   nSn  

Also, if )1()(  rrar   then )1()1(  nSn   

proof:  

   )()1( rrar    put nr ,...,3,2,1 : 

)1()2(1  a  

)2()3(2  a  

   

)1()(1  nnan   

)()1( nnan    

 )1()1(...21   naaaS nn  

Similarly, we can prove the second part of the theorem. 
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Examples: 

1- Find the sum of a series )1(...)4)(3()3)(2()2)(1(  nn  

Solution:  

)1(  rrar  , 

as ra  parts are consecutive, we suggest the differences as follows: 

rarrrrrrrr 3)1(3)1()1()2)(1(  ,  

 )()1()]1()1[(
3

1
)]2)(1([

3

1
rrrrrrrrar   , 

)].2)(1([
3

1

)]11(1)11[(
3

1
)]2)(1([

3

1

)1()1(







nnn

nnn

nSn 

 

------------------------------------------------------------------------------------------------- 

2- Find the sum nS  of a series ...)5)(4)(3()4)(3)(2()3)(2)(1(   

Solution:  

)2)(1(  rrrar , 

as ra  parts are consecutive, we suggest the differences as follows: 

rarrrrrrrrrrr 4)2)(1(4)2)(1()1()3)(2)(1(  ,  

 )()1()]2)(1()1[(
4

1
)]3)(2)(1([

4

1
rrrrrrrrrrar   , 

)].3)(2)(1([
4

1

)]21)(11(1)11[(
4

1
)]3)(2)(1([

4

1

)1()1(







nnnn

nnnn

nSn 

 

------------------------------------------------------------------------------------------------- 

3- Find the sum nS  of a series  ....
!4

3

!3

2

!2

1
   

Solution: 

)1()(
)!1(

1

!

1

)!1(

1

)!1(

1

)!1(

11

)!1(



















 rr

rrrr

r

r

r

r

r
ar   , 

.
)!1(

1
1)1()1(



n

nSn   

------------------------------------------------------------------------------------------------- 



   Series                                                                 Dr. Saad Sharqawy 

______________________________________________ 

  

4 

 

4- Find the sum nS  of a series ...
)10)(7(

1

)7)(4(

1

)4)(1(

1
   

Solution: 

)13)(23(

1




rr
ar  , 

as ra  is a fraction its denominator consists of two consecutive parts,  

we use the parital fractions as follows: 

,)1()()
13

1

23

1
)(

3

1
(

)13)(23(

1

,
3

1

3

1
,

3

1

3

2

)23()13(1

1323)13)(23(

1





























rr
rrrr

a

BrputArput

rBrA

r

B

r

A

rr
a

r

r



 

].
)13

1
1[

3

1
)1()1(



n

nSn   

------------------------------------------------------------------------------------------------- 

5- Find the sum nS  of a series ...
)5)(4)(3(

1

)4)(3)(2(

1

)3)(2)(1(

1
   

Solution:  

)2)(1(

1




rrr
ar  , 

as ra  is a fraction its denominator consists of three consecutive parts, 

we suggest the differences as follows: 

)1()(]
)2)(1(

1

)1(

1
[

2

1

2
)2)(1(

2

)2)(1(

2

)2)(1(

1

)1(

1























rr
rrrr

a

a
rrrrrr

rr

rrrr

r

r



 

.
)2)(1(2

1

4

1
]

)2)(1(

1

2

1
[

2

1
)1()1(







nnnn
nSn   

------------------------------------------------------------------------------------------------- 
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H.W: ( Using The Differences Method ) 

1- Verify that 
6

)2)(1(

2

)1(
...631







nnnnn
. 

2- Verify that 
12)12)(12(

1
...

)7)(5(

1

)5)(3(

1

)3)(1(

1







n

n

nn
. 

 
------------------------------------------------------------------------------------------------------------------------------------- 
------------------------------------------------------------------------------------------------------------------------------------- 
------------------------------------------------------------------------------------------------------------------------------------- 
------------------------------------------------------------------------------------------------------------------------------------- 
------------------------------------------------------------------------------------------------------------------------------------- 
 

------------------------------------------------------------------------------------------------- 
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Convergence & divergence of Infinite Series: 

Definition: The series 


1k
ka is convergent  if saS

n

k
k

n
n

n

 


)(
1

limlim  ; 

s  defined number , and the series 


1k
ka is divergent  if 


n

n

Slim . 

Results: 

(1) If the series 


1k
ka is convergent then 0lim 


n

n

a , but the reverse  

is not true in general ( 0
1

lim 
 nn

 but 


1

1

k k
  divergent ). 

(2) If 0lim 


n
n

a  then the series 


1k
ka is divergent. 

------------------------------------------------------------------------------------------------- 
Examples: 

1- Using The Differences Method, find nS of the series 

...
)4)(3(

1

)3)(2(

1

)2)(1(

1
  , and then determine whether the series  

is convergent or divergent. 

Solution:  

)1()(
1

11

)1(

1






 rr

rrrr
ar   

1

1
1)1()1(



n

nSn   , 

1)
1

1
1(limlim 




 n
S

n
n

n

 , 

Then the series is convergent. 
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2- Using The Differences Method, find nS  of the series 





1

)
1

1(log
n n

,  

and then determine whether the series is convergent or divergent. 

Solution:  

)()1()(log)1(log)
1

(log)
1

1(log rrrr
r

r

r
ar  


  

)1(log)1(log)1(log)1()1(  nnnSn   , 




)1(log)1(log limlimlim nnS
nn

n
n

 , 

Then the series is divergent. 
------------------------------------------------------------------------------------------------- 

3- Discuss the convergence or divergence of a series  ...
7

4

5

3

3

2
1   

Solution:  

.
12 


n

n
an  

.0
2

1

1
2

1

12 limlimlim 









n

n

n
a

nn
n

n

 

Then the series is divergent. 
------------------------------------------------------------------------------------------------- 
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Convergence & Divergence Tests of positive series: 

(1) Comparison test(II):  

Consider two series 


1n
na  and 



1n
nb  ; nba nn  0,0  

If k
b

a

n

n

n




lim  ; k  nonzero, positive or negative defined number  

then 


1n
na  and  



1n
nb  are convergent or divergent together. 

Examples: 

1- Discuss the convergence or divergence of a series 


1

1

n n
 

Solution:  

We compare the series 


1

1

n n
 with a series 






1

)
1

1(log
n n

 

)
1

1log(,
1

n
b

n
a nn    , 

1
log

1

)
1

1(log

1

)
1

1(log

1

limlimlim 






 e

nn

n
b

a

nnnn

n

n

 , 

and the series 





1

)
1

1(log
n n

 is divergent, then also 


1

1

n n
 is divergent.  

------------------------------------------------------------------------------------------------- 

2- Discuss the convergence or divergence of a series 


1
2

1

n n
 

Solution:  

We compare the series 


1
2

1

n n
 with a series 



 1 )1(

1

n nn
 

)1(

1
,

1
2 


nn

b
n

a nn   , 

1
)1(

2limlim 



 n

nn

b

a

nn

n

n

 , 

and the series 


 1 )1(

1

n nn
 is convergent, then also 



1
2

1

n n
is convergent. 
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(2) D`Alembert`s test ( Ratio test(I) ):  

Consider the series 


1n
na  ; nan  0  

(i) If 11lim 

 n

n

n a

a
  then 



1n
na  is convergent. 

(i) If 11lim 

 n

n

n a

a
  then 



1n
na  is divergent. 

(i) If 11lim 

 n

n

n a

a
  then the test failure. 

Examples: Using Ratio Test, discuss the convergence or divergence of 
each of the following series:  




1 3
)(
n

n

n
i              



1 3

!
)(
n

n

n
ii              



 1
2 1

)(
n n

n
iii   

Solution: 

 

.1
3

1
)

1
1(

3

1
)

3

1
)(

1
()

3
)(

3

)1(
(

,
3

)1(
,

3
)(

limlimlimlim )1(
1

)1(1























nn

n

n

n

a

a

n
a

n
ai

nn

n

n
nn

n

n

nnnn

 

Then the series 


1 3n
n

n
 is convergent. 

.1
3

1
)

!

3
)(

3

)!1(
(

,
3

)!1(
,

3

!
)(

limlimlim )1(
1

)1(1























n

n

n

a

a

n
a

n
aii

n

n

n
nn

n

n

nnnn

 

Then the series 


1 3

!

n
n

n
 is divergent. 

1)1(

1
,

1
)(

212 





 

n

n
a

n

n
aiii nn  , 

.1
22

1
]

1
][

1)1(

1
[

23

232

2
1 limlimlim 

















 nnn

nnn

n

n

n

n

a

a

nnn

n

n

 

Then the test failure.  

( use the comparison test: compare the series with a series 


1

1

n n
 ). 

------------------------------------------------------------------------------------------------- 
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Exercises: 

1- Using The Differences Method, find nS of each of the following series,  

and then determine whether the series is convergent or divergent: 

.
)12)(12(

1
)(

)3)(2(

1
)(

)2()1(

1
)(

111











  nnn nn
iii

nn
ii

nn
i

------------------------------------------------------------------------------------------------ 
2- Discuss the convergence or divergence of each of the following  

series: 






















11
2

11

4

2

1
)(

!2
)(

2
)(

2
)(....

31

3

21

2

11

1
)(

n
n

n

n

n

n

n
n

n
v

n

n
iv

n
iii

n
iii

 

======================================================= 

 

 


