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Chapter (1)

The Catenary

Definition(The common Catenary):

The catenary is the curve in which a uniform chain or string hangs
when freely suspended from two pointsA&B

Denote the tension at the lowest point A B

y T, ,this will be horizontal. Lets

be the length of chain measured from P Q
to any point Q .Let the tensionat Qp be T K . B s
and let its inclination to the horizontal be . JO\

Let the weight per unit length of the chain be w.
The part of the chain PQ will be in

equilibrium under the action of three forces, its weight ws ,Ty,and T
, the tensions at P and Q .

The intrinsic Equation of the catenary:

Resolving vertically and horizontally weget,

T siny =ws , Tcosyp =T,
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For convenience we introduce another constant ¢ ,which is such
that Ty—wc . Then
T siny =ws , Tcosyp =wc
Dividing
s =c tany (i)

This is the intrinsic equation of the curve, (c is called the parameter
of the catenary).

The cartesian Equation of the catenary:

To find the Cartesian equation of the curve we flow:

Since  tany =% , then from (i)fl—i' =

Consider a small element &s of a curve joining two points Q and
U on the curve. Let the coordinates of Q and U be (x,y)&(x +
dx,y + 6y)respectively. Then

(65)? = (6x)* + (6y)* ”

Dividing by (6x)? then (8y)?

) ds Sy
respectively we get:

2

(53) - (531)2 Q O
ox) ox
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and

(65)2 B <6x>2 +1
&y, — \8y
When és, §x, 6y — 0, the above equations becomes

2

@) =1+ (@) @

and
(ds>2 B (dx>2 1
o) ~\@ (iii)
(ii) gives
ds\> 5\ 2
@) =1+0)
ds V(c? + s2)
dx c
p cds
o dx =
V(c? + s2)
S
» x =csinh™?! - (iv)
. X
or s=c smhc— (v)

provided x = 0 when s =0.

(iii) gives
1.3




Statics (1) Dr.Mohamed Abd El-Aziz

i.e. y? =52+ c? )
provided y = ¢ when s = 0&x =0
Substituting from (v) in (vi)

y? = ¢? (1 + sinh? é)

x
= c?cosh? (E)

y = c cosh (g) (viii)

This is the Cartesian equation of the catenary.

The tension at any point:

Since
T siny =ws , Tcosy =wc
then T2 = w?(s? + ¢?)
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which from (vi) gives
T2 = w?y?
T = wy
Thus,the tension at any point of the catenary is proportional to the

height of the point above the x —axis which is usually called the
(directric).

The Lightning and telephone wires:

When ¢ is large, from equation (vii),

y = c cosh (g) =g(ex/c + e‘x/c)

1+x+x2++ +(1 x+x2
2 2c? ( 2c% ")

x2

=c+—+-
2C

2
ie. y—c= % (X)  provided c is large.

In this case the curve is approximately a parabola of latus rectum 2¢

Definition (the span): The span is distance AB ,ie. the
distancebetween the two hangs points A&B.

If kis half the span, half the length of the chain is given by:

1.5




Statics (1) Dr.Mohamed Abd El-Aziz

C1+k+k2+k3+ 1 k+k2 K
( c 2c? 6c3"')

3
=k + % provided c is large.

k3

k= ——
> 62

(Xi)
Definition (the saq): The sag is the difference between the
coordinates of y at values ofxfor the two pointP&B.Or the normal
distance from the lowest point P to the span line AB.

The Relation between the span and saq;:

If his the sag, thenforx =0 ,y=candx=k,y = c+:—jthose

come from (X) .Her we can get:
k2

T 2c

this leads to 1/c? = 4h? /k*

h (*)

then from (Xi) we have:
s—k=k3/6c? = (k3/6).(1/c?) = (k3/6).(4h*/k*) = 4h?/6k
2(s — k) =(8/3).(h*/2k)
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this means that the difference between the length of the chain 2s
and

the span 2k is equal to 2(s — k) = (8/3) . ((sag)?*/span). (x*)

The equations (*)&(**) clarify two relations between the span and
sag for the catenary.

Note: when ¢ is large as mentioned above the chain or wire
represents

the Lightning and telephone wires. In this case the length of the wire

2s is little bigger than the span AB .So also the sagh will be small.

Examples

Many problems involving catenary cables can be solved using the
following formulas:

s = c¢sinh (;) (i) x = csinh™?! (;) (i)
y? —s? =¢? (iii) y = ¢ cosh (;) (iv)
Ty, = wc (v ) T = wy (vi)
W = ws (vii)

All the parameters in the above equations have been defined before.
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Example (1):

an electric power of line length 140 mand mass per unit length of
3 kg/mis to be suspended between two towers 120 m apart and of

the same height. Determine the sag and maximum tension in the
power line.

The solution

The sag, h, can be found from Eq(iii).provided that wecan
determinethe distance, ¢

y& —s5 = c? ( Eq(iii)evaluated at point B)

(h + ¢)? — (70 m)? = ¢? (1)
The distance ¢ ,can be determined from Eq.(i) :

Sp=cC sinh(XTB) ( Eq(i)evaluated at point B)

or 70m =csinh (22)  (2)

c

This equation must be solved numerically for c. An initialestimate
for

¢, whenthesolver on acalculator isto beused, could be
c =sg=70m
The solution to Eq.(2) is
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c=6145m
Another possible solution is ¢ = —61.45 m,but this has no physical

meaning. You can get the same result directly by using a modern
calculator like(casio f, —991ES PLUS).

(h + 61.45m)% — (70 m)? = (61.45 m)>?
Solving gives the sag:
h=31.70m
The other negative root has no physical meaning.

The maximum tension, T, 4., occurs where the cable has its steepest
slope, point B (or point A). This can be calculated from Eq.(vi) :

Tax = wyg( Eq(vi)evaluated at point B)
w 1S given, then:
Trmax = [(3kg/m)(9.81 m/s?)][31.70m + 61.45m]
= 2740 N = 2.74 KN

Example (2):

A cable is supported at two points 400 ft apart and at the same
elevation. If the sag is 40 ft and the weight per unit length of the
cable is 4 Ib/ft, determine the length of the cable and the tension at
the low point, C.
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The solution

The length of cable, sz, from the low point to point B can be
found from Eq. (i) provided that we can determine the distance
C:

sp =C sinh (xg/c) (Eq. (i) evaluated at point B)
= csinh (200/c) (1)

The distance ¢ can be determined from Eq.(iv)
yg = c cosh(xB/c)(Eq. (iv) evaluated at point B)

or,
c 4+ 40 ft = c cosh (200 ft/c) (2)

This equation must be solved numerically for c. An initial estimate
for ¢, when the solver on a calculator is to be used, could be

c =sag =40 ft
The solution to Eq.(2) is
c = 506.53 ft
Using this value of ¢ in Eq. (1) gives

Sg = csinh(’%B) (Eq. (1) repeated)
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= (506.53 ft) sinh (200 ft/506.53 ft)

= 205.237 ft

Because the tension at the low point of the cable is horizontal, it can be

found from Eq.(v):

Example (3) :

TO = wcC
— (4 1b/ft)(506.53)
= 2.025 Ib.

A 20-m chain is suspended between two points at the same
elevation and with a sag of 6 m as shown. If the total mass of the
chain 45 kg, determine the distance between the supports. Also
determine the maximum tension.

The solution

The distance between the supports is2x, andxg can befound from

Eq.(i), provided that we can determine the distance c;

s = ¢ sinh(=2) ( Eq(i)evaluated at point B)

since sg = 10m ,

then:

., XB
10m =c smh(T)
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This equation can be solved explicitly for xz by rearranging it as

sinh (XTB) = me

Which implies:

X 10m
=B _ sinh~1 ( )
C c

So xg = c sinh™1 (me) (1)
The distance c can be determined from Eq.(ii):
y& —s5 = c? ( Eq(iii)evaluated at point B)
(6m+c)? — (10 m)? = (c)?
or36 + 12c + ¢? — 100 = ¢?
The c¢? terms cancel and resulting linear equation has the solution:
c =5333m
Substituting this value of ¢ into Eq.(1)gives:
xg = 5.333 m sinh~1(10 m/5.333m) = 7,393 m
Thus, the distance between supports 2xz can be found:
2xg = 2(70393 m) = 14.786 m.

The maximum tension, T,,,,, occurs where the slope of the cable is a

1.12
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maximum, at point B (or point A). This can be calculated from
Eq.(vi):
Tmax = wyg( Eq(vi)evaluated at point B)

(Tatol weight of the cable)
Tatol length of the cable

_ ((45.Kg)(9,81 m/s?)
- 20m

) (6 m5.333m) = 250 N .

Example (4):

A certain cable will break if the maximum tension exceeds 500 N. If

the cable is 50-mlong and has a mass of 50 kg, determine the greatest
span possible. Also determine the sag.

The solution

The maximum tension has been specified (500 N) ,so a good place to

start our solution is to see how we can use the fact that T,,,x = 500 N
.Eq.(vii)relates the tension,T ,to they , coordinate of a point on the
curve:

T = wy (EQ. (vi) repeated)

The maximum tension, T,,,4., 0ccurs where the cable has its steepest
slope, point B (or point A). This can be calculated from Eq.(vi) :

Tmax = wyg( Eq(vi)evaluated at point B)
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Thus, because we know the maximum tension, we can compute yj :

_ Tmax _ Tmax
YB = o (Tatol weight of the cable)
Tatol length of the cable

500 N

= ((50 Kg)(9,81 m/sz)) =50.97m

50m

The distance between supports is 2xg, SO we need to use the value of

yg to determine xp.this can be done by using Eq.(vi).provided that
we can determine c :

yg = c cosh(xg/c)(Eq. (iv) evaluated at point B)
We can solve this equation explicitly for xz by rewriting it as:
cosh(xg/c) = yg/c
So
xg = c cosh™(yg/c) (2)
The distance c , can be calculated from Eq.(iii) :
y3 — sk = c? ( Eq(iii)evaluated at point B)
(50.97 m)? — (25 m)? = (c)?
The solution is

c =144.42m

The negative root has no physical meaning.
1.14
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Substituting the value of ¢ =44.42m and ygz =50.97 into
Eq.(2)gives:

xg = 44,42 m cochh™1(50.97 m/44.42 m) = 23.836 m
So, the distance between supports 2xgisknown:
2xg = 2(23.836 m) = 47.7 m.
Since c and yg are known, the sag can be computed:
h=yg—c
= (50.97m) — (44.42m) = 6.55m .

Example (5):

The cable is attached to a fixed support at A and a moveable support

at B. If the cable is80-ft long, weighs 0.3 Ib/ft, and spans 50 ft,
determine the force F holding the moveable support in place. Also
determine the sag.

The solution

The force F acting on the moveable

A B F (force)
support atB equals the horizontal w
component,T,, of tension in the cable,

F =T, . Eq.(v) can be used to calculate T, , provided that we can

determine the distance c :
1.15
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Ty = wc (EQ. (V) repeated)
= (031lb/ft)c=F (1)
The distance c ,can be calculated from Eq.(i) :
Sg = C sinh(’%‘a) ( Eq(i)evaluated at point B)
since sg = 40 ft ,
then:
40ft = ¢ sinh(25 ft/c) (2)

This equation must be solved numerically for c. An initial estimate
for ¢, when the solver on a calculator is to be used, could be

c=xg=25ft
The solution to Eq.(2) is

c=+14.229 ft
The negative root has no physical meaning.
Using ¢ = 14.229 ft in Eq.(1)gives:
Ty = wc (EQ. (V) repeated)

= (0.3 1b/ft)(14.229 ft)
= 4.27 ft

The sag,h , can be calculated from Eq.(iv)and the known value of ¢

1.16
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h=vyg—c =c cosh(xg/c)—c
= (14.229 ft) cosh(25. ft/14.229ft) — 14.229ft
=282 ft.

Example (6):

. The cable is attached to a fixed support at A and a moveable support
at B. If the cable is 40 m long, and has mass of 0.4Kg/m. If the force
F holding the moveable support at the B is equal to 50 N in the
horizontal direction, determine the span and the sag.

The solution

The span is2xg, andxg can befound from A L n
Eq.(i), provided that we can determine

The distance c;

s = ¢ sinh(=2) ( Eq(i)evaluated at point B)

This equation can be solved explicitly for xz by rearranging it as

: XB Sp
sinh (—) = —
C C

Which implies:™ = sinh™1 (S—B)

C

1.17
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So xg = c sinh™! (S—B)

C

Then xp =csinh™?! (20 m) (1)

C

Because the 50 N force acting on the moveable support equals the
horizontal component, T, , of the tension in the cable, Eq.(v) with
T, = 50 N can be used to solve for c:
Ty = wc (EQ. (V) repeated)
or 50 N =[(0.4Kg/m)(9.81m/s?)]c
solving gives:

c=12.742m
Using this value of c in Eq. (1)gives:
xg = ¢ sinh~1(20 m/c)(Eq. (1) repeated)

= (12.742 m)sinh~*(20 m/12.742 m) = 15.708 m
S0, the span is
span = 2xg = 2(15.708 m) = 31.4m

The sag,h , can be calculated from Eq.(iv) and the known value of ¢
h =y —c =c cosh(xg/c) —c

= (12.742 m) cosh(15.708. ft/12.742 m) — 12.742 m = 28.2m

1.18
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Example (7):

A cable goes over a frictionless pulley at Band supports a block
of mass M. The other end of the

cable is pulled by a horizontal /—*-v
force P. i

If the cable has a mass per length P i |
of 0.3 kg/m, determine values of
Pand Mthat will maintain the cable in the position shown.

10m

The solution

The force P equals T, ,the horizontal component of the cable tension
givenT, = wc(Eg. (v) repeated)
so, with T, = Pthen:
P = wc (D)

Here:

w = (0.3 Kg/m)(9.81 m/s?)

= 2943 N/m (2)
The value of ¢ in Eqg.(1) can be found from Eq.(iv):

yg = c cosh(xg/c)(Eq. (iv) evaluated at point

or

5m+ ¢ =ccosh(10m/c)
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Solving numerically gives:
c =10.743m
Using this value of ¢ in Eq.(1)gives:
P = wc
= (2.943 N/m)(10.743 m)
= 31.617N

The cable tension at B must equals the weight,mg :

Tg = Mg
thus, the mass is
M=Tg/g
By Eq.(vi)
M = wyg/g
By Eq. (2)

M = [(2.943 N/m)(5m + 10.743 m)]/(9.81 N/m?)

=472 Kg

1.20




Statics (1) Dr.Mohamed Abd El-Aziz

Example (8):
A chain makes angles of Supports A and B MDO
are at different [
. elevation.
30° and 60° at its supports as ~ /B—L
30° »
shown. TNy

A

C

Determine the location of the
low point C

[ 20m -

of the chain relative to A. Also determine
the tension at support A, if the cable has
a mass per length of 0.6 kg/m.

The solution

The geometric data are shown in the figure. To determine the location
of the low point C relative to A, we need to determine the coordinates
XA and yA. We can get an equation

for XA by using the fact that the slope is known at A:

o d_y __[d(ccosh(x/c)) .
—tan30 = [dx]atA = [ — ]atA by Eq.(iv)

= sinh(x,/c)
Solving for x, gives:
x4 = csinh™1(—tan30") (1D
Similarly at point B , we have

xg = csinh™!(tan 60°) (2)
1.21
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The coordinates xa and xg are related to the 20-m span through the
equation:

Xp —Xg = 20m
By substituting from Eqgs.(1)&(2) we get:
csinh™1(—tan30°) — csinh™(tan60°) = 20

Since this equation is linear in c, it is easily solved to give ¢ = 10.717
m. Eq. (1) then gives

x4 = ¢ sinh™(—tan 30")(Eq (1) repeated)
= (10.717 m) sinh~*(—tan 30°)

= —5.887m
The y coordinate of point A can now be calculated fromEqg. (iv):
ya = ¢ cosh(xy/c) (Eq.(iv) evaluated at point A)
= (10.717 m) cosh(—5.887 m/10.717m)
=12.375m (3)
The vertical distance between support A and the low point C is given
by
d=y,—cC
=12.375m —10.717 m
= 1.658m (by Eq. (3))

The tension at A is given by Eq. (vi):

Tao = wya (Eq.(vi) evaluated at point A)
1.22
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= [(0.6 Kg/m)(9.81 m/s?)](12.375m) = 72.8 N.

Example (9):

A wire weighting 0.2 Ib/ft is attached to a moveable support at A and
makes an angle of 55° at a fixed support at B. Supports A and
B are at different elevations. Determine the location of the low

point C of the wire relative to support B. Also, determine the

tension in the wire at C.

The solution
To determine the location of the -~ N
low point,C , relative to the /4’}
support at B, we need to determine -

the coordinates xz and yg . We can
get an equation for xg by using the

fact that the slop is known at B.

. d
tan55 = [—yl
dxlgep

1.23
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_ [d(c co‘si};(x/c))]aw by Eq.(iv)
= sinh(xg/c)
Thus
xp = csinh™(tan 55") (1D

The value of ¢ occurring in Eg. (1) can be found by
the 8-Ib force acting at support A equals T,
component of tension at A, so Eq. (v) gives

Ty = wc (Eq. (v) repeated)
~8Ib=(02wlb/ft)c
Solving gives:
C =40 ft (2)
Using this result,C = 40 ft in Eq.(1)gives:
xp = ¢ sinh~*(tan 55 )(Eq. (1) repeated)
= (40 ft) sinh~*(tan 55)
= 46.169 ft
The vertical distance between B and C is:
d=yg—c
= ccosh(xg/c) — ¢

= (40 ft) cosh(46,169 ft/40 ft) — 40 ft
1. 24
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=29.7 ft

Since point C is the low point of the cable, the tension there is
horizontal and so must equal the horizontal component of tension
at A

which is known to be 8 Ib that is:

T.=81b.

Worked examples

Example (1): (The suspension bridge)

If a chain supports a continuous load,

Y p/
uniformly distributed, the chain
hangs in the form of a parabola. T
O is the lowest point of the chain
T, O l@ N
and P any point of the chain whose

coordinates referred to horizontal and
vertical through O are (x,y) The weight carried by the portion OP will
be proportional to ON and acts through Q the midpoint of ON. We may

1.25
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call it wx .
The other forces acting on the portion OP are T, the horizontal tension
At O and the tensionT at P, three of them must therefore meet at Q and

PNQ is a triangle of forces.

wx T,

. = T — 2
PN~ NQ 0y = WX

2

Hence, if we denote T, by wc ,thenwecanget y= ;C—C

this means that the curve of the chain is a parabola.

Now if the span of a suspension bridge is 96 m and the sag in the chain
IS 7 m .TheTwo branches of the chain support a load of 1000 kgper
horizontal meter. Find the tension at the lowest and highest points. The

load carried by OP is 24gkN .The triangle QPN is a triangle of forces.

The solution
VT

) 7//\

T, 0 l@ N
249

ON =24m , PN=7m ~Qp=25m
T, T 249

24 25 7
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T=840kN , T,=810kN .

Example (2):

A uniform chain of length 21 and weight w per unit length is suspended
between two points at the same level and has a maximum depthd.Prove
the tension at the lowest is w (1> — d?)/2d.1fl =50mand d = 20 m

find the distance between the points of suspension.

The solution

For the catenary y? = ¢? + 52,

\i/

C

AtBy=c+d , s=1
v (c+d)?2=c?+ 12
2c¢d = 1?2 — d?
c=1?-d?*/2d

the tension at the lowest is = wc = w (1> — d?)/2d .
1.27
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Ifl=50mandd=20m, then ¢ = 2500 — 400/40 = 105/2
Now s = csinhx/c
Hence if AB = 2x,
x = (105/2) sinh~1(20/21)
= (105/2)1lin[(20/21) + V{1 + (20/21)?}]
= (105/2)1in(49/21)
AB =105 x 2.303 log,,(49/21) =89m .

EXERCISES:
(1)A rope has an effective length of 20 mand mass5 kg per miter.

One end of the rope is 4m higher than the other. Find the
maximum

tension in the rope when the tangent at the lower end is horizontal.

(2)A {Jhniform chain of length 21 has its ends fixed at two points at
e

same level. The sag at the middle is h .prove that the span is

[(1? = R)/h]lin[(L + R) /(T — h)].

(3)A uniform wire hangs freely from tow points at the same level
200 mapart. The sag is 15 m . Show the greatest tension is
approximately 348 w and the length of wire is approximately 203 m

(4)Find approximately the greatest tension in a wire which has mass
100 g per miter when it hangs with a sag of 25 cm when stretched

1.28
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between two points at the same level 40 mapart.

(5)A uniform heavy chain of length 31 m is suspended from tow
points at the same level and30 mapart. Show that the tension at the
lowest point is about 1.08times the weight of the chain.

1.29




Chapter (2)
Direct Stress and Strain

(1) Stress:

The ability of a structural member to withstand load or transmit
force, as in a machine, depends upon its dimensions. In particular,
the cross-sectional area over which the load is distributed
determines the intensity or average stress in the member. If the
intensity of loading is uniform the direct stress, , f is defined as
the ratio of load, P ,to cross-sectional area,A , normal to the load as
shown in the Fig. Thus:

load

stress = ——
darea

or f=X

> ERd O«

Compression Area A

Mo o

Tension

2.1




If the load is in pounds and the area in square inches the units of
stress are pounds per square inch (Ib/in.?).There are another unit:

If,P , is expressed in Newton (N), and A, original area, in square
meters(m?) ,the stress,f , will be expresses in N/m? , this unit is
called Pascal (Pa) .

As Pascal is a small quantity in practice, multiples of this unit is used.
1 KPa = 103Pa = 103 N/m? (KPa = Kilo Pascal)
1 MPa = 10°Pa = 10° N/m?
=1 N/mm? (MPa = Mega Pascal)
1 GPa = 10°Pa = 10° N/m? (GPa = Giga Pascal)

The direct stress may be tensile or compressive according as the
load is a pull (tension), or push (compression). It is often
convenient to consider tensile stresses and loads as positive and
compressive stresses and loads as negative.

(2) Strain:

A member under any loading experiences a change in shape or size
inthe case of a bar loading in tension the extension of the bar
depends upon its total length. The bar is said to be strained and the
strain is defined as the extension per unit of original length of the
bar. Strain may produced in two ways:

2.2




1- By application of a load.

2- By a change in temperature, unaccompanied by load or stress.

If [ is the original length of the bar, x the extension or contraction in
length under load or temperature change, and ethe strain, then:

change in length

strain =
original lenth

x
or e ==7

Strain is a ratio and has therefore no units.
Strain due to an extension is considered positive, that associated with a

contraction is negative.

(3) Relation between Stress and Strain:

If the extension or compression in a member due to a load disappears
on removal of the load, then the material is said to be elastic. Most
metals are elastic over a limited range of stress known as the elastic
range. Elastic materials, with some exception, obey Hooke's, which
states that: the strain is directly proportional to the applied stress
Thus

stress

— = constant (E)
strain

le=—=FEor e=

2.3




where E is the constant of proportionality, known as the modulus of
elasticity or Young's modulus?

Since strain is a ratio, the units of Eare those of stress, i.e. pounds
per square inch.

Examples

Example (1):

A rubber pad for a machine mounting is to carry a load of 1000 /b
and to compress0.2in. If the stress in the rubber is not exceed

40 Ib/in.?, determine the diameter and thickness of a pad of
circular cross-section.

Take E for rubber as 150 Ib/in.?.

The solution
load
stress = ——
darea
. P
|.e f= X
0 — 1000
- mnd?/4
hence d* =31.83in? and d=5.64in
l.e. diameter of pad=5.64 in.

The increase in area due to compression has been neglected.
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reduction in length

Also stress = —
original length
) 40 0.2
then L =% this leads to—~ = 22
E l 150 l

therefore, thickness of pad is given by
[ =0.75in.

Example (2):

The Fig shows a steel strut with tow grooves cut out along part of its

length. Calculate the total compression of the strut due to a load of

24 tons.E = 12500 ton/in.?

| 24 tons

The solution

Suffices 1 and 2 denote solid and grooved portions, respectively. the
load at every section is the same,24 ton .

For the solid length of 18 in.
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compression x; =e;l =e; X 18

P 24

N — ;2
stress,f; = = 2z 6 tons/in.
. 6
strain,e; = hi %
E E

For the grooved length Of 12 in.

compression x, =e,l =e, X 12

24

_ P _ 2
stress,f, = yriarrmerrert 8 tons/in.
strain,e, = % = %

The total compression of the strut is equal to the sum of the
compressions of the solid and grooved portions. Therefore

X =x1+ x;

= (e; X 18) + (e, X 12)

6 8
= (Ex 18)+(Ex12)
204
" E

204
12500

= 0.0163 in.

Note: It has been assumed here that the stress distribution is uniform

over all sections, but at the change in cross-section the stress
2.6




distribution is actually very complex. The assumption produces little
error in the calculated compression.

Example (3):

Arod 10 mm X 10 mm cross-section is carrying an axial tensile
load 10 KN . In this rod the tensile stress developed is given by:

P 10 KN _0x10°N
S = AT Momm= 10mm) ~ 100 mm2z ¢
Example (4):

A rod 100 mm in original length. When we apply an axial tensile
loa 10 KN .The final length of the rod after application the tensile is
100.1 mm .So in this rod tensile strain is developed and is given by;

x 100.1mm-100mm  0.lmm . . :

e === = = 0.001(Dimenionless) Tensile.
l 100 mm 100 mm

Example (5):

A rod 100 mm in original length. When we apply an axial
compressive load 10 KN..The final length of the rod after
application compressive is 99 mm .So, in this rod compressive strain
is developed and is given by;

_ 99mm-100mm _ —-0.1mm _

= = = —0.001(Dimenionless) Tensile.
100 mm 100 mm

~ %
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Exercises

(1) A bar of 1 in. diameter is subjected to a tensile load of
10000 Ib.Calculate the extensionona 1 ft. length. E =
30 x 10*1b/in.%.

(2)A light alloy bar is observed to increase in length by 0.35 per
centwhen subjected to a tensile stress of 18 ton/in.? .Calculate
Young' modulus for the material.

(3)A duralumnin tie, 2 ft long 1.5 in. diameter, has a hole drilled
out along its length .The hole is of 1 in.diameter and 4 in.
long.Calculate the total extension of the tiedue to a load of 18 tons
E=12x%x10*Ib/in? .

(4) A steel strut of rectangular section is made up of two lengths.
The first 6 in. long, has breadth 2 in.and depth 1.5 in. ; the
second,4 in.long is 1 in. square. If E = 14000 tons/in.?,
calculate the compression of the strut under a load of 10 tons.
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Chapter (3)

Shear force and Bending Moment

(1) Shear force (SF):

The shear force in a beam at any section is the force transverse to
the beam tending to cause it to shear across the section. Fig.(3.1)
shows abeam under a transverse load W at the end D ; the other
end A is built in to the wall. Such a beam is called a cantilever and
the load W , which is assumed to act at a point, is called a
concentrated or point load.

Consider the equilibrium of any portion of beam CD . At section
C for balance of forces there must be an upward force Q equal and
opposite to the load W at D . This force Q is provided by the

3.1




Statics (1) Dr.Mohamed Abd El-Aziz

resistance of the beam to shear at the plane B ; this plane being
coincident with the plane section at C . Q is the shear force at B
and in this cace has the same magnitude for any section in AD .
Consider now the equilibrium of the portion of beam AB . There
is a downward force Q = W , exerted on plane B , so for balance
there must be an upward force Q at A . This latter force being
exerted on the beam by the wall.

Sign Convention

The shear force at any section is taken positive if the right-hand
side tends to slide downwards relative to the lift-hand portion,
fig.(3.2).A negative shear force tends to cause the right-hand
portion to slide upward relative to the lift. (In some books flowed
totally opposite sign convention).

R T Positive shear

z:::j:_%_ ‘_—_EEI

Negative shear

If several loads act on the beam to the right-hand side of section
C the shear force a C is the resultant of these loads. Thus, the
shear force at any section of a loaded beam is the algebraic sum of
the loads to one side of the section. It does not matter which side
of the section is considered provided all loads on that side are
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taken into account-including the forces exerted by fixings and
props.

(2) Shear Force Diagram (SFD):

The graph showing the variation of shear force along a beam is
known as the shear force diagram. for the beam of Fig 3.1 the shear
force was +W, uniform along the beam. Fig (3.3) shows the shear
force diagram for this beam, 0 — 0 being the axisof zero shear force.

‘ ,,

Shear force diagram

Positive
shear
force

Negative
shear

b
lorce
TONCE

(3) Bending Moment (BM):

The bending effect at any section X of a concentrated load W at D ,

Fig.(3.4) , is measured by the applied moment Wx , where x is the
perpendicular distance of the line of section of W from section X .

This moment is called the bending moment and is balanced by an
equal and opposite moment M exered by the material of the beam
atX, called the moment of resistance.
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Sign Convention

A bending moment is taken as positive if its effect is to tend to
make the beam sag at the section considered, Fig.(3.5).1f the
moment tends make the beam bend upward or hog at the section it
IS negative.

When more than one load act on a beam the bending moment at
any section is the algebraic sum of the moments due to all the
loads on one side of the beam. It does not matter which side of the
section is considered but all loads on that side must be taken into
account, including any moments exerted by fixings.

) (B
M M
Negative bending moment

Beam hogs

M M
) (e,
w | — Nt ‘w
Positive bending moment

Beam sags

W= Load
M= Moment of resistance
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(4) Bending Moment Diagram (BMD):

The variation of bending moment along the beam is shown in a
bending moment diagram. for the cantilever beam of Fig 3.1 the
bending moment at any section X is given by:

bending moment= —Wx (negative, since the beam hogs at X)

X
S f4_-————> w
Fixing A X
moment 1 lp

Positive

bending
moment ? o)

Negative
bending
mement

Bending
moment
diagram

M= =/

Since there is no other load on the beam this expression for the
bending moment applies for the whole length of beam from x = 0
to x = [ .The moment is proportional tox and hence the bending
moment diagram is a straight line. Hence the diagram can be
drawn by calculating the moment at two points and joining two
corresponding points on the graph by a straight line.

AtD, x =0 andbending moment =0
AtA4, x =1 andbending moment=—-WI

Since the bending moment is everywhere negative the graph
plotted is below the line 0—0 of zero bending moment,
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Fig.(3.6). At the fixed end A the wall exerts a moment WI
anticlockwise onthe beam; this is calleda fixing moment.

(5) Calculation of Beam Reactions:

When a beam is fixed at some point, or supported by props the
fixings and props exert reaction forces on beam. To calculate these
reactions the procedure is:

(a) equate the net vertical force to zero;
(b) equate the total moment about any convenient point to zero.

Note (1): Distinguish carefully between "taking moments" and
calculating a "bending moment":

(1) The Principle of Moments states that the algebraic sum of the
moments of all the forces about any point is zero, i.e. when forces on
both sides of a beam section are considered.

(2) The bending Moment is the algebraic sum of the moments of
forces on one side of the section about that section.

Note (2): What are the benefits of drawing shear force (SF) and
bending

Moment (BM)diagram?

The benefits of drawing a variation of (SF) and (BM)in a beam as a
function of 'x’ measuredfrom one end of the beam is that it becomes
easier to determine the maximum absolute value of (SF) and
(BM).The (SF) and (BM) diagram gives a clear picture in our mind
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about the variation of (SF) and (BM) throughout the entire section of
the beam.

Further, the determination of value of deflection of beam subjected

2
to a given loading where we will use the formula EL d—yz =M, .
dx

Examples

Example (1):

Draw the (SF) & (BM) diagrams at any section for a light
horizontal beam AB ,its length is L .The end A of the beam is fixed
at a vertical wall, while the free end Bis loaded by a weight W .

The Solution

> x

We take a section for the beam at C , where:

AC = x & CB=L-—x
3.7
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We study the equilibrium of the part CB or the part AC .

The study of the right part CB is easier than the lift part AC ,
because the existence of the reaction R and the couple S .

The shear force (SF) is N=W (1)
and the bending moment (BM) is M=W(L-x)(2)

From EQ.(1) the (SF) N is constant at any section and so it is a
straight line parallel to x —axis As shown in the next Fig..

But from EQ.(2) the (BN) M is depending on x , and its diagram
isshown in the next Fig.

M
wL

x=0 X1,
A B

For the equilibrium of the beam AB we find that:
R=W , S=WL.
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Example (2):

Draw the (SF) & (BM) diagrams for a light horizontal beam AB
Jits length is L .The end A of the beam is fixed at a vertical wall,
while the free end B is free. The beam is loaded uniformly by a

weightw per unit length.

The Solution
e , .
4= IFEYY IR N YR EEEY!
j‘ X =C<— l—x ———»B
N
!
D
llll‘r lw%w
© -9 G-x B
- 2 —> fe—— —
M ‘
w(l - x)

We note that the weight of the part CB is w(L — x) and acts at its
middle point. From the equilibrium of this part we find that:

The (SF) is N=w(l-x)(1) ,

andthe BM)is M = w(L —x) =2 =2 (L - x)%(2) .
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Then the (SFD) &(BMD) will be shown in the following Figs.

N M

wl

wl

Example (3):

Draw the (SF) & (BM) diagrams for a heavy horizontal beam AB
Jits length is L , and w is its weigh per length. The beam is
standing on two weidges in the same horizontal plane atits ends.

The Solution

Ry
!
A

R2
1.
AN

'

NI~
N

From the symmetry we find that:

R, =R,=wL/2 Where R, + R, = wL.
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By considering the equilibrium of the part AC , we find that:

R1=a)X+N
1
. E(A)Lza)X‘I'N

TaRICS

And by taking the moment about the point C , we get:
X
M + wx (E) = R.x

s M=

2 Lx—2x%2 = -2 (x2 - Lx).
2 2 2

The (SFD) &(BMD) will be shown in the following Figs.

L J
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Example (4):

Draw the (SF) & (BM) diagrams for a light horizontal beam AB
Jits length is 11 ft , and stands on two weidges in the same plane
at its ends. The beam carries p; = 2000,p, = 1500,p; =
2500 lb at the three pointes a,b,c such that Aa =ab =
2 ft &bc =3 ft .

The Solution

= 2500 4
T P, = 2000 P = 1500 L ke i

Y S .

— o — . 3 > - 3

From the equilibrium of the beam we get:
R,i,R, = 2000 + 1500 + 2500 = 60000 (1)
By taking the moment about the point B we get:
11 R, = 2000 X 9+ 1500 x 7 + 2500 x 4
~ 11 R, = 38500 - R;=35000lb (2)
By substituting from (1) in (2) we get:
R, = 25001b 3 )

For determination the (SF) &(BM) at any point we consider the
sections where:
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()0<x<2
N1=R1 = 3500 lb

M;-R;x = 3500x b T S z
(i)2<x<4 +

N, = R, — p; = 3500 — 2000 = 1500 Ib
M,_R; x — 2000(x — 2) = 3500 x — 2000(x — 2) lb

R,
* P, = 2000

(liDd<x <7
N3 =Ri —p1—Dp2
= 3500 — 2000 - 1500 =01b
M; = Ry x —2000(x —2) —1500(x — 4)
= 3500 x — 2000(x — 2) — 1500(x —4) Ib

R, Py Pz
‘r My
> 2 2 X —- " ’)
s 0—:—' x—-2 —
)7 <x<11
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Ny =Ry —p1 — D2 — D3
= 3500 — 2000 — 1500 — 2500 = —2500 b

M, =R;x—2000(x —2) —1500(x —4) — 2500(x — 7) —
= 3500 x — 2000(x — 2) — 1500(x — 4) — [b2500(x — 7)

Py

N,

Example (5):

Find the (SF) and defined the maximum (BM) at a point d for a
light horizontal beam AB ,its length is 2L and stands on two
weidges in the same plane at its ends. The beam carries a movable

weightab = 2hw where 2h(h < L)is its length. Then draw (SFD)

Ad

&(BMD), and prove that ad _ 44,
ab dB

The Solution

Ry R:

Al L LIHIIIIIHllllllllHllllllllllllllllllltﬁl) LB

e O ——— ’Q——h——-’
2wh
2!
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By taking a position for the beam ABas shown in the figure such
that Aa = c, and by finding the value of ¢ , which makes the (BM)
at d is maximum.

In case, the equilibrium of AB , we get:
R1 + Rz = 2wh
By taking the moment about the point B we get:
Ry X 2L = 2wh(2L — c — h)
wh
g R1 ZT(ZL—C—h)

By taking a section at pwhere,AP = x & x < c, we get:

wh
N = R1=T(2L—c—h)

And, by taking a section at d where ,Ad =x & x > c, we get:

N = Rl_(ﬂ(x—C)

wh
=T(2L—c—h)—w(x—c)
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h 1
M = wT(ZL—c—h)x—Ew(x—c)

L——f——— L —)w

wi(x — ¢c)

The maximum value of M will be when

am . xXwh
—= 0, I.e.—T+w(x—c) =0

C=(1—%)x

By substituting in M , we have:

wh h 1 h
Mmasz 2L—h—x(1—z) x—zw x—x(l—z> X

In this case, we find that :

h
ad  x-¢ ¥ _ hL(x) _ x _ Ad
db  2h—(x-c) 2h—%x

h *
Reor — 2L—x dB
L(ZL x)

Example (6):

AB is a beam, its length is L , and the end Bis fixed at a vertical
wall. The beam is loaded by a weight W distributedlinearly, by
uniformly increasing, starting from zero at the free end A.Find the
(SF) & (BM) then draw its diagrams.
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The Solution

The density of loading is w = w(x) at the section C ,where AC =
X,

Then w = yx (linearly distribution)
w = fOLa) dx = fOLyx dx

wW=yL%2/2 o y =2W /L2

v w=yx =QW/L*)x

For the section AC , we get

X

X
N=P=fa)dx=f(2Wx/L2)dx
0 0

A

~ N =Wx?/L%)
We note that the weight P dived AC by the ratio
AE = 2EC = 2x/3
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By taking the moment about C we find that

M = P(x/3) = Wx?/L*)(x/3) = Wx3/3L3)
Wenotethat R=W ,S=WL/3 and
AF = 2FB = (2/3)L .

M
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Exercises

(1)Draw the (SF) & (BM) diagrams at any section for a light
horizontal beam AB ,its length is L .The end A of the beam is fixed
at a vertical, while the free end B is loaded by a weight wL .

(2)Draw the (SF) & (BM) diagrams for a light horizontal beam
AB its length is L , and stands on two weidges in the same plane
at its ends. The beam carries two equal weightsp; = p, = w at
the two points C&D such that AC = DB =a, (a < L/2).

(3)Find and draw the (SF)&(BM) for a light horizontal beam AB
its length is10 ftand stands on two weidges in the same plane at
its ends. The beam is loaded by a uniformally distributed weight,
where w = 10 Ib per unit length.
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Chapter 62

Partial Derivatives

FUNCTIONS OF SEVERAL VARIABLES. If a real number z is assigned to each point (x, y) of a
part (region) of the xy plane, then z is said to be given as a function, z = f(x, y), of the
independent variables x and y. The locus of all points (x, y, z) satisfying z = f(x, y) is a surface
in ordinary space. In a similar manner, functions w = f(x, y, z,...) of several independent
variables may be defined, but no geometric picture is available.

There are a number of differences between the calculus of one and of two variables.
Fortunately, the calculus of functions of three or more variables differs only slightly from that
of functions of two variables. The study here will be limited largely to functions of two
variables.

LIMITS AND CONTINUITY. We say that a function f(x, y) has a limit A as x—x, and y— y,,
and we write lim f(x, y) = A, if, for any € > 0, however small, there exists a § > 0 such that,
X—‘Xo

y—*¥o
for all (x, y) satisfying

0<V(x—x,) +(y—y,)’ <5 (62.1)

we have | f(x, y) — A] < e. Here, (62.1) defines a deleted neighborhood of (x,, y,), namely, all
points except (x4, y,) lying within a circle of radius & and center (x,, y,).

A function f(x, y) is said to be continuous at (x,, y,) provided f(x,, y,) is defined and
Jjglo f(x, ) = f(x,, yo). (See Problems 1 and 2.)

bamd {]

PARTIAL DERIVATIVES. Let z = f(x, y) be a function of the independent variables x and y. Since
x and y are independent, we may (1) allow x to vary while y is held fixed, (2) allow y to vary
while x is held fixed, or (3) permit x and y to vary simultaneously. In the first two cases, z is in
effect a function of a single variable and can be differentiated in accordance with the usual
rules.

If x varies while y is held fixed, then z is a function of x; its derivative with respect to x,

f.(x, y) = o fFax y) ~ flx, y)

ax A i Ax
is called the ( first) partial derivative of z = f(x, y) with respect to x.
If y varies while x is held fixed, z is a function of y; its derivative with respect to y,

e = 2 = i 22280 = flx.

Ay—>0 Ay
is called the ( first) partial derivative of z = f(x, y) with respect to y. (See Problems 3 to 8.)

If z is defined implicitly as a function of x and y by the relation F(x, y, z) =0, the partial
derivatives dz/dx and dz/dy may be found using the implicit differentiation rule of Chapter 11.
(See Problems 9 to 12.)

The partial derivatives defined above have simple geometric interpretations. Consider the
surface z = f(x, y) in Fig. 62-1. Let APB and CPD be sections of the surface cut by planes
through P, parallel to xOz and yOz, respectively. As x varies while y is held fixed, P moves
along the curve APB and the value of dz/dx at P is the slope of the curve APB at P.

Similarly, as y varies while x is held fixed, P moves along the curve CPD and the value of
dz/dy at P is the slope of the curve CPD at P. (See Problem 13.)
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Fig. 62-1

PARTIAL DERIVATIVES OF HIGHER ORDERS. The partial derivative dz/dx of z = f(x, y) may
in turn be differentiated partially with respect to x and y, yielding the second partial derivatives

Teren=£(2) wma Sropen=L(Z)

dy dx ox
Similarly, from 4z/dy we may obtain

9’z ( 6z ) Jz ? K ( az)
= =2 (2= d g«
sxay ~fee =50 (50) =hpe =55
If z = f(x, y) and its partial derlvatlves are continuous, the order of differentiation turns out to
a7z 9’z
be immaterial; that is =

) = . (See Problems 14 and 15.)
dx dy dyodx

Solved Problems

1. Investigate z = x* + y* for continuity.
For any set of finite values (x, y)=(a, b), we have z=a’+b>. As x—q and y— b, x* +y’—
a’ + b’. Hence, the function is continuous everywhere.
2.

The following functions are continuous everywhere except at the origin (0, 0), where they are
not defined. Can they be made continuous there?

(@) z = sin (x + y)

x+y
Let (x, y)— (0, 0) over the line y = mx; then z = sin (x + ) = sin (1 + m)x — 1. The function
xty (1+ m)x
may be made continuous everywhere by redefining it as z = w for (x, y)#(0.0); z=1 for
(x. ¥)=(0,0).
X
(b 2= 7

Let (x, y)— (0, 0) over the line y = mx; the limiting value of z =

m

= 5> depends on
Pyl T 1+m

the particular line chosen. Thus, the function cannot be made contmuous at (0, 0).

In Problems 3 to 7, find the first partial derivatives.
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3. z=2x" - 3xy + 4y’

. . - . L0
Treating y as a constant and differentiating with respect to x yield i =4x —3y.

. . _— . . d
Treating x as a constant and differentiating with respect to y yield 8_; = —3x + 8y.

2 2
4. =2+ L
y x

. . o . .. d
Treating y as a constant and differentiating with respect to x yield O_T; = % - y_
il x“
. . - . .., 02 2y
Treating x as a constant and differentiating with respect to y yield 7y =-=+ E
y
s. z=sin(2x + 3y)
Jz 0z
_— = + - =
P 2 cos (2x + 3y) and dy 3cos (2x + 3y)
6. z = arctan xly + arctan xyz
a ' : J : 2
9z _ 2X)4w+ ,V” and 9z _ X4Z+ X)i4
dx  1+xy. l+xy ay 1+x’y 1+ x%y
7 7= exlmx_\'
a Ty d 2eay
e (2x +y)=z(2x +y) and Zoe (x)=xz

ax dy

8. The area of a triangle is given by K = ab sin C. If a =20, b =30, and C = 30°, find:
(a) The rate of change of K with respect to 4, when b and C are constant.
(b) The rate of change of K with respect to C, when a and b are constant.
(c) The rate of change of b with respect to a, when K and C are constant.

(a) % = % bsin C= % (30)(sin 30°) = ]?S
(b) K _1bcosc=1 (20)(30)(cos 30°) = 150V3
aC 2 2
2K ab 2K 2(Lab sin C) b 3
@P=TGnc ™M T T Fae T dsmc a2

In Problems 9 to 11, find the first partial derivatives of z with respect to the independent variables x
and y.

9. X +y +2°=25
Solution 1: Solve for z to obtain z ==*V25-x" —y°. Then

ff -Xx

d —
= = and - -
ax  +\[25 - ¥’ - p° dy  =\25-xT—y’ z

Solution 2: Differentiate implicitly with respect to x. treating y as a constant, to obtain

N =

az dz X
2x+2z — =0 — ==
o de o ax z

Then differentiate implicitly with respect to y, treating x as a constant:
0z y

dz
|+ I — = —_— = -
2y +2 ¢9y_0 or dy- o
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10. X’y +32) + y’(3x —4z) + 2% (x —2y) = xyz

The procedure of Solution 1 of Problem 9 would be inconvenient here. Instead. differentiating
implicitly with respect to x yields

2 0Z 2 2 02 az 2 dz
hd - = - — 4+ 7= had
2x(2y +32) + 3x e +3y -4y o +2z(x —2y) PP + xy X

8z _ dxy +6xz+3y  + 27— yz
ax 3x° —4y? +2xz —4yz — xy

so that

Differentiating implicitly with respect to y yields

az
2x* +3x° —y+2y(3x-—4z) 4y* —+2z(x~2y)——22 =xz+xy(?—y

9z _ 2x* + 6xy —8yz — 227 ~—xz
«9y T3 - 4y* +2xz —4yz — xy

so that

11. xy+yz+zx=1

t g ith respect t 1d + _+ __+ = d(z_ y z

Differentiating wi sp o X yle Sy+y X z an = —_.
t g tllleSpCCttO yeldsx+ —+z+x——Oa d—“——

Differentiating wi ywyn y ;y ;y y .

ar dr d8 el
. P ) s o h - 0
12 Con51dermg x and y as independent variables, find P ay > 3y when x = e’ cos

y=e " sin 6.

First differentiate the given relations with respect to x:

J .0 .. a . 30
1=2€2’c050—r—ez’sm0— and 0=3¢" sm()—r+e3 cos @ —
ax dx ax ax

Th Ive simult Iv to obtai ar cos 8 0 a0 3sin @
en solve simultaneously to obtain — = ————=——and — =~ 5 ——+——5—.
y dx  €¥(2+sin’ 9) dx ¥ (2 +sin’ 9)
Now differentiate the given relations with respect to y:

. 20 . a3 20
O=2e2'cosﬂﬂ—e2'sm0— and 1=3e3'sm0—r+e“'c056—
ay dy ay ay
. 0 sin @ 00 2cos 6
Then solve simultaneously to obtain LAV L - and — = 0

dy e”(2+sin’ 9) dy e"(2+sin’0)’
13.  Find the slopes of the curves cut from the surface z = 30+ 4y2 — 6 by planes through the

point (1,1, 1) and parallel to the coordinate planes xOz and yO-:.

The plane x = 1, parallel to the plane yOz, intersects the surface in the curve z =4y’ —3, x = 1.
Then dz/9y =8y =8 X 1 =8 is the required slope.

The plane y = 1, parallel to the plane xOz, intersects the surface in the curve z =3x* -2,y =1.
Then dz/6x = 6x =6 is the required slope.

In Problems 14 and 15, find all second partial derivatives of z.

14, z=x"+3xy+y’

2 2
£=2x+3y é—25=—a—<£)=2 9z =i(£)=3
ox ay

dx ax ax dy dx ox
2 2
=3x+2y 6_;23_(?_2_):2 92 =i(6_z)=3
ay ay \dy dxdy Jx \dy
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15.

16.

17.

18.

19.

20.

PARTIAL DERIVATIVES

Z=XCOSy— yCOsX

ﬂ-cos + ysinx — =—xsiny- ‘—9—2—
rri yty ay xsin y —cos x i
772 —i(g)——sin +sinx = L l—
gy dx Ay \ax Y ax dy ay:

Supplementary Problems

[CHAP. 62

[nvestlgate each of the followmg to determine whether or not it can be made continuous at (0, 0):

(@) no; (b) no; (c) yes; (d) no

v X+ y
@ s 0 O @ 5 Ans.
For each of the following functions, find dz/dx and dz/dy.
> > a
(@) z=x"+3xy+y" Ans. 6—§—2x+3y, =3x+2y
dz 1 9z 2
) z=5-% Ans. =—2+2—y,;—-=~_§—i2
y ox ax y ay y x
. az Jz
(¢) z=sin3xcosdy Ans. =3cos3xcosdy; ——
ax a
- y 9z __—y 9z _ _«x
(d) z = arctan T Ans. xS Ay ay iy
2 2 2 dz x dz 4y
- + = L e —— = =
(e) x* —4y" +92° =36 Ans X 9z 3y ~ 92
N s dz  2y(x—2) 9z x(x-—2z)
Y- 3xy + = L, — = L =
(f)z -3xy +6xyz=0 Ans ox T Zt2xy dy - 2+ 2xy
az yt+z Jz x+z
+xz+xy= . = — =
(g) yz+txz+xy=0 Ans % ¥y’ dy Xty
a
(@) If z=Vx*+y°, show thatxf;—+ya)z)—z.
3 az 0z
) If z=InVx* +y7, showthatx—+yay—1.
y ¥4 dz
= — + < - =0.
(¢) If z=¢""sin y e’ cos , show that x T +y — 3y =0

(d) If z = (ax + by)* + ¢ *** +sin (ax + by), show that b 6_ =a —

Find the equation of the line tangent to
(a) The parabola z =2x> — 3y’ y =1 at the point (-2, 1, 5)
(b) The parabola z = 2x* - 3y’, x = -2 at the point (-2, 1, 5)
(c) The hyperbola z =2x* —3y?% z =S5 at the point (-2, 1, 5)
Show that these three lines lie in the plane 8x + 6y + z +5=0.

For each of the following functions, ﬁnd

3’z 82 62
pyek and —
éxay 6y6x dy

2z
3y’

9’z

3 .

= —4sin 3xsin 4y

Ans. Bx+z+11=0,y=1
Ans. 6y+z—-11=0,x=-2
Ans. 4x+3y+5=0,z=5
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3’z 9’z 3z 3’z
— 2 2 —_— =4 = —= =% — =
(a) z=2x"-Sxy+y Ans. Py 4, axdy  dyox 5; 3y 2
X d’z_ by 9z _ﬁl_(i 1) %z _6x
(b) Ty Ans. S x*’oxdy dyox Ay y 7oyt oyt
3’z 3’z 3’z 3’z
= ¢ . _— = C— . —— = — '4;——:—1
(¢) z =sin 3x cos 4y Ans. —5 =923 3y~ 3yax 12 cos 3x sin 4y 2y 6z
= Y ‘9_22__‘9_22_ 2y 9%z = 9’z - y-x
(d) z = arctan o Ans. o 9y (+y) dxdy dydx  (x+y)
xy 2 'z %z N %z
) - LALN) +y2 2L <.
21 (a) If z -y’ show that x Py xy 7x 9y y 3y’
9’z 3’z
=" = *a, show that — + — =0.
(b) If z=¢""cos By and B a, show tha o T3y

- 3’z 3’z oz
(c) If z=e "(sinx + cos y), show that}?+;}7— TR

2 62 ‘92
(d) If z =sin ax sin by sin kftVa’ + b’, show that % = kz(—z + ——E)

ax’ ay’
22, For the gas formula (p + ;%)(u — b) = ct, where a, b, and ¢ are constants, show that
dp _2a(v - b)—(p+alv’)v’ v _ cv’
dv vv-b) at  (p+alv)v®-2a(v-b)
ot_v-b dp v _
ap c v a1t dp

[For the last result, see Problem [1 of Chapter 64.]
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Chapter 63

Total Differentials and
Total Derivatives

TOTAL DIFFERENTIALS. The differentials dx and dy for the function y = f(x) of a single

independent variable x were defined in Chapter 28 as
d
dr=Ax and dy=f'(x)dx= E}é dx

Consider the function z = f(x, y) of the two independent variables x and y, and define
dx = Ax and dy = Ay. When x varies while y is held fixed, z is a function of x only and the

partial differential of z with respect to x is defined as d, z = f (x, y) dx = 22 ax. Similarly, the
partial differential of z with respect to y is defined as d,z =f(x, y)dy = a—; dy. The total
differential dz is defined as the sum of the partial differentials,

f— + —_—
dz Tx dx 3y dy (63.1)
For a function w = F(x, y, z, ..., t), the total differential dw is defined as
Iw aw aw ow
e + —_— —_— ... —
dw Fy dx 3y dy + oz dz +---+ Py dt (63.2)

(See Problems 1 and 2.)

As in the case of a function of a single variable, the total differential of a function of several
variables gives a good approximation of the total increment of the function when the
increments of the several independent variables are small.

a d
EXAMPLE 1: When z=xy, dz = Ei dx + a—; dy = y dx + x dy; and when x and y are given increments
Ax = dx and Ay = dy, the increment Az taken on by z is

Az=(x+Ax)(y +Ay)~xy=xAy +y Ax + Ax Ay
=xdy+ydx+dxdy

A geometric interpretation is given in Fig. 63-1: dz and Az differ by the rectangle of area Ax Ay = dx dy.

(See Problems 3 to 9.)

a x4y Ax Ay
y xy y Ax
x Ax
Fig. 63-1

THE CHAIN RULE FOR COMPOSITE FUNCTIONS. If z = f(x, y) is a continuous function of the
variables x and y with continuous partial derivatives dz/dx and dz/dy, and if x and y are
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differentiable functions x = g(¢) and y = h(t) of a variable ¢, then z is a function of ¢ and dz/dt,
called the rotal derivative of z with respect to ¢, is given by

dz 9dz dx QQ

=24 .

dt  odx dt Jy dt (63.3)
Similarly, if w=f(x, y,z,...) is a continuous function of the variables x, y, z,... with
continuous partial derivatives, and if x, y, z, . . . are differentiable functions of a variable ¢, the

total derivative of w with respect to ¢ is given by

dw dw dx oJw dy Jw dz
—_— = _ = — — 4 ..
dt gx dt Jdy dt 9z dt (63.4)
(See Problems 10 to 16.)

If z=f(x, y) is a continuous function of the variables x and y with continuous partial
derivatives dz/dx and dz/dy, and if x and y are continuous functions x = g(r, s) and y = h(r, 5)
of the independent variables r and s, then z is a function of r and s with

dz dz dx dz ¢ a0z Jdz dx dz @
L2, 20 g B2 (63.5)
ar dx dr dy or s dx ds dy 0ds
Similarly, if w=f(x, y,z,...) is a continuous function of the variables x, y, z,... with
continuous partial derivatives dw/dx, dw/dy, dw/éz, ..., and if x, y, z,... are continuous
functions of the independent variables r, s, ¢, ..., then
aw _ow ax dw dy  ow oz
ar dx dr dy dr dz Ir
(63.6)

dw _ 9w 9x  owdy  dw oz
as ox ads ady ds 4z ds

(See Problems 17 to 19.)

Solved Problems

In Problems 1 and 2, find the total differential.

1.

z= x3y + xzy2 + xy3

dz 2 2 3 9z 3 2 2
We have I 3x‘y+2xy° +y and 2y X"+ 2x°y + 3xy
_2 ﬂ _ 2 2 3 3 2 2
Then dz—axdx+aydy—(3xy+2xy +y)dx+ (x° +2x°y + 3xy°) dy
z=xsiny—ysinx
dz . dz .
We have gy Siny - ycosx and 7 =xcos y—sinx
9z 9z . .
Then dz=xdx+5dy=(smy—ycosx)dx+(xcosy—smx)dy

Compare dz and Az, given z = x* + 2xy — 3y~
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0z 0z
— =2x+2y and — =2x—6y. So dz =2(x+y)dx+2(x —3y)dy
ax ay
Also, Az={(x+dx)’ +2(x +dx)(y + dy) - 3(y + dy)z] - (¥ + 2xy — 3y%)

=2(x + y) dx + 2(x — 3y) dy + (dx)* + 2 dx dy — 3(dy)*
Thus dz and Az differ by (dx)* + 2 dx dy — 3(dy)’.

Approximate the area of a rectangle of dimensions 35.02 by 24.97 units.

For dimensions x by y, the area is A = xy so that dA = 5— dx + 3y dy y dx + x dy. With x = 35,

dx =0.02, y =25, and dy = —0.03, we have A =35(25) =875 and dA = 25(0.02) + 35(-0.03) = —0.55.
The area is approximately A + dA = 874.45 square units.

Approximate the change in the hypotenuse of a right triangle of legs 6 and 8 inches when the
shorter leg is lengthened by § inch and the longer leg is shortened by  inch.
Let x, y, and z be the shorter leg, the longer leg, and the hypotenuse of the triangle. Then

— az x dz _ y dz=a—z-dx+£dy—de+ydy

zZ= x‘+ — T ————— —_ = =
YoaTEy o TV e et e s

6(3)+8(—3 1
When x=6, y =8, de =1}, and dy = — 3, then dz —% 20 inch. Thus the hypotenuse is

lengthened by approximately 3 inch.

The power consumed in an electrical resistor is given by P=E %R (in watts). If E =200 volts
and R =8 ohms, by how much does the power change if E is decreased by 5 volts and R is
decreased by 0.2 ohm?

2E 4P _ E° 2E E?

R GR- R dP—‘—dE*R2

-5, and dR = —0.2, then
2(200 200
( )( 5) - ( )

We have = dR

T

When E =200, R=8, dE

dP = (-0.2)=-250+125=—-125

The power is reduced by approxlmatcly 125 watts.

The dimensions of a rectangular block of wood were found to be 10, 12, and 20 inches, with a
possible error of 0.05 in in each of the measurements. Find (approximately) the greatest error
in the surface area of the block and the percentage error in the area caused by the errors in
the individual measurements.
The surface area is § = 2(xy + yz + zx); then
as as as

dS=—-dx ydy+Edz=2(y+z)dx+2(x+z)dy+2(y+x)dz

The greatest error in § occurs when the errors in the lengths are of the same sign, say positive. Then
dS =2(12 + 20)(0.05) + 2(10 + 20)(0.05) + 2(12 + 10)(0.05) = 8.4 in’
The percentage error is (error/area)(100) = (8.4/1120)(100) =0.75%.

For the formula R = E/C, find the maximum error and the percentage error if C =20 with a
possible error of 0.1 and E = 120 with a possible error of 0.05.
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éR dR 1 E
Here dR—;EdE-F%dC—EdE—PdC
. . 0.05 120
The maximum error will occur when dE = 0.05 and dC = —0.1; then dR = >0 " 200 (—-0.1) =0.0325
d .03
is the approximate maximum error. The percentage error is R (100) = 98—25 (100) = 0.40625 =

0.41%.

9.  Two sides of a triangle were measured as 150 and 200 ft, and the included angle as 60°. If the
possible errors are 0.2 ft in measuring the sides and 1° in the angle, what is the greatest
possible error in the computed area?

1 . dA 1 | dA 1 dA 1
Here A—ixysm(? a—x—iysmﬂ ay—zxsml) ae—zxycosﬂ
- 1 1
and dA=§ysm0dx+ixsm0dy+Exycosedﬁ

When x =150, y =200, 8 =60°, dx =0.2, dy = 0.2, and 46 = 1° = =/180, then
dA = 1(200)(sin 60°)(0.2) + 3 (150)(sin 60°)(0.2) + 1(150)(200)(cos 60°)(7/180) = 161.21 ft*

10. Find dz/dt, given z = x2+ 3xy + Syz; X =sint, y =cos!t.

. dz 9z dx dy .
— = + —_ = + -_ = - = -
Since ox 2x + 3y dy 3x + 10y a - cost ar sin ¢
d dz dx 9z d
we have z——z—+—z—y=(2x+3y)cost—(3x+10y)sin1

dr ax di dy di

11. Find dz/dt, given z =In(x*+ y*); x=e™', y=¢"

Since 9z _2x oz de - dy _
dx  x*+y? ﬁy_x2+y2 a - ° d ¢
dz _dzdx dzdy 2 . 2y ., . ye'—xe'
we have dt ~ dx dt+0y dt_x2+y2(e )+x2+yze—2—x§_+7

12.  Let z = f(x, y) be a continuous function of x and y with continuous partial derivatives dz/dx
and dz/dy, and let y be a differentiable function of x. Then z is a differentiable function of x.
Find a formula for dz/dx.

dz _ of dx  of dy _ of  of dy
By (63.3), dx ~ dx dx+dy dx—ax+ay dx

The shift in notation from z to f is made here to avoid possible confusion arising from the use of
dz/dx and 8z/9x in the same expression.

13.  Find dz/dx, given z = f(x, y) = x" + 2xy + 4y’, y = ™.

dz _ of L of dy

dx  ax  ay dx =(2x +2y) + (2x + 8y)ae™ = 2(x + y) + 2a(x + 4y)e

4.  Find (a) dz/dx and (b) dz/dy, given z = f(x, y) = xy’ + x°y, y=Inx.
(a) Here x is the independent variable:
ds _of | Of dy

1
(2 o1l _ '
dx dx dy dx—(y +21y)+(2xy+x)x y +2xy+2y +x
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(b) Here y is the independent variable:
d of d d
d~;=a—£di ﬁi—(y +2xy)x + 2xy + x°) = xy? +2x%y + 2xy + x°

15.  The altitude of a right circular cone is 15 inches and is increasing at 0.2 in/min. The radius of
the base is 10 inches and is decreasing at 0.3 in/min. How fast is the volume changing?

Let x be the radius, and y the altitude of the cone (Fig. 63-2). From V = }#x’y, considering x and y
as functions of time ¢, we have

dV _ 3V dx dV dy 7r( dr d_y)_a_f ~ , o .
& o @ oy a -3\ g tx ) = 3 [2010)15)(-03) + 10°(0.2)] = = 70/3 in*/min

Fig. 63-2

2 2

16. A point P is moving along the curve of intersection of the paraboloid T ’% = z and the

cylinder x* + y* =5, with x, y, and z expressed in inches. If x is increasing at 0.2 in/min, how
fast is z changing when x =2?

2 2
Xy n 4z _dzdx ordy xdx dydy o oz o _
From z2=16 " g W obtain priie dt+0y T 9 dt.Smcex +y =5 y==1
when x = 2; also, differentiation yleldsx§+y [(11"; 0.
dy x dx dz 2 2 5 . .
When y = IE _;E_ 1(02)——04andE——(0.2)——(—0.4)—%m/mm.
_ dy _x dx 2 .
When y = -1, -y =04 andd —8(0.2) ( 1)(0.4) = m/mm.

17.  Find dz/dr and 9z/ds, given z = x* + xy+y i x=2r+s, y=r—2s.

az iz ax ax ay ay
—_—= “+ —_— = —_— = —_= _— = —_— = -
Here I 2x+y ay x+2y 2 2 s ar s 2
a Jz d dz ¢
Then 02272 OX P20 (x4 y)2) + (x + 2y)(1) = Sx + 4y

ar dx dr dy dr

9z_ 9z dx 0z 9y _2)=-
and 55" ax 35 Ty 3o T XN HGEHN-2)= -3y

. du Ju Ju . 2 2 5 . . .
18. Find —, —, d —, given u=x"+2y" +2z°; = psin B cos 8, = p sin B sin 6,
md 50 a0 M G0 8 x"+2y x=psinp y=psinfp
z=pcos B.
du d ou a9
u_ du x+a—uﬂ+—u—2=2xsinBcos(9+4ysinﬁsin0+4zcos[3

dp  dx dp Jdy dp dz dp
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19.

20.

21,

du _ Ju dx  du dy | du 0z . .
—_— s —+ — =+ — — = 0+4 # —4z psin
9B ox o ayop ez 2x p cos f3 cos y p cos B sin zpsin B

du _du dx c_?gﬂ du oz

— = T4 +— — = - i ing +4 i [/}
96 3x 30 T ay 96 T az 8 2x psin Bsin @ + 4y p sin B cos

Find du/dx, given u=f(x, y,z)=xy+yz+zx; y=1/x, z=x"

From (63.6),
du _of  of dy  of dz (_L) -y _xtz
dx ax Toydx ez dx DTG -G =y 22y y) -y

If z = f(x, y) is a continuous function of x and y possessing continuous first partial derivatives
dz/dx and dz/dy, derive the basic formula

2z dz
Az=5;Ax+3;Ay+e,Ax+esz (n

where €, and ¢,— 0 as Ax and Ay—0.
When x and y are given increments Ax and Ay respectively, the increment given to z is
Az=fx+Ax, y+ Ay) - f(x, y)
=[flx+Ax, y + Ay) = flx, y + Ay)] + [f(x. y + Ay) = f(x, y)] (2)

In the first bracketed expression, only x changes; in the second, only y changes. Thus, the law of the
mean (26.5) may be applied to each:

flx+Ax, y+Ay)—fx, y + Ay) = Ax f(x + 6, Ax, y + Ay) 3)
fl, y+Ay) = flx, y) = Ay f(x. y + 6, Ay) (4)

where 0< 6, <1 and 0< 6§, <1. Note that here the derivatives involved are partial derivatives.
Since dz/dx = f,(x, y) and 3z/dy = f (x, y) are, by hypothesis, continuous functions of x and y,

A]imo f(x+6 Ax, y +Ay)=f.(x, y) and _\lim” Ly +6,Ay)=f(x.y)

Ay—0 Ay—0
Then f(x+6,Ax, y+Ay)=f(x,y) +e¢ and f‘(x,y+02Ay)=f‘,(x. ¥)te

where €,—~0 and ¢,— 0 as Ax and Ay—0.
After making these replacements in (3) and (4) and then substituting in (I ), we have, as required,

Az = [f,(x, Y +elAx+{f(x, Y)+ &]Ay =f.(x. y)Ax + f.(x, y) Ay + €, Ax + €, Ay

Note that the total derivative dz is a fairly good approximation of the total increment Az when |Ax| and
|Ay] are small.

Supplementary Problems

Find the total differential, given:

(a) z=x"y +2xy’° Ans. dz=(3x*+2y*)ydx + (x* + 6y’ )x dy
(b) 8 =arctan (y/x) Ans. do = xdyZh—y_zdx

Xty
(c) z= e Ans. dz=2z(xdx - ydy)

dr = Yy dx —xdy)

d)z= Ty 2 Ans.
(d) z=x(x"+y%) ns (x2+y2)3’2
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22.

27.

29.
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The fundamental frequency of vibration of a string or wire of circular section under tension T is

1 T
"Tom Nad )
approximate effect of changing / by a small amount d!, (b) the effect of changing T by a small amount
dT. and (c) the effect of changing / and T simultaneously.

Ans.  (a) —(n/l)dl; (b) (n/2T)dT; (¢) n(—di/l + dT/2T)

where ! is the length, r the radius, and d the density of the string. Find (a) the

Use differentials to compute (a) the volume of a box with square base of side 8.005 and height 9.996 ft;
{b) the diagonal of a rectangular box of dimensions 3.03 by 5.98 by 6.01 ft.

Ans.  (a) 640.544 ft’; (b) 9.003 ft

Approximate the maximum possible error and the percentage of error when z is computed by the given
formula:

(a) z= arth; r=5+005 h=12+0.1 Ans. 8.5w; 2.8%
(b) liz=1/f+1/g, f=420.01,g=8=x0.02 Ans. 0.0067; 0.25%
(©) z=vy/x;x=1.820.1,y=24%0.1 Ans. 0.13; 10%

Find the‘approximatc maximum percentage of error in:
(a) w =V g/b if there is a possible 1% error in measuring g and a possible ;% error in measuring b.

1/d
(Hinl: lnw=§(lng—lnb);‘%=—(?g—%); d—gl=0.01; db =0.005) Ans. 0.005

3 g b
(b) g =2s/t" if there is a possible 1% error in measuring s and §% error in measuring .

Ans. 0.015

Find du/dt, given:
(@) u=x’y' x=2,y=3¢° Ans.  6xy’t(2yt + 3x)
(b) u=xcosy+ysinx; x=sin2¢t y=cos2t
Ans. 2(cos y + y cos x) cos 2t —2(—x sin y + sin x) sin 2¢
(&) u=xy+yz+zx;x=ée,y=e ' z=¢+e”' Ans. (x+2y+2)e'~(2x+y+z)e”’

At a certain instant the radius of a right circular cylinder is 6 inches and is increasing at the rate
0.2 in/sec. while the altitude is 8 inches and is decreasing at the rate 0.4 in/s. Find the time rate of
change (a) of the volume and (b) of the surface at that instant.

Ans. (a) 4.87 in*/sec; (b) 3.2 in’/sec

A particle moves in a plane so that at any time ¢ its abscissa and ordinate are given by x =2 + 3¢,
y=1"+4 with x and y in feet and ¢ in minutes. How is the distance of the particle from the origin
changing when =17  Ans. 5/V2 ft/min

A point is moving along the curve of intersection of x* + 3xy + 3y = z* and the plane x — 2y +4=0.
When x =2 and is increasing at 3 units/sec, find (@) how y is changing. (b) how z is changing, and (c)
the speed of the point.

Ans. (a) increasing 3/2 units/sec; (b) increasing 75/14 units/sec at (2,3,7) and decreasing 75/
14 units/sec at (2,3, —7); (¢) 6.3 units/sec

Find dz/9s and dz/41, given:

(@) z=x"-2y*; x=3s+2t, y=35s -2t Ans. 6(x —2y); 4(x + 2y)

b) z=x"+ Jxy + y?; x =sins +cost, y=sins—cos¢t Ans. S5(x+ y)coss; (x — y)sint
(¢) z=x"+2y"1x=¢e—-¢. y=e+¢ Ans. 2(x +2y)e’; 2(2y — x)e’
(d)yz=sin(dx+5y); x=5+t, y=5—1 Ans. 9cos (4x + 5y); —cos (4x + Sy)

Y]

() z=e";x=5+2st, y=2st+ 1 Ans. 2e™[x + (s + t)y]; 27 [(s + Hx + sy]
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31

32.

33.

35.

(a) If u= f(x, y) and x = rcos 8, y = rsin 6, show that

(52) (%) = (%) + 2 (%)
ax ay/ ~\ar r* \ a8

(b) If u= f(x, y) and x = rcosh s, y = rsinh s, show that

(5 -G -0+ (G)

2
z

5. (Hint: Write z = f(u) + g(v), u=x+ ay,

2

(@) If 2= f(x + ay) + g(x — ay), show that gx—i -1
[a 4

L

5

Yy
=x-ay.)
(b) If z = x"f( y/x), show that x dz/dx + y 3z/dy = nz.
(¢) If z = f(x, y) and x = g(¢), y = h(r), show that, subject to continuity conditions
dzz L4 I " n
a =fu (&) +2f 8" +f (W) +fg"+fh

(d) If z = f(x, y); x = g(r, s), y = h(r, 5), show that, subject to continuity conditions

3%z
P fo (&Y +2f 8h +f (h) +fg, +fh,

2

a’z
Sy e =L 8 T (8h + g h )+ f hh + g +fh,

3%z
F =f;x(g:)2 + zf;ygsh: + f:vy(h.\‘)z +f:rg.n + f:vh.u

A function f(x, y) is called homogeneous of order n if f(ix, ty) = t"f(x, y). (For example, f(x, y)=
x? +2xy + 3y’ is homogeneous of order 2; f(x, y) = x sin ( y/x) + y cos ( y/x) is homogeneous of order
1.) Differentiate f(tx, ty) = t"f(x, y) with respect to t and replace ¢ by 1 to show that xf, + yf, = nf. Venfy
this formula using the two given examples. See also Problem 32(b).

., ou _dv Ju _ ‘ﬂ
If z = ¢(u, v), where u = f(x, y) and v = g(x, y), and if ox  dy an 3y ax’ show that
d’u 9w dv % ¢ % Ju\’ [av\\/d'd %
@72+t =75+ 55=0 (&) 2+_T={(_) +(—) }(—z _2)
X ay ax ay ax ay ax ax du v

Use (1) of Problem 20 to derive the chain rules (63.3) and (63.5). (Hint: For (63.3), divide by At)



Chapter 64

Implicit Functions

THE DIFFERENTIATION of a function of one variable, defined implicitly by a relation f(x, y) =0,
was treated intuitively in Chapter 11. For this case, we state without proof:

Theorem 64.1: If f(x, y) is continuous in a region including a point (x,, y,) for which f(x,, y,) =0, if
dflox and df/@y are continuous throughout the region, and if df/dy #0 at (x,, y,). then there is a
neighborhood of (x,. y,) in which f(x, y) = 0 can be solved for y as a continuous differentiable function of

i ‘ - dy _ dflox
x, y = ¢(x), with y, = ¢(x,) and dx  oflay”

(See Problems 1 to 3.)
Extending this theorem, we have the following:

Theorem 64.2: If F(x, y,z) is continuous in a region including a point (x,, y,, z,) for which

dF 4F dF . . .
F(x,, v4.2,) =0, if —, —, and —— are continuous throughout the region, and if dF/dz+#0 at

(Xg» Yo 2,), then there is a ﬁeighborhood of (x4, ¥o» 2,) in which F(x, v, z) =0 can be s%lved fog;/z;s a
z X

ggntinu%qu/g;fferentiable function of x and y, z = ¢(x, y), with z,= ¢(x,.y,) and ox = FFlaz’

dy  dFlez
(See Problems 4 and 5.)

Theorem 64.3: If f(x, v, u, v) and g(x, y. u, v) are continuous in a region including the point (x,, y,,
u,y, vy) for which f(x,, y,, 4,, v,) =0 and g(x,, ¥4, Uy, V,) =0, if the first partial derivatives of f and
of g are continuous throughout the region, and if at (x,. y,, u,. v,) the determinant J(f’*g) =

affou dflduv , , . . u, v
dgldu ag/au #0, then there is a neighborhood of (x,, y,, #,, v,) in which f(x, y, u, v)=0 and

g(x, y, u, v) = 0 can be solved simultaneously for u and v as continuous differentiable functions of x and

y, u=d@(x,y) and v=4y(x, y). If at (x4, y4. uy. vy) the determinant J(£’—8—)#O. then there is a

neighborhood of (x,, y,. u,, v,) in which f(x, y, u,v)=0and g(x, y, u, v) =0 cz;n be solved for x and y as
continuous differentiable functions of « and v, x = h(u, v) and y = k(u, v).

(See Problems 6 and 7.)

Solved Problems

1. Use Theorem 64.1 to show that x>+ y* —13=0 defines y as a continuous differentiable
function of x in any neighborhood of the point (2, 3) that does not include a point of the x
axis. Find the derivative at the point.

Set f(x, y)=x"+y>—13. Then f(2,3) =0, while in any neighborhood of (2,3) in which the
function is defined, its partial derivatives df/dx = 2x and df/dy = 2y are continuous, and df/dy # 0. Then

S A, ¢ L _dex_ x=—%at(2,3)

ox 3y dx an dx = afley  y

2. Find dy/dx, given f(x, y) =y + xy —12=0.

of of 2 dy aflox y
— = —_ = “+ . y = - ==
We have ar Y and ay Iy +x So ! ofidy 3+ x

394
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3 Find dy/dx, given e"sin y + e’ sinx =1,

. . dy aflax e"siny+ e’ cosx
=e* +e -1 = =- == - :
Put f(x, y)=e¢*sin y + ¢’ sinx — 1. Then o ofidy e cos y + e sinx

4. Find dz/dx and 9z/dy, given F(x, y, z) = x> +3xy — 2y’ +3xz + z° = 0.

Treating z as a function of x and y defined by the relation and differentiating partially with respect
to x and again with respect to y, we have

dF oJF 9z

= S o (2x 43y +32)+ (Bx+22) — 1
ox 37 o (2x +3y +32) + (3x 22) (1
dF OJF 9z
and 5+$a—§—(3x—4y)+(3x+22)—— 2)
8z _ dFlox  2x+3y+3z dz __dF/dy  3x—dy
From (1), 5 =~ GFaz =~ 3x+2z DOm0 =" GFG, T Taxvas

s. Find #z/6x and dz/dy, given sin xy + sin yz +sin zx = .

Set F(x, y, z) =sin xy + sin yz +sin zx — 1; then

ar _ cos xy + z cOS zx 9F _ cos xy + z oS yz 9F_ cos yz + z
o Y y &y-—x y+ zcosy 5 ¥ €0s yz + xcoszx
and dz _ dF/lgx _ ycosxy+ zcoszx dz  JFldy  xcosxy+ zcosyz
dx dF/dz y €OS yz + X cOS zx dy dFiaz y €OS yz + x COSs zX
6. If u and v are defined as functions of x and y by the equations

fx, y, u,v) =x+y* +2uv =0 glx, yvyu,v)=x’—xy+y' +u*+0v*=0
find (a) du/dx, dv/dx and (b) duldy, dv/dy.

(a) Differentiating f and g partially with respect to x, we obtain

v
w0 o —y+2u —
1 2v ox 2u ix 0 and 2x ~y 2u + 2v ¢9x =0
Solving these relations simultaneously for du/dx and Jv/dx, we ﬁnd
du _ v +u(y-2x) an v _v(2x—y)—u
ax 20’ — v?) ax  2u-vY)
(b) Differentiating f and g partially with respect to y, we obtain
Ju du Jdv
2 +20—+2u—=0 and —x+2y+2u—+2—=0
Y ay ay Y ay ay
du  u(x —2y)+2vy d v(2y — x) = 2uy
Th s d — ="
en ay 2 -0v) and ey T T = oY
d
7. Given u’ —v* +2x+3y=0and uv +x —y =0, ﬁnd()—u v du AN d(b) — ox ay,
dx dy ax’ dy dy du’ du

duv’ v’
(a) Here x and y are to be considered as independent variables. Differentiate the given equations
partially with respect to x, obtaining

ad a
w2 42=0 and v Z%+uZ41-0
ox ax X X
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. . . d + d -
Solve these relations simultaneously to obtain L % and = = U, uz.
) ] ) ) ) . u +uv dx  u +v
Differentiate the given equations partially with respect to y, obtaining
a 0 a
2u—u—2v—~+3 0 and vI-+uiZ-1=0
dy ay ay ay
du 2v-3u dv _ 2u+3v

Solve simultancously to obtain —— = —=——— an = — .

y gy 2 +o) oy T Al + o)
(b) Here u and v are to be considered as mdepcndent variables. Differentiate the given equations
partially with respect to u, obtaining 2u +2 - +3 ﬁ—O and v+ 22 - 22 20, Then a—z =

2u + 3v ay 2(v - u) du  du
- and - 5
Differentiate the given equations partially with respect to v, obtaining —2v + 2 N 3 =0
d +(9_x_r9_y 0. Then dx _2v-3u dr?y 2u(u+v) v ‘90
ancuT S50 " au v 5 % 5

Supplementary Problems

8. Find dy/dx. given

(@) ' - xXyv+xy’-y'=1 (b) xy —e*siny=0 (¢) In(x* + y?) — arctan y/x =0
30t = 2xy +y? e'siny—y  2xty
Ans.  (a) x2—2xy+3yz’( )x—e‘cosy’ ( )x—2y

9. Find dz/dx and 3z/dy, given

(@) 3" +4y° -5 =60 Ans. 0z/dx =3x/5z; dz/3y = d4y/5z
Pyt g _ 9z xtytdz 9z xryt2z
(b) x + ¥y + 2 +2xy +4yz +8zx =20 Ans. dx  ax+t2ytz'dy  dx+2y+z
9z z dz 3z
, V> = — = T =
() x+3y+2z=Inz Ans. dx 1-2z"4dy 1-2z
d . ~e'sin(y+z
(d) z=¢" cos(y + 2) Ans. = d : bt 2)

ax ]+esm(y+z) (9y 1+e'sin(y+2)

(e) sin{x +y)+sin(y+z)+sin(z+x)=1

Az cos(x + yy+cos(z+x) @z cos(x +y)+cos(y+ z)
Ans. — = =
ax cos(v+z)+cos(z+x) ay cos(y+z)+cos(z+x)
10. Find all the first and second partial derivatives of z, given x* + 2yz + 2zx = 1.
A i{__x+z dz 2 Hz x—y+22. 3’z _x+22.c9_zz# 2z
ek x+y'ay x+y ax’ (x+y) “axdy (x+y) 9y’ (x+y)
dx dy dz _
11, If F(x, ¥y, 2)=0 show that 5 5z Ax 1.
of 98 _ of 98
o ) B o dz _dx dy dy ox _ 1 (f_g)
12. If z=f(x. v) and g(x, y) = 0, show that e 2 = 2 J oyl

ay ay
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Chapter

Analytical Solid Geometry

3.1 INTRODUCTION

In 1637, Rene Descartes” represented geometrical
figures (configurations) by equations and vice versa.
Analytical Geometry involves algebraic or analytic
methods in geometry. Analytical geometry in three
dimensions also known as Analytical solid™ geom-
etry or solid analytical geometry, studies geometrical
objects in space involving three dimensions, which
is an extension of coordinate geometry in plane (two
dimensions).

3 ﬁ

Fig. 3.1

“Rene Descartes (1596-1650) French philosopher and mathe-
matician, latinized name for Renatus Cartesius.
™ Not used in the sense of “non-hollowness”. By a sphere or
cylinder we mean a hollow sphere or cylinder.

Rectangular Cartesian Coordinates

The position (location) of a point in space can be
determined in terms of its perpendicular distances
(known as rectangular cartesian coordinates or sim-
ply rectangular coordinates) from three mutually
perpendicular planes (known as coordinate planes).
The lines of intersection of these three coordinate
planes are known as coordinate axes and their point
of intersection the origin.

The three axes called x-axis, y-axis and z-axis are
marked positive on one side of the origin. The pos-
itive sides of axes OX, OY, OZ form a right handed
system. The coordinate planes divide entire space
into eight parts called octants. Thus a point P with
coordinates x, y, z is denoted as P(x,y, z). Here
X, y, z are respectively the perpendicular distances
of P from the YZ, ZX and XY planes. Note that a line
perpendicular to a plane is perpendicular to every
line in the plane.

Distance between two points P;(xy, y1, z;) and
Py(x2, ¥2,22) is v/(xa—x1)2+(v2—y1)2+H(z2a—21)%.

Distance from origin 0(0,0,0) is \/x3 + y3 + z3.

Divisions of the line joining two points Pj, Pp:
The coordinates of Q(x, y, z), the point on PP,
dividing the line segment P;P, in the ratio

. nxp+mxp ny\+myy nzyp+mzp :
m:n are (“L L ) or putting
k for 2

k ky k .
m, <x1+ X2 yitky: zi+ zz) ;k ?é —1. Coordi-

I+k > 14+k ° 1+k

nates of mid point are (x‘;)‘z , yl;”’z , ZIJ{Q).

3.1
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Direction of a line: A line in space is said to be
directed if it is taken in a definite sense from one
extreme (end) to the other (end).

Angle between Two Lines

Two straight lines in space may or may not intersect.
If they intersect, they form a plane and are said to
be coplanar. If they do not intersect, they are called
skew lines.

Angle between two intersecting (coplanar) lines is
the angle between their positive directions.

Angle between two non-intersecting (non-
coplanar or skew) lines is the angle between two in-
tersecting lines whose directions are same as those
of given two lines.

3.2 DIRECTION COSINES AND
DIRECTION RATIOS

Direction Cosines of a Line

Let L be a directed line OP from the origin O(0, 0, 0)
to a point P(x, y, z) and of length r (Fig. 1.2). Sup-
pose OP makes angles «, 8, y with the positive di-
rections of the coordinate axes. Then «, §, y are
known as the direction angles of L. The cosines of
these angles cos «, cos 8, cos y are known as the di-
rection cosines of the line L(O P) and are in general

denoted by I, m, n respectively.
Thus

X y
l=cosa=—, m=cosf ==,
r r

r=/x24+y2 472

z
n=cosy = —.
r

where

Y
P(x, y, 2)
T
o
/ ~ >X
z
Fig. 3.2

Corollary 1:  Lagrange’s identity: [>4+m>+n* = 1
i.e., sum of the squares of the direction cosines of
any line is one, since P4+m?2+n*=cos’a+

2 2 2
cos’ fHcos’y =5 + L + 5 = 1.

Corollary 2:  Direction cosines of the coordinate
axes OX, OY, OZ are (1, 0, 0), (0, 1, 0), (0, 0, 1)
respectively.

Corollary 3:  The coordinates of P are (Ir, mr, nr)
where [, m, n are the direction cosines of OP and r
is the length of OP.

Note: Direction cosines is abbreviated as DC’s.

Direction Ratios

(abbreviated as DR’s:) of a line L are any set
of three numbers a, b, c which are proportional
to I,m,n the DC’s of the line L. DR’s are also

known as direction numbers of L. Thus f—l = % =
% = k (proportionality constant) or [ = ak, m = bk,
n = ck. Since I> + m* + n> = 1 or (ak)?> + (bk)*> +
(ck)*=1 or k = \/ﬁ Then the actual di-
rection cosines are cose = = ak = + 4

[a24b24c2°
cos f=m = bk = +——=L !

Vi cosy =m=ck =
+7 zJ:szr_z with a® + b? + ¢ # 0. Here +ve sign
a ¢

corresponds to positive direction and —ve sign to
negative direction.

Note 1:
one.

Sum of the squares of DR’s need not be

Note 2: Direction of line is [a, b, c] where a, b, ¢
are DR’s.

Direction cosines of the line joining two points
Pi(x1, y1, z1) and Pa(x2, y2, 22):
PO LM OM-0OL x;—x

[ =cosa = —
r r r r

Similarly, m = cos p = %L and n =cosy =
2
“—L. Then the DR’s of P, P, are x; — X1, y2 — y1,
22— 21
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Y
A

P,

r
Py a Q
(o] S
L THES
Z

Fig. 3.3

Projections

Projection of a point P on line L is Q, the foot of the
perpendicular from P to L.

P

Q L
Fig. 3.4

Projection of line segment

Py P, on aline L is the line segment M N where M
and N are the feet of the perpendiculars from P and
Q on to L. If 9 is the angle between P; P, and line
L, then projection of PP, on L= MN = PR =
P, P, cos 6. Projection of line segment P; P, on line
L with (whose) DC’s [, m, n is

l(xy — x1) + m(y2 — y1) +n(z2 — z1)

(%, %, 2o)

P (X1, 4, Z4)
[

Fig. 3.5

ANALYTICAL SOLID GEOMETRY == 3.3

Angle between Two Lines

Let 6 be the angle between the two lines O P; and
OP,. Let OP, =r1,0P, =r,. Let l;,m,n; be
DC’s of O Py and [, ms, ny are DC’s of O P,. Then
the coordinates of Py are [ r;, mry, nir; and of P,
and 127‘2, morp, N1,

zZ

N
B (%3, Yo, 25)

2

P (x, %, 2)

Fig. 3.6
From A O P, P», we have

PP} = OP}+ OP} —20P,- OP; -cos6
(lry = hir))* 4 (mary — myr)> + (nary — nyrp)?

= [(lm)2 + (myr)* + (n1r1)2]

+ [(lzrz)2 + (mar2)* + (n2r2)2] —2-ryrycosb.
Usingl%+m%+n% =1 andl%+m%+n% =1,
rl2 + r22 —2rira(lily + mymy + niny)

= rl2 + r22 — 2ryrpcosf.

Then C059=1112+m|m2+n1n2

Corollary 1:
sin?6=1—cos?f =1— (Wil +mymy + n]ng)2
= (I} +mi +nD{ +m3 +n3)
—(lily + mymy + nina)*
= (limy — mib)* + (miny — nymy)*
+nily — naly)?
using the Lagrange’s identity. Then
G Am3n)(B+m34n3)—(l A+mima+niny)?)

= (lima—lm)*+(mina—man)*+(n1l—naly ).
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Thus sinf = / Z(lln’Lz - m112)2
sing _ /2 Uimy—mip)?

tan 6 = cos® — ljlp+mymy+niny *

Corollary 2:

Corollary 3: If a;, by, c; and a3, b,, ¢, are DR’s
of O P, and 0P2

Then /| =
Vai +b2+cl
—a etc.
Vai +b%+cl

Then cosf =

b
mip = . nl =
‘/a|2+b%+c%

ajay+biby+cicn
a+b3 -+ Ja3 b3+

V(aiby—azb1)2+(bica—byc1)? + (craz—caap)?
Jai i a3 +b3+3

Corollary: Condition for perpendicularity:
The two lines are perpendicular if & = 90°. Then

sin =

cosf =cos90 =0

Thus ’lllz—i—mlmz—i—nlnz :0‘
or ’a1a2+b1b2+0102=0‘
Corollary: Condition for parallelism:

If the two lines are parallel then 6 = 0. So sin 6=0.

(limay — mila)* + (miny — many)? + (nily — naly)* =0

JE+mi+nt

I mp  m

or —_—— e— = — = —,
I, my na 2 2, 2 1
12—{—m2—}—n2
Thus  [li=h. mi=my m=m)]
ap by cl
or —_ ===

a b o

|
WORKED OuT EXAMPLES

Example1: Findthe angle between the lines A(—3,
2,4), B(2,5,—2)and C(1, -2, 2), D4, 2, 3).

Solution: DR’s of AB:2—(-3),5-2,-2—-4

=53 -6

DR’s of CD: 3 4,1. Then DC’s of AB are [} =
_ — 3 _

cosay = \/52+3z+6z - 25+9+36 = 7z and my =

—6

cos B = %, ny =cosyr = . Similarly, I, =
3 3 3
COSQy = = = = and m>, =
2T [ OF 1611 . 26° 2
4 |
cos B, = e =08y = Now

cos6 =cosag - cosay + cos B - cos By + cos yp - oS V2
=lilhp +mmy +niny

5 3 N 3 4 6 1
V70 26 70 /26

=0.49225
6 = cos~1(0.49225) =

cosf =

60°30.7’

Example 2: Find the DC’s of the line thatis L" to
each of the two lines whose directions are [2, —1, 2]
and [3, 0, 1].

Solution: Let [a, b, c] be the direction of the line.
Since this line is 1" to the line with direction
[2, —1, 2], by orthogonality

2a —b+2c=0

Similarly, direction [a,b,c] is 1" to direction
[3,0,1]. So

3a4+0+4+c¢=0.
Solving ¢ = —3a, b = —4a or
direction [a, b, c] = [a, —4a, —3a] = [ 4, -3].
) o 1 —4 -3
DC’s of the line: m \/7 e e

Example 3: Show that the points A(1, 0, —2),
B3, —1, 1) and C(7, —3, 7) are collinear.

Solution: DR’s of AB: [2,—1, 3], DR’s of AC:
[6, —3,9], DR’s of BC: [4, —2, 6]. Thus DR’s of
AB, AC, BC are same. Hence A, B, C are collinear.

A B c

Example 4: Find the coordinates of the foot of
the perpendicular from A(1, 1, 1) on the line joining
B(1,4,6) and C(5, 4, 4).

Suppose D divides BC in the ratiok : 1.

Solution:
: Sktl 4ktd 4kt6
Then the coordinates of D are (355, 455, 442) .

R’sof AD: 2,3, 2582 DR’s of BC: 4,0, =2 AD

1sJ_’BC 16k — 6k —10=0,0rk = 1.



B.V.Ramana August 30, 2006 10:22
A(1,1,1)
B D (e}
(1, 4, 6) (5,4, 4)

Coordinates of the foot of perpendicular are (3, 4, 5).
Example 5: Show that the points A(1,0, 2),

B3, —1,3),C(2,2,2), D(0, 3, 1) are the vertices of
a parallelogram.

e

Fig. 3.7

Solution: DR’sof ABare[3—1,—1—-0,3—-2] =
[2, —1, 1]. Similarly, DR’s of BC are [—1, 3, —1], of
CD[-2,1,—1] of DA[-1, 3, —1]. Since DR’s of
AB and CD are same, they are parallel. Similarly BC
and DA are parallel since DR’s are same. Further AB
isnot L" to AD because

2+D + (=D)(-3)+ L(+)=6#0
Similarly, AD is not L" to BC because
2D+ (=34 1(-1) = -6 £0.

Hence ABCD is a parallelogram.

EXERCISE

1. Show that the points A(7, 0, 10), B(6, —1, 6),
C(9, —4,6) form an isoscales right angled

triangle.
Hint: AB? = BC? = 18, CA? = 36,
AB*+ BC*=CA?

2. Prove that the points A(3, —1, 1), B(5,
C(11, —13, 5) are collinear.

—4,2),

Ans.

Ans.

ANALYTICAL SOLID GEOMETRY == 3.5

Hint 1: AB? = 14, BC? = 126, CA? = 224,
AB+ BC =4J14=CA

Hint2: DR’sof AB =2, —3,1;BC:6, -9, 3;
AB|'to BC

Determine the internal angles of the tri-
angle ABC where A(2,3,5), B(—1,3,2),
C@3.,5,-2).

Hint: AB> = 18, BC? = 36, AC? = 54. DC S
21 =2
AB: — 40, -1 BC: 2,1, 25 A S
=1

%f 3/6°
_1 —0; —o()° _6
cos A_ﬁ,cos B=0i.e., B=90°,cosC= 5

Show that the foot of the perpendicular from
A(0,9, 6) on the line joining B(1,2,3) and
C(7,-2,5)is D(—2,4,2).

o - Th+1  —2k+2
Hint: D divides BC ink : 1, D(m, T

S3).DR'S AD: (Tk + 1, =11k = 7, —k=3),

DR’s BC:6,—4,2. AD 1" BC: k = —3.
Find the condition that three lines with DC’s
li,my,ny; b, mp, ny; Iz, ms3, ny are concurrent.
Hint: Line with DC’s [, m, n through point of
concurrency will be L" to all three lines, I/; +
mm; +nn; =0,i =1,2,3.

L m m
Ih my npy|=0

I3 m3 n3

. Show that cos? @ + cos? 8 4 cos® y + cos? §

= ‘3—‘ where «, B, v, § are the angles which a
line makes with the four diagonals of a cube.

Hint: DC’s of four diagonals are (%, k, k),
( k,k, k), (k,—k,k), (k,k, —k) where k =
[, [, m, n are DC’s of line. cosa = [.k.
+mk +nk, cosf = (—l+m+n)k, cosy =
(Il—m+n)k,cosé =((+m—n)k.

Show that the points A(—1, 1, 3), B(1, =2, 4),
C(4, —1, 1) are vertices of a right triangle.
Hint: DR’s AB : [2, -3, 1], BC : [3,1, —3],
CA:[5 —-2,-2].ABis L" BC.
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8. Prove that A(3, 1, —2), B(3,0, 1), C(5, 3, 2),
D(5, 4, —1) form a rectangle.
Hint: DR’s: AB: [0, —1,3]; AC: [2,2,4],
CD[0,1,-3]; ADI[2,3,1]; BC[2,3,1];
AB|CD,AD||BC,AD 1 AB:0 — 3+ 3=0,
BC L DC:0+3-3=0.

A B

[ ]

9. Find the interior angles of the triangle
AG,—1,4), B(1,2,-4),C(-3,2, 1).

Hint: DCs of AB: (2,3, —8)k,

BC: (—4,0,5)k,, AC: (—6, 3, —3)k3 where
_ 1 _ _ 1

ki = o=, ky = =, k3 = —=.

_ 15 _ 3 _ 3
cosA_—462,cosB_—3157,cosC_—m.

10. Determine the DC’s of a line _L" to a triangle
formed by A(2, 3, 1), B(6, —3,2), C(4, 0, 3).
(3, 2, 0)k where k = ﬁ

Hint: DR: AB: [4,—6,1], BC: [-2, 3, 1],
CA:[2,-3,2].[a, b, c]of L" line: 4a — 6b +
c=0,-2a+3b+c=0,2a —3b+2c=0.

Ans.

Ans.

3.3 THE PLANE

Surface is the locus of a point moving in space sat-
isfying a single condition.

Example: Surface of a sphere is the locus of a point
that moves at a constant distance from a fixed point.

Surfaces are either plane or curved. Equation of
the locus of a point is the analytical expression
of the given condition(s) in terms of the coordinates
of the point.

Exceptional cases: Equations may have locus
other than a surface. Examples: (i) x> +y?=0isz-
axis (ii) x> + y? 4+ z2 = 0 is origin (iii) y> +4 =0
has no locus.

Plane is a surface such that the straight line P Q,
joining any two points P and Q on the plane, lies
completely on the plane.

General equation of first degree in x, y, z is of the
form

Ax+By+Cz+ D=0

Here A, B,C, D are given real numbers and
A, B, C are not all zero (i.e., A2 + B*> + C? #0)

Book Work:  Show that every equation of the first
degree in x, y, z represents a plane.

Proof: Let
Ax+By+Cz+ D=0 1)

be the equation of first degree in x, y, z with the con-
dition that not all A, B, C are zero (i.e., A2 + B> +
C? #0). Let P(x1, y1,21) and Q(x2, y2, 22) be any
two points on the surface represented by (1). Then

Ax1+By1 +Cz1 + D1 =0 2)
Axy + By, +Czp+ Dy =0 3
Multiplying (3) by k and adding to (2), we get
A(xy + kx2) + B(y1 + ky2) + C(z1 + kz2) + D(1 + k)
=0 )
Assuming that 1 + k # 0, divide (4) by (1 + k).
() o () e (282 o

=0

i.e., the point R <X1+k’(2 y1tkyy Z‘+kzz) which is

T+k > I+k > I+k
point dividing the line P Q in the ratio k : 1, also
lies on the surface (1). Thus any point on the line
joining P and Q lies on the surface i.e., line PQ
completely lies on the surface. Therefore the surface
by definition must be a plane.

General form of the equation of a plane is
Ax+By+Cz+ D=0
Special cases:
(i) Equation of plane passing through origin is

Ax+By+Cz=0 ()



chap-03

B.V.Ramana

August 30, 2006 10:22

(i) Equations of the coordinate planes XOY,Y O Z
and ZOX are respectively z =0,x =0 and
y=0

(ili) Ax+ By+ D =0 plane 1" to xy-plane
Ax+Cz+ D =0 plane 1" to xz-plane
Ay+Cz+ D=0 plane 1" to yz-plane.

Similarly, Ax + D =0 is || to yz-plane, By +
D=0 is ||'! to zx-plane, cz+D =0 is |’ to
xy-plane.

One point form

Equation of a plane through a fixed point
Pi(x1, y1,z1) and whose normal CD has DC’s
proportional to (A, B,C): For any point
P(x,y,z) on the given plane, the DR’s of the
line P; P are (x — x1,y — y1,2 — z1)- Since a line
perpendicular to a plane is perpendicular to every
line in the plane, so M L is perpendicular to Py, P.
Thus

Ax —x)+Bly—yD+Cz—z1)=0 (6)

M

N

Fig. 3.8

Note 1: Rewriting (6), we get the general form of
plane

Ax+By+Cz+ D=0 (1)
where D = —ax| — by; — cz;

Note 2: The real numbers A, B, C which are the
coefficients of x, y, z respectively in (1) are propor-
tional to DC’s of the normal ot the plane (1).

Note 3: Equation of a plane parallel to plane (1) is
Ax+By+Cz+ D" =0 N

x-intercept of a plane is the point where the plane
cuts the x-axis. This is obtained by putting y = 0,

ANALYTICAL SOLID GEOMETRY == 3.7

z = 0. Similarly, y-, z-intercepts. Traces of a plane
are the lines of intersection of plane with coordinate
axis.

Example: xy-trace is obtained by putting z = 0 in
equation of plane.

Intercept form

Suppose P(a, 0,0), Q(0, b, 0), R(0,0,c) are the
Xx-, y-, z-intercepts of the plane. Then P, Q, R lies
on the plane. From (1)

Aa+0+04+D=0

or A=——.

P(a, 0, 0)

Fig. 3.9

similarly, 0+5B+0+D =0 or B=—% and
c=-2

Elimicnating A, B, C the equation of the plane in
the intercept form is

D D D
~Zx-=-Zi4p=
a b
or TaYi i @)
a b ¢

Normal form

Let P(x, y, z) be any point on the plane. Let ON be
the perpendicular from origin O to the given plane.
Let ON = p. (i.e., length of the perpendicular O N
is p). Suppose [, m, n are the DC’s of ON. Now ON
is perpendicular to P N. Projection of OP on ON is
ON itself i.e., p.
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z

Fig. 3.10

Also the projection O P joining origin (0, 0, 0) to
P(x,y,z)ontheline ON with DC’s [, m, n is

I(x —0)4+m(y —0)+n(z—0)
or Ix +my +nz &)
Equating the two projection values from (8) & (9)

Ix+my+nz=p (10)

Note 1: p is always positive, since p is the perpen-
dicular distance from origin to the plane.
Note 2: Reduction from general form.

Transpose constant term to R.H.S. and make it
positive (if necessary by multiplying throughout by

—1). Then divide throughout by ++/A2 + BZ + C2.
Thus the general form Ax +By+Cz+ D =0
takes the following normal form

Ax By Cz

+ +
+VA24+B24+C?  +/A24+B24+C2?
-D

= an

+vA%2+ B2+ C?
The sign before the radical is so chosen to make the
R.H.S. in (11) positive.

Three point form

Equation of a plane passing through three given

points Pi(xy, y1, z1), Pa(x2, ¥2, 22), P3(x3, y3, 23):
Since the three points P;, P,, P lie on the plane

Ax+By+Cz+ D=0 (1)

we have Ax1+ By +Cz1+ D=0 (12)
Axy+ By, +Cz+ D=0 (13)

Axz3+Bys; +Czz+ D=0 (14)

+VA2+B24C?

Eliminating A, B, C, D from (1), (12), (13), (14)
(i.e., a non trivial solution A, B, C, D for the ho-
mogeneous system of 4 equations exist if the deter-
minant coefficient is zero)

X y Z

X1y A
X2 N 22
X3 Y3 23

=0 (15)

S Y

Equation (15) is the required equation of the plane
through the 3 points Py, P, P;3.

Corollary 1:  Coplanarity of four given points:
The four points P;(xy, y1, 21), P2(x2, ¥2, 22), P3(x3,
¥3, 23), P4(x4, Y4, z4) are coplanar (lie in a plane) if

X1 oy1 <
X2 y2 22
X3 y3 23
X4 Y4 Z4

=0 (16)

[ S

Angle between Two Given Planes

The angle between two planes
Aix+Biy+Ciz+ D1 =0
Ax + Byy 4+ Crz+ Dy =0

an
(18)

is the angle 6 between their normals. Here A, By, C,
and A, B,, C; are the DR’s of the normals respec-
tively to the planes (17) and (18). Then

A1Ay + B1By + C1C

cosbh =
2 2 2 2 2 2
JA + B+ A+ B+ G

Condition for perpendicularity

If & = 0 then the two planes are L to each other.
Then

A1A>+ BB, +C1Cy, =0 (19)

Condition for parallelism

If & = 0, the two planes are || to each other. Then
A B
A_B_G 20)

Ao B; Cy

Note: Thus parallel planes differ by a constant.

Although there are four constants A, B, C, D in
the equation of plane, essentially three conditions are
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required to determine the three ratios of A, B, C, D,
for example plane passing through:

a. three non-collinear points

b. two given points and L" to a given plane

c. a given point and L" to two given planes etc.

Coordinate of the Foot of the Perpendicular
from a Point to a Given Plane

Let Ax + By 4+ Cz 4+ D = 0 be the given plane and
P(xy, y1, z1) be a given point. Let PN be the per-
pendicular from P to the plane. Let the coordinates
of the foot of the perpendicular PN be N(«, 8, y).
Then DR’s of PN(x; — «, y1 — B, 21 — y) are pro-
portional to the coefficients A, B, C i.e.,
x1—a=kA, y—B=kB,
yi=p8—kB,
P

71—y =kC

or «a=ux3 —kA, z1=y —kC

nCl—q

Fig. 3.11

Since N lies in the plane
Aa+BB+Cy+D=0

Substituting o, 8, v,

A(xy —kA)+b(y1 —kB)+c(z1 —kC)+ D =0
. Ax1+By1+CZ1+D
Solving k=

A2+ B2 4 (2

Thus the coordinates of N(«, 8, y) the foot of the
perpendicular from P(xy, y;, z1) to the plane are
A(Ax1 + By; + Cz1 + D)
B A2+ B2+ C2
B(Ax1 + By1 +Cz1 + D)
- A2+ B2+ (2
C(Ax1+ By1+Cz1+ D)
a A2+ B2+ (2

)

B=x

)

@n

=<1

Corollary 1:  Length of the perpendicular from a
given point to a given plane:
PN?=(x1 — ) + (i = B + (@1 — v’
= (kA)? + (kB)” + (kC)?

ANALYTICAL SOLID GEOMETRY == 3.9
—12(A + B+ C?)

_|Ax1+Byn+Cu+D
B A2 + B2 4 C?

2
] (A2 + B>+ C?

(Ax| + By| + Cz; + D)?
T A4 B tC?
Ax;+By1+Czi+ D

/B4

The sign before the radical is chosen as positive or
negative according as D is positive or negative. Thus

the numerical values of the length of the perpendic-
ular PN is

or PN =

_ Ax1+By1+Cz1+ D
VA% 4 B? +C?

Note: PN is obtained by substituting the coordi-
nates (xi, y1, z1) in the L.H.S. of the Equation (1)
and dividing it by ~/A2 + BZ + C2.

Equation of a plane passing through the line of
intersection of two given planes u = Ajx + By +
Ciz+ Dy =0and v=Ayx + Boby+ Coz+ D, =
01is u + kv = 0 where k is any constant.

Equations of the two planes bisecting the angles
between two planes are

A1x + B1y+ Ciz+ Dy
) 2 2
AT+ By + Cy

|
WoRKED Out EXAMPLES

PN

(22

_ iA2x+Bzy+CzZ+D2

N 2, p2 2
JA2+ B2+ 2

Example 1: Find the equation of the plane which
passes through the point (2, 1, 4) and is

a. Parallel to plane 2x +3y 4+ 5z+6 =0

b. Perpendicular to the line joining (3, 2,5) and
(1,6,4)

c¢. Perpendicular to the two planes 7x +y +2z =6
and3x + 5y — 6z =8

d. Find intercept points and traces of the plane in
case C.

Solution:

a. Any plane parallel to the plane
2x+3y+5z4+6=0
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is given by 2x + 3y + 5z + k = 0 (1) (differs by
a constant). Since the point (2, 1, 4) lies on the
plane (1),2(2) +3(1) +5(4) + k =0,k = =27.
Required equation of plane is 2x + 3y + 5z —
27 =0.

b. Any plane through the point (2, 1, 4) is (one point
form)

Ax—=2)+B(y-D+Cz-4=0 @

DC’s of the line joining M(3,2,5) and
N(1,6,4) are proportional to 2, —4, 1. Since
M N is perpendicular to (2), A, B, C are propor-
tional to 2, —4, 1. Then 2(x —2) —4(y — 1) +
1(z —4) = 0. The required equation of plane is
2x —4y+z—-4=0.

c. The plane through (2, 1, 4) is
Ax—2)+B(y—1D)+C(z—4)=0. 2)

This plane (2) is perpendicular to the two planes
Tx+y+2z=6and3x +5y — 6z =8.
Using A1 Ay + BB, + C1C, = 0, we have

Ta+b+2c=0

3a +5b—6¢c=0

b c

: « b Y .
Solving - F="5%5=373 =53~

Required equation of plane is
Ix—4) =30y -D—-2c-49H=0
or x—=3y—-2z+7=0

d. x-intercept: Put y=2z=0, .. x = =7 or (-7,
0, 0) is the x-intercept. Similarly, y-intercept is
(0, 2, 0) and z-intercept is (0,0, 2). xy-trace is
obtained by putting z =0. Itisx — 3y + 7 =
0. Similarly, yz-traceis 3y + 2z — 7 = O and zx-

traceisx — 2z +7=0.

Example 2: Find the equation of the plane con-
taining the points P(3, —1, —4), Q(-2, 2, 1), R(0,
4, -1).

Solution:  Equation of plane through the point
P@3,—1,-4)is
Ax+3)+BOy+1D+Cz+4)=0. (1)

DR’sof PQ: —5,3,5;DR’sof PR: — 3, 5, 3. Since
line PQ and PR completely lies in the plane (1),
normal to (1) is perpendicular to P Q and P R. Then

—5A+3B4+5C=0
—3A+5B+3C=0
Solving A = C =1, B=0
x=3)+0+@z+4H=0

Equation of the plane is

x+z+1=0
Aliter:  Equation of the plane by 3-point form is
X y z 1
3 -1 -4 1
2 2 1 1|7
0 4 -1 1

Expanding D1x — D,y + D3z — 1.D4 = 0 where

—1 -4 1 341
Di=| 2 11|=-16, Dy=|-2 11/0=0
4 11 0—11
311 31 —4
Dy=|-2 21|=-16, Ds=|-2 2 1|=16
0 41 0 4 —1

or required equationis x +z + 1 = 0.

Example 3: Find the perpendicular distance be-
tween (a) The Point (3,2, —1) and the plane 7x —
6y + 6z +8 =0 (b) between the parallel planes
x—2y+2z—8=0andx —2y+2z4+19=0(c)
find the foot of the perpendicular in case (a).

Solution:

A/ A24+B2+C?

a. Point (3,2, —1), plane is 7x — 6y + 6z + 8 =
0. So perpendicular distance from (3,2, —1) to
plane is

_73) -6 +6(-H+8 11 —1=1

/72 + 62 + 62 —11
b. x-intercept point of plane x — 2y +2z —8 =0
is (8, 0, 0) (obtained by putting y =0,z =0 in
the equation). Then perpendicular distance from

. . A B D
Perpendicular distance = (M>
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the point (8, 0, 0) to the second plane x — 2y +
() ie 1.8-2.042.0419 _ 27 __
21+19_01s—m =5=9
c. Let N(x, B,y) be the foot of the perpen-
dicular from P(3,2,—1). DR’s of PN: 3 —
o,2— B, —1—y. DR’s of normal to plane are

: 3—a _ 2-8
7, —6, 6. These are proportional. == = ==

—Lora=3—Tk,f=2+6k y=—1-6k
Now (e, B, y) lies on the plane. 7(3 — 7k) —
6(2+6k)+6(—1—6k)+8=00rk=1—11.

.". the coordinates of the foot of perpendicular are
(é 28 ;”)

1 110 11
Example 4: Are the points (2, 3, —5) and (3, 4, 7)
on the same side of the plane x + 2y — 2z = 9?

Solution:  Perpendicular distance of the point
(2,3, —5) from the plane x +2y — 2z —9 =0 or
—x =2y +2z+9=0is 22D 9

A 12422422 3
-3.

1" distance of (3, 4, 7) is —:=3=2442749 % =06
A/ 12422422 -

" distance from origin (0, 0, 0) is w =3

So points (2, 3, —5) and (3,4, 7) are on opposite
sides of the given plane.

Example 5: Find the angle between the planes
4x —y+8z=9andx + 3y +z =4.

Solution: DR’s of the planes are [4, —1, 8] and
[1, 3, 1]. Now

A1Ar + BBy + C1Cy
cosfh =

2 2 2 2 2 2
JA+B L+ B+
_ 4143.(-D+18
V161641 +9+1

9 1 |
= = — or 0 =cos ——.
v 814/11 V11 V11

Example 6: Find the equation of a plane passing
through the line of intersection of the planes.

a.3x+y—5+4+7=0and x —2y+4z7—-3=0
and passing through the point (-3, 2, —4)

ANALYTICAL SOLID GEOMETRY == 3.11

b. 2x — 5y +z=3and x + y + 4z = 5 and paral-
lel to the plane x 43y 4+ 6z = 1.

Solution:

a. Equation of plane is u + kv =0 i.e.,
BGx+y—5z+7) +k(x —2y+4z—3)=0.

Since point (—3, 2, —4) lies on the intersection
plane

B(=3)+ 1.(2) = 5(=4) + 7]
+E[1(=3) — 2(2) + 4(—4) — 3] = 0.
Sok = }—2 Then the required plane is
49x — Ty — 257 + 61 = 0.
b. Equation of plane is u + kv =0 i.e.,
2x—=5y4+z—-3)+k(x+y+4z—-5=0
or  (2+k)x+(=5+k)y+(1+4k)z+(—3—-5k) = 0.

Since this intersection plane is parallel to x +

3y+6z—1=0

24k  —5+k 144k 11
T3 T e YT

Required equation of plane is 7x + 21y + 42z —
49 = 0.

So

Example 7: Find the planes bisecting the angles
between the planes x 4+ 2y + 2z = 9and4x — 3y +
12z + 13 = 0. Specify the angle 6 between them.

Solution: Equations of the bisecting planes are
x+2y+2z-9 =i4x—3y+12z+13
Ji4212 | JRin+i2
xX+2y+2z-9 :i4x—3y+122+13
3 13
or 25x + 17y 4+62z =78= 0 and

x +35y — 10z — 156 = 0.

25-1+17-35-62x 10

cosf = =0
V252 + 172 + 622/1 + 352 + 102
g
9=~
2

i.e, angle between the bisecting planes is 7.
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Example 8: Show that the planes

Tx +4y—4z4+30=0 (D)
36x =51y +12z4+17=0 2)
14x +8y —8z—12=0 3)
12x =17y +4z -3 =0 4

form four faces of a rectangular parallelopiped.

Solution:

:_;‘ = % (2) and (4) are parallel since
12 = 3. Further (1) and (2) are _L" since

(1) and (3) are parallel since

36
2= T

7-36+4(—51) —4(12) =252 — 204 — 48 = 0.

EXERCISE

1. Find the equation of the plane through
P(4, 3, 6) and perpendicular to the line join-
ing P(4, 3, 6) to the point Q(2, 3, 1).

Hint: DR’s PQ: [2,0,5], DR of plane
through 4,3,6):x—4,y—-3,z—6;1":
26 —4)4+0(y —3)+5(:z—-6)=0

Ans. 2x +5z—38=0

2. Find the equation of the plane through the
point P(1,2,—1) and parallel to the plane
2x —3y+4z+6=0.

Hint: Eq. 2x —3y+4z+k=0,(1,2,-1)
lies, k = 8.

Ans. 2x —3y+4z4+8=0

3. Find the equation of the plane that con-

tains the three points P(1, —2,4), 04, 1,7),

R(—1,5,1).

Hint: Ax — 1)+ By +2)+C(z—4) =0,

DR: PQ:[3,3,3], PR:[-2,7,-3]. L"3A +

3B+3C =0, -2A+7B—-3C=0, A=
—10B, C =9B.
X y z 1
. 1 -2 4 1
Aliter: L7 11F 0,
-1 51 1

Dix — Dyy+ D3z—Dsy= 0

Ans.

Ans.

Ans.

Ans.
. Prove that the planes 5x — 3y +4z =1, 8x +

Ans.

where Dy =

10x —y—9z4+24=0

Find the equation of the plane

a. passing through (1, —1, 2) and L" to each of
the planes 2x + 3y — 2z =5and x + 2y —
3z=28

b. passing through (—1, 3, —5) and parallel to
the plane 6x —3y —2z4+9=0

c. passing through (2, 0, 1) and (—1, 2, 0) and
1" tothe plane 2x —4y —z =17.

a.5x —4y—z=17

b. 6x -3y —-2z+5=0

c. 6x+5y—-8z=4

. Find the perpendicular distance between

a. the point (-2, 8, —3) and plane 9x — y —
47 =0

b. the two planes x —2y +2z =6,3x —
6y +6z=2

c. the point (1, —2, 3) and plane 2x — 3y +
27— 14 =0.

(a) V2 (b) _Tm (c) Oi.e., lies on the plane.

Find the angle between the two planes

ax+4y—z=5y+z=2

b. x —2y+3z4+4=0,2x+y —3z4+7=0

() cosf = 1,0 = 60° (b) cost) = 7.

3y +5z=4,18x —3y + 13z = 6 contain a

common line.

Hint: 1 + kv = O substitute in w = 0, k = %

Find the coordinates of N, the foot of the per-

pendicular from the point P(—3,0, 1) on the

plane 4x — 3y 4+ 2z = 19. Find the length of

this perpendicular. Find also the image of P in
the plane.

Hint: PN = NQ i.e., N is the mid point.

N(1, -3,3), +/29, image of P is Q(5, —6, 5)
Find the equation of the plane through the
line of intersection of the two planes x — 3y +

52—7=0and2x+y—4z+1=0and L”
to the plane x +y — 2z +4 =0.
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Ans. 3x —2y+z7z—6=0

10. A variable plane passes through the fixed
point (a, b, c) and meets the coordinate axes
in P, O, R. Prove that the locus of the point
common to the planes through P, Q, R par-
allel to the coordinate plane is ¢ + % +§'
=1.

Hint: OP =x;, OQ =y, OR =z, ﬁ +
y z jeg. & 4 b 4 ¢ _
n + o= 1, (a, b, ¢) lies, a0 + o + o= 1.

3.4 THE STRAIGHT LINE

Two surfaces will in general intersect in a curve. In
particular two planes, which are not parallel, intersect
in a straight line.

Example: The coordinate planes ZO X and X OY,
whose equations are y = 0 and z = 0 respectively,
intersect in a line the x-axis.

Straight line

The locus of two simultaneous equations of first
degreein x, y, z

Aix+Biy+Ciz+ D1 =0
Ayx + Byy+Caz+ Dy =0

is a straight line, provided A; : By : C1 # Ay : By :
C; (i.e., not parallel). Equation (1) is known as the
general form of the equation of a straight line. Thus
the equation of a straight line or simply line is the
pair of equations taken together i.e., equations of
two planes together represent the equation of a line.
However this representation is not unique, because
many planes can pass through a given line. Thus a
given line can be represented by different pairs of
first degree equations.

€y

Projecting planes

Of the many planes passing through a given line,
those that are perpendicular to the coordinate planes
are known as projecting planes and their traces
give the projections of the line on the coordinate
planes.

ANALYTICAL SOLID GEOMETRY == 3.13

Symmetrical Form

The equation of line passing through a given point
Pi(x1, y1, z1) and having direction cosines [, m, n is
given by

X=X _Yy—=—)N -z

1 m n

2

since for any point P(x, y, z) on the line, the DR’s
of PP;: x —x;,y — y1,2 — z1 be proportional to
l,m,n. Equation (2) represent two independent
linear equations and are called the symmetrical (or
symmetric) form of the equation of a line.

Corollary:  Any point P on the line (2) is given by

x =x1 +Ir, y =y +mr, z=2z1+nr QB)

for different values of r, where r = P P;.

Corollary:
ordinate axes:

Lines perpendicular to one of the co-

a. x =x, =2 ==, (L7 to x-axis ie, I' to
yz-plane)

b. y =y, "7‘1 = Z:f‘, (L" to y-axis i.e., It to
xz-plane)

c. 2=z, L= (L7 to z-axis ie., | to
xy-plane)

Corollary: Lines perpendicular to two axes

a. x=x,y=y (L to x- & y-axis ie., |’ to
Z-axis):

b. x =x,z=2z (L" to x- & z-axis ie., ||' to
y-axis)

c. y=y,z=2z (L to y- & z-axis ie., |’ to
X-axis)

Corollary:  Projecting planes: (containing the
given line)

X—X1 __ y—y X—X] __ 22— yY—=y1 __ Z—
(@) = = 50 (b) = = = (o) 5 =

Note: When any of the constants /, m, n are zero,
the Equation (2) are equivalent to equations
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. Y _z 0_2_0
Example: § = 3 = § means ; = T=z
Corollary: Ifa, b, c are the DR’s of the line, then
(2) takes the form ~—*1 = =21 = &=,

Corollary: Two point form of a line pass-
ing through two given points P;(xi, y;,z;) and
Py(x2, ¥2, 22) 1s
X=X _y—-y _ -2
Xa—X1 =y -2

“

since the DR’s of P P, are x, —x1, y» — V1,22 —21-

Transformation of General Form to
Symmetrical Form

The general form also known as unsymmetrical form
of the equation of a line can be transformed to sym-
metrical form by determining

(a) one point on the line, by putting say z = 0 and
solving the simultaneous equations in x and y.

(b) the DC’s of the line from the fact that this line is
1" to both normals of the given planes.

For example,

(a) by putting z = 0 in the general form

Aix+Biy+Ciz+D; =0
Ax + Byy + Coz+ Dy =0

@)
and solving the resulting equations
Aix+Biy+D;=0
Azx + Bay + D2 =0,
we get a point on the line as

B1Dy, — BoDy AyDy— A1 D)
A\By — A2B)" A|By — A3B;’

0) &)

(b) Using the orthogonality of the line with the two
normals of the two planes, we get

[Ay +mB; +nC; =0
[A> +mBy +nCy =0

where (I, m,n), (A, By, Cy) and (A, By, C3)
are DR’s of the line, normal to first plane, normal
to second plane respectively. Solving, we get the

DR’s [, m, n of the line as
) _ m _ n
BiC, — B,Cy CiAry— CrA1 A1By— AyBy
(6)

Using (5) and (6), thus the given general form
(2) of the line reduces to the symmetrical form

x — B2D1=B1Dy) _ (A2D1—=A1Dy)
A1By—AyBy A1By—A) B
BC2 — B2Cy CiA; — A
z—0
- ™
A1By — A2 By

Note 1: In finding a point on the line, one can
put x =0 or y = 0 instead of z = 0 and get simi-
lar results.

Note 2: General form (2) can also be reduced to the
two point form (4) (special case of symmetric form)
by determining two points on the line.

Angle between a Line and a Plane

Let r be the plane whose equation is

Ax+By+Cz+ D=0 ®)

Normal

A

i )

W
i‘I'}
P, 2 7 (Plane)

Fig. 3.12

and L be the straight line whose symmetrical form

1S
X=X _y—y1 _ -2

l m n

(@)

Let 6 be the angle between the line L and the plane
7. Let ¥ be the angle between L and the normal to
the plane . Then

[A+mB +nC
V2 +m?+n2 /A2 + B2+ C?
=c0s(90 — 0) = sin O ©)]

cosyr =

since ¥ = 90 — 6. The angle between a line L and
plane 7 is the complement of the angle between the
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line L and the normal to the plane). Thus 6 is deter-
mined from (9).

Corollary: Line is ||’ to the plane if & = 0 then

sinf = 01i.e.,

[IA+mB+nC=0 (10)

Corollary:
sinf = 11i.e.,

Line is L to the plane if 6 = %, then

l_m_n an
A B C

(i.e., DR’s of normal and the line are same).

Conditions for a Line L to Lie in a Plane

If every point of line L is a point of plane 7, then
line L lies in plane 7. Substituting any point of the
line L : (x; +Ir, y; + mr, z; + nr) in the equation
of the plane (8), we get

Ax1+Ir)+ B(yi +mr)+ C(zy +nr)+ D=0
or (Al+ Bm+Cn)r+(Ax;+ By +Cz1+D)=0
(12)

This Equation (12) is satisfied for all values of r
if the coefficient of r and constant term in (12) are
both zero i.e.,

Al+Bm+Cn=0 and

(13)
Ax1+By1+Cz1+ D=0

Thus the two conditions for a line L to lie in a
plane 7 are given by (13) which geometrically mean
that (i) line L is L" to the nomal ot the plne and (ii)
a (any one) point of line L lies on the plane.

Corollary:
line L (2) is

Ax —x)+ By —yD+Cz—z1)=0 14)

General equation of a plane containing

subject to
Al+Bm+Cn=0

Corollary: Equation of any plane through the line

of intersection of the two planes
u=Ax+By+Ciz+ D1 =0 and
v=Ax+ Byy+ Coz+ Dy =0
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is u4+kv=0 or (Aix+Byy+Ciz+ D)+
k(Ayx 4+ By +Caz+ D) =0 where k is a
constant.

Coplanar Lines

Consider two given straight lines L

x_xl:y_yl:Z_Zl (15)
I mi ni
and line L,
X—X2 _ Y-y _ zZ-2 (16)
I mo ny

From (14), equation of any plane containing line
L1 is
Ax —x1))+ By —yD+Cz—z21)=0 a7
subject to

Al + Bm; +Cny =0 (18)

If the plane (17) contains line L, also, then the
point (x7, y2, z2) of L, should also lie in the plane
(17). Then

Axo —x1))+B(y2 —yD+C(z2—z21)=0 (19

But the line L, is L" to the normal to the plane
(17). Thus

Al + Bmy +Cny =0 (20)

Therefore the two lines L and L, will lie in the same
plane if (17), (18), (20) are simultaneously satisfied.
Eliminating A, B, C from (19), (18), (20)(i.e., homo-
geneous system consistent if coefficient determinant
is zero), we have

Xp— X1 Y2—Yy1 22721
I mi ni
15 my ny

=0 1)

Thus (21) is the condition for coplanarity of the two
lines L and L,. Now the equation of the plane con-
taining lines L and L, is

X=X Yy—Jyr 22—z
I mi ni

153 my ny

=0 22)

which is obtained by eliminating A, B, C from (17),
(18), (20).
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Corollary: Condition for the two lines L

uy=A1x+B1y+Ciz+ D1 =0,
Uy =Ax + By +Caz+ Dy =0

(23)
and Line Ly, u3z=A3zx+ B3y + C3z+ D3 =0,
Uy = Aax + Bay +Caz+ Dg =0
to be coplanar is
Ay By Ci D
A2 By Gy Do|_ 0 24)

A3 By C3 D3
Ay By C4 Dy

If P(«, B, y) is the point of intersection of the two
lies, then P should satisfy the four Equations (23):
u;| at (o, B, y) =0fori =1, 2, 3, 4. Elimination of
(e, B, y) from these four equations leads to (24).

Corollary: The general form of equations of a line
Lj intersecting the lines L and L, given by (23) are

uy +kiup =0 and uz+ kyugs =0 25)
where k; and k, are any two numbers.

Foot and length of the perpendicular from a

i ; : LXTXL Y=y
point Pi(a, B, y) to a given line L: —+ = ~—=1 =
z—2]

o
Pla, B, 7)
N Line L
Fig. 3.13

Any point on the line L be (x| + Ir, y; +mr, z; +
nr). The DR’s of PN are x; +Ir —«, y; + mr —
B,z1 +nr —y.Since PN is L" to line L, then

[(x1+lr—a)+m(yr+mr—B)+n(zy+nr—y) =0.

Solving

Ha —x1)+m(B—y1)+nly —z1)
r =
12+m2+n2

(26)

The coordinates of N, the foot of the perpendicu-
lar PN is (x; +Ir — o, y1 +mr — B, z1 +nr — y)
where 1 is given by (26).

The length of the perpendicular P N is obtained by
distance formula between P (given) and N (found).

Line of greatest slope in a plane

Let ML be the line of intersection of a horizontal
plane I with slant plane II. Let P be any point on
plane II. Draw PN _L" to the line M L. Then the line
of greatest slope in plane II is the line PN, because
no other line in plane II through P is inclined to the
horizontal plane I more steeply than PN.

L Horizontal plane I

Fig. 3.14

.|
WORKED OuT EXAMPLES

Example 1: Find the points where the line x —
y+2z =2, 2x — 3y + 4z = 0 pierces the coordi-
nate planes.

Solution: Put z = 0 to find the point at which the
line pierces the xy-plane: x — y =2 and 2x — 3y =
Oorx =6,y =4...(6,4,0).

Put x =0, —y+2z=2, -3y+4z=0o0ry=4,
z=13..(0,4, 3) is piercing point.

Put y=0, x+2z=2, 2x +4z =0 no unique
solution.

Note that DR’s of the line are [2, 0, —1]. So this line
is L”" to y-axis whose DR’s are [0, 1, 0] (i.e.,2 -0 +
0-1+(—1)-0 = 0). Hence the given line does not
pierce the xz-plane.
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Example 2: Transfer the general (unsymmetrical)
form x +2y +3z=1 and x + y + 2z = 0 to the
symmetrical form.

Solution: Put x =0, 2y+3z=1, y+2z=0.
Solving z = —1, y = 2. So (0, 2, —1) is a point on
the line. Let [, m, n be the DR’s of the line. Since this
line is L" to both normals of the given two planes,
we have

1-1+42-m+3-n=0

1-l1+41-m+2-n=0
Solvi [ m n [ m n
olvin = — = of — = — = ——
§ 4 3T 23T T 21T T

Equation of the line passing through the point
(0,2, —1) and having DR’s 1, 1, —1is

x—=0 y—-2 z+1

12—

Aliter: Two point form.

Put y=0, x+3z=1, x +27 =0. Solving z =
1, x =-2 or (—2,0,1) is another point on the
line. Now DR’s of the line joining the two points
0,2,—-1) and (-2,0, 1) are —2, —2, 2. Hence the
equation of the line in the two point form is

x—0 y-2 z+41 x y—2 z+1

= or
-2 -2 2 1 1 -1

Example 3: Find the acute angle between the lines

x_y_z X _ Y 2
s=3=jand 5 =7=7.

Solution: DR’s are [2,2, 1] and [5,4, —3]. If 0 is
the angle between the two lines, then
Lilp +mumy +niny

cosf =
\/lf +m? + n§\/z§ +m3 +n3

2:542-441-(=3) 15 1

VA AF1V25+16+49 3450 42
0 = 45°

Example 4: Find the equation of the plane con-
taining the line x = y = z and passing through the
point (1, 2, 3).

Solution: General form of the given line is

x—y=0 and x—z=0.
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Equation of a plane containing this line is
x—y)+k(x—2)=0

Since point (1, 2, 3) lies on this line, it also lies on
the above plane. Then

1-=2)+k(1-3)=0 or

1
k=—-
2

Equation of required plane is

(x—y)—%(x—Z)= 0

or x—=2y+z=0.
Example 5: Show that the lines { = % =4l
and *33 = ¥ = =1 intersect. Find the point of in-
tersection.
Solution: Rewriting the equation in general form,
we have

2x —y = Ix—z=1
and x —2y=3, x+2z=5

If these four equations have a common solution,
then the given two lines intersect. Solving, y = —1,
then x = 1, z = 2. So the point of intersection is
1, -1,2).

Example 6: Find the acute angle between the lines

3 =7 = § and the plane x +2y —7 =0.

Solution: DR’softheline: [3, 1, 0]. DR’s of normal
to the plane is [1, 2, O]. If ¢ is the angle between the
line and the normal, then

3.141-240-0

cosyr =
V31240212422 4 02
> l W = 45°
== — SO = .
VIOV5 V2

Angle 6 between the line and the plane is the comple-
ment of the angle ¥ i.e., 06 =90 — ¢ =90 —45=45°.

Example 7: Show that the lines x +y — 3z =
0,2x+3y—8z=1land3x —y—z=3,x+y—
3z = 5 are parallel.

Solution: DR’s of the first line are

L mp n

1
1 1 =3 or 4T _ 0
2 3 -8
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Similarly, DR’s of the second line are

omyn2 Ih my ny Ip my np
3 -1 -1 or 18 -1 ie., T=3°-71
1 1 -3

Since the DR’s of the two lines are same, they are
parallel.

Example 8: Find the acute angle between the
lines 2x —y+3z—-4=0, 3x+2y—2z+7=0
andx +y—2z+3=0,4x—y+3z+7=0.

Solution: The line represented by the two planes is
perpendicular to both the normals of the two planes.
If Iy, my, n are the DR’s of this line, then

l

1 mp ng I
2 -1 3 or —
3 2 —1

mi ni

511 7

Similarly, DR’s of the 2nd line are

Ip my np

/
! +1 -2 or 721 - % - n?z
4 -1 -3 -

If 6 is the angle between the lines, then
lilp +mimy +nyny
\/112 +m? +n%\/1§ +m3 + n3
54121435 23

V195147~ 34/65
So 6= 180°1.4

cosf =

Example 9: Prove that the line % = % = %
lies in the plane 3x —4y +z =7.

Solution: The point of the line (4, 2, 3) should also
lie in the plane. So3 -4 —4 -2 + 1 . 3 = 7 satisfied.
The line and normal to the plane are perpendicular.
S02-3+3.(—4)+6-1=6—-12+6=0. Thus
the given line completely lies in the given plane.

Example 10: Show that the lines 52 = =2 =
e and 233 = X = =1 are coplanar. Find their

common point and determine the equation of the
plane containing the two given lines.

Solution: Here first line passes through (2, 3, —4)
and has DR’s [{, m,n; : 2, —1, 3. The second line

passes through (3, —1, 1) and has DR’s I, my, iy :
1, 3, —2. Condition for coplanarity:

X2—X1 Y2—Yy1 2221 3-2 —1-3 1+4
[y mj ni =| 2 -1 3
L my ny 1 3 2

 7428-35=0
T satisfied.

Point of intersection: Any point on the first line is
(2 +2r1,3 —r; — 4+ 3r;) and any point on the sec-
ond line is (3 +ry, —1 + 3rp, 1 — 2rp). When the
two lines intersect in a common point then co-
ordinates on line (1) and line (2) must be equal,
i.e.,2+2r1 = 3+I‘2,3 —r = -1 +3r2and—4+
3r; = 1 — 2r;. Solving r| = rp = 1. Therefore the
point of intersectionis 2 +2-1,3 —1,—4+3-1)
=4,2,-1).

Equation of plane containing the two lines:

X—=X1 Y=y, I—Z1 x=2 y=3 z+4
I mi n |=| 2 —1 31=0
13 my ny 1 )
Expanding —7(x—2) — (=7)(y—3)+7(z+4) =0

orx—y—z+3=0.

Example 11: Find the coordinates of the foot of
the perpendicular from P(1, 0, 2) to the line % =
y=2 _ z+l

—- = <. Find the length of the perpendicular and

its equation.

Solution:  Any point N on the given line is (3r —
1,2—-2r,—1—r). DR’s of PN are 3r — 2,2 —
2r, —3 — r).Now PN isnormal to line if 3(3r — 2) +
(=2)2—=2r)+ (=1)(=3—r)=0orr = 1. Sothe
coordinates of N the foot of the perpendicular from
P to the line are (3-%—1,2—2~ L —1—%) or

2
(3:1.=3).

P(1,0,2)

Line
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Length of the perpendicular

1 2 3 2
_ _ —0)2 _- _
PN = (2 1) +( o>+< . 2)
1 49 54 3
=ya Tt T =7 =3

DR’s of PM with r =} are [3-3—2,2—2.1,
—3—1]ie., DR’s of PM are §,—1,1. And PM
passes through P(1, 0, 2). Therefore the equation of

the perpendicular PM

x—1 y-0 ¢

-1

2 y z—2
or x—1=—= .
-2 7

ST |
vl |

Example 12: Find the equation of the line of the
greatest slope through the point (2, 1, 1) in the slant
plane 2x + y — 5z = 0 to the horizontal plane 4x —
3y+7z=0.

Solution: Let !y, m;, n; be the DR’s of the line of
intersection ML of the two given planes. Since ML
is L” to both normals,

2l +my; — 5n1 =0, 41y —3m1 + Tn; = 0.

mj

Solving % =17 = "5—1 Let PN be the line of greatest
slope and letl,, m,, n, be its DR’s. Since PN and ML
are perpendicular

4l + 17my + Snp, =0

Also PN is perpendicular to normal of the slant plane
2x4+y—5z=0.So

2l +my —5n, =0

Solving %2 =2 =7
Therefore the equation of the line of greatest slope
PN having DR’s 3, —1,1 and passing through

P2, 1, 1)is

EXERCISE

1. Find the points where the line x + y + 4z =
6, 2x — 3y — 2z =2 pierce the coordinate
planes.

Ans‘ (07 _27 2)7 (49 21 O)’ (2a Ov 1)

Ans.

Ans.

. Show that the line *=! = _Ll = 22 ig in the

Ans.
. Show thatthe linesx +2y —z=3,3x —y +

ANALYTICAL SOLID GEOMETRY == 3.19

Transform the general form 3x +y — 2z =7,
6x — 5y — 4z =7 to symmetrical form and
two point form.

Hint: (0, 1, —3), (2, 1, 0) are two points on the
line.
x=2

2 0

y—1 z—0

=3

. Show that the lines x = y = z + 2 and x%l =

% = 5 intersect and find the point of intersec-
tion.

Hint: Solve x —y =0, y—z=2, y=0,
2x — z = 2 simultaneously.

0,0,-2)

Find the equation plane containing the line x =
y =z and

a. Passing through thelinex + 1=y +1=¢
b. Parallel to the line % =5=75.

@x—y=0,b)3x—4y+z=0

1
plane 2x +4y +z =0.

Hint: 2(1) + 4(—1) 4+ 1(2) = 0,
2(-1)+40)+2=0
Find the equation of the plane containing line

=1 = 221 = &2 and parallel to the line x —
2y +3z=4,2x —3y+4z=>5.

2

y—1

Hint: Eq. of 2nd line 7% = %:#, con-
tains Ist line: 3A + 4B +2C = 0. Parallel
to 2nd line A+2B+C =0, A=0, B=
-ic,p=-3c.

y—2z+3=0

[S']

2z=1and 2x —2y+3z=2, x—y+z+
1 = 0 are coplanar. Find the equation of the
plane containing the two lines.

7 5
sgox=0 _ Y73 273 x—0 _ y=5_z-4
Hlnt.T_—_S_?’T_?_T
x—0 y—5 z—4
3 -5 —7 | =0, Expand.

1 1 0
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Ans.
8.

Ans.
10.

Ans.
11.

Ans.
12.

Ans.
13.

Ans.

Tx —T7y+8z4+3=0

Prove that the equation of the plane through the
origin containing the line 2! = 12— 3 g
x—=5y+3z=0.

5 4 5
Hint: Ax— 1)+ B(y—-2)+C(z—3)=0,
5A+2B+3C =0, A+2B+3C =0,
x—1 y—-2 z-3
Expand | 5 4 5
1 2 3

Find the image of the point P(1, 3, 4) in the
plane 2x —y +z+3=0.

=0

Hint: Line through P and " to plane: x_;l =

% = #. Image Q: 2r + 1, —r + 3, r+4).
Mid point L of PQ is (r + 1, —%r +3, %r n

4). L lies on plane, r = —2.
(=3,5,2)

Determine the point of intersection of the lines

x—4 y+3 z+1 x—-1 y+1 z+10
1 -4 7 2 -3 38

Hint: General points: (r; + 4, — 4r; — 3, Try
—1,Q2rn+1,—3rn —1,8r — 10), Equat-
ing r1+4=2r2+1, —47‘1—3:—37‘2—1,
solvingr; =1, = 2.

(5,-7,6)

i x43 _ y¥S =7 xtl
Sh(l)w that the lines 5= = 5= = 5, &
il

=~ = % are coplanar. Find the equation of
the plane containing them.

6x —5y—2z=0

Find the equation of the line which passes
through the point (2, —1, 1) and intersect the
lines 2x +y =4, y+2z=0,and x +3z =
4,2x + 5z =8.

x+y+z=2,x+2z=4
Find the coordinates of the foot of the per-

x—1

pendicular from P(5,9, 3) to the line 5= =

P
% = 2. Find the length of the perpendicu-

lar and its equations.
(3,5,7), Length: 6, Equation =3 = =2 —

z—3
7 -

14.

Ans.
15.

Ans.
16.

Ans.

3.5

Find the equation of the line of greatest slope in
the slant plane 2x 4+ y — 5z = 12 and passing
through the point (2, 3, —1) given that the line
X _ Y _z

7 = =5 = 3 is vertical.

Find the angle between the line % = % =
% and the plane 3x +y+2z="7.
Hint: DR’s of line: 2, 3, 6; DR’s of normal to
plane 3,1, 1

2-34+3-146-1

cos(90 — 0) = sinf = .
( ) VEF9+36/9+1+1

: 15
1n = ——
sin¢ 7v/11

Find the angle between thelinex + y — z = 1,
2x —3y+z=2and the plane 3x +y — z +
5=0.

Hint: DR’s of line 2, 3,5, DR’s of normal:
3,1, -1

2.343-14+5-(=D
VEF9F259F1+1

cos(90 — 0) = sinf =

4

sinf = NV

SHORTEST DISTANCE BETWEEN
SKEW LINES

Skew lines: Any two straight lines which do not lie
in the same plane are known as skew lines (or non-
planar lines). Such lines neither intersect nor are
parallel. Shortest distance between two skew lines:

Fig. 3.15

Let L; and L, be two skew lines; L; passing
through a given point A and L, through a given point
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B. Shortest distance between the two skew lines L
and L, is the length of the line segment CD which
is perpendicular to both L; and L,. The equation
of the shortest distance line CD can be uniquely de-
termined since it intersects both lines L and L, at
right angles. Now CD = projection of AB on CD =
AB cosf where 6 is the angle between AB and CD.
Since cos® < 1, CD < AB, thus CD is the shortest
distance between the lines L; and L».

Magnitude (length) and the equations of the
line of shortest distance between two lines L and
Lz:

Suppose the equation of given line L be

X=X Y=Yy _Z—2
7 = = (D)
1 mi ni
and of line L, be
X—=X2 Y=Y -2
7 = = 2
2 my ny

Assume the equation of shortest distance line CD as

x—a y—-B z-vy
I m  on

3

where («, 8, ) and (I, m, n) are to be determined.
Since CD is perpendicular to both L; and L,

Iy +mm; +nn; =0
Il +mmy +nny =0
Solving

1 m n

S mb—mly Limy —lhm

_ VI24+m2+n?
Vmina—mani)2 il —naly)24+-(lymy—lm
1 1

Sy —mom 2k

miny —manj

where k= \/Z(mmz — many)?

miny — mony nil —naly
or |= ————— m=——
k k
_ limy — lomy
N k
Thus the DC’s [, m, n of the shortest distance line

CD are determined by (4).

“)

ANALYTICAL SOLID GEOMETRY == 3.21

Magnitude of shortest distance CD = projection
of AB on CD where A(xy, yi, z1)is apointon L; and
B(x3, ¥2, 22) is a point on L.

.. shortest distance CD =

=1(xy —x1) + m(y2 — y1) + n(z2 — z1) (5
In the determinant form,
[2—x1 2=y 22-2u

Shortest distance CD = z N mi ni
1) my ny

5"

Note: If shortest distance is zero, then the two lines
L and L, are coplanar.

Equation of the line of shortest distance CD:
Observe that CD is coplanar with both L; and L,.
Let P; be the plane containing L and CD. Equation
of plane P; containing coplanar lines L; and CD is

A—=Xp Y=Yy Z—12
I mi n | =0 (©)

Fig. 3.16

Similarly, equation of plane P, containing L, and
CDis

X — X2 Z—22

ny | =0 (7)

y—=>»n
153 my
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Equations (6) and (7) together give the equation of
the line of shortest distance.

Points of intersection C and D with L; and L,:
Any general point C* on L is

(x1 + 14y, y1 +myry, z1 +niry)

and any general point D* on L, is

(x2 + I, Y2 + mary, 22 + nary)

DR’s of C*D*: (xo — x1 + lbrp — l1r1, y2 — ¥

+mory —myry, 22 — 21 +nary —nyry)

If C*D*is 1" to both L, and L,, we get two equa-
tions for the two unknowns r; and r,. Solving and
knowing r; and r,, the coordinates of C and D are
determined. Then the magnitude of CD is obtained
by length formula, and equation of CD by two point
formula.

Parallel planes: Shortest distance CD = perpen-
dicular distance from any point on L; to the plane
parallel to L; and containing L.

|
WOoRKED Out EXAMPLES

Example 1: Find the magnitude and equation of
the line of shortest distance between the lines
_z-3
=7

z—35
3 4 5

x—1 y-=2
2 3

Solution: Point A(xy, y1, z1) on firstline is (1, 2, 3)
and B(x3, y2, z2) on second line is (2, 4,5). Also
(I, my, ny) are (2, 3,4) and (I, mp, ny) = (3,4, 5).
Then

K2 = (miny — man1)* + (nila — noly)* + (lima — Lhmy)*
=(15—16)* + (12 — 10)*> + (8 — 9)?

=144+1=6 or k=46

So DR’s is of line of shortest of distance:
12 _ 1
NN Y
X2 —=X1 y2—Yy1 22—721
Shortest distance = % I mi ni
I my ny

1 2 2
2 3 4] —
3 4 5/ V6

_(15—16) — 2(10 — 12) + 2(8 — 9)
B NG
_—1+4-2 1

-— % 7%

Equation of shortest distance line:

1

x—1 y—-2 z-3

21 2 41 =0 or llx+2y—7z4+6=0
N3 V6

and

x—1 y—4 z-5
21 g 41 =0 or Tx+y—5z+7=0.
V6 o V6 NG

Example 2: Determine the points of intersection
of the line of shortest distance with the two lines
x=3 y—-8 z-3 x+3 y+7 z-6
37 -1 1 =3 7 2 T 4

Also find the magnitude and equation of shortest
distance.

Solution:  Any general point C* on first line is (3 +
3r1, 8 —r1, 3+ r1) and any general point D* on the
second line is (=3 — 3rp, =7 + 2rp, 6 — 4r,). DR’s
of C*D* are (6 +3r; 4+ 3ry,15—r; —2ry, =3 +
ry — 4ry). If C*D* is " to both the given lines, then

3(643r143r2)—1(15—r1 —2r)+1(=34+r;1—4r) =0
—3(64+3r1+3r2)+2(15—r1 —2r2)+4(=3+r1—4r2) =0

Solving for r; and ry, 11r; —7r, =0, 4+7r; +
29r, = 0 so r; = r, = 0. Then the points of inter-
section of shortest distance line CD with the given
two lines are C(3, 8, 3), D(—3, —7, 6).

Length of CD = \/(—6)2 +(=15)2 + (3)

= +/270 = 3+/30
x—3 y—8 z-3

E ti D: = =
quation €D 5 = Z0 g T 573

x—3 y-8 z-3
-6 =15 3

i.e.,

Example 3: Calculate the length and equation of
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line of shortest distance between the lines

S5x —y—z=0,
Tx —4y — 27 =0,

x—=2y+z4+3=0
x—y+z—-3=0

&)
2

ANALYTICAL SOLID GEOMETRY == 3.23

Solution: Any plane containing the second line (2)
is

(Tx =4y =22)+pux —y+z-3)=0
or (T4+wx+(—4—-—wy+(—2+wz-3u=0 @3

DR’s of first line (1) are (I, m,n) = (=3, —6, —9)
obtained from:

[ m n
5 -1 -1
I =2 1

The plane (3) will be parallel to the line (1) with
l=-3,m=—-6,n=-9if

7
=37+ +6(4+uw)+92—-u)=0 or MZE

Substituting w in (3), we get the equation of a plane
containing line (2) and parallel to line (1) as

Tx=5y+z—-7=0 4)
To find an arbitrary point on line (1), put x = 0. Then
—y—z=0o0ory=—zand -2y+z+3=0,z=
—1,y=1...(0,1, —1) is a point on line (1). Now
the length of the shortest distance = perpendicular
distance of (0, 1, —1) to plane (4)
0 S+ =7 '—13 1
VA9 25 41
Equation of any plane through line (1) is

®)

S5x—y—z+Aix—2y+z+3)=0
or G4+Mx+(—y =20y +(=14+Mz+31=0 (6)

DR’s of line (2) are (I, m,n) = (2,3, 1) obtained
from

plane (6) will be parallel to line (2) if
25+M)+3(=y =20+ 1(=1+1) =0 or A=2.

Thus the equation of plane containing line (1) and
parallel to line (2) is

Tx=5y+2z4+6=0 (7)

Hence equation of the line of shortest distance is
given by (6) and (7) together.
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Aliter: A point on line (2) is (0, —1, 2) obtained
by putting x = 0 and solving (2). Then the length
of shortest distance = perpendicular distance of
(0, —1, 2) to the plane (7) = &3£2+6 — 13

V75 V75
Note: By reducing (1) and (2) to symmetric forms
x—3 _y-3_z
12 3
x+4 y+7 z
1~ 3 ~1
2 2

The problem can be solved as in above worked
Example 1.

Example 4: Show that the lines
x—1 _ y=2 _ z=3.x-2 _ y3 _ z—4

> = 5 = 755" = -~ = %= are coplanar.
Solution: Shortest distance between the two lines
is

2—-13-24-3
2 3 4
3 4 5

=)= (=) +(D
=0

111
234
345

.. Lines are coplanar.

Example5: Ifa, b, c are the lengths of the edges of
a rectangular parallelopiped, show that the shortest
distance between a diagonal and an edge not meeting

bc ab

or—=— or .
\/b2+02( 2+a? a2 +b2

Solution: ~ Choose coterminus edges OA, OB,
OC along the X, Y, Z axes. Then the coordinates
are A(a,0,0), B(0,b,0), C(0,0,¢), E(a,b,0),
D, b, c), G(a,0,c)F(a,b,c) etc. so that OA =
a,OB=b,0C =c.

To find the shortest distance between a diagonal OF
and an edge GC. Here GC does not interest OF

the diagonal is

-0 -0 -0
Equation of the line OF: ol =2 ==
a—0 b—0 ¢—-0
X y z
_—= - = - 1
or a b c M
—0 —0 _
Equation of the line GC: al =2 .
a—0 b—0 c—c
x 'y z-c
_—= == 2
CIT 0T 0 @

z
M
o D
G F
c
b g
A E
X
Fig. 3.17

Equation of a plane containing line (1) and parallel
to (2) is

I
o

X
a or cy—bz=0 3)
1

[N
S O N

Shortest distance = Length of perpendicular drawn from
a point say C(0, 0, c) to the plane (3)
¢ 0=b-c bc
VR R
In a similar manner, it can be proved that the short-

est distance between the diagonal OF and non-

intersecting edges AN and AM are respectively
ca ab

[24a2’ Sa2+p?’

EXERCISE

1. Determine the magnitude and equation of the
line of shortest distance between the lines. Find
the points of intersection of the shortest dis-
tance line, with the given lines
x—8 _ y+9 _ z—10 y—29 z—5

x=8 x—15 y=29 _

3 — —16 7 3 3 -
. 14,117x+4y —412—490=0,9x —4y — z=
14, points of intersection (5, 7, 3), (9, 13, 15).

2. Calculate the length, points of intersection, the
equations of the line of shortest distance be-
tween the two lines

x+1 _ y+l _ z+41 x+l Yy
2 T 3 T 4 3 7 4

z
5-
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=3 y3 7 (3.3, )

AR T 3 ’
ver ¢ 2 s 3 3
(QQE)
2°3°%6)

Find the magnitude and equations of shortest
distance between the two lines
y=2 z—3

x—1 y=2 =3

2 3 4 > 3 4

%@,llx+2y—7z+6=0,7x+y—51+

7=0.

. Show that the shortest distance between the
i X Yz x=2 _ y=1 _ z42 . 1
lines 5 = 55 = jand 5= = 5 = %5 is 7

and its equations are 4x +y — 5z =0, 7x +
y — 8z = 31.

Determine the points on the lines )%6 % =
#, 5= # = % which are nearest to
each other. Hence find the shortest distance be-
tween the lines and find its equations.
(3,8,3), (=3,-7,6), 33/30, 32 =22 =

z=3
-1

Prove that the shortest distance between

the two lines £51 = 5% = 2= bl — ol
42 jg 120
[T

Hint: Equation of a plane passing through
the first lines nad parallel to the second line
is 6x + 7y + 16z =98. A point on second

line is (—1, 1, —2). Perpendicular distance =
6(=D+7(1)+16(=2)

A/ 62+72+162

. Find the length and equations of shortest dis-

tance between the lines x — y +z =0, 2x —
3y4+4z=0; and x +y+2z—-3=0,2x +
3y+3z—-4=0.

Hint: Equations of two lines in symmetric

x Yy _z x=5_ yt2 _ z
formarel—z—l,i}— — =i

%,3x—y—z:0,x+2y+z—l:0.

. Determine the magnitude and equations of

the line of shortest distance between the lines
43, —4x+y+37=0, 4x —5y+2z=0
(orx =y =2).

_z=9 x+1 _ y—=1
=55 and 57 = 5 = =5

ANALYTICAL SOLID GEOMETRY == 3.25

9. Obtain the coordinates of the points where
the line of shortest distance between the lines
x=23 _ y=19 =25 g4 x=12 oyl =S

6 — 4 — 3 M= =T
meets them. Hence find the shortest distance
between the two lines.

Ans. (11,11,31),(3,5,7),26

10. Find the shortest distance between any two op-
posite edges of a tetrahedron formed by the
planes x +y=0,y4+z=0,z+x=0,x +
y 4 z = a. Also find the point of intersection
of three lines of shortest distances.

Hint: Vertices are (0,0,0), (a,—a,a),
(—a,a,a),(a,a, —a).
Ans. f/—%, (—a, —a, —a).

11. Find the shortest distance between the lines
PQ and RS where P(2,1,3), O(1,2,1),
R(_17 _27 _2)5 S(_17 45 0)'

Ans. 3«/5
3.6 THE RIGHT CIRCULAR CONE
Cone

A cone is a surface generated by a straight line
(known as generating line or generator) passing
through a fixed point (known as vertex) and satisfy-
ing a condition, for example, it may intersect a given
curve (known as guiding curve) or touches a given
surface (say a sphere). Thus cone is a set of points on
its generators. Only cones with second degree equa-
tions known as quadratic cones are considered here.
In particular, quadratic cones with vertex at origin
are homogeneous equations of second degree.

Equation of cone with vertex at (¢, 8, y) and
the conic ax® 4+ 2hxy +by> +2gx +2fy+c =
0, z = 0 as the guiding curve:

The equation of any line through vertex (¢, 8, y)is

x—a y—f z-vy
I m  on

ey

(1) will be generator of the cone if (1) intersects the
given conic

ax> +2hxy + by +2gx +2fy+¢=0,z=0 (2)

Since (1) meets z = 0, put z = 0in (1), then the point



chap-03

B.V.Ramana August 30, 2006 10:22

3.26 == ENGINEERING MATHEMATICS

(oz — %’, B — %, 0) will lie on the conic (2), if

(o) (e ) - s (o)

+2g<a—l—y>+2f(ﬂ—ﬂ)+c:0 3)
n n
From (1)
£:x—a’ ﬂ:y—ﬂ @
noz—vy n.z-y

Eliminate [, m, n from (3) using (4),
(-155)
ala— -y | +
b4
y) <ﬁ_y—/3
=Y

—

)+
“y)+

—|—2f<,3—%‘y>+c:0
or
a(az — xy)* + 2h(ez — xy)(Bz — yy) +
+b(Bz — yy)* +28(az — xy)(z — ¥) +
+2f(Bz = y1)z =) +cz—y)* =0
or

a(x —a)* +b(y = B)* + ez — y)* +
2fz-y)y—B)+28x —a)z—y)+
+2h(x —a)(y =) =0 (5)
Thus (5) is the equation of the quadratic cone with
vertex at (o, 8, y) and guiding curve as the conic (2).

Special case: Vertex at origin (0,0,0). Pute = g =
y = 0in (5). Then (5) reduces to

ax’ + by2 +c? + 2fzy +2gxz+2hxy =0 (6)

Equation (6) which is a homogeneous and second
degree in x, y, z is the equation of cone with vertex
at origin.

Right circular cone

A right circular cone is a surface generated by a line
(generator) through a fixed point (vertex) making a

constant angle 6 (semi-vertical angle) with the fixed
line (axis) through the fixed point (vertex). Here the
guiding curve is a circle with centre at c¢. Thus every
section of a right circular cone by a plane perpendic-
ular to its axis is a circle.

V (vertex)

centre circle
(guiding curve)

Fig. 3.18

Equation of a right circular cone: with vertex at
(o, B, y), semi vertical angle 6 and equation of axis
x—a y-B z-—vy

I~ m

ey

Let P(x, y, z) be any point on the generating line

VB. Then the DC’s of VB are proportional to

(x —a,y—pB,z—y). Then
[(x—a)+m(y—p)+n(z—y)

VP Am2n2)y (=) 4+ (y—BP+(z—y )?

Rewriting, the required equation of cone is

cosf =

2
|:l(x —a)+m(y —B)+nz— V)] =
= (12+m2+n2)[(x—a)2+(y—ﬂ)2+(z—y)2] cos6  (2)

Case 1:
(lx+my+nz)2=(12+m2+n2)(x2+y2+z2) cos? 6 3)

Case 2: If vertex is origin and axis of cone is z-axis
(with! =0, m = 0, n = 1) then (2) becomes

If vertex is origin (0, 0, 0) then (2) reduces

= (xz—l—yz—l—zz)cos2 6 or z’sec’d = x2+y2+z2
zz(l + tan® 0) = 2+ y2 + 72
ie., %2+ y2 =72 tan%6 )

Similarly, with y-axis as the axis of cone
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242 = y2 tan” 6
with x-axis as the axis of cone
y2 + 22 = x> tan? 6.

If the right circular cone admits sets of three mutu-
ally perpendicular generators then the semi-vertical
angle = tan™! V2 (since the sum of the coefficients
of x2, yz, z2 in the equation of such a cone must be
zeroie., 1+ 1 —tan?6 = 0 ortand = +/2).

WoRKED OuTt EXAMPLES

Example 1: Find the equation of cone with base
2
curve ;‘—; + Z—z =1,z = 0 and vertex («, 8, y). De-

.42 2
duce the case when base curve is 'f—6 + % =1,z=0
and vertex at (1, 1, 1).

Solution:  The equation of any generating line
through the vertex («, 8, y) is

Y- y-B _z-vy
I~ m  n

ey

This generator (1) meets z = 0 in the point

<x=a—l—y, y=p-"L, z=0> @)
n n
Point (2) lies on the generating curve
X2 2
a2t =1 3)
Substituting (2) in (3)
2
(%) -2y
a? b2 =1 @

Eliminating /, m, n from (4) using (1),

o= (=T - ()]

a? b?

2 2
b? [a(z —y) =y — a)] +a2[ﬁ(z - -yl - /3)]

=a*h’ @ ~y)

ANALYTICAL SOLID GEOMETRY == 3.27
Deduction: Whena=4,b=3,a=1,8=1,y=1,

2 2
9|:(z -D—-(x- 1)] + 16[(z -D—-G- 1)]
= 144(z — 1)
9x% 4+ 16y% — 119z% — 18xz — 32yz + 288z — 144 = 0.

Example 2: Find the equation of the cone with
vertex at (1, 0, 2) and passing through the circle x> +
Y+ =4xt+y-—z=1

Solution: Equation of generator is

x=1 y-0 z-2

)

l m n
Any general point on the line (1) is
a+Ir, mr, 2 + nr). 2)
Since generator (1) meets the plane
x+y—z=1 3)
substitute (2) in (3)

I+Iry+@mr)—24+nr)=1
2

or el Sl )
Since generator (1) meets the sphere
Xyt i=4 (5)
substitute (2) in (5)
A +1r)* + (mr) + Q+nr) = 4
or 2P +mPn®)+2r(l+20)+1=0 (6)

Eliminate r from (6) using (4), then

4 (12+m2+n2)+2#(1+2n)+1 =0
n)? (I+m—n)

(I+m—
912 4+ 5m* — 3n® + 6lm + 2In + 6nm = 0 @)

Eliminate /, m, n from (7) using (1), then
x—1\2 y\2 —2\? x—1 y
9( ; ) +(3) ‘3<T) +6<T> (7)+
—1 ) -2
2(5) (57) () 6)-
r r r r

or 9x —1?+5y2 =3z -2 +6yx—1)+
2= Dx —2)+6(z—2)y =0
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Vertex (0, 0, 0):

Example 3: Determine the equation of a cone with
vertex at origin and base curve given by

a. ax’+ by? =2z, Ix+my+nz=p

b. ax> +by?> +cz> =1, Ix+my+nz=p

e x2+y?4+z72=25 x+2y+2z=9
Solution:  'We know that the equation of a quadratic
cone with vertex at origin is a homogeneous equation
of second degree in x, y, z. By eliminating the non-
homogeneous terms in the base curve, we get the
required equation of the cone.

a. 2z is the term of degree one and is non homoge-
neous. Solving

Ix +my+nz
p

1

rewrite the equation

l
ax® + by =2 2(1) = 2 (m)
)4

apx2 + bpy2 —2nz? —2xz — 2myz =0
which is the equation of cone.

b. Except the R.H.S. term 1, all other terms are of
degree 2 (and homogeneous). Rewriting, the re-
quired equation of cone as

Ix +my+nz 2
ax>’ + by’ +cz2 =17 = (7);)

(ap® = I)x* + (bp* — m*)y* + (cp* —n)2* —
—2lmxy — 2mnyz — 2lnxz =0
¢. On similar lines

x+2y+2z>2

x2+y2+22:25=25(1)2:25< 5

56x2 —19y? —19z2 — 100xy —200yz — 100xz = 0
Right circular cone:

Example 4: Find the equation of a right circular

cone with vertex at (2, 0, 0), semi-vertical angle 6 =
30° and axis is the line 5% = 3 = .

Solution:
4, n=06

Here « =2,6=0,y =0,l=3,m =

3
— =c0s30 = cos 0

_ Ix—a)+m(y —B)+nz—y)
VE+m2+n)[(x —aP 4+ - B2 + (2 — )

V3 3(x —2)+4y + 62

2 9T 16+36y/(x —22 2 + 22

183[(x — 2)% + »? + 221 = 4[3(x — 2) + 4y + 62]

147x% 4+ 119y% + 3922 — 192yz — 144zx — 96xy —
—588x 4 192y + 288z + 588 = 0

Vertex (0, 0, 0):

Example 5: Find the equation of the right circular
cone which passes through the line 2x = 3y = —5z
and has x = y = z as its axis.

Solution: DC’s of the generator 2x = 3y = —5z
11 1 ) : 11 1 :
are 5, 3, —s. DC'’s of axis are A A A Point of

intersection of the generator and axisis (0, 0, 0). Now
1 1

1 1 1 1

N +3 - —2 . 19

2 3 5 1
cos @ \/§ \/§ \/§ 30 .

1,1,1 /1,1 1 361 3
\/§+§+§\/Z+§+ﬁ % V3

Equation of cone with vertex at origin

Sl

1
ﬁ(x +y+2)
1Vx2 +y2 4 22

xz—l—yz—l—zz=(x—|—y—|—z)2

=cosf =

Sl-

xy+yz+zx =0.

Example 6: Determine the equation of a right
circular cone with vertex at origin and the

guiding curve circle passing through the points
(19 27 2)1 (19 _27 2)(27 _19 _2)'

Solution: Let [, m,n be the DC’s of OL the axis
of the cone. Let 6 be the semi- vertical angle. Let
A(1,2,2), B(1,-2,2), C(2, —1, —2) be the three
points on the guiding circle. Then the lines OA,
OB, OC make the same angle 6 with the axis
OL. The DC’s of OA, OB, OC are proportional to
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(1,2,2)(1, =2, 2)2, —1, —2) respectively. Then

056 — I(H+m@2)+n?2) [1+2m+2n 0
T i Jiiadid 3

D
,/ﬁggﬁ//ﬂf\A
o] L
NB

Fig. 3.19
Similarly,
9 I(D+m(=2)+n?2) [—-2m+2n 2
cosf = =
VIVT+4+4 3
2l —m —2n
cosf = — 3 (3)

From (1) and (2),4m = 0 orm = 0.
From (2) and (3), [+ m —4n =0, —4n =0 or
| =4n.

l m n l m n
DC’s Z=6=T or TZBZT'
V17 V17
4 1
——+2-0+2— 2
From (1) cosf = V17 VI7 _ .
3 V17

Equation of right circular cone is

(12+m2+n2)(x2+y2+zz) cos?f = (lx—{—my—i—nz)2

<l6+0+ 1)( + +—%47 (Ai, L0 )2
17 Ty JT7 J

42 +y P+ =@x +2)°
12x2 — 4y? — 322 4 8xz =0

is the required equation of the cone.

EXERCISE

1. Find the equation of the cone whose vertex
is (3, 1, 2) and base circle is 2x2 + 3y? =1,

z=1.
Ans. 2x% +3y? 4+ 207> — 6yz — 12x7 + 12x + 6y
—38z+17=0

Ans.

. Determine the equation of the cone with ver-

Ans.

Ans.

Ans.

Ans.

Ans.

ANALYTICAL SOLID GEOMETRY == 3.29

Find the equation of the cone whose Vertex

is origin and guiding curve is - + + Z =

Lx+y+z=1
27x2 4+ 32y +72(xy + yz +2zx) =0

tex at origin and guiding curve x? + y? + 7% —
x—1=0,x>+y24+22+y—2z=0.

Hint: Guiding curve is circle in plane x + y =
1. Rewrite x>+ y?+22—x(x+y)—(x +
y)? =0.

x243xy—22=0

Show that the equation of cone with vertex at
origin and base circle x = a, y2 +72=0%is
a’(y* + z%) = b>x?. Further prove that the sec-
tion of the cone by a plane parallel to the XY -
plane is a hyperbola.

2

b*x? — a*y? = a*c?, z = c(putz = cinequa-

tion of cone)

Find the equation of a cone with vertex at
origin and guiding curve is the circle pass-
ing through the X, Y, Z intercepts of the plane
s+ i=1

ab?® + c*)yz + b(c* + a®)zx + c(@® + bH)xy
=0

Write the equation of the cone whose vertex is
(1, 1, 0) and base is y2+z2 =9,x=0.

Hint: Substitute ( 0,1-12, —T’) in base curve

T
and eliminate 7 i%l, i

Z

-1

x2 4 y +72— 2xy =0
Right circular cone (R.C.C.)
Find the equation of R.C.C. with vertex at (2,
3, 1), axis parallel to the line —x = % = zand
one of its generators having DC’s proportional
to (1, —1,1).

g _ =1=241 g _ _ _
Hint: cosf = o3 A=—=1,m=2,n=
LLa=2,=3,y=1.

x2 —8y? 4+ 72+ 12xy — 12yz + 62x — 46x +
+36y +22z —-19=0

Determine the equation of R.C.C. with vertex
at origin and passes through the point (1, 1, 2)

i< 1i X Y _zZ
andax1shne2_ T =3
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Hint: cosf = 3;6:‘;’23, DC’s of generator: 1, 1,
2,axis: 2, —4,3
Ans. 4x>4+40y>+19z2 —48xy —T72yz+36x7=0

9. Find the equation of R.C.C. whose vertex is
origin and whose axis is the line § = ’5 =3

and which has semi- vertical angle of 30°

Hint: cos 30 = 2 = _20H@+:6)
2 VeV

Ans. 19x24+13y2 43722 —8xy —24yz —12zx =0

10. Obtain the equation of R.C.C. generated when
the straight line 2y + 3z = 6, x = 0 revolves
about z-axis.

Hint: Vertex (0, 0, 2), generator = = 2 =

0= 3
2,0030——\/%.
Ans. 4x* +4y> — 972+ 367 —36 =0

11. Lines are drawn from the origin with DC’s pro-
portional to (1, 2, 2), (2, 3, 6), (3, 4, 12). Find
the equation of R.C.C.

Hint' 1+2m+2n 3l+4m+12n
* 3

13
DC’s of axis:

cosS = =21+3m+6n

l m

T=1 =50
—1, 1,1,

xy—yz+zx =0

cosa =

\[9

Ans.

12. Determine the equation of the R.C.C. gen-
erated by straight lines drawn from the ori-
gin to cut the circle through the three points

(17 27 2)7 (25 17 _2)’ and (25 _25 1)'

O _I42m+2n _ 204+m—=2n __ 21=2m+n | __
Hint: cosa= gzz_ 3 ===3 =
m __n _ 12+ 1
T= 71 cosa =

321 T

7
Ans. 8x%* —4y? — 47> 4 5xy +5zx + yz =0

3.7 THE RIGHT CIRCULAR CYLINDER

A cylinder is the surface generated by a straight line
(known as generator) which is parallel to a fixed
straight line (known as axis) and satisfies a condition;
for example, it may intersect a fixed curve (known
as the guiding curve) or touch a given surface. A
right circular cylinder is a cylinder whose surface
is generated by revolving the generator at a fixed
distance (known as the radius) from the axis; i.e.,
the guiding curve in this case is a circle. In fact, the

intersection of the right circular cylinder with any
plane perpendicular to axis of the cylinder is a circle.

Equation of a cylinder with generators parallel to
the line 7 = % = = and guiding curve conic ax® +
by? +2hxy +2gx +2fy+c =0,z =0.

Let P(xy, y1,z1) be any point on the cylinder.
The equation of the generator through P(x1, y1, z1)
which is parallel to the given line

X b4
T= 222 (1)
l m n
is Y-x_y-y_z-2 @
l m n
Since (2) meets the plane z = 0,
x—xi_y=-y_0-zu
[ m n
l m
or X=X — =2,y =Y — —2ZI (3)
n n

Since this point (3) lies on the conic
ax2+by2+2hxy+2gx+2fy+c:0 4)
substitute (3) in (4). Then

l 2 m \2
a <x1 - fm> +b<y1 - —11) +
n n
[ m l
+2h | x1 — =z (yl - —11) +2g|x1— -z )+
n n n

+2f <y| - %Zl) +c=0.
The required equation of the cylinder is
a(nx — 12)? + b(ny — mz)?> + 2h(nx — 12)(ny — mz) +
+2ng(nx — Iz) + 2nf(ny — mz) + cn® = 0 5)
where the subscript 1 is droped because (x1, yi, z1)

is any general point on the cylinder.

Corollary 1:  The equation of a cylinder with axis
parallel to z-axis is obtained from (5) by putting / =
0, m = 0, n = 1 which are the DC’s of z-axis: i.e.,

ax2+by2+2hxy+2gx+2fy+c=0

which is free from z.

Thus the equation of a cylinder whose axis is
paralle to x-axis (y-axis or z-axis) is obtained by
eliminating the variable x(y or z) from the equation
of the conic.
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Equation of a right circular cylinder:

a. Standard form: with z-axis as axis and of radius
a. Let P(x, Yy, z) be any point on the cylinder.
Then M the foot of the perpendicular P M has
(0,0, z) and PM = a (given). Then

a=PM=(x=02+(—0?+@—2?

x2+y2:a2

Z
N

S
“-._______
M
/0 >y

X | ——
N~

Fig. 3.20

Corollary 2:  Similarly, equation of right circular

cylinder with y-axis is x> + z? = a2, with x-axis is

y2+ 22 =a%

b. General form with the line *7* = % =L as
axis and of radius a.

Axis AB passes through the point (o, 8, y) and
has DR’s I, m, n. Its DC’s are é, o2 where k =

k%
V12 +m? 4 n?.

==

Fig. 3.21

A
v

From the right angled triangle APM
AP? = PM? + AM?
@ =+ =B+ )

2
=aL+Vx—m+m@—ﬂHW&—yﬂ

ANALYTICAL SOLID GEOMETRY == 3.31

which is the required equation of the cylinder (Here
AM is the projection of AP on the line AB is equal to
l(x —a)+m(y = B) +n(z —y)).

Enveloping cylinder of a sphere is the locus of
the tangent lines to the sphere which are parallel to
a given line. Suppose

4yt =ad 1)
is the sphere and suppose that the generators are par-
allel to the given line

X
7=2=2 @)
m n
Then for any point P(xi, y;, z1) on the cylinder, the
equation of the generating line is

X=X _ Y=y _z—2

3)
l m n
Any general point on (3) is
(x1 +1r, y1 + mr, z1 +nr) 4)

By substituting (4) in (1), we get the points of inter-
section of the sphere (1) and the generating line (3)
ie.,

(1 + 10+ (v +mr)? + (21 +nr)? = a*
Rewriting as a quadratic in r, we have
(l2 +m? + nz)r2 +2(Ix1 + my; +nzpr +
+(x]2 + y12 + z% —ad>=0 5)

If the roots of (5) are equal, then the generating line
(3) meets (touches) the sphere in a single point i.e.,
when the discriminant of the quadratic in r is zero.

or 4(lxy + myy + nzl)2 — 4(l2 +m? +n2) X
x(xf +yi+25 —a?) =0

Thus the required equation of the enveloping cylinder
is

(Ux+my+nz)? = +m>+nH)2+y2+722—d?)

where the subscript 1 is droped to indicate that
(x, v, z) is a general point on the cylinder.

|
WoRKED Out EXAMPLES

Example 1: Find the equation of the quadratic
cylinder whose generators intersect the curve ax? +
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by* +cz?> =k,Ix +my +nz = p and parallel to
the y-axis. Deduce the case for x> + y> + z> = l and
x + y + z = 1 and parallel to y-axis

Solution: Eliminate y between
ax’> + by’ +c? =k (D
and Ix+my+nz=p 2)

Solving (2) for y, we get

—Ilx —nz
yo P 3)

m
Substitute (3) in (1), we have

—lx — 2
ax2+b<u> +c =k
m

The required equation of the cylinder is
(am?* + lz)x2 + (bn2 + mzc)z2 — 2pblx
— 2npbz + 2blnxz + (bp? — m*k) = 0.

Deduction: Put a=1,b=1,c=1,k=1,l=
202 4222 —2x =22+ 2xz= 0
or x2+z2+xz—x—z=0.

Example 2: If [, m, n are the DC’s of the genera-
tors and the circle x?> + y? = a? in the XY-plane is
the guiding curve, find the equation of the cylinder.
Deduce the case whena =4,/ =1, m =2,n = 3.
Solution:  For any point P(xy, y;, z;) on the cylin-
der, the equation of the generating line through P is

x_lxlzy_)’l:Z_Zl 1)

m n

Since the line (1) meets the guiding curve
x*+yr=a%z=0,

x—x1 y—-y» 0-z
l m n
171 mzy
or X=x-—, y=y1—— 2
n n

This point (2) lies on the circle x> + y?> = 4 also.
Substituting (2) in the equation of circle, we have

2
Iz mz1\2
(=) b=t =
n n
or (nx —12)* + (ny — mz)2 = n%a®

is the equation of the cylinder.

Deduction: Equation of cylinder whose genera-
tors are parallel to the line § = % = 5 and pass
through the curve x? + y> = 16,z = 0. With a =
4,1 =1,m = 2, n = 3, the required equation of the

cylinder is
(Gx —2)* + By — 22)° = 9(16) = 144
or 9x2+9y2+512—6zx—12yz— 144 = 0.

Example 3: Find the equation of the right circular

cylinder of radius 3 and the line % = % = %
as axis.
Solution: Let A(1, 3, 5) be the point on the axis and

DR’sof ABare 2,2, —1 or DC’s of AB are %, %, —%.

Radius PM = 3 given. Since AM is the projection
of AP on AB, we have

AM—2 1 2 3 ! 5
—g(X— )+§(y— )—5(2— )

=50

Fig. 3.22

From the right angled triangle APM
AP = AM? + MP?
=D+ =3+ —5)?

_[La-D, y-3 -9
_|:2 3 +2 3 1 3 ]+9

Ox?+1—2x4+y>+9—6y+2z>+25—10z]
=[2x+2y—z—-3+81
9[x% + y? + 2% — 2x — 6y — 10z + 35]
=[4x? +4y> + 22+ 9+ 8xy — 4xz — 12x
—4yz — 12y 4+ 6z] + 81
is the required equation of the cylinder.
Example 4: Find the equation of the envelop-
ing cylinder of the sphere x2 4+ y? + 72 — 2y — 47 —

11 =0 having its generators parallel to the line
x =—-2y =2z

Solution:  Let P(xy, yi,z;) be any point on the
cylinder. Then the equation of the generating line
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through P and parallel to the line x = —2y = 2z or

=2 =2=Xjs

1— I =1
2 2
X=X Yy =) <—Z1
= T = T )]
2 2
Any general point on (1) is
+ ! + ! )
X r, — =7, —r
1 =3 a+s

The points of intersection of the line (1) and the
sphere

24y 42 -2y —4z—-11=0 3)

are obtained by substituting (2) in (3).
Gt (-2 2+ +122—2 1
x1+r yr—gr a+t5r Y= 5r
4 ! 11=0
— 71 + 5" - =

Rewriting this as a quadratic in r

3
§r2+(2X1 —yi+z1—Dr

+ 24y =2 —4n - 1D =0 (4

The generator touches the sphere (3 if (4) has equal
roots i.e., discriminant is zero or

e =y +z1 = 1)
3
=42 Of oyl +e] =2 — 4 — 1),
The required equation of the cylinder is

2x% + Sy2 + 572 +4xy —4xz +2yz
+4x — 14y — 22z — 67 = 0.

EXERCISE

1. Find the equation of the quadratic cylinder
whose generators intersect the curve
a.ax> +by* =2z, Ix +my+nz=p and
are parallel to z-axis.
b. ax? +by*+cP=1,Ix+my+nz=p
and are parallel to x-axis.
Hint: Eliminate z

Ans. a.n(ax® 4+ by?) +2ix +2my —2p =0

ANALYTICAL SOLID GEOMETRY == 3.33

Hint: Eliminate x.
Ans. b. (bl* + amz)y2 + (cl* + an®)* + 2amnyz
—2ampy — 2anpz + (ap*> — 1) =0
2. Ifl, m, n are the DC’s of the generating line and
the circle x> + z> = a2 in the zx-plane is the

guiding curve, find the equation of the sphere.

Ans. (mx —1y)? + (mz — ny)* = a’*m?

Find the equation of a right circular cylinder (4 to 9)

4. Whose axis is the line *=! = % = % and

2 —
radius is 2 units.
Ans. 26x° 4+ 29y? +57% + 4xy + 10yz — 20zx +
150y +30z+75=0
5. Having for its base the circle x> + y? + 7> =
9, x —y+z=3.
Ans. x>+ 4+ 22 +xy+yz—zx—9=0
6. Whose axis passes through the point (1, 2, 3)
and has DC’s proportional to (2, —3, 6) and of
radius 2.

Ans. 45x% 4 40y? + 1372 4+ 36yz — 24zx + 12xy
—42x — 280y — 1267 + 294 = 0.
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7.

Ans.

Ans.

Ans.

10.

Ans.

.. . _ —2 _
Whose axis is the line % = }T = =3 and

2
radius 2 units.

5x%2 4+ 8y% 4 572 — 4yz — 8zx — 4xy + 22x
— 16y — 14z —-10=0

The guiding curve is the circle through the three
points (1, 0, 0), (0, 1, 0)(0, 0, 1).

24y 4+ —xy—yz—zx =1

The directing curve is x% + 7> — 4x — 2z +
4 = 0, y = 0 and whose axis contains the point
(0, 3, 0). Also find the area of the section of the
cylinder by a plane parallel to xz-plane.

Hint: Centre of circle (2, 0, 1) radius: 1

9x2 4+ 5y% +9z% + 12xy + 6yz — 36x — 30y
—182436=0,n

Find the equation of the enveloping cylinder of
the sphere x? + y? + z> — 2x + 4y = 1, hav-
ing its generators parallel tothelinex = y = z.

P+t —xy—yz—zx —2x+ Ty +
z—2=0.





