1.8.2.2.2.2.2.0.0.0.0.0.0.0.0.0.0.0.9.0.9.99022222008888080808828080088000000888888.0.02828200880.0.0.0.
)

Lectures in Atomic Phys. (Modern phys.) Dr. Badry Abdalla— South Valley Unis-Faculty of sci- Phys. Dept.

Lectures
IN
Atomic Physics

(Modern Physics)

For

Third Year Students

Faculty of Education

Prepared By

Dr. Badry N. Abdalla
22023 - 2024

224 24 34 24 34 24 24 24 24 34 24 24 24 26 36 34 34 3 2 2 2 24 24 2424 24 24 24 24 24 26 34 34 3 2 2 2 24 24 24 24 24 24 24 24 24 24 24 34 34 34 34 3 2 2 24 24 24 24 24 34 2434 3434 26 24 34 2 2 2 2 24242424 24 24 24 26 26 24 24 2 2 2 2
2424 26 326 24 26 24 26 2 26 36 26 26 26 3¢ 26 26 24 2 2 2 2 2 26 2626 26 26 26 26 26 26 26 26 26 26 2 2 2 24 26 2 24 26 26 26 26 26 26 3¢ 26 26 26 24 26 2 26 2 26 26 26 26 26 3¢ 36 3¢ 26 26 26 24 26 2 2 2 2 24 26 26 26 26 26 2 2 2 2 2 ¢

2.2.8.2.2.2.2.0.0.0.0.0.2.00.00.0.00000002220088080080880880828080800200088800800000.0 0.9



1.8.2.2.2.2.2.0.0.0.0.0.0.0.0.0.0.0.9.0.9.99022222008888080808828080088000000888888.0.02828200880.0.0.0.
Y

Lectures in Atomic Phys. (Modern phys.) Dr. Badry Abdalla— South Valley Unis-Faculty of sci- Phys. Dept.

*

* *
* *
* *
* *
: :
X No Chapter One X
% Particle Nature of Radiation %
* 4-6 Introduction X
% 7 Quantum theory of radiation £
: 7-13 Black body radiation :
,"{ 14 Classical and Quantum postulations for black body Radiation :
E 14-15 Classical Rayleigh-Jeans’s postulate %
* 15 Classical Wien’s postulate X
X 15-17 Quantum Max Planck’s postulate I
* *
* 17-21 Consistency of quantum Max Planck’s postulate with classical *
I postulations X
E 22-33 Photoelectric Effect Phenomenon E
* 34-40 Compton Effect Phenomenon X
E 41-70 X-ray production phenomenon E
z 71 Chapter Two :
X Wave Nature Of Particle X
z 71-76 Matter waves (De Broglie’s Hypothesis) z
* *
: 76-81 Experimental Varifacation of De Broglie’s Hypothesis :
X 19-AY Heisenberg Uncertainty Principle X
% 101 Chapter Two £
* Special Relativity X
X 101-102 The Galilean Transformation X
% 103-107 The Michelson-Morley Experiment %
* 107 Lorantz Transformation X
X 107-110 Time Dilation, Length contaction X
E 116-118 pler Effect RelativisticDop E
* 118-125 Relativisistic, Energy, Momentum *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *

2.2.8.2.2.2.2.0.0.0.0.0.2.00.00.0.00000002220088080080880880828080800200088800800000.0 0.9



1.8.2.2.2.2.2.0.0.0.0.0.0.0.0.0.0.0.9.0.9.99022222008888080808828080088000000888888.0.02828200880.0.0.0.
Y

Lectures in Atomic Phys. (Modern phys.) Dr. Badry Abdalla— South Valley Unis-Faculty of sci- Phys. Dept.

9
[D Chapter (1)
Particle Nature of
Radiation
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eThe Failure of Classical Physics
The failure of classical physics to explain several microscopic
phenomena—such as blackbody radiation, the photoelectric effect,

atomic stability, and atomic spectroscopy—had cleared the way for
seeking new ideas outside its purview.

The first real breakthrough came in 1900 when Max Planck
introduced the concept of the quantum of energy. In his efforts to
explain the phenomenon of blackbody radiation, he succeeded in
reproducing the experimental results only after postulating that the
energy exchange between radiation and its surroundings takes place in
discrete, or quantized, amounts. He argued that the energy exchange
between an electromagnetic wave of frequency B and matter occurs
only in integer multiples of hBE, which he called the energy of a
quantum, where h is a fundamental constant called Planck’s constant.
The quantization of electromagnetic radiation turned out to be an idea
with far-reaching consequences.

Planck’s idea, which gave an accurate explanation of blackbody
radiation, prompted new thinking and triggered an avalanche of new
discoveries that yielded solutions to the most outstanding problems of
the time.

In 1905 Einstein provided a powerful consolidation to Planck’s
guantum concept. In trying to understand the photoelectric effect,
Einstein recognized that Planck’s idea of the quantization of the
electromagnetic waves must be valid for light as well. So, following
Planck’s approach, he posited that light itself is made of discrete bits of
energy (or tiny particles), called photons,
each of energy hu, u being the frequency of the light. The introduction
of the photon concept enabled Einstein to give an elegantly accurate
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explanation to the photoelectric problem, which had been waiting for a
solution ever since its first experimental observation by Hertz in 1887.
Another seminal breakthrough was due to Niels Bohr. Right after
Rutherford’s experimental discovery of the atomic nucleus in 1911, and
combining Rutherford’s atomic model, Planck’s quantum concept, and
Einstein’s photons, Bohr introduced in 1913 his model of the hydrogen
atom. In this work, he argued that atoms can be found only in discrete
states of energy and that the interaction of atoms with radiation, i.e.,
the emission or absorption of radiation by atoms, takes place only in
discrete amounts of h because it results from transitions of the atom
between its various discrete energy states. This work provided a
satisfactory explanation to several outstanding problems such as
atomic stability and atomic spectroscopy.

Then in 1923 Compton made an important discovery that gave the
most conclusive confirmation for the corpuscular aspect of light. By
scattering X-rays with electrons, he confirmed that the X-ray photons
behave like particles with momenta hu /¢ ; u is the frequency of the
X-rays.

This series of breakthroughs—due to Planck, Einstein, Bohr, and
Compton—gave both the theoretical foundations as well as the
conclusive experimental confirmation for the particle aspect of waves;
that is, the concept that waves exhibit particle behavior at the
microscopic scale. At this scale, classical physics fails not only
guantitatively but even qualitatively and conceptually. As if things were
not bad enough for classical physics, de Broglie introduced in 1923
another powerful new concept that classical physics could not
reconcile: he postulated that not only does radiation exhibit particle-
like behavior but, conversely, material particles themselves display
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wave-like behavior. This concept was confirmed experimentally in 1927
by Davisson and Germer; they showed that interference patterns, a
property of waves, can be obtained with material particles such as
electrons.

Although Bohr’'s model for the atom produced results that agree
well with experimental spectroscopy, it was criticized for lacking the
ingredients of a theory. Like the “quantization” scheme introduced by
Planck in 1900, the postulates and assumptions adopted by Bohr in
1913
e Concept of Particle-Wave properties

According to classical physics, a particle is characterized by an energy E
and a momentum p, whereas a wave is characterized by an amplitude
and a wave vector Bk (BRkE B 2FER) that specifies the direction of
propagation of the wave. Particles and waves exhibit entirely different
behaviors; for instance, the “particle” and “wave” properties are
mutually exclusive. We should note that waves can exchange any
(continuous) amount of energy with particles.

In this section we are going to see how these rigid concepts of
classical physics led to its failure in explaining a number of microscopic
phenomena such as blackbody radiation, the photoelectric effect, and
the Compton effect. As it turned out, these phenomena could only be
explained by abandoning the rigid concepts of classical physics and
introducing a new concept:
the particle aspect of radiation.

224 24 34 24 34 24 24 24 24 34 24 24 24 26 36 34 34 3 2 2 2 24 24 2424 24 24 24 24 24 26 34 34 3 2 2 2 24 24 24 24 24 24 24 24 24 24 24 34 34 34 34 3 2 2 24 24 24 24 24 34 2434 3434 26 24 34 2 2 2 2 24242424 24 24 24 26 26 24 24 2 2 2 2
2424 26 326 24 26 24 26 2 26 36 26 26 26 3¢ 26 26 24 2 2 2 2 2 26 2626 26 26 26 26 26 26 26 26 26 26 2 2 2 24 26 2 24 26 26 26 26 26 26 3¢ 26 26 26 24 26 2 26 2 26 26 26 26 26 3¢ 36 3¢ 26 26 26 24 26 2 2 2 2 24 26 26 26 26 26 2 2 2 2 2 ¢

2.2.8.2.2.2.2.0.0.0.0.0.2.00.00.0.00000002220088080080880880828080800200088800800000.0 0.9



1.8.2.2.2.2.2.0.0.0.0.0.0.0.0.0.0.0.9.0.9.99022222008888080808828080088000000888888.0.02828200880.0.0.0.
A4

Lectures in Atomic Phys. (Modern phys.) Dr. Badry Abdalla— South Valley Unis-Faculty of sci- Phys. Dept.

Quantum Theory of Radiation

eBlack body radiation experiment

Blackbody radiation is a common phenomenon that probably is familiar to

you. When you see stars of different colors, when you observe an electric heating
coil on a stove turn red, or when you observe a lightbulb, you are observing
blackbody radiation. A blackbody is a device that converts heat into radiant
energy. Heating an object to different temperatures causes that object to radiate

energy of different wavelengths and therefore, different colors.

-
Red coler

-

wight coler

=4

E.g. Heating a steel [] color changes by increasing temperature Color depends
only on temperature Not on type of material.

Color observed due to characteristic distribution of light emission at a range
of wavelengths If you know the color you know the temperature.
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Colour ;—\‘ (’\V ( : @ ' '
= X ) F : -

Distnbution of
wavelengths

_/\

Wavelength of emitted lght ————p
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IR

If you know the color you know the temperature

When black-body heated it is observed to radiate a spectrum of avelengths
having a characteristic energy density at each frequency.
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Experience show that the temperature of a hot and a cold objects placed
close to each other equalize in vacuum as well. All macroscopic objects in all
temperature emit (and absorb) thermal radiation spontaneously. This radiation
consists of electromagnetic waves.

The energy of the electromagnetic waves emitted by a surface, in unit time and in

unit area, depends on the nature of the surface and on its temperature.

The thermal radiation emitted by many ordinary objects can be
approximated as blackbody radiation. A perfectly insulated enclosure that is in
thermal equilibrium internally contains black-body radiation and will emit it
through a hole made in its wall, provided the hole is small enough to have
negligible effect upon the equilibrium.

A black-body at room temperature appears black, as most of the energy it
radiates is infra-red and cannot be perceived by the human eye. Black-body
radiation has a characteristic, continuous frequency spectrum that depends only

on the body's temperature.
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eBlanck Curve

10 Fultraviolet ; visible infrared

6

6000 K

Intensity / (arb. units)

(8]

0 1.0 2.0 3.0
Wavelength A (um)

The spectrum is peaked at a characteristic frequency that shifts to higher
frequencies (shorter wavelengths) with increasing temperature, and at room
temperature most of the emission is in the infrared region of the electromagnetic
spectrum.

Wien’s displacement law indicates that the maximum of the energy
distribution is displaced within the radiation spectrum of a blackbody in case of a
change in temperature.

Amax T=b (1)
where b is called Wien's displacement constant = 2.89x10-3 Km.

The Stefan—-Boltzmann law states that the power emitted by the surface of a
black body is directly proportional to the fourth power of its absolute
temperature and, of course, its surface area A:

E=0T'A vceree(2)
where o = 5,67-10-8W/(m2K4) is the Stefan—Boltzmann constant.

It was impossible to explain the measured spectral emissivity distribution by
the concepts and laws of classical physics. In 1900 Max Planck theoretically
derived a formula, which accurately described the radiation. In order to do that,
he had to suppose that electromagnetic energy could be emitted not
continuously, but only in quantized form, in other words, the energy could only
be a multiple of an elementary unit
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where h is Planck's constant, h = 6,626 - 10-34 Js. Planck's quantum hypothesis is
a pioneering work, heralding advent of a new era of modern physics and quantum
theory.

eNumber of Standing Wave: ,

The energy of incident electromagnetic

Wave E; in x axses: a
EleOcos(wt—KXX) ......... (1)

The reverse electromagnetic wave

d
E, in opositx axses: L | -
E,=—E,cos(wt+K, X) /
Then the equation of the standing wave:
E=Ei+E;= Eo[cos(Wt—Ky X) —cos(wt+ Ky X)1.....(3)

Using the following proberity kn Eq(3):

A+B . A-B
.SIn

cos A—cos B =2sin

E =2E,sin.wt.cosK, X @)

From the above digram, the standing wave in the x- direction between (0<
x >a). Node formed at x=0 and x=a (reverse side). Then E|y--0=0

E|X =a=2E,sinwt.cosK,a = zero -

cos K,a = zero
Then, . (6)

............. (7)
Simalary, the wave number (K) in both y and z directions :
T
K, =—n
b y
------ (8)
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I‘<z = E r’|z
[ 9)
By Re-arranging these equations, we get the following :
N, — = < _
o
b
d
—_ K
g - = (1)

Where, ny, ny, n, number of staisionary wave. By re-writing uicoc ys:

(dn,), = 2 .dk,

7T
b
(dn,), = ;.dky
d
dn = —.dk
e (11)
Then, the total number of standing wave :
dnk, .k, .k, =229 qk .dk,.dk,
7T
= igdkx.dky.dkZ
Zo T (12)
K=2Z_2®  gk-——2Zq4
Ao 2 (13)
By substituting from (13) in (12), we get :
2
dn, =V. = > .d;)
27 ¢ .. (14)
The number of standing wave per uint volum V :
2
dn, = o 5 d—l;
277 ¢T .. (15) OR

Taking the direction of polarization between the incident and reverse EM wave

2
v° do

o =—3-3
7T C
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2
n(v)=87z; & n(ﬂ,)zi—j —_ (V)

2- Classical and Quantum Postulations for calculating average Energy
Classical Explanation (Rayleigh-Jeans law)
They supposed that
1. Blackbody radiation is coming from standing electromagnetic
waves in the cavity that are in thermal equilibrium with the
vibrating atoms (or electrons) in the walls
2. The atoms in the blackbody are assumed to vibrate like harmonic
oscillators
3. according to the principle of equipartition of energy an oscillator
in thermal equilibrium with its environment should have an
average energy equal to kT

E = KT | ======(1)

4. Rayleigh-Jeans using classical theory have calculated nhumber of standing

waves n(A\)orn(v):

n (A — i—f
OoOr (2)
n(v) — SH:‘
P
From both Eqgs
n(v) — n(r). ‘dﬂ' — 11 (A). Cﬁ ——————— (3)
dwv v

Assigning energy to the electromagnetic standing waves in a cavity draws on the
principle of equipartition of energy. Each standing wave mode will have average
energy KT where k is Boltzmann's constant and T the temperature in Kelvins.
Letting u represent the energy density:
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Q7T

4
\

R=1I,dv=Edn,=k_T (4)

And the Intensity of thermal radiation and the wavelength of the radiation is (for
unit volume) :

I(L,T) =k,T.n(L) = f—? k,T| (5)

¥

This is an important relationship in classical electromagnetic cavity theory. It can
also be expressed in terms of the frequency v by making use of the chain rule and
the wave relationship:

| . 8mkT
- p(v, T)dv = Tw

Zdv (6)

This is known as the Rayleigh-Jeans law. A clear implication of this law is
that as the frequency becomes larger, the energy density increases as
the square of the frequency.

Where,
| (v, T)=is the Intensity of thermal radiation
v = is the frequency of emitted radiation,
T = is the temperature of the blackbody,
K = is Boltzmann's constant, and
c = is the speed of light.
The disagreement of Ryligh iJeen's law at short uv wavelength is called ultra-
violet catastrophe.

224 24 34 24 34 24 24 24 24 34 24 24 24 26 36 34 34 3 2 2 2 24 24 2424 24 24 24 24 24 26 34 34 3 2 2 2 24 24 24 24 24 24 24 24 24 24 24 34 34 34 34 3 2 2 24 24 24 24 24 34 2434 3434 26 24 34 2 2 2 2 24242424 24 24 24 26 26 24 24 2 2 2 2
2424 26 326 24 26 24 26 2 26 36 26 26 26 3¢ 26 26 24 2 2 2 2 2 26 2626 26 26 26 26 26 26 26 26 26 26 2 2 2 24 26 2 24 26 26 26 26 26 26 3¢ 26 26 26 24 26 2 26 2 26 26 26 26 26 3¢ 36 3¢ 26 26 26 24 26 2 2 2 2 24 26 26 26 26 26 2 2 2 2 2 ¢

2.2.8.2.2.2.2.0.0.0.0.0.2.00.00.0.00000002220088080080880880828080800200088800800000.0 0.9



1.8.2.2.2.2.2.0.0.0.0.0.0.0.0.0.0.0.9.0.9.99022222008888080808828080088000000888888.0.02828200880.0.0.0.
AR

Lectures in Atomic Phys. (Modern phys.) Dr. Badry Abdalla— South Valley Unis-Faculty of sci- Phys. Dept.

T . 4 Rayleigh-Jeans Law
22500 i ll The "Ultraviolet _t IIJDI:\:::’?DII:I;? 8y 2 i, . :Io maximum — =energy dens Fy
- \. Catastrophe” -‘% catastropha® <o . fhorlt w-avelenglks strangly excited
o . ) £ e Everything glows at room
5 v Rayleigh-Jean Formula o temperature?
5 I 1 , _— T=1600K = - + Long Wavelengths —Works OK.
o | 2800 K - =
= [ — \ & Planck Law
] "\ hv
= a 1 r nv
“ .\"1...'\-. 1600 K T = ? ekl -1
— [a
= —— . - Curves agres at
& very lew frequencies
0 1000 2000 3000 4000 5000 . , . ,
Wavelength, x (nm) Frequency
The Rayleigh-Jeans curve agrees with the Planck radiation formula for
long wavelengths, low frequencies |
Notice that:

1- Rayleigh Jeans law is valid only at low-frequency limit hv << KT.

2-Intensity of radiation is proportional to frequency squared because the volume
of a cavity in three dimensions is proportional to frequency squared.

3-It is assumed that all modes have , the classical assumption that breaks down at
high frequencies.

4- |, diverges at high frequencies. This is called the "ultraviolet catastrophe".

5.1, isindependent of direction.

2-Second Classical Model By (Wein’s postulation)
The second model suggested by Wien used the Newtonian view of radiation as a

flux of particles. Applying to such particles Boltzmann’s statistical treatment, Also
Wien Has agreed with

Rayleigh-Jeens model, that EM wave generated by oscilators modes. These
oscillators comsider energy carriers for EM waves. Appying Maxwel-Boltzman’s
statistical distribution law:

. —E, /KT
AN =N, e S k)

Where;

N, is the total number of ossillating carriers, AN is the number of ossillating
carriers which have energy E,=hv,and Kis the Boltezman’s con:stant.
Equation (1) can be written as :

_ —ho/KT
AN'=N, e en(2)
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According to these assumputions , the average energy E for each ossilator:

And we have befor nember of standing wave (No. of Oscilators ):

2
8w
C3

Then; substuting from eq (2) and (3)in to the following Eq. we get :

— —ho 2
R=1,dv=Fdn, =hv.e /KF.(8”‘; )

C

This is the Wein radiation Law

B E O et =
o o —
oo I A

& o — f- .\

.o ;. N\ Flen i Law
oo |
= o — - “
- o
2.0 - .
2.0 -

F oo —

oo

o X 2.0 F.o - = - .o = o = e E O F=)

Figure Companson of various spectral densities: while the Planck and expernmental dis-—
tributions match perfectly (solid curve). the Ravleigh—Jeans and the Wien distmibutions (dotted
curves) agree only partially with the experimental distributiosn.

Notice that:
1- Wein’s law is valid only at high-frequency limit hv >> KT.
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2-Intensity of radiation is proportional to cubic frequency because the volume of
a cavity in three dimensions is proportional to frequency to the oder three.

3-1t is assumed that all modes have , the classical assumption that breaks down at
low frequencies.

4- |, diverges at low frequencies.

5.1, is independent of direction.

Quantum Postulation (Max Planck’s Model)
Max Planck started from the standard assumption, that :

1. blackbody could be modeled as a collection of oscillators
2. Planck postulated that possible mode energies are not continuously distributed, they take on
a discrete quantized quantized energies and must satisfy

E =hv, 2hv, 3nho, ...........nh0 - (1)

Suppose that, Nyis the number of oscilators have energy E= hu equal zero, and other ocilators
have energies 2hv, 3huv, ...... and they obey Boltzman distribution law as follow:

—-nhov -1
N=N0 1-e KT

Energies of different oscilators = (number of oscilators) x (energy of one
oscillator) eg
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Z
N
J
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m\
N
J
~
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-hov
.'.E1=hl).N0 e KT

—2hv
E2=2hU.Noe /KT

-3ho
E3=3hl).Noe /KT

Total energy

Average energy —
& Nwumber of oscilators

]é:—:hu e KT —
_ho
NO 1—e KT
_ho
- hv.e KT ho
_ o =(th/KT 1) .................. (6)
l-e KT
hv
<E>: o kT
e —1

This is the average energy per "mode" or "quantum® is the energy of the quantum
times the probability that it will be occupied. The number of modes per unit
volume per unit wavelength or frequency is expresswd as :
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dn, 87 dn. 8
p(V)=—==—=vV p(A)=—>*=—3
dv ¢ dir A
gives the energy density, the Planck radiation formulas :
Intensity per unit
volume per unit I1G.,T) = Srhc 1
wavelength AaN gt _
Intensity per unit Shv’ 7
volume per unit Iv,T) = 3 AT _ 7
frequency e € —

the exponential dominates the cubicin v and so p goes to zero.

So using quantization is required, for correct behavior at high
frequencies. (Energy is quantized)

The constant h has come to be called Planck's constant, and its value is
6.626 x107*J s.

ePlanck resultfits experiment perfectly
eR-Jisaccuratein infrared but diverges in ultraviolet
e\Wienworks well except in the infrared
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- Kt low frequenci [E«lj-
- At low frequencies | o — :

Using the series expansion for the exponential

when ho <<1 , Then exp ho = [1+ Ej
KT KT KT

we recover the Rayleigh-Jeans formula.

8kT

p(v,T)dv = C—gvzdv

We can neglect the integer number one in planck’s law. So we get:

8mhv?
p(v, T)dv = —ge_h"/”dv
c

We recover ween’s formula.
The exponential dominates the cubic in v and so I, goes to zero. So using
guantization is required, for correct behavior at high frequencies. (Energy

IS quantized).
Expression of the energy density po(v,. T) in terms of wavelength

(A, T)
8mhv3
p(v, THdv = c3(enV/RET — 1) dv
c —c
Bmrhc

p (A, THdA = A

AS (enc/AKT — 1) d

Wien displacement law

He states that the wavelength distribution of thermal radiation
from a black body at any temperature has essentially the same shape as
the distribution at any other temperature, except that each wavelength
is displaced on the graph.

He states that if Amayx is the wavelength at which p(A,T) is a
maximum, and so

d 8mhc
d(p(ﬂ,?ﬁ) AS(ehc/&kT__ 1) o
dA - dA N
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By differentiation of the above equation with respect to A and
substitution by the constants value (h, ¢, k) it is found that
AnaxT = 2.897x1073

Example: calculate the temperature used to heat a black body to emit
radiation at 400 nm

_— 2.897x107°  2.897x107° _ a2 5 K
 dnax ~ 400x10-° '

Stefan—Boltzmann law
The law states that the total energy radiated per unit surface area
of a black body per unit time (also known as the black-body irradiance or
emissive power), P, is directly proportional to the fourth power of the
black body's thermodynamic temperature T.
P=oT*
Where ¢ = 5.6697x1078 J s~ 1 m=%? K~*

By integration the Plank's law to get the total energy density so

* = 8mhv?
E =L p(v,T)dv =J(; 63(€hvfk'r —1) dv

__8n5k4T4

"~ 15h3¢3

The relation between the emissive power and the total energy density is

p=Cp
4
5 4 275k? - CE 2o k4 .

o = - — ﬁ —_— —_— —_—
¢ “15h3c2 1" T 15K3c2

22 k4

P=—T%*=0T*
15h3c? g

By substitution by the constants value (7, h, ¢, k) it is found that
0c=5670x10"%) s tm2K*
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e Total Energy
By integration the Plank's law to get the total energy density E :

E= (e oo S 2
Jo 1 T =5 r'hu ;:r: i
Lexp — —1|
|:'~L KT ;:|
8mk*T?
~ 15h3c3
The relation between the emissive power and the total energy density is :

By substitution by the constants value (m, h, ¢, k) it is found that

e Comparison between classical and quantum theories for average energy

6=56697x10% J.S*'.m?.K*

Radiation modes in #Modes per Probability Average energy
a hot cavity provide unit frequency of occupying per mode
a test of quantum theory per unit volume modes
2
1 8nv
CLASSICAL _ Equal for all modes kT
AYDY c3
/—\.//—\ Cluantized modes: hv
TN 8nv? ire h —
QUANTUM :EQUIF?I v energy kv
3 o excite upper .
C modes, less probable e kT - 1
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Photoelectric Effect Phenomenon

u //

Light
s El-&-l:tl on

emission

G)@é@@
A0 G 66

The photoelectric effect was discovered by Hertz in 1887 as he confirmed

Maxwell’s electromagnetic wave theory of light. In the photoelectric effect,
incident electromagnetic radiation (light) shining upon a material transfers energy
to electrons so that they can escape from the surface of the material.
Electromagnetic radiation acts on electrons within metals, increasing their
total energy. Because electrons in metals are weakly bound, you would expect
that light would give electrons enough extra kinetic energy to allow them to
escape from the metal’s surface. The released electrons are often referred to as
photoelectrons. The minimum extra kinetic energy that allows electrons to
escape the material is the called the work function W,,;,. The work function is
the minimum binding energy of an electron to the material.
e Classical explanation of photoelectric effect

When light is incident on some metal surface electron is emitted from the
surface. This phenomenon is called photoelectric effect. Classical wave theory of
light cannot explain the features of this phenomenon. The main features that
cannot be explained in terms of classical wave theory of light.

Wave theory requires that the oscillating electric vector E of light waves
increase in amplitude as the intensity of the light beam is increased. Since the
force applied to the electron is eV, this suggests that the kinetic energy of the
photoelectrons should also increase as the light beam is made more intense.
However, the maximum kinetic energy of the emitted photoelectron is
independent of the light intensity. Thus, the minimum potential Vs at which
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photocurrent drops to zero must equal (in eV) the kinetic energy (Kmax) of the
fastest electrons emitted by the photoelectric process.

I(max = eVs =% rr“Izmax
So far everything that has been said is correct experimentally and agrees in
principle with concepts of classical physics. But let us analyze the detail of the
process according to classical electromagnetic theory. In these terms the
incident electromagnetic radiation is considered as wave of oscillation frequency f
and electric field amplitude €o. The intensity of the wave is proportional to the
modulus square of the amplitude: I = ae’,
The electron, being bound to the surface, has a surface binding energy ¢ which is
termed as the work function for the metal. Thus in a time interval t, the amount
of energy received by a surface atomic layer of area A is IAt. This energy is
partially used to overcome the Work Function and the rest appears as kinetic
energy for the emitted electron

K=1.At—¢ = ae’st—od

This classically derived relation implies the following assumptions:

1- Kinetic energies of electrons emitted are independent of the radiation
frequency.

2- Kinetic energies of electrons emitted are directly related to the intensity of
the incident electromagnetic radiation (i.e. by increasing the intensity electrons
can be liberated irrespective of the radiation frequency, and Kmax may be thus
increased.

3 . According to the wave theory the photoelectric effect should occur for any
frequency of light, provided only that the light is intense enough to give the
energy needed to eject the photoelectrons. However, it is experimentally found
that there exists a characteristic cutoff frequency f, below which photoelectric
effect does not occur, no matter how intense the illumination.

4. According to wave theory a measurable time lag between the time when light
starts to impinge on the surface and the ejection of photoelectron should exist.
But no detectable time lag has ever measured. But these features can be
explained by classical wave theory of light
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eExperimental results of the photoelectric effect
Experiments around 1900 showed that when visible and ultraviolet light were

incident upon a clean metal surface, electrons were ejected from the surface.

Experiments used an evacuated tube known as a photocell. The light incident
upon an emitter electrode ejected the electrons, producing an electric current /
that was measured using a sensitive Ameter. A voltage was applied between the

emitter and collector electrodes.
The polarity of this voltage could be reversed Licht

to either accelerate the photelectrons from Elektronen

+ | 7 DN
the emitter to the collector or retard their -

evakuierte Quarzglasréhre

movement and prevent them reaching the }
collector electrode. When the applied [‘N‘)L’W—““L—(— £
voltage was such that collector was negative,
it could be adjusted to set the current measured by the Ameter to zero (I = 0). This
voltage is called the stopping voltage Vs.

Classical theory on electromagnetic radiation predicts that electrons would

be ejected from a material as the electrons absorb energy from the incident
electromagnetic wave.
Key experimental finding (many of which were very surprising in terms of

classical physics predictions):

1. The kinetic energies of the photoelectrons are independent of the intensity of
the incident light. A given stopping voltage Vs stops all photoelectrons from
reaching the collecting electrode (/ = 0), no matter what the intensity of the light.
For a given light intensity, there is a maximum photocurrent reached as the
applied voltage increases from negative to positive.

photocurrent A,

7 light frequency f = constant

34
increasing
e 2L light intensity

| an—

stopping voltage

LI Ll
N

e
— _Vs D +
applied voltage
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Classical theory: The greater the amplitude of the wave then the greater the
energy and intensity of the wave. Therefore, electrons should be ejected with
more kinetic energy as the light intensity increases. Key finding #1 can’t be
explained by classical theory because the maximum kinetic energy of the
photoelectrons depends on the value of the light frequency and not the intensity.
2. The maximum kinetic energy of the photoelectrons depends only of the
frequency f of the light for a given material. Hence, a different stopping voltage is
required for different frequencies: the greater the frequency, the larger the
stopping voltage to reduce the photocurrent to zero. The value of Vs depends on

the frequency f of the light and not on its intensity L/.

photocurrent

light intensity L/ = constant

— Vs Vez -V, O +
applied voltage

IVsal > | Visal > | Vi,

stopping voltage

3. If the frequency of the incident is too small, zero electrons are ejected from the
emitter electrode, no matter how large the intensity of the incident light. A
photocurrent is only observed when the frequency of light is greater than some
threshold value, called the critical frequency f.. The smaller the work function

Wmin of the material, the smaller the value of the critical frequency fC.

Cs
+ AT .
Li
. Ag
accelerating
voltage
slopes = h/se
N o PSR P
applied voltage (W —
T FALY T feAAR) -
W in{Cs) e = frequency F({Hz)
retarding W in(Li) S
voltage
W .lAag) e 1=

Classical theory: the existence of a threshold frequency is completely

inexplicable as are the results for the linear relationship between applied voltage
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and frequency as shown in the above graph. This graph investigates the relation

between the kinetic energy of the fastest electrons emitted (Kmax) and the

frequency of the incident radiation. From these experimental results we

conclude the following :

® Kmnax is independent of the intensity of the incident electromagnetic radiation
(curve 5-a). The intensity change changes the number of electrons emitted
(current) but has no effect on the kinetic energies of the emitted electrons.

® K.a is linearly related to the frequency of the incident electromagnetic
radiation (curve 5-b) such that below some characteristic frequency (f,) no
electrons are emitted irrespective of the radiation intensity. The characteristic
frequency differs for different metals and is termed the threshold frequency.

I ()

Emission

b = fo

MNo emission

S5 = Ffo

Fo | F (H=)
e There is no measurable time lag for the photoelectrons to be emitted, provided
the radiation frequency is above the threshold frequency for the metal under
consideration.

Experimental results, as seen above, are all in direct conflict with classical
electromagnetic theory, hence, a new model is required to remove this
discrepancy.

4. When photoelectrons are emitted from the emitter electrode, their number is
proportional to the intensity of the light, hence, maximum photocurrent is
proportional to the light intensity.

Classical theory does predict that the number of photoelectrons ejected will
increase with intensity.

frequency: f= constant > Ff_

photocurrent I applied wvoltage: WV = constant < | V|

light intensity 7
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5. Photoelectrons are emitted almost instantly (< 3x107° s) following the
illumination of the emitter electrode, and this time is independent of the intensity
of the light.

Classical theory would predict that for low light intensities, a long time would
elapse before any one electron could obtain sufficient energy to escape.

Quantum Interpretation and Einstein’s Theory

To explain the experimental observations of the photoelectric effect, it was
necessary to model the incident electromagnetic wave as a stream of particles.
The light interacting with the electrons in the material is like a stream of bullets
hitting a target.

Einstein took Planck’s idea about quantization of energy for an oscillator a
step further and suggested that the electromagnetic radiation field is itself
quantized and that the energy of a beam of light spreading out from a source is
not continuously distributed over an increasing space but consists of a finite
number of energy quanta which are localized at points in space which move
without dividing, and which can only be produced and absorbed as complete units.
These quantized energy units of light are called photons. Each individual photon
has an energy quantum : E=hf

Einstein’s proposal meant that as well as light behaving as a wave as shown

by its interference effects, light must also have a particle-like aspect.

To explain the photoelectric effect, each photon delivers its entire energy

(hf) to a single electron in the material. For an electron to be ejected from the

material, the photon’s energy must be greater than the energy binding the

electron to the material. If the photons energies are less than the binding

energies, zero electrons can be emitted from the material, irrespective of how

intense the incident light beam. Hence, using the principle of conservation of

energy :
Energy before (photon) E = Energy after (ejection of electron from material W +

K.E. of ejected electron EK)

E= hf= w + Ei .........(Z)
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When the energy required to remove an electron from the material is a
minimum Wy, (Wpnin is the work function of the material), the kinetic energy of
the ejected electron will be a maximum Exnqx, hence,

E = hf = Wmnin + Ek max ceereeerveenreenennne (3a)
E = hf = Wiin +(1/2) Me Vinax coeeeees (3b)

The applied potential can be used to retard the electrons from reaching the
collector. The retarding voltage, when the photocurrent /| becomes zero, is called
the stopping voltage and its value can be used to measure the maximum kinetic
energy of the photoelectrons : eVs = Wnin +(1/2) me V2 o e, (4)

Einstein’s quantum interpretation can explain all the details of photoelectric
effect experiments.

Key findings #1 and #2 are easily explained because the kinetic energy of the
electrons does not depend upon the light intensity at all, but only on the light
frequency and work function of the material : (1/2) Me Viiax = hf - Winin ceeeeene (5)
A potential slightly more positive than —VS will not be able to repel all electrons
and a small current will be measured. As the applied voltage increases in a
positive sense the current will increase until most of the electrons will be
collected and the current will be at a maximum. If the light intensity increases,
there will be more photons ejecting electrons, and therefore a higher
photocurrent as shown in graph for #1. If a different frequency is used, then a
different stopping voltage is needed to stop the most energetic photoelectrons.
The higher the incident light frequency, then, the greater the magnitude of the
stopping voltage, as shown in graph for #2.

Key finding #3: Equations (3) and (4) can be rearranged to give a linear
relationship between the stopping voltage and the light frequency, hence the
guantum explanation accounts for the results shown in graph #3.

Vs =( hf/e) - (Wmin/€) v (5)

From the linear graph of equation (5) when Vs is plotted against f, the slope
(h/e) can be used to estimate the value of Planck’s constant h and the y-intercept
(Wpin/e) to give the value of the work function W, of the material. The x-
intercept corresponding to Vs = 0 gives the value for the critical frequency fc =
Wpin/h.
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Key finding #4: The number of photons increases in proportion to the increase
in light intensity. Hence, increasing light intensity means more photons, hence
more photoelectrons released and a higher photocurrent measured as shown in
graph #4.

Key finding #5: Electrons will be ejected from the material without delay
because an electron will absorb all the energy from an individual photon, thus, it
is “kicked out” almost immediately.
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Solved Problems

Example: 1 The work function of a substance is 4.0 eV. The longest wavelength of light
that can cause photoelectron emission from this substance is approximately

(@540 nm  (b)400 nm  (c) 310 nm (d) 220 nm
Solution : (c)By using 4, = 227 = ; -127 =3093.7 A = 310mm
W, (eV) 4

Example: 2 Photo-energy 6 eV are incident on a surface of work function 2.1 eV. What
are the stopping potential
(a-5v (b)-19V (¢)-39V (d)81V

Solution : (c)By using Einstein's equation E = Wy + Kpax = 6=21+Kypy =

Kiax =3.9eV Also Vo =-Km—aX:—3.9v.
Yo

Example: 3 When radiation of wavelength A4 is incident on a metallic surface the
stopping potential is 4.8 volts. If the same surface is illuminated with
radiation of double the wavelength, then the stopping potential becomes 1.6
volts. Then the threshold wavelength for the surface is
(a) 24 (b) 42 (c) 62 (d) 82
hc

. . 1 1 hell 1 : hel 1 1 .
: Vy=—|=-— el el L P I
Solution : (b) By using Y . L /101 4.8 - { } ...... (i)and 1.6 - {2/1 /10} ...... (i1)

From equation (i) and (ii) 4, =44
Example: 4 When radiation is incident on a photoelectron emitter, the stopping
potential is found to be 9 volts. If e/m for the electronis 1.8 x10'*ckg* the

maximum velocity of the ejected electrons is
(@) 6x10°ms™ (b)8x10°ms™* (C)1.8x10°ms™*  (d)1.8x10°ms™

. 1
Solution : (C)Emvﬁm —eVy = Vo = 2(3}% —V2x1.8x101 %9 =1.8x10%m/s.
m

Example:5 The lowest frequency of light that will cause the emission of photoelectrons
from the surface of a metal (for which work function is 1.65 eV) will be

(@) 4 x10'°Hz (b) 4x10"Hz (€) 4 x10"Hz (d)
4 x107%Hz
. 12375 12375
Solution : (c) Threshold wavelength 2, = = = 7500 A.
© gt 4o Wy(eV)  1.65
- c 3x10°8
.50 minimum frequency vy = — =4 x10" Hz.

Ay 7500 x 10710
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Example: 6 Light of two different frequencies whose photons have energies 1 eV and
2.5 eV respectively, successively illuminates a metal of work function 0.5
eV. The ratio of maximum kinetic energy of the emitted electron will be
@1:5 (b)1:4 (c)1:2 d1:1

(Kpax): _ 1-05 05 1

Solution : (b) By using K., =E-W, = Koy, “25.05" 2 "4

Example: 7 Photoelectric emission is observed from a metallic surface for frequencies

V1 and v, of the incident light rays (v, > v»). If the maximum values of
kinetic energy of the photoelectrons emitted in the two cases are in the ratio
of 1 : k, then the threshold frequency of the metallic surface is :

h=ve Kvi — vy kv, —»y Vo=V
O O @O
Solution : (b)By using hv—hvy =k = Ny —vo) =Ky and h(vy —vp) =k,
Vi — Vo :k_]_:l _le_V2
e v Tk, kT Tk

Example: 8 Light of frequency 8x10"Hz is incident on a substance of photoelectric
work function 6.125 eV. The maximum Kinetic energy of the emitted
photoelectrons is :

(@) 17 eV (b) 22 eV ()27 eV (d) 37 eV

Solution : (c) Energy of incident photon

E=hv=6.6x10"*x8x10" =528 x107'%J = 33eV.

From E=W, + K.y = Ko = E-W, =33-6.125 = 26.87 eV ~ 27 eV.
Example: 9 A photo cell is receiving light from a source placed at a distance of 1 m. If

the same source is to be placed at a distance of 2 m, then the ejected

electron

(@) Moves with one-fourth energy as that of the initial energy

(b) Moves with one fourth of momentum as that of the initial momentum

(c) Will be half in number

(d) Will be one-fourth in number

2
N d
Solution : (d) Number of photons o Intensity o o —1=(—2J =

(distance) 2 N,
2
N, (2 N,
1| e N, = —L
N, [1} = N7
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Example: 10 When yellow light incident on a surface no electrons are emitted while
green light can emit. If red light is incident on the surface then

(@) No electrons are emitted (b) Photons are emitted
(c) Electrons of higher energy are emitted (d) Electrons of lower energy
are emitted

Solution : (@) Acreen < Avellow < ARed .  According to the question i, is the
maximum wavelength for which photoelectric emission takes place. Hence
no emission takes place with red light.

Example: 11 When a metal surface is illuminated by light of wavelengths 400 nm and
250 nm the maximum velocities of the photoelectrons ejected are v and 2v
respectively. The work function of the metal is (h = Planck’s constant, ¢ =
velocity of light in air)

(@) 2ncx1063  (p)1.5hc x10%J  (c)hcx105J  (d)0.5hc x10°J
. : h
Solution : () By using E =W, + Koy = 7C =W, +%mV2
hc
400 x107°

From equation (i) and (ii) Wo = 2hc x10° J.

Example: 12 The work functions of metals A and B are in the ratio 1 : 2. If light of
frequencies f and 2f are incident on the surfaces of A and B respectively, the
ratio of the maximum Kinetic energies of photoelectrons emitted is (f is
greater than threshold frequency of A, 2f is greater than threshold frequency

1 .
=w0+5mv2 ...... (i) and

of B)
@1l:1 (b)1:2 (c)1:3 d1:4
Solution : (b) By using E=W; +K,x = Ex=hf=W,+K, and Eg=h(2f)=W + Ky
1 Wu+Ky . e W_A_l ..
So, 2 WK, (1) also itis given that WSz (i1)

From equation (i) and (ii) we get E—A = %
B

Example: 13 When a point source of monochromatic light is at a distance of 0.2m from a
photoelectric cell, the cut-off voltage and the saturation current are 0.6 volt
and 18 mA respectively. If the same source is placed 0.6 m away from the
photoelectric cell, then
(@) The stopping potential will be 0.2 V (b) The stopping potential
will be 0.6 V
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(c) The saturation current will be 6 mA (d) The saturation current
will be 18 mA

Solution : (b)Photoelectric current (i) o Intensity o !

ro— If distance becomes 0.6 m
Istance

(i.e. three times) so current becomes %times i.e. 2mA. Also stopping

potential is independent of intensity i.e. it remains 0.6 V.

Example: 14 In a photoemissive cell with exciting wavelength 2, the fastest electron has
speed v. If the exciting wavelength is changed to 31/4, the speed of the
fastest emitted electron will be :

() v(3/4)'2(b)v(4/3)"'? (c)Less then v(4/3)"'2 (d) Greater then v (4 /3)*'2

. W
Solution : (d) From E=w, +%mv3mx =V = zm_E_?O (where E:hjc

If wavelength of incident light charges from A to 34—/1 (decreases)

Let energy of incident light charges from E to E' and speed of fastest

electron changes from v to v ' then v= T T (i) and

Example: 15 The minimum wavelength of X-rays produced in a coolidge tube operated
at potential difference of 40 kV is
(2)0.31A (b)3.1A  (c)31A (d)311A
Solution : (@) Awin =&753=0.309A ~ 0.31 A
40 x 10

Example: 16 The X-ray wavelength of L, line of platinum (Z = 78) is 1.30A. The X —
ray wavelength of L, line of Molybdenum (Z =42) is

(a) 5.41A (b) 4.20A (c)2.70A (d)1.35 A

Solution : (a) The wave length of L, line is given by %= R(2—7-4)2(i—ij:>/1°C ( ;4)2
Z—1.

22 32
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Compton Effect Phenomenon

®Photons

Einstein presented his quantum theory of light and its elucidation of the
photoelectric effect in a scientific paper that appeared in the spring of 1905. He
followed it, just a few weeks later, with a ground-breaking paper on the
mathematics of Brownian motion. His special theory of relativity was published in
the summer of that unnus mirabilis and before the year’s end he had also
completed his doctoral thesis. In the space of just a few months, Einstein had set
much of the agenda of physics for the next In this chapter we will examine some
of the properties of the light quanta-the so years. photom-whose existence
Einstein first conceived.

e Photon Mass

The quantum theory of light postulates that electromagnetic radiation
propagates as particles-photons-that travel at the speed of light. According to this
theory, the energy possessed by a photon depends only on the frequency, 1, of

the radiation with which it is associated :  Epporon = hf (1)
According to the special theory of relativity, the total energy, E, of any particle is
given by : E?=m?, C* +2p° (2)

where m, is the rest-mass of the particle, p is its linear momentum and c is the
velocity of light. How can these two definitions of the particle’s energy be
reconciled in the case of the photon?

According to the principle of the constancy of the speed of light, no inertial
observer can ever catch up with a photon in free space and move together with it
such that it appears to be at rest; photons are never at rest. Consequently, the
concept of the ‘rest-mass of a photon’ has no meaning; the rest-mass of a photon
can be taken to be zero. Substituting the photon’s zero rest-mass, rnp = 0, in
equation (2) gives : Ezphoton = Czpzphoton (3)
from which we obtain: Pphoton= Ephoton / ¢ (4)

Thus, even though a photon has no rest-mass, a linear momentum, Pphoron, Can be
attributed to it. Substituting Epnoron = hf and c =fA, in equation ( 3) gives
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P photon =~ =

where 4 is the radiation's wavelength in vacuo. This simple relationship between
the photon's linear momentum, &,hoton, and the wavelength, A, or frequency, fi
of the radiation with which it is associated, is the fundamental link between the
quantum theory of light and the wave theory of light. Although photons have no
rest-mass, it is often useful to attribute a moving mass to them. Equating the
relativistic expression for the total energy of a particle, E = mc® , with that for the
energy of a photon, E = hf, gives:

h
’"phv&w:==;ﬁ;£;

In his 1923 experiment, Compton provided the most conclusive confirmation of
the particle aspect of radiation. By scattering X-rays off free electrons, he found
that the wavelength of the scattered radiation is larger than the wavelength of
the incident radiation. This can be explained only by assuming that the X-ray
photons behave like particles.

At issue here is to study how X-rays scatter off free electrons. According to

classical physics, the incident and scattered radiation should have the same
wavelength. This can be viewed as follows. Classically, since the energy of the X-
ray radiation is too high to be absorbed by a free electron, the incident X-ray
would then provide an oscillatory electric field which sets the electron into
oscillatory motion, hence making it radiate light with the same wavelength but
with an intensity / that depends on the intensity of the incident radiation /, (i.e., |
a l,). Neither of these two predictions of classical physics is compatible with
experiment.
Compton succeeded in explaining his experimental results only after treating the
incident radiation as a stream of particles—photons—colliding elastically with
individual electrons. In this scattering process, which can be illustrated by the
elastic scattering of a photon from a free electron (Figure ), the laws of elastic
collisions can be invoked, notably the conservation of energy and momentum.

The experimental findings of Compton reveal that the wavelength of the
scattered X-radiation increases by an amount AA, called the wavelength shift, and
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that AN depends not on the intensity of the incident radiation, but only on the
scattering angle.

Quantum Explanation: The explanation was given by Compton which was based
on quantum theory of light. According to quantum theory when photon of energy
hu strikes with the substance some of the energy of photon is transferred to the
electrons, therefore the energy (or frequency) of photon reduces and wavelength

increases.
Various assumptions were made for explaining the effect these were:

(i) Compton Effect is the result of interaction of an individual particle and
free electron of target.

(ii)  The collision is relativistic and elastic.

(iii)  The laws of conservation of energy and momentum hold good.

Recaoil
alectron

LS

) Target LT =
lnﬁndent . electron  _ .~
photon 1 at rest_ .-~ ‘-\'9

L gq)

Fraa

S =
Scattered
Photon

Derivation of Compton Shift

224 24 34 24 34 24 24 24 24 34 24 24 24 26 36 34 34 3 2 2 2 24 24 2424 24 24 24 24 24 26 34 34 3 2 2 2 24 24 24 24 24 24 24 24 24 24 24 34 34 34 34 3 2 2 24 24 24 24 24 34 2434 3434 26 24 34 2 2 2 2 24242424 24 24 24 26 26 24 24 2 2 2 2

Physical quantity Before collision After collision
The energy of incident photon = hV = hv’
The energy of electron = IT]OC2 — mc?
The momentum of the photon = h% = h(‘:/’
The momentum of electron =0 =my

2
The energy of the system before collision = v +m,C
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The energy of the system after collision = hv’ + mc?

According to the principle of conservation of energy
hv+mec? =hv'+mc® je mc?=hv—hv'+mc? ... (1)

According to the principle of conservation of linear momentum along and
perpendicular to the direction of incident photon (i.e., along x and y axis), we have

hTV+O: h’ COS¢ + mv cosé
ie. mvccos@=hv—hv'cosg... ... (2) And
0=h—vsin¢—mvsin9 Sie.mvcsin@ =hv'sing ... ... (3)
c

Squaring (2) and (3) and then adding, we get
m?v?c? = (hv —hv’ cos ¢)2 +(hv'sin ¢)2
Or  m2v?c? =(hv)” +(hv')’ cos? ¢ —2(hv)(hv')cos ¢+ (hv')” sin? ¢
Oor  m?v2c? =(hv)” +(hv')’ —2(hv)(hv')cosg ........ (4)
Squaring equation (1), we get
m?c* =m,_*c* +(hv)2 +(hv')2 —2(hv)(hv')+2m,c®[hv —hv'] ... (5)
Subtracting (4) from (5), we get
m’c* —m?v’c® =m *c* + 2(hv)(hv')[cos g —1]+ 2m.c® [hv —hv'] . (6)

According to the theory of relativity : __.m . mJp?
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O s me > i - m

(o

Multiplying both sides by c?, we get: m’c* —m*v’c?® = mOZC4 .7

Using equation (7) equation (6) becomes : 0=2(hv)(hv')[cos ¢ -1]+2mc? [hv —hy']
or 2(hv)(hv')[1-cos¢g]=2m,c?*[hv—h]

v—v' 1 1
1 —————:
( cos¢)-) i

vv n]C

To find the relation in term of wavelength, let us substitute v'=c/A’

h
andV =C/ A we thus have : Aﬂ:l’—ﬁ=m—c(l—005¢)

o

Compton shift A 7 —

(L—cosg) N ()

m_cC

o

From above equations (8) and (9) following conclusions can be drawn

1- The wavelength of the scattered photon A’ > that of the incident photon A.
2-A A is independent of the incident wavelength.

3-A A have the same value for all substance containing free electron

4-A N only depend on the scattering angle 6.

5-when & =0; cos © =1 A= A-A=0 &=\ = A, the scattered
wavelength is same as the incident wavelength in the direction of
incidence.

, h
6-when 6=90; cos® =0: AN =\ — A = D> ar="" _0.02426A°= Ac ......(10)
m,C

[0}
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Where A.is called the Compton wavelength of the electron.

2h
m,C

o

when 6=180°;cos8=-1 = AA,_ = = 0.04652A° ........(11)

Why Compton Effect is not observed in visible spectrum

The maximum change in wavelength Amax is 0.04652 A° or roughly 0.05 A°. This
small therefore can not be observed for wavelength longer than few
angstrom units. For example-

Incident adiation | Incident avelength | AA incident radiation %
X-ray 1A° 0.05 A° | 5% (detectable)
Visible 5000 A° 0.05A° | 0.001% (undetectable)

eDirection of Recoil electron

Dividing equation (5) by (4) direction of recoil electron is given by

Wsing 5 g 9ANY 5 e ASing g9

tanf=———"—
hV—thCOS¢ C/l—C/i' COS¢ /’L—/’L'COS¢

eKinetic Energy of Recoil Electron

The kinetic energy gained by electron is equal to the energy loss by the scattered

photon (m m)c =h-h'> (m—m,)c? _hc( ;M,

hC/’L P

h
Wh ' ——(1—cos @) .......... 13
T ere A'=A+— C( COS ¢) (13)

o

eVerification of Compton Effect: A beam of monochromatic X-ray of known
wavelength A is made incident on a graphite scatterer. These were observed at
different angles with a Bragg spectrometer.
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Collimating P <

Slits Scattered X raly > ‘ X ray
Monochromatic h Y Spectrometer

N O '.
\/\/\v V >

Scatterer

Figure: Experimental verification of Compton Effect

The intensity distribution verses wavelength for various angles is plotted as shown
in figure. It is obvious that the curves have two peaks, one corresponding to
modified radiations and the other to unmodified radiations.  The difference
between the two peaks on the wavelength axis gives the Compton shift (4A). The
curve shows the greater is the scattering angle; greater is the Compton shift in
accordance with: A1=1"—-1= %(l—cos #) At 9=90° A =0.02426A

o

Thus Compton Effect is experimentally verified.

intensity

Relative i

" Relative intensity

%véienglh

]

 Relativé imtensity
- Relative inten.éi;}-

S Warclergh

Figure 2.24 Experimental confirmation of Compton scattering. The greater the scattering sngle, th
change, tn accord with Eq, (2.21). & RS, the geaies he waveleagth
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X-Ray Phenomenon

The photoelectric effect provides convincing evidence that photons of light can
transfer energy to electrons. Is the inverse process also possible? That is, can part
or all of the kinetic energy of a moving electron be converted into a photon? As it
happens, the inverse photoelectric effect not only does occur but had been
discovered (though not understood) before the work of Planck and Einstein.

In 1895, by chance, experimenting with cathode rays (doing similar things to
J.J Thompson). X-rays was discovered by scientist Rontgen that's why they are
also called Rontgen rays. He discovered that when pressure inside a discharge
tube kept 10 mm of Hg and potential difference is 25 kV . While experimenting
in the dark ,there was a sheet of paper covered with a phosphor sitting around at
the other end of the laboratory, Rontgen noticed that phosphor lights up when
he switches on his cathode ray tube. He found that a highly penetrating radiation
of unknown nature is produced when fast electrons impinge on matter.

Not long after this discovery it became clear that, X-rays are
electromagnetic waves of very short wavelengths in the range of 0.01 to 10
nanometers corresponding to frequencies in the range 30 Peta-hertz (10" Hz) to
30 Exa-hertz (1018 Hz) and because of their high frequency, their energy are also
high and its energies varies in the range (100 eV to 100 keV) .

Braking radiation: The source of X-rays in the Crookes tube:

Braking radiation (Bremsstrahlung in German) is wide-spectrum
electromagnetic radiation created by the deceleration of electric charges.

When a target is bombarded with a beam of electrons, the electric field of
the nuclei in the target cause the electrons to brake and be deflected. According
to Maxwell-Lorentz equations, electric charges whose velocity varies, whether in
magnitude or direction, will emit electromagnetic radiation.
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Figure 1: Braking radiation. The electrons moving close to the (positive) nuclei in the atoms in
the target are deflected. They lose energy and, fo each electron, the energy difference
corresponds to that of the emitted photon.

As the deceleration is unquantified, the braking radiation is a flow of photons
with a continuous energy spectrum.9 The energy emitted as X photons is taken
from the kinetic energy Ec of the e-charged electron, which continues its
trajectory with a lower kinetic energy E'c such as:

c c E '=E -h@l
If the electron was accelerated with a difference in potential U and all the energy
of the incident electron was transformed into radiation, this would give max. min
eu = huna and, for the minimum wavelength of the spectrum: h ¢/ Amin =eU

12 ; 10 L -'._- b
-y 5
.%‘ a8 -E :
B o -
3 t
T, 24
= : &
2 - 2.
o 002 Q04 006 008 010 0 oM o004 006 008 010
Wavelength, nm : Wavelength, nm
Figure X-ray spectra of ungsten and molybdenum Fgure X.ray spectra of tungsten

at 35 kV accelerating poten ot various accelerating potentials
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Note: Theright figure described the spectra obtained by bombarding tungsten with electrons
whose energy varied between 20 and 50 kV. The graph shows that the greater V is, the
shorter the wavelength becomes (V = 20kV, Amin = 0,6A; U = 40 kV, Amin = 0,3A). The graph
also shows that most of the spectrum corresponds to a wavelength of between 0.3 and 14,
and therefore to a frequency C/A of between 3.1018 Hz and 1019 Hz, in the X-ray range.

Energy loss due to bremsstrahlung is more important for electrons than for
heavier particles because electrons are more violently accelerated when passing
near nuclei in their paths. The greater the energy of an electron and the greater
the atomic number of the nuclei it encounters, the more energetic the
bremsstrahlung
(1) Production of X-rays

There are three essential requirements for the production of X-rays

(i) A source of electron

(i) An arrangement to accelerate the electrons
(iii) A target of suitable material of high atomic weight and high melting point on
which these high speed electrons strike.

(2) Coolidge X-ray tube

It consists of a highly evacuated glass tube containing cathode and target.
The cathode consist of a tungsten filament. The filament is coated with oxides of
barium or strontium to have an emission of electrons even at low temperature.
The filament is surrounded by a molybdenum cylinder kept at negative potential
w.r.t. the target.

It was found that a target will be better and produces X rays if it has the
following :
1. has high atomic number

2. high melting point.
3. high conductivity towards heat and electricity.

4. low vapour pressure at high temperature.
The face of the target is set at 45° to the incident electron stream, it is made
from Tantalum, platinum, tungsten or molybdenum
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Cooling

elements

A-rays

The filament is heated by passing the current through it. A high potential
difference (~ 10 kV to 80 kV) is applied between the target and cathode to
accelerate the electrons which are emitted by filament. The stream of highly
energetic electrons are focused on the target.

Most of the energy of the electrons is converted into heat (above 98%) and
only a small fraction of the energy of the electrons (about 2%) is used to produce
X-rays.

During the operation of the tube, a huge quantity of heat is produced in this
target, this heat is conducted through the copper anode to the cooling fins from
where it is dissipated by radiation and convection.

Electric current through the filament heats the cathode, and the electrons in
the cathode gain enough kinetic energy to overcome their binding to the cathode
surface and be released (this is called thermionic emission). The electrons are
then accelerated across the evacuated tube by a large electrostatic potential
difference V, typically several thousand volts, and strike the target, which is the
anode. The kinetic energy, Ex, acquired by the electrons just before striking the
target is given by :

Ex=eV (1)
Upon striking the target the electrons are decelerated and brought essentially to
rest in collisions. Each electron loses its kinetic energy, eV, because of its impact
with the target. Most of this energy appears as thermal energy in the target. (For
this reason x-ray targets are usually water-cooled.) In addition, however, there is
the production of electromagnetic radiation (x-rays) through the bremsstrahlung
process. Bremsstrahlung (German for braking radiation) is the name given to the
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x-rays produced when a charged particle is accelerated. When an electron strikes
the target it will experience deflections of its path due to near collisions with the
nuclei of the target atoms. These deflections (accelerations) are accompanied by
the emission of one or more bremsstrahlung photons (x-rays). From conservation
of energy, the electron loses an amount of kinetic energy in the bremsstrahlung
process equal to the energy (hv) of the photon or photons created. Any electron
striking the target may make a number of bremsstrahlung collisions with atoms in
the target thereby producing a number of photons. The most energetic photon is
produced by an electron whose entire kinetic energy is converted into the
electromagnetic energy of a single x-ray photon when the electron is brought to
rest in a single collision.

s Ex = hVmax (2)

eV = hvpax (3)
or in terms of wavelength,

EV = hc/Amin (4)

Thus, the energy distribution of x-ray photons produced in an x-ray tube operated
at a given voltage V is continuous, with a well-defined maximum frequency Umay OF
minimum wavelength A.,;,. Superimposed on the typical continuous x-ray
spectrum, with its minimum wavelength dependent on the tube voltage V, are
sharp spikes dependent on the target material.

(2) Properties of X-rays

1. X-rays are not deflected by electric and magnetic field, as they have no charge.

2. They are highly penetrating and can pass through many solids
3. They cause fluorescence in many substances i.e. barium, plato-cyanide,
cadmium, tungsten, zinc sulphide etc.

4. They affect a photographic plate.

5. They ionize a gas and also knock out electrons from certain metals on which
they fall. This effect is known as photoelectric effect.

6. They travel in straight line with velocity of light.
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7. X-rays show reflection, refraction interference, diffraction and polarization in a
similar way as light.

8. Today X ray Laser are also made and being used.

9. Scattered X-rays: They are practically of same nature and wavelength as the
primary X-rays. Their properties do not depend
upon the nature of the scattering substance.
10. Long exposure to X-rays is injurious for human body.
11. Lead is the best absorber of X-rays.
12. For X-ray photography of human body parts, BaSO, is the best absorber.
13. They produce photoelectric effect and Compton effect
14. X-rays are not emitted by hydrogen atom.
15-These cannot be used in Radar because they are not reflected by the target.
(3): Quality of X-rays Spectra
Quality of X-rays implies the penetrating power of X-rays, which can be

controlled by varying the potential difference between the cathode and the
target.

For large potential difference, energy of bombarding electrons will be large
and hence larger is the penetration power of X-rays.

Depending upon the penetration power, X-rays are of two types :

Hard X-rays Soft X-rays
More penetration power Less penetration power
More frequency of the order of | Less frequency of the order of ~ 10'®
~ 10" Hz Hz
Lesser wavelength range (0.1A | More wavelength range (4A — 100A)
—4A)

(i):Control of intensity of X-rays : Intensity implies the number of X-ray
photons produced from the target. The intensity of X-rays emitted is
directly proportional to the electrons emitted per second from the filament
and this can be increased by increasing the filament current. So intensity of
X-rays oc Filament current
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Note : Wavelength of continuous X-ray photon ranges from certain minimum

(Amin) to infinity.

Vimax Ioge Vimax ﬂ"mln Iogexma

L V log.V V logeV
Minimum wavelength

When the electron loses whole of it's energy in a single collision with the

atom, an X-ray photon of maximum energy hvpqy is emitted ie.
1 hc
“mv=eV=hv_ =—"
2 min

Where;

v = velocity of electron before collision with target atom,

V = potential difference through which electron is accelerated,
¢ = speed of light = 3 x 108 m/s ,

eV
Umax = Maximum frequency of radiations (X-rays) Vmax = n
Amin - = Minimum wave length = cut off wavelength of X-ray
hc 12375
ﬂmm - - A
eV V
(4): X-rays Spectra
I Ko
of: Olangavime .
: T Intensity
oA ~ K-series
\‘ l_‘D Z‘Il Ekvr\)!’ﬂ:
Fig ( ) The intensity, 7, of the radiation produced from & typi cnle(}:n) tube L-series
(molybdenum target) as a fi of its A, for values of the
m\u:l dlﬂ-:f:;‘:: o= Wh'd: :;C“ll:::‘ on lhcspe:::‘uxcn‘::lh; oonnn\l:ous radiation
-xm%mam £ }"min Wavelength—

In X-ray tube, when high speed electrons strikes the target, they penetrate
the target. They loses their kinetic energy and comes to rest inside the metal. The
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electron before finally being stopped makes several collisions with the atoms in
the target. At each collision one of the following two types of X-rays may get
form.

Typical intensity spectra of the X-ray radiation produced at various potential
differences by such devices are shown in Fig 2.20. All the spectra exhibit a sharp
cut-off at a specific wavelength below which radiation is not produced. This
minimum wavelength, & in, is inversely proportional to the potential difference,
V, at which the device is operated. At low and medium potential differences, 5kV
to 20kV, the spectrum above the cut-off is continuous. Changing the material
from which the target in the tube is made has no effect on the spectrum of this
continuous radiation. At high potential differences, >20kV, sharp intensity peaks
appear in the spectrum at wavelengths that are a characteristic of the material

from which the anode target is made At
om &
s - . M

(5) : ORIGIN OF X-RAYS Fast . =

moving o

Electron [ £ (<]
At certain sharply defined wavelengths, s B q—'i 2 é
the intensity of X-rays is very large as : - o
marked K, Ks....... As shown in N v, o W

Characteristic X Ray line : Ka

figure. These X-rays are known as

charctersitic or line X-rays spectra. At other wavelengths the intensity
varies gradually and these X-rays are called continuous X-rays.
It is noticed that the spectrum of X-rays is different if the target

element/metal is different.. The sharp line in the spectrum was related to
the material of the target and its atomic number- Also the sharp
lines suggest that the X-rays are originated from the jumping of an
electron from one orbit to another as it is a case of many emission
spectrum- While the continuous spectrum s explained through

phenomenon of Bremsstrahlung (Braking radiation)-
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When a high speed electron from the cathode strike the target, then the
electron eject one electron from its lower orbits (K, L or M). To fill the space
created by leaving electron from lower orbit (K, L or M) the electron comes from
higher orbit (L or M) to lower orbit which in turn radiates extra energy of fixed
quanta in the form of X-rays photons /4v=E; - E;

mv'?
7. M orbits

Fast
moving
Electron

Fast
moving
Electron

PR
hv JamvZ

Electron interact at distance produce low energy
large wave-lenght soft X-rays %mve- Jamv? = hv

Electron interact at close distance produces
moderate energy X-rays Mmv?- mv? = hv

To explain continuous spectrum of X-rays it is referred to as "Bremsstrahlung ",
which means braking radiation in general In this process, the high energy electron
passes through the atom, it is attracted by the positive charge of the nucleus and
is deflected in its path. During the deflection of the fast moving electron in the
strong electric field of the nucleus, the Electron loses its velocity and enegy in
form of Electromagnetic radiation of high frequency and the energy h v is
emitted. By the law of conservation of energy ¥smv2- »smv’2 = hv

The highest frequency that is possible is the one

special case, ¥smv2=hv,.. The kinetic energy
of the electrons in the beam striking the target
is given by the voltage V applied to the tube,
we may use equation:

e V= h Vpax
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Electron

Yemv?

hv =¥mv?

Atom
in which the electron is completely stopped ey
' ‘ “._ M orbits
(v'=0) by the atom. The electron makes an S
impact with the nucleus of the atom. In this roving K

Electron impact at Nucleus
produces maximum energy
minimum wave-lenght X-rays

The spectrum has a sharp cutoff at low wavelength, which is due to the limited
energy of the incoming electrons. For example, if an electron in the tube is
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accelerated through 60 kV, then it will acquire a kinetic energy of 60 keV, and
when it strikes the target it can create X-rays with energy of at most 60 keV. A
photon with energy of at most 60 keV has minimum wavelength of 21 pm, so the
continuous X-ray spectrum has exactly that cutoff, as seen in the graph. More
generally the formula for the low-wavelength cutoff is : Amin( in nmM) : hc/eV ~
1.24/V (in KV) where h is Planck's constant, c is the speed of light, V is the voltage
that the electrons are accelerated through and e is the elementary charge, pm is
picometres. This is called the Duane—Hunt law.

As explained above in the origin of X-rays, the X-ray spectrum consists of (a)
continuous spectrum and (b) line spectrum

(a) Continuous Spectrum

As an electron passes close to the positive

nucleus of atom, the electron is deflected from Eo k
it's path as shown in the left figure. This results e M _x Fo} s

in deceleration of electron. The loss in energy <D .\‘
of the electron during deceleration is emitted in E.—E,
the form of X-rays. The X-ray photons hv=E Fo1 Bl @ -
emitted so form the continuous X-ray spectrum ®  clectron

x-ray

as in right figure. It has a sharply defined
short wavelength limit given by : Amin =1240/V A

The cut-off wavelength A, is independent of the nature of the target
material but is inversely proportional to the potential difference between the
cathode and anode of an X-ray tube. The value of A, decreases as this potential
difference is increased. The intensity of the continuous spectrum is found very
nearly proportional to the square of the applied voltage for a given target and the
atomic number of the target material when a constant potential difference is
applied. There is a shift of maximum intensity position towards the short
wavelength side as voltage is increased.

Properties of the Continuous Spectrum

eSmooth, monotonic function of intensity vs wavelength.
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eThe intensity is zero up to a certain wavelength — short wavelength limit (SWL).
The electrons transfer all their energy into photon energy:

‘ el =hv,_.

7 5 e he

5 /'.SETI ~5 == -

£ v el

¥ 4 12.398x10° - in A

= L 74 I"— in volts

o o oz

WWarcelergih [men}

eThe total x-ray energy emitted per second depends on the atomic number Z of
the target material and on the x-ray tube current. This total x-ray intensity is given
by : leot =ATZV"
where,

A = proportionality constant & i = tube current (measure of the number of
electrons per second striking the target) & and m = constant equal 2
e Continuous X-rays are produced due to the phenomenon called
"Bremsstrahlung". It means slowing down or braking radiation
(b) charctersitic or Line Spectrum

Few of the fast moving electrons having high velocity penetrate the surface
atoms of the target material and knock out the tightly bound electrons even
from the inner most shells of the atom.

When the electron is knocked out, a vacancy is created at that place. To fill
this vacancy electrons from higher shells jump to fill the created vacancies, we
know that when an electron jumps from a higher energy orbit E; to lower energy
orbit E,, it radiates energy (E; — E;). Thus this energy difference is radiated in the
form of X-rays of very small but definite wavelength which depends upon the
target material. The X-ray spectrum consist of sharp line is called line or
characteristic X-ray spectrum.
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* Discovered by W.H. Bragg and
systematized by H.G. Moseley.

‘ Hole in

AK-shell

-
Ejected A-shell
electron
Incident
electron
- Scattered f-shell
incident electron

K, L, M, ...... series

If the electron striking the target eject an electron o Horay

from the K-shell of the atom, a vacancy is crated in
the K-shell. Immediately an electron from one of

Electron dislodged
from K-shel

the outer shell, say L-shell jumps to the K-shell g

emitting an X-ray photon of energy equal to the s
N shell(n=4)

energy difference between the two shells. Similarly

if an electron from the M-shell jumps to the K-shell,
M shell (n=13)

X- ray photon of higher energy isemitted. The X-ray
photons emitteddue to the jump of electron from th L

L shell (n=2)

to the K-shells gives K, K5 K, lines of the K-series
of the spectrum.

Similarly, if the electron striking the target ejects
an electron from the L-shell of the target atom, an K, K

K shellin=1)

electron from the M, N .. shells jumps to the L- b\

shell so that X-rays photons of lesser energy are B

emitted. These photons form the lesser energy

emission. These photons form the L-series of the

spectrum. In a similar way the formation of M series, N series etc. may be
explained .

K-series being most energetic constitute the hard X-rays whereas L series
and M series form the soft X-rays. Line spectrum is the characteristics of the
target material used. The number of lines present in the spectrum depends both
on the nature of the target material and the excitation voltage.
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There is a regular shift towards shorter wavelength in the K spectrum as the
atomic number of the target is increased. The exact relationship, as found by
Moseley, is given as :

v /U1 =(Z +1)° /(2 +1)
where v1 = frequency of K, line for a target material having atomic number Z; and
v, and Z, are similar quantities for some different target material.
Energy and wavelength of different lines

Series Transition Energy Wavelength
K, L—K E, —Ex =hvy, e, = hc 12375
EL—Ex (EL—Ek)eV
K M — K _ — _ hc 12375
g @ By —Bx =hviy B —Ex (B - E)eV
L M — L E.,.—E, =hv 1 hc _ 12375
N (€©)) ) M L La t* T Ey —E_L  (Em — EL)eV

Note : The wavelength of the line spectra of doesn't depend on accelerating
voltage. It depends on the atomic number (2) of the target material.

ad ﬂ‘Ka < ﬂ“La < /q“Ma and VKa > VLa > VMa
Q Ak, > As <Ak,

Properties of the Line Spectrum

eUsually only the K-lines are useful in x-ray diffraction.

eThere are several lines in the K-set. The strongest are Kq1, Koz, Kp1 -

eq; and a; components are not always resolved —Kadoublet. Kaiis
always about twice as strong as Kq2, while ratio of Kq1 to Kgiaverages

about 5/1.

eThe intensity of any characteristic line depends both on the tube current i and
the amount by which the applied voltage V exceeds the critical excitation voltage
for that line. For a K-line:

I}:—!:‘r.re e B?(I’; PN IFK )”
B — proportionality constant
W, — the A excitation wvoltage

n=1.5
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L
Some Commonly Used X-ray XA wavelengths
(A)
£ fom Element | K= (av.) | Ko, Ko, KB,
£
k= o= 01w Cr 2.29100 2.28970 | 2.29361 | 2.08487
E- Fe 1.93736 1.93604 | 1.93998 | 1.75661
E "k b Co 1.79026 1.78897 | 1.79285 | 1.62079
Cu 1.54184 1.54056 | 1.54439 | 1.39222
Mo 0.71073 0.70930 | 0.71359 | 0.63229
- | IE—
0.0z .0 Q.08 0.08 010 o7 0.071 0072
Woavelsngth [nm)
|

(Full Width At Half Maximum).

(4) Absorption of X-rays
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generally requires the use of monochromatic radiation

eCharacteristic lines are also very narrow, most of them less than 0.001 A wide

eHigh intensity and narrow K-lines makes x-ray diffraction possible, since it

X-rays are absorbed when they incident on !
substance. Intensity of emergent X-rays ' Emergent
= e " . . ] Incident X- X-rays

0 So intensity of absorbed X-rays

I'=1, - 1I=1,A—e ) = X—
where x = thickness of absorbing medium, u = absorption coefficient
Note : The thickness of medium at which intensity of emergent
X-rays becomes half i.e. I'= %0 is called half value thickness (xy/,) and it is given
as Xy, = 0.693 W
Y2 Ks

Mosley’Law &

Studied the characteristic X-ray spectrum of a
number of a heavy elements and concluded that the 7
spectra of different elements that are very similar and -
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with increasing atomic number, the spectral lines merely shift towards higher

frequencies. He also gave the following relation \/7 - a(Z — b)

where; v = Frequency of emitted line, Z = Atomic number of target, a =
Proportionality constant, b = Screening constant.
Notes :
® a and b doesn't depend on the nature of target. Different values of b are as follows
b=1 for  K-series
b=7.4 for  L-series
b=19.2 for  M-series
° (Z - b) is called effective atomic number.
More about Mosley's law
(i) It supported Bohr's theory
(ii) It experimentally determined the atomic number (Z) of elements.
(iii) This law established the importance of ordering of elements in periodic
table by atomic number and not by atomic weight.
(iv) Gaps in Moseley's data for A =43, 61, 72, 75 suggested existence of new
elements which were later discovered.
(v) The atomic numbers of Cu, Ag and Pt were established to be 29, 47 and 78
respectively.

(vi) When a vacancy occurs in the K-shell, there is still one electron remaining
in the K-shell. An electron in the L-shell will feel an effective charge of (Z — 1)e
due to + Ze from the nucleus and — e from the remaining K-shell electron, because
L-shell orbit is well outside the K-shell orbit.

(vii) Wave length of characteristic spectrum %: R(Z—b){%—%] and energy of
1 2
X-ray radiations. . _, _ % — Rhe(z b)z( 1 ij

(viii) If transition takes place from n, =2to n; =1 (K, - line)

(@ a= 1/32(: = 2.47 x10%° Hz

(b) vk, = RC(Z —1)2(1 —Zizj = 33(: (Z —-1)? =2.47 <10 (Z —1)?> Hz
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(c) In general the wavelength of all the K-lines are given by
1

K

1
= R(Z —1)? [1—n—2j wheren=2,3.4, ....

While forK, line 5, 1216 <
- < —

d) Ey, =10.2(Z -1)%eV

eDifferaction of X-rays

In 1912 a method was devised for measuring the wavelengths of x-rays. A
diffraction experiment had been recognized as ideal, but as we recall from
physical optics, the spacing between adjacent lines on a diffraction grating must
be of the same order of magnitude as the wavelength of the light for satisfactory
results, and gratings cannot be ruled with the minute spacing required by x-rays.

Fie ( ): ‘Families’ of parallel planes in the same crystal. In each family the
distance between the planes is different.

The first X-ray diffraction experiments were carried out by M. von Laue.

Using the continuous X-ray spectrum and the geometry shown in Fig. 2, he

obtained a picture containing a pattern of spots, each of which corresponds to

coherent reflection of the X-ray beam from one set of the crystal planes. This

experiment is a striking demonstration of the wave nature of X-rays.

« Single Crystal (Laue) Diffraction — a beam of X-rays of all wavelengths is directed
at a single crystal, which sits stationary in front of a photographic plate. A series
of diffraction spots surround the central point of the beam, corresponding to
diffraction from a given series of atomic planes (at right).

Max von Laue realized that the wavelengths suggested for x-rays were
comparable to the spacing between adjacent atoms in crystals. He therefore
proposed that crystals be used to diffract x-rays, with their regular lattices acting
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as a kind of three-dimensional grating. The idea was tried and diffraction
patterns were indeed obtained.

Photographic Film

- < O e~ =)
2 = e - r
Incident continuous X-Ray ; ' ¢ D O T o |
e o C. (S
> o [ 2,22 OF =
i
{

o o oen
L_JN\‘ - 1
b

N

J Differaction pattern

Single crystal

The pattern of the spots was characteristic of the crystal structure of the material
being examined. In the case of Laue diffraction a continuous spectrum is used to
irradiate the crystal; thus every crystal plane contributes to the diffraction
pattern. _The result was viewed as confirmation of the wave nature of
X-ray.

In 1913, Wifliam Bragg and his son Lawrence proposed a simple method of

measuring the wavelengths of X-rays by means of their ‘reflection’ from crystal
planes.

Crystals comprise atoms (or ions) that are arranged in a spatial lattice, such
that they define ‘families’ of parallel planes (Fig ). The Braggs proposed that
beams of X-rays would be reflected from these planes as though they were
plane mirrors (Fig ).

Lattice FPlanmnes ‘

~ (10>

C13)

The reflection of X-rays from a crystal plane can be understood in terms of

Huygens' principle, in the same way as it explains the reflection of a beam of
light from a plane mirror. According to this principle, when a wave-front strikes
a reflecting surface, each point on the surface acts as a source of secondary light
waves, The secondary waves interfere constructively only where the angle of
reflection of the beam equals its angle of incidence such that the new wave-front is
the common tangent to these secondary waves (Fig 2.23). Similarly, when a beam
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of X-rays is aimed at a crystal, its atoms act as sources of secondary waves and the
beam is reflected at an angle equal to its angle of incidence.

The X-rays reflected from a family of parallel planes all emerge from the
crystal at the same glancing angle O relative to the planes. However, the
distances the rays have travelled inside the crystal may differ, depending on
the depth of the plane from which they were reflected. Whether these rays
interfere constructively or destructively when they are recombined in the
reflected beam depends on their path difference.

ACB=2d sin®

AC — 4 s1n1 &

ACB — 24 s1in &

- A = ACB
Bragg's Law: ;A — 2d s1n &

Consider rays reflected from two adjacent planes spaced at a distance d .
The path difference between the rays is

AB + BC =2dsin® (1)
Constrctive interference occurs when the path difference equals an even
number of half the radiation’s wavelength:
NA = 2dsin© (2)
at these angles, the reflected beam will then be of maximum intensity. The

reflected beam of radiation will be of maximum intensity at glancing angles given
by € =sin"! (n /2d)

Destructive interference occurs when the path difference equals an odd
number of half the radiation’s wavelength:

(2n + 1)L = 2dsin O (n=123,..)) (3)
at these angles, the reflected beam will then be of minimum intensity. The
reflected beam of radiation will be of minimum intensity at glancing angles given
by O =sin' (2n+1)A /2d

2624 24 34 24 24 24 24 36 24 3 2 2 2 24 24 24 24 24 34 24 34 24 36 34 24 2 2 2 2 224 24 24 24 24 24 24 26 26 24 24 24 36 34 34 2 2 2 24 24 24 24 24 24 24 34 34 34 34 24 34 2 2 2 224 2424 24 24 24 24 24 26 56 54 34 2 2 2 2 2 2 4 -2
2624 24 36 24 26 2 26 26 24 24 2 26 2 24 24 26 26 26 26 36 3¢ 3¢ 26 36 26 26 2 2 2 2 24 26 26 26 26 26 26 26 26 26 26 26 26 26 24 26 2 26 24 24 26 26 26 26 26 3¢ 3¢ 26 26 26 24 2 2 2 2 24 24 26 26 26 26 26 26 26 26 26 3¢ 26 2 2 2 2 2 26 - 2

1.2.2.0.0.0.0.0.2.0.0.0.0.0.0.02206000200082282808080880008000080e08082800888800800080.08.8¢



0.9.0.0.0.0.0.0.0.0.0.0.0.0.90.90.0.0.90.9.9.0.0.0.0.0.90.0.0.0.0.0.0.0.0.0.0.0.0.0.0.0.0.0.0.2.2.2.2.0.2.0.2.2.0.0.2.2.0.0.0.2.0.0.0.8.1
o9
Lectures in Atomic Phys. (Modern phys.) Dr. Badry Abdalla— South Valley Unis-Faculty of sci- Phys. Dept.

X-rays pectrophtometer

P ——— = detccter
e

-
" \
—= x_’
\ -EIE/ cerystal j
| L s
colfimaters :t: e—-:tj_> /

The x-ray spectrometer contains two collimating slits which confine the x-rays
into a sharp beam. This beam falls upon the single crystal and some of the x-rays
are diffracted in accordance with the Bragg equation.

Uses of X-rays
(i)In studyingcrystal structure: Structure of DNA was determined using X-ray diffraction.

(i) In medical science. (iii) In radiograph
(iv) In radio therapy (v) In engineering
(vi) In laboratories (vii) In detective department

(viii) In art the change occurring in old oil paintings can be examined by X-rays.

Concepts
& Nearly all metals emits photoelectrons when exposed to UV light. But alkali

metals like lithium, sodium, potassium, rubidium and cesium emit
photoelectrons even when exposed to visible light.

@ Oxide coated filament in vacuum tubes is used to emit electrons at relatively
lower temperature.

@ Conduction of electricity in gases at low pressure takes because colliding
electrons acquire higher kinetic energy due to increase in mean free path.

@ Kinetic energy of cathode rays depends on both voltage and work function of
cathode.

& Photoelectric effect is due to the particle nature of light.

@ Hydrogen atom does not emit X-rays because it's energy levels are too close to
each other.

= The essential difference between X-rays and of yrays is that, y-rays emits from
nucleus while X-rays from outer part of atom.

< There is no time delay between emission of electron and incidence of photon
i.e. the electrons are emitted out as soon as the light falls on metal surface.
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= |f light were wave (not photons) it will take about an year take about an year
to eject a photoelectron out of the metal surface.

@ Doze of X-ray are measured in terms of produced ions or free energy via
ionisaiton.

= Safe doze for human body per week is one Rontgen (One Rontgon is the
amount of X-rays which emits 2.5 x 10* J free energy through ionization of 1
gm air at NTP
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Solved Problems

Question 1 : Calculate the energy released per carbon atom when 1 g of carbon is
totally converted to energy.

Answer 1 : Energy E is expressed by Einstein’s relation of £ = mc?* where mis
mass and c is the speed of light. If this relationship is utilized, considering Sl unit
that expresses mass in kg,

E=1x10"2x(2.998 x 10'")? =8.99x 10" ]

The atomic weight per mole (molar mass) for carbon is 12.011 g from reference
table (for example, Appendix A.2). Thus, the number of atoms included in1 g

(1/12.011) x 0.6022 x 10** = 5.01 x 107 o2 ce

carbon is calculated as
the numbers of atoms are included in one mole of carbon is the Avogadro’s

number

3 24
(0.6022x 10) Therefore, the energy release per carbon atom can be estimated as:

(8.99 x 10'3)
(5.01 x 1022)

—1.79% 1077 ]

Answer 2 : The work,W , if electric chargeQ (coulomb,C) moves under voltage V
is expressed by W =V Q. When an electron is accelerated under 1V of difference
in potential, the energy obtained by the electron is called 1 eV. Since the
elementary charge eis 1:602 x 10-° (C),

leV = 1.602 x 10717 x 1 (C)(V)
= 1.602 x 10°1° 0
Electric field E can be expressed with E = V / d, where the distance, d, between

electrodes and the applied voltage being V . The force F on the electron with
elementary charge e is given by;

F=¢E (N)

Here, the unit of F is Newton. Acceleration , of electrons is given by the following
equation in which m is the mass of the electron:
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o0 =— (m/s?)
m

10 (kV 10*(V
kv) V) = 10° (V/m)

1) E = — _
(D) 10 (mm) 10-2 (m)
(2) F =1.602x 107" x10° = 1.602x 107" (N)

_ 1.602x 10713
~9.109x 103!

(3) « — 1.76 x 1017 (m/s?)

Question 3 : X-rays are generated by making the electrically charged particles
(electrons) with sufficient kinetic energy in vacuum collide with cathode, as
widely used in the experiment of an X-ray tube. The resultant X-rays can be
divided into two parts: continuous X-rays (also called white X-rays) and
characteristic X-rays. The wavelength distribution and intensity of continuous X-
rays are usually depending upon the applied voltage. A clear limit is recognized on
the short wavelength side.

(1) Estimate the speed of electron before collision when applied voltage is
30,000V and compare it with the speed of light in vacuum.

(2) In addition, obtain the relation of the shortest wavelength limit _SWL of

X-rays generated with the applied voltage V , when an electron loses all energy in
a single collision.
Answer 3 : Electrons are drawn out from cathode by applying the high voltage of
tens of thousands of V between two metallic electrodes installed in the X-ray tube
in vacuum. The electrons collide with anode at high speed. The velocity of
electrons is given by,

om? , 2eV

m
where e is the electric charge of the electron, V the applied voltage across the
electrodes, m the mass of the electron, and v the speed of the electron before the
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collision. When values of rest mass m. = 9.110 x10 3 .kg as mass of electron,
elementary electron charge e = 1.602 x 10° C and V =3 x 10" .V are used for
calculating the speed of electron v.

> 2% 1.602 % 10719 x 3 x 10*

9.110 x 1031
Therefore, the speed of electron just before impact is about one-third of the

v = 1.055 % 10'®, v = 1.002x 10*m/s

speed of light in vacuum ( v= 2:998 x 10® m/s).

Some electrons release all their energy in a single collision. However, some
other electrons behave differently. The electrons slow down gradually due to
successive collisions. In this case, the energy of electron (eV) which is released
partially and the corresponding X-rays (photon) generated have less energy
compared with the energy (h_max) of the X-rays generated when electrons are
stopped with one collision. This is a factor which shows the maximum strength
moves toward the shorter wavelength sides, as X-rays of various wavelengths
generate, and higher the intensity of the applied voltage, higher the strength of
the wavelength of X-rays (see Fig. 1). Every photon has the energy h_, where h is
the Planck constant and _ the frequency.

The relationship of eV = huna can be used, when electrons are stopped in
one impact and all energy is released at once. Moreover, frequency (u) and
wavelength (A) are described by a relation of A =c /v where c is the speed of
light. Therefore, the relation between the wavelength Asw,. in m and the applied
voltage V may be given as follows:

(6.626 x 1073%) x (2.998 x 10%)  (12.40 x 1077)
(1.602 x 10~ 19V B V

Aswi = €/ Vimax = hec/eV =

This relation can be applied to more general cases, such as the production of
electromagnetic waves by rapidly decelerating any electrically charged particle
includingelectron of sufficient kinetic energy, and it is independent of the anode
material. When wavelength is expressed in nm, voltage in kV, and the relationship
becomes AV = 1.240.
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Fig. 1 Schematic diagram for X-ray spectrum as a function of applied voltage
Reference: The electrons released from a filament have sufficient kinetic energy
and collide with the Fe target. Therefore, an electron of K-shell is readily ejected.
This gives the state of FeC ion left in an excited state with a hole in the K-shell.
When this hole is filled by an electron from an outer shell (L-shell), an X-ray
photon is emitted and its energy is equal to the difference in the two electron
energy levels. This variation responds to the following electron arrangement of

FeC.
Before release K1 L8 M14 N2
After release K2 L7 M14 N2

Question 4 : Ka; radiation of Fe is the characteristic X-rays emitted when one of
the electrons in L shell falls into the vacancy produced by knocking an electron
out of the K-shell, and its wavelength is 0.1936 nm. Obtain the energy difference
related to this process for X-ray emission.

Answer 4 : Consider the process in which an L shell electron moves to the vacancy
created in the K shell of the target (Fe) by collision with highly accelerated
electrons from a filament. The wavelength of the photon released in this process
is given by A (with frequency u ). We also use Planck’s constant h of (6.626 x 10->*
Js ) and the velocity of light ¢ of (2.998 x 10® m/ s). Energy per photon is given
by:

1{ .
E = hv = }q(
A
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Using Avogadro’s number Nj,, one can obtain the energy difference AE related to
the X-ray release process per mole of Fe.

Ap — Nahe _ 0.6022 x 107 % 6.626 x 1077* x 2.998 x 10°
A 0.1936 % 10-°

11.9626
— —— — x 1077 =6.1979x 10* J/mole
0.1936

Question 5 : Explain atomic density and electron density.

Answer 5 : The atomic density Na of a substance for one-component system is
given by the following equation, involving atomic weight M, Avogadro’s number
N, and the density p .

— NA
= p-
In the SI system, N, ( m-3), Na = 0:6022 x 10** (mol-1) p (kg / m’), and M (kg
/mol) , respectively. The electron density N. of a substance consisting of single

N, (1)

element is given by:

N. — LZ 7

Ne=—2Zp (2)
Each atom involves Z electrons (usually Z is equal to the atomic number) and the
unit of N is also .(m-3).

The quantity N; = Na/ M in (1) or Ne = (NaZ )/M in (2), respectively, gives
the number of atoms or that of electrons per unit mass (kg), when excluding
density, p . They are frequently called “atomic density” or “electron density.”
However, it should be kept in mind that the number per m3 (per unit volume) is
completely different from the number per 1 kg (per unit mass). For example, the
following values of atomic number and electron number per unit mass (= 1kg)
are obtained for aluminum with the molar mass of 26.98 g and the atomic

number of 13.
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0.6022 x 1024 25
No= oo o7 = 2:232% 102 (kg™
-9 24
Ne = {;:[;“;XILU —x 13 =2.9x 10% (kg™ ")
. x B

Since the density of aluminum is 2.70 Mg / m> = 2.70x10° kg / m3 from reference

table , we can estimate the corresponding values per unit volume s
N, = 6:026 x 10®® (m-3) and N, = 7:83 x1029 (m-3), respectively.

Reference: Avogadro’s number provides the number of atom(or molecule)
included in one mole of substance. Since the atomic weight is usually expressed
by the number of grams per mole, the factor of 10 _3 is required for using

Avogadro’s number in the Sl unit system.

Question 6: The energy of a photoelectron,Eej, emitted as the result of
photoelectron absorption process may be given in the following with the binding
energy EB of the electron in the corresponding shell.

Ei =hv—Eg
Here, hu is the energy of incident X-rays, and this relationship has been obtained
with an assumption that the energy accompanying the recoil of atom, which
necessarily occurs in photoelectron absorption, is negligible.

Calculate the energy accompanying the recoil of atom in the following
condition for Pb. The photoelectron absorption process of K shell for Pb was
made by irradiating X-rays with the energy of 100 keV against a Pb plate and
assuming that the momentum of the incident X-rays was shared equally by Pb
atom and photoelectron. In addition, the molar mass (atomic weight) of Pb is
207.2 g and the atomic mass unit is 1amu = 1.66054 x 10-* kg =931:5 x 10> keV.

Answer 6 : The energy of the incident X-rays is given as 100 keV, so that its
momentum can be described as being 100 keV/c, using the speed of light c. Since
the atom and photoelectron shared the momentum equally, the recoil energy of
atom will be 50 keV/c. Schematic diagram of this process is illustrated in Fig. 1.
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p*=50keV/e
o)

hvie = 100keV/e
-—

p=My=50keVie *°

Fig. 1 Schematic diagram for the photo electron absorption process assuming that the
momentum of the incident X-rays was shared equally by atom and photoelectron. Energy of X-
ray radiation is 100 keV

On the other hand, one should consider for the atom that 1amu D 931:5_ 103 keV
is used in the same way as the energy which is the equivalent energy amount of
the rest mass for electron, me. The molar mass of 207.2 g for Pb is equivalent to
207.2 amu, so that the mass of 1 mole of Pb is equivalent to the energy of 207.2 x
931.5 x 10% = 193006.8 x 10* keV/c.

When the speed of recoil atom is v and the molar mass of Pb is MA, its nergy
can be expressed by 1/ 2 Ma/’ According to the given assumption and the
momentum described as p = May, the energy of the recoil atom,

Ef , may be obtained as follows:
P (50)%
2Ma 2% (193006.8 x 10%)

The recoil energy of atom in the photoelectron absorption process shows just a

1
EM = Emﬂvz = = 0.0065x 107> (keV)

very small value as mentioned here using the result of Pb as an example, although
the recoil of the atom never fails to take place.

Reference: ] ]
1.66054 x 10727 % (2.99792 x 10%)?2

1.60218 x 1019
On the other hand, the energy of an electron with rest mass me = 9.109 x10->" kg

can be obtained in the following with the relationship of 1 eV = 1.602 x10-" J;

Energy of 1 amu = = 9.315x10%  (eV)
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9.109 x 103" x (2.998 x 10%)2

1.602 x 101* — 0.5109 % 10° (eV)

E = mcc'z =

Question 7 : Explain the Rydberg constant in Moseley’s law with respect to the
wavelength of characteristic X-rays, and obtain its value.
Answer 7 : Moseley’s law can be written as,

L Rz 5w (%—%) (1)
A ny  n;

The wavelength of the X-ray photon A corresponds to the shifting of an
electron from the shell of the quantum number n, to the shell of the quantum
number of n;. Here, Z is the atomic number and Sy is a screening constant.

Using the elementary electron charge of e, the energy of electron
characterized by the circular movement around the nucleus charge Ze in each
shell (orbital) may be given, for example, with respect to an electron of quantum

number n; shell in the following form:

£ 2aime* 72 2
" h?  n? -
Here, h is a Planck constant and m represents the mass of electron. The energy of

this photon is given by,

2mime* _, (1 1
BB map (L)
i h* nT  n;

The following equation will also be obtained, if the relationship of E = hu = hc/A
is employed while using the velocity of photon, c:
1 2n%me* 1 1
—=—7Z" 5 - —a) (4)
A ch? n?  n3
If the value of electron mass is assumed to be rest mass of electron and a
comparison of (1) with (4) is made, the Rydberg constant R can be estimated. It
may be noted that the term of (Z - Sy)° in (1) could be empirically obtained from

the measurements on various characteristic X-rays as reported by H.G.J. Moseley
in 1913.
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_ 2m%me* 2 (3.142)% x (9.109 x 10728) x (4.803 x 10~19)*
ch3 (2.998 x 1019) x (6.626 x 10-27)3
= 109.743 x 10° (cm™ ") = 1.097 x 107 (m™") (5)

The experimental value of R can be obtained from the ionization energy (-13.6 V)

of hydrogen (H). The corresponding wave number (frequency) is 109737:31 cm—,
in good agreement with the value obtained from (5). In addition, since Moseley’s
law and the experimental results are all described by using the cgs unit system
(gauss system), 4.803 x 10-"° esu has been used for the elemental electron charge
e. Conversion into the S| unit system is given by (SI unit x velocity of light x 10-Y)
(e.g., 5th edition of the Iwanami Physics-and-Chemistry Dictionary p. 1526
(1985)). That is to say, the amount of elementary electron charge e can be
expressed as:

1.602 = 10 1?Coulomb = 2.998 x 10 cm/s x 107! = 4.803 =< 10 1? esu
The Rydberg constant is more strictly defined by the following equation:

2a? et
RrR= =" 6
ch3 (©)

1 1 1
r_1r, (7)
7 1 g

Here, m is electron mass and mP is nucleus (proton) mass.The detected difference
is quite small, but the value of mP depends on the element. Then, it can be seen
from the relation of (6) and (7) that a slightly different value of R is obtained for
each element. However, if a comparison is made with a hydrogen atom, there is a
difference of about 1,800 times between the electron mass m. =9.109 x 10 A1 kg
and the proton mass which is mp = 1.67 x 10 kg. Therefore, the relationship of
(6) is usually treated as g = m, because mp is very large in comparison with me.

272 et 1 \? me*
R == K « _ z—f
ch? d1req Begch’

9.109 x 103! % (1.602 x 10~ 1%)*
8 x (8.854 x 10712)2 x (2.998 x 108) x (6.626 x 10—34)3
9.109 x (1.602)* x 10~ 197

= = 1.097 x 107 (m™!
8 x (8.854)2 x (2.998) x (6.626)3 x 10~ 118 x 107 (m™")
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Reference: The definition of the Rydberg constant in the Sl unit is given in the
form where the factor of .1=4_ 0/ is included by using the dielectric constant g,
(8.854 x 10 12 F/m) in vacuum for correlating with nucleus charge Z..

Question 8: There is a substance of linear absorption coefficient u.

(1) Obtain a simple relation to give the sample thickness x required to reduce the
amount of transmitted X-ray intensity by half.

(2) Calculate also the corresponding thickness of Fe-17 mass % Cr alloy (density =
7.76 x 10° g / m* ) for Mo-K_ radiation, using the relation obtained in (1).

Answer 8: Let us consider the intensity of the incident X-rays as 10 and that of the
transmitted X-rays as /. Then,

I = }r(]ﬁ_'“x {])

If the condition of [ = % is imposed, taken into account, one obtains,

Iy _

0 _ jmx 2
2 - )
|

— = Bl 3
5 =¢ (3)

When the logarithm of both sides is taken, we obtain log 1 - log 2 = - pux log e.
Theresult is -log 2 =ux, as they arelog 1 =0, and log e = 1. Here, natural
logarithm is used and the required relation is given as follows:
_ log2  0.693

H M
The values of mass absorption coefficients of Fe and Cr for the Mo-K, radiation

X

(4)

are 37.6 and 29.9 cm’=g obtained from Appendix reference table, respectively.
The concentration of Cr is given by 17 mass %, so that the weight ratio of two
alloy components can be set as wge = 0.83 and wg = 0.17. Then, the mass
absorption coefficient of the alloy is expressed in the following:
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(5) 0, = (5) 7 ()
P Alloy P/ Fe P/cr

= 0.83 x (37.6) + 0.17 x (29.9) = 36.3 (cm?/g)
Next, note that the unit of the density of the Fe—Cr alloy is expressed in cgs,
7.76 x10°g/ m> =7.76 g /cm>. We obtain,

Hanoy = 36.3 x7.76 (cm™') = 281.7 (cm™ ")

0.693
X =
281.7

= 0.0025cm = 0.025mm = 25 pm

9-Question 1.10 Calculate the mass absorption coefficient of lithium niobate
(LiNbOs) for Cu-K, radiation.

10-Question 1.11 A thin plate of pure iron is suitable for a filter for Co-K,

radiation, but it is also known to easily oxidize in air. For excluding such
difficulty,we frequently utilize crystalline hematite powder (F.,; Os : density 5.24 x
106 g/m°). Obtain the thickness of a filter consisting of hematite powder which
reduces the intensity of Co-KB radiation to 1/500 of the Ka radiation case. Given
condition is as follows. The intensity ratio between Co-Ka and Co-KB is found to
be given by 5:1 without a filter. The packing density of powder sample is known
usually about 70% of the bulk crystal.
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(0

Chapter (2)
Wave Nature of
Particle
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Chapter (2)
Wave Nature of Particles

Matter waves (De Broglie’s Hypothesis)

In the early 20" Century (1924) DeBroglie proposed that, since light,
which was then considered to be a purely wave phenomenon, had

been found to appear sometimes to exhibit particle behavior; perhaps
matter, which was accepted as being particle in nature might
sometimes exhibit wave behavior. DeBroglie reasoned that, the
wavelength of a photon being equal to Planck's constant divided by the
photon's momentum, the same relationship should apply to a particle
of matter.

Theory and experiment indicate that waves sometimes act like
particles (photons) and particles can sometimes act like waves. In
experiments like photoelectric effect and Compton effect, radiation
behaves like particles.

De Broglie asked whether in some situations, the reverse could be
true, i.e., would objects which are generally regarded as particles (e.g.
electrons) behave like waves ?.

The wave associated with moving particle is called matter wave or
de-Broglie wave (A = h / P) and it propagates in the form of wave
packets with group velocity V;.

VAVAVAVAVAY
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1-Derivation of De Broglie’s Law :

First considering a photon, its energy is :

Ew=hu (1),
and the energy equivalent of a mass, m, is :
Em = mC (2),

While the photon's rest mass is zero it has kinetic mass
corresponding to its energy. If the photon equivalent mass, m, actually
appears as a wave its energy as a wave must be the same as its energy
as a mass. Therefore

Ew = En
hu = mC? (3)
m = hu/ C (4)
Where, v=C/A
Then, m=h/Ac (5)
And finaly, -
A=h/ mc---------- (6)) A=h/P = DT D Tt G e bh

Other Derivation:

According to Special Relativity (and Maxwell's equations) light of energy E

E
carries momentum P = < De Broglie argues that the same equations apply to

particles and introduces the idea of matter waves.

From Relativity : E= moC’ = (mZ,,C4 +PC? )1/2 at m, =0

Then, P=E/C ..ccovruun... (1)
From Planck Energy Equation: E=hu=hC/A
Then, E/C=h/A......... (2)

From egs (1) and (2) we have :
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E
Notes: For photons: Ey=hf=h% . and py:—yzgzhk.
C

h

de Broglie relations: E=hf=%0, p= - nk

2-De-Broglie wavelength

According to de-Broglie theory, the wavelength of de-Broglie wave

Azﬂ—h— h :>2,o<:£oc£oci

p mv 2mE p v JE
Where h = Plank's constant, m = Mass of the particle, v = Speed of

is given by

the particle, E = Energy of the particle. The smallest wavelength whose
measurement is possible is that of 7 -rays. The wavelength of matter
waves associated with the microscopic particles like electron, proton,

neutron, a-particle etc. is of the order of 10 m.
(i) de-Broglie wavelength associated with the charged particles.

The energy of a charged particle accelerated through potential

1 2
difference Vis E=3M" =aV
P h_h h
Hence de-Broglie wavelength _E_\/ZmE _\/quV
P _1227 0286, |, _0202x107° .
electron \/v A, proton \/V A, deutron \/V A,
0.101
/’La—particle = T

(ii) de-Broglie wavelength associated with uncharged particles.
For Neutron de-Broglie wavelength is given as

0.286 <10 1° 0.286
2/ = m =

Neutron JE(ineV) JE(ineV)
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Energy of thermal neutrons at ordinary temperature

h
E=kT :ML:W; where k = Boltzman's constant =

1.38 x10 2 Joules/kelvin , T = Absolute temp.
So
6.62x10% ~30.83

J2x1.07x10 Y x1.38x10° 3T T

A

Thermal Neutron

Some graphs

A Small m ﬂ ﬂ
Large m
Iope =h Small m
Large m
1/V 1/b v

ﬂ 4 /1 Small m

Large m
Small m
Large m
p JE 1/ VE

Notes :

e A photon is not a material particle. It is a quanta of energy.

eWhen a particle exhibits wave nature, it is associated with a wave
packet, rather then a wave.

(3) Characteristics of matter waves
eMatter wave represents the probability of finding a particle in space.
eMatter waves are not electromagnetic in nature.

eDe-Brogile or matter wave is independent of the charge on the
material particle. It means, matter wave of de-Broglie wave is
associated with every moving particle (whether charged or uncharged).
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ePractical observation of matter waves is possible only when the de-
Broglie wavelength is of the order of the size of the particles in nature.
®Electron microscope works on the basis of de-Broglie waves.

®The electric charge has no effect on the matter waves or their wavelength.
®The phase velocity of matter waves can be greater than the speed of light.
e®Matter waves can propagate in vacuum, hence they are not mechanical
waves.

®The number of de-Broglie waves associated with n™ orbital electron is n.
eOnly those circular orbits around the nucleus are stable whose

circumferenceis integral multiple of de-Broglie wavelength associated
with the orbital electron.

4-Experimental Varifacation of De Broglie’s Hypothesis
(4-1) Davision and Germer experiment

This is the first experiment which confirmed the wave nature of

electrons. It is used to study the scattering of electron from a solid or
to verify the wave nature of electron. A beam of electrons emitted by
electron gun is made to fall on nickel crystal cut along cubical axis at a
particular angle. Ni crystal behaves like a three dimensional diffraction
grating and it diffracts the electron beam obtained from electron gun.
The diffracted beam of electrons is received by the detector which
can be positioned at any angle by rotating it about the point of

: F: : Electron gun

Incident beam of

Alantranc

incidence

Detector

Diffracted beam of

AlaAtrAana

Nickel crystal
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The energy of the incident beam of electrons can also be varied by

changing the applied voltage to the electron gun. According to
classical physics, the intensity of scattered beam of electrons at all
scattering angle will be same but Davisson and Germer, found that the

intensity of

54-eV electrons

Incident beam

\ Single crystal it 4
of nmickel 0° _~
-
-
P
Figure 3.7 The diffraction of 1l 2 f
de Broglie waves by the targer 40V 44 V 48 V 54V 60V 64V 68 V

responsible for the results of D j e -
visson and Germer. Figure 3.6 Results ol the Davisson-Germer experiment.

scattered beam of electrons was not the same but different at
different angles of scattering. Intensity is maximum at 54 V potential

difference and 50° diffraction angle.
If the de-Broglie waves exist for electrons then these should be

diffracted as X-rays. Using the Bragg's formula 2dsind=nl, we can

determine the waelength of these waves.

(
&
/
.' .‘/ |
rl j\ 'I' A

= e
\‘l V;— s ;-_ - =
E=Y = A ”;E ;,“'.,~
>3 e = —
= (= = = —g e b
- = = P=S . -

(180 —¢)
2

angle for incident beam = Bragg's angle. The distance between

Where D = distance between diffracting planes, ¢ = = glancing

diffraction planes in Ni-crystal for this experiment is d = 0.914 and the
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Bragg's angle = 65°. This gives for n = 1,
A =2x0.91x10"sin65° =1.65 4

Now the de-Broglie wavelength can also be determined by using the
formula

P 12.27 _ 12.27

Jv o /54

Thus the de-Broglie hypothesis is verified.

The only detail that matters for us is that the nickel crystals in such an

=1.67A

experiment act very much like the two slits, except that a beam of electrons is
used in place of a beam of light. They found something remarkable. A pattern
very much akin to interference patterns emerged.

Electron Diffferaction X-ray Differaction

Electron g > - >
boeam ° > °

Their experiment therefore showed that electrons exhibit interference
phenomena, the telltale sign of waves. At dark spots, electrons were somehow
“canceling each other out." Even if the beam of fired electrons was "thinned" so
that, for instance, only one electron was emitted every ten seconds, the
individual electrons still built up the bright and dark bands—one spot at a time.
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Somehow, as with photons, individual electrons “interfere" with themselves in
the sense that individual electrons, over time, reconstruct the interference
pattern associated with waves. We are inescapably forced to conclude that each
electron embodies a wave-like character in conjunction with its more familiar
depiction as a particle.

2-Electron diffraction- Thomson's Experiment
The wave character of the electron was demonstrated

independently in 1937 by George Thomson. He found that circular
diffraction pattern were produced when a narrow beam of high

energy electrons was aimed through a thin metal foil . Diffraction
fringes were also observed. This result confirmed again the wave
behavior of electrons.

When using an aluminum foil, Thomson obtained the following
vales for the radius r, of the first order circle in the diffraction pattern
and the corresponding potential V, through which the electrons had
been accelerated.

V (volts) r(mm) V (volts) r (mm)
17,500 3.10 44,000 208
30,500 2.45 48,600 1.98
31,800 2.34 56,500 1.80
40,000 2.12

Do these values confirm De Broglie hypotheses?

The row of atoms in the micro-crystal lattice, and each micro-crystal
can act as a diffraction grating for waves of appropriate wavelength A .
The lattices are identical and so the diffraction pattern they produce

will be identical. However, because they are randomly scattered
through the foil, these pattern will likewise be oriented randomly. The
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overall result is a circular diffraction pattern, the foil act as though it
was a sigle grating, rotating about an axis normal to its plane.

{ / e

\,

S/ D . \
/ ? NG )
o )
A / /

' \ ~ 3 //

N P

| \\\ //r
Figure 1.7 Thomson experiment: diffraction of electrons throush a thin film of polyciyst B

material yields fringes that usually result fi 1 Fractic

As with any“diffraction gratinﬁg, interference is obtaine d at the angles
given :

dsing, =nid (n =1, 2,3...)
Where d is the spacing of the grating. The radius of the first order circle

in the differaction pattern is much smaller than the distance L from the
foil to the screen and so to the close approximation

sin@, =tan @, = %‘

Thus, the wavelength of the corresponding to the diffraction patternis :

2-dy

According to the hypothesis of De Broglie, the wavelength of electrons
accelerated with potential V' is given by :

h
1}2?”881"’

If the experimental values of the wavelength equal that predicted by De
Boglie’s hypothsis

A=

dar _ Fr
L 2z _el”
ar alternatively,
T = Lh
g 2m_e
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For a particular experimental set-up, all the component quantities of

the product are constant. De Broglie hypothesis will be

confirmed, therefore, if the product r VV is constant for a series of
measurements with the particular set-up. Examination of the data in
the table above shows that in each case the product falls within the

range

rﬁ=(425:15)-10-3m-v%

A result that confirms the hypothesis within the expermintal error.

Thomson, reported his experiments, in which a beam of energetic
electrons was diffracted by a thin foil. Thomson found patterns that
resembled the x-ray patterns made with powdered (polycrystalline)
samples. This kind of diffraction, by many randomly oriented crystalline
grains, produces rings. If the wavelength of the electrons is changed by
changing their incident energy, the diameters of the diffraction rings
change proportionally, as expected from Bragg's equation.

The diffraction patterns simulated above compare the effects of x-rays
passing through a thin foil with those of high energy electrons passing
through the same medium. Notice how similar the patterns are to each
other when the de Broglie wavelength of an electron beam equals the

wavelength of the original x-rays.
e De Broglie's hypothesis and Bohr's quantization condition
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De Broglie's hypothesis provides a nice explanation for Bohr's quantization

condition L = N7,

Assuming an electron possessing wave properties is subject to constructive
and destructive interference. As will be shown this leads naturally to quantization
of electron momentum and kinetic energy. In order to avoid destructive
interference, the wave must be a standing wave, i.e. the electron's wavefunction
must be single-valued, which in this application requires a circular boundary
condition: the wavefunction must match at points separated by one

na

circumference : nNA =2nr = r = o

Assuming that an integer number of wavelengths fit in one orbital
circumference (the condition for a standing wave), we have

h nA h

L=rp=r—=——

@) A 2m A

It means that De Broglie derived one of the postulate Boher’s model.
Matter Wave Velocity ( De Broglie wave Velocity) :

DeBroglie hypothesized that the wave aspect of a particle of matter

= nh

should have an analogous wavelength, A,,,, that should be :
_ it i
~ M T particle mmoineittu

This suggestion of DeBroglie was soon verified by Davison and Germer
who obtained electron diffraction patterns and found that the observed
wavelengths of the electron matter waves corresponded well with
DeBroglie's formulation.

At that point one would think that the duality of matter, as of light,
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was established and that extensive further investigation of matter
waves would have resulted. But that was not the case and the reason
was a fundamental problem that could not be overcome -- the matter
wave frequency. If one reasons, analogously to the derivation of Ay,

Ej %?nvz
that the kinetic energy of : ~ fym = o -

then the velocity of the matter waveis: V. w=Amw frw

i
A S
=
[
ot

-2

This result states that the matter wave moves at one half the velocity of
the particle. This is a strange result, in that there is nothing physically traveling at
half the speed of the particles. From Quantum mechanics, It is found that this
results agree with a plane wace , which not represent matter wave of a particle.

Using Einstein and de Broglie relations as E=® h = hf and p = hk=h / A

in terms of Planck’s constant. In the nonrelativistic limit such that :
1

vy = —

‘Jl—-U‘fL‘

Another approach is to start from special relativity to get £ =y mc® ~ mc2

~1

in which case :

Vow= E /P = mc [mv=(c/v). c
This result means that v, > c, This is also a strange result, in that there is
nothing physically traveling at more than the speed of light.

From quantum view, new Information were carried with respect to the
movement of matter wave of particles. This new information is a group velocity.v,

vg=dw/dk=dE/dp.
Classically this expression becomes:
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7 -2 !
v .,.{,.f_[ P ]:LZU

& dp|\ 2m m

which, in contrast to the phase velocity, is an intuitively sensible answer. In fact, it
remains valid even for relativistic particles because :

2 2 2
el S P « FFEa
=—— mZc* + ;_;2{_‘2 = / = 2 _ I =

— _< _ _ “
dp \/}11_(_'4 + p2c* L VY nc

Vg

which makes it even more satisfying. In particular, for a photon E=cp so that
cd
Ug::—?fﬁq?}:(T.
dap
For a photon, one also gets v, =E /p=c. The result is that for a highly relativistic
particle, E is linear in p so that: dE/dp=E/p= Vm=.Vy

e Matter Waves for Macroscopic Objects
We have seen that microscopic particles, such as electrons, display wave

behavior. What about macroscopic objects? Do they also display wave features?
They surely do. Although macro-scopic material particles display wave properties,
the corresponding wavelengths are too small to detect; being very massivel2,
macroscopic objects have extremely small wavelengths. At the microscopic level,
however, the waves associated with material particles are of the same size or
exceed the size of the system. Microscopic particles therefore exhibit clearly
discernible wave-like aspects.

The general rule is: whenever the de Broglie wavelength of an object is in
the range of, or exceeds, its size, the wave nature of the object is detectable and
hence cannot be neglected. But if its de Broglie wavelength is much too small
compared to its size, the wave behavior of this object is undetectable. For a
guantitative illustration of this general rule, let us calculate in the following
example the wavelengths corresponding to two particles, one microscopic and
the other macroscopic.
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1-Particles versus Waves

In this section we are going to study the properties of particles and waves
within the contexts of classical and quantum physics. The experimental setup to
study these aspects is the double-slit experiment, which consists of a source S (S
can be a source of material particles or of waves), a wall with two slits S1 and S2,
and a back screen equipped with counters that record whatever arrives at it from
the slits.

1.1 Classical View of Particles and Waves

In classical physics, particles and waves are mutually exclusive; they exhibit
completely different behaviors. While the full description of a particle requires
only one parameter, the position vector r(t), the complete description of a wave
requires two, the amplitude and the phase. For instance, three-dimensional plane

waves can be described by wave functions ¥ (r, 7):

wir, ) = At kr—mty 40P

where A is the amplitude of the wave and @ is its phase (k is the wave vector

and w is the angular frequency). We may recall the physical meaning of Wthe

intensity of the wave is given by : { = lwl?.

(a) Sis a source of streams of bullets

Consider three different experiments as displayed in Figure 1.8, in which a
source S fires a stream of bullets; the bullets are assumed to be indestructible and
hence arrive on the screen in identical lumps. In the first experiment, only slit S1
is open; let /1ByR be the corresponding intensity collected on the screen (the
number of bullets arriving per second at a given point y).

In the second experiment, let 12ByR be the intensity collected on the screen
when only S2 is open. In the third experiments, if S; and S, are both open, the
total intensity collected on the screen behind the two slits must be equal to the
sum of /; and /5:

I(v) =L(y)+ L(y).
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I =0 + Iz

Only slit 1 is open Only slit 2 1s open Both slits are open

Figure: The double-slit experiment with particles: S is a source of bullets; I, and I, are the intensities
recorded on the screen, respectively, when only S; is open and then when only S, is open. When both slits
are open, the total intensity is 1 =1, + 1,

(b) S is a source of waves

Now, as depicted in Figure 1.9, S is a source of waves (e.g., light or water waves).
Let I1 be the intensity collected on the screen when only S; is open and /, be the
intensity when only S, is open. Recall that a wave is represented by a complex
function W4, and its intensity is proportional to its amplitude (e.g., height of water

or electric field) squared: I = |%’fl|2= I = |Eff_3'|2-

Omnly slit 1 is open Only slit 2 is open Both slits are open

Figure: The double-slit experiment: S is a source of waves, I; and 1, are the intensities recorded
on the screen when only S; is open, and then when only S, is open, respectively. When both slits
are open, the total intensity is no longer equal to the sum of I, and I,; an oscillating term has to
be added.

When both slits are open, the total intensity collected on the screen displays
an interference pattern; hence it cannot be equal to the sum of /; and /,. The

amplitudes, not the intensities, must add: the total amplitude W is the sum of W,

and W, ; hence the total intensity is given by:

I=lyi+wl = |yl +1wl®+ (yiv2+ viy1) = hi+ L+ 2Re(y] y2)
= Nh+5LH+ ZV’ECGE 0, |
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where & is the phase difference between W; and W, and Emcos 0 is an
oscillating term, which is responsible for the interference pattern (Figure 1.9). So
the resulting intensity distribution cannot be predicted from /; or from /, alone,
for it depends on the phase & , which cannot be measured when only one slit is
open (6 can be calculated from the slits separation or from the observed
intensities /1, 12 and /).

Conclusion: Classically, waves exhibit interference patterns, particles do not.
When two noninteracting streams of particles combine in the same region of
space, their intensities add; when waves combine, their amplitudes add but their
intensities do not.

1.2 Quantum View of Particles and Waves

Let us now discuss the double-slit experiment with quantummaterial particles
such as electrons. Figure 1.10 shows three different experiments where the
source S shoots a stream of electrons,

i
I =L + Iz

s TS { S TS 5 TS
j%sﬁ jﬁ.sj, &’5 3%52

Only slit 1 is open Omnly slit 2 is open Both slits are open

Figure 1.10 The double-slit experiment: S is a source of electrons, I1 and /2 are the intensities
recorded on the screen when only S1 is open, and then when only S2 is open, respectively.
When both slits are open, the total intensityis equal to the sum of /1, /12 and an oscillating term.

first with only S1 open, then with only S2 open, and finally with both slits
open. In the first two cases, the distributions of the electrons on the screen are
smooth; the sum of these distributions is also smooth, a bell-shaped curve like the
one obtained for classical particles (Figure 1.8).

But when both slits are open, we see a rapid variation in the distribution, an
interference pattern. So in spite of their discreteness, the electrons seem to
interfere with themselves; this means that each electron seems to have gone
through both slits at once! One might ask, if an electron cannot be split, how can
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it appear to go through both slits at once? Note that this interference pattern has
nothing to do with the intensity of the electron beam. In fact, experiments were
carried out with beams so weak that the electrons were sent one at a time (i.e.,
each electron was sent only after the previous electron has reached the screen).
In this case, if both slits were open and if we wait long enough so that sufficient
impacts are collected on the screen, the interference pattern appears again.

The crucial question now is to find out the slit through which the electron
went. To answer this query, an experiment can be performed to watch the
electrons as they leave the slits. It consists of placing a strong light source behind
the wall containing the slits, as shown in Figure 1.11. We place Geiger counters all
over the screen so that whenever an electron reaches the screen we hear a click
on the counter.

I
I=0In + 10D

S 7Sy % 5 TS
— %52 = 5;'.";' 5> <

Light source

Omnly slit 1 is open Omnly slit 2 is open Both slits are open

Figure 1.11 The double-slitexperiment: Sis a source of electrons. A light source is placed behind
the wall containing S; and S,. When both slits are open, the interference pattern is destroyed

and the total intensityis [ =11+ /.

Since electric charges scatter light, whenever an electron passes through
either of the slits, on its way to the counter, it will scatter light to our eyes. So,
whenever we hear a click on the counter, we see a flash near either S, or S, but
never near both at once. After recording the various counts with both slits open,
we find out that the distribution is similar to that of classical bullets in Figure 1.8:
the interference pattern has disappeared! But if we turn off the light source, the
interference pattern appears again.

From this experiment we conclude that the mere act of looking at the
electrons immensely affects their distribution on the screen. Clearly, electrons are
very delicate: their motion gets modified when one watches them. This is the very
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guantum mechanical principle which states that measurements interfere with the
states of microscopic objects. One might think of turning down the brightness
(intensity) of the light source so that it is weak enough not to disturb the
electrons.

We find that the light scattered from the electrons, as they pass by, does
not get weaker; the same sized flash is seen, but only every once in a while. This
means that, at low brightness levels, we miss some electrons: we hear the click
from the counter but see no flash at all. At still lower brightness levels, we miss
most of the electrons. We conclude, in this case, that some electrons went
through the slits without being seen, because there were no photons around at
the right moment to catch them. This process is important because it confirms
that light has particle properties: light also arrives in lumps (photons) at the
screen.

Two distribution profiles are compiled from this dim light source
experiment, one corresponding to the electrons that were seen and the other to
the electrons that were not seen (but heard on the counter). The first distribution
contains no interference (i.e., it is similar to classical bullets); but the second
distribution displays an interference pattern. This results from the fact that when
the electrons are not seen, they display interference. When we do not see the
electron, no photon has disturbed it but when we see it, a photon has disturbed
it.

For the electrons that display interference, it is impossible to identify the
slit that each electron had gone through. This experimental finding introduces a
new fundamental concept: the microphysical world is indeterministic. Unlike
classical physics, where we can follow accurately the particles along their
trajectories, we cannot follow a microscopic particle along its motion nor can we
determine its path. It is technically impossible to perform such detailed tracing of
the particle’s motion. Such results inspired Heisenberg to postulate the
uncertainty principle, which states that it is impossible to design an apparatus
which allows us to determine the slit that the electron went through without
disturbing the electron enough to destroy the interference pattern (we shall
return to this principle later).
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The interference pattern obtained from the double-slit experiment indicates
that electrons display both particle and wave properties. When electrons are
observed or detected one by one, they behave like particles, but when they are
detected after many measurements (distribution of the detected electrons), they
behave like waves of wavelength hBlp and display an interference pattern.
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Solved Problems

Example: 1 An electron and a photon have same wavelength. It p is the momentum
of electron and E the energy of photon. The magnitude of p/ E in S.1I.

unit is
(a) 3.0 x 10° (b)3.33x10° (c)9.1x10°* (d) 6.64 x 10
Solution : (b) 2 :% (for electron) or  p =% and E =h7C (for photon)
p 1 1

X m/s

Example: 2 The energy of a photon is equal to the kinetic energy of a proton. The
energy of the photon is E. Let A; be the de-Broglie wavelength of the
proton and A, be the wavelength of the photon. The ratio A,/4, is
proportional to

(a) E° (b) g2 (c) ™ (d) e
Solution : (b) For photon 2, = hEC ....... (i) and For proton 4, :ﬁ ....... (i)
g2 M o EL/2

- _ =
Therefore %, Jmc = 2,

Example: 3 The de-Broglie wavelength of an electron having 80eV of energy is nearly

(leV =1.6x107°J, Mass of electron 9x102'kg and Plank's constant
6.6x107%* J-sec)

(a) 140 A (b) 0.14 A (c) 14 A (d)1.4 A
Solution : (d)By using 4 = \/2h_E = 13? . If energy is 80 eV then accelerating potential
m
difference will be 80 V. So 1 = 1227 1 37~14A
J80

Example: 4 The kinetic energy of electron and proton is 10%23. Then the relation
between their de-Broglie wavelengths is

@ A<t ()4 >4 ©) =4 (d) 4 =2%

Solution : (a) By using 4 = _ M E=10"J = Constant for both particles. Hence

v2mE

Since My > Mg 50 4, < Ae.

1
Ao —
Jm
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Example: 5 The energy of a proton and an « particle is the same. Then the ratio of the
de-Broglie wavelengths of the proton and the « is

@1:2 (b)2:1 (c)1:4 d4:1

Solution : (b)By using 1= " = 1« L (E—same) = _woen _ M _ 2
( ) y g \2mE \/H ( ) ﬂ’a—particle mp 1

Example: 6 The de-Broglie wavelength of a particle accelerated with 150 volt potential

is 10 % m. If it is accelerated by 600 volts p.d., its wavelength will be

(a) 0.25 A (b) 0.5 A (c) 1.5 A d)2 A

. ) 1 M Vs 1071 /600 _ -

Solution : (b) By using 2 = = % _\/; = - /150 -2 = 1,=05A

Example 7 :The de-Broglie wavelength of an electron in an orbit of circumference 2zr is
(@) 2ar (b)zr  (c) 1/2ar (d)1/4m

h h
Solution : (a) According to Bohr's theory MV F=N>— = 271 = ”(Wj =ni

Forn=1 A=2ar
Example: 8 The number of photons of wavelength 540 nm emitted per second by an
electric bulb of power 100W is (taking h =6 x10"* J-sec)
(a) 100 (b) 1000 (c)3x10%  (d)3x10%
X x10 79
Solution : (c) By using n :% = 6.;0310?j‘?x;2108 —3x10%°
Example: 9 A steel ball of mass 1kg is moving with a velocity 1 m/s. Then its de-
Broglie waves length is equal to

(@) h (b)h/2 (c) Zero d)1/h
h A
ion : ing A =— - —h.
Solution : (a) By using o = A ™ h

Example: 10 The de-Broglie wavelength associated with a hydrogen atom moving with a
thermal velocity of 3 km/s will be

(@) 1A (b) 0.66 A (c) 6.6 A (d) 66 A
h 6.6x10°%
ion - LA = A= : =0.66A
Solution : (b) By using mv = X167 <107 x3x10°

Example: 11When the momentum of a proton is changed by an amount P,, the
corresponding change in the de-Broglie wavelength is found to be 0.25%.
Then, the original momentum of the proton was

(@) po (b) 100 po (c) 400 po (d) 4 po
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. 1 1
Solution: (c) A *— = —=—"—"— = DA D022 = n =400 p

Ap Al Ap| AL Po _0.25 _
P p A 1 p 100 400

Example: 12 If the electron has same momentum as that of a photon of wavelength
5200A, then the velocity of electron in m /sec is given by

(@) 10° (b)1.4x 10° (c)7 x 107 (d) 7.2 x 10°
Solution : () =" = - N 6.6 <10 ** — v=1.4x 10° m/s,
mv mA  9.1x10 % x5200 x10 %0

Example: 13The de-Broglie wavelength of a neutron at 27°C is A. What will be its
wavelength at 927°C

@A/2 (b)yA/3 (c)A/4 dA/9
. 1 A T2 A (273 +927)  [1200 A
: A — — == L = = Ay = —.
Solution : (a) Aneutron Ned = P W/Tl = p \/(273 T2 \/ 20 "2 M7

Example: 14 The de-Broglie wavelength of a vehicle is A. Its load is changed such that
its velocity and energy both are doubled. Its new wavelength will be

@) 4 ® 5 © % (22

2 5 A= V. whenv and E both are doubled, 1

h 1
ion : A=— E=—mv
Solution : (a) o and > E

remains unchanged i.e. ' = 4.
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Heisenberg Uncertainty Principle

According to Heisenberg's uncertainty principle, it is impossible to measure

simultaneously both the position and the momentum of the particle.

Let Ax and Ap be the uncertainty in the simultaneous measurement of the

AXAp =1

position and momentum of the particle, then

h
where h= g and h=6.63 x 10>* J-s is the Planck's constant.

IfAx=0thenAp=o and if Ap=0 then Ax = i.e., if we are able to measure
the exact position of the particle (say an electron) then the uncertainty in the
measurement of the linear momentum of the particle is infinite.

Similarly, if we are able to measure the exact linear momentum of the

particle i.e., Ap = 0, then we can not measure the exact position of the particle
at that time.

In its original form, Heisenberg’s uncertainty principle states that: If the x-
component of the momentum of a particle is measured with an uncertainty Apx,
then its x-position cannot, at the same time, be measured more accurately than Ax
hERR2Epx B. The three-dimensional form of the uncertainty relations for
position and momentum can be written as follows:

B3| =k

AzAp: =

Derivation Of Heisenberg Uncertainty Principle

Consider the electron diffraction by a single slit. We know that the position of the
first minimum is given by

Y4 h

Fa % =

a/2
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: A A , ]
Ssmi = - = — = AN =
a AX sind
Ap,. = p sinfd B
a,'l‘l :
— AN Ap, =h Y er1g
. oo
A finer slit would locate the particle more "13 s
precisely but lead to a wider diffraction pattern = <
5-sing
that is, to a greater uncertainty in the transverse ‘ i
momentum.

The width of the central maximum (x), is given by
x=2AL/a.
AX*Ap =a/2 * x;h/AL=a/2 * AL/a * h/AL = h/2

AAAX> 22 = AKAX >27

The uncertainty relationships for classical waves?

* As discussed earlier, due to its nature, a wave packet must obey the

uncertainty relationships for classical waves (which are derived
mathematically with some approximations).

AJAX> 22 = AKAX > 271

« However a more rigorous~ mathematical treatment (without the
approximation) gives the exact relations

FIGURE 3.12 (=) A narrow lo Brcgne wave group. The § >1t|c| .l c:f the particle can be preci ‘_‘r_ly determine ol
but the wavelength (—. d hence the P nor ntum) cannot be established because there
are Nnot enou Ir WA e 1o Mmeasure ac W rz ] A wdo wawve group. Now the wavelength can
be precisely determined but Nnot the [=21=1_1 (=3 of Pparticle

—--| N iH
L 4
-] Aax |—o
e ax =]

Ao srmall Ao large
O large 2 srmall

Cad &) n

Ax requires a large range of wave number; that is, Ak is large. Conversely, a
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small range of wave number cannot produce a wave packet localised within
a small distance.

* A narrow wave packet (small Ax) corresponds to a large spread of
wavelengths (large Ak).

« A wide wave packet (large Ax) corresponds to a small spread of
wavelengths (small Ak).

* For matter waves, for which their momentum and wavelength are
related by p = h/A , the uncertainty relationship of the classical

wave - 5
. AAAXZ 57 = AKAX =112 s translated into  APAX =7

7T
where /=h/2x
Prove this relation yourselves (from p =h/A, Ap/p = AAJA)

Heisenberg uncertaintyrelations Mot
—| ax
h 7! Ax small Figure 312 (@) A narrow de
Ap AX > — AEA‘[‘_ > — A; i:’::gae Broglie wave group. The position
X 2 of the particle can be precisely
(a) determined, but the wavelength
(and hence the particle’s m -
tum) cannot be establish:dmle;—
. . cause there 1 enough wavi
The product of the uncertainty in momentum LN (0 measure accuratly. () A wide
d | _;V\/\/VV\/\_ wave group. Now the wavelength
i 11 i i can be precisely determined but
(energy) and in position (time) is at least as P—A_?)‘_—* o ey demined bu
X large
large as Planck’s constant. Ap smal
e What APxAX == means : )
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® |t sets the intrinsic lowest possible limits

on the uncertainties in knowing the values

of px and x, no matter how good an

experiments is made

elt is impossible to specify simultaneously and with infinite precision the linear
momentum and the corresponding position of a particle.

elt is impossible for the product AxAp, to be less than h/4n

FaNy >3

B

Impossible:
Ax Ap,. — 72

P A x

What AEAt> h means : Uncertainty principle for energy
e The energy of a system also has inherent uncertainty, DE
e DE is dependent on the time interval Dt during which the system remains in the
given states.
e If a system is known to exist in a state of energy E over a limited period Dt, then
this energy is uncertain by at least an amount h/(4pDt). This corresponds to the
‘spread’ in energy of that state (see next page)
e Therefore, the energy of an object or system can be measured with infinite
precision (DE=0) only if the object of system exists for an infinite time (Dt—0)

e A system that remains in a metastable E

state for a very long time (large Dt) can E;_ Medium Az
have a very well-defined energy (small DE),

but if remain in a state for only a short time = [ short Ar
(small Dt), the uncertainty in energy must be

correspondingly greater (large DE). E, Long Az

Physical Interpretation of de Broglie Waves—————————
Let’s go back to de Broglie equation. Note that the de Broglie wavelength epends

on two things: (1) mass and (2) velocity.
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e Mass Affects

h ilarge masses = small de Brloglie waves—— . =
h=——>
my |

h
I I l\.-’
: N h
ismall masses = |large de Brloglie waves— /L = ——
. mv

“Big objects” like a tennis ball or your brave instructor have masses considerably
larger than the mass of an atom or electron (mtennis ball = 1 kg >> melectron =
10-31 kg). One can use the de Broglie equation to estimate the matter

wavelength of a tennis ball moving at a speed of 1 m/s:

; h 107

mv 1.1
As you can see, this is a very tiny, tiny number and we will never notice the

=10 m

wavelike aspects of this tennis ball, though in principle, according to quantum
physics they exist. Why? Planck’s constant is so small and ordinary masses are
very large compared to atomic masses. On the other hand, if we want to see
wavelike aspects of matter, two things must happen:

e we need very, very small masses in order to make the de Broglie wavelength as
large as possible.

e if the de Broglie wavelength becomes comparable to the size of the object then
the wavelike aspects will become very dramatic for those objects.

For example, for an electron in orbit in a typical atom, you’ll find the
wavelength associated with that electron is roughly comparable to the size of the
atom itself. So if de Broglie hypothesis is correct, we ought to notice wavelike
aspects at the subatomic world but not in the macroscopic world. That is exactly
what is observed in the Quantum Corral.

Velocity Affects

. . i h
h large velocities = small de Brloglie waves > = V
o= —— m
mv . . 9 h
small velocities = large de Brloglie waves ——s /A, = ——
: mv
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Another way to make the de Broglie wavelength really large (even if the
object had a substantial mass) is to reduce the velocity of the particle to a very
small value. For example, if | could bring this tennis ball truly to rest then the de
Broglie wavelength of the tennis ball would be comparable to the size of the
tennis ball and the wavelike aspects of the ball would be apparent to you and me
(that’s crazy!). However, because the ball is composed of zillions and zillions of
atoms that are bouncing around hitting the sides, | can’t bring it to rest and
therefore, the de Broglie wavelength is too small. But if | could bring it to rest |
could see quantum effects even in macroscopic size systems.

Conjugate variables (Conjugate observables):
* {pwx}, {E, t}are called conjugate variables
« The conjugate variables cannot in principle be measured (or
known) to infinite precision simultaneously

2624 24 34 24 24 24 24 36 24 3 2 2 2 24 24 24 24 24 34 24 34 24 36 34 24 2 2 2 2 224 24 24 24 24 24 24 26 26 24 24 24 36 34 34 2 2 2 24 24 24 24 24 24 24 34 34 34 34 24 34 2 2 2 224 2424 24 24 24 24 24 26 56 54 34 2 2 2 2 2 2 4 -2
2624 24 36 24 26 2 26 26 24 24 2 26 2 24 24 26 26 26 26 36 3¢ 3¢ 26 36 26 26 2 2 2 2 24 26 26 26 26 26 26 26 26 26 26 26 26 26 24 26 2 26 24 24 26 26 26 26 26 3¢ 3¢ 26 26 26 24 2 2 2 2 24 24 26 26 26 26 26 26 26 26 26 3¢ 26 2 2 2 2 2 26 - 2

1.2.2.0.0.0.0.0.2.0.0.0.0.0.0.02206000200082282808080880008000080e08082800888800800080.08.8¢



0.9.0.0.0.0.0.0.0.0.0.0.0.0.90.90.0.0.90.9.9.0.0.0.0.0.90.0.0.0.0.0.0.0.0.0.0.0.0.0.0.0.0.0.0.2.2.2.2.0.2.0.2.2.0.0.2.2.0.0.0.2.0.0.0.8.1
AR
Lectures in Atomic Phys. (Modern phys.) Dr. Badry Abdalla— South Valley Unis-Faculty of sci- Phys. Dept.

9
©

Chapter (3)Special Relativity
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Chapter (3)
Special Theory of Relativity

Newtonian (Classical) Relativity

Assumption

elt is assumed that Newton’s laws of motion must be measured with respect to
(relative to) some reference frame.

oA reference frame is called an inertial frame if Newton laws are valid in that
frame.

eSuch a frame is established when a body, not subjected to net external forces, is
observed to move in rectilinear motion at constant velocity

o|f Newton’s laws are valid in one reference frame, then they are also valid in
another reference frame moving at a uniform velocity relative to the first system.
oThis is referred to as the Newtonian principle of relativity or Galilean invariance.

Inertial Frames K and K’ » %
oK is at rest and K’ is moving with velocity K’
®Axes are parallel

O’ x’

oK and K’ are said to be o
INERTIAL COORDINATE SYSTEMS

The Galilean Transformation

For a point P ‘ ¥*
eln system K: P =(x, y, z, t) . ‘ i = il
elnsystem K':P=(x',y, 7, t')

, Voo
Conditions of the Galilean Transformation
eParallel axes X-2is
oK’ has a constant relative velocity in the x-axis

x-direction with respect to K
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x' = x —Vr
y'i=yy
V= ==
rFh—=F

eoTime (t) for all observers is a Fundamental invariant, i.e., the same for all inertial

observers

The Inverse Relations
Step 1. Replace V with —V
Step 2. Replace “primed” quantities with

“unprimed” and “unprimed” with “primed.”
x = Xx"'+ VvVt

y =y
B e
1 =1z'

The Transition to Modern Relativity

eAlthough Newton’s laws of motion had the same form under the Galilean
transformation, Maxwell’s equations did not.

eIn 1905, Albert Einstein proposed a fundamental connection between space and
time and that Newton’s laws are only an approximation.

¥.l: The Need for Ether

eThe wave nature of light suggested that there existed a propagation medium

called the luminiferous ether or just ether.

U Ether had to have such a low density that the planets could move

through it without loss of energy

O It also had to have an elasticity to support the high velocity of light

waves
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Maxwell’s Equations

eIn Maxwell’s theory the speed of light, in terms of the permeability and
permittivity of free space, was given by

v=c=1/\J/14ph&g

e Thus the velocity of light between moving systems must be a constant

BEn Bbsolute Reference System
eEther was proposed as an absolute reference system in which the speed of light

was this constant and from which other measurements could be made.
eThe Michelson-Morley experiment was an attempt to show the existence of
ether.

2.2: The Michelson-Morley Experiment
B Albert Michelson (1852-1931) was the first U.S. citizen to receive the Nobel

Prize for Physics (1907), and built an extremely precise device called an
interferometer to measure the minute phase difference between two light
waves traveling in mutually orthogonal directions.

The Michelson Interferometer

Mirror M,

D
Ether drift

|1 rs
b 7
Optical path
length €5

—_— » l ;
e ;
Monochromatic
light source ;
1

Partially silvered
mirror

Mirror
M,

Compensator

-

A

o

Optical path length €,

® 2006 Brooks/Cole - Thomson
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1. AC is parallel to the motion of the Earth inducing an “ether wind”

2. Light from source S is split by mirror A and travels to mirrors Cand D in
mutually perpendicular directions

3. After reflection the beams recombine at A slightly out of phase due to the
“ether wind” as viewed by telescope E.

Typical interferometer fringe pattern expected when the system is
rotated by 90°

The Analysis
Assuming the Galilean Transformation

Time t;from A to C and back:
[ £, 4 £, _ 2c¢d, :251( 1 j
1

c+v cC—Vv CZ—V2 C

Time t2 from A to D and back:
B 24,5 245 1
\/02—122 c \/l—v2/02

So that the change in time is:

P

2 4,
¢ \/l—vz/c2 \/l—vz/c2
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Upon rotating the apparatus, the optical path lengths £, and €, are interchanged
producing a different change in time: (note the change in denominators)

At':t'z—t'lzg ¢ 2!

c 1—v2/02_«/1_v2/c2

Thus a time difference between rotations is given by:

At'—Atzg L+ 4, B L +4,
ekl—v?le® 1w )c’
and upon a binomial expansion, assuming v/c << 1, this reduces to

At'— At =v2 (L, +£5)/c

Results
eUsing the Earth’s orbital speed as: V=3x10*m/s
etogether with £:1=€,=12m

eSo that the time difference becomes At - At = vz({’,l + {’,2)/c3 =8x10"s

eAlthough a very small number, it was within the experimental range of
measurement for light waves.

Michelson’s Conclusion

eMichelson noted that he should be able to detect a phase shift of light
due to the time difference between path lengths but found none.

eHe thus concluded that the hypothesis of the stationary ether must be
incorrect.

eAfter several repeats and refinements with assistance from Edward
Morley (1893-1923), again a null result.

e Thus, ether does not seem to exist!

Possible Explanations

eMany explanations were proposed but the most popular was the ether drag
hypothesis.
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O This hypothesis suggested that the Earth somehow “dragged” the
ether along as it rotates on its axis and revolves about the sun.

O This was contradicted by stellar abberation wherein telescopes had
to be tilted to observe starlight due to the Earth’s motion. If ether
was dragged along, this tilting would not exist.

The Lorentz-FitzGerald Contraction

eAnother hypothesis proposed independently by both H. A. Lorentz and G. F.
FitzGerald suggested that the length £, in the direction of the motion was
contracted by a factor of

\/l—vz/c2

...thus making the path lengths equal to account for the zero phase shift.

O This, however, was an ad hoc assumption that could not be
experimentally tested.

3.3: Einstein’s Postulates

eAlbert Einstein (1879-1955) was only two years old when Michelson reported
his first null measurement for the existence of the ether.

e At the age of 16 Einstein began thinking about the form of Maxwell’s equations
in moving inertial systems.

eln 1905, at the age of 26, he published his startling proposal about the principle
of relativity, which he believed to be fundamental

Einstein’s Two Postulates

With the belief that Maxwell’s equations must be valid in all inertial frames,
Einstein proposes the following postulates:

1) The principle of relativity: The laws of physics are the same in all inertial
systems. There is no way to detect absolute motion, and no preferred
inertial system exists.

2) The constancy of the speed of light: Observers in all inertial systems
measure the same value for the speed of light in a vacuum.
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Re-evaluation of Time
eIn Newtonian physics we previously assumed that t = t’

O Thus with “synchronized” clocks, events in K and K’ can be considered
simultaneous
oEinstein realized that each system must have its own observers with their own
clocks and meter sticks
O Thus events considered simultaneous in K may not be in K’
The Lorentz Transformations

The special set of linear transformations that:

1- preserve the constancy of the speed of light (c) between inertial observers;

and,

2-account for the problem of simultaneity between these observers known as the
Lorentz transformation equations

Lorentz Transformation Equations

2
' x—vl J)'_'J) ZJ__‘Z lJ::t_(VX/C )
V1-v?/c? V1-v*/¢?
A more symmetric form:
: x'=y(x—fBct)
B 1%
= — "
c y =
1 ' __
N TNy =
t'=y(t-pPx/c)
properties of ) LB
Recall 8 = v/c < 1 for all observers. % 6 -
1) 721 equals 1 only when v =0. g 4 (—
2) Graph of 8: (note v #¢) % % [
=z 1
ol 1 1 11111
0O 02 04 06 08 1.0
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Derivation :

eUse the fixed system K and the moving system K’
®At t = 0 the origins and axes of both systems are coincident with system K’

moving to the right along the x axis. ’
oA flashbulb goes off at the origins when t = 0. K L K
eAccording to postulate 2, the speed of light 4 -.\‘-“\"-.

will be c in both systems and the wavefronts '-._,_\ —

observed in both systems must be spherical. ~

Spherical wavefronts in K:

2 2 p. 9
X“+y +z"=c"t

Spherical wavefronts in K’:

x'2+y'2+z'2:(:2t'2
Note: these are not preserved in the classical transformations with
x'=x—vr
y'=y
2=
t=1r'

Derivation

1) Letx' = ¥ (x—vt)sothat x= ¥ (x +vt)

2) By Einstein’s first postulate: 7 = 7'

3) The wavefront along the x,x’- axis must satisfy:

x=ctand x’ =ct’

4) Thus ct'= 7(ct—vt) and ct=7 (ct’ + vt')

5) Solving the first one above for t’ and substituting into the second...
Gives the following result:

G 55

21
1—v2/c?

from which we derive:

4

Finding a Transformation for t’
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]
1) Recalling X' = 7 (x—vt) substitute into x= ¥ (¥’ + vt’) and solving for t’ we
obtain:

t':%(l—y2)+7t

which may be written in terms of 8 (= v/c):
t—(wx/c?)

J1- 52
Thus the complete Lorentz Transformation
. x—VvI X =

X :—'—1_)32 '1—,62

y'=y

tl

' zZ=2
, t—(vx/c*) t'+%
- /1 ~ ﬂ2 I
i1 <
Remarks
1) Ifv<<c,ie,B8=0and =1, we see these equations reduce to the familiar

Galilean transformation.
2) Space and time are now not separated.
3) For non-imaginary transformations, the frame velocity cannot exceed ¢.
2.9: Time Dilation and Length Contraction

Consequences of the Lorentz Transformation:

eTime Dilation:

Clocks in K’ run slow with respect to stationary clocks in K.
eLength Contraction:

Lengths in K" are contracted with respect to the same lengths stationary in K.
Time Dilation

To understand time dilation the idea of proper time must be understood:
B The term proper time, 7, is the time difference between two events
0

occurring at the same position in a system as measured by a clock at that
position.
e e ek ke e e e ko ok ok ke ke ko ok ke ke ke ok ok ke ke sk ek ke ok ok ke ke ke ko k ok ok ke ke ke ko k ok ok ke ke ke ko ok ok ke ok
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Frank’s clock is at the same position in system K when the sparkler is lit in (a) and
when it goes out in (b). Mary, in the moving system K’, is beside the sparkler at
(a). Melinda then moves into the position where and when the sparkler
extinguishes at (b). Thus, Melinda, at the new position, measures the time in
system K’ when the sparkler goes out in (b)

According to Mary and Melinda
eMary and Melinda measure the two times for the sparkler to be lit and to go
out in system K’ as times t’; and t’, so that by the Lorentz transformation:
(t, — 1) —(v/c*)(xy, — X))
\/1 —v2/c?
« Note here that Frank records x — x; = 0 in K with a proper time:

t'2_t'1 =

T0=t2—t10r

7, — 4T,
N1—v2Z/ce?

withT’'=t,-t';

7' =

Time Dilation

1- T’ > Ty, or the time measured between two events at different positions is
greater than the time between the same events at one position: time dilation.

2) The events do not occur at the same space and time coordinates in the two
system

3) System K requires 1 clock and K’ requires 2 clocks

Length Contraction
To understand length contraction the idea of proper length must be understood:

elet an observer in each system K and K’ have a meter stick at rest in their own
system such that each measure the same length at rest.
oThe length as measured at rest is called the proper length
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What Frank and Mary see...
Each observer lays the stick down along his or her respective x axis, putting the
left end at x¢ (or x’¢) and the right end at x, (or x’,).

eThus, in system K, Frank measures his stick to be: Lo=Xx - Xe

eSimilarly, in system K’, Mary measures her stick at rest to be: L'g = x’, — X'¢

What Frank and Mary measure
oFrank in his rest frame measures the moving length in Mary’s frame moving with
velocity.
e Thus using the Lorentz transformations Frank measures the length of the stick in
K’ as:
x'r—x'g _ (xr _xf) _v(tr _tﬂ)

\/ 1-v?*/c?

Where both ends of the stick must be measured simultaneously, i.e, t, = t;

Here Mary’s proper length is L’g = x’,— x’¢ and Frank’s measured length is
L=x.—Xg
Frank’s measurement
So Frank measures the moving length as L given by
L
L'y = =L,
\/l —p P

but since both Mary and Frank in their respective frames measure L’y = Lg
L
L=IN1-V*/c* =70
4

and Lo > L, i.e. the moving stick shrinks.
3.6: Addition of Velocities

Taking differentials of the Lorentz transformation, relative velocities may be

calculated:
dx = yp(dx'+v dr")
dy =dy'’
dz— d="'

dr = yldt'+ (v/c?) dx']
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So that... defining velocities as: uy = dx/dt, u,= dy/dt, u’y= dx’/dt’, etc. it is easily
shown that:
N _@: y(dx'+v dt") _ u' +v
Toodt yldt'+(v/icH)dx'l 1+@/cPHu',

With similar relations for u and u
y z:
Y — u', v - u'
g ?’[1+(V/Cz)ux'] “ ;.V|:1+(v/cz)ulC ':I

The Lorentz Velocity Transformations

In addition to the previous relations, the Lorentz velocity transformations for

Uy, U'y, and u’;can be obtained by switching primed and unprimed and changing v
to-v:
(74

= b4 u' =
d y[l—(v/cz)ux] Ty

<

u' ux—v u'

* 1—(v/02)ux

2

1
[
|
7~
<
-~ N
o

=
b
—

3.8 : Twin Paradox
The Set-up
Twins Mary and Frank at age 30 decide on two career paths: Mary decides to

become an astronaut and to leave on a trip 8 lightyears (ly) from the Earth at a
great speed and to return; Frank decides to reside on the Earth.

The Problem : Upon Mary’s return, Frank reasons that her clocks measuring her
age must run slow. As such, she will return younger. However, Mary claims that it
is Frank who is moving and consequently his clocks must run slow.

The Paradox : Who is younger upon Mary’s return?

The Resolution

1) Frank’s clock is in an inertial system during the entire trip; however, Mary’s

clock is not. As long as Mary is traveling at constant speed away from Frank,
both of them can argue that the other twin is aging less rapidly.

2) When Mary slows down to turn around, she leaves her original inertial
system and eventually returns in a completely different inertial system.
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3) Mary’s claim is no longer valid, because she does not remain in the same
inertial system. There is also no doubt as to who is in the inertial system.
Frank feels no acceleration during Mary’s entire trip, but Mary does.

4) Frank’s clock is in an inertial system during the entire trip; however, Mary’s
clock is not. As long as Mary is traveling at constant speed away from Frank,
both of them can argue that the other twin is aging less rapidly.

5) When Mary slows down to turn around, she leaves her original inertial
system and eventually returns in a completely different inertial system.

6) Mary’s claim is no longer valid, because she does not remain in the same
inertial system. There is also no doubt as to who is in the inertial system.
Frank feels no acceleration during Mary’s entire trip, but Mary does.

2.9: Spacetime

eWhen describing events in relativity, it is convenient to represent events on a
spacetime diagram.

eIn this diagram one spatial coordinate x, to specify position, is used and instead
of time t, ct is used as the other coordinate so that both coordinates will have
dimensions of length.

eSpacetime diagrams were first used by H. Minkowski in 1908 and are often
called Minkowski diagrams. Paths in Minkowski spacetime are called worldlines.

Spacetime Interval

Since all observers “see” the same speed of light, then all observers, regardless of
their velocities, must see spherical wave fronts.

—

|

L

s =x-cF = ()’ - () = (5)
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Spacetime Diagram
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2
o|f we consider two events, we can determine the quantity As between the two

events, and we find that it is invariant in any inertial frame. The quantity As is
known as the spacetime interval between two events.
There are three possibilities for the invariant quantity As’:

1) As® = 0: Ax* = ¢ A¥, and the two events can be connected only by a light
signal. The events are said to have a lightlike separation.

2) As® > 0: Ax* > ¢ At?, and no signal can travel fast enough to connect the two
events. The events are not causally connected and are said to have a
spacelike separation.

3) As® < 0: Ax* < ¢ At?, and the two events can be causally connected. The
interval is said to be timelike.

3.10: The Doppler Effect

eThe Doppler effect of sound in introductory physics is represented by an

increased frequency of sound as a source such as a train (with whistle blowing)
approaches a receiver (our eardrum) and a decreased frequency as the source
recedes.

®Also, the same change in sound frequency occurs when the source is fixed and
the receiver is moving. The change in frequency of the sound wave depends on
whether the source or receiver is moving.

eOn first thought it seems that the Doppler effect in sound violates the principle
of relativity, until we realize that there is in fact a special frame for sound waves.
Sound waves depend on media such as air, water, or a steel plate in order to

propagate; however, light does not!
Recall the Doppler Effect

System K’ System K’

System K

System K

Source

Astronomer

(a) (b)

© 2006 Brooks/Cole - Thomson
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X The Relativistic Doppler Effect X
* . . . *
i Consider a source of light (for example, a star) and a receiver (an astronomer) i
i approaching one another with a relative velocity v.  Consider the receiver in :
i system K and the light source in system K' moving toward the receiver with ,"{
* . *
: velocity v. :
: 1) The source emits n waves during the time interval T. :
i 2) Because the speed of light is always ¢ and the source is moving with elocity §
* . . . *
i v, the total distance between the front and rear of the wave transmitted during ;
X the time interval Tis : Length of wave train = ¢T - vT X
* *
x x
* The Relativistic Doppler Effect: *
i Because there are n waves, the wavelength is given by z
z 21— cl —vT z
* == *
* n *
* *
E And the resulting frequency is E
* cn *
3 S = :
* *
* ., T *
: o=, :
* In this frame: fo=n/ T’y and Y o, *
* *
* 2, .2 *
: podlly _ 1 fo_N1-viet :
* Thus : cT —vI 1-v/c 4 1-v/c *
* . . *
* Source and Receiver Approaching : X
2 With 8 = v / c the resulting frequency is given by: %
* *
: f=YE :
z 1-p source and receiver approaching) z
* . . *
I Source and Receiver Receding *
X In a similar manner, it is found that: X
* *
* _N1=-p *
x ¥= N Jo *
: (source and receiver receding) + /5 :
* *
* *
* *
* *
* *
x X
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Equations (2.32) and (2.33) can be combined into one equation if we agree to use
a + sign for g (+v/c) when the source and receiver are approaching each other and a
—sign for B (— vic) when they are receding. The final equation becomes

F=¥B

0
1-4 Relativistic Doppler effect (2.34)

3.11: Relativistic Momentum

Because physicists believe that the conservation of momentum is fundamental,

we begin by considering collisions where there do not exist external forces and
dP/dt =Fe =0

Frank (fixed or stationary system) is at rest in system K holding a ball of mass m.

Mary (moving system) holds a similar ball in system K that is moving in the x

direction with velocity v with respect to system K.

)

System K’
according
to Mary

System K
according
to Frank

- SR R AR SESENG

>
e
>

(a) (b)
o|f we use the definition of momentum, the momentum of the ball thrown by
Frank is entirely in the y direction:
Pry = Mup
The change of momentum as observed by Frank is
Apr = Dpr, = —2Mmug
According to Mary:
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eMary measures the initial velocity of her own ball to be v’y =0 and v’y = -uo.
In order to determine the velocity of Mary’s ball as measured by Frank we use the
velocity transformation equations:

Uy =V

_ 2.2
Upy = —UgN1=v"/c

Before the collision, the momentum of Mary’s ball as measured by Frank

becomes
Before  Pup = MV

Before Py = —mitgN1— vi/e? (2.42)

For a perfectly elastic collision, the momentum after the collision is
After Dpg = MV

After Py, = tmu,N1- v /c? (2.43)

The change in momentum of Mary’s ball according to Frank is

ADys = APy, = 2mugN1-v>/c* 249

= The conservation of linear momentum requires the total change in
momentum of the collision, Apr + Apy, to be zero. The addition of
Equations (2.40) and (2.44) clearly does not give zero.

= [Linear momentum is not conserved if we use the conventions for
momentum from classical physics even if we use the velocity transformation
equations from the special theory of relativity.

= There is no problem with the x direction, but there is a problem with the y
direction along the direction the ball is thrown in each system.

= Rather than abandon the conservation of linear momentum, let us look for
a modification of the definition of linear momentum that preserves both it
and Newton’s second law. dr

* To do so requires reexamining mass to conclude that p= mgy

P = ymz‘i Relativistic momentum (2.48)
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1

}/:
V1-u?/c?

= Some physicists like to refer to the mass in Equation (2.48) as the rest mass

mg and call the term m = ymy the relativistic mass. In this manner the
classical form of momentum, m, is retained. The mass is then imagined to
increase at high speeds.

= Most physicists prefer to keep the concept of mass as an invariant, intrinsic
property of an object. We adopt this latter approach and will use the term
mass exclusively to mean rest mass. Although we may use the terms mass
and rest mass synonymously, we will not use the term relativistic mass. The
use of relativistic mass to often leads the student into mistakenly inserting
the term into classical expressions where it does not apply.

Exercise(1)

Find (a) the classical and (b) the relativistic momentum of
a 2.4 kg mass moving with a speed of 0.81c.

Solution

(a) For classical momentum,
p=mv = (2.4kg)(0.81x3.00x108 m/s) = 5.8 x 108 kg.m/s

(b) For relativistic momentum,

b= mv. (2.4k2)(0.81x3.00x10%m / 5)
v \/1_ (0.81c)

=99x10%kg.m /s

C

The relativistic momentum is always larger than that of the
classical !
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Example 2 The Missing Mass

A satellite, initially at rest in space, explodes into two pieces. One
piece has a mass of 150kg and moves away from the explosion with
a speed of 0.76¢. The other piece moves away in a opposite
direction with a speed of 0.88c. Find the mass of the second piece of
the satellite.

Solution). The magnitude of the momentum for the piece 1 with m,=150kg:

1). The magnitude of the momentum for the piece 1 with m,=150kg:
D = my,  (150kg)(0.76x3.00x10°m/s)
o \/1_ (0.76¢)°

c

=53%x10"kgm/s

2). The magnitude of the momentum of the piece 2:

b, = m,v, _(mz)(O.88><3.00><108m/5)
|V \/1_ (0.88¢)°

-

c

3) P2 =P :

(77, )(0.88 x3.00x10%m/ )

=53%x10"kg.m/s
\/1_ (0.88¢)

C

So, m, = 95 kg

The mass increasing

From the relativistic equation of momemtum :
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m,

YV =mv

Note: 1) When v =0, m = my;
2) When v approaches ¢, m approaches infinite.

3.12: Relativistic Enerqgy

eDue to the new idea of relativistic mass, we must now redefine the concepts of
work and energy.
U Therefore, we modify Newton’s second law to include our new
definition of linear momentum, and force becomes:
L d d N d mii
P aomn= gl )
The work Wy, done by a force  to move a particle from position 1 to position 2
along a path is defined to be

2 .=
Wy = F-ds=K,-K, (2.55)

where K; is defined to be the kinetic energy of the particle at position 1.
For simplicity, let the particle start from rest under the influence of the force
and calculate the kinetic energy K after the work is done.

The limits of integration are from an initial value of O to a final value of yu

K = mJ.O}’uu d(yu) (2.57)
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The integral in Equation (2.57) is straightforward if done by the method of
integration by parts. The result, called the relativistic kinetic energy, is

K = ymc* —mc?* = mc? ;—1 =mc*(y—1) (2.58)
V1-u?/c?
Equation (2.58) does not seem to resemble the classical result for kinetic energy,
K = imu®. However, if it is correct, we expect it to reduce to the classical result for
low speeds. Let’s see if it does. For speeds u << ¢, we expand 7 in a binomial
series as follows
(2 =y

K =mc? 1——2 —mc?
. C
e 2
= mc? 1+1u2+... —mc?
\ 20

where we have neglected all terms of power (u/c)* and greater, because u << c.
This gives the following equation for the relativistic kinetic energy at low speeds:

K:mcz+;muz—mc2 :;mu2 (2.59)

which is the expected classical result. We show both the relativistic and classical
kinetic energies in Figure 2.31. They diverge considerably above a velocity of 0.6c.
Relativistic and Classical Kinetic Energies

4.0
3.5
8§ 3.0
o Relatvistic
~ O K
55 20 N K = me2(y — 1)
S 2.0 v
2 1.5 Classical
L
E'Z‘ 1.0
0.5
(0)

0

Total Energy and Rest Enerqgvy

We rewrite Equation (2.58) in the form
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2 m02

yme” =
V1-u?/c?
The term mc’ is called the rest energy and is denoted by E,.

Ey = mc? (2.64)

= K +mc® (2.63)

This leaves the sum of the kinetic energy and rest energy to be interpreted as the

total energy of the particle. The total energy is denoted by E and is given by

mc* E,

S 2_ — p—
b = T aa e T @

Momentum and Energy

mu

p=ymu=
N1=u?/c?

We square this result, multiply by ¢, and rearrange the result.

2 2
pczzyzmuzcz
224”2 2.2 4p2

=y°“m-c s =y"'m°c’f

We use Equation (2.62) for 8% and find

2 2 2 2 4 1
pct=y"m-c [1—7/2] :}/2m2c4_m2c4

The first term on the right-hand side is just E?, and the second term is Eq’. The last
equation becomes

2. 2 2 2
pc =E"-FL;
We rearrange this last equation to find the result we are seeking, a relation
between energy and momentum.

E2 :p202 +E02 (2.70)

oY
E% = p202 +m2c? (2.71)
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Equation (2.70) is a useful result to relate the total energy of a particle with its
momentum. The quantities (E> — p°c’) and m are invariant quantities. Note that
when a particle’s velocity is zero and it has no momentum, Equation (2.70)
correctly gives Eq as the particle’s total energy.

2.13: Computations in Modern Physics

e\We were taught in introductory physics that the international system of units is
preferable when doing calculations in science and engineering.

eIn modern physics a somewhat different, more convenient set of units is often
used.

eThe smallness of quantities often used in modern physics suggests some
practical changes.

Units of Work and Energy
eRecall that the work done in accelerating a charge through a potential difference
is given by W = gV.
eFor a proton, with the charge e = 1.602 x 10 C being accelerated across a
potential difference of 1V, the work done is

W =(1.602 x 107°)(1 V) = 1.602 x 1077 J
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