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LAPLACE TRANSFORM

There are many transform techniques which are used in the analysis and design of engineering
systems. Some of the transform techniques were introduced in the beginning by great individuals
which were vigorously defined and developed by mathematicians in later days. The technique of
Laplace transform is one such. In this chapter and subsequent chapters to follow, we introduce the
idea of Laplace transform and develop some useful results. Subsequently, we display how the Laplace
transform technique is used in solving a class of problems in differential equations .

The main use of Laplace transform is the following:

Consider any variable y depending upon a time parameter t for 7 > (). Let y be governed by the
differential equation

Y0+ aly(""| o)+ azy‘"/ Dy +a,y=g(r) (D

with  1(0) = 35, 5(0) = 31, 3°(0) = ¥y " NO) = 3, ()

Suppose the solution y(¢) is to be obtained subject to the initial conditions (2). Earlier we were
trying to write the solution y(¢) in terms of a Complementary Function involving *n’ arbitrary constants
added to a Particular Integral in the most general form. Later, we were determining the arbitrary constants
using conditions in (2) to get the required Particular Solution.

Using Laplace Transform technique we can determine directly the particular solution without

finding the most general solution of (1) and then evaluating from it the arbitrary constants. Further,

using Laplace Transform technique, we simultaneously use (1) and (2) and convert the problem into
an algebraic problem.

We get Laplace Transform of W¢) as L(y(1)) = ¥(s) and later to get y(r), we find Inverse Laplace
Transform of ¥(s) ie., ) 1¥(s)} and get y(1) = . 1v(s)}.

This technique is applicable in many cases. In practical problems, in many engineering
applications, where we are concerned with solution of initial value problems, this is a useful technique.

The reader will be able to appreciate the uses when he/she encounters problems in their respective

branch subjects.
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INTEGRAL TRANSFORMS

o
An improper integral of the form I k(s,0) f(r)dr is called integral transform of f(r) ifiti

-0

convergent. It is denoted by [(s).

Thus f(s)= [ k(s.00/ ()t (1)

where &(s,1) is a known function of s and 4, called the kernal of the transform.

(if)

The function f(r) 1s called the Inverse transform of f(s) ;
Some of the well known transforms are given below.

Laplace Transform :

=5 4
If we take A(s.0) = il _{:) then (1) becomes
<

]

fls)= j fiy e de
1]

This transform is known as Laplace Transform.

Fourier Transform :

F{s)=ﬁ [ rw e

(iif) Fourier Sine and Cosine Transforms :

(iv)

1.3

F(s)= \/z If(x)sins.\‘d.\'
)

~ o
F.(s)= \/Z If(x)cossxdx
o

Mellin Transform :
—_ 2
f(s)= If(l) o
0

DEFINITION

Let /(1) be a given function and defined for all positive values of 7. Then the Laplace Transform

of (1), denoted by L{ f(£)} or f(s) is defined by

L{f(0)} = f(s)= [ e f(t) dt i)
0

provided the integral exists. Here the parameter s is a real or complex number.
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The operation of multiplying f(1) by ¢ * and integrating from 0 to o is called Laplace

transformation. .

The relation (1) can also be writtenas ()= L™ {f(5)} .

In such a case, the function f(f) is said to be Inverse Laplace Transform of f(s). The symbol [
which transform f{¢) into £($)can be called the Laplace Transform operator. The symbol L~ which

transforms f(5) to f(f) can be called the Inverse Laplace Transform operator.

- K
Note : _[e' ”fl[-f} di exists if I g S dt can actually be evaluated and its limitas K — o
0 0
exists. Otherwise, if f(r) is continuous and Lt [e"”f{l)] is finite, then L{ (1)} existsfor s > g .
=yt

Important Observation : The Laplace Transform of a function (1) is the function j_"(s) . which
is a Unilateral Transform. When one says “the Laplace Transform™ without qualification, the unilateral
or one-sided transform is normally intended. The Laplace Transform can be alternatively defined as
the Bilateral Laplace Transform or Two-sided Transform by extending the limits of integration to be
the entire real axis.

The Bilateral Laplace Transform is defined as follows :

B ()= [ e finyar

—af

1.3.1 Sufficient Conditions For the Existence of the Laplace Transform of a Function

While finding the Laplace transforms of elementary functions, it can be noticed that the integral
exists under certain conditions, suchas s > 0 or s > a etc. In general, the function f(7) must satisfy the
following conditions for the existence of the Laplace transform.

(i) The function f(r) must be piece-wise continuous or sectionally continuous in any limited

interval 0< a<t<b.

(it) The function f(1) is of exponential order.
1.4 DEFINITIONS
1. Piece-wise Continuous Function :

A function f'(¢) is said to be piece-wise (or sectionally) continuous over the closed interval
[a, b) ifitis defined on that interval and is such that the interval can be divided into a finite number of
subintervals, in each of which f(¢) is continuous and has both right and left hand limits at every end
point of the subinterval.

~

",0<t<5
2t43,t>5
is sectionally continuous for ¢ > 0.

e.g.: (i) The function f(r)=

(if) The function f(r) =~ isnot sectionally continuous in any interval containing 1 = 0.
'
2. Function of Exponential Order :
A function f{1) is said to be of exponential order a if
T : ;
lim e “ /(1) = a finite quantity
i.e. for a given positive number 7, there exists a real number M > 0 such that
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le™ fin<M,vi=T
or D)< Me™, ¥ 2T
For example, f(t)= rz, sinat, e™ ete. are all of exponential order and also continuous. But
Sy =¢"" is not of exponential order and as such its Laplace transform does not exist.
General Properties of Laplace Transform :

A very important property is that the Laplace transformation is a linear operator, just as differ-
entiation and integration.

1.5 LINEARITY PROPERTY
Theorem : If L[ f(r)]= f(s) and L[g(r)]= &(s5) then

Ll f(1)+cag(0)] = o LLf(1)] + €2 L[ g(1)] = € f (5) + €238 (5), where ¢, and ¢, are constants.
Proof : By definition,

Lo f(0)+e8(0) = [ *[ef () +erg@lde = [€ e f (Dt + [ ez (1)t
[i] 0 0

=g J:c_‘“_f[.r] dt +5 je_“g{l}df
0 L}

= LS (0] + e L[g(D] = ¢, (5)+ 2. 8(5)

The above result can easily be generalized to more than two functions.

Henee the Laplace transform of the sum of two or more functions of 1 1s the sum of the Laplace
transforms of the separate functions.

1.6 LAPLACE TRANSFORM OF SOME ELEMENTARY FUNCTIONS

Elementary functions include Algebraic and transcendental functions. From the definition and
by ordinary integration, we obtain the following results.

1. Lik}= & (s > 0), where & is a constant.

Proof: By definition,
o e e—.ﬁ' s Iﬁ
Liky= [e kdi=k[e™ dt = k| —| =—=(e"-1)
o a -8 5
k 0
= ==(0=1) [-e~ =0]
5

ifs =0

b | =

Note : The above Laplace transform does not exist for 5 =0, It follows :

(f) Fork=0, L{0}=0 (ii) For k=1, Lil} = l, 5=0.
5

1
2, Lit=—
0=



Proof: Lir Je sd=] =]-mf 2= || =L.#0
n -5 lf—.'j.'}2 " s?

3. Lit"} = % where n is a positive integer.
5

+1
e {"ds = J'"d[ _;J
n

= J',.,,-sr;ﬂ ide [ first portion =0 at both limits)

5
L]

Proof: Lit

=5

o
_[e—-m"‘ldr, by parts
i '

e
&

ZEHIH-l}
5
-1
Similarly, L "} =2— L {"}
X

L {f" 2} .L {:J'I' 3}
By repeatedly applying ll‘llh. we get
nn=1n- 2 2 A

L") = m o == L")
5 5 5 ES

Definition: Gamma Function. 1f n > 0 then the Gamma function denoted by I'(n) and is
E
defined by I'(n) = Ie"’x”"' dx ,with n>0
0

The following are some important properties of the Gamma function :
@ T(n+)=nI'(n)ifn>0

(i) I'(n+1)=nlif n isa positive integer
(i) T(1) = l.l‘( ] Jx, r(--]:-zf

(iv) I'(0),I'(=1),I'(=2),I'(=3), ... are all not defined.

Note: L{t"}, where ‘n’ is non-negative real number i.e, 7 > 0 then it can be expressed in terms
of Gamma function.

I'a+

e, ‘whcrc s>0 and 'a’' isreal number > —1.

4. Ly} =
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Proof : We have L{t?} = Ie"”ladl

Putting x = st, we get

2 __x b dx B
L") =[e '(S) > ‘M!:e *xds

0

o
-1, _a+)
oF a2t as1 »When a> -1
s o
Cor1: If a = n isapositive integer, ['(n+1) = n! in particular.

Hence L{r"} - Ltl) g

+
s" 1 SIH»I

where 7 is a positive integer.

|
Cor2:When n= 3 . we have

L =Ly = .l r[l+ l)

4.._]

Livi} =

2s 3.-'2

Cor3 ; Similaly, L{i} _ |z

1 .
5, Lie"t=—— ifs>a



6. L{sinhar} = ————,if s>|a|
5-—a°
Proof: Using the linearity property of the Laplace transform, we have

EL(siuhar} = L{M}
=%[L e}~ Lie™}]

1] 1 1 a
2ls5—-a s+a §t—gt

7. Similarly, L{coshat} =

5 .
Jifs>|al
e

Here for the existence of Laplace Transform we require s > a or more precisely Re (s) > a.

8. Lisinat} =—2— ,ifs>0
s +a”

,ax

= 5 (a sinbx —bcoshx)

Proof: Lisinat} = Je"" sinatdt . Apply J ™ sinbx dx = Z
a” +b”
0

o

-8
e :
= [ s— (—ssinat —acosal)]

s +a o
= a
$”+a”
9. Similarly, . {cosar} = ——— »ifs>0
5 +a”

Alternate Method to find L{sin af} and L{cos af} :

We know that L{e™} = =

Replacing a by ia, we ge{ -

; 1 s+ia
L{e“"}: — = : .
s—ia (s—ia)(s+ia)
: o s+ia
ie, Licosat +isinat} = —5——
5 +a
5 i
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Some Elementary Functions () and their Laplace Transforms L] ({1)]

SNo. fin f(5)
]
1. 1 ;
|
2 I 2
5
2!
i - F
r "E
4 Jt T
. 1 [z
i Vs
n'
i1 f{m=0,1,2,3,..) el
I'fa+1)
7. 1" =0) Ga+
A
& Fﬂr §=d
1
:1 e £+
) a
i RIS gt
%
1. Cosal =
)
12 sinh ar 77
5" —a
X
13 cosh ar a2




SOLVED EXAMPLES

Solution : By Lincarity property of Laplace Transform,
L (Ssint + 2sin31) = 5, L(sint)+ 2. L(sin 31)

! 3 a
28— t2 = | Lisinat)= ——
s'sz-ol+z:2¢3z [ s st ']

Solution : Let f(r) = e = 2% +sin 2 + cos3r +sinh 3¢ — 2cosh 41 + 9

Then L{f(1)} =L {e* —2¢™> +sin 2t + cos 3¢ + sinh 3t — 2cosh dr +9}
By Lineanty property,
L)) = L4e™ ) - 2.L4e™¥ | + Lisin 20} + Licos3r} +Lisinh 3¢} - 2L{cosh 41} +9.L{1}
1 1 2 K 3 5 1
8;3-2(;—5]+ s2 422 : s 432 +32 =32 z[sz -42 ]+9(;J
| 2 2 5 3 2s 9

T ———— + - + -

$=3 5+2 244 249 s2-9 *-16

= f(‘)’ say

P L

e || R | RS | IR
b{‘a };EL{E -1y =={Lte ™y - L]

| ;_l]u !
Talsta s ss+a)
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(i) By Lincarity property,
Lie™ +4r" = 2sin3r + 3cos 3t}

L(e¥)+4L(F)-2L(sin3r)+ 3 L (cos 31)
1 31 3 s

., (i e s
s=2 b 5249 T s249

s=2 ' 249 sP49
1 24 3(: 2)

s=2 s‘ 249

(i) Letf(ny=(*+1>=r*+2¢% 41
SLUE ) = Lt a2 = Lt #2007 ) + L{1} , using Linearity property

4! 2! 1 '
e o= e P L
55 S’ l f ‘n-l
’
=4+-§‘— l=—l?(s +432+24)
C A R ;

(iv) Since (sin +coss)’ = sin® 1 4 cos’ £ + 2sintcost = 1+sin2s

1 2 2
o Li(sing #cost)’} = L{l #sin2¢} = —+ _ s +22:+4
5P +4 s(s® +4)
(v)  Since cos 61 cos 3(2r) = 4 cos® 2¢ - 3 cos 2 [ cos3A = dcos” A - scosf\]

- cos’ 2= l(3':031 21 +cos 61)

Hence L {cos3 2} = { (3cos7l+c0561)} = % L{coleHi— L {cos6l}

7 Al riie e
-— + = — r~
4's2:+4 4’52 +36 4 s'+36

s 457 +112 s(s2 +28)
T A (T4 d)(s7 #36) | (5T 4)(s7 +36)

(vi) Since cosh? 21 = %(l +coshdr) - "+ cosh2A = 2cosh® A - l]

. Licosh? 2t} = %[Llll + Licoshdr}]

_l[l s ]_ s° -8
2ls s -16] s(s°-16)

-X
(vif) We know that sinhx = ¢ 2e
2~
. sinh2r= £ =€
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¢ —e’ i
Hence L {sinh?2e} =L >

= L{-;—(c"' -3 $3e7H -e"")} ,using (a — b)* formula
L S L
“§5-6 85-2 8s+2 8

— 0| -

NI
NI
N’

z
el
6)3
=—(s -36 & -4] * -4)(s ~36)

(ix) L{(J?+7'7]3} = L{(\ﬁr‘ +[%)3 +3(J1)? 7'7 +3\ﬁ(7l7)2}.nsing (a+b)* formula

=L 4325302 4 312}
=Llrm?+L{:‘3’2}+3-L{J7}+3-L{ ! }
s

1 5 1 Jr BY
= &‘2'{5) _l' F( 2)+3 233/2+3.J;

|_
l\) >

s

e ot Y| ENES £ [aLaY. 0
=js—,2'§-5-|(—)+\[;(‘2\/;)+m+3- = |\.|| ~2‘ -~2\x-
IO e L

455/- .SL.
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(1) £ +at+b

(3)()2e" - (in2
(6) cos

(9)(1) cosh>(20) (i) sinh®(21)
(12) cos(wr +0)
(14) sinh® 2 (15) sin’2¢

(17) (1) cosSrcos2t (i) 3cos3tcosdt

EXERCISE 1.1

Find the Laplace Transform of the following functions:

(2) £ +5cost

(4) sinfcos (5)(f)sin 1 (if) sin®ar
7 { : } §) 3coshSt - 4sinhS¢
(G} by = (8) —~4si

(10) sinh af - sin at (11) sin(at +b)
(I3N:)cos3l (1) cos” 3t

(16) (1) sin2ssin3s (i) cosdrsin2e

ux)(\/i-y',-}s

2,0<r<5 0,0<r<l
(l‘))f(t)-{LD5 (20) f(n) = 12'1::;2
&.0<r<l cost when 0 <1< 2n
2 =48 2 -
CN./0 {.l>l @2 f©) {0.whcnt>21:
ANSWERS
L i+ a I i
‘.]SJ i {}3 5 o 1.]“:'32 'f”]‘ ]ngz z+4
2 z ? .1-'2+1 3520
S — i i
B0 Frn D ;{:’ 4) . }3; BE =
1_ 8 247 5 cos B—w sin B
9 H===2_ (i) ——— (10 e 12) ————
OO ) 7o ¢ 151_6‘ R S b e
£ 475 s(s* +63) 48 48
BOFT 9 D 7, o280 4 T oo 19 T e
_ 125 st -1
190 (Finyi? +25) P (T 36)s + )
5 +29) 35 (52 +25) Ja[ 3 6 12
5 - +—= 485
D096+ 8 V@ P ALFE A

(19) j—;ﬂ-r‘”:-%r‘*‘

1) ——(e' =1) !
RlT= for) =

=

e
(20) Sl +e a5

(-] LD

1+5°
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L7 FIRSTTRANSLATION (OR) FIRSTSHIFTING THEOREM

Theorem :1f L{f(1)} = ]’(s). then Lie™ f(0)} = ]’(s —a)s—a>0
Proof: By definition,

Lie” ()= e e f(r)dr = J e L ()t
0

!
= Ie"" f(t)dt, where u=s~a

0

= f(u)=f(s~a)

Hence Lie” f(0)} = [LU () knange < to 5 - a

Corollary 1: Using the above theorem, we have Lle™ f(1)} = f(s +a) (s +a)> 0
and  Lie™ SO} =[LU D} pange s 105 + a
Corollary 2: As an application of this thcorem, we obtain the following results :

! !
() Lie™ 1"} =[L(" V)50 '[“ﬂ"-l =
s change 5 10 s-a (s~a)

(i) L{e" sinbt} =[L(sinbt)],_,,_, = (,L,)
5546 Jsnsea

(iif) Lie™ cosbry =——"—
(s—a)" +b

{iv) Lie™ sinh b} =[L (sinh b)), _, ;o) = [—,b—z]

55 =B Sy s s-a)
s
(s-a) -b°
£—il
i Lie™ coshby} = ——0——
(v} Lie" coshbr} =D
nt

(vi) L{e “:“} g

h

{‘i'ﬁ} L{t‘ = sin M}=m
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SOLVED EXAMPLES

Iutio (i) We ve
LU= Licoskr} = —— =J(s). say
Now applying First Shifting theorem, we get

Lie™ cos2t} = L{C-‘f(')} =fls+N) = [l‘{mz’}lehm: 0 s+1

s+1 s+l
s+4 — (s+l)’+4 242545

LS} = L(200851 - 3sin5t) = ——20)_ 213
425 5425 55425

Now applying First Shifting theorem, we have
Lie ™ (2cos5t—3sin51)} = Lie ™ f(1)) = f(s +3) = [F (N, 00y

.(2;-'5) _2As+3-15_ 259
57425 Jehangestoss3 (54-3)2-0-25 2 +65+34

(if)  We have

= f(s). say

(i) We have

Sonh l=3(2) Ss 6
L(3sin 2t - Scosh 2r) 7 Tt T s’ = f(s)

Using First Shifting theorem,

6 5 )
52"’4 sz -4 ‘changestossl
N 6 __Ss+l) 6 __S(s+1D)
(s+1)2+4 (s+1)-4 sT+25+5 sP42s-3

L[C.‘(smz‘ 5005‘\21)] f(s\”)s[f(s)]:-onl (

(i) W know that L(sinh b= fb, 53181
Now applying First Shifting theorem, we have

<ot g b b
Lie™ sinh bt} = [ﬂ] . —
{‘ " , st b change 1 10 140 (,+0)2_b2

(¥) Weknow that L (cosh bf) = ﬁg.:hlbl

Now applying First Shifting theorem, we have
L{e™™ cosh b = {

F4a

5 -4 ll--rmm Tlstay -8
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(vi) Since L{t} = lz , we have
B

L™y = : 5, using First Shifting Theorem
(s-3i)°

_ (s#3)
(=30 (s +30)°
2 e
o  Litcosdt+issindy = 7 ri0s ['.'e’°=oose+isin0]
(s +9)°

Equating imaginary parts on both sides, we have [ {rsin3r} = ’Lq’
(s* +9)°
Now applying First Shifting theorem, we have

Lie*tsin3e} = [L{rsin 30 Lpnce 51052
=[L] __6(s=2) __ 6(s-2)
(49 |y siosz [(s=27 +9P  (s? -4s+13)
Example2: Find () L{(r+3) e} (i) Lie™ cos® 1)
(i) L {e sin® 1}

Solution : (i) We have LEF(0 = Li(r+30%) = Lir® 46049 =%+Si!+§=f[ﬂ
By First Shifting theorem,
-"-IE'{f+3‘11I=£Ie‘ffr}}=ffs—l}=[f{s}L_u,=[§+£+%Lﬂt |
2 6 9 _ 95 -125+5 o

— p——— 4 —— =
-1 =D s=1 (5=’
(i)  We have

1+eos 2r

Licos® 1) =L{T} = E'[Lﬂhi,{oos!rl]

1|1 5 5t a2 =
S mr— = — = {_1,'}
1[: :2+4] s(s2 +4) J

Using First Shifting Theorem,

2
- ;" 2
Lie cos® 1) =fts+11=[ - ]
s(s"+4) o

__ (s+DP+2 542543
G+D[(s+17 +4] (s+D(s2+25+5)
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(iify We have

Lisin® 1} = L{"“’sz’ = iy - Licos20]
2 2
11 s 2 -
= e ——_’— = > = ( ., 54
2[5 s"+4] s(s* +4) )
By First Shifting Theorem,
Lle}'sinzll=f(s—3)=[+] =+,
S(E+D) s (-Is-3P+4)

2
(s=3)(s% =65 +13)

Example 4 : Find I.{J;e'a"]-
Solution : Let £{f) =+ Then

.[3
! [ ] ] r{ﬂ+'|}
L!f{”l=f-lf"'zl=f_-'22 ["L“f Pf_*']

3 3
WAt
= [1 2 [ Iy =(n={a=1)or ['In-i-]}:n.r{n}]

Lk
[

- S
= f(s), say
By First Shifting Theorem,
Livte ¥y =Lt f(0)) = f(s+3)

. (=
=[ f(s)]s_“d '(zs” ],_ms

Ey

Cs+3)2
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(i)

Example 5 : Find (1) L{e¥ sin2rcost} (i) Licosh atsin br}.

Solution : (/) We have

Lisin2tcost} = L{%(Zsinllcosl)}

) e R
= L{—Z-(sm31+sml)}, using 2sin A cos B formula

= -%[L{sin}l}+L{sinl}]- %[ 2

By First Shifting Theorem,

4 If 3 1
L{e™ sin2cost} =5 | 5—+—5—
2Ls°+9 5741 P

—
2
2432

2 2
sl

3

J

=l 31 + l') =l[ 2 ¥ 2
2| (s=4)"+9 (s-4)°+1| 2|s°-8s+25 s°-8s+17

ar ~ar

Licoshatsinbt} = L{[c L

By First Shifting Theorem,

L{coshatsin bt} =J2-[{L(sinbl)},_”_a+{L(sinbl)},_”m]

2|\s? s p? Sds—a s2ab? $-ds+a

_l b " b
2| (s-a) +b% (s+a)’ +b°

|

b I
= +
2[s2 —2as+a*+b®  $2 +2as+a® +b

b As” +a® +%)
2| ((s—a) +b° (s +a)* +b%)

- l‘:(s‘"i-a2 +bz)
(s—a)® +b%] [(s +a)* +b°)

|

]

]sinbt} = %[L:e‘" sinbr} + Lie”™ sinbij |

J
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1.8 UNIT STEP FUNCTION (HEAVISIDE* UNIT FUNCTION)
0,ifr<a

The unit step function is defined as H(1-a) or u(+-a) = { 2
I ift>a

This is the unit step function at 7 = a.
Laplace Transform of u (+-a)

L lu(t-a)}= Ie"" u(r—a) de
0

a * - e".ll 0
=[e"'0dl+ je""-l dr = _[e""dl =|—
0 a a B a

~das
-—l(e_t -e®) = -1(0-0—“") =18
s s s

Thus the graph of a unit step function u(¢ ~ @) is a straight line parallel to £ - axis from a to « .

0,if r<0

Note1: =0, g oti - is uit) = <
ote 1 : If @ = 0, then the unit step function u(f - a)is u(t) {l.|f1>0

Multiplying a given function f(¢) with the unit step function u (1 — a) , several effects can be
produced.
f).0<t<a

()t >a then f(r) can be written as

Note2: lrf(')={
SO =[O+ L0 = AO)u(t-a)
Proof : When 1 <a , u(t—a)=0sothat f(r)= fi(r) forr<a
When ¢ > a u(t-a)=1 sothat f(r)= fi()+[ ()= (D] = f2(1) for t > a
1. 9 SECOND TRANSLATION (OR) SECOND SHIFTING THEOREM

Theorem: If L{f(1)} = f(s) and g(r) = {of aht> o then  Lig()}=e™ f(s)
Proof : By definition,
Lig(n)}) = Ie"" g(ndt = Ie""g(!)dt + Ie‘ “a(t)de

0 O a

a w n
=Ie"’.0dt+ e f(t-a)dt = | e f(t-a)dt
0 a @
Putt—a = u sothat dr = du.

Alsou = Owhenr=a andu —» @ when 1 —» @
w

Ligt)} = J'e—mmn Swydu = e""Ie"“[(u)du = e‘mje'"f(l)dt
0 0 0
=e LIS} =e“f(s)

Another Form of Second Shifting Theorem:
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Theorem : If L{F(1)}=f(s)and @>0,then L{F(t-a)H(i-a)}= e f(5), where

H() = L ifr>0 and H (1) is called Heaviside unit step function.
0, ift<0
Proof : By definition,
LIF(t-a)H(t-a)} = Je"’F(l —a)H(t ~a)dt A1)

o
Puts—a = u sothatdr = du. Also whent =0, u=~-awhen t - @, u —» =

Then L{F(t—a)H(t—a)} = Ie""""F(u)H(u)du. by (1)

-

C— T

e-l(umlF(") Hiu)du + J’e—xtum) Fu)y H(u)du
0

x

e N B 0du + Ic""‘""F(n).ldu. by Definition of H ()

0

]
$ i d

= Ie"“"“”l-'(u)du = e""Ic""F(u)du
o

]

= c""je“" F(r)dr, by property of Definite Integrals
0
=e " LIF(1)} =€ " f(s)
1. 10 CHANGE OF SCALE PROPERTY

Theorem : If LES(1)} = f{.-:], then Li{f{ar)} = alf[f)

Proof : By definition, we have £ fiar)} = Ii-'_"f{ﬂl'}tfl'
| L]
Put ar = x so that df = ;ﬁ‘l‘

Whent = =, x = =0 and when r=0,x=10.

o S . l y i]
_[l;e St a'r{a

& |-

o Liftany)= %Ie"’“""ﬂx}dr
1]

Note : If L{f(r)} = fis), then L{f[%')} o Fias)
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SOLVED EXAMPLES

Solution : flry=cost

LU0} = Licos 1} = ﬁ 0]

f( -E]geos(t-f), i>=
@ Now g={ \ ° W3
0, l<-';-

Applying Second Shifting theorem, we get
Lig()} = e‘””(;] - se ™3

sS+l) sl
(ii) Proceeding as above, we get
Lig} = e-w’[L) 8 ¥ s

s2+1)  s24l

)e "ult—-2)

wevea-f(l)-r’

ns of ) (1=2) ((f=2)

Solution : (1) Conpéring the givea function with, f(1-a) (1)
L LU0 = L) = -3.1= ;‘-:- = (s)

25
Now applying Second Shifting theorem, we get L{(t-2)*u(t~2)} = e’b.’% - %_

i) LieMu(t-2))=Lie ™ e u(t-2)) =e®Lie ™ P u(t-2)}

Taking f(t)ae"'.j-‘(s)=;:l.-§ and using Second Shifting theorem, we have
1 e—um)
Lie¥u(t-2)=ebe ™ —a
o M= mee s+3 543

E R

Solution:  Let fir)=3cos4r. Then

35 =
L (] =3._ dr =3.; —_—
1A} =3. Licosdr r e e Sis)
By Second Shifting theorem,

L {3cosd{r-2)u (1=2)} =L {f{t=Du(t=2)} =« f(s)

Ll 38 _ L™
416 s +16
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Solution : Since sin”(ar) =

,we have

L{sin(ar)} = %L{{l-m!a.‘}} = 2l[L.:r,l.- Licos2ar}] =%.3 —%L{cﬂslﬂ!}

Taking f{f)=cost, f{3}=ﬁ. and using Change of Scale property, we have

1 s/ 2a 5
2a (s/2a)° +1 5 +da’

I {cos(2ar)} =

N W _1[1 s ] 247
moe Esim-at)y= =2 2P 4dr’ s Pdat]  s(s? +4a?)

Solution : LEF(N) = ._:E_m = f(s)

. By the Change of Scale property, we have f{3r) = .%j‘(f.] -
Mow applying the First Shifting theorem, we get

(]
Lie” f(3n)} =

s+l

952~ 125415
(s-1°

Solution : Given L[f(n] = = f(s)

By Change of Scale Property,

(s 19s/3) ~12(s/3)+15 s —ds+15)
Lvenl= 3f[3]' 3 [5_1]-" o (s-3
3
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Find the Laplace Transform of the following:
(1} ™ [INTU 2004 (Set No. 4)]

{3) & (3sinh 2 — Scosh2i)

(5) () &= sinh be [INTU 2003] (i) &~ sin® ¢
(7) coshar cosar

) 1+

(1) (e =1 *ue =1y

nr{!—%‘} when > 3%
(13} fir)= 3n

0 when ¢ < —
4

I

a

20— 4s

(A7) If L{#}.m-‘[l]. find (1) :{ﬁ}
5

EXERCISE 1.2

(2) &' (3cosSs - dsinsi)
£_ﬂ '¥—|
(n-0t

(6) coshir sinkr
(%) sinh 3¢ - coser

(4)

(10) (i) " sinzcost (if) e cosdising

(123 & {1 —afr - 1)}

z.:'n[r-l}:::-E

(14) finy= “3 3
05 <e
i<3

(15} IF L {5 ()} = Fis), show that L{I[—J} =a f (as)

(i) Lie™ F(20)}

(i) L{é‘ ﬂ}
i

ANSWERS
6 3x-17 |
- e S
() 3 P 25426 Wsvar
b £ 42543 ,l;-(,gz-}-jkzj =
. R o - £ _5F
Sl g e PN YETS T S YO R
3 1 213 1 3 3 6
) = + )=+ +
i 2[52-9 5"-]&52+I69] O e G2y ey
; . 3 [ ad 1—gleed)
10y () (i) = 1y — 12
(10 5= +25+5 s —25+37 s —25+5 [ :Is‘* L 5+2
~3mx/d e
(13) = (14) = (16 () 5o (i) )
52 41 st +1 5o —125+80 s —65+T73
Hmrmn"[i] (i) mn_'[i]
L 5 5-1
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L11 LAPLACE TRANSFORM OF DERIVATIVES
Theorem: If fr) is continuous and of exponential order, and f'(7) is sectionally continuous

then the Laplace transform of £(1) is givenby L{f’(1)} =5 fis)— f(0) where f(s)=L{f(1)}.
Proof: By definition,

w0 w

p
Lif" (o) =je S ey =je"'d Uy = ,g_imj'e‘“dif(l):
0

0

0
- }:ﬂi!:l[e'"f(l)]: + fse'" f(l)dl,
0

r
- L__im[e"" f(P)- f(0)+sje”" f(:)d:'

0

Since f(7) is of exponential order, E-_'.T e fin=0

LU0y = 0—f(0)+sje‘”f(l)dt =[O +sL{f()}=5f(s)-f(0)

Note : The Laplace u'ansfo(:m of the second derivative f”(r) is similarly obtained.

We have Lig'(0)} =sLig(t)}-g(0)

Let g(r)= f'(r). Then

L0} = s LU0}~ £7(0) = s{s LLf(0)} = £(0)) - £'(0)
=8 LU} =sf(0)~ f(0)= 5" f(5) =5/ (0)~ £'(0)
Assuming that fir) and f'(¢) arc continuous and are of exponential order, the Laplace trans-

form of higher derivatives can be obtained by the same method.

1. Toprove L{f* () =5"f(5)- 5" " £(0O) 5" L(0) = o £ (0)

We know that
LLf (0 =5 f(s)- f(0) =sL{ f(t)} - f(0) [proveitinexam.| (1)
LY = LILSOY) = L0} = £(0), using (1)
=s[sLU} = SO ]- 7O = 2F(5)-5 £10)- £(0) A2)

Now L0} = [[1"0)] | =5 L {0} - 1) using )

=3[ F(s)- 57 (0) - £'(0) |- (0}, using (2)

=5 f(s) -5 £(0) - 5/(0) - "(0)
Similarly, we can prove that

Lif () =" f(s)-s"" £(0)- 5" 2E00) == " 1(0)

Note : L ()} =5"f(s). iff(0)=Oand £*(0)=0, £"(0)=0, ..., f*(0)=0



Laplace Transform 24

SOLVED EXAMPLES

Example 1 : Using the Theorem on transforms of derivatives, find the Laplace Transform of

the following functions : ({) ¢  (if)cosaf  (fif) ¢sinar

(if)

(i)

Solution : (/) Let f(r)=¢".Then f'(¥) =ae” and f(0) =1,
Now LIf (0} =sLEF0T- A0
ie. Lige™} =sL{e™} -1

ie, alle™ —sLie™1==1 ie. (a-5)L{e"}==]

or Lig"}= = WO N

a-5 s5-a
Let fi(f) =cosar . Then /(1) = —asinar, (1) = —a° cosar
LT} =5 L) -5 500 - £1(0) 1)

MNow f(0)=cos0=1and f{0)=-asin0 =0, substituting in {1}, we get

Ll—az cosaf} = 5 Licosar} —s(l)-0

e, {32+a2]-L feosaf} =5 or  Licosar} = ——
5 4a’
Let f(r) =tsinar . Then () = sinat + af cosat
and (1) = acosal + afcosal — ol sinal] = 2acosal —a’isinatl
Also f(0y=0and f0)=0

Now L{f"(e)} =5 L{f(0)) -5 £(0)— f(0)

ie. Li2acosal -a’tsinat} = s’ Litsinat} ~0-0
ie, 2allcosart—a’ Lirsinar} —s° L itsinar} =
-Zas 2as

or L{tmnm}-——-—
2 at (£ +a)

£ o]

ie. —(a’ +s:)L{(sinal} =

Example 2 : Evaluate L{T{-} (or) 1 L sin i} =
Solution : Let f(l) = sinVr .

Then £'(1) = f
Now Lif"(0)} =sLif (D)}~ f(0)
ie. 1,{°°“‘r}—susmf: -0

— cosvr . Alsof(0)=0.

Vi
1, |cosVr JreVn [ : = Jn -'"43]
L} =3, .L{sun\ﬁl— =€
or 3 { J; } § 231'2 2.5}'
‘/;‘, 1/(4s)
= 25"

or L{COJ;J; } = J—? e V9
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EXERCISE 1.3

Lising the theorem on transforms of derivatives, evaluate:

(1) If Lirsinas)} = : 7 then prove that L{sinaf + afcos ar} = 2as® T
(s* +a*) s +a?)
: 1 - coseat | 1 - cmw]] 35 4wt
(2) Given .f.{ p: }_ PR show that { 52{52 == }2
. 2 ks
[Him: Lirsined) =’2+—m=}z

1.12 LAPLACE TRANSFORM OF INTEGRALS
Theorem : If L{f(1)} = f(s) then Iljf(u)dul f(s).

Proof: Let g(r)—jf (u)die. Then

0
g0 = E(!]‘(u) du] = f(r) and g(0) = {f(u)du =0

Taking Laplace transform on both sides, we have Lig'(r)} = Lif(1)}.
But Lig'(r)}isalso =sLig(t)}—g(0) =sLig(t)}-0
~Lig () = LUf(0)) = s Lig(n)

= Lig(n)} =;Llf(l)!
= L[If(u) du} = %L ()} = lf-(s)

0

't | -
Note : Similarly, if L{f(1) } = (s') then L{I If(u)du du}= —2f(s)
00 s

.8 l -
L ...... d an S o
In general, {jj If(u)du u 'm)} s" f(s)
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SOLVED EXAMPLES

Solution : Let f(r) = €' cost . Then
Lif(1)) = Lie™ cost} = {L(cost)}, o0y

s+1

'(,;ul..,..’ (s+17 +1

- s+l
s2 42542
Using the theorem of Laplace transform of the integral, we have

= f(s) ., say

!
L{mn dx}- 17
o ‘
‘ 1 s+l s+1
Li[e” = =
= {{e oostdl} $ 5242542 s(s2+2.s-+2)

Solution : (i) Let f(r) = cosht. Then

LU0} = Licoshr} == 7()
Using the theorem of L.T. of integral, we have

1
Lh.'m) dc]=}7m

‘
o L{Iml d‘} = l -(s) = -l-_._s_. = _I_
0 s
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(i) Let fi{¢)= cosh at. Then

L i)} = Licosh at} = P_S 5 = Jis)
5

=

Using the theorem on La'pla.ﬂ: transform of integral,

f 1 - | s 1
L{{Emsf:ardr}=;f{s}=— — =

55" =a 5 —-a

Applying again,

£ 1 1
L Il:mhmd.rdf i

o0 55 —-a 5{51-52]

1. 13 LAPLACE TRANSFORM OF ™ j{1)

1.  Multuplication by ¢
Theorem: If (¢ is sectionally continuous and of exponential order and if

LLf() = fishthen Lit f(0)}=—=1"(5)

Prool: We have _,I'.'{s} = J-e i
0

Then by Leibnitz’s rule for differentiating under the integral sign,

a5

& _df . _f2. Iy -
ds'ds!e F()de i‘f e !n.- fir)de

=~ [e  reoniar =L s

]
Thus £{1 f(0} =~ L = F(s) or L{t £(0) = (-1 L[ F(s)]
z.  Multiplication by ¢
Theorem : If £ (f) is sectionally continuous and of exponential order and if
LIf(0} = f(s), then
LI finl =1y i_" [f{.\'}].whun:n :1,2,3,...
[INTU 2003, 20035, 20045, 20075, 20088, (K) June 2012 {Set No, 3)]
Proof: By definition, we have
Fsy=L{fin} = [ fny e
L]
Differentiating both sides w.rt *s°,
dr- a5
E[“”]'E[gf mm]

= Ii{f “) Sy, by Leibnitz's rule for differentiation under the integral sign
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=

[f )= j “flayde = —ic ot} de
]
=-L{e fi}

d =
Lit ={—1}— i
= Lirfin) = )

which proves the result for #=1.

Mow assume the result is true for m=m (5av), 50 that

fr e e = -1 —{,ﬂﬂ]
o

Again differentiating w.rt. ‘s

:;[f 't ",ruwr]—: -1y “'__,.[fmj

= I—{e W e = (=1)" [,Ir[sl] by Leibnitz's rule

= I{nrc'“}l:'fqud: w (=13 —{_HJH

= ie "[r""fm]dﬂr=[-!1“"i;,1,[f{.-r:]
[]

This shows that, if the result is true for »=m, it 15 also true for s=m+1.
But it is true for n=1.

Henge, itistroe for n=1+1=2. and o= 2+1=3 and so on, Thus, by the method of mathemati-
cal induction the result is true for all valwes of 1, where # is a positive inleger.

LUl = -1y :; [ Fis]



29

1. 14 DIVISION BY ¢
Theorem: If L{f(1)} = f(s), then L{ (”} If(s)ds provided the integral exists,

[INTU 2003, 20038, 20048, 2006,2007, (H) 2011 (Set No.3)|
w

Proof: Given L{f (1)} = f(s). Then f(s)= Lif (1)} = | e ™ f(r)drt

0

Integrating both sides w.r.t. *s” froms = 5 to 5 = @, we get If(s)ds = I[Ie"“f(l)dt]ds
sLO

Interchanging the order of integration in the repeated integrals as s and ¢ are independent
variables, we have

jf-(s)ds = Idl‘g‘c"’f(l)ds = jf(l)[je"’ds]dl
s 0

5 s

;[f(u(—] Ca =‘If(0[0—_e :
el

]m =If(t)§dc
0

PO j“m

Hence [ [~

Similarly, the result can be extended to repeated integration of the transformation,
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SOLVED EXAMPLES

Example | : Find the Laplace Transform of
sint PR el
() == [INTU2000, (H) RIS Sept. 2017] (i) s

(ii) sin3l‘cost
Solution : (/) We know that L{@} = Ii(-") ds
Since LLf(1)} = Lisint} = L = f(s)

s +1

3
ds = (lan" s) =tan'@-tan"'s
s

si o v |
1.{%’}:{](945 ={ 5

s* 41

2K el ¥ | -1, _X
S n S=cot 's|™ X +cot .\'-—5
@) Let f(ry=e" - . Then LU0} = Lie™} = Lie™) = —— - ——= Fi(s)
s+a s+b
—al __—Br = =
nLiE =€ =£[&]= Fis)ads = (L_L]d_
[ t } I ‘!J"lﬂ ' J:.5‘+r.i s+b !

= S+ T
=[log(s +a) - log(s + b)]" = [Ing[ s+h I|,

1+2
= Lim Iﬂg—; —wg[jzz =logl—log(s+a)+log(s+H)
i I T §

E]

- h{ﬂ]
s+a

. 1 :
(i) Let f{i) = sin3}cosf = E[E.‘Hﬂ Jrcost) = %[sinﬂir +5in20) , using 2sin Acos B formula

- : 1 4 2 =
Since LS} = Lisin3rcost =_[,_+_] = 7(s)
Budend=cl P Fed B

L{sinﬁ.rcu.r.:}= L{@}=Ij—,mds=%j[ 4 ‘2 ]ds

~ +
s +16 7 +4

r
= l[lﬂn ! +tan"i]7 —— _dv=—tan'Z
2 2L Tx e a a
- : [E-i-'—]-[mn"iq-mn"i] - i-]_[m.r' +m-'i]
2|\2 2 4 2 2 2 2
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Solution : (/) We have 3 5 N
L{cos 2r—cos3r} = L{cos 2t} —Licos 3} = m-;z—w=f(s)-m

coferteen il "ff(s)ds

zl(s +4 s? +9)d’-%?(;52_:-:-522i9]d’

-t - IR L(x)
Slog (57 +4)-log (s +9)1[ | T Nl losf(x)]

(5 ::]I BE

1l |+o l+4ls ]]
2 log

NI—

I+0 |+9l.s'2

1/2
log] £ 249 ¥ s2+9)
244 s2+4

1
| -
=
LY
0

N

@ |-
W o

+ [+

O |

| Sl
i

-
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Example 3 : Find () L{i""_' dt} ) L{}@m}
0 0

Solution : () Let f(1) = 1-¢™* . Then

Fs)=Lif()) =Li1-¢"} =%—-I—-

s+1

) B
o~ L{-—-’——-} -l-l""—}—{f(s)ds
- I(% --s—ii)ds =[logs - log(s + )]

[log(?sﬁ]]x =[bg(l+|Ils)]:=log(l_:—6)—log(l+llis)

L3

o_.og[L]ﬂog[r_']: Fs)
s+1 s
Using the theorem of L.T. of integral,

L{j"‘:’-' d(}:%.?(s):i;og[:‘%l_) " _:_Iog(“;l:)

0

I
+1

(ff)  We know that Lising} = —
5

L{LM} =Jf II s =[Ian_!5}:' = tan”

e

lo—tan~' 5

—tan"'s=cot s

B H

By First Shifting Theorem, L{er %} = {m"ﬂi_‘s I =mt_|{s—1}=f{sl

re si 1= . 1
Using the theorem of L.T. of integral, L{]-e Tn;d'f} = ;_.I"{.'i}= ;cul: I{s—l]
]
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2 T
Solution : We know that L{sin 2t} = 2122 = f(s).say

By First Shifting theorem,

= g(s), say

_ 2 2
L{r" siuZt} -f(3+3)= (32 +22 )H’QS ¥ (S+3)2 +22

T 2 1 1
—d‘,AI dv=—tan~
‘!(s+3)2+22 N’lez”z a

o ()

=cot”" (#) [ tan 'x+cot x = ;]

3t w
L[%ﬁ] =j' F(s)ds = E
5

Solution :  We know that Lising = _.,2[

+1
By First Shifting Theorem,
e 1 _ 1 _F
Lie™ sinr} [32+l],.,"| GalEal Jis), say

ds =[tan" (s +17 =tan ' w—tan {5+ 1)

(s+1)* +1

= ;-m"[; +1)=cot™ (s+1) [ tan ' xsent™ x = -E—]
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Solution : (i) Since L {sint} _—l- (s)
sml
L[] e

=(tan"'s)] =tan 'w—tan's = %- tan"'s = cot”'s

Hence L[[‘“"d:}- Zcot's,  ..(1) usingthe theoremof L.T. of integral
By First Shifting thcorem,

L3 psint 1 i
[ "[ } F(s+3)= (—eot ’),..,.fm W(s+3)

&%
(if) From (1)above, we have L[ %du]ticﬂ"s=f(s)
0

By First Shifting Theorem,

Ffom.

&
Solution : We note that the given integral is same as Jae'"s:inm’.l where s = 1.
L]

But I te™ sinedt = | € " (tsine)dt = Lirsins} -{-]]%[L[sinﬂ]

-~ =*—=a

1 =] iy
-1)— =(-)- 25=
. [m] ( }ts=+n* (s* 41y

o
Punting 5 = 1, we get Ire smrm-ﬂL=-
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.17 LAPLACE TRANSFORM OF PERIODIC FUNCTIONS
Definition. Periodic Function
A function /() 15 said to be periodic, if and only if’ f{r+ T)=7(¢) for some value of T and for
every value of 1, The smallest positive value of T for which this equation is true for every valug of 1 is
called the peroid of the function.
Alternatively, a function f{r) is said to be periodic function of peroid T =0, if
JO= e+ Ty=f(1+2T)= ...= {1+ nT)
For example, (1) sin f and cos ¢ are periodic functions with period 2x
(i) tan f and cot ¢ are periodic functions with period .
Mote @ 1T T is the period of £(x) then the peroid of f{ax + b) s I : :
¢ fe riar
Theorem: If fit)isa periodic function with period 7, then L{ fir)} = T
[INTU (A) June 2001, May 2012 (Set No. 3)|
Proof: By definition, we have

LU} = [ finyr
a
T T i
= Je""f[r}n'ﬁ Ie"'}'mdi + Ie‘”_f{f}:ﬂ't..
] T i
Put = + Tin the second integral

Put r=u +2Tin the third integral
Put f= y + 3T in the fourth integral and so on. Then

T T T
Lif()) = Jr iy +jr""" " £+ T)elu +J'e W20 £ 4 2 ).
[E] 1] i}
T T T
j e fndi+e™ J-e""‘f[u}du+f"='rje""'_.l"{u}dxﬁ...
i L] L]
[+ f=flut D)= flu+2D)=.]
T T F
=[e findere™ [ fydire ™ [ feyds...
] ar 1]
=(1+e* T +e 4, m}j (e
1]
i T
L L{fUN = =[e  rwan
1-& : '

Henee the result follows.
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Table 1.2, Table of Laplace Transform Theorems
To facilitate the reader, we listed all the theorems discussed so far in the following table :

(5. No. | Theorem 1(0) LU = Fis) A
1 | Linearity Property o S+ cagin) eyl d i)} + es Ligir)}
(o & 3 are constants)
2 | First Shifling (¥ & fin fis-a)
Theorem (i) & fin Flz+a)
3 | Second ShiRingTh. | giy=1/Y"Hi>® e F(s)
b Oi<a
4 | Change of L7(2)
il ftany 50 g
Scale property
5 | Initial Value Theorem{ L6 Sl = Lt sLif()}
& | Final Value Th. ri”_ finy= ifﬂ-‘f-'r..r{fh
7 | Differentiation ] (3= f(0)
Theorem (i) S £ 7 (5} -5 (0) - f'(0)
# | Multiplication (i) 0.0 -0
Theorem () " Finy =" ﬂ[_ﬁy]]
"
. ] | _ = _
9 | Division Thearem ;_f{e] !_.l":.*:}d.-r ar j_f{r]dr
L) £
f 1
10 | Integral Theorem [ fixydr SS)
il
11 | Fundamental M) is periodic
T
-~
Theorem for periodic|  function of period T “l fuwyde
I-¢ 5T
functions ie. fii+T)=f(1) )
%,
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2.1 THE INVERSE LAPLACE TRANSFORM

In the earlier chapter we have considered Laplace Transforms of some functions f{1). Let us now
consider the converse namely, given f(s) how to determine f(r) such that L{f(¢)} = f(s) 4

The Inverse Laplace Transform is useful in solving differential equations without finding the
general solution and arbitrary constants.

Definition: If f(s) is the Laplace transform of a function £ (1), then £ (¢) is called the Inverse
Laplace Transform of f(s)and is denoted by L' () ie f(r)=L"{f(s)}. L7"is called the

Inverse Laplace Transform operator.

|
Thus, if L{e”} =—— then L l{;} e
s—a s—a

; s = s
Since Licosat} =——, .. L : — }=cosal etc.
s +a” s +at

We list some standard Inverse Laplace transforms as follows :

TABLE OF INVERSE LAPLACE TRANSFORMS

S.No f(s) L = f )
|
1. - |
5
2 = i itive i £
. S L 15 posilive inleger ol
| "
—_— =]
3. Pl Fim+1)
1
- p=- i
L
5 T e~
1
§ — —sinal
§° +at L
. 5
e +a! cosar
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1
8. 2 -2
3 =-Q
R}
9. 53
s*-a
o
10. (s a)2+b’ (s+a)"+b
s-a ( s+a
1. (s-a)2+b“ (s+a) +b°
1 ( 1
12. ey i e
s—a ( sS+a
13. (s a)z—bzk (s+a)’ -
2as
14 (s“+a°)”
s 52-02
g (s2 +a’)?

d
3
7)
wr

1.
—sinhat
a

coshat

%e‘" sin bt (or%e"” sin bl]
e cos bt (Ol' e ™ cos bl)
1 arg | —ar .
—e“ sinh bt | or—e™ sinh bt
b b

|
e cosh bt (Orze " coshb:)
tsinat

fcosat

Note: Inverse Laplace Transform of a given function f{s) can be obtained either by use of the above
standard results or by splitting the given function into its partial fractions and then applying the

above results.

2.11 CONVOLUTION

Convolution is useful for obtaining Inverse Laplace Transform of a product of two transforms

and solving ordinary differential equations.

Definition : Let f(r) and g(7) be two functions defined for 1> 0. We define

S()*g(t) = If(u)g(l —u)du
0

assuming that the integral on the right hand side exists.

S(t)* (1) is called the convolution product of f(r) and g(¢).

It can be proved that

(7) Convolution product is commutative. ie. f(1)*g(1)=g(0)* (1)

(if) Convolution product is associative . re. f(1)* (g(r) * h(1)) = (f(r) * g(0) * h(r)

(i) f()*0=0%f(£)=0

Note : Ingeneral, 1= f(1) # f(r)
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Convolution Theorem : If L{ (1)} = £(s) and L{g(1)} = E(5) then L{f(1)*g(1)} = f(5)E(5)

LY F(5)-8(s)) = £(5)* g(r) [INTU 20085, (K) June 2011 (Set No. 1), (H) June 2015]

(|
Proof: Let ¢ 1) = f{ﬂ-g(r}:‘[f{n}git = u) dur . Then
[}

f{ﬂ:] J '”{Iﬂn}g(r wlu dEJ-J- gl —w)du dt

The dcul:-le integral is considered wﬂhm the region enclosed
by thelines u=0and v=1r.
On changing the order of integration, we get

L{é(r)} = ”e'” Fngl —wdt du

‘"'fl{:r}“ et u}df}dn

=T _,uﬂ"}{f '-“g{v]m’}dn. on pulting -y =v
0
f

e flu){@(s)eu = .gmj‘ = 2. F (5

:’—.#

w L{B(0} = F(s).E(5) or ¢ (1) = L' {F(s). B(s)} o f(r)*g()=L " {F(s). B5))

Hence the theorem follows.

SOLVED EXAMPLES

Example 1 : Using Convolution theorem, find (i) ' {;- i !
(s+a)(s+b)

Solution : (i) Let f(g:# and §(s)=L.Thcn
s+a S+b
L—I {L}=L’-‘"
s+a
and gn= Ll 1g(s)}

L—I { 1 }_ e-m
s+b
.. By Convolution theorem,

S I I I N
- {(s+a)(s+b)} L {s+as+b} L f(syg(s))

= f(0)*g(1) =If(u)g(f-u)du
0

FO =Yy

]

{ !
—au_~b(t~ ~bi [ ~a-b
. Ie au., bt u)du e le’e (a-b)u
0 0

du

u
&
u=t/
t=u /§
AF”“ Tt
N
O u=0

s(s2 +4)
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—(a=bwr |
bt | € L w[ ~(a-bu
= = -1
¢ [—[u—b}] a-b" [e ]

= . Then
T +4

(if) Lclf(s):-l- and Z(s)=
s

f(l):L"{l}zl and g(l)=1."{ = L ,}=-l-sin2!
§c 2 2

s
Applying Convolution theorem,

L—I{ ! } =L‘l{.'_-_;'_}=1."{f(s)'§(5)}

:(s2+4) §s°+4

t ‘
=f(*gn= If(u)g(l —u)du = Il;l)- sin 2(f — u)du
0 ([ B

I
=1Isin2(l —u)du — l[w]r
2 i[mee]

=-‘|;(c050—c0521) = :l-(l —cos2f)

Example 2 : Using Convolution theorem, evaluate ™' + .
(5" +2542)

Solution : Since f(1)=L" {l} =1 and
5

: 1 i ] T 1 =fi .5
=.’.|{—}=L! _— =e'-’.'{—}:e’smf
g st 42542 ;s-{-l}z +1 52 +1

v By Convolution theorem, we get

, 1 a1
_Ll ——— =LI L | | ™ = *
{313“2“2)} {552+2H2} J0*gl)=gln* 11

' i i
=fg[u}f(1 =u)dit = Ie'" singrl di = _[e'” siny du
0 0 0

:
|
=|:% (=smu - cusu}L = - ]E[e"" (sinm +c05u]:[;

=—zl{e"(sinf+cusr}—l-{ﬂ+ n] = %[I—e'{sinﬁmsrl]
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|
2 +a*

f(t)=L"{s,:a,} =Zsinat and g(:)=l."{szlaz}= Lsinar

Solution : Let f(s)= and g(s)=— 1
s

% af 1 1 Do
' l{(‘;z'f?)‘z} =% '{mm} = L&) = 10 2(0)

p AT
{ S()g(t—u)du = {;sm au—sin alt —u)du

'
= sz'2sin au sin (at - au) du
2a”

!
- —'2- [[cos (2au—at)—cos at] du
2a 0

[- 2sin Asin B = cos (A -~ B) —cos (A + B)]

_ 8] [sin(Zau-al)_mam
2a° 2a

B i 1.
= | e SIN AL~ [ COS QL+ —SINAI
202[20 2a ]

Sobitimy Blea® =1:'{_.2'_,.‘_}
(52 +4)(s +1)? (52 +4)(s+1) s+1

Consider 151 {—2'—}
(5" +4)(s+1)

Since L' {f(s)} =L {s—z-l:‘-} = -;-sinzl = f(1)

and L {3()} =L [ﬁ}n" = 50,

. By Convolution theorem, we get

! t
e - - = (Lo o =(t-u)
{(sz+ 4)(“')} S()y*g(1) !f(u)g(: u) du { 2stue du
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!
e_'Ie" sin 2u du
0

N -

t

= %e" [lziuzz (sin2u-2c052u)]

0
O [ e ]
-2e [5(5|n..1 2cos2¢) 5(0 2)

I H -
= l—dlsm2l ~2cos2t+2¢”)

Applying Convolution theorem again, we get
] 1 -1 1 1
-t
(s* +4)(s+1)° (s“+4)(s+1) s+l

{
= Il(sin 2u-2cos2u+2e™)e du
010

[t . .
=i Ie" sin 2u du ~ Zje" cos2u du+2 I du}

103 ! !

- ’ ’

2 | Al & i ;
o T _{12 7 (sin2u —2cc:s'.2u)}0 -2{m(coz.2u +2sin 214)}0 +2(u)p
_.‘i {-‘i(sinm—2cos2!)--|-(0—2)}—2{i(cos21+25in2()—.'_(|+0)}+2(,~0)]

10[L5 5 5 3

-t
- -e-SH[e'(sinZI Aood B 5 3 oonds A DN B
-1
=%E[e'(sin?,l—Zcole—ZcosZ!—4sin21)+4+|0{]
e"f
= -%[e'(—3sin 2t ~4cos20)+4+101)

-~I

= %6-[4+ 107 — ¢’ (3sin 2t + 4 cos 21)]
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]
Example 7 : Using Laplace transform, solve y ()= 1-¢~' +Iy{£ —u) sin u du.
0

Solution : Given integral equation can be written as

W= 1—e "+ ye) * sin i, using definition of convolution
Taking the Laplace Transform of both the sides, we have
Lip(0)} = L{1}—L {e"} +L {p(r) *sinr}

] | .
S| == m + Liv()} - Lisint}, using Convolution Theorem.

| 1
-+ LIy
s[s+l}+ HyUH S
1 52 1
1- Liy = Livif)y =
:’[ s3+|] VO = e T e YO
TP .
= =
o S(s+1)

i 1 1
=St p '{ " }
i {a‘j{$+|}| s(s+1) s (s+1)

;f:'{l_L}u-’{ ! }= Iue‘+f_"{3| }
5 s5+1 Ss+1) s (s+1)

1)1 = - 1
MNow apply the formula L 1{—_,"(5}} thrice to evaluate L l{ }
5

Sls+1)

[{or) Resolve into partial fractions and then evaluate Inverse L.T. This part is left as

1
53(:.' +
an exercise to the student.)

I
Example 8 : Solve % +3y+ 2] yn)de = by Laplace transform method.
o
[ JNTU (K) June 2011 (Set No. 2) |

Solution : Taking Laplace Transform of the given equation, we get

I
L{y" +3L{y}+2L {Iy(:)dl} = L{r}
0

ie. [sl.{y} —,\'(0)]+3L{yl +2‘ll_{y} = L,
s 5%

2
ie., (s+:+3)l.{y}=L,+_\10)=L,+a. where a = y(0), say
s s® s®

| as

o
s“+3s+2 +
s(s* +35+2) 242542

ie., .—Lg"v;=-l7+a or Liyi=
A s
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y L'l{_l_ ...a.L"! —s-

s(s+1)(s+2) (s+1)s+2)
=L—l{l.l_L+l. 1 }ML—I{-_UL}
2s s+1 2 s+2 s+1 s+2

(Resolving into partial fractions)

1
Example 10 : Solve the integral equation y(z) = asinr-2j ylu)cos (t—u) du by Laplace
0

transform method. :
Solution : By definition of convolution, the given integral equation can be written as
»()=asint =2y(r)*cost
Taking Laplace Transformation on both sides, we have
L{y(1)} =a.L{sint} =2.L{y(r)*cost}

=a. 2' : =2.Liy(n}. Licost} , using convolution theorem
55+

2s
- WO} — =L}
s+l sT+1 s+l
= L0} + L0} =
s+l s +1
2s
:(n 2 )me:
5T+
(S (1 :—a
L{ ()= MOH PR
,ﬂ!):L"{LZ} 2 by { A } using First shifting Theorem.
(s+1) s
= ate”

which is the required solution.



2.12 APPLICATIONS TO ORDINARY DIFFERENTIAL EQUATIONS

1. Solution of Ordinary Differential Equations with Constant Coefficients:
Ordinary linear differential equations with constant coefficients can be casily solved by the Laplace
transform method, without the necessity of first finding the general solution and then evaluating the
arbitrary constants. This method is, in general, shorter than our earlier methods and is especially
suitable to obtain the solution of linear non-homogencous ordinary differential equations with constant
coefficients.

Let us consider a linear differential equation with constant coefficients
n., n-l,, n-2_
e AT
dr dt dt
where F (1) is a function of independent variable 1.
Let (0) = c.p"(0) = ¢ e 31 (0) =, w(2)

be the given initial or boundary conditions, where ¢;,¢; ¢ ..., | are constants.

+ontd, ) %-ba“_v: F(r) (1)

If ay.a;.....a, arc constants, then we use

W)= L O} 10 =" (O =f"(0) ~3)

Taking Laplace transform of both sides of (1) and applying (3) and using conditions (2) we
obtain an algebraic equation known as “subsidiary equation™, from which y(s) = L{ y(l)} 1s
obtained. The required solution y (1) is obtained by taking the inverse Laplace transform of ¥(s).

The special advantage of this method in solving differential equations is that the initial conditions
are satisfied automatically. It is unnecessary to find the general solution and then determine the
constants using the initial conditions.

Working Rule to Solve Differential Equation by Laplace Transform Method.

Step 1. Take the Laplace transform of both sides of the given differential equation.
Step2.  Usethe formula
(B L0} =s¥(s)-»(0)
(i) Ly"(0)} =" 5(s)=5-3(0) = ¥'(0)
(i) L{y"" (1)} = 5 ()~ - 9(0)—5-y"(0) - y""(0)
Step3.  Replace y(0), »'(0), "(0) with the given initial conditions.
Step4.  Transpose the terms with minus signs to the right.
Step5.  Divide by the coefficient of 3, getting y as a known function of s.
Step 6. Resolve this function of s (obtained in step 5) into partial fractions.
Step 7. Take the Inverse L.7. of ¥ obtained in step 5. This gives y as a function of # which is the
required solution of the given equation satisfying the given initial conditions.
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SOLVED EXAMPLES

Example 1 : Solve y"+4y=0,1(0)=1,»'(0)=6 using Laplace transform.

Solution : Given differential equation is ¥ +4y =10 (1)
Taking Laplace Transform on both sides of (1), we get
Ly +dy}= L0} = Ly  +4Liyi =0

= [321.{_],-; —s.y(0)= ¥ (0] +4Lfy} =0
Using the given conditions, it reduces to

[s°L{y}—5—-6]+4L{y1 =0
= (52 +4)L{y}=5+6
s+6

52+ 4

1| s+6 & 5 6
}'=Ll{ }zL'{—+—~}
244 sS+4 5244

g i 1
=.'.’{ s }+(:-.L]{ }
52422 s +2%

=m2r+ﬁ.%3in2r = cos2t +35in 2!

= L{y}

Example 3 : Solve the following initial value problem by using Laplace transform
4y"+ 7%y =0.y(0)=2,)(0)=0.

Solution : Given equation is 4y"" + 1y =0

Taking Laplace transform on both sides, we have

ALYy 3+ 7Ly =0

ie, ALY} -sH0) -y (0)]+ L] =0 = 4[s’Liy}-2s]+x°L{y} =0

8s

4s% 4+ 72

ie, Liy}[4s®+n%]=8s or L{y}=

A
. B (=t
. y=2L '{s2+n2}=2c05(?)

4
which is the required solution.
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Example 5 : Using Laplace transform, solve

d’y ,dv dy
T2 42% 3y —ging, y= 2 =0, whent=0.
di* ot LS 0= ="l e
for) (D* +2D - 3) y = sin x, W0) = »'(0) = 0.
d'y .d ;
Solution : Given differential equation is ': 2—F—3J-' = sin{
dre
Taking Laplace Transform on both sides, L{y"}+2L{y}-3L{y}=—
5° +
1
= [ L=53(0) -y 01+ AsL iy} - O] -3Lb =
Using the given conditions, it reduces to
ST+ 2L iyt - 3Ly} = 71
57 +1
4 1 _ 1
= Lt +s-3=— = L 54—
: 57 +1 (s + )5+ 3)s - 1)
=5 1
= L {y}= ”{ J_ I + ! , resolving into partial fractions
s +1 A0(s+3) Bs-1)
Taking Inverse Laplace transform, ¥ = I__{: cost — %sin! - ﬁe M %e' .
Example 7 : Sul\n;. the fal-lowing- d:iffer-entia.l- equation using the Laplace transform
d’y 2dy :
—— 4+ — 42y =S5sint, ¥(0) = ¥'(0)=0
o ¥(0) = y'(0)

Solution :  Given equation is

¥+ 2y + 2y =15sint )]
Taking the Laplace Transform of both sides of (1), we get

L{y ™+ 2- L4y} + 2- L{y} =5L{sini}

i " 1
i [°LOY =590 = O]+ AsL iy} - yO)+ 2L 1y} =5 —

5
Using the given conditions, it reduces to

5

52 +1

(2 + 25+ 2)L{y} =

5
(s? +1)(s* +25+2)

] L—l{;
(52 + (2 + 254 2)

Hl{—zsﬂ 2543
L 2 + 2z
s 41 57 +#2542

= Liy}=

2
|

} (Resolving into partial fractions)
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= -21.-'{L} L_l{—l—} L_|{2(S+l)+l}
G2 s2+l+ s2+|+ (s+1)* +1

= —2cost+sint+e 'L {2:“
sT+1

= ~2cost+sint+e” [2'[‘- l {ﬁ}‘* 4 {ﬁ}]

= —2cost+sint+e ' (2cost +sint)

}. using First Shifting Theorem

X 5 5 z . el caibe o
Solution : Given differential equation is 75 + 37’- +2x=e
Taking Laplace transform on both sides, we have

Lix"}+3L{x"}+ 2L {x} = Lie™"}
= [$*Lix} = 5.x(0) = x"(0)] + 3[sL {x} = x(0)] + 2L {x} = s_-:-l (1)
o [PLi) - 1]+ 3sLix}]+ 2L {x) = ﬁ ustig given:coaditions

e L{x}[sz+1s+2]=}—l+—l-+l

s+2 _ 1
(s+13(s+2) (s+1)?

= Lix}=

= x=L! —,—l =t.e”" [Taking inverse Laplace transform)
(s+1)
s

Solution : (/) Note that the condition x'(0) is not given. So letitbe *a’.
Given equation can be written as

x"+9x = sint
Taking Laplace Transform on both sides, we get
L{x"} +9L{x} = L{sint}
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1

s2+1
Using the given conditions, it reduces to

i [s2Lix} -5 x(0) - x'(0)] +9L{x} =

3 1
s*Lix}=s=a+9L{x}= 5 [Take x"(0) = a]
5 +1

ie (s'+9) Lix} =

s—+s+a
s 1 1 1
1 s+a § g
or L{x}=— = + = =’[z 0 ]+2 =3
(> +1Ns° +9) s249 8 Ls*+1 5°49) 5749 s5°+9

.'..t=-l-L"{ it }+L"{ s ,}m-lf’{ . }
8 sT41 5749 s° 43¢ % +3°

= %(shl—%sm3ﬂ+cmﬁl+§sm3r wlD)
1 . 1 1Y .
= - 5|nI+cm'3r+—[a——]5m3r
b 3 3
Gi x L3 =1
iven 5
| . = 3m 1 1 in | |[
l=—sin—+cos—+—| g-= sin— = -+0+-fa-<
= =3 3[ s} 7 8
1l a a 1 -5
I:"-'—'—' '—'=""_I='—" e 2
= =5 3 3 & & @

Hence the solution is

x= %HMI—%ﬂnh}+cm3f-§5m3r [ From({l)and(2)]

(i} This is left as an exercise to the reader.
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Example 22 : Using Laplace transform, solve (D? + 5D — 6) ¥ =x"e*. 10} = a, ' (0)=b.

Solution : Given equation can be written as " + 5y — 6y = xze"" w (1)
Taking the Laplace Transform of both sides, we get
L{y" +5L{y" -6L{y} = L{.‘rze_"'}

, 2
ie, [s*Liy} - s.0(0) - '(0)]+ 5{s.L{y} - p(0)] - 6.L{y} = [—;]
Using the given conditions, it reduces to § S5t

[ L{y} —as=b]+ 5 s.Liy} —=a]=6. L {¥} = 3
+1)

e (2455 —0) LIy —as—Sa-b=
ie | YLAy} —a. [$+1]3

+as+Sa+h

ie (s2+5s-6) Ly} =
o s+1)°

2 i as " Sa+b
or  Liy} = (5+6)s-Dis+1) (5+6)(s=1) (s+6)s-1)

¥ =,[__I' ;3 q.a-.['_l{;}
(s+6)s—-1s+1) (s+6)s-1)

-1
+{5a+bl {I" J.!\\rr_n}
e +a . ___f_}
: (s+6)(s—|)(s+|)3 7 $+6
1
b it
Hoed ) {s 1 r+6}

= 2 a .. s $ 1 _
N T S— -.1.*{_____} Lo
{(“])(s_l)(s”)}}*-_] P +(5a+b) 7(e e

To evaluate the first term, use partial fractions and to evaluate the second term, use

LMsf(s)) = £t i f0)=0

This is left as an exercise to the student.

50
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Theorem It If F(t) is sectionally continuons and af exponential order a and such that

lim
=l

F jr} exists then for p=a, L™ ['I {F}] j! Fix)dx

3
1]

Then G’(f)=F (t)and G (0)=0.
L{G" (N =pL{G(t)h-G(0)=pL{G 1)
or LiFith=f{p=pLiGith

Proof: LetG ()= [ Flx)de.

LiG (1)) = “” Hence L &]=(:{:}= [ (x) ae.
P Y
Theorem II: L™ [,}' {P}] } F (x) dx dy.
Proof: Let G (f) = J :‘ F (x) dx dy .

Then G’ (t) = ju F(x)dx, G (t)= F (t). Also G (0)=G"(0)=0.

Now L{G" (1) = p* L{G(t)- pG{0)- G (0)=p" L{G(t)}

ar L{F(th=f(p=p LIG{#). = LiG(t)h= IIE;”}
or L_l{j}ff}} Gty = j L;}I": x)dvdy .

This may also be written as L~ { ( )} Lj Lj Fit) dt*.
I

In general i {%} = Lj Ljhj F (1) dt".
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Solution of Partial Differential Equations

Laplace transform is also useful in solving parial differential equations when the

boundary conditdons are given.
Laplace transtforms of some partial derivatives:

Theorem: If y (x,t)is a function of x and t, then

I."JL—‘I = (x. p)— p(x,0)
a T (x, p r(x,
Uy % pyix.p—yixu

fb:l.L i 'Lt.r f:l—.?}t.f{.”—'l- f.r{:l:l

3'1,' d 7 |- l-l 2_|
e) L {I} u'; and (d) L {&} _ d=y where L | Filx.tl=¥ix. p.

L J a’
Proof: (a) { } Jﬂ _Iu';_ lim Jﬂ —Pz‘:“m
5w

= lim {{ P yix, :}} +|I'.? [ et ¥ {.t,:}.:a':}

I —

—pf E‘iwl-l:'.[ﬂdf—}f.[{”—p}f.[ pr— yix, 0}

dp
(b)) LetV=—-
o dt
#y av
J =p. L{V}-V(x0)
{ at? { ar} :
=plpL{yl—y (x0)]— ye (x,0) [ v =-::);_I= . ]
ot
=7 Fixp - py (n0)— ye (x,0).
ot I - d ¥
=1 = [ .-J == Pt dr=2F.
© gy =L e yar=td
*y ' .
id) L( &r; = L{%},wﬁcmu =2¥
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Evample 16:  Solve % =2 Ecr_; where p (0. t)=0= y (53, t)and y (x.0) =10 sin 47mx.

Selution: Taking the Laplace transform of both sides of given equation, we have

Li=l=21)_~L or p7—p(x0)=2 ——
{a: 1;:&2 T Py-. .
iy P
or dxﬂ —Ef =—3sin4My whose general solution is
F =GP ey N pyx  Ssindme
‘ ~@n? -p/2
or ¥ =f;-:||g“lf P2 x e g_,.'l,‘ p2)x +L&in4m e
L 321 + p

But y{0,8)=0= y(3.t) Therefore, FO,p =0, F5,p=0.
from (1), we have 0 =) + (o

and 0= P2 o lir) 10 Giog
3L2n +p

[} [}
=G PR e P2 L,

Solving () =0 = (5.
o from (1), we have 7= 10

=— _ sin4mr.
327 +p

[ ] -
y= ;_,‘] 10 sin4‘ﬂ:rJB or y =H}ﬁ_32 mdrsin‘im',

13219 +p
which is the required solution.

i



Laplace Transform 54

Ty Ty &
Example 18: Solve ——— == = xt where y =0 = E at t =0 and yi0, t)=0.

Solution: Taking the Laplace transform of both the sides of the given equation, we

have
L E'Ekv L 92}' L {xt}
—_— —_— = at
o * at <
or L A Fp-py@0) -y, (x.0)]=xL(f)
dr”
&7, .
or - .rfz V= .r,-‘;f: whaose general solution is
dx” :
F=c e+ et —x/ p".
Since F =0 for all values of x, therefore, 5 =0, otherwise

F=o0,a5 X on
F=cg et - .r,-‘p".
Again F=0whenx=0; . cy=0.
3

j=—.r;‘|u" or Lv=—L—'{.r;‘p“]=—%.tI .
i

which is the required solution.



FOURIER TRANSFORM

Dirichlet's Conditions

Afumxion f (x) is said to satisfy Dirichlet conditions in the interval {a. b, if

(i) f (x)is defined and is single-valued except possibly at a finite numbc:rofpoinn;
in the interval (a, &), and

(il fi{x)and f ‘{x) are piecewise continuous in the interval {a, b).
These conditions play an important role in the study of Fourier series and Fourier

Transforms.

F(Jurier Trﬂns{orm oY Cornplex F(Jurier Trans{c:rrn

Let f (x) be a function defined on (= e, =) and be piecewise continuous in each finite

partial interval and absolutely integrable in (— e, o), then

(]

J' e T F () dy
—_0 “

Flfixl=——
wi{2m)

is called the Fourier Trangform of f (x) and is denoted by F { f (x)} or f {p).
The function f (x) is called the inverse Fourier transform of f{p) ie.,

firy=F -1 1 fipt.
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Inversion Theorem for Cc:mp]c—:-x Fourier Transtform

If f(p)is the Fourier transform of f(x) and if f (x) satisfies the Divichlet conditions in every
Sfimite interval (=11} and further if J - | f{x)|dx is comvergent, then at every point of

continuity of f (x),

£ =—

V(2w

J' ::., ; iy ePx dp.

Proof: From Fourier integral formula, we have

i 1 pom s )
= wix—v}
fix) 2ﬂJ . f fv}[J i e u'w]dv

— 00

o)

=,L J :; ¢ T gy J:.c. f vy e ™ dv

in
= 1 J f_l-FW HIF 1 J- o0 J; (e - dx,
3 {im —00 N |.r_},]'[1,| . (x)
putting w =— p so that dw=—dp
_ 1 o O —;'Faf —-
“Tam o " S0

Note: Some authors also define the Fourer transform in the following forms
(1) Fp=[" P flxd
. | -
and f {_x}=ﬁ J_W £ p)-e™ dp.
@ f=] i

i 1 a 06 T
and f (x) =on J_m e f (p) dp.

1

(3) Fip)=—
T

J2, e

: _ 1 P ipx
and j{x}—mj_w fip)-eT dp.
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Linearih] Prcnperh] ot Fourier Transform

J_'Jl‘; (p) and Ef_ plare Fourier transforms of f (x)and g(x)respectively, then

Fiaf(x)+bg(x)) =af (p)+b g(ph
where a and b arwe constants.
Proof: We have
1
I(2m)

FUF @ =fp =g [ 7 6P f (e

and F {g(x)=glp) = oY g(x) dr.

Fia fix)+bgx)
=—— |7 ¢ taf (x) + b (x)y dx

@2m
= [T e f(x)de+ b |7 e™gix)de

—a f(p)+bglp)

Change of Scale Pmpertg

Theorem 1:  (For Complex Fourier Transform). If J_I: (p) is the complex Fourier
transform of f (x),the complex Fourier transform of f {(ax) is 1 I (E}
i i

Proof. We have

- ) . 1 ] - )
ipy=F (X))} =—— BE O (x) d. A1)
f®=Fif =g )T (1]
. . . _ g i .
MNow F{f{ax)}= \"{_Eﬂ:} J R (ax) dx
L LT e f i ar
a vi2m - T
putting ar =t so that .-,J'.r=1—u'.r
a
=l. I J~ [ P il P.-"ﬂ'] b JI‘ I:'.[l:l At
a V2m - o

=l;(ﬂ], from (1).

i i
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Shi{tinngperh]

If [ (phis the complex Fourier transformof f (x), then thecomplex Fourier transform of f (x — a)
is ¢ I ;f;ﬂ
Proof: We have

Flp=F{f () = ¢ f (x) dv A1)

1 o 00
\"{Zn} J — o0
1
J(2m)

Now  F{f(x—a)= |7 6P f (x—a)du= [© et pya,

V(2m)
putting r —a =t so that dv =dt

=P |5 e f ey ae

Vi2m)

= P }{_p} ,from (1).

Mcvc]ulaticm Theorem

J_',I‘} ( phisthe Complex Fourier transform of f (x), then the Fourtertransformof f (x) cos ax is
S[f (p-a)+ f (pra)]

Proof. We have

- Y. _ T pr g

fO=Fiful=-gon] P A1)
Now F{f x)cos ax)

1 re g € Y

- T J_m e T fx) — dr

I L re pralg 1 ;= iip—a)xy
_3[“'{3?‘} J o flrydz+ \"{Eﬂ:}J € Jlxydx

[ fpra)+f (p-a)
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Convolution

The function
1

Hx)=F*G T |7 Fu).G (x—u)du
is called the convolution or Falting of two integrable functions F and G over the
interval (— o=, o).
Note: Some authors also define

F*G=[" Fu.Gx—udu

The Convolution or Falting Theorem tor Fourier

Trans{arms

IfF | f (x)and F { g {x)}are the Fouriertransforms of the functions f (x)and g (x)respectively,
then the Fourier trangform of the convolution of f (x) and g (x)is the product of their Fourier
transforms

ie. F{fin® gxli=F{fx)} F{glx}

Proof: We have F { f{x)* g{x)}

401 Pee
=I—{Wj_m j{u}-g{x—u}dn}

— 1 o 1 ] . ~ -
_“'{Eﬂlj'“[w'{zn}j—wf{"}ﬁx ”}dﬂ]ﬁ dr

i @), e ada

L]

-5 F | [T gt Dy

putting ¥ —u = y so that de =dy,

o @] [T e i

£ e” --#]du

_ 1 a0 . I-Plt 1 P iI-FI'
| j_m f (u) [ﬁ \.I'{Qn}J—W glx)e dx]du

I

== [ D S 0[P Fig ()] du
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=L‘{'E‘ ) J :-:-:. f (wy e d”] Figlx)}

[tz s e

=F{f(x)} -F{g(n).

Fourier Transtorm of The Derivatives of A Function

{a) The Fourier transform of [ ' (x), the derivative of f (x)is — r'p}' (pl where }{;ﬂ is the

Fourier transform of f (x).

Proot: By definition

1

Fif'ix}=
A J(2m)

[ 2 F e e

S -l AL L

v (2m) = k
= lim I 1 J~ o0 ,IIL I::_[ +,I'j::| _f:‘px & — lim I 1 J. o0 JL I:'_[':I _f:'m’ B
h—0 N {2m) - - k s Vom - p
s f J . ) -~
= lim — I J Jilx+h) giplx +Hf—w&d’f_x+h}— lim Fip
o Em T 0 h
f—l'it’;f P ; }' {m
= i 2R E? dy — 1 p
hsd V2w - 0 T YT,

—"F”"" - -
—fim LBy, S
=0 I =0 h

el

= f (- Jim = (i) f (p)

k—

(b) The Fourier transform of f"(x). the nth derivative of f (x)is (—ip)" times the Fourier
transform of f (x) provided that the first (n = 1) derivatives of £ (x) vanish as v — £ o,
Proot: By definition

1
V{2m)

Fif"(x)= |7 e T
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Integrating by parts, we have

F{F™ () =——— [ f" () -] %

1 = an-l . ipx
'-4'{21':} JU T x) ipet™ dx

Ten -
_ {—JTJ'::I v oo -~ n-1 (x) e ip dr, since Hm
| TE

- n-l _
= y on) b (x)=100.

— * oo
Repeating the same process of integration by parts (n — 1) times more, we have

fi., fx)e P de

or _}‘T" (p=(-ip" } i(p.

Illustrative Examl)les

Evample 1: Find the Fourier complex transform of f (x). if

. g TO0 a<x<h
I(I)_{(} x<a, x=h
Solution: We have
. 1 r e B
F = I dr
A V(2m) )™

. - . . .o .
=,L[J|" 0P des |7 | {}-E'de]
J2my |- a b

. 1]

B : (p+ 0lx

= I jﬁ:f?+m]xdx= 1 [—ﬁ
a

V(2m) e vem |ip+a)
1 [Ei(p+m]a_gifp+m]&]
N2

P+
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Evample 2:  Find the Fourier transform of F (x) defined by

and hewce evaluate

oo SIH Pa cos px - oo SIH P
(a) ————dp, and  (b)
Solution: We have

dp.

R S - 2T
Fp =g [ " F s

Loy il
J(2m) J-a J2m)| ip »

1 gra i
_'-..'{111} ip - ip

disin pa

2 sin pa

—— =—F7—— p=.
ipvi2my  py2m)

For p=10, ;{m =2a /(2m.
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@mpreh ensive Lxercise 1

1. (i) Find the Fourier transform of f (x),if
V(2m)

: —== lxl=ze
f=t e 1
0 L x|l==
(i1} Find the Fouder transform of
() x x| £a
Xl=
4 0, |x|=a

2. (i) Show that the Fourier transform of f (x) T

(i) Find the Fourer transform of the function

[

I+£, for —a<x=0
i

fixy= 1-X, for D<x<a
a

(1, other wise.

-, x]=1

3. (i) Find the Fourier transform of F {x) = }
0, |x|=1
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Exvample 4: Use the method of Fourier transform to determine the displacement y (x.t) of an
infinite string. given that the string is initially at vest and that the initial displacement is f (x),
— oo X < oo, Show that the solution can also be put in the form

plet=glf cra)+ fe-al.

Solution: Displacement of a string is governed by one dimensional wave equation

Fy_28y

(1

g™ g (h
where y(x,t)is the displacement at any time .

—oo< ¥ < oo, t=1)
and c? L

P
Taking the Fourier transform of both the sides of equation (1), we have
w P ) e

LJ —‘.‘ﬁl‘m dr=c* ,Lj‘ —‘.‘ew dv

Viem) o= 2 VE2m e &

21 e )

£ L I
or - wt dr=c¢ i~ Fipt

7 ‘J.{M)J‘_m. () F(p)

dz'i"(p t) 9
or EIPY__ 2250

= P¥p

d‘z'i"{p o

or EFRY  A ) =100
e Fyipt)

whose solution is

Fipt)= Acos gt + Bsincpt. o 2)
Initially the string is at rest.

dy

—=0,att=10.

dt

; ! Jm i-ﬁwdx=i#j‘m pe?™ dx
Vi2m) d e Ot dt V2w e
_dyipt)
dt
from (2}, we have 0 =Bgp or B=0.
Also att =0, yp=f (x).

=0,att=0.

1
W (2m)

att =0, 7(p0)= _[: ) €' =E m.
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from (2), we have _;: ph=A.

Hence ; ipt) =_;:' (p) cos cpt.

Taking the inverse Fourier transform, we have

mjj‘w -}-: l::f-'::' s q-'f g_jjm' dp

=%j‘“ [jﬂu fiw) g du]cm cpt .g‘WdF

Fixt)=

=ﬁ _D:, I:[i:u .I I:”::' ﬁj'iw du:l{gi‘?‘r +|g_j‘.'l'"r:| ﬁ_ijm.dp
% :- “:, f':"}ﬁ_jwdu} (et +ﬁtw}giwdu:|,

putting p= -0 so that dp=— dot
L Eij“ f () ﬁ—icm“'“ L ':-r+":'dl:l:}du
L p— -=

+ 21“ J_: flu) a““‘"{ I _: gl (¥ —dt) du:}du}

=%[_f (x+et)+ flx—ct)].

2] —

—

Example 5: If the flow of heat is linear so that the variation of 8 (temperature) with z and ymay

be meglected and if it is assumed that ne heat is generated in the medinm, then solvethe differential
B a8 :
equation x =k F (one dimensional heat equation ) where — oo < x < oo gnd 8= [ (x) where

t =0, f{x) being a given function of x.

Solution: Taking the Fourier transform of both the sides of the givenequation, we have
1 Jw Eﬁwd1’=l' L Jm Efg_lﬂﬁw dx

Vi2m)d . at V(2m) a”
or % ﬁ.[:. B dr=k(—ip) B [From article 4.20 (b)]

where 8 =8 (p.t) is the Fourer transform of 8 (x, )
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d~ o
or Lta=-ke

dt &
whose solution is

~ i)

=AWt RS
MNowatt=0,8= f(x).

- 1

at t=0.8= (Aﬂ:}lj Fix) et dx—j p.

from (1), at¢t ={},E=}T{p} =A;

hence from (1), 6= E ip o

Taking the inverse H}urier transform, we have

—Jtp"'! —ip
B(xt) \I {iﬂ:} J _}‘ ipie e dp
- s
Evample 6: Solve Gl +"}2IIr =0, —m<x<o, pzi
4 I_:n,.:’ -

saatis 'f:'rrg the conditions

(1) V' and its partial derfvatives tend to zero as x — % oo and

) V= {x},%ﬂ} on y=0.

Solution: 'I'aking the Fourier ransform of both the sides, we have

_[ W e dy j =P =0
iﬂ:} — iﬂ: —_
9 _ .
or .I [Eﬁ E-EW] __ [ & vﬁwdx
Vien| a _Ven -
NS J‘ Vel gy =0 .
drz J(2m)
or - i r Cald e ) —ip - BEF dx] d“:lf =1
Vemla? © ) TS J dyt
-

since P — () asxyr— £oo
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or {rp}f"‘ (EW jP“] - :}J‘Iu aiﬁjf’“dx d” 1' .
V(2m) . - i qu
s
since W
or {IP} { Velre )" - fpj - V ﬁjﬂdx-l + ﬁ =1
v {zn}[ - N dy”
or iU _[ Vel gy +"Q_‘ =0
Vem)) < dy*
or p 'IrI % =1

whose solution is
1:; = Acos ;12}' + Bsin ;12 ¥.

Since on r=0V=F {x)and%—ﬂ

taking Fourier transf(:-rm we have

on 1f='[},1:; J e dv = f (p
. M} _mf{} f{f}
. ¥
and _[ —.g?’“dx—u ie. Y _o.
.E-ﬂ: — d'l-'
from (1), we have
fip=
and ﬂ—u—ﬁf or B=0.
dy

the solution (1) reduces to
Vv =:;:' (p) cos P:a_‘},_
applying inversion theorem for Fourier transform, we have

V= J _; (phcos (7 ¥) - e Fdp.

ETS

—asx— e
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Fourier Series

Some Important Results

Thf: following results are useful in Fourier Series :

(i) sinnmw=0,cosnm={-1)"
sin (rr + %]‘ﬂ: =(—1)".cos (rr +%] Aa=0,wherenel.

(ii) }uv=w| —u e g+,

v du pr_ dz u _T _I
where u —E,u _a‘r? oo and vl—}vdx,uz _JT"I dx.....
- r2
(i) ju“ sin ax dr =10, (iv) ju“ cos nx dr =0,
rdm o9 Lo dm 9
(v} }u sin” mxdr =T, (vi) ju cos” nrdr =T
el pdm
{vii) ju sin mx ,sin my de =0, {viii) ju cos . cos my de =0,
- rd
(ix) juﬂ sin my . cos mx de =10, (x) juﬂ sin mx . cos nx de =0,
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Determination of Fourier Coefticients
(Fuler's Formulae)

The Fourier series is

f {x}=ﬂ+a CO5 X 4y C08 2x + ... +a, C0s I+
9 1 2 H

+hy sinx+ by sin2x+ ..+ by sinonx + .. A1)
To find ay. Integrating both sides of (1) from x =0 to x = 21, we have
rd . e e e
juﬂ ! {x}dx:%"ju“ dx + juﬂ cos 1 dy + g juﬂ cos 2y de +...

-dm L pdm
+a"'ju c{mrﬂ:dx+...+b|ju sin x dv + by }u sin 2x dv

slm
+...+h, }u sin mx dv + ...

Y

d
=Tuju- ! [Other integrals vanish]
-2
or ju“ f{x}dx:%"iﬂ:.
1 -2m .
H’”'=Eju f (%) dv. --(2)

To tind a,. Multiplying each side of (1} by cos nx and integrating from v =0 w

x =21, we have
2

Jo

. ay pd r2
" x)cos ux de = “cm'.rrxeix+a " COS X C08 HY dv + ...
1
1] L]

2

R 9 PAm pdm
+iT cos” mxdr ..+ By sin xnx dy + by sin 2x cos ny dy + ...
mJo 0 <o

=y jj“ cos® nx dr [Other integrals vanish]

=a, .

_ 1 2 _ o d 5
a,,—nju fix)cos nr dx. (3)

By taking n =12, .. we get the values of a,a9,....
Totindb,. Multiplying each side of { 1 ) bysin sxand integrating from x =0 tox =27,
we have

rd . rd rd
Juﬂ f {x}sinnxdx=? juﬂ sinnxeit+a|}u“ cos xsinmy dr +...

rdm
+a,,j Cos mx sin o dr + ..
L]
2l e :
+ Iy sinxsin v dy +...+ b sin® nx dv +...
0 "o

=b, jj " sin? nx dr [Other integrals vanish]
=h, M.
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b,,=ljj

. ®F (x)sin nx dv. (4)

By takingn =12 ,...we get the values of by, by ... .
Note. To get similar formula of a4 ,% has been written with 4 in Fourer series.
If we write the Fourier series as f (x)=ay + T |, cos nx + by, sin nx],

n=1

then the values of constants is given as :
1l i dr - 1 p2m i d ndb—IQﬂ : . d
Hu—ﬂju fix x,a,,—;ju fix)cos mrdy a ”_;ju f (x) sin mx dx .

Fourier Series Expansion In The Interval < x <o+ 27w

The Fourier series is
I (I)=%+”€I i, COS HY +:EI by, sin n. D)

To tind a;,. Integrating both sides of (1) from x =0 to x = o + 21, we have

PAdm o i i 121‘I+Dtd AW+ E ] d
ju fFix) —?}u I+}u H=Ia,,c(1ur.r ¥
pldmeo | o= .
+ j . {”E:I by sin rr.r} dx
=3 2n+0+0.
2
1 rim+a .
au—Eju fixyde.

To find a,. Multiplying both sides of (1) by cos me and then integrating fromx =0

tox =0+ 21m , we have
pdm o

Ja

. rima rdm+a| =
[ (x)cos nx dy =ﬂj cos mY dr +j I a,cosm |cos ny dr
2 o o =l

I el .
+j by, sin mx Jcos mx de
o

n=l1
=0 +ma, +0.
l j2m+m
a"=E}u J(x)cos nx dy .
Similarly by -1 fzﬂ o [ () sin oy d
: gl
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Putting ¢ = 0, the interval becomes ) < x <21 and

MNote 1.
1 ¢2m d 1 ¢2m ] i d b 1 -2m . d
a.u.—;ju Jix)dx, a,,—;ju J{x)cos mx dv an ,,—Eju J(x) sinom dx.
Note 2. Putting ¢ = — 7, the interval becomes —T<x< Tand

ay =% j:‘ fix)dx, ay = % jjﬂ f(x)cos nx dv and by, = % jjﬂ f (x)sin mx de.

Fourier Series For Discontinuous Functions

. . . _ fl (x), o<x<x
Let the function f (x) be defined by f (x)= {Iz (x)ry<r<a+2m

in the interval (o, o0 + 2x). Here x is the point of discontinuity.
The Fourier series for f (x) in such cases is obtained in the usual way. The values of

ay dy , by are given by

+m

%=% J'j’ fi{x:'fiHJfI: féixl'dx];

a"=l-j'm A {x}cmnxa}+ju+2" I {x}cmnxdx};
Tl o iy

b,,=%_jj] i (x)sin rrxdx+f__: e Jfa {x}&innxdx}

At the point of discontinuity, ¥ = o, the Fourier seres gives the value of f (x) as the
arithmetic mean of left and right limits.
Arx=ao, f(x) =%[;’ (m=0)+ f (m+0) ]
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|llu.ﬁtrative anmlnlea

Evample 1:  Find a Fourier sevies to represent x — x fromx=-Ttex=".
11,1 1 T
Diedice that _[T—E—.z+3—2—4—2+...—ﬁ'

Solution: The Fourer series for f {x)in (- m, @) is

filxy=my + EI d, COS HY + EI by, sin
M= H=

. ) : 3" :
Here m=%]jﬂ {x—.t’z}dx=ilii—x—] =—ﬁ;
- -n

2m|2 3

a,,=lJ1“ (x — x*) cos nx dx
gl S |

L g L m
_1 (x - r-,g) sin Hx _1-21) (_ c(}sln.r]_'_{_z} (_ smlin.r]
n " " " x

_ _ H
=%; [+ cosmm=(-1"]
and bn=%j:‘ {_.r—.tz}sinrr.rd.r
. . ) .
=l[{x ~ r-,g} (_ oS H .r] -2 (_ smlrr.t] < (-2) (cmlirr.r]]
n H e " .
=—2{=1"/n

The required Fourier series is

2 : cosx cos2xy cos3x cosdx
x- =—?+4 Y 2P +...
+2{sinx_sin2.r sin3.t_sin4.r+“]_m“}
1 2 3 4

Deduction:  Putting x =0 in (1), we get
= .
3 Eo2? 32 42T B2 3 40T 12

Exvample 2:  Find the Fourier series expansion for f (x),if

() -, -m<x<( Deduce d 1 1 1 T
= it w+—w+—+...=—-
J %) x, OD<xe<m. B BT I

Solution: The Fourer series of f (x)in (- m,m)is
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filx)y=ay+ EI i, COS HY + EI by, sinomx.
= H=

1 /= . 1 [;0 .
2—}_11 j{x}dx=2ﬂ:[j_“ {—n}dx+}u xa’.x}

_n{x}t_' +(ﬁ]ﬂ =l[_('+iﬂ=_ﬂ;
] n 2 o T 2 2

a T p T

}_ﬂ I {x}c(mnxdx=%[fi (— m) cos nx de +}u

sin ey xsinmur  cosaxy"
-n + +—
n)a " n o

'[}+”If_,cm HT — ”2] P (cos nm —1);
Jn“ _}‘{x}unnxa}——[ (— n}\lnmdx+jux\|nnxdx}

T Cos !ﬂ’ s HY sin !ﬂ’]
+
[ ( ( i ”.z 0
[ﬂ:

— (0} —cos nm) —EC(}\ rm] } —{l -2 cos nm).

Then &

o5 |-

:‘ﬁ
I

X085 HY dx]

A=

A=

and

,-_1|.._.. =] - ;=1|.._.. ;=1|.._..

The required Fourier series is

cos3x  cosox
+...

. T 2
X)=————|c0s X+ - + —
fw=-2 ﬂ( e

{,jsinx_25|n£x+jmnjx_mn4x+m) i

2 3 4
Deduction: Puttdng x=0in (1), we get
n 2 1 1
{}——— —|l+—=+—=+...=| L2
£ “( e (2)
But f (x) is discontinuous at x =0, and we have f (0 -0)=—n and f{0+0)=0.

A ——(n/:
fO=5[fO-0)+fO0+0)]==(n/2) A3

Hence from {2} and {3), we haw:

2 2] o dedredrs _x
I ) Fo3 o5 8
- n—
Example3: Obtain the Fourier seriesof f (x) = ( il ]m the interval (0, 21) and hence deduice
n I 1 1
—=l-—t ..
4 i 5 7
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Solution: The Fourer series for f{x)in (0,2n) is

flx)=ay + EI i€, CO% HY + EI by, sin nx
= H=

1 p2r | l vz fm—x
Here a.u.—Eju j{x}dx—;ju (T]dx
R L
-1 m_i =L[gn2_gﬂ2]={};
ixm 2 ixm
1 ¢72m ] 1 /2m ]
H"=;ju _f{x}cm:rxdx=ﬂju (M —x)cos nx de
1 [ sin my —cosm ]
=—|{m—x)- -1 . =1
2n _I: I:I H { }{ ”,-_" :Iu
|t . 1 rin .
b"=Eju j{x}smnxdx=ﬂju (m— x)sin nx de
1 [ COS B &inm]zﬂ 1
=—|—(T—x) -— =—
2w H w log n
f{x}=“r_x={}+{}+ ; I—&innx=5inx+rlsin2x +rlﬁlll131’+... 1)
2 n=l H
Deduction: I-‘uttingx=%in{1},\wgﬂ%=l—%+;—%+
2
@mprehensive Exercise 1
1.

Find a series of sines and cosines of multiples of xwhich will represent

n . .
¢* in the interval - T<x < @

2ginh w

Find the Fourier series of the function defined as
. x+m; O=x=m df 5 .
f=il T g md f (x+2m) = f ()

Obtain the Fourier series for f (x) =¢™ in the interval 0 < x <2m.
Find the Fourier series of the function
—lfor-m<x=<-m/2
filx)=10for-n/2<x<mn/2
+lform/2<x<m.
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Change of Period

Generlly in engineering problems, the period of the given function is not always2 1 but
is T or2c. To use the formula of a, and b, this period must be converted tothe length 27

The independent variable x is also to be changed proportionally.
Let the function f (x) be defined in the interval (0, 2c).
2¢ is the interval for the variable x.

27 is the interval for the variable =

2 _ M
2e €

n .

Putting =z M oorx % the function [ ix) of period 2¢ is tansformed w the
C n

function f (ﬁ] or F {z) of period 21
i

Now F (z)can be expanded in the Pourier series as

F{z}=j'(%]=%+a. cosz +aycos2z +. +hysinz +by sinZz + .

where =L (27 P01 277 ()
=ij:rj{x}§dx=%};rj{x}dx, [I"I.lttingz:itc_x]
iy =% j;ﬂ F(z)cos nz dz =% jjﬂ f (%]cm‘. nx dz
=% jjr f(x)cos %;dx = % j:ﬂ f (x)cos ?dx. [I-‘tht'lng z =%]

. I r2e . HTX
Similarly, by, =c_j1-|' [fix)sin Ta’x.
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lllustrative Examrles

mx, D=x=1l

Evample 4: Obtain Fourier Series for the function f (x) = {H{E 2, 1Ere2

Deduce that i =i +L +%+
3

g
Solution: Here the function is defined in the interval (0,2). Let

f {x}=%+ ”:"_.; (i, cos HT x + by, sin ni) . AL

nd
Then, we have =l ju ‘ Fix)de , wherec =1
£

I'z (x) d =}J mdx+j2n{2—x}ldx

H M[_;x__[ _

fix) cm —_— dx
£

=T

Ml‘.ﬂ

n
T2
2

L1

ay = j f (x)cos nmx dx

n||.—.|
HIH

. "
=}u X COS ATX dx+jl T2 —x)cos nnx de

sin HME  Cos HIL sin Hile  Cos Ml
=M|x + 7 —(2-x) 7
nmo () o (nm)
COs HIT C0s nn] 2| cos HT 1 ]

1 1
—mf‘W]*“[‘mf*mf 2 7

4
-, if 1 isodd
N
0 , ifnis even;
and b,,=%fjr f (x)sin "ﬂ:xeir=%fj f (x)sin nmx de

-1 ]
=ﬂ:j xsinnﬂxdx+nj (2 — x)sin nmx dy
L] L]

—co8 HTx | sin AT cos e} sin Al
=N x( ]+ : +n{2—x}(— )— ;
HIT {m-'.n:}r‘-1 HIT {nn)“"
COS I COS HIT
=— + =1
H H

Putting these values of ay . a, . by in (1), we get the required Fourier series as
4 [cm T cos Smx 4 o8 (2my) + ]

. i v
.I{I:j:E__ 12 32 52 '{2’}

T



7

Deduction: Putting x =0 in (2), we get
T 41 1 1 ok 41 1 1
S }——— IT+3—2+q+... or =5 % IT+3T+T+"'

2
or 11:—4[I+I+I+] or L tom bt
2wl 32 5% g E 3% 527

Exvample 5: Find the Fourier series corvesponding to the function f{x) defined in (-2 ,2) as
folloves

2,if -2=x=0)
xn if O=x=2.

-]

Solution: Here the interval is (—=2.2) and [ =2,

"
Let filx)= —+ E I:a,,cm;n I+E:r,|.s.inyr

n:]
- Ll CIfe .9
I'hen m—FJ_Ij(x}dx—E[J_E Adx+juxdx]
2

=% 2%, +(§]ﬂ]=%[4+2]=3;

-l

ay = % j_I flx)cos (%] dr

0 .3
1 j . Emsﬂa‘x+j xcmﬂdx]
2014 2 i 2
0 : V2
1| 4 ( nn.r) 2 . nx 4 nxx
=—| —|sin— +| x=sin —+ 55— cos —
2| nx 2 ) nm 2 nrr 2 o
1| 4 4 2 »
=— FCOSHR = —g— | = ——-[(=1)" — 1]
2 ;2 r’ nx ] e
.when n is odd
= rrln
0, whenn is even;
!
bn=%I lj(r)sm—dr-—j 'nﬂdr-tr j rsm"—mdr

0 2
gl of_ 2 o nmy +l [- i nnr]+(l) & nmx
21" nw 2 2 20 1R ?
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The n:quired Fourier series is
o 2 I
fl[.r]-—-l-;q tmT-l-ru cos T+ by -:mT+

Ime

>
+b 5in-1:—-+b-j Slll‘l-—:“--lrbﬂ sinT--nr...

ba| L3

T 22 3 2

4 1 w1 S E{I.ml.iml.'jm
— —_ [0S — — 05—+ .. —— =5l — + —51IN—+ =51 —+...
T2 2 m |l 2
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Fourier Series Expansion of An Even oranOdd

Functionin (- x, )

A function f (x) is called an even {(symmetric) function if f(—x)= f {x).

The area under such a curve from — T to 7 is double the area from 0 o @

j; f(x) dr =2ju" f () dr.

. L Funetion
A function f (x) is called an odd (or skew e
symmetric) function if f (- x)=- f (x). Yy
A
Here the area under the curve from — T to Tis i
zero.
a T . .:J £
- |7 fmdx=0. - I \ T
Expansion Of An Even Function / \M
Ini{—m m): Vi
Here
L . _2m e 0dd Function
"u—;}_ﬂI(I}dI—;}UI{I}dI- g
fexd
As f (x) and cos mx are both even functions, :
therefore the product of f (x).cos nx is also /\ /\\
an even function. o ! |
~ I o I . d E.f U
iy —;j_ﬂ f (x)cos m dx
7 .

: S {x)cos e dr.

=;j
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As sin mx is an odd funcion so f (x) sin nx is
also an odd function. We need not to calculate by, It saves our labour a lot.

_I [ " 5 x —
b”—Ej_ﬂ f (x)sin nx de =0.

Thus the series of the even function will contain on by cos terms.

Expansion Of An Odd Function In (- m, )

1 /=2 .
Here W_EL- fix)yde=0;
H,,=£J fix)cos mrde=10 [+ f (x).cosnxis an odd functon]
T
| I . N y
and E:r”=¥j_ﬂ I{I}Mnﬂxﬂ?—gjuj{x}mnmdx

[ f {x).sinnmx is an even function]

Thus the series of the odd function will contain only sin terms.

|Iluﬁtrative Examrles

Exvample 6: Obtain Fourier's series for the expansion of [ (x)=xsinx in the interval
- M= x < T Hence deduce that
-2 1 1 + 1

4 13 35 57
Solution: Here f (x) = xsin x being an even function of x. The Fourer series is

fix)=ay + L a,cosnmx
n=l
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' I ym 2 = FE
Fix) =—J fiwydu+— I cosnx Fiu) cos nu du,
et 0

=l
where fu) = usinu.
Mow JJ usinuu’u=[—ucﬂsu +5in HH =1
and J: 1 sin u cos nu du =% L_:|= u [ sin (n + Du —sin (0 — Lu] du

1 [— Hoos (n+ Lu + sin{_n+1}u]“ _ 1 [_ Hoos (n—1n + sin (0 — I}u]“
2 L] L]

n+1 (n + 12 2 n—1 (n — 12
mjcos(n-Nm cos(n+l)m| ¢ c(}snn+c(}snn
2| m-l n+l | 2| w-1 m+l
T cos 0
=— — whenn=l
L—u

When n =1, we have

o . l ;= L 1 weos 2y sin2u] " T
J usmucnsuu’u=—] wsin2udn=—|-——+ =—_.
i 240 2 2 4 4
0
. 2 T = MC0s HIT
rsinyr=l+—|-—oosx+ E ———cosmw
i 4 w=2 .[—!1"‘-.l

=1+2 —lE{}SI— I—_c<}52x+;c<}531— ,L_cf}s4.r+...
4 1.3 2.4 3.5

Deduction: Putting x = IT T, we get

st 1 1 1 n 1
=1+2 —————+t———— .y Or —=—+ —— ——+ = —
1.3 3.3 3.7 4 2 1.3 3.5 3.7

or
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Example 7: Obtain Fourier Series of the function
. x, —m<x<(
f == —x, O<xem
—m< x=1)
a
Dz x=m

- X

x, '
Solution: We have f (x)= {
—x

Thus f (x) is an even fucntdon in (-, 1) and so b, =0.

The Fourier series in this case is f (x)=a, + E i, (05 H X

1 »n 1 -m 2 o ]

Heret =l FOE=l, “““‘[T] ‘“[ ]“E
, r ]
a,,:%ju“ _}"{x}cmnxdx=iju“  rcos 1 dr = — %[Iu:m_‘_cmm]

_ [ B ’ B 1= 0, nism;i
__;[ - _?]_ﬁ[ -0 ]_{4fﬁrf2,niu}dd-

n 4fcosxy oos3x oosix
+ + +...

The required series is [ {x) = TRl 7Y 5
n : 3

Evample 8: A periodic function of period 4 is defined as
fixy=|x].— 2= x= 2.0btain its Fourier series expansion.

Solution: We have

m=x=

nd‘ﬂ_x}={x O=x=-1

x|, -2=<x<2 fizl 4
fixy=4 x O=x<2 [,
—-x, 2=x<0.
Here f (x) is an even function in the . .
interval (-2, 2) and so b, =0. = 0 T
The Fourier series in this case is
fix =—+ E iy COS XL
1 | 1 -0
Here .-J.|_|.=—j j{x}eﬁ—Eju rdv+— j4 (— x)dv
' 2
=I—[i] [— =—{4—{}}+—{{}+4} 2:
2] 2 2 2
e _I s L *
a,,—;j i {x}cm _Ejﬂ' X Cos +§L€ (—xhcos x
2
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nm n
1 4 . 4 } I{ 4 }
-0+ —==-1 - 0- - 1"
3| O V- P
1
——f W -1-14-)"]=5=[(-1"-1
17l )= D1
8
——. ifnisodd
e
{ 0, if » is even,
. The required Fourier series is f (x) =H,T”+ a8 COs = + gy COS EE+
2 £ £
x I S
g |05 5 cos—— cos—
=l-— — + 7= + 7= +... |.
| P 3 5

ten(2

—sin rn;l:r ]—{—I}l(

0
] HX 1
o8 ——
2
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Halt Range Fourier Cosine and Sine Series
[Interval (0, 7))

For the interval (0, T ) the Half Range Fourier Cosine Series is
HTX

: 2
j{x}=%+u| cﬂsIE_+u2cusI—ﬂ_:r+...+ancﬂs +.
9 T 9 T
where iy = I; Ju flx)ydra, = T Ju [ ix)cos "_;—r?u'.t.
Thus when f (x) is an even function with period T', we have
f {.r‘.l=rﬂ+ I aycos ﬂ,
o 2 m=l 1
2 T | 2 T
where ) =]';'JLII Fix)dx, a, =';_'J1.I- flxicos Hiﬂu'.r
In this case by, =10.
Again for the interval {0, T ) the Half Range Fourier sine series is
. 2
Fix=bsin = yhy sin =% 4 +b sin 24
g T T T
h bu=2 | £ () sin " gy
where == sin ——
"= Ju J (x)sin T .
Thus when f (x) is an odd function with period T, we have

. = HIY 2.7 HILY
(x)= I b,sin— . where b, =— {x) sin — dx.
f= T bysin= w= Jo S Wsin

In this case ay =0 =a,.

Remark: While expanding a function in (0, T )as a series of sines or cosines, we only
see if it is an odd or even functon of period 217, It makes no matter if the function is
odd or even or neither.
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I]lustrative Examrles

Evample 9:  Find the Fourier half-range cosine series of the function
O=t=l

2t,
f= {( —t), lat<l

Selution: The Fourer half range cosine series in interval (0,T) is

m Imt Gt
{I}——+a| c(mi—+az -:ﬂx\;—+ai C(]-\I—+ AL
Here T =2 . We have
2T 2.1, 2 oen
“”_-T-J'u _f{:}d:—aju im‘r+£jl 22 —t)dt

. 2
=[F]L+ 2 2:—%]L =1+[{4:—F)]f =1+(8-4-4+1)=2,

y

j f(r)cm—dr —Ej 2:c<15£d:+%j2 E(E—I)ccmﬂdr
T 270 2 21 2

2
T
[ —\II'i— (2)( 3 cos %m]]:_,

= i&inﬁ+icmﬂ—i
o 2 wmt 2w

+10 - cos HT — 4 xin—yﬂ“:+—?i c{:-&—’m]
Hzﬂz a2 w2
& HT & = _— H  CosHT
= 00— — —— — ———COS W —
e 2 wm oam w2

8 [E,cm. JTﬂ;—I—cm :m:]
e
H Hi HIt
=l+— E — E,cm. —1—cos Hm |cos —
f @ T n=l ”,2( ] 2

Example 10: (i) Express f(x)= xas a half-range sine seriesin 0 <x<2.
(if) Express f(x) = x as a half-range cosine series in0 < x < 2
Selution: (i) The Fourier sine series for f(x)in (0, 2) is
. s . HTE 22, . HIX r2 . mmx

flx)y= ”E=I b, sin Twherf: Iy, =3 Ju fix)sin - dr = }u xsdex
eos —+ sin
HTl 2  pnt 2
b| =4.|'rf|:,b'_;! =—4.|'r27|:,b'4 =4.|'r37|:,b_.1 =—4_|'r4ﬂ:,f_‘1l:

[21 nm 4 nm:r _ A
I HIT
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Hence, the required half-range Fourier sine series for f(x) in (0, 2) is
: 4[,m1.1m1,3m1,4m ]
Jlx)=—|sin ———sin— + —sin ———sin — +...|.
T 2 2 2 3 2 4 2

{ii) The Fourier cosine series for [ (x)in (0, 2) is

. = HIx
_,I‘f.r‘.l=ﬂ+ I a,cos —
2 m=l 2

=

2 .2 -2 2 .2
where .:I.|_|.=?Ju _,I‘{_.r}.:a'.r=Ju rdv=2 and H"=?Ju j{x}c(}sgm

(=" -1].

. . 2
r2 HILE 2y . mMx 4 HTX 4
=J xons — dr = | ——sin — 05 =
0 0 !1""1‘.'L""1

—_— —
2 a2 an 2
@ =—8/1" 4 =0,ay =—8/3 T, a5 =0,as =—8/5° 1 ,ete.

Hence, the required half-range Fourier series for f(x) in (0, 2) is

8 [cos mo2  cos3mg2 cos Sme2
+ + +...

fe=t-z| =2 32 52
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Parseval's Formula

If the Fouder series for f (x) converges uniformby in (-1 1), then
o0 i ; 4 . .
[ Lf op dx=1[“97+ (a2, +b,f)]-

Proof: The Fourier sf:ries for f (x)in (=11} is

n=1

filx)= L R E (a,,c<1&$+bn5in$], A1)
where ay =§L fixde;  ..(2) a,,=%L f {x}c{m?d} (3)
and b"%ﬂr f {x}sin%dx. .(4)

Muldplying (1) by f {x}),we get
[FOP=2fm+ I a,f@cos™4 T b, fx)sin2=  _(5)
2 n =l ! n=l !
Integrating (5) term by term from —! to [,we get

e

o . o o
j_‘r [f (x) dx=%Lr fix) dx+nE=I iy Lr f I:I::ICG&%H‘I
= L . MW
+ :ITE=| b”j4j{x}5|nTeix . 6)
Putting the values of ay , a4y, , by, from (2), (3) and (4) in (6), we get
af . . _ %2 = 9 o2 9
J'_r [ f(x)F dx—T+ ”E=I la, +"E=I Ib,
PP S S
or (Y (X dx—i[T+ I (@ +b)|-
This is the Parseval's formula.
Corollary 1: If thr: Fourier series f(}r fix) in the interval 0 < x< 2! converges

unif(}rm[}',thenf [j{x}]"" de=1 i —+ E ':H:f2+b:r2:']'

Corollary 2: If the half range Fourier cosine series for f (x) in the interval 0 < x </

o o o ;
converges uniformly, then } ] Lf (_r)]"" dr =£|:%+ T al|
- - n=l

Corollary 3: If the half ranj__r.c Fourier \inf: series for f (x) in the interval 0 < x </

converges unifomly, then} [ fix (x)F dr=—= EI b2
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Corollary 4: Root Mean Square Value. The root mean square value or the effective
value of the funcdon f (x) denoted by [ f {"r”.-ﬁ"‘; over an interval (a, b) is defined as

P L f o as]

Lf (x)]omms = b—a

The root mean square value of a periodic function is Frcqucn thy used in electric circuit

theory and in the theory of mechanical vibmtions.
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( Chapter )

0.

Beta and GQamma Functions

1 BetaFunction

Euler’s Integrals : Beta and Gamma Functions:

Definition: The definite integral
1
jO ol (1- x)”_1 dx, for m>0,n>0

is called the Beta function and is denoted by B (m, n) [read as “Beta m, n” ].
1
Thus B (m,n) = JO P B L S

where m, n are any positive numbers, integral or fractional. Beta function is also called
the Eulerian integral of the first kind.

2 Some Simple Properties of Beta Function

(i) Symmetry of Beta function i.e., B (m, n) = B (n, m).
We have B (m,n) = j; = o, by the def. of the Beta function




A1

:j(; I-x)" "1 (1-1-x) " dx [jf ) dx = j f(a-x) }
_J‘ m—l PR P '[ n—l(l_x)m—ldx

=B (n,m), by the def. of Beta function.
Hence B (m, n) =B (n, m).
(ii) Ifmornisapositiveinteger, B (m, n) canbe evaluated in an explicit form.
Case I. When n is a positive integer. If n=1, the result is obvious because

1

lm—l 1-1 1 m—1 Xm 1
B(m,1)=j0x (1-x) dx=j0x dr=|to| =

0

So let us take n>1. We have

1
B(m,n):jo P B U
_J' n—l m—ldx

m

m !
=[(l—x)'l_1'x:| _jé (l/l—l)(l—x)”_z (_1)_)6 v,

m m

integrating by parts taking x " !
n—-1 ¢l

m

_n=b el g1 -1y -1
= jox (1-x) dx

as the second function

(1 - x)an dx [~ n>1]

=0+

=n_lB(m+l,n—1).
m

By the repeated application of this process, we get
n-1n-2 n-3 1

B(mn)=—— —— —— ... B(m+n-11)
m m+1 m+2 m+n—2
:n_l_n_zhn_?’ 1 J'I xm+an(1_x)0dx
m m+1 m+2 m+n-270
=n—l‘n—2_n—3 1 J‘lxm+,,_2dx
m m+1 m+2 7 m+n—-270

(n-1)! . xn1+n—l .
mm+1)(m+2)..... (m+n-2) |m+n-1 0

1
mm A+ (m+2) . (m+n—2)(m+n—1)

B (m,n)=

CaseIl. When m is a positive integer. Since the Beta function is symmetrical in
mand nie.,B (m,n) =B (n,m), therefore by case I, we conclude that
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B (m, 1) = (m-=1)! )
’ nn+)(n+2)..... m+m=2)(n+m-1)

(iii) If both m and n are positive integers, then

B(m,n):(m—l)!(n—l)!
(m+n-1)!
From (ii), we have
B (m,n)= (1!
’ mm+1l)(m+2).... m+n-=2)(m+n-1)
3 m=-1)!m-1)!
T mAn=D(m+n=2)...m+h)mm-1

writing the denominator in the reversed order

and multiplying the Nr and Dr by (m —1)!
_(m=D!m-1

 (m+n-1)!

[llustrative Examlﬂes

Example 1: Express the following integrals in terms of Beta function :

. 1 m n . .. 1 X2
(i) J'O (1= XY de,m> — L n>—1; (Lucknow 2010) (i) Io mabc
(iii) j; LA 2y e
Solution: (i) We have
j(; " (1—x2)"dx:J(; V1= 2V x [Note]
_ d
_J'O 1/2 y)n.%,

putting 2= y so that 2x dx = dy
1 ¢l _
=—j0 OV ) dy

I [om+1)/2] -1 m+1)-1
5 ! (=) dy

1

:EBG(mH),nH)-

(ii)  We have

1 2 L) 5\-1/2
'[0 7\/(1_)(5)171)(—"‘0 ¥ (1-x) dx




(156

2 1 5v-1/2 4 5 (b -2 S\-1/2 4
_J.O X -X—4(l—x) X dX_J.o x“(1=-x) X" dx

1
:J.O y -2 (I—y)_l/2 édy, puttingx5 = ys0 that 5x* dx = dy

7}0 =205 (1= yy 12 dy:lj] S8/ (1 )

570
by
5152
(iii) Proceed as in part (i).

Example 2:  Prove that

I” (ﬂ_x)m—l.xn—ldxzﬂmen—l B (m, n) =
0 I (m+n)

Solution: We have

J'(;’ (a—-x) m=1 n=1 g
J‘ " Y ay)" L ady, putting x = ay

J‘ (m=1)+mn- I)+1(1 J])m—lyn—ldy

—gntn-l J'O J]n—l (l—y)m_ldy

=a" " B m)y=a” "B (m,m) [ B(mn)=

am+n—lrmrn

= - - . B (m,n)=

T (m+n)
Example 3:  Show that if m, n are positive, then
b
j x=a)" Y- V= -a """ B (m,n)

a

ﬂ)m+n—l. I'mI'n

= - amin
T (m+n)

Solution: The given integral is

jh (x=—a)" L p-x)"dr.

a
Put x=a+ (b —a) y so thatdx = (b — a) dy.
Also when x=a, y =0 and whenx=5, y =1
b
.[ (x_a)m—l (b_x)n—l dx

a m+n—1 CmTn

12)-1 g,
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[ 157 ]h;\
:(b_a)m+n—1j;yn1—l(l_y)n ldy b - )m+n IB( n)
(et DT B T
T (m+n) T (m+n)
m—1,4_ n-1
Example 4:  Show that Jl ad a-» dx = ! B (m, n)
0 (ﬂ+l7x)m+n (ﬂ+b)1n n
Solution: The given integral
1 xmfl(l_x)nfl
- 0 (ﬂ"l‘bX)m+n
m—1 n—1
:J-I X ) 1-x ) 1 dx
0O \a+bx a+ bx (a+hx)2 ’ [Note]
Put r ) sothat(a+bx)'1_2x'bdx: i
a+bx a+b (a + bx) a+b
ie., L 5 dx = by .
(a+bx) I/Z(ﬂ+h)

a

I-x la-ax I{a+bx—ax—bx}_l[l_x(a+b):|_1—yv

Further =— =—
a+bx aa+bx a a+ bx a+ bx a

Also when x =0, y=0 and whenx=1, y =1

_J m—l(l_y)n_l' dy
a+b a a(a+Dh)

n—l n—1 B(m’n)
e S L

u+b
B(m+l,n)_ m

Example 5:  Prove that :
B (m, n) m+n

Solution: We have B (m+1,n)=B (n,m+1)
[By the symmetry of Beta function]
=J‘1 xn—l (1_ x)(m+l)—l dXZ Ié (I_x)m ¥ n—1 dx [Note]

(integrating by parts)

1
=0 +ﬂ_[0 PO | B LR

n

=%j; A== 0] (= 0" de




D
J-I xn_l(l—x)m_ldx—jé xn—l(l_x)m dx:l

:ﬂ[B(n,m)—B(n,m+l)]:KB(m,n)—ﬂB(m+l,n)
n n n

or (1 + ﬂ) B(m+1n)= Ly (m, n) [By transposition]
n n

B(m+Ln) m
B (m, n) m+n

or (m+m)B(m+1Ln)=mB(m,n) or

3 Another Form of Beta Function

xm—l

mdx,m>0,n>0.
+ x

B (m, n):j:

Proof: By the definition of Beta function, we have

1
B(m1n):'[.0 xm_l(l—x)"_ldx.

Put x = 1 so that dx = — 12
I+ I+ )

Alsowhen x -0, y—» and whenx=1, y=0.

n-1
0 ] 1 ]
B =] <1+y>”“1'[1_1+y} '[_aw)z]dy

dy .

oo 1 oo
=J.() (1+y)m—1+2 ( n 1 _J‘ m+nd,y
n—1
:J-O - m+ndx' ..(1)
(I+x) [By a property of definite integrals]

Again since Beta function is symmetrical in m and n ,we have
B (m,n) =B (n,m) J 1+xmﬂzdx,by(l).

m—1 - n—1

R X X
Thus B(m,n)=jo de: . Wﬂbf,m>0,n>0.

[llustrative Examl)les

m—1 _xn—l
m+n

Example 6: Prove that J(:o al de=0,m>0,n>0.

(I+x)




Beta and Gamma Functions

Solution: 'The given integral is = J: X7m+n dv — J: % dx
(1+x) 1+ x)
=B (m,n)— B (n,m)
=B (m,n)—B(m,n)=0
oo P
Example 7: Express JO PRy RTEY dx in terms of Beta function where m>0 ,n>0,

a>0,b>0.
Solution: In the given integral put bx=ay ic., x=(a/b) y so that dx=(a/b)dy .
Whenx=0, y=0and when x — o, y — 0.

- xm—l w (a m—1 1 a
_[() ( m+ndx:JO (Zy) ( m+n'zdy

a+ bx) a+ay)
e amflymfla e 1 - J;mfl
_J.() bm—l‘am+n (1+y)m+nb y_ﬂnbm J-() (1+y)m+n
1 .
= X B (m,n). [By article 3]

4 Gamma Function

Definition: The definite integral
_[: e X gl dx, forn>0

is called the Gamma Function and is denoted by T (n) [read as “Gamma n”].

Thus [ (n) = .[ON ¢ =x" “dx, forn > 0.

Gamma function is also called Eulerian integral of the second kind.

5 Elementary Properties of Gamma Function

(i) T(n+1)=nT (n),wheren>0
and (ii) T (n)=(n—1)!,where n is a positive integer.
Proof: By the definition of gamma function, we have

F(n+1)=f(§° e_xx(”ﬂ)_ldx:.[; xte Yy

=[—e_xx"]6°+J(;o oy, (1)

integrating by parts taking ¢~ * as the second function.




[ o0

. 1 . n
Now Iim X _ lim X
X0 o X Tpxt(x /20 4.+ nl)+
X —> oo o oo
7+ﬁ+...+7‘+ '+ ......
X x n!l (m+1)!
f]rom(l),weget1“(n+1):0+nj(:o ey, [-n>0]
=nl (n), which proves the result (i).
(ii) Wehave T(m)=T[(n-D+1]=n-1)T (n-1). [“Tm+)=nT (n)]

Similarly Fn-)=n-2)T (n-2),...etc

Hence if n is a +ive integer, then proceeding as above, we get
F(n)=(n—1)(n—2) 2.7 (1).

But F(l):j e gy = J 0dx=j(;o e F.ldx

=(n-
(

} hm 1,—&1:—[0—1]:1.

X —> o g"

Hence (n) (n—-2)...2.1.1=(@m-1)!if nis a + ive integer.

Remember: F(n) n—l) (n—1),where n>landT (1)=1.

Also it may be remarked thatT" (0) = ee and T" (- 1) = o= where 7 is a positive integer.

6 Some Transformations of Gamma Function

We have F(n)=_[: e gy (1)

(i) Putx=aysothatdr=ady;whenx=0, y=0and when x — =, y — .
y y J J
r(n)z'l'(‘)x’ L’_ﬂyﬂn)/n_ld)).

Hence _[: R A l:) (Remember)
a
(i) In(1)ifwe putx=log (1/ y)or y=¢ " sothatdy=—¢ *dx,
0 1 n—1 i 1 n—1
then I'(n)=- (log J dy = [log J dy .
J‘l y J.O y
(iii) In (1) if we put x”" = y so that n =y = dy ,we get
fJ' —(y>”"

or j0°° e—U)””@;:;1r(n)=r(n+1).
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T Relation between Beta and Gamma Functions

I (mT (n)
I (m+n)
(Agra 2001; Lucknow 07; Kanpur 09; Garhwal 10; Kumaun 15)

B (m, n) = , where m > 0, n> 0.

Proof: We have

F(m)zjm e_zxxm_ldx.
z" 0 [See article 6, part (ii)]
F(m):zm J'O°° Pk m—1 dy = JO M,z X m—l dr .

z n-1

Multiplying both sides by ¢” “ z ,we get
T (m) J'°° l+x) m+n-1 m—ldx (1)

Now integrating both sides of (1) with respect to z from O to o, we get

l“(m)-[w %z n—ldzzjoo l: J'0°° f’_z(l+x)zm+n_1xm_ldx:|dz

0 0
or r(m)r(n)=_[(;’° [0‘” e—z(l+x)zm+n—ld2:|xm—ldx
_-[0 0 m;zn =1 gy [By article 6, part (ii)]
+ x)
- m—1
:F(m+n)J0 ) m+n
(I+x)

=T (m+n).B (m,n),by article 3 .

' I (m+n)
Thus remember that J(l) P B L 1;(271)1;(’;)
m+n

Corollary: T (n)T (1 -n) = » where 0 < n<1.

sinn w

xn—l

_ [See article 3]
(1 + x)m +n

’

Proof: We know that B (m,n) = j:

' (m)T (n)
T (m+n)
T(mT () (= x"7!

T(m+n 0 (+x"*"

and B (m,n) = ,where m>0 and n>0 .

Putting m + n =1or m =1- n in the above relation, we get

rd-nrm _ ad dv ,where 0 < n<1.
T () 0 I+x

[Note that m>0 =1-n>0 =>n<l]




A2 )
ButT (1)=1.Also
J'°° xn_ldx T

= — . (Remember)
0 1+ux sin nm

rmT(1-n)= ,where 0 < n<1.

sin nw

8 The Valueofr (%) =n

Proof: We know that B (m,n) = L(mT (n)
T (m+n)
1

If we takem:i,n:zl,then from (1), we have

r@)r@)[r@)ﬁ_[r(l)]z

FG+%) o) 2

1? 11 1
Thus r(f) - B(fﬁ):f 21 21 g
2 2°2 0

by the definition of Beta function

oo
/N
Ko —
N | —
N————

I

=j(l, V202 g

Now put x = sin® 0 so that dr = 2 sin 6 cos 6 6 .

Also when x=0,0=0 andwhenx=l,9=%n.

2
2
[F(l)] _ (™ ! . ! -2 sin© cos 6 46

2 ~Jo sin® cos O

_ n/2 _ n/2
_2j0 6 =210];

=2 |:l T — O] =T.
2
Taking square root of both the sides, we get
r (%) =m. (Remember)

Important Deduction: To prove that J: o dr= \/7n

Proof: Let [ =J°° e ”z dy .
0
Put x* = z so that 2x dx = dz
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or dx:Ldz: ! dz:lz_l/zdz.

2x 24z

Also when x =0,z =0 and when x — o0,z — o .
Izjm 6_212_1/2 dz
0 2

2 2
Hence Im 6_)(2 dx:\/—n- (Remember)
0 2
r(m;—l)r(nzl)
0 Jn/z cos™ Osin” 0d0 = ,m>—1,n>-1
0 m+n+2
S

Proof: Putsin® 0 = x so that 2 sin  cos 8 d6 = dx
or 251n6.\/(l—sin29)d6=dx or 2x1/2.\/(1—x)d6=dx.

dx

®=1n o7

1.

Also when6=0,x=0 andwhen@z%n,x

/12 /12
jon cos™ @sin  d6 = jon (1-sin® 6)"'% sin " 6 0

Y g am2 w2 dx

_J‘() (1 X) X .2)(1/2 (1—X)1/2
1

=) n 1 /2 x)(m -1)/2 dx

é + n+1/2}—l(1 x){(m+1)/2}—ldx

B

(erl n+) provided m>—1land n> -1

1
DE o +]) - _T(mT (n)

5(
1“2l(m+l+n+l)

F—(m+l)1"%(n+l).

2T —(m+n+2)

N | —




A ﬂE‘

10 Some Important Transformations of Beta Function

Beta function can be transformed into many other forms. A few of them are given
below.

m—1

(i) We know that J(:o % dy =B (m,n).

I+ y
- J]m—l m—l m—l
Now A s dy .
.[() (1+y)m+n J() I+y)n1+n y J l+y)n1+n ,y
Making the substitution y =1/ x in the last integral, we get
- y m—1 " -1 dx
.[l (1+y)m+n ‘J/ J 1+x)m+n.
-1
e o
B (m,n) = _[0 TG dy
~ 1 J]m -1 n—l
_J.() (l+y)n1+n ‘y j() l+x)m+n

m—1 n-1

= Xidﬁj' X
0 (l+x)n1+n 0 (1+x)m+n

m—1 n-1

(box +Xx A
_,[ (1+x)m+n .
1 m-—1 n-1 T T
Hence ooy dx =B (m, n) = M
0 (1+x)m+n I' (m + n)
- m—l
(i) We knowthatj dx=B (m,n).
1+x)m+n
vaveputx:?y,sothatdx:%dy,weget
J_oo xm—l dx:amhnj‘w ym—l p
0 (1+x)m+” 0 (ay+h)m+” v
oo m—1 o m—1
.[ J dy = ! '[ x dr=—LBmn.
0 (ay+h)m+ll am bﬂ 0 (1+x)m+n am bﬂ

m-—1
y 4 TmT ()

Jo @+5)" " A" T man)

Hence

Again putting y = tan 0i. e.,dy =2 tan @ sec 2 doin the integral just obtained, we get

‘[n/Z sinzm_lecoszn_lede_ I (m).T (n)
0 (asin® 0+ b cos® )" 2a"b"T (m + n)
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1
(iii) We know that JO VA=V de =B (m,n).
Puttingx:sinze,so that dx =2 sin 0 cos 0 40 , we have
J‘é xirz—l(l_x);z—ldx=2j(;t/2 Sian—leCOSZn—lede.
B
fg/z sin2” 1 9 cos?” 1 9do= (m, )
_IrmIm)
_ZF(m+n)
This result may also be written in the form
. r(73) (")
_[n sin” 6 cos 16 d6 = ,
0 2F(p+q+2)
2
by putting 2m —l=pand2n-1=4.
(iv) Weknowthatj; ym_l(l—y)"_ldyzB(m,n).
. x—b
Putting y = ,s0 that dy = ,we have
a-Db a-—
| b m—1 “ n-1 I
m—1 n—1 a|x— - X
e dy = .
Jo ym Tl am = [u—bj (a—h] a-b
_ 1 a -1 -1
—th (X—b)m (ﬂ—x)n dx
J: ()(—b)m_l (a—x)"_ldx =(a_b)m+n—l J-é ym—l (l_y)n—l dy
or [ =" @ de=(@a-b)""" " B (m,m)

(a_b)m+n—l 1—‘(’n)l—‘(n) .
T (m+ n)

11 Duplication Formula

T (m) F(m + %) = 22Vm"_lr (2m), where m > 0.
Proof: We know that
B(m,n)=w,wherem>0 n>0.
I (m+n)

If we take n =m , then




[ o5

[T (m)

B omm) = oy

Again by the definition of Beta function, we have

1
B(m,m):J‘O UL B U

Let us put x =sin 0 5o that dv =2 sin 6 cos 6 d6 .

Also when x=0,0=0 andwhenx=l,6=%n.

/2 ) .
Then B (m,m) = j(;t sin ™ =Dg cos? =1 99 sin 0 cos 0 40
/2 ; ;
=2J(:E sin?” ~1 9 .cos?” 1 9 4o

/2
=2 _[(;E (sin® cos 0)>" 1 4o

. 2m -1
/2 /2
-9 1 stO de: 1 T Sin2m—12ede
0 P 22171—2 0
_ 1 Toom-1, do
_22m—2 J‘() s ¢7’

putting 20 = ¢ so that d6 = % do

1 T . -
=22m7_1'|‘0 sin?”" Yo do

1 T2 9 —
b sz sin?™ ~1 06d Not
= 02n=2 Jo 0.cos” ¢ dd (Note)
1 1 1
zzlzriem—unr§m+nz2ll}wmrg)
27" 2F%Qm—l+0+2) 22" s by
1 T (mAin
- : : (2)
2m -1
27" F(m+l)
2
[ T ()=l
2

Now equating the two values of B (m, m) obtained in (1) and (2), we get
rmP 1 TmAn
I (2m) 22m -1 T (m+ l)

or TrmTm+-)=———0T02m). (Remember)
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2 r(2)r(2)r(3) () e

where isa positive integer.

Proof: Let A=r(i)r(i)r(i)...r(”;l)~ (1)

Writing the above expression in the reverse order, we have

A=r(1-i)r(1-i)...r(1—";z)r@_";l). (2)

Multiplying (1) and (2), we get

e Cr e ()

n-1

(167 I,

= - 21; Py [See corollary of article 7] ...(3)
sin —sin —...sin T
n n n

To calculate this expression, we factorize 1 - x*".
Now the roots of the equation x> —1=0 are given by

X = (1)1/271 (COS 2 FIT+ lSITI2 r n)1/2n

r. .. I,
=cos — +isin—, wherer=0,1,2,....2n-1.

n n
Hence, we have
2 T .. T T, T
x)(I+x)[x—cos——isin—||x—cos=+isin—|...
n n n n
n-1 ..o on=1 n-1 ..o on=1
.| x—cos T —isin || x—cos T+ isin T
n n n n

:(1—xz)(l—2xcosE+x2)(l—2xcosz—n+x2)...

n n

..(l—2xcos n=
n

l—f; ( 2xcosn+x)(I—Zxcosznn+x2)...(l—

Putting x = I and x = — I respectively, we have in the limit,

(2 2cos—)(2 2C052—n) ..(2—2cosn_ln)
n n n

and =(2+2cos—)(2+2cos2—n) ..(2+2cosn_ln)~
n

n n

1n+;).

) .




A o8

Multiplying these, we get

_9 . 9Tm . 92W L on—1
2 =221 2602 L sin? 28 sin? 2 g
n n n
1 .. m .2 oon-1
or n=2""1sinZ .sinZ" . sin .
n n n

Hence, from (3), we get

TC”71 (zn)n—l or A B (27'C)<n_1>/2 .

A% = -
w21 » 72

.M. 2. ..n
Remark: The value of sin —sin == ...sin
n n n

n can also be found by using the
trigonometrical identity

i -1
51.n "9 =2""lsin (G+E)sin (6+2—n)sin (6+3—e)...sin (9+ " TE)‘
sin 6 n n n n

From the above identity, we have

. -1
sinf .9 -n:2”lsin(6+n)sin(9+2n)...sin(6+n TC)-
no  sin0 n n n

Taking limit as®— 0 , we get
1. ®™® . 2n . 3@ .on—1
n=2""1sin Zsin 25 sin 2% .. sin
n n n n

T.

o I’
13 W _[ e ™ cos bx.x™ ' dx = cos ma
0 km
o0 T
(i) J e™™ sin bx .x" " 'dx =~ sin mo,

where k = \/(a2 + bz)andoc =tan! (Z)

Proof: We have

J'(;x’ E_llxeibxx’n_ldx=j: E_<ﬂ_ih>xxm_ldx= I (m)

[See article 6, part (i)]
=(a—ib)""T (m). (1)
Let us first separate (a — ib)” ™ into real and imaginary parts.
Put a = k cosoand b = k sin o so that
o=tan”! (b/a)andk:\/(a2 +b2).
Then (a—ib)™ " =[k (coso —isino)]” ™"

=k=" (cos o —isina)” "
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(oo I

=k~ (cos mo. + isin ma) , by De-Moivre’s theorem.

Now from (1), we have

I(;o e e m =L g~ kT (cos mow + isin mo) T (m)

mfldx:r‘(m)

kﬂ’l

(=]
or -[0 ¢~ (cos bx + isin bx) x (cos ma, + isin ma.),

[e B _ cosO+isin®d , by Euler’s theorem]

or J.oo e_“xcoshx.xm_ldx+i‘.‘m e sinbr . x "l dy
0 0
=F(m) cos m(x+ir(m) sin mao. . ..(2)
k m m
Equating real and imaginary parts in (2), we get

T (m)

_[ e ®eoshr.x "V dy = —" cos mai,
0 k"

oo . _ T (m .
and '[0 e P sinby.x™ 1dx:%smm0t,

where k :\/(a2 +b2)andoc: tan™ ! (b / a).

Deductions: (i) Ifwe puta=0,thena=n/2andk=0.

Hence _[m "L cos bxdx:r(m) cos %
0 Xz 9
and J.m xm_lsinhxdx=r(m)sinﬂ»
0 M 9
(ii) If we put m=1,then
ro e_“xcosbxdxzr(l)cosot=kcozsaz 2“ 5
0 k a‘ +b
and _[: f”xsinhxdx:r]il)sinoczksklgazbl2ibz.

[llustrative Examl)les

Example 8: Emluate the following integrals:

O R

1+x

l+x)
ﬁ

@) [y dr,

I+ x

xdx_

(iii) j
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Solution: (i) We have

[ g
0 1+x 0 A+ 0 A+
9 -1 15 -1
o o X
= dx — ———— dx
J‘ 1+X9+15 ,[0 (1+X)15+9

=B (9,15)-B(15,9), [By article 3]
=B (9,15)-B(9,15),

by symmetry of Beta function

o 1+x
ii) We have — = dx =
(&) IO l+x '[0 l+x '[0 1+x15
- 5-1 w  A0-1
_I 1Hsuo +j 1+x10+5d
=B (5,10)+B(10,5)=B (5,10)+ B (5,10)
=2B(S,1O)=2F5r10
I'15
L, 4321 1
14-13-12-11-10 5005
iii) Let I =
(i '[0 1+1°
Put x6=y or x:yl/é,sothathzéy_5/6@;.
7J, 5/6)7:1]% 203 )
0 1+y 670 1+y
(1/3)71 1 1 2 -
*Jo 1+J,<1/3‘+<2‘/3>J’ B(§’§)’ [By article 3]
1.2 1 1
I-I— r-rd--—
_1 sty gty
6ply2y 6Tl
3 3
L Tl (l—n)=—"
6 sinin sin nm
3
l_x 12 &
6 (V3/2) 6 V3 343
A ANnD(1/n)

1
Example 9:  Show that -[0

2T/ n+1/2)
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Solution: Let x" =sin® 0ie.,x=sin?/"@so that dr= 2 sin®/™ =19 cos 040
n

1 9 sin@/m -1
Then J~ dx _2.[75/ sin 0 cos 040

0 Na-x" ndo cos 0
2
2%.[1” sin@/" =1 gcos” 0 do
2 Jo

1
9 F(l/n)F(E) Nm T (1/n

TR 2T/ n+1/2) n TU/n+1/2)

1 m—1 n—1
Example 10: Emluatej r oFr
0 (1 + x)m +n
Solution: We have
1 m—1 1 n—1
[ "7 - j Yo (1)
0 (1+xm+n 1+xm+n 0 (l+x)m+n

Now in the second integral on the R.H.S. of (1), we put x=1/y so that
—(I/y2)dy;alsowhenx—>0,y—>ooandwhenle,y:l.

1 P ld 1 n 1
Io mfn_,[w /J/ m+n _7@7
(I+x) y

1+1/y)
:_J'l ym+114); :J‘w ym—l dy
oo (1+y)m+n.ynfl.y2 1 (l+y)m+n
(Note)
o xm b
Gl [ rosrom]

Now from (1), we have
Jl xn1—1+x11—1 X:Jl xmfl dx+on xmfl
0 (l+x)m+n 0 (I+ x)m+n 1 (I+ x)m+n
m—1

= J'°° LI
0 (1 + x)m +n
by a property of definite integrals

[Refer articles 3 and 7]

T

2
Example 11: Show that J.:/ (tan x)" dx = = sec n2i ,where — 1< n<1.

Solution: We have




M2

/2 /2 sin” x . _
j tan” x dx = J. dx = J. sin” x cos™ " x dx
0 cos” x

I“zl(n+l).l“21(—n+l)

1
2 - (n—-n+2
2('1 n+2)

’

where —n+1>0ie,n<land n+1>0ie,n>-1

1 |
—F—(n+l)1"§(l—n)

1

2 2

1.1 1 1 T
=TI -m+hIrl--mn+Hl=-—>—7-——,

2 2(}1 )T [ 2(n )]

sin—(n+1) =
2('1 )

T mIr(d-n= , by cor. to article 7

sinn

1 1

T
sin(ln+lnn) 2 cos(lnn)
2 2 2

nm
:—seCT, where —l<n<1.

i |72 tee? w0,

- © m —ax" ['[(m+])/n]
(ii) J.O x e dx:im(mﬂ)/n :
1 dx

(iii) jo m:\/n.

oo 9 o . . 9
Solution: (i) Leu:jo 2n-l —a dx:J‘O 2n-2 max? oo

Put ax? = z so that 2ax dx = dz . When x = 0 ,z=0and when x = o,z — .
w (Y7 1 1 (e |
I=J (—) e f—dz= '[ etz dz
0 \a 2a 24" 70
21;1 I (n), by definition of Gamma function.
a
o o ﬂl n
(ii) Let I=[" e " gy = e el gy [Note]
1

_J' m-—n+l —ﬂ)c n—ldx
0 .

Put ax” =t so that na x "~V dx = dt . Also when x =0, =0 and when x — oo, f — oo .

(m n+1)/n 1/n
I= J g_t~idt, cax"=t=x=|Lt
0 \a na a
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_ 1 © A{(m+D)/n} -1 —t
_nﬂ’ﬂ(m—n+l)/nJ‘() t ¢ dt
= W I {(m +1)/ n}, by the definition of Gamma function.

I Y Al 112
@) e = s T ()«

Putlog (1/x)= yie,1/x=¢Vie,x=¢ Y sothatdr=-¢ Y dy.
Also when x — oo, y > ccand when x=1, y =0.

0o _ _ e _ _
I:_J y 1/26’ ydy:J‘O ¢ _]/yl/z ldy

=T (%) , by the def. of Gamma function
=Vm.

Example 13:  Evaluate the integral

b
J (x=a)? (b —x)T dx, where p and q are positive integers.
a
b
Solution: Let I= j (x—a)? (b—x)T dx.
a

Put x=acos>0+bsin? O so that
dx =—2acos 0sin® d6 + 2b sin 6 cos 6 46
ie., dv=2 (b —a)cos0sin6do.
Also x—a:acos29+bsin26—a:bsin26—61(1—(:0526)
=bsin26—asin29=(b—a)sin29
and b—x:b—acoszG—bsinzG:b(l—sinze)—acosze
=(b—a)cos26.
To find the limits for 8, when x = a , we have
a=acos®0+Dbsin” 0
ie., (b—a)sin26:0 ie., sin20=0asa#h ie., =0
and when x = b , we have
b =acos>0+bsin® 0
ie., (a—b)c0329=0 ie., cos>0=0asa#h ie, 0=m/2.
Thus the new limits for 6 are O to m / 2. Hence the given integral

2
’=L?/ (b —a)? sin®? 0 .(b— a)! cos® 10.2 (b — a) cos O sin O dO

2
=2(h-a)l t1r! J(;T/ sin?? *1 9.cos?? *1 0 do




rea

F{%(2p+l+l)}l"{%(2q+l+l)}
2T 2p+1+29+1+2)

=2(h-ayltat!

provided 2p+1>-1and 2g+1>-1 ie, p>-land g>-1

which is so because p and g are given to be + ive integers
:(b—u)l’+q+1r(p+l)r(q+l>
F(p+q+1+])

:(b_a)PHIH%
(p+q+1)!’

because I' (n+1)=n!if n is a positive integer.

Example 14:  Find the value of T (l) r (g) r (5) ..T (§) :
9 9 9 9

Solution: We know that

1. (2)~(3 n—-1\ @m0
PG ()

where 7 is a positive integer.

Putting # = 9 in the above relation, we get

r(3)r(2)-r(5) -2 -t
9 9)" 9 9l/2 3 3

Example 15:  Show that

—_—

(i) 2"T (n+=)=1.3.5....@2n - )\, where n is a + ive integer,

2
(ii) F(;—x)l“(;+x) :(i—xz)nsec nx, provided —1<2x<1.

Solution: (i) We have

iyl

s L
22 2 22

- L on-n@En-3)@n-5)..314x.

2 n

2”r(n+%)=1.3.5....(2n-1)vn.
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(ii) We have
F(——x)l“(—+x) =(§—x)1"(——x).(—+x)l“(%+x)

(e
(S -

=(l—x2)~ T =(l—x2)~nsecnx.
4 COS X T 4

Example 16:  With certain restrictions on the values of a,b, m and n , prove that

< —(ax +Igy2 m-1 _2n-1 r(mT (n)
_[ .[ xz dXdy— 4 4M "

Solution: Let us denote the given integral by I . Then

/= J‘O —axZXZm—IdxxJ - by Py =1 x I

To evaluate I} , put ar’ = t so that 2ax dv = dt .

_ dt
I t/ﬂ @2m-1)/2
b= j0 2V (at)
_ 1 © —t,.m-1
= ﬁ -[0 e 't dt
= I;(IZ) , provided a and m are +ive.
a

Similarly, Iy = % ,provided b and n are +ive.

Hence _Imlbn,

4ﬂlnbﬂ

Example 17:  Show that the sum of the series
1 e 1 +m(m+1)_ 1 +m(m+1)(m+2)4 1
n+l n+2 21 n+3 31 n+4

is W,Where—l<n<l.
T(n-—m+2)
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Solution: We have
Fn+1)T (1-m)

=B(n+11-m)
I'(n—m+2)

_ Ly —-m
—jox (1=x)"" dx

=j1 x”{l+mx+m(m+l)x2+m(m+l)(m+2)x3+...}dx
0 21 31

GRS (m +;)'(m+2) x 3 +}dx

|:xn+l xn+2 m(m+1)xn+3

+m
n+1 n+2 21 n+3

1
n+4
+m(m+1)(m+2)x +}

3! n+4 0
_ 1 o 1 +m(m+l). 1 +m(m+l)(m+2) 1 .
n+1 n+2 2! n+3 3! n+4
Example 18: Prove thatJm sin bz dz="L.
0 z 2

Solution: We have

[=J(:° jooo e~ Y Fsinbz dy dz

_Jw e Yz
=1, —
~ sin bz

=[y = (1)

] sin bz dz ,on first integrating w.r.t. x
0

Again on first integrating w.r.t. z , we have

Izj(jo JOOO e~ *Zsinbz dxdzzj: [Jow ¢~ *Zsin bz dz:|dx

oo b
= e dx
2 2 ?
'[0 b” + [See article 13, Deduction (ii)]

:[tan-l ;]: - (2)

Hence equating the two values (1) and (2) of I, we have

ro sin bz P
0 z 2
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Example 19:  Show that

_[: cos (bz""" dz =il"(n+l).cosnz—n~

p
1/n

Solution: Putz'"=x e, z=x"sothatdz=nx""!dx.

* I/n _[= n-1
-[0 cos(bz ") dz = jo cos (bx) . nx dx
=n J(:o "L eos (bx) dx

= realpartofnj: e el gy

T (n)

(ib)n

nT (n)
bn

= real part of n

= real part of

I'(n+1) nm nm
= real part of cos — — isin —
b" 2 2

~(COS%7E+ isinln)_”

=L-F(n+l).cos (M)
b" 2

o c
Example 20: Show that -[0 x—x dx = Le+h c>1.

Solution: We have

el

_ [~ _ —x1

__[0 xlogc J‘ PR x
Put x log ¢ = y so that (log ¢) dx = dy .
When x =0, we have y =0 and when x — oo, y — 0.

Alsoc>1 = loge>0.

c
I=me’_y( J J d)/
0 1

ogc) loge

- (+1 ) -1
c+1_[ Yyt dy

log c
1

= )L‘+1

I'(c+])),
(log ¢ D

provided ¢ +1>0 which is so because ¢>1.
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10.

11.

12.

@mprehensive Exercise 1

Prove that
0 s
0 ﬂn 1/11 n Sil'l (TC/}’Z)
2n
i 8 — 1/3 A= 2"
@) Jy (827 =
1 m=1  _ yn-l
Show that [, * A-»"' _ Bmn _ TmrEm
0 (a+x)m*" a'l+a)™" a"(1+a)"T (m+n)
[Hint. Put 59 _ ).
a+x
/2 p+1 q+1
Show that -[O sin?” Bcos 10d0= 5 p>-Lg>-1

2
Deduce that jo Q-3 dr = % B (g %)

Prove that B (m,n)=B (m+1,n)+ B (m,n+1) form>0,n>0.

Prove that

n-1
(i) jo‘” oo =l g l:) (ii) jé (log é) dx =T (n).

a

Show that, if m > — 1, then
ro K" e_”zxz dx = ! F(m+l)-
0 92 nm+l 92

Provethatj (1- x)pdx—B(m+n,p+l)
n

n

2
Prove that _[1 (L= x " gy = 1ra/mr.
0 n 2T (2/n)

Show thatT (0-)T (0-2)T (0 -3)...T (0-9) =

/2 ae

0 +(sin®)

¥ dx dx T
A2 Jo I+ 2 442

2
Show that j(:‘/ J (sin 6) d6 x

1
Show that _[0

Show that r() () 2 [ (tano)do=4 [~ "Zdj nvV2.
I+x
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13.

14.

15.

16.

17.

18.

19.

(7o I

Show that the perimeter of a loop of the curve r”* = a” cos 16 is

a yumer TA/2mF
n r{/n)

1 dr V2 ]2
Prove that IO m: Svx |:l“ (4)] .

2 +1
Show that j(;‘/ sinpedG:;B(l 4 J

27 2
Show that
L[ ax (o” —B*)
(1) J‘O xe COS&&ZW
.. had 0L X . 2aB
d =ﬁ'
(ii) jO xe sin Bx dx (OLZ+BZ)Z

Prove that J'_M cos (% i xz) dx=1.

-1
Show that B(m,m).B(m+l,m+l):%.
2 92 24m—1

.o n—1 n-1
Prove that '[n sin” xdv = 2 -B ﬁ,ﬁ ,a>Dh.
0 (a+bcosx)" (a* —b2)"? 22

@bjective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (c) and (d).

Form>0,n>0,

_Iim _LmT ()
(a) B (m,n)= () (b) B (m,n)= T mt )
_T(n T (m+n)
(c) B(m n)_F(m) (d) B (m )_F(m)r(n)

The value of the integral J(:o e V2 dvis

\/TI: T
(a) - (b) 9
() V= d) n
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3. Form>0,n>0,

1 xm—l +xn—l 1 xm—l

(a) Bomn)=[, S (b) B (mn) =, T
n—1 m

(c) B(m,n)zj1 S S— (d) B(m7n>=L;° W

0 (1+ x)m+n

4. Ifa>0 and n>0,then the value of the integral

ro ™ s
0

(a) a"T (n) (b) a™'T (n)
T (n) I (n)
d :
(c) 7 (d) 2

1
5. The value of -[O - x)3 dx is

1 1
(a) % (b) @

1 |
() 3@ (d) %

2
6. The value of the integral J‘OR/ sin® x cos? x d is

@3 (0
© 75 @ X
7. The value of | ° m“
(a) T'(m)+T (n) (b) FF((’Z))
(c) T (m).T (n) (d) Fr(zzzi:;)

1 m—1
8. If m,n>0,then the value of jO -l (log l) dx is equal to
x

@ =5 o) =5
T (n) I (m)

(c) —o (d)
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10.

11.

12.

13.

14.

15.

(o1 i

1 3..

The value of I’ (Z )-T (Z) is...... .
T

(a) m (b) )
T

(c) N2 (d) \E

The value of integral JI A is

0= log x
(a) Vm (b) ©
(c) g (d) none of these

If m>0,n>0,then B (m,n) is defined as

1 m n L | n
(a) jo (1 - x)" dy (b) jo - 2 de
1 _ _ 1 _
(C) jo xm l(l_x)n ldx (d) jo xm l(l_x)n+l dx
1“(m+l)r(n+l)
Jn/z cos” 9sin” 6 40 = 2 2 when
0 (m+n+2)
2T [ ———=
2
(a) m>0,n>0 (b)y m>-1,n>-1
(c) m>—l,n>—l (d) O<m<1,0<n<l
2 2
1 1 n-1
The value of J. (log —) dx 1is
0 X
(a) 1 (b) zero
(¢) n-1! (d) Tn
The value of T’ (l) r (g) r (3) r (§) is
9 9 9 9
(a) %ng (b) 167
(© 5 @ 2xt
- xn—l
Integral J ———dx isequal to
0 (1+ )m+n
(a) Bm+1L,n+1) (b) B(m,n+1)

(c) B(m,n) (d) none of these
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2
16. Value of integral jg/ cos™ 0 sin"0do is

(5 () r(5)r(3)
(a) (b) ——"05
21_(m+n+2) 21_,(m+n+2)
2 2
r(m;l)r(ngl) r(m;l)r(ngl)
(c) (d)
2F(m+n+l) Zr(m—n—Z)
2 2
17. The integral Iom 1™ dx is known as
(a) Beta function (b) Gamma function
(¢) Beta and Gamma function (d) none of these
1 2
18. The value of I" (g) | (g) shall be
Jn T
vyt b) ——
(a) 5 (b) NG
S 2
(c) (d) =
2 V3
Fill in the Blank(s)
Fill in the blanks “...... ” so that the following statements are complete and correct.

1
1. The definite integral jo e (1- x)”_l dx, for m>0,n>0 is called the ......

2. The definite integral jox e 1 gy, for n> 0 is called the ...... .

3. B(mn)= T (m)T (n)
4. B (m+1n) _m.
B (m,n) ...
m-=1 _ n-1
5. Form>0,n>0,J Y =
0 (1+x)m+n
6. Forn>0,T(n+1)=..... T (n)
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10.

11.

12.

13.

14.

3N

Form>0,1“(m)1“(m+;)=\ll“(2 m).

Fora>0,n>O,J.(:° PR P e

The value of T" (

True or False
Write “17 for true and “F’ for false statement.

jmﬁ_xxl/2 dv=T 1
0 2)°

j l+)c6 3

3

84 _ .6
[t}

0 (1+x)%*
- xn—l
Form>0,n>0,B (m,n) = jO 1+ )"+
m—1 - xn—l
Form>0,n>0, j 7‘1)5:‘[
0 1+ x)m+n 0 (1+ x)m+n
I (6)=120.
Form>0,n>0, B (m,n)= (W(l)r(n))
m+n

j: e_xz dx=\/4—n~

Bm+Ln)+ Bmn+l)=Bm+1Ln+1).




Green Function

Structure
3.1. Introduction.
3.2. Construction of Green function.
3.3. Construction of Green’s function when the boundary value problem contains a parameter.
3.4. Non-homogeneous ordinary Equation.
3.5. Basic Properties of Green’s Function.
3.6. Fredholm Integral Equation and Green’s Function.
3.7. Check Your Progress.
3.8. Summary.

3.1. Introduction. This chapter contains methods to obtain Green function for a given non-
homogeneous linear second order boundary value problem and reduction of boundary value problem to
Fredholm integral equation with Green function as kernel.

31.1. Objective. The objective of these contents is to provide some important results to the reader like:

(i) Construction of Green function.

(if) Reduction of boundary value problem to Fredholm integral equation with Green function as kernel.

3.1.2. Keywords. Green function, Integral Equations, Boundary Conditions.

3.2. Construction of Green function. Consider a differential equation of order n

L(u) = po(X) u" +p,(x) U™ +p,(X) U" % +......+p,(X) U =0 (1)
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boundary conditions
Vi(U) = e, U(@) +au'(a) + afu"(@) +.......... +a)u"(a)
+B.u(b) + Siu'(b) + SEU"(D) + ... + A" (b) (2
for k = 1, 2,...,n, where the linear forms V1, Va,..., Vain u(a), u’(a),...,u"*(a), u(b), u’(b), ..., u"*(b)
are linearly independent.

The homogeneous boundary value problem (1), (2) contains only a trivial solution u(x) = 0.

Green’s function of the boundary value problem (1), (2) is the function G (X, &) constructed for any
point &, a< & < b satisfying the following properties :

1. G(x, &) iscontinuous in x for fixed & and has continuous derivatives with regard to x upto order

(n—2) inclusive for a<x<b.
2. Its (n—21)th derivative with regard to x at the point x = & has a discontinuity of first kind, the

jump being equal to — , thatis,

[po(x)]x= &

8“*1 ahfl l
= G(X,é)} —{ = G(X,f)} == ©)
{ax ' X:§+0 ax ' X:é‘:,o pO (5)

where G|X:§+0 defines the limit of G(x, &) as x— & from the right and G|X:‘5_0 defines the limit

of G(x, &) as x— & from the left.

3. Ineach of the intervals [a, £) and (&, b] the function G(x, &), considered as a function of x, is a
solution of the equation (1)

L(G)=0 4
4. The function G(x, &) satisfies the boundary conditions (2)
V(G)=0,k=1,2,3,....,n, (5)

If the boundary value problem (1), (2) contains only the trivial solution u(x) = O then the operator L
contains one and only one Green’s function G(x, &).

Consider ui(x), uz2(x),..., un(x) be linearly independent solutions of the equation L(u) = 0. From the
condition 1, the unknown Green’s function G(x, &) must have the representation on the intervals [a, &)

and (&, b]
G(X, &) =awu1(x) + au2(x) + ... + anun(X), a<X <&
and G(X, &) =b1uz(x) + baua(x) + ... + baun(X), £ <x <b,

where a1, a,...,an, b1, ba,..., b are some functions of ¢£.
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From the condition 1, the continuity of the function G(x, &) and of its first (n—2) derivatives with
regard to x at the point x = & yields

[biui(&) + baua( &) + ... +baun(& )] —[a1u(&) + azu2(&) +... +antn(&$)] =0
[b,ui (&) +byuy(8) +... +bup (E)]-[a,u(E) +aus(8) +...+a,ug (8] =0
[byui (&) +byuy () +...+ buf (E)]-[aui(&) +a,us (&) +... +a,un($)]=0

[blui“z(f)+b2u2‘2(§)+...+bnu 2(O)1- [alu (&) +a,uy (§)+ A+a,up()]=0

1
Py (&)

Assume Ck(¢&) = br(&)—-a(&é), k =1, 2, ..., n; then the system of linear equations in Ck(&) are
obtained

Also,  [byuy ™ (&) +byuz ™ (§) +...+ bup ™ (E)] - [auy (&) +auz ™ (§) +..+ayup (§)] =~

Cu;(8) +Cou, () +...+Cu (8) =0

Cui (&) +Couy () +...+Cup(£) =0

CUl 2 (&) +CLuh 2 (&) +...+C UM 2(£) =0

1
Po (&)

The determinant of the system is equal to the value of the Wronskian W(uy, U, ..., un) at the point x = &
and is therefore different from zero.

Cyuy 7 (§) + Coup (&) +..+ Crup (&) = (6)

From the boundary conditions (2), we have
Vi(U) = Ax(u) + B(u) (7)

where A(U) = aqU(@) + @ U (@) + @7 U @)+ .ot U @)

Bk(u) = B.u(b) + S u'(b) + £2 U"(D) +........ + 427" (b)
Using the condition 4, we have
Vi(G) = a1Ak(u1) + a2Ak(u2) + ... + anAk(Un) + ... + b1Bk(u1) + b2Bk(uz) + ... + bnBk(un) = 0,
wherek=1,2,...,n
Since ak = bk —ck, S0 we have
(by—c)A, (u)+(b, —Cy)A (u,) +...+(b, —C)A(u,) +b,B, (u) +b,B,(u,) +...+b,B,(u,)=0

= by Vi (Uy) + b,V (Uz) +... 40,V (U) = A (Uy) +CoA (Up) +... +C A (U) (8)
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zero, that is,

Vl(ul) Vl(uz) Vl(un)
>(up)  V,(uy) »(uy) 20
Vn(ul) Vn(uz) Vn(un)
The system of equations (8) contain a unique solution in b1(&), bo( &), ..., ba(&) and since

ak(&) = bk(&) —ck( &), it follows that the quantities ax( &) are defined uniquely.

I. If the boundary value problem (1), (2) is self — adjoint, then Green’s function is symmetric, that is,
G(x, &) =G(&, x). The converse is true as well.

I. If at one of the extremities of an interval [a, b], the coefficient of the derivative vanishes. For
example, po(a) = 0, then the natural boundary condition for the boundedness of the solution x = a is
imposed, and at the other extremity the ordinary boundary condition is specified.

3.2.1. Particular case. We shall construct the Green’s Function G(x, &) for a given number &, for the
second differential equation

L(u)+ ¢(x)=0 1)

d d
&(p&j+q 2

Together with the homogenous boundary conditions of the form

where L

au+ﬁ3—i:0 3)

The Green’s function G(x, &) constructed for any point & a<&<b contains the following
properties:

1. G(&)=G,(&); it follows that the function G(x, §)is continuous in x for fixed &, in particular,
continuous at the point x = &.

2. The derivatives of G(which are of finite magnitude) are continuous at every point within the range of
X except at x = & where it is continuous so that

1
Gy(8) - Gi(&) ———
i ' p(8)
3. The functions G1 and G2 satisfy homogenous conditions at the end points x = a and x = b respectively.

4. The function G1 and G2 satisfy the homogenous equations LG = 0 in their defined intervals except at z
= ¢, thatis, LG, =0,x<&, LG, =0, x>E&.



Consider the Green’s function G(X, &) exists, then the solution of the given differential equation can be
transformed to the relation

u(x) = [ G(x, &) §(&) dg @)

Consider  two linearly  independent  solutions of the  homogeneous  equation
L(u)=0. Let u=vy,(x)and u=u,(x) be the non-trivial solution of the equation, which satisfy the

homogenous conditions at x = a and x = b respectively.
Consider the Green’s functions for the problem from the conditions 111 and 1V, in the form

Cu(x), x<§

09" {clupnct

(5)
where the constant C; and C» are chosen in a manner that the conditions | and 11 are fulfilled. Thus, we
have

Czuz(g)_clul(a) =0

1
Cu,(§)-Cu,(§)——— 6
U, (8)—Cuy(8) 3 (6)

The determinant of the system (6) is the Wronskian W[ul(i), uz(i)] evaluated at the point x = & for

linearly independent solution ui(x) and uz2(x), and, hence it is different from zero W(§) =0

WE L@
u(&) uy(é) =U (E)Uy(E)—U,(E)uy(E) @)

By using Abel’s formula, we notice that the expression has the value {C/p(&)}, where C is a constant
independent of &, that is,

W uy(8), u,(€) ] =

C
' _ ' - 8
U (E)U5(8)—U,(E)uy(E) e )

From the system (6), we have

1 1
Cl - _E Uz(i) ) Cz __E Ul(i)

Thus the relation (5) reduces to

SO, X<
o= ¢ ©)
_Eul(g)uz(x)a X>&
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This result breaks down iff C vanishes, so that ui and u. are linearly dependent, and hence are each
multiples of a certain non-trivia function U(x). In this case, the function u(x) satisfies the equation L(u)
= 0 together with the end conditions at x = a, x = b.

Converse. The integral equation

ux) = [ G(x, &) o(&) dg (10)
where G(x, &) are defined by the relation (9), satisfy the differential equation
L(u)+ ¢ (x) =0 (11)
together with the prescribed boundary condition.
We know that

160 = -2 | [1u(2) 100 60 0+ [ 1,69 1, () 0(e) ¢ | (12)

ue) = —é [ [F1500 1,(2) 6(2) de+ Ui u(8) $(©) da} (13)
w0 = —= | [[u6 u&) ) de+ U us(s) $06) d |

_é [U500) Uy (%) — (%) U,00]6(x) (14)

Since L(u) = p()u”(x)+ p)u’(x)+ q(x) u(x)
Thus,

L=~ | [/ 10,00 (&) ) de+ [ TLu,00} (&) 6() de | = {p(x) ?¢(x)}

Again, ui(x) and uz(x) satisfy L (u) = 0, hence the first two terms vanish identically.
So,LuX)=—-o¢6(x) = Lux)+ ¢(x)=0
Therefore, a function u(x) satisfying (10) also satisfies the differential equation (11)

Again from (12) and (13), we have
- _u@pe
u(@ = - =5 0, () §(E) g

w@ = -5 0 o) de

which shows that the function u defined by (11) satisfies the same homogeneous condition at x = a as
the function us.
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Note. Let ¢ (X) = Ar(x) u(x) —f(x).
From the differential equation (1), we have
Lu(x) + Ar(x) u(x) = f(x) (15)

The corresponding Fredholm integral equation becomes

ux) = % [ G(x, &) r(&) u(g) de— [ G(x, &) f (&) de (16)
where G(x, &) is the Green’s function.

From (9), it follows that G(x, &) is symmetric but the kernel K(x, &) {= G(x, &)r(§)} is not
symmetric unless r(x) is a constant.

Consider J{r(x)}u(x) =V(x) with the assumption that r(x) is non — negative over (a, b). This equation
(16) may be expressed as

jﬂ_xj G (x, §)I(E) V(&) e[ G (x, &) f(£) dg

or VEo = 2 K (¢, £) V(E) de— [ K (x, &) j% a7)

where K(x, &) = \/{r(x)r(i)} G(x, &) and hence possesses the same symmetry as G(x, &).

3.2.2. Example. Construct an integral equation corresponding to the boundary value problem.

x? 3 lj+x3—u+(kx -Hu =0, (@))
u(0) =0, u(l) =0 @)

Solution. The differential equation (1) may be written as

d (xd—uj+(—1+kxj u=0.
dx \ dx X

or d( du) u +2xu=0.
dx\ dx /) x

Comparing with the equation (15), we have
p:x’q:_l,r:x (3)
X

The general solution of the homogeneous equation

L(u)=0 = {i(xduj 4 }: 0 is given by

dx\ dx /) x
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1
u(x) =Cix + Cy| =
X

Consider u = ug(x) and u = uz(x) be the non — trivial solutions of the equation, which satisfy the
conditions at x = 0 and x = 1 respectively then

uz(x) = x and uz(x) = 1 X.
X

i)

So, 0, (UL 00— U, (UL () = —é —C= -2

The Wronskian of ui(x) and uz(x) is given by

U, (x)  U,(x)

e e T

Thus from the relation (19), we have

ey, x<e,
G(x, £)= S 4
1
_é(l_xz), X>E_>!
2 X

Therefore, from (16), the corresponding Fredholm integral equation becomes

u(x) = KI:G(X , &) & u(g) dE, where the Green’s function G(x, &) is defined by the relation (4).

3.2.3. Example. Construct Green’s function for the homogeneous boundary value problem

4
:TT = 0 with the conditions u(0) = u’(0) =0, u(1) = u'(1) = 0.

Solution. The differential equation is given by

2o &)
We notice that the boundary value problem contains only a trivial solution. The fundamental system of
solutions for the differential equation (1) is

ur(X) = 1, u2(x) = X, us(X) = X2, ua(x) = x* (2)
Its general solution is of the form

u(x) = A + Bx + Cx? + Dx5,

where A, B, C, D are arbitrary constants. The boundary conditions give the relations for determining the
constants A, B, C, D :

u(0) = 0 = A=0, u'(0)=0 -~  B=0



u(l)=0 -~ A+B+C+D=0, u'(1)=0 — B+2C+3D=0
- A=B=C=D=0.

Thus the boundary value problem has only a zero solution u(x) = 0 and hence we can construct a
unique Green’s function for it.

Construction of Green’s Function: Consider the unknown Green’s function G(x, &) must have the
representation on the interval [0, £)and (&, 1].

G g):{al.1+a2.x+a3.x:+a4.>j , 0<x<¢ )
b,.1+b, x+b,.x"+b,. x> , &£<x<1

where ai, a2, a3, a4, b1, b2, bs, bs are the unknown functions of €.
Consider Ck=bk(&)—a(&),k=1,2,3,4,... 4)
The system of linear equations for determining the functions Ck( & ) become

Ci1+CoE+C38%2+Cs%=0

C2+2C3& +3C4£2=0

2C3+6C4 & =0

6Cs=1

S CE)= 2,CE)= — 2 £, C(8)= 2 ERC(E) = — ¢ & ©)
From the property 4 of Green’s function, it must satisfy the boundary conditions :

G(0, £)=0,G,(0, €)=0

G, €)=0,G,(1, €)=0
The relations reduce to

=0, a2=0

bi+b2+bs+hbs=0

b2 + 2bs +3bs =0 (6)

From the relation (4), (5) and (6), we have

Cr=bi(8) () = bi(&) = — ¢ &°

or cz=bz(a)—az(a):»bz<a)=§a2
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or b3+b4:% g 3, % &2, 2b3+3bs = — % g?
S bi(E)=2 g7 - gtandby(g)= o g0 - g2
or Cs(&)=bs( &) —as( &)

=X ag(i)=b3(i)—03(i)=% g% - §2+%5

and Ca(&)=ba( &) —au(&)

1 1

> a(8)=b(8)-C(&)= - &2 - 2 &0 -1

Substituting the value of the constants az, a, as, as, b1, b2, Cs, Cs4 in the relation (3), the Green’s function
G(x, &) is obtained as

1&—§2+1§3 — 1—1§2+1§3 X , 0<x<§
2 2 6 2 3
R AP 1 1., 1
— =+ EX | 2 || 2 -2 X , <x<1
6& 23% (Zé &j (2‘2 3éj g
The expression G(x, &) may be transformed to
1 1 1 1 1
G(X, £)=| =x—x*+=x} |87 -| = - =x*+=x|&°, <x<1
x )= (3x-xe30 e (gpegnfe.
= G(x, £€)=G(¢&, x), that is, Green’s function is symmetric.
, . . du du _ . . . _
3.2.4. Example. Construct Green’s function for the equation x WJFE = 0 with the conditions u(x) is
bounded as x—0, u(1) = pu'(1), n=0.
. . . L du du _
Solution. The differential equation is given by X W+& =0 @
2 2
or d’u/dx dx:—ldx
du/dx X
or log du _ —logx + logA
dx
du _ A
or — = —
dx X

or u(x) = Alogx + B 2



The conditions u(x) is bounded as x—0 and u(1) = pnu’(1), u=0 has only a trivial solution u(x) = 0,

hence we can construct a (unique) Green’s function G(x, &)

Consider the function G(x, &) as:

a+a,logx, 0<x<g
G(x, §) = b 3)
,+b,logx, £<x<1
where ai, a2, b1, b2 are unknown functions of & .
Consider Ck=hbx( &) —ak( &), k=1, 2,...
From the continuity of G(x, &) for x = &, we obtain
b1+ balog & —a1—azlogg =0
and the jump G, (x, &) atthe pointx = & is equal to é so that
1 1 1
bo. = —a2. = = - =
g g
Putting Ci=bi—-a;, Co=hy—a 4
= Ci+Cz2logg =0,Co= —1.
Hence Ci=log ¢ and Cy= -1 5)

The boundedness of the function G(x, &) asx—0givesa, =0

Also, G(X, €)= uG, (X, §),b1= ph

= aa= —(p+logg),a=0bi=-1,b2=-p

Substituting the value of the constants ai, az, b1, bz in the relation (3), the Green’s function is obtained as

—(u+logg) , 0<x<g
GKx, &)= :
—(L+plogx) , E<x<1
3.2.5. Exercise.
1. Construct the Green’s function for the boundary value problem u”(x)+up’u = 0 with the
conditions u(0) = u(1) = 0.
sinpu(&—1)sinux 0<x<t

Answer. G(X, £) =+ . Ms_m”
sinu&sinu(x—1) E<x<l

psinpu
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2
2. Find the Green’s function for the boundary value problem 3—g—u(x) =0 with the conditions
X

u(0) =u(1) =0.
sinh xsinh(§ —1) 0<x<E
Answer. GKx, &)= i S'_nhl
sinh gsinh(x —1) F<x<l
sinhl -

3.2.6. Article. If u(x) has continuous first and second derivatives, and satisfies the boundary value
2
problem STS'F}\.U =0 with u(0) = u(l) = 0 then u(x) is continuous and satisfies the homogeneous linear

integral equation u(x) = KI:G(X ,E)u(g) dg.
Solution : The differential equation may be written as
d' du _

—+Au=0 =

—AU 1
dx? dx? @)

By integrating with regard to x over the interval (0, X) two times, we obtain

du _ . rx
o xjo u(¢)de+C
or u(x) = — A (x-&) u(&) de+C,+D @)

where C and D are the integration constants, to be determined by the boundary conditions.

u(0) =0 - D=0

u(l) = 0 = Af[(0-g)u(g)dz+Cl =0

= = tfo-g)ue)de

Substituting the value of the constants C and D in (2), we have

60 == 2f] (x-E) u() e+ ['X(1-8) u(e) de
or UG = A} (x-8) u(e) e+ X8 u(e) de+ [ x-8) u(e) de
or  u(x)= xjj%(l—x) u(E) dE+A [ T(-E)u(E) de

o u(X)= A[ G, &)u(g)de



Ié(l—x) , X>§

fa—@ L X<E

where G(Kx, &)=

3.2.7. Exercise.

2
1. Construct the Green’s function for the boundary value problem (;—l;Jr p’u =0 with the conditions
X

u(0) =u(l)=0.
aicosux+azsinux:—S'n“(ii_nl)?m“x , 0<x<g
Answer. G(x, §) = . ”. ’ |
blcosux+bzsinux=—Sm“éS'_n“(X_ ) , E<x<l
psinul

2
2. Construct the Green’s function for the boundary value problem 2—3 = 0 with the conditions u(0) =
X

u’(1) and u’(0) = u(l).

_ [ (EH2xa(E+Y) . 0s<x<t
Answer. G(x, &) = { (£ +1)x+1 ’ £<x<1

3
3. Construct the Green’s function for the boundary value problemg—l; = 0 with the boundary
X

conditions u(0) = u’(1) =0 and u’(0) = u(d).

1X(§—l)[X—X§+2§] 0<x<§g
Answer. G(x, &) = i
SUX@-0(E-2)+8] g<x <l

2
4. Construct the Green’s function for the boundary value problem x* 3—l:+ Xj—u—u = 0 with u(x) is
X X

bounded as x—0 and u(1) = 0.

%x(%—l} , 0<x<¢g
Answer. G(x, &) = . 1§
E(;—XJ s a<X <1

2
5. Construct the Green’s function for the boundary value problem j—l: —u = 0 with the conditions u(0)
X

= u'(0)and u(l) + A u'(l) =0.
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—l(ﬂje”&z%%e“’ , 0<x<§&

2\1+A
Answer. G(x, &) = * , where |A]#1.
B g IR P , E<x<1
2\1+A 2

6. Using Green’s function, solve the boundary value problem u”(x) —u(x) = X with boundary
conditions u(0) = u(1) = 0.

_sinhxsinh(§-1)

,0<x<¢g
Answer. Here, G(x, &) = . S'_nhl and the solution of the given boundary
sinh gsinh(x —1)
- : ,E<x<1
sinhl
1
value problem is given by u(x) = I G(x, )X d&, sou(x) = 5|_nh X_
0 sinhl

2
7. Using Green’s function, solve the boundary value problem 3—l:+u = x with the boundary
X

conditions u(0) = 0 and u( 7/2) = 0.

cosésinx , 0<x<g

_ /2 ) -
sinEcosx , E<x<m/2 and u(x) = J; G(x, &) g dg , implies

Answer. Here, G(X, £) = {

u(x) =x — T sin x.
2
8. Solve the boundary value problem using Green’s function

d°u — 2. _ _
WHJ =x*;u(0)=u(n/2)=0.

2
Answer. u(x) = {2cosx+sin X[Z—%j+ X2 —2} :

3.3. Construction of Green’s function when the boundary value problem contains a parameter.

Consider a differential equation of order n

L(u) — 2 h=h(x) (1)
with Vi)=0,k=1,2,3,....n )
where  L(u) = p, (x)u™(x) + p,(x)u"(X) +...+ p, (X)u(x) (3)

and V, (u) = o u(@) + qu'(@) +...+ o u" (@) +... + S u(0) + Su'(D) +...+ AU (D) +... (4)

where the linear forms Vi, Va,..., Vi in u(a), U’ (a), ..., u"*(), u(b), u’'(b), ...,u"*(b) are linearly
independent, h(x) is a given continuous function of x, 4 is some non—zero numerical parameter.



For h(x) = 0, the equation (1) reduces to homogeneous boundary value problem
L(u)= Au,
Vku)=0,k=1,2,3,...,n (5)

Those values of 4 for which the boundary value problem (5) has non trivial solutions u(x) are called the
eigenvalues. The non-trivial solutions are called the associated eigen functions.

If the boundary value problem
L(u) =0,
Vku)=0,k=1,2,...,n (6)

contains the Green’s function G(x, &), then the boundary value problem (1) and (2) is equivalent to the
Fredholm integral equation

ux) = 4] G, &) u(&) d& +f(x) (7)

where )= [ G(x, &) h(&) d& ®)

In particular, the homogeneous boundary value problem (5) is equivalent to the homogeneous integral
equation

ux) = 2], G(x, &) (&) d¢ (©)

Since G(x, &) is a continuous kernel, therefore the Fredholm homogeneous integral equation of second

kind (9) can have at most a countable number of eigen values 41, 42,..., 4 which do not have a finite
limit point. For all values of A different from the eigen values, the non-homogeneous equation (7) has a
solution for any continuous function f(x). Thus the solution is given by

ux) = 2[R, &4) £(8) dg +H(8) (10)

where R(x, & ; A4) is the resolvent kernel of the kernel G(x, &). The function R(x, £ ; 1) is a
meromorphic function of A for any fixed values of x and & in [a, b]. The eigen values of the
homogeneous integral equation (9) may by the pole of this function.

2
3.3.1. Example. Reduce the boundary value problem j—g+/1u =X, u(0) = u(z/2) =0, to an integral
X

equation using Green’s function.

Solution. Consider the associated boundary value problem
d’u
— =0 1
dX2 ( )

whose general solution is given by u(x) = Ax + B



58 Green Function

The boundary conditions u(0) = 0, u(z/2) = 0 yields only the trivial solution u(x) = 0. Therefore, the
Green’s function G(x, &) exists for the associated boundary value problem

ax+a, , 0sx<¢

Gk &)= { bx+b, , E<x<7x/2 @)

The Green’s function G(x, &) must satisfy the following properties :
() The function G(x, &) is continuous at x = &, that is,

bié+ba=a1 & +a

=  (bi-a) & +(b2—a2)=0 3
(1) The derivative G(x, &) has a discontinuity of magnitude _{p tf)} at the pointx = £,
0
that is, [ﬁj —(@] =-1=>b—ai=-1 4
aX x=£&+0 8X x=£&-0

(1) The function G(x, &) must satisfy the boundary conditions

G(0, £)=0 = =0 ®)

G(z/2, £)=0 = bl(%j +b2=0 (6)
Solving the equations (3), (4), (5) and (6), we have

a1 = 1—2—§,a2:0, b= &,b1= —2—5.
V4 T
Substituting the value of the constants in (2), the required Green’s function G(x, &) is obtained

(—Z—ijx, 0<x<¢

T

G(x, &)= (7

T

(1—2—Xj§ . E<x<7)2

Consider the Green’s function G(x, &) given by the relation (7) as the kernel of the integral equation,
we obtain the integral equation for u(x) :

W) =10 — 2 G(x, &) u(&) de, where f) = [ G(x, &) £ de

or  f(x)= j (1——)5 dé+ j ( j £de



/2
or  f(x)= %(1_2%jxs+x(%§z_%§s)

2
or f(x) = lys 2 ya mX Lo, 24
3 3z 24 2 3z
2 3
or f(x) = Z X
24 6

Thus, the given boundary value problem has been reduced to an integral equation

ue) + A7 G(x, &) u(&) dé = %x—%xS.

3.3.2. Exercise.

2
1. Reduce the boundary value problem 373+ xu =1, u(0) = u(1) = 0 to an integral equation.

Answer. G(x, &) = ong(l—x) d§+jix(1—§) d¢ = %x(l—x), and the required integral equation is

U= [;6(x, £) u(é) dé - x(1-X)

2. Reduce the boundary value problem to an integral equation

2
STU‘iuﬂ, u@©) = u'(0)=0, u"(1)= u"(1)=0

7 =

Answer. u(x) = ﬂj:G(x , E) u(é) dé+ f(x) , where f(x) = %xz(x2 —4X% +6)

2 2
3. Reduce the boundary value problem SleJr%u =Au Jrcos,”?X , with u( —=1) = u(1) and

u (—1) = u' (1) to an integral equation.

1sinz(x—ff) , —1<x<¢
Answer. Here, G(x, &) = 71[

—sinz(é—x) : E<x<l

T 2

and u(x) = AflG(x L E) u(é) d§—(§sin%+%cos%x].

4. Reduce the following boundary value problems to integral equations.
(@) u”+Au = 2x+1,u(0)= u' (1), u" (0) =u()
(b) u” + Au=eX, u(0) = u” (0), u(l)= u'(2).
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—{(&-2 -1} , 0<
Answer. (a) Here, G(x, &) = { Ue=2)x+(c =1} X<égand the boundary value problem

—{(-Dx-1} , £<x<1

reduces to the integral equation
460 = ~2[}B(x, &) u() d5—2 (2X" +3x* ~17x-5).

-1 , 0<
(b) Here, G(x, &) = d+x)¢ X<¢ and the boundary value problem reduces to
—[@+&x , &<x<1

u(x) = —/ljole(x L&) u(E) dE —e.

2
5. Reduce the Bessel’s differential equation X° % + X:—u+ (Ax* =1)u = 0 with the conditions
X X

u(0) =0, u(1) =0 into an integral equation.
Answer.: The standard equation of Bessel’s equation is given by
X 2
—(@1-¢°), 0<x<¢

Here, G(x, &) = 25 and the integral equation can be obtained as
i(l—xz), F<x<1
2X

UK = A[ G(x, &) 1(€) u(&) dé .

2
6. Determine the Green’s function G(x, &) for the differential equation [%[x %j—%}u =0 with
the conditions u(0) =0 and u(1) = 0.
Xn
1-&), x<
a8 X<

Answer. G(x, &) = ’
J (1-x*"), x>&

2nx"

3.4. Non-homogeneous ordinary Equation. The boundary value problem associated with a non —
homogenous ordinary differential equation of second order is
2
Ly = Ao(x) 3732/ + A1(x)g—y +Ac(X)y="f(x),a<x<b (1)
X

a)+a,y'@ =0
with boundary conditions Y(@) +a,y (@) } (2

Byb)+5,y'(b) =0

where a1, a2, f1and [ are constants.
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3.4.1. Self-Adjoint Operator. The operator L is said to be self — adjoint if for any two functions say
u(x) and v(x) operated on L, the expression (vLu —uLv) dx is an exact differential that is, there exist a
function g such that dg = (vLu —uLv) dx.

3.4.2. Green’s Function Method. Green’s function method is an important method to solve B.V.P.
associated with non-homogeneous ordinary or partial differential equation . Here we shall show that a
B.V.P. will be reduced to a Fredholm integral equation whose kernel is Green’s function. We shall be
using a special type of B.V.P. namely Sturm — Liouville’s problem.

3.4.3. Theorem. Show that the differential operator L of the Sturm — Liouville’s Boundary value
problem (S.L.B.V.P.)

y= S 1 |+ 069+ 4p09] v = 0 (1)

with

o y(@)+a,y'(a) = 0} @

Byb)+ B,y (b) = 0
where «, B, az2and g are constants is self adjoint.

Proof. Let u and v be two solutions of the given S.L.B.V.P. then

Lu= dix [r(x)g—ﬂ + [90)+Ap(X)] u(x) = 0

and Lv= dix [r(x)j—g + [a()+Ap(X)] v(x) = 0
So,

vLu —uLv = V— [r(x)—} [a()+Ap(X)] u(x)v — {udix[r(x):—ﬂjt[q(x)+/1p(x)]v(x)u}

_, d a4 dv

_de [r(x)—x} u {r(x) }

_ d d dv dv \du
- {Vd_x(r(x)_j (‘X)—j—xH“d—x(“x)d—x)*(“x)d—xjd—J

I du d dv
r(x) V(X)d—x} e {Y(X) U(X)d—x}

gl

_df du dvi_d du_ 8V -dg
= 2 o - un G| = 2 [r(x) (v(x) Y dxﬂ %

where g = r(x)( v(x)j—u— u(x) g—vj . Then, (vLu —uLv) dx =dg
X X
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3.4.4. Construction of Green’s function by variation of parameter method.

Consider the non — homogeneous differential equation
d du
Lu= — [r(x) —} +[9(x) +Ap(X)] u(x) = f(x) (1)
dx dx

subject to boundary condition:

au(@+a,u’(@) = 0 N

UG+ AUD) = 0 ©
Construct the Green’s function and show that

up) = —[G(x, &) (&) d¢ (**)

where G(x, &) is the Green’s function defined above.

Solution. Let vi(x) and v2(x) be two linearly independent solution of the homogeneous differential
equation.

Lu= dix [r(x)g—ﬂ + [9(x) +Ap(x)] u(x) =0 2)

Then the general solution of (2) by the method of variation of parameters is
u(x) = a(x) vi(x) + az(x) va(x) (3)

where the unknown variables ai(x) and ax(x) are to be determined. We assume that neither the solution
vi(x) nor vz(x) satisfy both the boundary conditions at x = a and x = b but the general solution u(x)
satisfies these conditions.

Now, we differentiate (3) w.r.t. x and obtain
u'(x) = apv, +a,v; +ayv, +a,Vv, (4)

Let us equate to zero the terms involving derivatives of parameter, that is,

a; (X)v; () + a5 (x)v,(x) =0 (®)
which yields
u'(x) = a;(x) vi(x)+a,(x) v3(x) (6)

Putting the values of u(x) and u’(x) from (3) and (6) respectively in equation (1), we obtain

Lu= dix [T(X) (alvi +a,Vv, )] + [q(X) +/1p(X)] (awv1 + av2) = f(X)



or a1 {dd_x (rv))+v,(q+ /Ip)} +a, %[(r V5)+V,(q+Ap) |+ (av; +a5v;) r(x) = f(x) (7
Since v1 and v» are solutions of homogeneous equation (2), so by (7), we get
(ajv; +a,Vv, ) r(x) = f(x)

)

= a; (%) vi(x) +a;(x) vy (x) = (8)
r(x)
Equations (5) and equation (8) can be solved to get
ai (X) — f(X) \{2 (X) ' and arz (X) — _f(X) ’Vl (X) , (9)
r(X) [V2V1 —V\V, ] I‘(X) [Vzvl —ViV, ]
Now the operator L is exact and we have proved that
VoLvi—vilLvy= dix I:I‘(X) (V,v; — Vv,V ):' (10)

Since v and v are solutions of Sturm — Liouville homogeneous differential equation so that Lvi = 0 and
Lv2 = 0 and thus equation (10) gives

dix [r(¥) (v,v;—v,v5)] =0

= 1(x) (V,V,—Vv,v,) = constant = — S (say) (11)

Thus, equation (9) becomes

ai (X) — _f(X)IBVZ(X) and alz (X) — f(X);1(X):| (12)
Integrating (12), we get

a1(x) = —% [f) v,(0) de (13)
and  a(x) = % [ v (@) e (14)

where c1 and c are arbitrary constants to be determined from the boundary condition on a:(x) and ax(x).
These conditions are to be imposed in accordance with our earlier assumption that vi(x) and v2(x) does
not satisfy boundary conditions but the final solution u(x) satisfies boundary conditions in equation (*).
So, that

I
o

a,u(a) + a,u'(a)

pu(b) + p,u'(b)

(15)

1]
o

(16)
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0= aqu(a)+a,u’(a)
= o [8,(a)v,(2) +a,(a)v,(@)] + a, [, (2)v;(a) +2, (@) v, (a)]
= a,(a) [alvl (@) +a,v; (a)] +a,(a) [alv2 (@) +a,V, (a)]

Let us now assume that v2(x) satisfies first boundary condition of (*) but vi(x) does not satisfy it, then

aV,@+a,v,(@ =0
aVv,(@)+a,v,@) = 0

so that a1(a) [V, (@) +a,v;(a)] =0 = ai(a) =0

Using this condition in (13), we get

O=ai(a) = —% j'f(g) Vv, (&) d& which is satisfied when c1 = a

Gy

Thus, the solution in (13) is :
m@r=—%jﬂ@vxacw (a7)

Similarly, using (3) and (6) in (16), we obtain ¢, = b and the solution in (14) is
M@:%?@W@MM=—%}@WQMM (18)

The final solution of the non — homogeneous B.V.P. is
u(x) = a1(x) vi(x) + az(x) va(x)

j%wuﬂﬂ@vx@ds—%vxmﬁ@hu@ds

_ PV g g 1D g e = ok 22 d
!——E——@)fl 5 e !(&@(@ 3

v £<x<b
where G(x, &) =

SV00n(E) asx s

3.5. Basic Properties of Green’s Function.

3.5.1. Theorem. The Green function G(x, &) is symmetric inx and &, thatis, G(x, &) =G( ¢, x).



Proof. Interchanging x and & in G(x, &) defined above :

1
_Vl(é:) Vz(x) X < 5
Gx, &)= 1 =G(&,x).
—Vvi(X)Vv,(8) & =X
B
3.5.2. Theorem. The function G(x, &) satisfies the boundary conditions given in equation (*).

Proof. Consider

@16 &)+ a2 G'(@a &) = a{%} . a{ v;(a;vl(a}

[alvz (@) +a,V, (a)] v, ()

x|k P

[0]v,(&) =0x < &£ <b

Again, B1G(b, &)+ B2G'(b, &) = ﬂ{%} N ﬂ{vi(bl)g\/z(f)}

[Av, () + BV, (D)] v, (S)

|k ™|+

[0]v,(§) =0 ,a< & <x

3.5.3. Theorem. The function G(x, &) is continuous in [a, b]
Proof. Clearly, G(x, &) is continuous at every point of [a, b] except possibly at x = £. By definition of

G(x, &), it can be observed that both branches have same value at x = & given by %[vl(g) v,(&)].

Hence G(x, &) is continuous in [a, b].
oG , . - .
3.5.4. Theorem. ™ has a jump discontinuity at x = £, given by
X

G
OX

X

I
i
—
~
&y
~

x=&"
where r(x) is the co — efficient of u”(x) in equation (1).

Proof. We have @

OX

oG

1
x=¢" OX|x=¢
(0>¢) (x<e) P

00 v, 500w,
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. %[%(é) V,(&)~V5(&) v, ()]
1] 1 |
= E{@} = @ [By equation (11)]

3.6. Fredholm Integral Equation and Green’s Function. Consider the general boundary value
problem

d’y dy _
Ao(X) ——5 +A(X)—= +Axx)y + 4p(x)y=h(x) 1)
dx dx
with boundary conditions: y(a) = 0, y(b) = 0. 2

We shall show that it reduces to Fredholm integral equation with the Green’s function as its kernel.
To make the above operator in (1) as a self — adjoint operator, we shift the term A p(x)y to the right side

and then divide it by —C9 |
A, (X)

The solution of (1) in terms of Green’s function is

y(x) = —EG(X , ¢) (&) d& where f(x) = h(x) — 4 p(x) y(x)
o y(x)= —EG(X &) [N -4 (&) y] d&
= —EG(X,e‘) h(¢) d§+7tiG(X,§) (&) ¥(&) dg
=K(x) + 4 IG(X,f) p(&) (&) dg ©)

where K(x) = -Te(x L&) h(&) dé (4)

This is a Fredholm integral equation of the second kind with kernel K(x, &) = G(x, &) p(£) and a non
— homogeneous term K(x).

Now, multiplying equation (3) by /p(X) , we get
VPO () = \p(¥) K(x) + /’tj\/p(X) P(£) G(x, &)y/p(&) Y(&)d ¢

Let us use, u(x) = /p(x) y(x) and g(x) = /p(x) K(x)



Then, u(x)=g() + A[{/p0) p(€) G(x, &)u(&)d & (5)

Here the kernel of Fredholm integral equation of second kind is symmetric that is,

KX, &)= /p(x) p(&) G, &) (6)
IS symmetric, since G(x, &) is symmetric.

Remark : We had obtained the required result in equation (3). We had proceed to obtain equation (5)
just to get the kernel in more symmetric form.

3.7. Check Your Progress.

2
1. Solve the boundary value problem using Green’s function Z—S—U = —2e* with boundary
X

conditions u(0) = u’(0), u(l) + u'(l) =0.

Lone , 0<x<§

2

Answer. G(x, &) = and u(x) = —{(I—x)e* +sinh x]

1 o
—e , E<x<l
> &

4
2. Solve the boundary value problem using Green’s function j—lj =1, with boundary conditions u(0) =
X

u(0)=u"(1)=u"(1)=0.
%xz(&f—x) , 0<x<¢

Answer. G(x, &) = ) and u(x)zixz(x2—4x+6).
652(3§—x) , E<x<1 24

3.8. Summary. In this chapter, we discussed various methods to construct Green function for a given
non-homogeneous linear second order boundary value problem and then boundary value problem can be
reduced to Fredholm integral equation with Green function as kernel and hence can be solbed using the
methods studied in the previous chapter.

Books Suggested:

1. Jerri, AJ., Introduction to Integral Equations with Applications, A Wiley-Interscience
Publication, 1999.

2. Kanwal, R.P., Linear Integral Equations, Theory and Techniques, Academic Press, New York.
3. Lovitt, W.V., Linear Integral Equations, McGraw Hill, New York.
4. Hilderbrand, F.B., Methods of Applied Mathematics, Dover Publications.



Sturm-Liouville System

Definition 6.1 (Sturm-Liouville Boundary Value Problem (SL-BVP)) With the notation
od [ dy . P
Lyl = 5 [pwa} +alx)y, (6.1)

consider the Sturm-Liouville equation
L]+ Ar(z)y = 0, (6.2

where p =0, v = 0, and p,q,r are continuous funciions on interval [a, b]; along with the boundary
conditions

aryla) + azpla)y/ () =0, bay() + bap(by/() = 0, (63
where ai + a3 # 0 and b + B3 < 0.
The problem of finding a compler number p if any, such that the BVP (6.2)-(6.3) with A = p, has
a non-trivial solution is called a Sturm-Liouville Eigen Value Problem (SL-EVP). Such a value p

is called an eigenvalue and the corresponding non-trivial solutions y(.; u) are called eigenfunctions.
Further,

(1) An SL-EVF is called o regular SL-EVP if p > 0 and r = 0 on [a, b].

(ii) An SL-EVP is called a singular SL-EVP if (i) p = 0 on (a, b) and p(a) = 0= p(b), and (#)
r =0 on [a, b.

(ii) Ifpia) =p(b), p=0andr =0 on|a, b, p,g,r are continuous functions on [a, 4, then solvin
\u1) iypla) = pit), p : P.q ]
Sturm-Liouville equation (6.2) coupled with boundary conditions

ylaj=ylb),  yla)=y'(b), {6.4)
is called a periodic SL-EVP.

We are not going to discuss singular SL-BVPs. Before we discuss further, let us completely study
two examples that are representatives of their class of problems.
6.1 Two examples
Example 6.2 For A = R, solve
YAy =0, y{0)=0, g =0 (6.5)

For reasons that will be clear later on, it is encugh to consider A € R.
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Case 1. Let A < 0. Then A = —p°, where p is real and non-zero. The general solution of ODE in
(6.5) is given by

ylx) = Ae"* + Be™H" (6.6)
This y satisfies boundary conditions in (6.5) if and only if A = B =0. That is, y = 0. Therefore,

there are no negative eigenvalues.

Case 2. Let A = 0. In this case, it easily follows that frivial solution is the only selution of
g =0, y0)=0, y(m)=0. (6.7)

Thus, 0 is not an eigenvalue.

Case 3. Let A = 0. Then A = u°, where o is real and non-zero. The general solution of ODE in
(6.5) is given by

ylz) = Acos(ux) + Bsin{pr) (6.8)
This y safisfies boundary conditions in (6.5) if end only if A = 0 and Beos{pw) = 0. But
Beos(prw) =0 if and only if, either B =0 or cos{um) = 0.
The condition A =0 and B =0 means y = 0. This does not yield any eigenvalve. If y £ 0, then
b# 0. Thus cos(pw) = 0 should hold. This last equation has solutions given by p = 2—"2_—1 for
n=0,£1,42 ... Thus eigenvalues are given by

2n—1

A= =5, n=0,%1,%2... {6.9)

and the corresponding eigenfunctions are given by

éo(x) = Bsin (2”2_ 1:) . m=0,+1,%2,... (6.10)

Note: All the eigenvalues are positive. The eigenfunctions corresponding to each eigenvalue form
a one dimensional vector space and so the eigenfunctions are unique upto a constant muliiple.

Example 6.3 For A = |, solve
Ay =0, y(0)—ylm) =0, y(0)-y(m) =0 (6.11)

This is not a SL-BVP. It is a mized boundary condition unlike the separated BC above. These
boundary conditions are called periodic boundary conditions.

Case 1. Let & < 0. Then A = —p®, where p is veal and non-zero. In this case, it can be easily
verified that trivial solution is the only selution of the BVP (6.11).

Case 2. Let A =0. In this case, general solution of ODE in (6.11) is given by
ylz) =A+ Br (6.12)

This y satisfies the BCs in (6.11) if and only if B = 0. Thus A remains arbitrary.
Thus 0 is an eigenvalue with eigenfunction being any non-zero constant. Note that eigenvalue is
simple. An eigenvalue is called simple eigenvalue if the corresponding eigenspace is of dimension
one, otherwise eigenvalue is called multiple eigenvalue.
Case 3. Lei A > 0. Then A = p®, where i is veal and non-zero. The general solution af ODE in
(B.11) és given by

ylz) = Acos(px) + B sinfux) (6.13)
This y satisfies boundary conditions in (6.11) if and only if

Asim{pw) + B(l —cos(umw)) =10,
A(l — cos(pw)) — Bsinfpx) =0
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This has non-trivial solution for the pair (A, B) if and only if

sin{pum) 1 —cos(pm) |
1—ocos{pm) —sin(um) | 0. (6.14)

That is, cos(um) = 1. This further implies that p = +2n with n = N, and henee A = 4n® with
n e

Thus positive eigenvalues are given by
Mo =4n?, nel (6.15)
and the eigenfunctions corresponding fo A, are given by
dolr) =cos(2nx), d.(x) =sn(2nz), neM (6.16)

Note: All the eigenvalues are non-negative. There are fwo linearly independent eigenfunctions,
namely cos(2ne) and sin (2nz) corresponding to each positive eigenvalue X, = 4n®. Compare
these properties with that of previous ezample.





