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Chapter (1)

The Catenary

Definition(The common Catenary):

The catenary is the curve in which a uniform chain or string hangs
when freely suspended from two pointsA&B

Denote the tension at the lowest point A B

y T, ,this will be horizontal. Lets

be the length of chain measured from P Q
to any point Q .Let the tensionat Qp be T K . B s
and let its inclination to the horizontal be . JO\

Let the weight per unit length of the chain be w.
The part of the chain PQ will be in

equilibrium under the action of three forces, its weight ws ,Ty,and T
, the tensions at P and Q .

The intrinsic Equation of the catenary:

Resolving vertically and horizontally weget,

T siny =ws , Tcosyp =T,
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For convenience we introduce another constant ¢ ,which is such
that Ty—wc . Then
T siny =ws , Tcosyp =wc
Dividing
s =c tany (i)

This is the intrinsic equation of the curve, (c is called the parameter
of the catenary).

The cartesian Equation of the catenary:

To find the Cartesian equation of the curve we flow:

Since  tany =% , then from (i)fl—i' =

Consider a small element &s of a curve joining two points Q and
U on the curve. Let the coordinates of Q and U be (x,y)&(x +
dx,y + 6y)respectively. Then

(65)? = (6x)* + (6y)* ”

Dividing by (6x)? then (8y)?

) ds Sy
respectively we get:

2

(53) - (531)2 Q O
ox) ox
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and

(65)2 B <6x>2 +1
&y, — \8y
When és, §x, 6y — 0, the above equations becomes

2

@) =1+ (@) @

and
(ds>2 B (dx>2 1
o) ~\@ (iii)
(ii) gives
ds\> 5\ 2
@) =1+0)
ds V(c? + s2)
dx c
p cds
o dx =
V(c? + s2)
S
» x =csinh™?! - (iv)
. X
or s=c smhc— (v)

provided x = 0 when s =0.

(iii) gives
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i.e. y? =52+ c? )
provided y = ¢ when s = 0&x =0
Substituting from (v) in (vi)

y? = ¢? (1 + sinh? é)

x
= c?cosh? (E)

y = c cosh (g) (viii)

This is the Cartesian equation of the catenary.

The tension at any point:

Since
T siny =ws , Tcosy =wc
then T2 = w?(s? + ¢?)
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which from (vi) gives
T2 = w?y?
T = wy
Thus,the tension at any point of the catenary is proportional to the

height of the point above the x —axis which is usually called the
(directric).

The Lightning and telephone wires:

When ¢ is large, from equation (vii),

y = c cosh (g) =g(ex/c + e‘x/c)

1+x+x2++ +(1 x+x2
2 2c? ( 2c% ")

x2

=c+—+-
2C

2
ie. y—c= % (X)  provided c is large.

In this case the curve is approximately a parabola of latus rectum 2¢

Definition (the span): The span is distance AB ,ie. the
distancebetween the two hangs points A&B.

If kis half the span, half the length of the chain is given by:
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C1+k+k2+k3+ 1 k+k2 K
( c 2c? 6c3"')

3
=k + % provided c is large.

k3

k= ——
> 62

(Xi)
Definition (the saq): The sag is the difference between the
coordinates of y at values ofxfor the two pointP&B.Or the normal
distance from the lowest point P to the span line AB.

The Relation between the span and saq;:

If his the sag, thenforx =0 ,y=candx=k,y = c+:—jthose

come from (X) .Her we can get:
k2

T 2c

this leads to 1/c? = 4h? /k*

h (*)

then from (Xi) we have:
s—k=k3/6c? = (k3/6).(1/c?) = (k3/6).(4h*/k*) = 4h?/6k
2(s — k) =(8/3).(h*/2k)
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this means that the difference between the length of the chain 2s
and

the span 2k is equal to 2(s — k) = (8/3) . ((sag)?*/span). (x*)

The equations (*)&(**) clarify two relations between the span and
sag for the catenary.

Note: when ¢ is large as mentioned above the chain or wire
represents

the Lightning and telephone wires. In this case the length of the wire

2s is little bigger than the span AB .So also the sagh will be small.

Examples

Many problems involving catenary cables can be solved using the
following formulas:

s = c¢sinh (;) (i) x = csinh™?! (;) (i)
y? —s? =¢? (iii) y = ¢ cosh (;) (iv)
Ty, = wc (v ) T = wy (vi)
W = ws (vii)

All the parameters in the above equations have been defined before.
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Example (1):

an electric power of line length 140 mand mass per unit length of
3 kg/mis to be suspended between two towers 120 m apart and of

the same height. Determine the sag and maximum tension in the
power line.

The solution

The sag, h, can be found from Eq(iii).provided that wecan
determinethe distance, ¢

y& —s5 = c? ( Eq(iii)evaluated at point B)

(h + ¢)? — (70 m)? = ¢? (1)
The distance ¢ ,can be determined from Eq.(i) :

Sp=cC sinh(XTB) ( Eq(i)evaluated at point B)

or 70m =csinh (22)  (2)

c

This equation must be solved numerically for c. An initialestimate
for

¢, whenthesolver on acalculator isto beused, could be
c =sg=70m
The solution to Eq.(2) is
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c=6145m
Another possible solution is ¢ = —61.45 m,but this has no physical

meaning. You can get the same result directly by using a modern
calculator like(casio f, —991ES PLUS).

(h + 61.45m)% — (70 m)? = (61.45 m)>?
Solving gives the sag:
h=31.70m
The other negative root has no physical meaning.

The maximum tension, T, 4., occurs where the cable has its steepest
slope, point B (or point A). This can be calculated from Eq.(vi) :

Tax = wyg( Eq(vi)evaluated at point B)
w 1S given, then:
Trmax = [(3kg/m)(9.81 m/s?)][31.70m + 61.45m]
= 2740 N = 2.74 KN

Example (2):

A cable is supported at two points 400 ft apart and at the same
elevation. If the sag is 40 ft and the weight per unit length of the
cable is 4 Ib/ft, determine the length of the cable and the tension at
the low point, C.
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The solution

The length of cable, sz, from the low point to point B can be
found from Eq. (i) provided that we can determine the distance
C:

sp =C sinh (xg/c) (Eq. (i) evaluated at point B)
= csinh (200/c) (1)

The distance ¢ can be determined from Eq.(iv)
yg = c cosh(xB/c)(Eq. (iv) evaluated at point B)

or,
c 4+ 40 ft = c cosh (200 ft/c) (2)

This equation must be solved numerically for c. An initial estimate
for ¢, when the solver on a calculator is to be used, could be

c =sag =40 ft
The solution to Eq.(2) is
c = 506.53 ft
Using this value of ¢ in Eq. (1) gives

Sg = csinh(’%B) (Eq. (1) repeated)
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= (506.53 ft) sinh (200 ft/506.53 ft)

= 205.237 ft

Because the tension at the low point of the cable is horizontal, it can be

found from Eq.(v):

Example (3) :

TO = wcC
— (4 1b/ft)(506.53)
= 2.025 Ib.

A 20-m chain is suspended between two points at the same
elevation and with a sag of 6 m as shown. If the total mass of the
chain 45 kg, determine the distance between the supports. Also
determine the maximum tension.

The solution

The distance between the supports is2x, andxg can befound from

Eq.(i), provided that we can determine the distance c;

s = ¢ sinh(=2) ( Eq(i)evaluated at point B)

since sg = 10m ,

then:

., XB
10m =c smh(T)
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This equation can be solved explicitly for xz by rearranging it as

sinh (XTB) = me

Which implies:

X 10m
=B _ sinh~1 ( )
C c

So xg = c sinh™1 (me) (1)
The distance c can be determined from Eq.(ii):
y& —s5 = c? ( Eq(iii)evaluated at point B)
(6m+c)? — (10 m)? = (c)?
or36 + 12c + ¢? — 100 = ¢?
The c¢? terms cancel and resulting linear equation has the solution:
c =5333m
Substituting this value of ¢ into Eq.(1)gives:
xg = 5.333 m sinh~1(10 m/5.333m) = 7,393 m
Thus, the distance between supports 2xz can be found:
2xg = 2(70393 m) = 14.786 m.

The maximum tension, T,,,,, occurs where the slope of the cable is a

1.12
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maximum, at point B (or point A). This can be calculated from
Eq.(vi):
Tmax = wyg( Eq(vi)evaluated at point B)

(Tatol weight of the cable)
Tatol length of the cable

_ ((45.Kg)(9,81 m/s?)
- 20m

) (6 m5.333m) = 250 N .

Example (4):

A certain cable will break if the maximum tension exceeds 500 N. If

the cable is 50-mlong and has a mass of 50 kg, determine the greatest
span possible. Also determine the sag.

The solution

The maximum tension has been specified (500 N) ,so a good place to

start our solution is to see how we can use the fact that T,,,x = 500 N
.Eq.(vii)relates the tension,T ,to they , coordinate of a point on the
curve:

T = wy (EQ. (vi) repeated)

The maximum tension, T,,,4., 0ccurs where the cable has its steepest
slope, point B (or point A). This can be calculated from Eq.(vi) :

Tmax = wyg( Eq(vi)evaluated at point B)
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Thus, because we know the maximum tension, we can compute yj :

_ Tmax _ Tmax
YB = o (Tatol weight of the cable)
Tatol length of the cable

500 N

= ((50 Kg)(9,81 m/sz)) =50.97m

50m

The distance between supports is 2xg, SO we need to use the value of

yg to determine xp.this can be done by using Eq.(vi).provided that
we can determine c :

yg = c cosh(xg/c)(Eq. (iv) evaluated at point B)
We can solve this equation explicitly for xz by rewriting it as:
cosh(xg/c) = yg/c
So
xg = c cosh™(yg/c) (2)
The distance c , can be calculated from Eq.(iii) :
y3 — sk = c? ( Eq(iii)evaluated at point B)
(50.97 m)? — (25 m)? = (c)?
The solution is

c =144.42m

The negative root has no physical meaning.
1.14
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Substituting the value of ¢ =44.42m and ygz =50.97 into
Eq.(2)gives:

xg = 44,42 m cochh™1(50.97 m/44.42 m) = 23.836 m
So, the distance between supports 2xgisknown:
2xg = 2(23.836 m) = 47.7 m.
Since c and yg are known, the sag can be computed:
h=yg—c
= (50.97m) — (44.42m) = 6.55m .

Example (5):

The cable is attached to a fixed support at A and a moveable support

at B. If the cable is80-ft long, weighs 0.3 Ib/ft, and spans 50 ft,
determine the force F holding the moveable support in place. Also
determine the sag.

The solution

The force F acting on the moveable

A B F (force)
support atB equals the horizontal w
component,T,, of tension in the cable,

F =T, . Eq.(v) can be used to calculate T, , provided that we can

determine the distance c :
1.15
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Ty = wc (EQ. (V) repeated)
= (031lb/ft)c=F (1)
The distance c ,can be calculated from Eq.(i) :
Sg = C sinh(’%‘a) ( Eq(i)evaluated at point B)
since sg = 40 ft ,
then:
40ft = ¢ sinh(25 ft/c) (2)

This equation must be solved numerically for c. An initial estimate
for ¢, when the solver on a calculator is to be used, could be

c=xg=25ft
The solution to Eq.(2) is

c=+14.229 ft
The negative root has no physical meaning.
Using ¢ = 14.229 ft in Eq.(1)gives:
Ty = wc (EQ. (V) repeated)

= (0.3 1b/ft)(14.229 ft)
= 4.27 ft

The sag,h , can be calculated from Eq.(iv)and the known value of ¢

1.16
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h=vyg—c =c cosh(xg/c)—c
= (14.229 ft) cosh(25. ft/14.229ft) — 14.229ft
=282 ft.

Example (6):

. The cable is attached to a fixed support at A and a moveable support
at B. If the cable is 40 m long, and has mass of 0.4Kg/m. If the force
F holding the moveable support at the B is equal to 50 N in the
horizontal direction, determine the span and the sag.

The solution

The span is2xg, andxg can befound from A L n
Eq.(i), provided that we can determine

The distance c;

s = ¢ sinh(=2) ( Eq(i)evaluated at point B)

This equation can be solved explicitly for xz by rearranging it as

: XB Sp
sinh (—) = —
C C

Which implies:™ = sinh™1 (S—B)

C

1.17
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So xg = c sinh™! (S—B)

C

Then xp =csinh™?! (20 m) (1)

C

Because the 50 N force acting on the moveable support equals the
horizontal component, T, , of the tension in the cable, Eq.(v) with
T, = 50 N can be used to solve for c:
Ty = wc (EQ. (V) repeated)
or 50 N =[(0.4Kg/m)(9.81m/s?)]c
solving gives:

c=12.742m
Using this value of c in Eq. (1)gives:
xg = ¢ sinh~1(20 m/c)(Eq. (1) repeated)

= (12.742 m)sinh~*(20 m/12.742 m) = 15.708 m
S0, the span is
span = 2xg = 2(15.708 m) = 31.4m

The sag,h , can be calculated from Eq.(iv) and the known value of ¢
h =y —c =c cosh(xg/c) —c

= (12.742 m) cosh(15.708. ft/12.742 m) — 12.742 m = 28.2m

1.18
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Example (7):

A cable goes over a frictionless pulley at Band supports a block
of mass M. The other end of the

cable is pulled by a horizontal /—*-v
force P. i

If the cable has a mass per length P i |
of 0.3 kg/m, determine values of
Pand Mthat will maintain the cable in the position shown.

10m

The solution

The force P equals T, ,the horizontal component of the cable tension
givenT, = wc(Eg. (v) repeated)
so, with T, = Pthen:
P = wc (D)

Here:

w = (0.3 Kg/m)(9.81 m/s?)

= 2943 N/m (2)
The value of ¢ in Eqg.(1) can be found from Eq.(iv):

yg = c cosh(xg/c)(Eq. (iv) evaluated at point

or

5m+ ¢ =ccosh(10m/c)
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Solving numerically gives:
c =10.743m
Using this value of ¢ in Eq.(1)gives:
P = wc
= (2.943 N/m)(10.743 m)
= 31.617N

The cable tension at B must equals the weight,mg :

Tg = Mg
thus, the mass is
M=Tg/g
By Eq.(vi)
M = wyg/g
By Eq. (2)

M = [(2.943 N/m)(5m + 10.743 m)]/(9.81 N/m?)

=472 Kg

1.20
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Example (8):
A chain makes angles of Supports A and B MDO
are at different [
. elevation.
30° and 60° at its supports as ~ /B—L
30° »
shown. TNy

A

C

Determine the location of the
low point C

[ 20m -

of the chain relative to A. Also determine
the tension at support A, if the cable has
a mass per length of 0.6 kg/m.

The solution

The geometric data are shown in the figure. To determine the location
of the low point C relative to A, we need to determine the coordinates
XA and yA. We can get an equation

for XA by using the fact that the slope is known at A:

o d_y __[d(ccosh(x/c)) .
—tan30 = [dx]atA = [ — ]atA by Eq.(iv)

= sinh(x,/c)
Solving for x, gives:
x4 = csinh™1(—tan30") (1D
Similarly at point B , we have

xg = csinh™!(tan 60°) (2)
1.21
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The coordinates xa and xg are related to the 20-m span through the
equation:

Xp —Xg = 20m
By substituting from Eqgs.(1)&(2) we get:
csinh™1(—tan30°) — csinh™(tan60°) = 20

Since this equation is linear in c, it is easily solved to give ¢ = 10.717
m. Eq. (1) then gives

x4 = ¢ sinh™(—tan 30")(Eq (1) repeated)
= (10.717 m) sinh~*(—tan 30°)

= —5.887m
The y coordinate of point A can now be calculated fromEqg. (iv):
ya = ¢ cosh(xy/c) (Eq.(iv) evaluated at point A)
= (10.717 m) cosh(—5.887 m/10.717m)
=12.375m (3)
The vertical distance between support A and the low point C is given
by
d=y,—cC
=12.375m —10.717 m
= 1.658m (by Eq. (3))

The tension at A is given by Eq. (vi):

Tao = wya (Eq.(vi) evaluated at point A)
1.22
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= [(0.6 Kg/m)(9.81 m/s?)](12.375m) = 72.8 N.

Example (9):

A wire weighting 0.2 Ib/ft is attached to a moveable support at A and
makes an angle of 55° at a fixed support at B. Supports A and
B are at different elevations. Determine the location of the low

point C of the wire relative to support B. Also, determine the

tension in the wire at C.

The solution
To determine the location of the -~ N
low point,C , relative to the /4’}
support at B, we need to determine -

the coordinates xz and yg . We can
get an equation for xg by using the

fact that the slop is known at B.

. d
tan55 = [—yl
dxlgep

1.23




Statics (1) Dr.Mohamed Abd El-Aziz

_ [d(c co‘si};(x/c))]aw by Eq.(iv)
= sinh(xg/c)
Thus
xp = csinh™(tan 55") (1D

The value of ¢ occurring in Eg. (1) can be found by
the 8-Ib force acting at support A equals T,
component of tension at A, so Eq. (v) gives

Ty = wc (Eq. (v) repeated)
~8Ib=(02wlb/ft)c
Solving gives:
C =40 ft (2)
Using this result,C = 40 ft in Eq.(1)gives:
xp = ¢ sinh~*(tan 55 )(Eq. (1) repeated)
= (40 ft) sinh~*(tan 55)
= 46.169 ft
The vertical distance between B and C is:
d=yg—c
= ccosh(xg/c) — ¢

= (40 ft) cosh(46,169 ft/40 ft) — 40 ft
1. 24
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=29.7 ft

Since point C is the low point of the cable, the tension there is
horizontal and so must equal the horizontal component of tension
at A

which is known to be 8 Ib that is:

T.=81b.

Worked examples

Example (1): (The suspension bridge)

If a chain supports a continuous load,

Y p/
uniformly distributed, the chain
hangs in the form of a parabola. T
O is the lowest point of the chain
T, O l@ N
and P any point of the chain whose

coordinates referred to horizontal and
vertical through O are (x,y) The weight carried by the portion OP will
be proportional to ON and acts through Q the midpoint of ON. We may

1.25
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call it wx .
The other forces acting on the portion OP are T, the horizontal tension
At O and the tensionT at P, three of them must therefore meet at Q and

PNQ is a triangle of forces.

wx T,

. = T — 2
PN~ NQ 0y = WX

2

Hence, if we denote T, by wc ,thenwecanget y= ;C—C

this means that the curve of the chain is a parabola.

Now if the span of a suspension bridge is 96 m and the sag in the chain
IS 7 m .TheTwo branches of the chain support a load of 1000 kgper
horizontal meter. Find the tension at the lowest and highest points. The

load carried by OP is 24gkN .The triangle QPN is a triangle of forces.

The solution
VT

) 7//\

T, 0 l@ N
249

ON =24m , PN=7m ~Qp=25m
T, T 249

24 25 7
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T=840kN , T,=810kN .

Example (2):

A uniform chain of length 21 and weight w per unit length is suspended
between two points at the same level and has a maximum depthd.Prove
the tension at the lowest is w (1> — d?)/2d.1fl =50mand d = 20 m

find the distance between the points of suspension.

The solution

For the catenary y? = ¢? + 52,

\i/

C

AtBy=c+d , s=1
v (c+d)?2=c?+ 12
2c¢d = 1?2 — d?
c=1?-d?*/2d

the tension at the lowest is = wc = w (1> — d?)/2d .
1.27
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Ifl=50mandd=20m, then ¢ = 2500 — 400/40 = 105/2
Now s = csinhx/c
Hence if AB = 2x,
x = (105/2) sinh~1(20/21)
= (105/2)1lin[(20/21) + V{1 + (20/21)?}]
= (105/2)1in(49/21)
AB =105 x 2.303 log,,(49/21) =89m .

EXERCISES:
(1)A rope has an effective length of 20 mand mass5 kg per miter.

One end of the rope is 4m higher than the other. Find the
maximum

tension in the rope when the tangent at the lower end is horizontal.

(2)A {Jhniform chain of length 21 has its ends fixed at two points at
e

same level. The sag at the middle is h .prove that the span is

[(1? = R)/h]lin[(L + R) /(T — h)].

(3)A uniform wire hangs freely from tow points at the same level
200 mapart. The sag is 15 m . Show the greatest tension is
approximately 348 w and the length of wire is approximately 203 m

(4)Find approximately the greatest tension in a wire which has mass
100 g per miter when it hangs with a sag of 25 cm when stretched

1.28
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between two points at the same level 40 mapart.

(5)A uniform heavy chain of length 31 m is suspended from tow
points at the same level and30 mapart. Show that the tension at the
lowest point is about 1.08times the weight of the chain.

1.29




Chapter (2)
Direct Stress and Strain

(1) Stress:

The ability of a structural member to withstand load or transmit
force, as in a machine, depends upon its dimensions. In particular,
the cross-sectional area over which the load is distributed
determines the intensity or average stress in the member. If the
intensity of loading is uniform the direct stress, , f is defined as
the ratio of load, P ,to cross-sectional area,A , normal to the load as
shown in the Fig. Thus:

load

stress = ——
darea

or f=X

> ERd O«

Compression Area A

Mo o

Tension

2.1




If the load is in pounds and the area in square inches the units of
stress are pounds per square inch (Ib/in.?).There are another unit:

If,P , is expressed in Newton (N), and A, original area, in square
meters(m?) ,the stress,f , will be expresses in N/m? , this unit is
called Pascal (Pa) .

As Pascal is a small quantity in practice, multiples of this unit is used.
1 KPa = 103Pa = 103 N/m? (KPa = Kilo Pascal)
1 MPa = 10°Pa = 10° N/m?
=1 N/mm? (MPa = Mega Pascal)
1 GPa = 10°Pa = 10° N/m? (GPa = Giga Pascal)

The direct stress may be tensile or compressive according as the
load is a pull (tension), or push (compression). It is often
convenient to consider tensile stresses and loads as positive and
compressive stresses and loads as negative.

(2) Strain:

A member under any loading experiences a change in shape or size
inthe case of a bar loading in tension the extension of the bar
depends upon its total length. The bar is said to be strained and the
strain is defined as the extension per unit of original length of the
bar. Strain may produced in two ways:

2.2




1- By application of a load.

2- By a change in temperature, unaccompanied by load or stress.

If [ is the original length of the bar, x the extension or contraction in
length under load or temperature change, and ethe strain, then:

change in length

strain =
original lenth

x
or e ==7

Strain is a ratio and has therefore no units.
Strain due to an extension is considered positive, that associated with a

contraction is negative.

(3) Relation between Stress and Strain:

If the extension or compression in a member due to a load disappears
on removal of the load, then the material is said to be elastic. Most
metals are elastic over a limited range of stress known as the elastic
range. Elastic materials, with some exception, obey Hooke's, which
states that: the strain is directly proportional to the applied stress
Thus

stress

— = constant (E)
strain

le=—=FEor e=

2.3




where E is the constant of proportionality, known as the modulus of
elasticity or Young's modulus?

Since strain is a ratio, the units of Eare those of stress, i.e. pounds
per square inch.

Examples

Example (1):

A rubber pad for a machine mounting is to carry a load of 1000 /b
and to compress0.2in. If the stress in the rubber is not exceed

40 Ib/in.?, determine the diameter and thickness of a pad of
circular cross-section.

Take E for rubber as 150 Ib/in.?.

The solution
load
stress = ——
darea
. P
|.e f= X
0 — 1000
- mnd?/4
hence d* =31.83in? and d=5.64in
l.e. diameter of pad=5.64 in.

The increase in area due to compression has been neglected.
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reduction in length

Also stress = —
original length
) 40 0.2
then L =% this leads to—~ = 22
E l 150 l

therefore, thickness of pad is given by
[ =0.75in.

Example (2):

The Fig shows a steel strut with tow grooves cut out along part of its

length. Calculate the total compression of the strut due to a load of

24 tons.E = 12500 ton/in.?

| 24 tons

The solution

Suffices 1 and 2 denote solid and grooved portions, respectively. the
load at every section is the same,24 ton .

For the solid length of 18 in.
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compression x; =e;l =e; X 18

P 24

N — ;2
stress,f; = = 2z 6 tons/in.
. 6
strain,e; = hi %
E E

For the grooved length Of 12 in.

compression x, =e,l =e, X 12

24

_ P _ 2
stress,f, = yriarrmerrert 8 tons/in.
strain,e, = % = %

The total compression of the strut is equal to the sum of the
compressions of the solid and grooved portions. Therefore

X =x1+ x;

= (e; X 18) + (e, X 12)

6 8
= (Ex 18)+(Ex12)
204
" E

204
12500

= 0.0163 in.

Note: It has been assumed here that the stress distribution is uniform

over all sections, but at the change in cross-section the stress
2.6




distribution is actually very complex. The assumption produces little
error in the calculated compression.

Example (3):

Arod 10 mm X 10 mm cross-section is carrying an axial tensile
load 10 KN . In this rod the tensile stress developed is given by:

P 10 KN _0x10°N
S = AT Momm= 10mm) ~ 100 mm2z ¢
Example (4):

A rod 100 mm in original length. When we apply an axial tensile
loa 10 KN .The final length of the rod after application the tensile is
100.1 mm .So in this rod tensile strain is developed and is given by;

x 100.1mm-100mm  0.lmm . . :

e === = = 0.001(Dimenionless) Tensile.
l 100 mm 100 mm

Example (5):

A rod 100 mm in original length. When we apply an axial
compressive load 10 KN..The final length of the rod after
application compressive is 99 mm .So, in this rod compressive strain
is developed and is given by;

_ 99mm-100mm _ —-0.1mm _

= = = —0.001(Dimenionless) Tensile.
100 mm 100 mm

~ %
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Exercises

(1) A bar of 1 in. diameter is subjected to a tensile load of
10000 Ib.Calculate the extensionona 1 ft. length. E =
30 x 10*1b/in.%.

(2)A light alloy bar is observed to increase in length by 0.35 per
centwhen subjected to a tensile stress of 18 ton/in.? .Calculate
Young' modulus for the material.

(3)A duralumnin tie, 2 ft long 1.5 in. diameter, has a hole drilled
out along its length .The hole is of 1 in.diameter and 4 in.
long.Calculate the total extension of the tiedue to a load of 18 tons
E=12x%x10*Ib/in? .

(4) A steel strut of rectangular section is made up of two lengths.
The first 6 in. long, has breadth 2 in.and depth 1.5 in. ; the
second,4 in.long is 1 in. square. If E = 14000 tons/in.?,
calculate the compression of the strut under a load of 10 tons.
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Chapter (3)

Shear force and Bending Moment

(1) Shear force (SF):

The shear force in a beam at any section is the force transverse to
the beam tending to cause it to shear across the section. Fig.(3.1)
shows abeam under a transverse load W at the end D ; the other
end A is built in to the wall. Such a beam is called a cantilever and
the load W , which is assumed to act at a point, is called a
concentrated or point load.

Consider the equilibrium of any portion of beam CD . At section
C for balance of forces there must be an upward force Q equal and
opposite to the load W at D . This force Q is provided by the
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resistance of the beam to shear at the plane B ; this plane being
coincident with the plane section at C . Q is the shear force at B
and in this cace has the same magnitude for any section in AD .
Consider now the equilibrium of the portion of beam AB . There
is a downward force Q = W , exerted on plane B , so for balance
there must be an upward force Q at A . This latter force being
exerted on the beam by the wall.

Sign Convention

The shear force at any section is taken positive if the right-hand
side tends to slide downwards relative to the lift-hand portion,
fig.(3.2).A negative shear force tends to cause the right-hand
portion to slide upward relative to the lift. (In some books flowed
totally opposite sign convention).

R T Positive shear

z:::j:_%_ ‘_—_EEI

Negative shear

If several loads act on the beam to the right-hand side of section
C the shear force a C is the resultant of these loads. Thus, the
shear force at any section of a loaded beam is the algebraic sum of
the loads to one side of the section. It does not matter which side
of the section is considered provided all loads on that side are
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taken into account-including the forces exerted by fixings and
props.

(2) Shear Force Diagram (SFD):

The graph showing the variation of shear force along a beam is
known as the shear force diagram. for the beam of Fig 3.1 the shear
force was +W, uniform along the beam. Fig (3.3) shows the shear
force diagram for this beam, 0 — 0 being the axisof zero shear force.

‘ ,,

Shear force diagram

Positive
shear
force

Negative
shear

b
lorce
TONCE

(3) Bending Moment (BM):

The bending effect at any section X of a concentrated load W at D ,

Fig.(3.4) , is measured by the applied moment Wx , where x is the
perpendicular distance of the line of section of W from section X .

This moment is called the bending moment and is balanced by an
equal and opposite moment M exered by the material of the beam
atX, called the moment of resistance.
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Sign Convention

A bending moment is taken as positive if its effect is to tend to
make the beam sag at the section considered, Fig.(3.5).1f the
moment tends make the beam bend upward or hog at the section it
IS negative.

When more than one load act on a beam the bending moment at
any section is the algebraic sum of the moments due to all the
loads on one side of the beam. It does not matter which side of the
section is considered but all loads on that side must be taken into
account, including any moments exerted by fixings.

) (B
M M
Negative bending moment

Beam hogs

M M
) (e,
w | — Nt ‘w
Positive bending moment

Beam sags

W= Load
M= Moment of resistance
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(4) Bending Moment Diagram (BMD):

The variation of bending moment along the beam is shown in a
bending moment diagram. for the cantilever beam of Fig 3.1 the
bending moment at any section X is given by:

bending moment= —Wx (negative, since the beam hogs at X)

X
S f4_-————> w
Fixing A X
moment 1 lp

Positive

bending
moment ? o)

Negative
bending
mement

Bending
moment
diagram

M= =/

Since there is no other load on the beam this expression for the
bending moment applies for the whole length of beam from x = 0
to x = [ .The moment is proportional tox and hence the bending
moment diagram is a straight line. Hence the diagram can be
drawn by calculating the moment at two points and joining two
corresponding points on the graph by a straight line.

AtD, x =0 andbending moment =0
AtA4, x =1 andbending moment=—-WI

Since the bending moment is everywhere negative the graph
plotted is below the line 0—0 of zero bending moment,
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Fig.(3.6). At the fixed end A the wall exerts a moment WI
anticlockwise onthe beam; this is calleda fixing moment.

(5) Calculation of Beam Reactions:

When a beam is fixed at some point, or supported by props the
fixings and props exert reaction forces on beam. To calculate these
reactions the procedure is:

(a) equate the net vertical force to zero;
(b) equate the total moment about any convenient point to zero.

Note (1): Distinguish carefully between "taking moments" and
calculating a "bending moment":

(1) The Principle of Moments states that the algebraic sum of the
moments of all the forces about any point is zero, i.e. when forces on
both sides of a beam section are considered.

(2) The bending Moment is the algebraic sum of the moments of
forces on one side of the section about that section.

Note (2): What are the benefits of drawing shear force (SF) and
bending

Moment (BM)diagram?

The benefits of drawing a variation of (SF) and (BM)in a beam as a
function of 'x’ measuredfrom one end of the beam is that it becomes
easier to determine the maximum absolute value of (SF) and
(BM).The (SF) and (BM) diagram gives a clear picture in our mind
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about the variation of (SF) and (BM) throughout the entire section of
the beam.

Further, the determination of value of deflection of beam subjected

2
to a given loading where we will use the formula EL d—yz =M, .
dx

Examples

Example (1):

Draw the (SF) & (BM) diagrams at any section for a light
horizontal beam AB ,its length is L .The end A of the beam is fixed
at a vertical wall, while the free end Bis loaded by a weight W .

The Solution

> x

We take a section for the beam at C , where:

AC = x & CB=L-—x
3.7
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We study the equilibrium of the part CB or the part AC .

The study of the right part CB is easier than the lift part AC ,
because the existence of the reaction R and the couple S .

The shear force (SF) is N=W (1)
and the bending moment (BM) is M=W(L-x)(2)

From EQ.(1) the (SF) N is constant at any section and so it is a
straight line parallel to x —axis As shown in the next Fig..

But from EQ.(2) the (BN) M is depending on x , and its diagram
isshown in the next Fig.

M
wL

x=0 X1,
A B

For the equilibrium of the beam AB we find that:
R=W , S=WL.

3.8




Statics (1) Dr.Mohamed Abd El-Aziz

Example (2):

Draw the (SF) & (BM) diagrams for a light horizontal beam AB
Jits length is L .The end A of the beam is fixed at a vertical wall,
while the free end B is free. The beam is loaded uniformly by a

weightw per unit length.

The Solution
e , .
4= IFEYY IR N YR EEEY!
j‘ X =C<— l—x ———»B
N
!
D
llll‘r lw%w
© -9 G-x B
- 2 —> fe—— —
M ‘
w(l - x)

We note that the weight of the part CB is w(L — x) and acts at its
middle point. From the equilibrium of this part we find that:

The (SF) is N=w(l-x)(1) ,

andthe BM)is M = w(L —x) =2 =2 (L - x)%(2) .
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Then the (SFD) &(BMD) will be shown in the following Figs.

N M

wl

wl

Example (3):

Draw the (SF) & (BM) diagrams for a heavy horizontal beam AB
Jits length is L , and w is its weigh per length. The beam is
standing on two weidges in the same horizontal plane atits ends.

The Solution

Ry
!
A

R2
1.
AN

'

NI~
N

From the symmetry we find that:

R, =R,=wL/2 Where R, + R, = wL.
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By considering the equilibrium of the part AC , we find that:

R1=a)X+N
1
. E(A)Lza)X‘I'N

TaRICS

And by taking the moment about the point C , we get:
X
M + wx (E) = R.x

s M=

2 Lx—2x%2 = -2 (x2 - Lx).
2 2 2

The (SFD) &(BMD) will be shown in the following Figs.

L J
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Example (4):

Draw the (SF) & (BM) diagrams for a light horizontal beam AB
Jits length is 11 ft , and stands on two weidges in the same plane
at its ends. The beam carries p; = 2000,p, = 1500,p; =
2500 lb at the three pointes a,b,c such that Aa =ab =
2 ft &bc =3 ft .

The Solution

= 2500 4
T P, = 2000 P = 1500 L ke i

Y S .

— o — . 3 > - 3

From the equilibrium of the beam we get:
R,i,R, = 2000 + 1500 + 2500 = 60000 (1)
By taking the moment about the point B we get:
11 R, = 2000 X 9+ 1500 x 7 + 2500 x 4
~ 11 R, = 38500 - R;=35000lb (2)
By substituting from (1) in (2) we get:
R, = 25001b 3 )

For determination the (SF) &(BM) at any point we consider the
sections where:
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()0<x<2
N1=R1 = 3500 lb

M;-R;x = 3500x b T S z
(i)2<x<4 +

N, = R, — p; = 3500 — 2000 = 1500 Ib
M,_R; x — 2000(x — 2) = 3500 x — 2000(x — 2) lb

R,
* P, = 2000

(liDd<x <7
N3 =Ri —p1—Dp2
= 3500 — 2000 - 1500 =01b
M; = Ry x —2000(x —2) —1500(x — 4)
= 3500 x — 2000(x — 2) — 1500(x —4) Ib

R, Py Pz
‘r My
> 2 2 X —- " ’)
s 0—:—' x—-2 —
)7 <x<11
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Ny =Ry —p1 — D2 — D3
= 3500 — 2000 — 1500 — 2500 = —2500 b

M, =R;x—2000(x —2) —1500(x —4) — 2500(x — 7) —
= 3500 x — 2000(x — 2) — 1500(x — 4) — [b2500(x — 7)

Py

N,

Example (5):

Find the (SF) and defined the maximum (BM) at a point d for a
light horizontal beam AB ,its length is 2L and stands on two
weidges in the same plane at its ends. The beam carries a movable

weightab = 2hw where 2h(h < L)is its length. Then draw (SFD)

Ad

&(BMD), and prove that ad _ 44,
ab dB

The Solution

Ry R:

Al L LIHIIIIIHllllllllHllllllllllllllllllltﬁl) LB

e O ——— ’Q——h——-’
2wh
2!
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By taking a position for the beam ABas shown in the figure such
that Aa = c, and by finding the value of ¢ , which makes the (BM)
at d is maximum.

In case, the equilibrium of AB , we get:
R1 + Rz = 2wh
By taking the moment about the point B we get:
Ry X 2L = 2wh(2L — c — h)
wh
g R1 ZT(ZL—C—h)

By taking a section at pwhere,AP = x & x < c, we get:

wh
N = R1=T(2L—c—h)

And, by taking a section at d where ,Ad =x & x > c, we get:

N = Rl_(ﬂ(x—C)

wh
=T(2L—c—h)—w(x—c)
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h 1
M = wT(ZL—c—h)x—Ew(x—c)

L——f——— L —)w

wi(x — ¢c)

The maximum value of M will be when

am . xXwh
—= 0, I.e.—T+w(x—c) =0

C=(1—%)x

By substituting in M , we have:

wh h 1 h
Mmasz 2L—h—x(1—z) x—zw x—x(l—z> X

In this case, we find that :

h
ad  x-¢ ¥ _ hL(x) _ x _ Ad
db  2h—(x-c) 2h—%x

h *
Reor — 2L—x dB
L(ZL x)

Example (6):

AB is a beam, its length is L , and the end Bis fixed at a vertical
wall. The beam is loaded by a weight W distributedlinearly, by
uniformly increasing, starting from zero at the free end A.Find the
(SF) & (BM) then draw its diagrams.
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The Solution

The density of loading is w = w(x) at the section C ,where AC =
X,

Then w = yx (linearly distribution)
w = fOLa) dx = fOLyx dx

wW=yL%2/2 o y =2W /L2

v w=yx =QW/L*)x

For the section AC , we get

X

X
N=P=fa)dx=f(2Wx/L2)dx
0 0

A

~ N =Wx?/L%)
We note that the weight P dived AC by the ratio
AE = 2EC = 2x/3
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By taking the moment about C we find that

M = P(x/3) = Wx?/L*)(x/3) = Wx3/3L3)
Wenotethat R=W ,S=WL/3 and
AF = 2FB = (2/3)L .

M

3.18




Statics (1) Dr.Mohamed Abd El-Aziz

Exercises

(1)Draw the (SF) & (BM) diagrams at any section for a light
horizontal beam AB ,its length is L .The end A of the beam is fixed
at a vertical, while the free end B is loaded by a weight wL .

(2)Draw the (SF) & (BM) diagrams for a light horizontal beam
AB its length is L , and stands on two weidges in the same plane
at its ends. The beam carries two equal weightsp; = p, = w at
the two points C&D such that AC = DB =a, (a < L/2).

(3)Find and draw the (SF)&(BM) for a light horizontal beam AB
its length is10 ftand stands on two weidges in the same plane at
its ends. The beam is loaded by a uniformally distributed weight,
where w = 10 Ib per unit length.
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Chapter (4)

Bending of the beams

Introduction :

(*) WE know that the axis of a beam deflects from its initial position
under action of applied forces.

(*)In this chapter we learn how to determine the elastic deflection of a
beam.

Selection of co-ordinate:

<

We will not introduce any other co- ordinate
system. We use general co- ordinateaxes

as shown in the figure. This system will be > X

followed in deflection and in shear force and

bending moment diagram. Here downward direction will be negative
I.e. negative Y —axis.Therefore,downward direction of the beam will
be treated as negative.

To determine the value of deflection of beam subjected to a given

2
loading where we will use the formula EL d—z =M, .
dx

Some books fix a co- ordinateaxesas shown in the following figure.
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Here downward direction will be positive i.e. positive Y —axis.
Therefore,downward direction of the beam will

be treated positive. As beam is generally »X
deflected in downward direction and this

co-ordinate system treats downward

deflection is positive deflection. vy

To determine the value of deflection of beam subjected to a given.

2
loading where we will use the formula EL 2% = —M, .
dx

Why to calculate the deflections?

(*) To prevent cracking of attached brittle materials.

(*) To make sure the structure does not deflect severely and to
‘appear’ safe for its occupants.

(*)To help analyzing statically indeterminate structures.

(*)Information on deformation characteristics of members is essential
in the study of vibrations of machines.

Now the equations that we will use for find the bending of beams are :
2 3

YN = +K &2

d x? d x3

Where K = EL is Rigidity Flexural, M&N are (BM) and (SF)

M = +K
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There are boundary conditions that will be satisfied at some points at
the fixed beams which are:

(i) At the free ends of the beams (BM) and (SF) are equal to zero so

y'=0 &y"=0.

(ii) At the fixed points there is no bending and so

y=0 &y =0.

(iii) At the fixed points there is no bending moment and so

y' =0.

(iv) At the free end there is no shear force and so

y" =0,

(v)If thebeam is simple standing at its ends the deflection and BM
Will tends to zero i.e.

y=0 &y" =0.

NONN NN
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Examples

Example (1):

A uniform beam AB stands at its ends A&B on two widges in the same

horizontal plane .Prove that the deflection at a distance x from one end
(A say) is equal to %(x —a)(a? + ax — x?) where a is beam’s
length and w is weight per length.

The solution

The (BM) about the point, where AC = xis:

M= -2+ 2x2(1)
=——x+=-x
2 2
_ g &y
But M = EL —(2)
. M=ELLY o 9%, 42,23
' B axz 2 XX
By integration twice, we get:
dy wa W
EL —=——x?+—x3 4
T, 2 X +6x +c (4)
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EL ——ﬂx3+2x4+cx+c’(5)
Y=Y T

From the boundary conditions:

At A: x=0 , y=0 W =0
3
At B: X =d4a , y:o K C:&
24

~bysubstitution in (5) we get:
ELy = —%(a3 + x3 — 2ax?)

wx
24 K

y = (x — a)(a? + ax — x?)

Example (2):

ABis a uniform beam, the end A is fixed at a vertical wall, while the
end B is free. Prove that the deflection at B under the action of its
weight is equal to 3/8 the deflection if we consider the beam is light
and the end B carries a weight equal to the weight of the beam.

The solution

If we consider the length of the beam is, and w is the weight per unit
length, we get:

(i)The first case (The beam is heavy):
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The (BM) at a point C where CB =1—x is
w
M = E(l - x)%(1)

: a’y _ @y 2
. EL vl 2(l 2lx + x<)(2)

By integration we get:
y _ o2, 1,2, %
Ede—z(lx [x +3)+c

At A: x=0 , y' =0 v ¢c=0

By integration again we get:

1 _w12213+x4+,
Y=\2* 738 T e

At A: x=0 , y=0 =~ ' =0

wl*

V1= )=t = 8K (*)
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(ii)The second case (The beam is light):

R == wi

1 o

G

wl

M=wl(l—x)(1)

Lo 4%y
: Ede2= wl(l —x)(2)
T A PO B
dx—(,() X 5 C

At A: x=0 , y'=0 +~ ¢c=0

By integration again we get:
ELy = (l 2! 3)+ '(5)
y=w Zx 6x c

At A: x=0 , y=0 o~ ¢ =0
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At B: x=1l , y=y,

wl?

V2 = (Vx=1 =

From(x*) and (**) we get:

Y1 _3 3
v, 8 V1= g2
Example (3):

ABis a light uniformbeam, its length is(a + b) .The beam stands on
two wedges at its ends A&B in the same horizontal plane, the beam

carries a weight equal to W at the point C , where AC = a . Find the
curve of the beam.

The solution

From the equilibrium of the beam we get:
RA + RB =W
And by taking the moment about the point B we get:

Ry(a+b)=W(b),
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R = Wb 2R, — Wa
A7 (a+b) BT (a+b)

The curve of the beam can be determined from the two following
equations:

0<x<a as<x<a+b
d’y _ Wb d’y _ _ wb B
EL — = @ X EL — =~ ot )x+W(x a)
gL w2 Wb W o
.Ede— ar b)2+ EL (a+b)2+ 2(x a)-+c

And because of the continuity at x = a then ¢ = ¢’
Again, by integrating, we have:

Wb x3 __ Wb x* w33 ,
a b)6+cx+DELy (a+b)6+6(x a)’+cx+D

ELy = —

And also because of the continuity at x = athen D = D',

Andsoatx =a ,y=0 + D=0
Wba+2b
atx =a ,y=0 +~ c= 6(atD)

Now we can get:

Wb x3  Wba+2b
ELy = —(a+b)?+ oarn) 0<x<a

Wb x3 +W( )+ Wbha + 2b LD
(@a+b) 6 XAt Gt n

ELy = —
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Wb x3 W +Wba+2b
(@a+b) 6 ' 6 6(a+b)

Example (4):

AB is a lightuniform beam , its length is(a + b + ¢) .The beam stands
on two wedges at its ends A&B in the same horizontal plane, The beam
carries two weights equal to W, &W, at the pointsC&D , where AC =
a,BC = b,CD = c . Find the curve of the beam.

The solution

A,,J b [ c JA
W, A

From the equilibrium of the beam we get:
RA + RB = Wl + Wz

And by taking the moment aboutthe point A then about the point B we
get
_ Wi (b +c) +Wye _ Wia+ W,(a+b)
A7 (a+b+0) B (a+b+0)

The curve of the beam can be determined from the two following
equations:

0<x<a a<x<a+b, a+b<x<a+b+c
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EL—x= —Ryx+ W (x—a) + Wo(x —a—>b)

dy x? 1 1
EL == —RA7+5W1(x—a)2 + oW (x — a — b)?.

The constants had been equaled in the three sections because the
continuity of the functions.

Also, we can get the deflection in the form:

3
ELy = —RA%+%W1(x—a)3 +%W2(x—a—b)3.

Exercises

(1)ABis heavy beam which the end A is fixed at a vertical wall, while
the free end Bcarries a weight wl ,where . prove that the deflection is

1 1\ wl* 11 wl*
y=t3) % = m
8 3 K 24 K

(2)A light alloy bar is observed to increase in length by 0.35 per
centwhen subjected to a tensile stress of 18 ton/in.? .Calculate
Young' modulus for the material.

(3)A duralumnin tie, 2 ft long 1.5 in. diameter, has a hole drilled out
along its length .The hole is of 1 in.diameter and 4 in. long.Calculate
the total extension of the tiedue to a load of 18 tons . E =

12 x 10*Ib/in.? .

(4) A steel strut of rectangular section is made up of two lengths. The

4.11
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first6 in. long, has breadth 2 in.and depth 1.5 in. ;thesecond,4 in.long
is1 in. square. If E = 14000 tons/in.? calculate the compression of

the strut under a load of 10 tons.

4.12
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PART II—HYDROSTATICS

CHAPTER 10

FLUID PRESSURE
10.1. Introductory

Whereas Statics deals with the equilibrium of a rigid body, Hydro-
statics deals with the equilibrium of fluids. A Jflwd is defined as a body
whose constituent particles act on each other with a pressure which is
normal to their common surface when the fluid is at rest. When a
fluid is in motion this pressure may have a component in the plane of
the common surface, and this component of the pressure is called
viscosity. A perfect fiuid is defined as one in which there is no viscosity,
and which therefore offers no resistance to the separation of its particles.
Since in hydrostatics we are dealing with fluids which are at rest, we
need make no distinction between viscous and non-viscous fluids, and
we have that the pressure of a fluid in equilibrium is always normal
to any surface with which it is tn coniact.

Fluids are divided into liguids and gases. A liquid is a fluid which
may be taken as incompressible, such liquids as water or MEercury can
only be appreciably compressed by very great pressures. A gas, on the

other hand, is easily compressible and is c\apabl_ga of indefinite expansion
to fill the space which contains it. 4

10.2. Pressure at a Point

The pressure of a fluid on a given area of surface may be uniform or
varying. The mean pressure on a given area is measured by dividing
the total thrust on the area by the area. Thus a thrust of W Ib. wt.
on an area of A square inches gives a mean pressure of W/A 1b. wt.
per square inch. :

The pressure at a point is the mean pressure over an indefinitely small
area surrounding the point, and is measured in units such as Ib. wt.
per square inch or grammes weight per square centimetre or dynes per
square centimetre. o _ :

The pressure at a point in a fluid in equilibrium is the same in all
directions. _ S _

This means that if a surface could be made to pass through any point
of the fluid without disturbing equilibrium, the pressure on the surface
at the point would be independent of the orientation of the surface.

The theorem is proved by considering the thrusts of the remainder

( »)

Scanned with CamScanner



FLUID PRESSURE

of the fluid on the faces of a small triangular prism of the ﬂllid. :Lfﬂ;
the right-angled triangles ABC and DEF (Fig. 136). be end faces %
the prism perpendicular to its length with BC and ET horizontal, A

Fic. 136.

and DE vertical. Let p,, pa, p; be the mean pressures on the faces
ADEB, BEFC, ADFC respectively. Let w be the weight per unit
volume of the fluid and I the length AD of the prism. The weight of
the prism W, is given by

W =4314AB.BC.!.w.

The thrusts on the three faces are

= pAB .1, p,BC.l, pCA .1 respectively,
normal to the faces, and the thrusts on the end faces A BC and DEF
will be equal and opposite. Hence for equilibrium, resolving hori-
zontally and vertically we have

P AB .l = pCA . lcos BAC,
$poBC .1l = p;CA .lcos ACB + $4AB . BC .1 . w.

Hence,
' pAB .l =pAB .1,
p,BC.l=p,BC.l+41AB.BC.l.w.
Therefore,
P = Jt’a.: i ‘
Py =25+ 34B . w.

In the limit, as A B tends to zero and the size of the prism decreases
indefinitely, we have
pr=1t2=Ps,
that is, the pressure at the point in the three directions considered

are equal. )
This result is confirmed experimentally by introducing pressure-

gauges in a fluid which record the same pressures at a point for different

orientations.
The pressure at a point in a fluid in equilibrivm is the same for poinis

at the same horizontal level. .
This theorem is proved by considering the thrust of the remainder

of the fluid on a small right circular cylinder of the fluid whose axis
is horizontal (Fig. 137).

(2)
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Let a@ be the area of each end of the cylinder, and let the mean
pressures on the ends be p, and p,

b, - respectively.
> The pressure at any point on the

Fie. 137, curved surface of the cylinder will
be perpendicular to the surface, and
therefore perpendicular to the axis of the cylinder. Hence the only
forces parallel to the axis of the cylinder will be the thrusts on the
ends, and since the cylinder is in equilibrium, we have

P1a = poa,
1= P

$,and p, are the mean pressures over theendsof the cylinder, and when
the radius of the cylinder is diminished indefinitely they become the
pressures at points at the same horizontal level, and the theorem is
proved. '

The pressure al a point in a fluid in equilibrium increases . pro-
portion fo the depth of the point.

This theorem is proved by considering the thrust of the remainder
of the fluid on a small right ‘circular cylinder of the fluid whose axis
is vertical (Fig. 138). Let a be the area of each end
section; let the mean pressures on the upper and lower
ends be p, and p, respectively, let 7 be the height of
the cylinder and w the density of the fluid. Then, since
the pressure at any point of the curved surface is per-
pendicular to the axis of the cylinder, the only vertical

% Po
Lw '
forces are the thrusts on the ends and the weight of the L’_/

that is,

cylinder and we have for equilibrium

pa = pea + ahw,
that is, FiG. 1'38.
1= po + hw. :

In the limit as the radius of the cylinder diminishes indefinitely p, and
p, are the pressures at points whose difference in level is 7, and the
theorem is proved. * -

Since p, and p, are pressures per unit area, it follows that the differ-
ence between p, and p, is the weight of a column of the fluid of unit
cross-sectional area and height /.

Example 1. Find the increase in pressure on descending a dej;th of 20 ft. in water,
the density of the waley being 62:5 Ib.[cu. fi.
Let p, and p, be the upper and lower pressures in lb. wt./sq. it
The weight of a column of water of cross-sectional area 1 sq. ft. and height
20 ft. is 1250 1b. '

Hence, 1 — po = 1250 1b. wt./sq. ft.

1250, " .
=31 1b, wt./sq. in.
= §3-48 lb. wt./sq. in.

(3)
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FLUID PRESSURE

10.3. Atmospheric Pressure

The pressure on the surface of a liquid will be that due to the atmo-
sphere. This pressure varies with the prevailing atmospheric €OI”
ditions, but is generally about 144 Ib. wt./sq. in. The atmospheriC
pressure is usually given as the height of the mercury barometer, and
the pressure is the weight of a column of mercury of unit cross-sectional
area whose height is that of the barometer. )

The average height of a mercury barometer is about 30 in. The
corresponding height of a water barometer would be about 33 ft.
Hence the pressure at a depth x in water when the water barometer
records 33 ft. will be that due to a column of water of height » -+ 33 ft.

The additional atmospheric pressure is frequently omitted when

calculating pressure in a liquid.

10.4. Transmissibility of Fluid Pressure

We have seen that pressure in a fluid at rest is the same at points
at the same level, and that the difference in pressure at different
levels is the product of the density and difference in height.

It follows that if an additional pressure is applied to any point of a
fluid at rest in a closed vessel, this pressure 1s transmitted to every
point of the fluid.

It follows also that the free surface of a liquid at rest under gravity
must be horizontal, and that the free surfaces of liquids in inter-
communicating vessels must be at the same level. This assumes,
of course, that the extent of the liquid is limited and that the weights
of its particles may be taken as acting in parallel directions.

The Hydraulic Press

The hydraulic press is a machine which makes use of the trans-
missibility of fluid pressure to obtain mechanical advantage.
Essentially it consists of two inter-communi- N
cating cylinders containing liquid (Fig. 139). 'w

A force P applied by a piston in the smaller | P
cylinder is used to overcome a resistance W = ——J 1
to a piston in the larger cylinder. Let the /7;/ ///
cross-sectional areas of the larger and smaller // 7/ 94 &,

i ivel The f / / . b e
cylinders be a and b respectively. e force L7777

P on the smaller piston causes an increase
in pressure P/b throughout the liquid, and Fic. 130.

therefore at every point on the larger piston.
a"?‘Ja)”! F ot
n

Hence, the additional thrust on this piston is a x -bI_D. =g P, and if

this thrust equals W the mechanical advantage is a/b.
- If the smaller piston ‘descenids a distance x, a volume xb of liquid
moves into the larger cylinder and lifts the larger piston a distance

NAY)
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xbja. Hence the velocity ratio of the machine is a/b and the principle
of work is verificd. el e

The hydraulic press is sometimes ‘r‘ballcd Bramah's press, after the
inventor of a U-shaped leather collar for the large piston, which is
pressed against the sides of the cylinder by the liquid pressure to

prevent leakage.

10.5. Density and Specific Gravity

The density of any substance is the mass of a unit volume of the
substance. The density of water is usually taken as 62:5 Ib./cu. ft.
In metric units the density of water is taken as 1 gm./c.c. The density
of a substance, therefore, relates to certain units of mass and of volume.
In general, the density of a substance varies with its temperature,
but in the case of liquids this variation is slight and is usually neglected.

The specific gravity of a substance is the ratio of its density to that
of water and is a number independent of the units in which the densities
atre given. Thus, if the specific gravity of a substance is 4, its density
1s 4 X 62-5 = 250 Ib./cu. ft. or 4 gm./c.c.

Example 2. Five litres of a liquid of specific gravity 1-3 are mized with T litres of
a liquid of specific gravity 0-78. If the bulk of the liguid shrinks 1 per cent.
on mixing, find the specific gravity of the mixture. P (L.U.)
Let w grammes be the mass of a litrg,of water. Then the total weight of the
- mixture is e

L

v 5 x 1:3w + 7 X 0-78w gramimes.
The volume of the mixture is
12 x 0-99 litres.
The mass of one litre of the mixture is therefore

5 x1347x%x078
12 x 0-99
= 1'007w grammes.

Hence, the specific gravity of the mixture is 1-007.

w gramimes.

EXERCISES 10 (a)

1. The pressure in a water pipe at the’bottom of a building is 53 Ib. wt. /sq.
in.; at the top it is 10 1b. wt./sq. in. Find the height of the building.

2. Find the pressure in tons/sq. in. at a depth of 1000 fathoms in sea
water. (1 fathom = 6-08 ft., specific gravity of sea water 1:024.)

3. A bottle is filled with liquid of specific gravity ¢ and is weighed. A
solid body, whose weight in air is W gm. and whose specific gravity is
o', is put into the bottle and the overflow removed. Prove that the
increase in weight is W(¢’ — o)/o’. 1f W = 2-45, and if water is the
liquid used, the increase in weight is 1:95 gm. Calculate the specific
gravity of the solid. (L.U.)

4. A hollow spherical shell of external and internal radii a and b res- -

pectively has a specific gravity-S. — If the shell can float in water, prove

thatg> (1 = é)* |

5)
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FLUID PRESSURE

Deduce that for iron (sp. gr. 7-8), the thickness cannot exceed
0:045 of the external radius. (L.U.)
5. If 16 c.c. of sulphuric acid of specific gravity 1-85 are mixed with 7 c.c.
of water, and if the specific gravity of the dilute acid is 1-64, find the
contraction in volume which has taken place. (L.U.)
6. Find the atmospheric pressure which is equivalent to that at a depth
of 30 in. in mercury (sp. gr. 13-6).
Two vertical cylinders of cross-sectional area 120 and 200 sq. in.
respectively contain water and are connected at their bases by a pipe.
On top of the water in the smaller cylinder is a light piston which fits
the cylinder. A weight of 50 lb. is placed on the piston. Find the
amount by which the piston is lowered and the free surface in the other
cylinder raised.

10.6. Common Surface of Liquids

Tt can be shown that the common surface of two liquids of different
densities which do not mix is a horizontal plane. N
Let the densities of the liquids be p; and p,, Where y 7
p; < pp. Let Cand C’ (Fig. 140) be two points in the % %5/4'
same horizontal plane in the lower liquid, and let \\ \§\P\§
verticals through C and C’ meet the common suriace \ c\:'\
in B and B’ and the free surface of the upper liquid in B >
A and A’ respectively. If p, be the pressure at the free F1G. 140.

surface and p the pressure at C and C’, we have by
considering the equilibrium of small columns of the liquids of heights

AC and A'C’

P — Do pAB + . BC,
P — Py = p, A'B" + e, B'C’.

|

Hence
0,AB -+ p3(AC — AB) = 0A'B' + poA'C' — A'B)),

and since AC = A’C’ we have

AB = A'B'.
Therefore, since the free surface is horizontal, the common surface of
the liquids must be horizontal.

10.7. Measurement of Relative Density
The relative density of liquids which do not mix may be measured
: ~ in a U-tube. With the heavier liquid filling
the bottom of the tube, let XX’ be the level
- of the common surface of the liquids (Fig.
I 141). Let p, and p, be the densities of the
A, liquids (p; < po) and let their free surfaces be
{ . atheights 7, and h, above XX
X Then, since the pressure at the level XX’
must be the same in the two arms of the
: tube, we have
Fic. 141, | puhy = polia,

-
)

&/
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and hence by measuring kb, and hy the relative density may be
found.

Similar calculations may be made when more than two columns of
liquids balance in a U-tube.

Example 3. Sonte mercury (sp. gr. 13:6) is poured inlo a uniform U-tube and inlo
one arm alcohol (sp. gr. 0-8) is poured which occupies a length 68 cm. of the
tubc. What is the difference in level of the free surfaces of the liquids? If
now chloroform (sp. gr. 1:5) is poured into the other arn until the free surfaces

of the chloroform and alcohol are at the same level, what length of the tube is
occupied by the chloroform?

In the first case let & cm. be the height of the column of mercury above

the level of the common surface of mercury and alcohol.
Then we have

68 X 08w =1 x 13-6w,
where w is the mass of water that would fill 1 cm. of the tube.
Hence,
I = 0-4 cm,,
and the difference in level is 6:8 — 0-4 = 6-4 cm.

When chloroform is added let h, cm. be the length of tube it fills.

Then, since the free surfaces are at the same level, the pressures at depth
h, in either arm will be the same. That is

hy X 16w = 68 X 0-8w + (k; — 6-8) X 13-6w,
b kl = 7'2 CcIm.
10.8. Thrust on a Plane Area .

If a plane area be immersed in a liquid, the pressure at any point
will be perpendicular to the area and the total thrust is the sum of these
parallel pressures over the area.

If the area is horizontal, the pressure at any point will be p/;, where
h is the height of the free surface above the area and p the density of
the liquid. Hence, if 4 be the total area, the thrust on it will be

pAh. o
J.".- P i
If the area is not horizontal, let § be the depth of its centroid G below
the free surface (Fig. 142). Let a small element of area 64 be at a

depth y below the free surface. Then the
thrust on the element 34 will be

/ pv8A.

Summing such quantities over the whole area
- we have the total thrust = ZpysA.
But the depth of the centroid of the area is
given by '

f

|
5

Therefore, if the density of the liquid .is
Fie. 142. uniform the total thrust is

[ pAy.
Hence, the total thrust on a plane area immersed in a given liquid

(F)
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FLUID PRESSURE .

depends only on the area and the depth of its centroid. It follows
that if the area, while remaining immersed, be rotated about any axis
through its centroid, the total thrust on the area is unchanged.

'We have found that the magnitude of the total thrust on a plane area
depends on the depth of the centroxd the point where this force may
be taken to act is called the centre of pressure, which is not at the
centroid unless the area is horizontal.

10.9. Thrusts in Liquids of Differing Densities

Suppose we have a plane area immersed in two layers of liquids of
densities ¢, and p, (p; < py), S0 that the

common surface of the liquids divides the i
area into two parts. W
Let the areas of the two parts be 4, and il /d

A,, and the depths of their centroids below N\ G,
the free surface #; and %,. Let 4 be the Fa
depth of the upper layer (Fig. 143). \\

Then the thrust on the area 4, Fie. 143,
= A, %py,
which is the product of the area A4, and the pressure at its centroid.
At each point of the area A, there is a pressure p,d due to the upper
layer of liquid, equivalent to a thrust A,e,d at its centroid. In
addition, due to the liquid of density p,, there is a thrust A.p, (Xy — d)

on the area 4,.
Hence, the total thrust on the area 4,

= Aoleid + eo(%2 — d)},

and this is the product of the area 4, and the pressure at its centroid.

It should be noted that the thrust on a plane area immersed in a
liquid may be greater than the entire weight of the liquid. For
example, if a vessel in the form of a hollow pyramid of base area A
and height % be filled with liquid of density p through a hole at the
vertex, the base, being horizontal, is at a depth /4 below the free surface
of the liquid, the pressure at any point of the base i1s ph and the total
~ thrust on the base is pA4h.

The weight of the liquid is JpAA.

The difference between the thrust on the base and the weight of the
liquid arises from the downward thrust of the sides of the pyramid on
_the liquid. Hence, the u#pward thrust of the liquid on the sides of the

pyramid will be 4pAh.

Example 4. A tank whose base is 3 ft. by 4 ft. and height 2 ft. is half filled u.u'th
water. It is turned about one of the shorter edges of ils base until the water just
begins to overflow. Find the thrust on one of its vertical sides and on ils base

in this position.

()
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~of its vertical faces will be

— ADVANCED- LEVEL
When the tank has been tilted
horizontal (Fig. 144).

, a diagonal

Area immersed of a vertical face

=4 5q it.,
length of the diagonal = 2v5 ft.,
4 -
maximum depth of water =75~ 0-8V'5 ft.,
depth of centroid of immersed area = :—31— x 0-8V5 it.,

I

thrust on vertical side
— 149-1 1b. wt.

= 0-4V/'5 ft.

= 12 sq. ft.

— 625 x 12 x 0:4V5,
= 670-8 Ib. wt.

Depth of centroid of base
Area of base

Thrust on base

area ABCD, with AB horizontal and DC below
homogeneous liquid at vest under gravity.

E is the middle point of AB. Show that the ratio of the thrusts on the triangles

CED and DEA lies between 2 1 and 4: 1, depending on the depth of AB below

the free surface of the liguid. Find the depth of AB when this ratio s 5: 2
(L.U.)

aind AD s 4 f1.
Let I be the depth of 4B below the {ree surface, a the length of AD and

p the density of the liquid (Fig. 145).

Example 5. A vertical rectangular
AB, is subject o the pressure of a

A 5
£
' -
A E By
i |
a
/ [}
lD C--*.
Fic. 145
Area CED : =%'d.AB
area DEA = -i— a.AB,

depth of centroid. of CED =} + ga e

(A4)
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depth of centroid of DEA = h 4 ,!‘a,

)
thrust on CED = .1, paAl3 (h -J- ; (t),
thrust on DEA = ‘-]tpaAB (h -+ .lj n),
_ 2(8h 4- 2a)

ratio of thrusts

T 3k +oa

If & = 0 this ratio is 4: 1, if # is very large compared with a it is ap-
proximately 2: 1,

If the ratio is 5: 2 and @ = 4 ft. we have

6 _ 2(3h 4 8)

2T S+ 47
and h = 4 {t.
Example 6. The figure (Fig. 146) represents a mould for casting a metal hemisphere

of diameler 4 ft., molten melal being poured into the mould through a small
aperture at O. The metal weighs 480 Ib.[cu. fi.

(i) Find the wpward thrust of the mollen metak on the mould when b = 1..
(ii) If the mould weighs 8 tons, find the value of h when the mould is on the

point of being lifted. (L.U.)
‘When h =1,
area of circular base =4 sq. it.

depth below free surface 1t

3
Thrust on base 127 x 480 1b. wt.,
: . 57607 1b. wt.
Weight of metal iz X 2% X 480,
25607 b, wt.
32007 1b. wt.

- = 4-49 tons wt.

This difference is the upward thrust of the metal on the mould.
If the upward thrust is 8 tons wt. we have

dn(h + 2) X 480 — 25607 = 8 X 2240,
’ h =23 ft.

[

Difference

EXERCISES 10 (b)

1. Two liquids of specific gravities 1-2 and 0-84 are poured into the limbs
‘ _of a U-tube until the differences in level of their upper surfaces is 9 in.
~ Find the heights of these surfaces above the common surface and the
pressure at the common surface.
2. A U-tube with open ends of 1 sq. in, cross-section whose vertical

5
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10.

11.

12,

13.

. contains mercury in both branches
reatest amount of water than can
be poured into one of the branches, assuming the specific gravity :’.)f
mercury to be 13-0. . ' (L.0.)
A square lamina ABCD, of side 3 {t., is placed vcrtlcall;,r in a homo-
geneous liquid with the edge 4B in the surface. A straight line LM
parallel to A5 divides the square into two parts, so that the thrusts
on the two parts are equal. Find the depth of LM. 1f E is a point
in BC such that the thrust on the triangle ECD is one half of the
thrust on the square, find the length EC. _ (L.U.)
A circular hole of 18 in, diameter is cut in the vertical side of a tank
filled with liquid of specific gravity 1-1. The highest point of the
hole is 27 in. below the free surface of the liquid. What force 1s
needed to hold a plate on the side to cover the hole ? '

A closed barrel with circular ends 30 in. in diameter and 3 ft. deep 1s
filled with sea-water (sp. gr. 1:025) and then slowly tilted through an
angle of 30°. Find the thrust of the water on the bottom of the
barrel.

A closed cubical box of side 2 ft. is half full of oil (sp. gr. 1:3) and half
full of water. It is tilted about one edge which is horizontal until the
faces about this edge are inclined at 45° to the horizontal. Find the
liquid thrust on one of the vertical faces of the box (i) if the oil and
water are not mixed, (ii) if they are thoroughly mixed. (L.U.)
A rectangular area of height % is immersed vertically in water with one
edge in the free surface. A horizontal line divides the area at a depth
2k/3. Find the ratio of the thrusts on the two parts. (L.U.)

branches rise to a height of 33 in.
to a height of 6:8 in. Tind the g

- A cubical tank of 1 metre edge with its base horizontal has its lower

half filled with water and its upper half filled with oil of specific
gravity 0-8. Determine the total fluid thrusts on the upper half and
on the lower half of one of its vertical sides. (L.U.)
A circular lamina of radius 6 in. is held in a vertical position with
its centre in the plane of separation of two liquids, the upper layer
being water of depth 12 in., and the lower layer oil (sp. gr. 1-2). Find
the total liquid thrust on the lamina.

A rectangular lock gate 12 ft. wide can just bear a resultant force of
100 tons wt. If the depth of water on the lower side is 10 ft., to what
depth can the water on the other side be allowed to rise ? (L.U.)
A vertical triangular area ABC with AB = AC = 5 {t.,, BC = 6 ft.,
has its vertex 4 in the free surface of a liquid of specific gravity 1-3
and its base BC horizontal. - Find the thrust of the liquid. If it
is lowered until 4 is at a depth of 4 ft. in the liquid, find the additional
thrust. . ‘

A closed rectangular tank is 10 ft. high and stands on a base 4 ft.
square. It is filled with water and tilted through an angle of 40°
about one of the edges of the base. TFind the thrust on the top and on
the base in this position,

A pair of equal lock-gates are kept shut by the thrust of water 14 ft.-

deep. Taking the gates as rectangular and plane, each measuring 18
ft. :vertical by 12 ft. horizontal, and supported by vertical hinges at
their outer edges 20 ft. apart, show that the reaction between the
gates across the line where they abut is equal to the resultant re-
action on the hinges, and find its value. ~ =~~~ (L.U.)

(W)
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A rectangular dam of a reservoir is 40 t, wide and 10 ft. deep; cal-
culate the thrust on the dam, taking 36 cu. ft. of water to weigh a
ton, the surface of the water being 1 ft. below the top of the dam.
(L.U.)
A reservoir is closed by a sluice-gate 7 ft. broad and 10 ft. high. Cal-
culate in tons weight the pressure of the water upon it, assuming that
a cubic foot of water weighs 1000 oz, and that the top of the sluice is in
the surface of the water. (L.U.)
A square plate is immersed with an edge of length @ in the surface of
water; find the position of the two horizontal lines which divide the
square into three rectangles, on each of which the total water pressure
is the same. (L.U.)
A rectangular vessel contains three liquids which do not mix, of
specific gravities 1-0, 1-2, 1-6, the thicknesses of which are 4, 3 and 21in.
respectively., Compare the total normal thrusts of the liquids on =

side of the vessel.

-10.10. Centre of Pressure

(L.U.)

The centre of pressure of a plane area immersed in a liquid is the
point at which the total thrust of the liquid on the area may be assumed
to act. We are usually concerned with the distance of the centre of
pressure from the line in which the plane of the area meets the free
surface of the liquid, and we shall prove that for a uniform liquid this
distance is the second moment of the area about the line divided by the

first moment of the area about the same line.

Centre of Pressure of a Vertical Area

Consider a vertical plane area 4 completely immersed in a uniform

liquid of density p, and let the plane in which
the area lies meet the free surface of the liquid
in the line XX’ (Fig. 147). Let asmall element
of area 54 be at a depth y below the free
surface. :

Then the thrust on the element 84 is pysA
and the total thrust on the area is ZpydA,
where the summation is over the whole area.
The moment of the thrust on the element 34
about the line XX’ is py25A4, and the sum of
the moments of the thrusts on all elements of
the body is Zgy?84.

{

X%
]
l ——
7
' . .
X. =5A
=l
FiG, 147.

Hence, since the moment of the total thrust about XX' must be
equal to this quantity, we have that the distance p of the centre of

pressure from. the line XX' is given by
o 4 _ Zpy®R4 _ Ty*4
e jp'_‘ZpySA — ZysAd’

__the second moment of area about XX’

the first moment of area about XX’ )

(22
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If % be the distance of the centroid of the area from XX’ and %

TtsTadiusof pyration about XX“"we have ™
y X
g AR | |
— An’ ‘ )
k2
=7

Centre of Pressure of Inclined Area

Suppose the area considered is inclined at an angle 6 to the horizontal
(Fig. 148). As before, let the plane of the area meet the free surface
of the liquid in the line XX and let a small
element of area 84 be at a distance y from the
line XX’. Then the thrust on an element 84
is py sin 6 8,:_1 and the total thrust on the area

"= Fpysin 6 A = p sin 6 Zyd4.
The moment of the thrust on the element

84 about XX’ is py® sin 6 84 and the total
moment = Zpy? sin 6 84

Fic. 148. " = psin 6 Zy%34.

Hence, as before, the distance p of the centre of pressure of the area
from XX’ is given by

_psin6ZyB4 R
o ’ p—psinBEySA—h
Hence, the position of the centre of pressure in the area is unaltered

by turning the area about the line in which its plane meets the free
surface of the liquid. |

b
-~

w'

Distance from Centroid to Centre of Pressure

Let A% be the second moment of area about an axis parallel to
XX’ through the centroid. Then by the parallel axis theorem

- AR? = ARy 4+ A7)
“Therefore e

p=_k_2_k12'+h2’
BT h | - .

Hence, the distance of the centre of pressure from XX* is always
greater than the distance of the centroid from XX’, that is, the centre
of pressure always lies below the centroid at a distance measured at
right angles to XX’ of £,%/h. i

When the distance of the centre of pressure from XX’ is known its
position is in many. cases evident. When the area has an axis.of -
symmetry perpendicular to XX’ the centre of pressure obviously lies -————=
on this axis. e B pACHS

s e (13)
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If a triangular lamina has its base parallel to the line in wtuch its
plane cuts the free surface, the pressure on any thin s.trip (_)f its area
parallel to its base may be taken as acting at the mid-point of the
strip, and hence the centre of pressure of the triangle must lie on the
median from the mid-point of its base.

10.11. Standard Cases
Centre of Pressure of a Rectangle

Consider a rectangle A BCD immersed in a uniform liquid with the
side AB in the free surface (Fig. 149). Let AB = a, BC = h. The

A B8
! }
I _%|
: 3¢
¢ I
| CP l-———-—l
1
|

-y
D c
Fic. 149.

_ ; 3 |
second moment of the rectangle about AB = %1— and its first moment
about AB is ak X g

Hence p =3h.

Centre of Pressure of a Triangle

Consider a triangle A BC of height & with its base BC in the surface
of the liquid (Fig. 150).

A
Fi1c. 150.

L4

The second moment of the triangle about BC is % h.BC X %2 and

"-,,%(;theﬁrst moment about BC is il—ah .BC x g
———=—Hence-— —— —— = .
p ence : P 5

)
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If the vertex A be in the surface of the liquid and the base BC
horizontal (Fig. 151), we have the second moment about a parallel to

Fic. 151.
2 !
BC through A is-};lz .BC x %and the first moment is éh .BC % %’1
3h
H - ==,
ence p=7

Centre of Pressure of Circular Area
_ Consider a circular area of radius @ whose centre is distant / from the
line XX’ in which its plane meets the free surface (Fig. 152).

X

s oo

- 5T

Fic. 152.
The second moment of the area about a diameter is ma® X i—, -and
y a8 ) | |
hence about XX’ =a® (Z -+ hz)-
The first moment of the area about XX" is na? X h.
’ DY ol wll i « 3 A TR
Hence | p;;___ = b+ 3

o . l . 2
The centre of pressure 1s _{herefor_e at a distance % from the centre of

the circle.

L]

10.12, Incrgase of Depth

When the centre of pressure
depth of the area is then increased, the increas : _
crease at every point

equal additional pressure proportional to this in
of the area. Hence the additional thrust
may- be-takerias -acting at. the centroid o

- s

f the area. By finding the
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FLUID PRESSURE B i

osition of the resultant of this additional thrust at the centroid and
the original thrust at the centre of pressure, the new centre of pressure

may be found.

! and its

Example 7. A rectangle of sides a and b has its sides of length a vertica
Find the

upper edge at a depth h below the surface of a liguid of density p.
distance of the cenire of pressure from ils centroid.

Let A be the higher edge of the rectangle and B its centroid (Fig. 153).

c —»a.b)o%

FiG. 153.

; N 2
If the liquid just covered the rectangle the thrust would be ‘_’% at the

9
centre of pressure C at '—3'-' a below 4.

The additional head of liquid % causes a thrust abkp at the centroid B.
X The total thrust is ab (h " %) » at a point # below B where

_awp (a

Therefore

Example 8. A lamina in the form of a regular hexagon is half immersed in a
liquid, a diagonal being in the free suvface. Prove that the centre of pressure
of the immersed half is at a depth 5v(8, where v is the vadius of the inscribed
circle of the hexagon. ‘ _(L.U)

The problem is not altered by taking the immersed portion of the hexagon
— ;

~~ -~ - as-vertical. We have three equilateral triangles 4, B, C, of area 75 and

height » (Fig. 15:1).

o=
|

| g
N

I

i

e Fi1G. 154.

‘ %
__The triangles A and C have edch a thrust 7z X % p acting at a depth

. '("rz’ﬁj;- o
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. 15t i‘&’ acting at a :
* below the surface. The triangle B has a thrus /3 XgP 1 5

P -

depth 3{ below the surface.

Hence, the thrust on B is equal to the sum of the thrusts on r}i anfdﬂ?,
and hence the total thrust is at a depth midway bctwceax’:’ the depths of the
4

. 1 _ b
centres of pressure of 4 and B, that s, atadepth 5 (§ - -4—) =3

Example 9. A circular manhole 2 ft. in diameter in the vertical side of a wale:l
tank has its centre at a depth 3-5 fi. below the surface of the waler. I; g'covetre
by a circular plate held in position by bolls at the ends of its vertical diameter.
Find the tensions in the bolts.

The thrust on the plate is (Fig. -}55).

Fi1c. 155.

R =2 x 35 x 62-5 1b. wt.
. acting at,a depth

i ‘rll. r

ot

1
Ix3s 12"

below the centre of the circle.
Forces P and Q at the end of the diameter must balance R and we have

P4+Q=1mx 35 x 625,
1 1
P(l % ﬁ) =Q(1 —ﬁ).
P = 319 Ib. wt,,
Q = 368 Ib. wt.

/
;r:'f" .

Example 10. The depths of water on the two sides of a rectangular lock gate 12 fi.
wide ave 10 fi. and 4 ft. Find the vesuliant thrust on the gate and its turning
moment aboul the botlom of the gate. :

On the deeper side the resultant thrustis — —— — =
12 X 10 x 5 X 62:56 = 37,500 lb. wt.

3
On the other side the !thrus't is

12 x 4 x!2 x 62:5 = 6000 Ib. wt.

acting at a height L ft. a,ll)ove the bottom.

.

acting at a height g ft.'above the bottom. . o g

- Hence, the resultant thrust is 31,600 Ib. wt. and the -turn il»' -mor T —
about the bottom is : . e | ng-moment - B

""3‘7‘.‘56‘6‘&”%’ Z76000 %

=T117,000 ft. 6o we- . | - ,_

[XTRN

W e

i
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EXERCISES 10 (c)

1. The triangular lamina ABC is vertically immersed with the edge AB
in the free surface and C at depth i If D is the mid-point of BC,
show that the depth of the centre of liquid pressure on the triangular
portion ADC is 7#/12, and find the ratio of the thrusts on ADC and
ADB. (L.U.)
A triangle ABC, right-angled at C, is immersed vertically in water with
AB in the free surface. It is then rotated about 4 until AC1is vertical.
Show that the depths of the centre of pressure on the triangle ABC
in the two positions are in the ratio 2 sin a: 3, where « is the angle
BAC. : (L.U.)
3. A square plate, of side a, is immersed vertically in water with one side
in the surface. Calculate the ratio of the depths of the centres of
liquid pressure on each of the two triangles into which the piate is
divided by a diagonal. (L.U.)

4. ABCD is a square lamina of side 2a from which the portion AEB is
removed, where E is the mid-point of AD. The lamina BCDE is
immersed in liquid with B in the surface and BC vertical. Show

that the depth of the centre of gravity of BCDE is 11a/9, and that

the depth of the centre of liquid pressure on one side of BCDE is
3la/22. ' ‘ (L.U.)

5. ABC is a triangular lamina in which the angle A is a right-angle,
AB — AC and BC = a. It isimmersed vertically in liquid with BC
horizontal, and at a depth a below the surface, and with 4 below BC.

Find the distance from A4 of the centre of liquid pressure on one side

of the lamina. ~ , (L.0.)

6. The vertical end of a tank is a trapezium whose upper and lower
horizontal sides are 12 ft. and 6 ft. respectively, and whose depth is

6 ft. Calculate the thrust on the vertical end of the tank and the

depth of the centre of pressure, when the tank is filled with water.

, (.0

g Atﬁa,ngular-lamina ABC, right-angled at 4, is immersed in water with

its plane vertical and B in the free surface. If BC = a and the angle

ACB is 0, find the depth of the centre of pressure of the triangle when

BC is vertical. : ‘ ' " (LU

8. ABCD is a square lamina of side 2a and P is the mid-point of CD.

o

s
i

" The triangle CBP is removed, and the remaining lamina is immersed
vertically in liquid with 4B in the surface. Find the depth of the
centre of liquid pressure. (.U

9. A hollow cube of edge a with one face horizontal has its lower half
flled with water, whilst the upper half is filled with liquid of specific
gravity 0-9. If the liquids do not mix, show that the depth of the
centre of liquid pressure on a vertical face of the cube is 149a /2;’.:‘2iJ )

| (L.U.
:10. A square ABCD, of side a, is immersed vertically in liquid, with the
- " side-AB-in thefree surface. Show that, if P is a point in BC such

U7 that BP = %a, the liquid thrust on the triangle PCD is twice that on
. .  the triangle ABP. What is then the depth of the centre of pressure
e’ of the trapezium-APCD 2 . . (L.U.)

7
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Tare ABCD of side a from which

1,

13.

14,
15.
16.
17
18.

19.
20.

21.

922,

~ immersed vertically with one edge in

_is divided, and show that the distances o

_-gravity 0-8. De
lower halves of one of the vertical sides and find t

‘at a point whose depth

A lamina ABED has the shape of a sq ] ‘ ]
a triangular portion BCE has been removed, E beirdg a point on CD.

The lamina is immersed vertically in a uniform liquid with 4B in the
f liquid pressure is 3a/5, find the

surface. If the depth of the centre o

length of DE. . - (I_,.U.)
A layer of liquid of density p and depth a rests on top of a 1.1qu1d of
A square lamina of side 2a 1s

density 3p and depth greater than a.
the free surface. Prove that the

e is 13a/9. (L.U.) .
f a regular hexagon of side a, and
this form is immersed
Show that the depth of
(L.U.)

depth of the centre of liquid pressur
A, B, C, D are consecutive vertices o
AD is a diagonal. A plane area 4BCD of
vertically in liquid with BC in the surface.

the centre of liquid pressure is 7V 3a/20. :
A rectangular area of height 4 is immersed vertically in water with one
edge in the free surface. A horizontal lineis drawn across the area at
a depth 24/3. - Find the thrusts on the two parts into ‘which the area
f the centres of pressure on
the two parts from the line of division are in the ratio4:5. (L.U.)
A rectangular lock-gate 12 ft. wide can just bear a resultant force of
100 tons weight. If the depth of water on

what depth can the water on the other side be allowed torise ? When
this depth is as great as possible, at what height above the bottom of
(L.U.)

_the gate does the resultant thrust act?

A cubical tank of 1 metre edge with its base horizontal has its lower

half filled with water and its upper half filled with oil of specific
Determine the total fluid thrusts on the upper and
he depth of the

centre of pressure of the upper half. (L.U.)
The depths of water on the two sides of a rectangular lock-gate
are h, and %, - Prove that the resultant’ pressure on the gate acts
below the mean level of the surface is

(e + ho® + 4hsha) [6(hy + Da)- | (L.U.)

" A trapezium is formed by cutting a square ABCD of side a along the

line joining 4 to the mid-point of BC, and is immersed in water with

" AD in the surface. 'Find the distances of the centre of'preSSure ,

_@EU)

from ADand DC. . - TR SN, DA ST FTOCR: |
A cube of edge 3 ft. is full of water, and is placed with two faces’

vertical and four faces making 45° with the vertical. Find the thrust

‘on one of the upper inclined faces, and the moment of this thrust

about the highest edge of the cube. (L.U.)
A rectangular door in the verfical side of a reservoir can turn freely

‘about its lower-edge, -and is fastened at its two upper corners. - The
‘door is 3 ft. wide ang 6 ft. high, and its upper edge is 5 ft. below the

water level. ' Determine the reactions-at the upper corners, assuming
them equal. A (L.U.)
A dam 30 ft. high has a tria_z;}gular cross-section. If the water side of
the dam is vertical and the base is 20 ff. thick, determine the density
of the material constituting the dam, given that the water surface is

le’v__él with the top and that the resultant of the water pressure'and .|
. weight of the dam passes through a point on the base 14 ft. from the -

water side. . AR (Q.E.),
A rectangula.‘rba.rge“i‘ft,‘*d'é'ep‘byj&—ftjv_ide:-by;_fl 6 ft. long floats in

Nq)
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water and is loaded eccentrically so that along one side 3 ft. of the
side is immersed, while along the other only 1 ft. is u.nder }Natt.ar.
Find (a) the magnitude of the total load on the barge, including lti
own weight, and (b) the magnitude and line of action of the resultan

force due to water pressure on the bottom of the barge. (Q.E.)
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- Vertical Component of Thrust on’a Surface

CHAP’I‘ER 11
BUOYANCY

11.1. Principle of Archimedes

If a body be at rest wholly or partly immersed in a liquid, the resullan!
of the liquid pressures on the body is a vertical force equal to the weight
of the liquid displaced by the body and acting upwards through the centre
of gravity of the displaced liquid. <aN;IN2' by Ay

This resultant force is called the, force of buoyancy, and the centre of
gravity of the displaced liquid is-called the centre of buoyancy.

" The principle of Archimedes, which holds for gases as well- as liquids,
enables us to study floating bodies, to measure specific gravities and to
find liquid thrusts on curved surfaces. The principle is established by

considering the horizontal and vertical components of the thrust on a

- submerged surface.

Horizontal Component of. Thrust on a Surface

The horizontal component of the thrust in awy given divection on a
submerged surface. is equal to the thrust on the projection of the surface
on a vertical plane perpendicular to the given divection, and acts through
the centre of pressure of the projection. %

Let'p be the density of the liquid and 84 a small element of the area
of the surface at a depth y (Fig. 156). Let the element 84 be considered

~ as a plane area inclined at an angle § to the plane of

l projection. The thrust on 84 is py84 perpendicular to

- 8A. The horizontal component in the given direction

of this force is py384 cos 6. But 34 cos 6 is the area of
‘the projection of 84 on the perpendicular plane of
projection. Hence the horizontal component of the
thrust on 384 isthe same as the thrust on its projection ;

F1c. 156. therefore the horizontal thrust on the whole surface is

\ - the same as that on jts projection and acts through the
centre of pressure of the projection. < It follows that if a body is immersed
in a liquid, it may be considered as two surfaces having the same hori-
zontal projections on -any vertical plane, and hence, the horizontal
components of the thrusts on' the two surfaces being equal and oppo-
site, the total horizontal thrust on the body is zero.

The vertical component of the thrust on a submerged surface is equal -
to the weight of the liguid contained above the surface by the verticals
through the boundary of the surface. 52 e

“a-
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Let o be the density of the liquid and 64 a small elemf.ant of the
~ surface at depth y inclined at an angle 0 to the horizontal (Fig. 157).

84 being considered as a plane area, the thrust on the element will be
py84 normal to 84, and the vertical component of
this thrust will be py3A4 c6s 0. The projection of the
arca 34 on a horizontal plane is 84 cos 0, and hence
ey34 cos 6 is the weight of the column of liquid
which is vertically above 84. Hence, the vertical
component of thrust on the whole surface is the sum
of such columns, and is therefore the total weight
of liquid above the surface. : | FIG. 157.

This is the downward thrust on the upper face of o
the surface. If the surface is of negligible thickness, the pressure at
any point on its lower face will be equal and opposite to that at the

. same point on its upper face, and hence the vertical component of

thrust.on the lower face will be equal and opposite to that on the
upper face. - :

Vertical Component of Thrust on a Body

A body may be considered as two surfaces, the dividing line being
© points at which vertical tangents-can be drawn to the body (Fig. 158).
The downward thrust on the upper surface ‘
, is equal to the weight of liquid above this
= surface; the upward thrust on the lower
- surface is equal to the weight of liquid above
E this surface. Hence the resultant thrust on
the body is the difference between the weights
of these quantities of liquid, that 1is, the .
“weight of liquid that would fill the space FIG. 158.
between the two surfaces. -
_This is the force of buoyancy. This force, being the sum of the
weights of small columns of liquid contained between the upper and
lower surfaces, may be taken to act at the centre of gravity of this liquid, =
that is, at the centre of buoyancy. .
~If the body is not completely immersed, the upper surface must be
' ‘taken as the section of the body by the free surface of the liquid, and
the volume of liquid displaced is the volume of the body below this
section.

- 112, Floaﬁng'Bbdies "

If a body floats in a liquid, its weight acts downwards through its
‘centre of gravity G, and the force of buoyancy acts upwards througl,
.~ the centre of buoyancy B (Fig. 159). Hence the force of buoyancy
(== '_ ﬁs:t—be—egual—tp_—;the., weight of the body, that is, the weight of the
AN lgqgld.displaced by the body must be equal to the weight of the whole
- body. . a ,
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Also, the two forces must be in the same vertical line, that 1s, the
centres of gravity of the body and of the liquid
displaced must be in the same vertical line.

It follows that if a body of uniform material
floats in water its specific gravity s must be
less than unity. If ¥V be the volume of the
body and v the volume of water displaced,
K ' then Vs = v, and s is the fraction of the
K Fie. 159. volume immersed. |

L Example 1. 4 pontoon has vertical sidés, a rectangular base 60 ft. long and 12 f1.
K wide and ends sloping at 45° to the hovizontal. It floals in waler with its base
6 1n. below the surface. Find the weight of the pontoon. Find also how much
11 1s immersed when a load of 60 tons is placed centrally on it.

The \vei'g'ht_‘ Qf the pontoon (Fig. 160) is the weight of the volume of water

ST S

—

I
|
|

|
|
|
|

Fic. 160.

- it displaces. - ‘A section of the displaced liquid parallel to a side isa tra
-“of sides 60 and 61 ft. and width 6 in.
, Therefore
volume displaced .
weight of water displaced

pezium

=4

12 X 60-5 X L — 363 cu. ft.
363 X 62-5 Ib.
10-1 tons,

and this is the Weight of the pontoon.

Let » ft. be the hei
60 tons is added.

- Total weight . =701tons,
volume displaced = =12 x (80 +x) X% -
weight of water displaced = 12 @2%62? tans.
o o 70-1 X 2240 : :
« Theref S - = —=-209-4, ____ |
erefore #(x-+ 60) 12 %625 209 4, NN

. R 5 # = 3-3 ft. approximately. ..
- -" / L o s N o - - *
Example 2. A beam4 1. long,/of cross-section 9in. by 3 in. and weighing 30 1b., floats

: v,erlica.lly~ in waler with a. piece of ivon (sp. gr. T-5) attached to its lower end
If the iron weighs 10 Ib. what length of the beam is immersed ?

Let x ft. of the beam be immersdd,

I

ght of the free surface above the base when a load of

e e e e e
1

=

|

S——a S SRS

A

Welght of water displaced by thisbeam = =% & x & x 62:51b, .

Sl ; 3 : : ; 75 N il =
ot Tptg}wleight'offw?.ter displaced = 40 b, R '
-+~ Therefore——— - G :

I L R gttt e = = . g
el ol LI Xogg X g5 X 625 + 2 = 40,

M .. —‘ ;‘-4;> ,7 Yy = 3'3

\23)
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Example 3. A 5-gm. weight is placed on the base of a conical piece of wood (sp. gr.
64/125) which floats with its base horizontal and vertex downwards partly
tmmersed in waler in a large vessel.  The D-gm. weight causes the circular base
of the cone to sink to the level of the surface of the water. This weight is now
removed and a brass weight (sp. gr. 8) attached to the apex under water. Find
this weight if the cone sinks half as far as before. (L.U.)

Let 4 cm. be the vertical height of the cone and a its semi-vertical angle.
Volume of cone = 4=h? tan? a.

Let 2, cm. be the length of the axis under water when the cone floats alone.
Volume immersed = 17h? tan? q.

This volume is %2 of the whole,

therefore hy = &h.

The additional volume of water displaced by the 5-gm. weight weighs
5 gm., that is, "

_ 55 X imhdtan?a =5 5 & @ = s ()
Let w gm. be the weight of brass, the weight of water it displaces is
o :
g 8m. and the additional weight of water now displaced by the cone is

$7( 3 A2 tan? @ — %—n(gk)a tan? a.

Therefore W = mh® tan? o (J22 — S4),
hence, using (1), ) :
—_ 9233
\ ‘ w = 233 gm.

Flotation in Liquids of Dzﬂerént Densities

In establishing the principle of Archimedes it was not assumed that
the liquid was of uniform density. Hence, we may use the principle
to find the force of buoyancy when a body is immersed in liquid with
layers of different densities, the liquid displaced in each layer being
considered as having the density of the layer. .

Example 4. A4 cylinder of wood 12 in. long floats in water with ils axis vertical
and 10 in. of ifs length immersed. Qil of specific gravity 0-75 is poured on to

the water until the lop of the cylinder is in the oil surface. What is'the depth
of the layer of oil ?

_____Let x in. be the depth of the layer of oil, and 4 sq. ft. the cross-sectional
area of the cylinder.

The spe'ciﬁc gravity of the wood is i—g. therefore its weight is

) }—SA X 1 x 625 Ib.
Weight of oil displaced =075 X 4 X 75 X 625 Ib.
: . . L (12 — x .
Weight of water displaced =4 ( —3 ) X 62:51b.

10 0-76x 12 — x

. Therefore 1_2= 12 + 12

: x = 8.in.

A

'
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EXERCISES 11 (a)

1. A cubical lump of ice (sp. gr. 0-92) has embedded in it a piece of
iron (sp. gr. 7:76) of mass 1 gm. The lump of ice floats in water and
gradually melts, but retains its cubical form. Find the length of the
edge of the cube when it sinks. . (L.U.)
Find the weight of iron (sp. gr. 7-76) that would just be sufficient to
submerge a block of wood (sp. gr. 0-72) of volume 250 cu. in. floating
in water,

(a) if the iron is on top of the wood and out of the water,
(b) if the iron is attached to the underside of the block.

3. A hollow spherical ball is made of copper (sp. gr. 8-8), and its external
diameter is 4 in. If it just floats in water completely immersed, find.
the thickness of the metal.

4. A closed cubical box whose edges are 3 ft. long weighs 200 1b. A piece
of iron (sp. gr. 7-76) is to be attached to the mid-point of one edge
so that the cube may float in sea-water (sp. gr. 1:025) with that edge
15 in.- below the surface and horizontal. Find the weight of iron
required. : ,

5. A cubical block of wood weighing 50 lb. floats in water with three-
quarters of its bulk immersed, and floats in oil just totally immersed
when a weight of 10 1b. is placed on top of it clear of the oil. Find

* the specific gravity of the oil. T

6. A piece of metal which weighs 10 kg. floats in mercury with 5 /9ths of
its volume immersed. Find the volume and density of the metal,
assuming the specific gravity of the mercury to be 13-5. (L.0.)

o

7. A uniform solid cork cube floats in water with two faces vertical and

with two-thirds of its surface area exposed. Find the specific gravity
of the cork. '

8. A cube of ice (sp. gr. 0-918) floats in sea-water (sp. gr. 1-026) with two
faces horizontal and projects 1 cm. above the surface of the water.
Find to what height it will project if transferred to float in fresh

~ water. 2 ; ) (L.U.)

9. A spherical piece of ice (sp. gr. 0-918) of radius 10 cm. has a lump of
iron (sp. gr. 7-8) inside it and floats in water with 19/20ths of its
volume immersed. _Find the volume of the iron. (L.U.)

- 10. A square slab of wood, 2 in. thick, floats in water with three-quarters

of its volume immersed. If the wood weighs 25 lb., what is the
length of the side of /the square? If the block is floating with its
square faces horizontal and oil (sp. gr. 0-72) is poured on top of the
water until the upper surface of the wood is just immersed, find the
depth of the layer of oil. . .}

11.3. Determination of Specific (;;avity | | '
The specific gravity of a solid is simply determined by weighing-it in
air and-in water. - : y ‘ B
If W be the_'weight—oﬁhe—body—andfs&its—speciﬁcj-g_rayity,- the weight
of water displaced by the body is W/s. This is therefore the force of

"buoyancy acting “ori the body when it is immersed in water, and its

apparent weight is then W — W/s.
25/
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Hen_cse, the apparent loss of weight when the body is weighed in
water 15 W/s. The weighing is, of course, done by suspending the body
from the arm of a balance which is outside the water. If the body is
weighed in a liquid of specific gravity s;, the force of buoyancy is

5 X 51, and this is then the apparent loss of weight.

The specific gravity of a liquid is measured by means of a Aydro-
meter. This is, essentially, a cylindrical body which
floats in the liquid with its axis vertical. The length
of tl}e axis which is immersed depends on the specific ~—-4 -
gravity of the liquid, and the cylinder may be graduated Y
so that the specific gravity of the liquid may be read off B
at the.level of its free surface.

Lf:t W be the weight of the cylinder, a its cross-
sectional area and X and Y (Fig. 161) the levels of
the free surface when it floats in water and in a Ao
liquid of specific gravity s respectively. Then if 4 be =~ Fic- 161
the lower end of the axis of the cylinder and p the density of water

—_— e ] P S

a.AX .o =W,
a.AY .es=W,
s =4X

AY

- In the usual type of hydrometer there is a portion of the body of
“different shape below the lower end of the cylinder. If ¥ be the
volume of this portion the above equations become ‘
(V4 adX)e =W,
(V+adY)es =W,
_V+a.4X
| V4 a.AY
and the cylinder is graduated accordingly.
Another hydrometer commonly-used-is known-as-Nicholson’s hydro-
~~~ meter. This is made to float in water and in the liquid whose specific
gravity is being measured with the same proportion of its volume im-
mersed, by adding weights to a scale-pan which is above the surface.
~ If W be the weight of the hydrometer, V the volume immersed and
w the weight to be added to keep the same volume immersed in liquid
of specific gravity s, we have

)

\ VP = W:
. s = W+ L
. LW

Example 5. A piece of wood weighs 144 gm. in air, and a piece of metal weighs
36 gm. in water. When fastened together the two weigh 24 gm. in water and
8 gm. in a solution of specific gravity 1-1. . Find the specific gravities of the
wood and the metal. = (L.U.)

: - , Co_éj
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Let s, and s, be the specific gravities of the wood and metal respectively,

“and let W gm. be the weight of the metal in air.

The weight of the two in water is 24 gm., thercfore

144(1 = -1-) + 36 = 24,
S1
12
Sl e ﬁ'
The weight of the metal in water is 36 gm., therefore
W(l = l) — 36.

0

r4

The weight of the two in liquid of specific gravity 1-1 is 8 gm., therefore
111 x 13V 11\
144(1 - _‘17—‘) + IV(l . ;2—) — 8.
Hence, eliminating W we have
| : s, = 10.

EXERCISES 11 (b)

A piece of an alloy wéighing 96 gm. is composed of two metals: whose
specific gravities are 11-4 and 7-4. If the weight of thealloy is 86 gm.
in water, find the weight of each metal in the alloy. (r.u.)
A piece of metal weighs 11-4 gm. in air and 9-6 gm. in a liquid of

- specific gravity 1-2. Calculate the specific gravity of the metal. A
* piece of wood weighs 1-8 gm. in air. When the metal is attached to

the wood the two together weigh 9 gm. in the liquid.. Calculate
the specific gravity of the wood. : (L.U.)
A body weighing 12-4 gm. appears to weigh 2-4 gm. in water. It is
then weighed in a mixture of a liquid 4 of specific gravity 0-8 and
water, and appears to weigh 3-6 gm. Find how many c.c. of the
liquid 4 are added to 10 c.c. of water to form the mixture. (L.U.)
A piece of a material A weighs 30-4 gm. in air and 26-4 gm. in
water; a piece of a material B weighs 67-2 gm. in air and 61-2 gm.
in water. = A piece of an alloy formed from 4 and B weighs 54-6 gm.
in air and 48-6 gm. in water. Find the volume of each material in
the piece of alloy, assuming there to have been no diminution -of
volume when the alloy was made. i ' (L.U.)
'A cubical block of wood (sp. gr.-0;83)-contains inside it a piece of lead
(sp. gr. 11-35). - It.floats in water with one-tenth of its volume above
the surface, and cin just be immersed by putting'a weight of 100 gm.
- on its.upper surface. (alculate the length of an edge of the cube and
the volume of the piece of lead. -~ - E (L.U.)
A uniform rod has a weight attached to one end to make it float
upright in liquid. .If 3 in. of.the rod is immersed when it floats in
water and 3-5 in. when it foats in liquid of specific gravity 0-9, what
length of it will be immersed when it floats in liquid of specific gravity

3
™

B
.®

=

By

1-22 - (L)

. A bottle with a long straight neck floats vertically:upright in water,
part of the neck-alone emerging. = It is then placed in a solution of -
specific gravity 1-2, and 3 in: more of the-neck are above the surface. -
If the neck be circular, 1 in. in diameter, find the weight of the bottle.

_ | (L.U.)
(27
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8. A piece of glass weighs 6 gm. in air, 3-2 gm. in water, and 1-7 gm. 11
sulphuric acid. TFind the specific gravity of the glassand of the sul-
phuric acid. 60 (L.U.)

9. A mixture of two uniform substances weighs 25 gm. in water and 28
gm. in liquid of specific gravity 0-8. A mass of one of the substances
of equal weight with the mixture weighs 30 gm. in the second liquid,
and a mass of the other substance of equal weight with the mixture
weighs 15 gm. in water. Find the specific gravity of each substance
and their volumes in the mixture. (L.U.)

10. A nugget of quartz and gold weighs 13 oz. in air and 9 oz. in water;
taking the specific gravities of quartz and gold to be 2:6 and 195
respectively, find the weight of gold in the nugget. (L.U.)

11.4. Equilibrium of a Body in a Liquid
If abody is held in any way in a liquid, the general conditions of

equilibrium may be applied by resolving and taking moments of all the
forces including the force of buoyancy acting at the centre of buoyancy.

Example 6. A beam whose cross-section is a vectangle is held hovizontally with a
diagonal of its cross-section in the. surface of waler by a vertical vope attached
1o the mid-point of its lowest edge. Find the specific gravity of the beam.
Consider the central cross-section of the beam. Let C be the mid-point
L of the horizontal diagonal, 4 the point of the lowest edge and B the centroid
S ‘of the immersed triangle (Fig. 162).

STCUIPNSE SS| T { ; TS | | 1 S

Let V be the volume of the block, s its specific gravity and p the density
of water. N :
Then the weight of the block is Vps and the force of buoyancy is 3Vp

acting at B.
Since 4B = 2A4C, we have, by equating the moments of the weight and

the buoyancy about 4,
‘ Vps =2 X L Vp.

s=1.

Therefore,

{

- Example 7. A uniform rod of specific gravity s is free to turn about its lower end,
i which is.fixed-at a depth h.in_water. .. Prove that the vod can float in an inclined
position Provided -sI*>h?, where 1 is the length of the vod. Delermine s if the

vod floats with half of its length immersed. (L.U.)

(2%)
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Let x be the length of the rod immersed, a its cross-sectional area and p
the density of water (Fig. 163).

-

FiG. 163.

The weight _q_f-fhe rod = alps,
the force of buoyancy = axp.:

These forces‘act at distances /2 and x/2 respectively from the hinge,
therefore, takmg moments about the hinge we have

l
X axp = 3 X alps,

. v 2
E ) ' 22 =12 S,
% must be greater than 4, and hence 2s> A2
Also, if x = /2 we have s =1
EXERCISES 11 (c) | 278
1. ABCisa triangular lamina, the angle A being a right angle and the N

angle B 30°. It can turn freely in its own plane, which is vertical,
about A4, which is fixed in the surface of water. If it isin equilibrium
with C immersed and 4C making an angle of 60° with the honzonta.l
show that the specific gravity of the material of the lamina is 2.
(L.U.)

2. A solid lighter than water is held completely immersed in a vessgl
,contammg 100 c.c. of water by means of a string fastened to a point
in the base of the vessel, and the tension in the string is 1-6 gm. wt.

When 60 c.c. of a second liquid of specific gravxty 1-2 are added and.
thoroughly mixed with the water, the tension in the stringis 2-2 gm. wt.
Find the specific gravity and the weight of the solid. (L.U))

3. . A bucket containing water is suspended by a cord which passes overa + B
smooth pulley, the pulley being Sufﬁmently small for the other .end
of the cord, to which 1s -attached a ball, to hang inside the bucket.
If W be the weight of/the water and s(> 2)'the specific gravity of
the ball, prove that e({ulhbrlum is possible if the weight of the ball
lies between W and Ws/(s — 2). (L.U.)

4. A uniform thin rod-AB of length 3 ft. is freely hinged to a point A4
1 ft. above the surface of a tank of deep water. The rod is in equili-
brium when partlally 1mmersed and making an angle of 60° wrlh the
vertical: Find its specific gravity. : LUy - -

5. A uniform rod is free to rotate about a fixed horizontal axis through
its upper end.. The lower end dips into. water and rests in an in- )
clined position with one-third of its Jengthimmersed.—Show that thc el
specific. gra.v1ty of the rod 1s 3.

l2.q)
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A piece of metal (sp. gr. 4:6) is now attached to the lower end of the

'rod, and the system rests with one-half of the length of the rod

immersed. Find the ratio of the volume of the metal to the volume

of the rod. ‘. (L.U.)

6. 'I_‘wo solid uniform spheres, each of radius 4 in., are connected by a

hght‘ s.tring and totally immersed in a tank of water. If the specific

gravities of the spheres are 0-4 and 1-8, find the tension in the string

and the pressure between the bottom of the tank and the heavier .

sphere. (L.U.)

7- A buoy is in the form of a right circular cone of height 12 ft. and base

d1arpeter 9 ft. The vertex is fastened to the bottom of the sea by a

chain, and it floats at low tide with the chain slack, the axis of the

cone vertical and two-thirds of it immersed. Find the weight of the

buoy, assuming that the weight of the chain is negligible and that the

density of the water is 64 Ib. /ft.3. Calculate also the pull on the chain

at high tide when the buoy is completely immersed. (L.U.)

8. A thin uniform rod of length 2a and specific gravity % is hinged at

- one end to a point at a height a/2 above the surface of water, with

_the other end immersed. Find the inclined position of equilibrium.

' \ L.U.

9. The cross-section of a uniform prism is a rectangle with unequal(sides?

and it floats in water with two opposite'edges in the surface, supported

by a string attached to the edge which is out of the water. Show that

the specific gravity of the prism is %, that the string is vertical,
and the tension in it is one-fourth of the weight of the prism.

(L.U.)

10. A uniform thin rod floats in water in an inclined position with one-half
of its length immersed, the upper end of the rod being supported
by a string. Prove that the string is vertical and that the density
of the rod must be three-quarters of that of the water. (L.0))

11.5. Thruét on a Curved Surface
Body I mmersed i Liquid

"~ When a body is immersed in a liqﬁid, the force of buoyancy is the

resultant of the liquid thrusts on the surfaces of the body. Hence, if
the body has a plane surface and a curved surface, and the’force of
buoyancy and the thrust on the plane surface are known, the thrust

on the curved surface is easily found. This is not a question of the

equilibrium of the body as a whole, but of using the fact that the force
of buoyancy is caused by the liquid thrusts on the surfaces of the body.

adius a is held with one of ils plane

Example 8. A quadrant of a solid spheve of ¥
Find the thrust on the curved surface

semicivcular faces in the surface of water.

of the quadrant. _
Assuming that there is no thrust on the horizontal face, let P be the

thrust on the vertical face and B the force of buoyancy (Fig. 164).

Then if p be_the density of water

s T 1 . 4a _ % g
g L A - T g
) B—ng‘{Ta Xp-—3ap.

e

[20)
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Let X and Y be the horizontal and vertical components of the ti;rust on
the curved surface. Then the (orce B is the resultant of the forces P, X, Y.

:

, ) B
P , -
— _.____)( e e e e et et
’Y
Fic. 164
Therefore
X=P= éa Ps

VXTI F Y? =§\/':r“ T 1.a%.

e curved surface is normal to the

Since the pressure at any point of th
the sphere

surface, the resultant thrust must pass through the centre of

and its inclination to the horizontal is tan‘l—;,—, = tanl 71/2.._‘ -

Body Containing Liquid

When a hollow body contains liquid, the liquid exerts thrusts on the
plane and curved surfaces of the body. The liquid is in equilibrium
under the action of its weight and the thrusts on the liquid exerted
by the surfaces of the body, which are equal and opposite to the
thrusts of the liquid on the body. This is equivalent to saying that -
the weight of the liquid is equal to the resultant of the thrust of the liquid =%
on the plane and curved surfaces of the body. If therefore the weight
of the liquid and the thrust on the plane surface of the body are known
the thrust on the curved surface may be found. -

Example 9. A hollow right circular cone of height h and semi-vertical angle a
is filled with liquid of density p and rests with a genevalor in contact with a hori-
zontal plane. Find the thrust of the liquid on the curved surface of the cone.

Let P be the liquid thrust on the base of the cone, X and Y the horizontal -
and vertical components of the liquid thrust on the curved surface and

Fi1G. 165.

W the weight of the liquid (Fig. 165). Then W i l to- ltant
T gt 0 the 1) g ) en is equal to the resultant

1
W = gmh’tan?a.p. "

-G

Scanned with CamSCanner



.l\')

BUOYANCY Sl

The depth of the centroid of the base below the free surface of the liquid,
which is assumed to be at the highest point of the cone, is h sin a.

Hence
P = mh?tan?a X hsina X p,

and this force is inclined at an angle o to.the horizontal.

Therefore o
%~‘Y~=*P~cos—.qu——wplﬂ_tan! a Sin_a COS a,

Y — W + P sin a = mph? tan? a(é + sin? a)',

V(X? 4 Y? = % wph® tan? a\/(l +.15 sin? a), -
=WV 4i-1.-"15 sin?a)..

-~ EXERCISES 11 (@)
A closed vessel of thin sheet metal co!xsistgof a right circular cylinder
of radius a and height a closed at one end, and having the rim of the
other end soldered-to-the rim-of-the ‘base-of a circular cone of radius a
and height-a. It is held with its axis vertical and conical part
uppermost, and filled with water through a small orifice at the vertex
of the cone. If the orifice is then closed and the vessel inverted, find
the ratio of the thrusts on the curved conical surface in the two
positions. . Sl e ‘ | T - (.U.)
A thin hollow cone of base radius # and height %, just filled with
liquid of density w, is fixed with its axis horizontal. Find the mag-
nitude of the thrust on the curved surface due to the liquid.  (L.U.)
A closed circular cylinder is completely immersed in water with its
centre at a depth # and its axis inclined at an angle 6 to the vertical.
Calculate the resultant liquid thrust on the curved surface of the
cylinder in terms of the weight W of water displaced by the cylinder.
: ' - : L.U.
A closed hollow hemisphere is completely filled with liquid. ‘Cox(nparg
the magnitude of the liquid thrusts on its curved surface in the three
positions (i) with its plane face horizontal and uppermost, (i) with
its plane face horizontal and lowermost, (iii) with its plane face

vertical. - (L.U.)
A conical vessel contains enough fluid to fill it to a depth equal to

half the depth of the vessel when the vertex is downwards. If the
vessel is inverted, show that the resultant thrust of the curved surface
is altered in the ratio (23 — 12 x 7% : 1.

A closed vessel in the form of a right circular cone is placed on its
fat base, and liquid is poured in through a hole at the top until the
depth of liquid is one-third of the height of the cone. If W is the
weight of liquid that would 611 the cone, show that the pressures on the
base and curved surface are respectively W and 8W/2T7. (L.U.)

EXERCISES 11 (e)

A uniform cube, of edge a and weight W, floats partly immersed in a
liquid of density p with a pair of opposite faces horizontal. A load w
evenly distributed along one edge of the upper face tilts the cube
until that edge is in the free surface of the liquid. Show that the

h2)

Y <«
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- inclination 6 of the upper face of the cube to the horizontal is given

by tan 6 = 2(1 = Wp;'; w)- (L.U.)

A uniform solid cone of volume ¥V and density p, is held completely

immersed with its axis vertical in a liquid of density p,(> p,) by

means of a string attached to its vertex and to the base of the vessel
containing the liquid. Find the tension in the string.

The liquid slowly drains out of the vessel, and when the string
becomes slack two-thirds of the axis of the cone is still immersed.
Find the ratio p,/p,. (L.U.)
A uniform cube of side @ and specific gravity o ﬂoats in water with two
faces horizontal. When a second liquid of specific gravity ¢,(< 1) is
poured on to the water to a depth b the upper face of the block is in
the free surface. TFind the value.of ¢ in terms of o,, @ and . Show
also that when the depth of the liquid is 5/2 the height of the upper

- face above the free surface is b(1 — ¢,)/2.- - : (L.U.)
A solid hemisphere of radius 10 cm. is held with its circular base
vertical and its centre in the plane -of separation.of two layers of
liquid, the upper layer of depth 10 cm. being water and the lower
layer liquid of specific gravity 1-2. Find the total thrust on the
vertical plane and the magnitude and d1rect1on of the resultant
thrust on the curved surface of the hemisphere. . \ ~(L.0.)
Two equal hght hemispherical shells can be ﬁtted together to form

. a sphere which-is water-tight on closing two small catches at 4 and
.« B, the opposite ends of a diameter of the common rim: If the sphere -

is placed with the point A resting on a horizontal table and is filled
with a weight W of water, find the least pair of equal and opposite
forces that must be applied at B to prevent the hemispheres from
separating when the catch B is released. s (L.
A sea-wall slopes from the bottom at 30° to the horizontal for 30 ft.,
and is then continued vertically upwards. Find the resultant
horizontal and vertical pressures on it in tons weight per yard of its
.length when.there is a depth of 15 ft of water (dens1ty of sea water
--64 Ib. [ft3); —- - - PR S (LU)
A closed hem1sphencal bowl of radlus 6 in. is ﬁlled with water. Itis
- held with its plane face making an angle of 50° with the horizontal

- and the curved surface above this face. Find the magmtude and

direction of the thrust on the Curveﬂ_sgr_ggg___ o
A trough whose cross-section is ?tnangle with vertex downwards is
partly filled with-water of weight W. A block of wood of weight
- W’ is then introduced and floats on the water. Show that the
pressure on either of the vertical plané ends of the trough is increased
in the ratio (1 4 W’/W)3/2; A (L.U.)
A cylinder of spemﬁc gravity 0 ‘45 floats in water with its axis vertical.
If its height be .12 in. and radius 2 in.; find what volume of lead
(sp. gr. 11-4) must’ be suspended from the centre of its lower face to-
make it sink so that only 1 in. emerges from the water. .- . (L U.)
The cross-section of a block of wood is a trapezium ABCD.. AB

‘ and CD are the parallel sides 10 inches apart, AB =16 m CD = .
"6 in,, AD = BC. The specific_gravity of the-wood is 2, and the ".
~ block floats with the face containing 4B immersed and ‘horizontal.

Show that the depth of 4B is about 4-86 in. - . (L.U.)

(33)
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A ship with sides practically vertical near the water-line is observed
to sink 13-8 in. deeper when loaded with 400 tons of cargo in sea-water.
Iind the water-line area, taking the density of sea-water as 64 1b. per
cubic foot. The displacement of the ship is 4500 tons; find how far
it sinks when passing from salt water to fresh water. ) (L.1].;
A buoy in the form of a hollow spherical shell, of external diameter
3 ft. and uniform thickness, floats in water with half of its volume
immersed. Find the thickness of the shell if the material is of specific
gravity 8. (L.U.)
An iron cylinder of diameter 25 cm. and height 10 cm. stands in a
cylindrical jar of diameter 30 cm. Mercury is now poured into the jar
until the iron begins to float. Calculate the depth of the mercury.
Oil is now poured.on top of the mercury until the upper face of the
cylinder is just level with the surface of the oil. Find the volume
of oil required and the height of the base of the cylinder above the
bottom of the jar. Take the specific gravities of iron, mercury and

- oil to be 7-9, 13:6 and 0-9 respectively. (L.U.)

A rectangular barge is 60 ft. long and 15 ft. broad, and when unloaded
weighs 30 tons. It is floating in water of density 62-5 lb./cu. ft.
Find what added load will increase the draught of the barge so that it is
uniformly 3 ft. What is then the resultant force arising from water-
pressure on one of the long sides of the barge, and where does it act ?

| | , (Q.E.)
A cylindrical vessel, 6 in. in diameter and 12 in. deep, is filled with
water to a depth of 9 in. A steel cylinder, of diameter 3 in. and
height 4 in., is then suspended in the water with its axis vertical
and its lower end 1 in. from the bottom of the vessel ; the wire is
attached to the top face of the cylinder. What is (a) the tension in the
wire, (b) the increase in the force exerted by the water on the bottom
of the vessel, and (¢) the tension in the cylinder across 4 horizontal
section through its centre of gravity ?

Density of steel 0-283 b, /cub. in. Specific gravity of steel 7-8.
(Q.E.)

(57—
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