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Fourier Transforms and Their Applications

“The profound study of nature is the most fertile source of math-
ematical discoveries.”
Joseph Fourier

“The theory of Fourier series and integrals has always had ma-
jor difficulties and necessitated a large mathematical apparatus in
dealing with questions of convergence. It engendered the develop-
ment of methods of summation, although these did not lead to a

completely satisfactory solution of the problem. .... For the Fourier
transform, the introduction of distributions (hence, the space S )
is inevitable either in an explicit or hidden form. .... As a result

one may obtain all that is desired from the point of view of the
continuity and inversion of the Fourier transform.”
Laurent Schwartz

2.1 Introduction

Many linear boundary value and initial value problems in applied mathemat-
ics, mathematical physics, and engineering science can be effectively solved by
the use of the Fourier transform, the Fourier cosine transform, or the Fourier
sine transform. These transforms are very useful for solving differential or in-
tegral equations for the following reasons. First, these equations are replaced
by simple algebraic equations, which enable us to find the solution of the
transform function. The solution of the given equation is then obtained in
the original variables by inverting the transform solution. Second, the Fouri-
er transform of the elementary source term is used for determination of the
fundamental solution that illustrates the basic ideas behind the construction
and implementation of Green’s functions. Third, the transform solution com-
bined with the convolution theorem provides an elegant representation of the
solution for the boundary value and initial value problems.

We begin this chapter with a formal derivation of the Fourier integral for-
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10 INTEGRAL TRANSFORMS and THEIR APPLICATIONS

mulas. These results are then used to define the Fourier, Fourier cosine, and
Fourier sine transforms. This is followed by a detailed discussion of the basic
operational properties of these transforms with examples. Special attention is
given to convolution and its main properties. Sections 2.10 and 2.11 deal with
applications of the Fourier transform to the solution of ordinary differential
equations and integral equations. In Section 2.12, a wide variety of partial
differential equations are solved by the use of the Fourier transform method.
The technique that is developed in this and other sections can be applied
with little or no modification to different kinds of initial and boundary value
problems that are encountered in applications. The Fourier cosine and sine
transforms are introduced in Section 2.13. The properties and applications
of these transforms are discussed in Sections 2.14 and 2.15. This is followed
by evaluation of definite integrals with the aid of Fourier transforms. Section
2.17 is devoted to applications of Fourier transforms in mathematical statis-
tics. The multiple Fourier transforms and their applications are discussed in
Section 2.18.

2.2 The Fourier Integral Formulas

A function f(z) is said to satisfy Dirichlet’s conditions in the interval —a <
x <a, if

(i) f(z) has only a finite number of finite discontinuities in —a < 2 < a and
has no infinite discontinuities.

(ii) f(z) has only a finite number of maxima and minima in —a <z <a.

From the theory of Fourier series we know that if f(z) satisfies the Dirichlet
conditions in —a < x < a, it can be represented as the complex Fourier series

flz)= Z an exp(inmx/a), (2.2.1)

n=—oo

where the coefficients are
1 ’ .
n = o f(&) exp(—inmé/a)dE. (2.2.2)

This representation is evidently periodic of period 2a in the interval. However,
the right hand side of (2.2.1) cannot represent f(z) outside the interval —a <
2 < a unless f(x) is periodic of period 2a. Thus, problems on finite intervals
lead to Fourier series, and problems on the whole line —oo < & < 0o lead to the
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Fourier Transforms and Their Applications 11

Fourier integrals. We now attempt to find an integral representation of a non-
periodic function f(z) in (—o0,00) by letting a — co. As the interval grows
(a— o0) the values k, = % become closer together and form a dense set. If
we write 0k = (kny1 — kn) = I and substitute coefficients a,, into (2.2.1), we
obtain

o0

f@ =5 30 60) | [ F©exp(-ighn)de | expliok). (223

n=—oo

In the limit as a — 0o, k,, becomes a continuous variable & and 6k becomes
dk. Consequently, the sum can be replaced by the integral in the limit and
(2.2.3) reduces to the result

f(;v):%/ /f(g)e—““ﬁdg e d. (2.2.4)

— 00 — o0

This is known as the celebrated Fourier integral formula. Although the above
arguments do not constitute a rigorous proof of (2.2.4), the formula is correct
and valid for functions that are piecewise continuously differentiable in every
finite interval and is absolutely integrable on the whole real line.

A function f(x) is said to be absolutely integrable on (—oo, 00) if

[ @iz <o (2.2.5)

exists.
It can be shown that the formula (2.2.4) is valid under more general condi-
tions. The result is contained in the following theorem:

THEOREM 2.2.1

If f(x) satisfies Dirichlet’s conditions in (—o00,00), and is absolutely inte-
grable on (—o0, 00), then the Fourier integral (2.2.4) converges to the function
$[f(z+0) + f(z —0)] at a finite discontinuity at z. In other words,

%[f(a?JrO)Jrf(x—O)]:%/e“” /f(g)e—““ﬁdg dk. (2.2.6)

This is usually called the Fourier integral theorem.

If the function f(x) is continuous at point z, then f(z+0)=f(x —0)=
f(z), then (2.2.6) reduces to (2.2.4).

The Fourier integral theorem was originally stated in Fourier’s famous trea-
tise entitled La Théorie Analytique da la Chaleur (1822), and its deep signifi-
cance was recognized by mathematicians and mathematical physicists. Indeed,
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12 INTEGRAL TRANSFORMS and THEIR APPLICATIONS

this theorem is one of the most monumental results of modern mathematical
analysis and has widespread physical and engineering applications.

We express the exponential factor explik(z —¢)] in (2.2.4) in terms of
trigonometric functions and use the even and odd nature of the cosine and
the sine functions respectively as functions of k so that (2.2.4) can be written

as
o'}

1 oo
fl@)== [ dk [ £(€)cosk(z — €)de. (2.2.7)
7|

This is another version of the Fourier integral formula. In many physical
problems, the function f(z) vanishes very rapidly as || — oo, which ensures
the existence of the repeated integrals as expressed.

We now assume that f(z) is an even function and expand the cosine function
n (2.2.7) to obtain

o0

flx)=f(—x)= coskxdk | f(&)coskEdE. (2.2.8)
[

This is called the Fourier cosine integral formula.
Similarly, for an odd function f(x), we obtain the Fourier sine integral

formula
o0

2 o0
fl@)=—=f(—x)== [ sin kadk | f(£)sink&d€. (2.2.9)
[

These integral formulas were discovered independently by Cauchy in his work
on the propagation of waves on the surface of water.

2.3 Definition of the Fourier Transform and Examples
We use the Fourier integral formula (2.2.4) to give a formal definition of the

Fourier transform.

DEFINITION 2.3.1 The Fourier transform of f(x) is denoted by F{f(x)}
F(k), k€R, and defined by the integral

FU@)}=F(k) = = / e=i* () (231)

where F is called the Fourier transform operator or the Fourier transfor-
mation and the factor \/% is obtained by splitting the factor % involved in
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Fourier Transforms and Their Applications 13

(2.2.4). This is often called the complex Fourier transform. A sufficient condi-
tion for f(x) to have a Fourier transform is that f(x) is absolutely integrable
on (—o00,00). The convergence of the integral (2.3.1) follows at once from the
fact that f(x) is absolutely integrable. In fact, the integral converges uniformly
with respect to k.

Thus, the definition of the Fourier transform is restricted to absolutely inte-
grable functions. This restriction is too strong for many physical applications.
Many simple and common functions, such as constant function, trigonometric
functions sin az, cos ax, exponential functions, and 2™ H (x) do not have Fouri-
er transforms, even though they occur frequently in applications. The integral
in (2.3.1) fails to converge when f(x) is one of the above elementary function-
s. This is a very unsatisfactory feature of the theory of Fourier transforms.
However, this unsatisfactory feature can be resolved by means of a natural
extension of the definition of the Fourier transform of a generalized function,
f(z) in (2.3.1). We follow Lighthill (1958) and Jones (1982) to discuss briefly
the theory of the Fourier transforms of good functions.

The inverse Fourier transform, denoted by F~{F(k)}= f(x), is defined

by

FUF(R) = \/_/ ¢k (k) dk, (2.3.2)

where F 1 is called the inverse Fourier transform operator.

Clearly, both % and .# ! are linear integral operators. In applied math-
ematics, « usually represents a space variable and k(= 2—’T) is a wavenum-
ber variable where A is the wavelength. However, in electrical engineering, x
is replaced by the time variable ¢ and k is replaced by the frequency vari-
able w(=2nv) where v is the frequency in cycles per second. The function
Fw)=Z{f(t)} is called the spectrum of the time signal function f(t). In
electrical engineering literature, the Fourier transform pairs are defined s-

lightly differently by

F{F)} / F(t)e=2vitgy, (2.3.3)
and

S =0 [ P L / eldn,  (234)

— 00

where w =27nv is called the angular frequency. The Fourier integral formula
implies that any function of time f(¢) that has a Fourier transform can be
equally specified by its spectrum. Physically, the signal f(¢) is represented as
an integral superposition of an infinite number of sinusoidal oscillations with
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14 INTEGRAL TRANSFORMS and THEIR APPLICATIONS

different frequencies w and complex amplitudes 5= F(w). Equation (2.3.4) is

called the spectral resolution of the signal f(t), and % is called the spectral
density. In summary, the Fourier transform maps a function ( or signal) of time
t to a function of frequency w. In the same way as the Fourier series expansion
of a periodic function decomposes the function into harmonic components,
the Fourier transform generates a function (or signal) of a continuous variable
whose value represents the frequency content of the original signal. This led to
the successful use of the Fourier transform to analyze the form of time-varying
signals in electrical engineering and seismology.

Next we give examples of Fourier transforms.

Example 2.3.1
Find the Fourier transform of exp(—az?). In fact, we prove

1 k2
F(k)=ZF{exp(—az?®)} = — ex (—), a>0. 2.3.5
(k) = F{exp(—az”)} 7P\ (2.3.5)
Here we have, by definition,
1 T . 2
Fk) = —= [ e ™" dg
(k) = —=
1 7e AN
= — xp|—alz+—) ——|dz
Vo P 2a 4a
1 T 2 1 k2
= exp(—k?/4a /e*“y dy = ——ex <—>,
T p(—k"/4a) U rd r

— 00

in which the change of variable y =x + % is used. The above result is correct,
but the change of variable can be justified by the method of complex analysis

because (ik/2a) is complex. If a =1

Fle /) = /2, (2.3.6)

This shows .Z{f(x)} = f(k). Such a function is said to be self-reciprocal un-
der the Fourier transformation. Graphs of f (xﬁ: exp(—az?) and its Fourier
transform is shown in Figure 2.1 for a =1.

Example 2.3.2
Find the Fourier transform of exp(—alz|), i.e.,

y{exp(a|x|)}_\/g ﬁ a>0. (2.3.7)
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Fourier Transforms and Their Applications 15

Figure 2.1 Graphs of f(z)=exp(—axz?) and F(k) with a=1.

Here we can write

)
F {efa|x|} _ / 67a|x|7ik:cdx
0

|:/e—(a+zk)mdw+ / e(a—ik);vdw
0

E\H E\H
3 3

— 0o

¢5 a
a—i—zk a—zk; 7 (a2 + k%)

We note that f(x) =exp(—alz|) decreases rapidly at infinity, it is not differ-
entiable at  =0. Graphs of f(z) = exp(—alz|) and its Fourier transform is
displayed in Figure 2.2 for a =1.

Example 2.3.3
Find the Fourier transform of

(-2 (o),

where H(x) is the Heaviside unit step function defined by

H(x)—{é: iig} (2.3.8)

Or, more generally,

H(:C—a)z{(l): x>“}, (2.3.9)
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16 INTEGRAL TRANSFORMS and THEIR APPLICATIONS

Figure 2.2 Graphs of f(z) =exp(—alz|) and F(k) with a=1.

where a is a fixed real number. So the Heaviside function H(z — a) has a finite
discontinuity at x =a.

F{f(x)} = \/% /ae“m (1 - |Z—|) dz = % (1 - g) cos kz da

_ 5%0 (1— 2) cos(aka)dz = —2 /1<1—x)i (Sm“’”> do

1

0
1 in2 [ 45T
_ 2a /Sin(akx)dw a /i Sm( ) p
0

o (ak>
a M\ 72
- (2.3.10)

Example 2.3.4
Find the Fourier transform of the characteristic function x[_q q)(2), where

1, |z|<a
X[a,a1(w)=H(a—|w|)={0 le>a}. (2.3.11)
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Fourier Transforms and Their Applications 17

VV\/e haVe
( ) {X[ llll] \/— X[ a a] )

1 ik 2 (sinak
= — W dp =4/ = . (2.3.12
27{/6 x UW( ’ > (2.3.12)

Graphs of f(x) = X[—a,q(2) and its Fourier transform are shown in Figure 2.3
for a=1.

X[—a,a] (X)

-a a

Figure 2.3 Graphs of x[_, () and F, (k) with a = 1.

2.4 Fourier Transforms of Generalized Functions

The natural way to define the Fourier transform of a generalized function,
is to treat f(z) in (2.3.1) as a generalized function. The advantage of this is
that every generalized function has a Fourier transform and an inverse Fourier
transform, and that the ordinary functions whose Fourier transforms are of
interest form a subset of the generalized functions. We would not go into great
detail, but refer to the famous books of Lighthill (1958) and Jones (1982) for

© 2007 by Taylor & Francis Group, LLC



18 INTEGRAL TRANSFORMS and THEIR APPLICATIONS

the introduction to the subject of generalized functions.

A good function, g(x) is a function in C°°(R) that decays sufficiently rapidly
that g(z) and all of its derivatives decay to zero faster than ||~ as |z| — co
for all N > 0.

DEFINITION 2.4.1 Suppose a real or complex valued function g(x) is
defined for all x €R and is infinitely differentiable everywhere, and suppose
that each derivative tends to zero as |x| — 0o faster that any positive power of
(x_l) , or in other words, suppose that for each positive integer N and n,

lim 2N ¢ (x) =0,

|z|— o0
then g(x) is called a good function.

Usually, the class of good functions is represented by S. The good functions
play an important role in Fourier analysis because the inversion, convolution,
and differentiation theorems as well as many others take simple forms with no
problem of convergence. The rapid decay and infinite differentiability proper-
ties of good functions lead to the fact that the Fourier transform of a good
function is also a good function.

Good functions also play an important role in the theory of generalized func-
tions. A good function of bounded support is a special type of good function
that also plays an important part in the theory of generalized functions. Good
functions also have the following important properties. The sum (or difference)
of two good functions is also a good function. The product and convolution
of two good functions are good functions. The derivative of a good function
is a good function; z" g(x) is a good function for all non-negative integers
n whenever g(x) is a good function. A good function belongs to L? (a class
of p*™™ power Lebesgue integrable functions) for every p in 1 <p < oo. The
integral of a good function is not necessarily good. However, if ¢(x) is a good
function, then the function g defined for all = by

o) = [ " gy de

is a good function if and only if ffooo o(t) dt exists.

Good functions are not only continuous, but are also uniformly continuous
in R and absolutely continuous in R. However, a good function cannot be
necessarily represented by a Taylor series expansion in every interval. As an
example, consider a good function of bounded support

exp[—(1 —z3)71], if |x|<1
(- ups)
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Fourier Transforms and Their Applications 19

The function g is infinitely differentiable at x = +1, as it must be in order to
be good. It does not have a Taylor series expansion in every interval, because
a Taylor expansion based on the various derivatives of g for any point having
|z| > 1 would lead to zero value for all z.

For example, exp(—z?), x exp(—a?), (1+ xz)fl exp(—x?), and sech?z are
good functions, while exp(—|z|) is not differentiable at 2 =0, and the function
(1+ :1:2)71 is not a good function as it decays too slowly as |z| — oco.

A sequence of good functions, {f,(z)} is called regular if, for any good
function g(x),

o0

lim fn(x) g(x) dz (2.4.1)

n—oo J_

exists. For example, f,(z) = % ¢(x) is a regular sequence for any good function

o(x), if
lim Oofn() (x)dx= lim —/ o(x =0.

n—oo n—oo n,
Two regular sequences of good functions are equivalent if, for any good func-
tion g(z), the limit (2.4.1) exists and is the same for each sequence.

A generalized function, f(x), is a regular sequence of good functions, and
two generalized functions are equal if their defining sequences are equivalent.
Generalized functions are, therefore, only defined in terms of their action on
integrals of good functions if

- [ f@ g dr= i [ @)@ de= i (£ g) (242

n—oo

for any good function, g(z), where the symbol (f, g) is used to denote the
action of the generalized function f(x) on the good function g(z), or {f, g)
represents the number that f associates with g. If f(z) is an ordinary function

such that (1 +:v2)_N f(z) is integrable in (—oo, co) for some N, then the
generalized function f(x) equivalent to the ordinary function is defined as
any sequence of good functions {f,(x)} such that, for any good function g(x),

nlLII;O fn x)dr = / fz (2.4.3)

For example, the generalized function equivalent to zero can be represented
by either of the sequences {@} and {%}
The unit function, I(x), is defined by

/ " (@) gla) do — / " @) da (2.4.4)

— 00 — 00
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20 INTEGRAL TRANSFORMS and THEIR APPLICATIONS

for any good function g(x). A very important and useful good function that

defines the unit function is {exp (—g) } Thus, the unit function is the gen-

eralized function that is equivalent to the ordinary function f(z)=1.
The Heaviside function, H(x), is defined by

" Hwgw = [ ot 2.45)

The generalized function H(x) is equivalent to the ordinary unit function

0, x<0

DT (2.4.6)

H(z) = {

)

since generalized functions are defined through the action on integrals of good
functions, the value of H(x) at 2 =0 does not have significance here.
The sign function, sgn(x), is defined by

/_O:o sgn(x) g(x) dx = /OOO o) da /_000 oo)de  (247)

for any good function g(x). Thus, sgn(x) can be identified with the ordinary
function

-1, x<0,
sgn(x) = {—i—l >0, (2.4.8)

In fact, sgn(x) =2 H(x) — I(x) can be seen as follows:

| steeax= [ 2#G) - 16 gla) ds

— 00 oo

= 2/0:0 H(z) g(z) dz — /OO I(z) g() da

— 00

:2/0 g(w)dw—/_o:o g(x) dx

= /000 g(x) dw—/ooo g(x)dx

In 1926, Dirac introduced the delta function, §(z), having the following
properties

N (2.4.9)
/ §(x)dx = 1.
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The Dirac delta function, §(z) is defined so that for any good function ¢(z),
[ 8@ ota) do =00

There is no ordinary function equivalent to the delta function.

The properties (2.4.9) cannot be satisfied by any ordinary functions in clas-
sical mathematics. Hence, the delta function is not a function in the classical
sense. However, it can be treated as a function in the generalized sense, and
in fact, 6(x) is called a generalized function or distribution. The concept of
the delta function is clear and simple in modern mathematics. It is very useful
in physics and engineering. Physically, the delta function represents a point
mass, that is a particle of unit mass located at the origin. In this context, it
may be called a mass-density function. This leads to the result for a point
particle that can be considered as the limit of a sequence of continuous dis-
tributions which become more and more concentrated. Even though 6(z) is
not a function in the classical sense, it can be approximated by a sequence of
ordinary functions. As an example, we consider the sequence

6n($):\/§exp(—nw2), n=1,2,3,.... (2.4.10)

Clearly, §,(z) -0 as n— oo for any z#0 and 6,(0) — o0 as n— oo as
shown in Figure 2.4. Also, for allm=1,2,3,...,

/ On(x)dr=1
and
lim On(x)dx = / o(x)dz=1

as expected. So the delta function can be considered as the limit of a sequence
of ordinary functions, and we write

0(x) = lim \/gexp(nxQ). (2.4.11)

n—oo

Sometimes, the delta function §(x) is defined by its fundamental property

/ f(@)d(x —a)dx = f(a), (2.4.12)
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22 INTEGRAL TRANSFORMS and THEIR APPLICATIONS

8,(x)

0.8

0.2

Figure 2.4 The sequence of delta functions, d,(z).

where f(z) is continuous in any interval containing the point 2 = a. Clearly,

oo

/f(a)5(xfa)da::f(a)/5(:177a)dx:f(a). (2.4.13)

Thus, (2.4.12) and (2.4.13) lead to the result
f(@)o(z —a)=f(a)d(z — a). (2.4.14)
The following results are also true

xd(x)=0 (2.4.15)
d(z—a)=0d(a —x). (2.4.16)

Result (2.4.16) shows that 6(z) is an even function.

Clearly, the result
’ 1, =z>0
o(y)dy = =H
/ (y) dy {07 x<0} (z)

shows that
— H(x)=46(x). (2.4.17)
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The Fourier transform of the Dirac delta function is

F{5(2)) = ¢L2_7T / (e do = (2.4.18)

Hence,

5@)<¢1{;%?}_%;7?*%m. (2.4.19)

— 0o

This is an integral representation of the delta function extensively used in
quantum mechanics. Also, (2.4.19) can be rewritten as

o0

d(k)= % / e dg. (2.4.20)

— 00

The Dirac delta function, §(z), is defined so that for any good function
g(x),
6.9)= [ 8(@)g(w)do =g0). (2.4.21)

Derivatives of generalized functions are defined by the derivatives of any
equivalent sequences of good functions. We can integrate by parts using any
member of the sequences and assuming g(z) vanishes at infinity. We can obtain
this definition as follows:

) / e
- / f(2) g/ (2)de =~ (f. g).

The derivative of a generalized function f is the generalized function f’ defined
by

(f'sg)=—(f. 9" (2.4.22)

for any good function g.

The differential calculus of generalized functions can easily be developed
with locally integrable functions. To every locally integrable function f, there
corresponds a generalized function (or distribution) defined by

= /700 f(x) ¢(x) dx (2.4.23)

where ¢ is a test function in R — C with bounded support (¢ is infinitely
differentiable with its derivatives of all orders exist and are continuous).
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24 INTEGRAL TRANSFORMS and THEIR APPLICATIONS

The derivative of a generalized function f is the generalized function f’
defined by

(f's &) =—(f, ¢") (2.4.24)

for all test functions ¢. This definition follows from the fact that

/ e
- / f(2) &' (@) do =—{f, &)

which was obtained from integration by parts and using the fact that ¢ van-
ishes at infinity.
It is easy to check that H'(z) =0(z), for

_ /_ " () () d = — / " H() o (@) da
- / " (@) de = — [B@))T = 6(0) = (5, ).

Another result is

It is easy to verify

We next define |z| = zsgn(x) and calculate its derivative as follows. We have

o)=L {wsan() =2 - {san(x)} + san(x) &

dx
=z % {2H(z) — I(x)} + sgn(x)
=2z §(x) + sgn(x) = sgn(x) (2.4.25)
which is, by sgn(x) =2H(x) — I(x) and z §(x) =0.
Similarly, we can show that
% {sgn(x)} =2H'(z) = 26(x). (2.4.26)

If we can show that (2.3.1) holds for good functions, it follows that it holds
for generalized functions.
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THEOREM 2.4.1
The Fourier transform of a good function is a good function.

PROOF The Fourier transform of a good function f(x) exists and is given
by

F A @)} = F(h) == / e (o) da (2.4.27)

Differentiating F'(k) n times and integrating N times by parts, we get

N
o= [ et i S e
SWE /_OO dI—N{fC"f(iU)}

Evidently, all derivatives tend to zero as fast as |k|™" as |k| — oo for any
N >0 and hence, F(k) is a good function.

‘F(n) ‘ < ’

dx.

THEOREM 2.4.2
If f(x) is a good function with the Fourier transform (2.4.27), then the inverse
Fourier transform is given by

zkx
Fl@)= \/ﬁ/ F(k) dk. (2.4.28)

PROOF For any € >0, we have

F {e‘“zF(—w)} = % /_O:O ¢ ike—eat {/_Z et f(t) dt} dx

Since f is a good function, the order of integration can be interchanged to

obtain
F { —ex? F / f dt / —i(k—t);v—e;v2 dr
~or
which is, by similar calculation used in Example 2.3.1,

b {_ (k ;:)2

1
== ] F(t)dt.

Using the fact that

1 e (k—t)?
9 -1
Ve /—oo P { de } =
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26 INTEGRAL TRANSFORMS and THEIR APPLICATIONS

we can write

F {6_6$2F(f:17)} —fk) .1
(k —t)?

:ﬁ/z () — F(k)] exp [— = ]dt. (2.4.29)

Since f is a good function, we have

’f(t)—f(k‘)’
t—k

< glgng( )|

It follows from (2.4.29) that
‘y {eﬂzp(—x)} - f(k)’

47T€rnax|f |/ |tk|exp[< )}dt

1
= max 4e a O‘da—>0
— max| () [m| | e

t—
2

Ea

as € — 0, where a =

B

Consequently,

F(k) = 7 {F(—2)} = \/% /_Oo e~ B(—z) do

1 i
= — """ F(x)dx
\/27T /700 ()

1 oo o0 )
=5 e dx /_ N e T f(€) dE.

— 00

Interchanging k with z, this reduces to the Fourier integral formula (2.2.4)
and hence, the theorem is proved. |

Example 2.4.1
The Fourier transform of a constant function c is

F{c} = V2m.cd(k). (2.4.30)
In the ordinary sense

F{c} = ek dy

c
V2T
is not a well defined (divergent) integral. However, treated as a generalized

function, ¢=cI(z) and we consider 4 exp (——2)} as an equivalent sequence
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to the unit function, I(x). Thus,

x? c o x2
Z R _ —7 -
Rz {c exp ( 4n>} Nors [m exp ( ikx 4n) dx

which is, by Example 2.3.1,

=cV2n exp(—nk?) =V27.c. n exp(—nk?)

™

=V2m.c.0,(k) =V2m.c.o(k) as n— oo,

since {0, (k)} = {\/? exp (—nk?)} is a sequence equivalent to the delta func-
tion defined by (2.4.10).

Example 2.4.2
Show that

F{e "H((z)} = m, a>0. (2.4.31)

We have, by definition,

Fle H(x)} = \/% / exp{—a(ik + a)}dv = m
0

Example 2.4.3
By considering the function (see Figure 2.5)

falx)=e"*"H(x) —e**H(-x), a>0, (2.4.32)

find the Fourier transform of sgn(x). In Figure 2.5, the vertical axis (y-axis)
represents f,(x) and the horizontal axis represents the x-axis.
We have, by definition,

F{ful)} = —% exp{(a — ik)a}dz

— 0o

1 yi .
+ﬁ b/exp{—(a +ik)x}dx

1 1 1

B 2 (—ik)
T Vor la+ik  a—ik T a2+ k2’
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Figure 2.5 Graph of the function f,(z).

In the limit as a — 0, f,(z) — sgn(x) and then

F{sen(x)} = @ =3
7 {\/gisgn(x)} - %

Or,

2.5 Basic Properties of Fourier Transforms

THEOREM 2.5.1
It #{f(z)} = F(k), then
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(a) (Shifting) F{f(x—a)y=e"*F{f(2)}, (2.5.1)
(b) (Scaling) F{f(az)} = |H (k) (2.5.2)
(c) (Conjugate) FLf ()} = F{f(2)}, (2.5.3)
(d) (Translation) F{e"“ f(z)} = F(k —a), (2.5.4)
(e) (Duality) F{F(x)} = f(—k), (2.5.5)
(f) (Composition) / F(k)g(k)e™ dk = / f(e —x)d¢, (2.5.6)

where G(k) = F{g(2)}.
PROOF (a) We obtain, from the definition,
F{f(x - a)) F/ e~k f (5 — a)d
7Zk(§+a T —a=
- = / Qe (@-a=g)

= 67”““/ {f(@)}.

The proofs of results (b)—(d) follow easily from the definition of the Fourier
transform. We give a proof of the duality (e) and composition (f).

We have, by definition,

flz)=

\/%

/“”F ydk =.F Y F(k)}.

Interchanging = and k, and then replacing k by —k, we obtain

f(=F)
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To prove (f), we have

o0 oo

/ F(k)g(k) e* dk = / g(k) e %/ M £(€)de

= [ 1o o= [ e gl

- / FOG(E — )de.

In particular, when x =0

/ F(k)g(k)dk = / F(E)G(€)de.

THEOREM 2.5.2
If f(x) is piecewise continuously differentiable and absolutely integrable, then

(i) F(k) is bounded for —oo < k < 00,

(ii) F(k) is continuous for —oo < k < co.
PROOF It follows from the definition that
Fool< = [ e
— e x)|dz
~ V2

C

1 oo
“—2_”4 falldo = —==.

where ¢c= [ |f(z)|dx = constant. This proves result (i).

To prove (ii), we have

1 Ji —thx
PO+ 1) = 0] < <= [ 1o~ 1| f(o)lda

<2 7 £ (@)lde.
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Since }1}1% le=th® — 1| =0 for all z € R, we obtain

lim [F(k+h) = F(k)| < lim le=the _ 1||f(z)|dz =0.

1 o0
h—0 /27 /
This shows that F(k) is continuous. 1l

THEOREM 2.5.3
(Riemann-Lebesgue Lemma). If F(k)=.Z{f(x)}, then

lim |F(k)|=0. (2.5.7)

|k|—o0

PROOF  Since e~ %% = —¢= 2" e have

F(k) = — L / e "R f(2)dx
2

— 00

= %7 e~k f (:c — %) dx.

Hence,
F(k) = % \/% 7 ek f(x)dx —7 e~ikef (:B - %) dx
S e e D)
Therefore,

(k)] < ngf F@) = 1 (o= T )| da-

Thus, we obtain

Jim_|F(k)| < Nlﬁ Jim Zo @)~ (2= D) ar =0
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THEOREM 2.5.4
If f(x) is continuously differentiable and f(z) — 0 as || — oo, then

F{f (@)} = (k) F{f(2)} = ik F (k). (2.5.8)

PROOF  We have, by definition,
FU@) == [ e @
V2T

which is, integrating by parts,

= \/% [f(w)e_ikw]iooo + \/ZI;_W e_ik””f(:lc)d:v
= (ik)F (k). .
If f(x) is continuously n-times differentiable and f*)(x) —0 as |2| — oo for
k=1,2,...,(n—1), then the Fourier transform of the nth derivative is
FLW (@)} = (ik)" F{f (@)} = (ik)" F (k). (2.5.9)

A repeated application of Theorem 2.5.4 to higher derivatives gives the
result.

The operational results similar to those of (2.5.8) and (2.5.9) hold for partial
derivatives of a function of two or more independent variables. For example,
if u(z,t) is a function of space variable 2 and time variable ¢, then

ou , 0%u 9
ou du 0%u d*U
5“{5}—% y{aT}_W

where U(k,t) =7 {u(z,t)}. |

DEFINITION 2.5.1 The convolution of two integrable functions f(x) and
g(x), denoted by (f = g)(x), is defined by

1 o0
o= / f(x— €)g(€)de, (2.5.10)

provided the integral in (2.5.10) exists, where the factor \/% 18 a matter of
choice. In the study of convolution, this factor is often omitted as this factor
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does not affect the properties of convolution. We will include or exclude the
factor freely in this book.

We give some examples of convolution.

Example 2.5.1
Find the convolution of
(a) f(x)=cosxz and g(z)=exp(—alz|), a>0,

(b) f(x) =X(ap(z) and g(z)=a?,
where X[q4)(2) is the characteristic function of the interval [a,b] C R defined

by
(2) = 1, a<z<b
Xla bl \F) = 0, otherwise |

(a) We have, by definition,

oo

(f*9)(a / fla—€) g(&)de = / cos(z — €) e~I¢ldg

0 0o

= /cos(:zc—f) e“fdf—i—/cos(x—f) e %d¢
—o0 0

= /cos(x+§) e‘“%é—i—/cos(x—f) e e de
0 0

= 2cosx/cos§ T %.

0

(b) We have

_ / Fo—€) g(e)de = / Xtaw) (@ — €) g(€)de

/ €2 de =

b’ —a?).

wl»—'

THEOREM 2.5.5
(Conwvolution Theorem). If F{f(x)} =F (k) and #{g(x)} = G(k), then

F{f(x)xg(x)} = F(k)G(k), (2.5.11)
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f(@) xg(x) =F HF(k)G(k)}, (2.5.12)
or, equivalently,
/ flx—8&g&)de = | e F(k)G(k)dk. (2.5.13)

PROOF  We have, by the definition of the Fourier transform,

oo o0

FU@g@) =5 [ *dn [ - g6
o [ e ode [ M0 o
— 5 [ e a0 [ e adn =G,

where, in this proof, the factor \/% is included in the definition of the convo-

lution. This completes the proof. |

The convolution has the following algebraic properties:
fxg=gx*f (Commutative), ( )
fx(gxh)=(f*g)*h (Associative), (2.5.15)
(af +Bg)xh=a(f*h)+B(gxh) (Distributive), ( )
fxV2mé=f=\2m0x*f (Identity), ( )

where o and 3 are constants.
We give proofs of (2.5.15) and (2.5.16). If f % (g * h) exists, then

V*@*MH@:i/f@fO@*m&Mé

oo

I
~
—

8
I
o
)
—~~
2}
I
=
>
—
=

U

=

QU
Iy
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= / /f(w—f)g(f—t)d§] h(t)dt
= / / flx—t—n) g(n)dn] h(t)dt (put & —t=n)
= [19) - ln

= [(f *g) * h] (x),

where, in the above proof, under suitable assumptions, the interchange of the
order of integration can be justified.

Similarly, we prove (2.5.16) using the right-hand side of (2.5.16), that is,

a(fxh)+B(g*h) =a / f(x— Eh(E)de + 8 / g — E)h(e)de

/ lof (@ — &) + Bgla — )] h(E)de

— 0o

= [(oof + Bg) * 1] (x).

In view of the commutative property of the convolution, (2.5.13) can be writ-
ten as

/ f(&)g(x —&)dE = / ek F(k)G(k)dk. (2.5.18)
This is valid for all real z, and hence, putting x =0 gives
/ f(§)g(=&)dE = / f(x)g(—z)dx = / F(k)G(k)dk. (2.5.19)

We substitute g(z) = f(—x) to obtain

G(k) = Z{g(2)} = F{T(=a) } = Z{[@)} = F (k).

Evidently, (2.5.19) becomes

f ) f(x)dx /F k) F(k)dk (2.5.20)
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/|f(x)|2d:z::/|F(k)|2dk. (2.5.21)

This is well known as Parseval’s relation.
For square integrable functions f(z) and g(x), the inner product (f, g) is

defined by
9)= / f(@) g(w)da (2.5.22)

so the norm || f||2 is defined by

or

IAI3=(f, /f =/|f )|2dz. (2.5.23)

The function space L?(R) of all complex-valued Lebesgue square integrable
functions with the inner product defined by (2.5.22) is a complete normed
space with the norm (2.5.23). In terms of the norm, the Parseval relation
takes the form

[fllz=lFllz= 17 fl2- (2.5.24)

This means that the Fourier transform action is unitary. Physically, the quan-
tity ||f]]2 is a measure of energy and ||F||2 represents the power spectrum of

I

THEOREM 2.5.6
(General Parseval’s Relation). If Z{f(x)}=F(k) and F#{g(x)} = G(k) then

/f(x)@dx:/F(k)mdk. (2.5.25)

PROOF We proceed formally to obtain

7F(k)mdk/oo dk - —/ e kY £ (y) dy]oe ikzg(x) dx
- / f(y) dy 7g<x>dx7 ik(z=) g

|
)
—
8
N~—
<9
8
Bd
S
I
N
-
—
N
U
<
|
s
—
8
S~—
)
—
8
~—
<9
8

— 00 — 00 — 00
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In particular, when g(z) = f(x), the above result agrees with (2.5.20).

We now use an indirect method to obtain the Fourier transform of sgn(x),
that is,

F{sen(x)} =/ > j{ (2.5.26)
From (2.4.26), we find
7 {ismin ) = F ) =27 ) =,
which is, by (2.5.8),
it (i) =2,
F{sgn(x)} = \/;
The Fourier transform of H(z) follows from (2.4.30) and (2.5.26):
F{H(2)} = _y{1 +sgn(x)} = 5[«9’{1} + 7 {sgn(x)}]
- g [5(@ + ﬁ] . (2.5.27)

2.6 Poisson’s Summation Formula

A class of functions designated as LP(R) is of great importance in the theory
of Fourier transformations, where p(>1) is any real number. We denote the
vector space of all complex-valued functions f(x) of the real variable x. If f
is a locally integrable function such that |f|? € L(R), then we say f is p-th
power Lebesgue integrable. The set of all such functions is written L?(R). The
number || f||, is called the LP-norm of f and is defined by

Hmp[/wumﬁmr<m. (2.6.1)

— 00

Suppose f is a Lebesgue integrable function on R. Since exp(—ikz) is contin-
uous and bounded, the product exp(—ikz) f(z) is locally integrable for any
keR. Also, |exp(—ikz)| <1 for all k and = on R. Consider the inner product

(f, ey = /_O:O f(z) e ™ dx, keR. (2.6.2)
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’ / Zﬂw) el < [ O;If(w)ldw=||f||1<oo. (2.6.3)

This means that integral (2.6.2) exists for all k € R, and was used to define

. _ . 1
the Fourier transform, F(k) = %{f(x)} without the factor ors

Clearly,

Although the theory of Fourier series is a very important subject, a detailed
study is beyond the scope of this book. Without rigorous analysis, we can
establish a simple relation between the Fourier transform of functions in L*(R)
and the Fourier series of related periodic functions in L!(—a, a) of period 2a.
If f(z) € L*(—a, a) and is defined by

flx)= i cpe™® (—a<z<a), (2.6.4)
where the Fourier coeﬁici::t:jn is given by
en = % f( ) e~ * dg. (2.6.5)
THEOREM 2.6.1
If f(z) € L*(R), then the series
i f(z +2na) (2.6.6)

n=—oo

converges absolutely for almost all x in (—a, a) and its sum g(z) € L'(—a, a)
with g(z + 2a) = g(z) for z € R.

If a,, denotes the Fourier coefficient of a function g, then

1 “ —znz —znw
% _ag(x) d:v——/ fz d:v— F( ).

Ap =

PROOF We have

Z/ f(z+2na)| de = hm Z/ f(z+2na)| dzx

i (2n+1)a
— lim /1 F(8)] dt
N—oo n—_n+’(2n-1)a
(2N+1)a
— lim £ (6)] dt

N—oo J_(2aN+1)a

:/mWMﬁ<w

— 00
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It follows from Lebesgue’s theorem on monotone convergence that

/_2[% |f(w+2na)|] dr = Z /_a (z+2na)| de < oo.

n=—oo n=—oo

Hence, the series > >° _ f(x + 2na) converges absolutely for almost all z

in (—a, a). If gy(x)= Zf:r:_N flx+2na), limy o gn(z) = g(x), where g €
L'(—a, a), and g(z + 2a) = g(z).

Moreover,
o = [ ot r= [ | 3 st 200 as
/ Z (x + 2na)| dx
= Z / (x + 2na)| dx
— [ i@l e =il
i
We consider the Fourier series of g(z) given by
g(z)= i Cm exp(immz/a), (2.6.7)
where the coefficients ¢, for m=0,+1, 42, ... are given by
1 .
Cm = 5 g(x)exp(—immz/a)dz. (2.6.8)
We replace g(x) by the limit of the sum
= lim Z f(z 4+ 2na), (2.6.9)

N—»oo
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so that (2.6.8) reduces to

em = — lim Z /f (x + 2na)exp(—imma/a) dx

a N—)()o
1 N (@ntDa
- %]\}i—{noo f(y)exp(—immy/a) dy
=T (2n 1)a
(2N+1)a
1
" 2 J\}Enoo f(x)exp(—imnx/a) dx
—(2N+1)a
2
B \/_WF (T> ’ (2.6.10)
2a a

where F (™X) is the discrete Fourier transform of f(z).
Evidently,

Z fx+2na)=g(x) = Z \éi_wF (na_w> exp(inmx/a). (2.6.11)

n=—oo n=—oo

We let =0 in (2.6.11) to obtain the Poisson summation formula

i F(2na) = i é?F(%) (2.6.12)

When a =7, this formula becomes
o0 1 o0
2mn) = — F(n). 2.6.13
n;mf( ) T”;OO (n) (2.6.13)
When 2a =1, formula (2.6.12) becomes

ST fmy=v2r Y F(2nn). (2.6.14)

n=—oo n=—oo

To obtain a more general formula, we assume that a is a given positive
constant, and write g(x) = f(ax) for all z. Then

2)-(2),
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and we define the Fourier transform of f(x) without the factor -t so that

Var
F(n) = /jo e f(z) d:v:‘/ioo e e f (a —) dx
= /O; e~ g (g) dx
= a/:: e MY g(y) dy
= aG(an).

Consequently, equality (2.6.13) reduces to

oo

2mn a
> 9(=~) NoT Z G(an). (2.6.15)

Putting b= 2% in (2.6.15) gives
> gn)=v2rb™t > G(2rb'n). (2.6.16)

When b= 2w, result (2.6.16) becomes (2.6.13). We apply these formulas to
prove the following series

> 1 T
(a) n;oo O] =3 coth(mb), (2.6.17)
(b) n:Z_oo exp(—mn-t) % n:Z_oo exp <T> , (2.6.18)

(c) Z 1 cosec? (). (2.6.19)

—  (z+nm)?

To prove (a), we write f(z)=(2? +b*)~! so that F(k)=/F ¢ exp(—blk|).
We now use (2.6.14) to derive

Z n2+b2 =3 Z exp(—2|n|mb)

[Z exp(—2nmb) + Z exp( 2mrb)1
= n=1

which is, by writing r = exp(—27b),
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It follows from (2.6.14) that

i 1 w(l+e®)
L (n?+b?) b (1 —em2md)
Or,
) > 1 1 a(l+e?™)
e (n?4?) b b (1—e ™)
It turns out that
i 1 | (1+e ) 1
— (n?+10?) 20 [ (1—e~2m) 7
2 [(1+e %) 2
_?[ 1—€I)_E:|7 (2rb=1x)
2 [r(1+e®) —2(1—e%)
'z (I1—e7)
_ (1)2 P (3-3) -5+
x

=1 w2
> == (2.6.20)
n=1
To prove (b), we assume f(z) = exp(—mtz?) so that F(k) = \/% exp (—f—;).
Thus, the Poisson formula (2.6.14) gives
i exp(—mtn?) = L i exp(—mn?/t).
n=-—oo \/E n=-—oo

This identity plays an important role in number theory and in the theory of
elliptic functions. The Jacobi theta function ©(s) is defined by

O(s)= i exp(—msn?),  5>0, (2.6.21)

n=—oo
so that (2.6.16) gives the functional equation for the theta function

J50(5)=0 <3> (2.6.22)

S
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The theta function O(s) also extends to complex values of s when Re(s) >0
and the functional equation is still valid for complex s. The theta function is
closely related to the Riemann zeta function ((s) defined for Re(s) > 1 by
— 1
s)=)_ —-

n=1

(2.6.23)

An integral representation of {(s) can be found from the result

e r
/ ¥ e dy = () Re(s) >0,
0

ns’

where the gamma function T'(s) is defined by
I'(s) :/ e 't 1dt,  Re(s)>0.
0

Summing both sides of this result and interchanging the order of summation
and integration, which is permissible for Re(s) > 1, gives

Hﬁ«@éwﬁ* o

er —1’
It turns out that ((s), O(s), and I'(s) are related by the following identity:

Re(s)> 1. (2.6.24)

C(S)F(s/2):%7rs/2/ooows/21[@(;10)—1] dr,  Re(s)>1.  (2.6.25)

Considering the complex integral in a suitable closed contour C'

1 s—1
I=— Zidz,
2mi Jo e =1
and using the Cauchy residue theorem with all zeros of (e™* — 1) at z = 2min,
n==+1,4£2,..., =N gives

I=—2sin (?) f:(mm)*1 :

n=1

To prove (c), we use the Fourier transform of the function f(x) = (1 — |z|)
H (1 — |z]) to obtain the result. In the limit as N — oo, the sum of the residues
is convergent so that the integral gives the relation

s

1 ¢(s)

28 s—1 (_) 1 - =_>\7

™ sin {5 (1 —y9) T—3)

In view of another relation for the gamma function, I'(1 + 2)I'(—2) = — /—,
the relation (2.6.26) leads to a famous functional relation for {(s) in the form

(2.6.26)

75¢(1 — 8) =2'7°T(s) cos (%S> ¢(s). (2.6.27)
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2.7 The Shannon Sampling Theorem

An analog signal f(t) is a continuous function of time ¢ defined in —oo < t < o0,
with the exception of perhaps a countable number of jump discontinuities.
Almost all analog signals f(t) of interest in engineering have finite energy. By
this we mean that f € L?(—o0, 00). The norm of f defined by

o0 2
il =| [ 1 de] (271)
— 00

represents the square root of the total energy content of the signal f(t). The
spectrum of a signal f(t) is represented by its Fourier transform F(w), where
w is called the frequency. The frequency is measured by v = 5= in terms of
Hertz.

A continuous signal f(¢) is called band limited if its Fourier transform F(w)
is zero except in a finite interval, that is, if

Fy(w)=0 for |w|>a. (2.7.2)
Then a(>0) is called the cutoff frequency.

In particular, if
<
F(w)—{(l)’ ] —a} (2.7.3)

lw|>a

then F(w) is called a gate function and is denoted by F,(w), and the band
limited signal is denoted by f4(t). If a is the smallest value for which (2.7.2)
holds, it is called the bandwidth of the signal. Even if an analog signal f(t) is
not band-limited, we can reduce it to a band-limited signal by what is called
an ideal low-pass filtering. To reduce f(t) to a band-limited signal f,(¢) with
bandwidth less than or equal to a, we consider

ﬁuwz{FW%|ﬂga} (2.7.4)

0, lw| >a

and find the low-pass filter function f,(¢) by the inverse Fourier transform

fa(t) ! /OO e, (w)dw = L/ e, (w)dw. (2.7.5)

2 J_ o T J)_a

This function f,(t) is called the Shannon sampling function. When a =,
fr(t) is called the Shannon scaling function. The band-limited signal f,(t) is
given by

a

1Oo , 1 [ . inat
g@Z%/me%cg/w%:ﬂi. (2.7.6)

7t
—a
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A

F(w)

[N

Figure 2.6 The gate function and its Fourier transform.

Both F(w) and f,(t) are shown in Figure 2.6 for a = 2.
Consider the limit as a — oo of the Fourier integral for —oco < w < oo

oo oo
) . sinat
1= lim e “f,(t)dt = lim et 2L gy
a— 00 a— 00 it
— 00 — 00
oo oo
. inat )
= / et [Hm S } dt = / e "o (t)dt.
a—oo Tt
— 00 — 00

Clearly, the delta function §(¢) can be thought of as the limit of the sequence
of functions f,(t). More precisely,

5(t) = lim (Sm at) . (2.7.7)

We next consider the band-limited signal

™

fa(t) = % /F(w)eiwtdw: 2i / F(w) Fy(w) e dw,

which is, by the Convolution Theorem,

)= [ rosute-nir= [ 2D pwyar (2.78)

This integral represents the sampling integral representation of the band-
limited signal f,(t).
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Example 2.7.1

(Synthesis and Resolution of a Signal; Physical Interpretation of Convolu-
tion). In electrical engineering problems, a time-dependent electric, optical or
electromagnetic pulse is usually called a signal. Such a signal can be consid-
ered as a superposition of plane waves of all real frequencies so that it can be
represented by the inverse Fourier transform

1 .
ft)=F HF(w)}= 5 / F(w)e™dw, (2.7.9)
T
where F(w)=.Z{f(t)}, the factor (1/27) is introduced because the angular
frequency w is related to linear frequency v by w=2nr, and negative fre-
quencies are introduced for mathematical convenience so that we can avoid
dealing with the cosine and sine functions separately. Clearly, F(w) can be

represented by the Fourier transform of the signal f(¢) as
F(w)= / f(t)e ™“tdt. (2.7.10)

This represents the resolution of the signal into its angular frequency compo-
nents, and (2.7.9) gives a synthesis of the signal from its individual compo-
nents.

Consider a simple electrical device such as an amplifier with an input signal
f(t), and an output signal g(¢). For an input of a single frequency w, f(t) =
et The amplifer will change the amplitude and may also change the phase
so that the output can be expressed in terms of the input, the amplitude and
the phase modifying function ®(w) as

g(t) =2(w)f (1), (2.7.11)

where ®(w) is usually known as the transfer function and is, in general, a
complex function of the real variable w. This function is generally independent
of the presence or absence of any other frequency components. Thus, the total
output may be found by integrating over the entire input as modified by the

amplifier
o0

/ O(w)F(w) e™tdw. (2.7.12)

— 00

1

g(t)= o

Thus, the total output signal can readily be calculated from any given input
signal f(¢). On the other hand, the transfer function ®(w) is obviously charac-
teristic of the amplifier device and can, in general, be obtained as the Fourier
transform of some function ¢(t) so that

B(w) = / B(t)e—tdt. (2.7.13)
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The Convolution Theorem 2.5.5 allows us to rewrite (2.7.12) as
o(0) = F HBWF )} = (1) / Fr)o(t - Tdr. (27.14)

Physically, this result represents an output signal g(t) as the integral superpo-
sition of an input signal f(¢) modified by ¢(¢ — 7). Linear translation invariant
systems, such as sensors and filters, are modeled by the convolution equations
g(t) = f(t) = ¢(t), where ¢(t) is the system impulse response function. In fact
(2.7.14) is the most general mathematical representation of an output (effect)
function in terms of an input (cause) function modified by the amplifier where
t is the time variable. Assuming the principle of causality, that is, every effect
has a cause, we must require 7 < ¢t. The principle of causality is imposed by
requiring

dt—7)=0 when 7> t. (2.7.15)

Consequently, (2.7.14) gives

t

/f (t—7)d (2.7.16)

In order to determine the significance of ¢(t), we use an impulse function
f(7)=46(7) so that (2.7.16) becomes

/5 (t — 7)dr = () H(2). (2.7.17)

This recognizes ¢(t) as the output corresponding to a unit impulse at ¢t =0,
and the Fourier transform of ¢(¢) is

B(w) = F{o(1)} = / (t)e—tdt, (2.7.18)
0
with ¢(t) =0 for t<0. [

Example 2.7.2

(The Series Sampling Expansion of a Bandlimited Signal). Consider a band-
limited signal f,(t) with Fourier transform F'(w) =0 for |w| > a. We write the
Fourier series expansion of F(w) on the interval —a <w < a in terms of the
orthogonal set of functions {exp (—%)} in the form

Z n eXp (—m—”w) (2.7.19)

n=—oo
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where the Fourier coefficients a,, are given by

:% 2a a

—a

1 : 1
an F(w)exp (Mw) do=— f, (E> . (2.7.20)
a
Thus, the Fourier series expansion (2.7.19) becomes

Flw)= % n_ioo fa (%) exp (?Q . (2.7.21)

The signal function f,(t) is obtained by multiplying (2.7.21) by ¢** and in-
tegrating over (—a,a) so that

a

flt) = [ Fl)eta

—a

% /aeiwtdw [ i fa (%T) exp (—m%w)l

n=—oo

w5 S () [ewfel- )
RS h =

i fa (”—”) sin (at — n) (2.7.22)

a (at — nm)

n=—oo

This result is the main content of the sampling theorem. It simply states that
a band-limited signal f,(¢) can be reconstructed from the infinite set of dis-
crete samples of f,(t) at t=0, =2, .... . In practice, a discrete set of samples
is useful in the sense that most systems receive discrete samples {f(t,)} as
an input. The sampling theorem can be realized physically. Modern telephone
equipment employs sampling to send messages over wires. In fact, it seems
that sampling is audible on some transoceanic cable calls.

Result (2.7.22) can be obtained from the convolution theorem by using
discrete input samples

S s (”_”) 5 (t_ ”l) = f(b). (2.7.23)
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Hence, the sampling expansion (2.7.8) gives the band-limited signal

fa(t)/%lni gfa(%)a(T%)] 0

=—00

o0

> n(F) [T )

n=—oo

-y 4 (2o S“;“(J (2.7.24)

[

In general, the output can be best described by taking the Fourier transform
of (2.7.14) so that
G(w)=F(w)®(w), (2.7.25)

where ®(w) is called the transfer function of the system. Thus, the output can
be calculated from (2.7.25) by the Fourier inversion formula

o) = = /Oo Fw) B(w) ¢ dw, (2.7.26)

:E .

Obviously, the transfer function ®(w) is a characteristic of a linear system.
A linear system is a filter if it possesses signals of certain frequencies and
attenuates others. If the transfer function

P(w)=0 |w| > wo, (2.7.27)
then ¢(t), the Fourier inverse of ®(w), is called a low-pass filter.
On the other hand, if the transfer function
P(w)=0 |w] < wsq, (2.7.28)

then ¢(t) is a high-pass filter. A bandpass filter possesses a band wp < |w| < ws.
It is often convenient to express the system transfer function ®(w) in the
complex form

O(w) = A(w) exp[—if(w)], (2.7.29)

where A(w) is called the amplitude and 6(w) is called the phase of the transfer
function. Obviously, the system impulse response ¢(t) is given by the inverse
Fourier transform

6(t) = % /_ " Aw) explifwt — 0(w)}] do. (2.7.30)
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For a unit step function as the input f(t) = H(t), we have

N 1
Flw)=H(w)=|nd —
@)= = (10) + )
where H(w)=.% {H(t)} and the associated output g(t) is then given by
1 e N -
g(t) = — O (w)H (w)e™* dw

2m J_
— 5 | (m0)+ ) A explifit - 60} do

1 1 [ A
= 5/1(0) + e /_Oo (EJW) exp {z {wt —0(w) — g}] dw. (2.7.31)

We next give another characterization of a filter in terms of the amplitude
of the transfer function.

A filter is called distortionless if its output g(¢) to an arbitrary input f(t)
has the same form as the input, that is,

g(t) = Ao f(t — to). (2.7.32)

Evidently, 4
G(w) = Age ™" F(w) = ®(w) F(w)

where _
P (w) = Age ™t

represents the transfer function of the distortionless filter. It has a constant
amplitude Ay and a linear phase shift 8(w) = wty.

However, in general, the amplitude A(w) of a transfer function is not con-
stant, and the phase #(w) is not a linear function.

A filter with constant amplitude, |§(w)|= Ay is called an all-pass filter. It
follows from Parseval’s formula that the energy of the output of such a filter
is proportional to the energy of its input.

A filter whose amplitude is constant for |w| <wy and zero for |w|>wy is
called an ideal low-pass filter. More explicitly, the amplitude is given by

A(w) = AgH (wo — |w|) = Ao Rwo (W) , (2.7.33)

where Y., (w) is a rectangular pulse. So, the transfer function of the low-pass
filter is
B(w) = Ao () exp(—iwto) (2.7.34)

Finally, the ideal high-pass filter is characterized by its amplitude given by

A(w) =AoH(Jw| — wo) = ApXuw, (W) , (2.7.35)
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where Ag is a constant. Its transfer function is given by

D(w) = Ao [1 — Xuw, (w)] exp(—iwtp) . (2.7.36)

Example 2.7.3

(Bandwidth and Bandwidth Equation). The Fourier spectrum of a signal (or
waveform) gives an indication of the frequencies that exist during the total
duration of the signal (or waveform). From the knowledge of the frequencies
that are present, we can calculate the average frequency and the spread about
that average. In particular, if the signal is represented by f(t), we can define
its Fourier spectrum by

o0

F(v)= / e 2 £(¢) dt. (2.7.37)

— 00

Using |F(v)|? for the density in frequency, the average frequency is denoted
by <v > and defined by

<u>:/ V| F ()| dv. (2.7.38)

The bandwidth is then the root mean square (RMS) deviation at about the
average, that is,

B%*= /OO (v—<v>)? dv. (2.7.39)

— 00

Expressing the signal in terms of its amplitude and phase
f(t)=a(t) exp{ift}, (2.7.40)

the instantaneous frequency, v(t) is the frequency at a particular time defined
by

v(t)= L 0'(t). (2.7.41)
27
Substituting (2.7.37) and (2.7.40) into (2.7.38) gives
<u>:2i/ 0'(t) a®(t) dt:/ v(t) a®(t) dt. (2.7.42)
™ — 00 — 00

This formula states that the average frequency is the average value of the in-
stantaneous frequency weighted by the square of the amplitude of the signal.

We next derive the bandwidth equation in terms of the amplitude and phase
of the signal in the form

B?= (2711_)2 /0:0 [Z/((f))r a’(t) dt—i—/o; [% o' (t)— <V>]2 a’(t) dt.
(2.7.43)
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A straightforward but lengthy way to derive it is to substitute (2.7.40) into
(2.7.39) and simplify. However, we give an elegant derivation of (2.7.43) by
representing the frequency by the operator

1 d
= —. 2.7.44
2wt dt ( )

We calculate the average by sandwiching the operator between the complex
conjugate of the signal and the signal. Thus,

<u>=/oo V|F(V)|2du:/oo () [% %} () dt

— 0o — 0o

= o [ a0 a0 + e o) dr
-+ 7"" _L [% } it o / fdi (2.7.45)
- L /_ O:O 0 (t)a? (1) dt (2.7.46)

provided the first integral in (2.7.44) vanishes if a(t) — 0 as |t| — cc.

It follows from the definition (2.7.39) of the bandwidth that

B? = /jo (v—<v>)’|F(v)]? dv

SN

:/‘X’ 1 d(®) 1

omi a(t) | 2m
i 8] e [ o] i

e
This completes the derivation. I

Physically, the second term in equation (2.7.43) gives averages of all of the
deviations of the instantaneous frequency from the average frequency. In elec-
trical engineering literature, the spread of frequency about the instantaneous
frequency, which is defined as an average of the frequencies that exist at a
particular time, is called instantaneous bandwidth, given by

. _ 1 [a®)]?
TN )2 [a(t)} : (2.7.47)
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In the case of a chirp with a Gaussian envelope

T 1 1
F(t)= (%) exp [Eatz + giat® + 2mivt| (2.7.48)

where its Fourier spectrum is given by

F(v)=(ar)i ( L ) * exp [—2m2(v — 19)?/(a — iB)] - (2.7.49)

a—1i0
The energy density spectrum of the signal is
2 am 5 dar?(v —1p)?

Finally, the average frequency < v > and the bandwidth square are respec-
tively given by

1 32
2
<v>=yy and B =53 <a+ ) (2.7.51)

A large bandwidth can be achieved in two very qualitatively different ways.
The amplitude modulation can be made large by taking « large, and the
frequency modulation can be small by letting 5 — 0. It is possible to make
the frequency modulation large by making g large and a very small. These
two extreme situations are physically very different even though they produce
the same bandwidth.

Example 2.7.4
Find the transfer function and the corresponding impulse response function
of the RLC circuit governed by the differential equation
d*q dqg 1
L—+4+R—+—=qg=c¢lt 2.7.52
Ry tei=e® (2.7.52)
where ¢ (t) is the charge, R, L, C are constants, and e (¢) is the given voltage
(input).
Equation (2.7.25) provides the definition of the transfer function in the
frequency domain

G _ZF{g®)}

D (w) = = , (2.7.53)
Fw)  Z{f @)}
where ¢ (t) =.7 1 {® (w)} is called the impulse response function.
Taking the Fourier transfrom of (2.7.52) gives
1
<—Lw2 + Riw + 6) Q(w)=Fw). (2.7.54)
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Thus, the transfer function is

_ Q) _ —C
P (w) = Flo) ~ IO iRCo 1
) 1 1
= 2Lﬁ |:w—z(a+ﬁ) W_Z(Oé—ﬁ):|7 (2755)

where
1
2

RN 1
2L LC

The inverse Fourier transform of (2.7.55) yields the impulse response func-
tion

a:E and (= (2.7.56)

2L

o (t) = 25% (Pt —e Pt) e H (t). (2.7.57)

2.8 Gibbs’ Phenomenon

We now examine the so-called the Gibbs jump phenomenon which deals with
the limiting behavior of a band-limited signal f,,, () represented by the sam-
pling integral representation (2.7.8) at a point of discontinuity of f(¢). This
phenomenon reveals the intrinsic overshoot near a jump discontinuity of a
function associated with the Fourier series. More precisely, the partial sums
of the Fourier series overshoot the function near the discontinuity, and the
overshoot continues no matter how many terms are taken in the partial sum.
However, the Gibbs phenomenon does not occur if the partial sums are re-
placed by the Cesaro means, the average of the partial sums.

In order to demonstrate the Gibbs phenomenon, we rewrite (2.7.8) in the
convolution form

fuo(t) = /fo f(7) %m:(h&wo)(w, (2.8.1)
where
sin wot
O (1) = —~ (2.8.2)
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Clearly, at every point of continuity of f(t), we have

lm o, (f) = Tim (Feon) ()= lim [ f(r) S =7)

wp—00 wp—00 wo—00 J_ o 7T(t 77')

_ / i) L({Eﬂm %} o

/ FT)S(t —7) dr = f(t). (2.8.3)

dr

We now consider the limiting behavior of f,, (¢) at the point of discontinuity
t =to. To simplify the calculation, we set to =0 so that we can write f(t) as
a sum of a continuous function, f.(t) and a suitable step function

f(t) = fe(t) + [f(0+) — f(0—-)] H(?). (2.8.4)
Replacing f(t) by the right hand side of (2.8.4) in Equation (2.8.1) yields

fun (£) / folr w dr

m(t—7)
+17(0 / () =T
= fe(t) +[f(0+) — )] Hso () 5 (2.8.5)
where
- / t: ST g (putting wo(t — ) =)
(L) G () ()
_ % + = silwnt), (2.8.6)

and the function si(t) is defined by

si(t) = /Ot L (2.8.7)

x

Note that

1 T s 1 T si
H,, <1>_—+/ ST e >1, Hy, <1>——/ ST g <0,
wo 2 0o TT wo 2 0o T

Clearly, for a fixed wp, < si(wot) attains its maximum at ¢t = 2o in (0,00) and

minimum at t = —wlo, since for a larger ¢ the integrand oscillates with decreas-

ing amplitudes. The function H,, (t) is shown in Figure 2.7 since H,,(0) =%
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and f.(0)= f(0—) and

[£(0+) + f(0-)] -

N~

Fun 0) = £o0) + 5 1F(0+) — F(0-)] =

-An -3m-27 -1

n_ 21 3m 4n
W, W Wy W O W, @ @y Wy

Figure 2.7 Graph of H,,(t).

Thus, the graph of H,,,(¢) shows that as wg increases, the time scale changes,
and the ripples remain the same. In the limit wy — oo, the convergence of
H,,(t)=(H # d,,) (t) to H(t) exhibits the intrinsic overshoot leading to the
classical Gibbs phenomenon.

Example 2.8.1
(The Square Wave Function and the Gibbs Phenomenon). Consider the single-
pulse square function defined by

1, —a<z<a
flz) = %, r=daqa
0, |z] >a

The graph of f(z) is given in Figure 2.8.

Thus,
P =7 ()} =2 ().
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i

[N

- > X
-a 0 a

Figure 2.8 The square wave function.

We next define a function f)(z) by the integral

A
falz) = / F(k)e™™ dk

-

As |A\| = o0, fia(z) will tend pointwise to f(z) for all 2. Convergence occurs
even at 2 = £ a because the function f(z) is defined to have a value “half way
up the step” at these points. Let us examine the behavior of f)(z) as [A| — oo
in a region just one side of one of the discontinuities, that is, for z € (0,a). For
a fixed A, the difference, fy(z) — f(z), oscillates above and below the value
0 as x — a, attaining a maximum positive value at some point, say = =x).
Then the quantity fi(zx) — f(z)) is called the overshoot.

As |A| = o0, so the period of the oscillations tends to zero and so also z) — a;
however, the value of the overshoot fy(zx) — f(x)) does not tend to zero but
instead tends to a finite limit. The existence of this non-zero, finite, limiting
value for the overshoot is known as the Gibbs phenomenon. This phenomenon
also occurs in an almost identical manner in the Fourier synthesis of periodic
functions using Fourier series.

2.9 Heisenberg’s Uncertainty Principle

If f € L?(R), then f and F(k) =.% {f(x)} cannot both be essentially localized.
In other words, it is not possible that the widths of the graphs of | f(x)|? and
|F(K)|? can both be made arbitrarily small. This fact underlines the Heisen-
berg uncertainty principle in quantum mechanics and the bandwidth theorem
in signal analysis. If | f(z)|? and |F(k)|? are interpreted as weighting functions,
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then the weighted means (averages) <z > and < k> of x and k are given by

1 o0
<w>= o [mx|f(x)|2dz, (2.9.1)
— 1 - 2
<k>= /_Ook|F(k)| dk. (2.9.2)

Corresponding measures of the widths of these weight functions are given by
the second moments about the respective means. Usually, it is convenient to
define widths Az and Ak by

2= 1 - Tr— X 2 X 2 X
2 1 > . 2 2
(Ak)? = T /700 (k— < k>)? |F(k)|? dk. (2.9.4)

The essence of the Heisenberg principle and the bandwidth theorems lies in
the fact that the product (Az)(Ak) will never less than 1. Indeed,

(Az)(Lk) > (2.9.5)

N =

where equality in (2.9.5) holds only if f(x) is a Gaussian function given by
f(x) =C exp(—ax?), a>0.
We next state the Heisenberg inequality theorem as follows:

THEOREM 2.9.1
(Heisenberg Inequality). If f(x), x f(z) and k F (k) belong to L?(R) and /x| f (z)

| = 0 as |z| — oo, then

(M) (Dk)* > i, (2.9.6)

where (Ax)? and (Ak)? are defined by (2.9.3) and (2.9.4) respectively. Equal-
2

ity in (2.9.6) holds only if f(z) is a Gaussian function given by f(x)=Ce~**",
a>0.

PROOF If the averages are < x> and < k >, then the average location of
exp(—i < k> x) f(x+ < x >) is zero. Hence, it is sufficient to prove the theorem
around the zero mean values, that is, <z >= <k >=0. Since ||f||]2 =||F|]2,
we have

1Al = [ les@Pds [ ppPa.

— —oo
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Using ik F' (k) = Z{f'(x)} and the Parseval formula || f'(z)||2 = ||k F (k)||2, we
obtain

113k = [ fas@Pas [ |r)Pas

> ‘ [ h {17 f@) Tz }d:c ’ , (see Debnath (2002))
[ e {r@ 7@+ 7@ )
=1 UOO (%W) ]

- {7

o0

2

Y

2 2 1 4
Paz| =718

in which /zf(z) — 0 as |z| — co was used to eliminate the integrated term.
This completes the proof.

If we assume f’(x) is proportional to = f(x), that is, f/(x) =bx f(z), where b
is a constant of proportionality, this leads to the Gaussian signals

f(z) = Cexp(—ax?),

where C is a constant of integration and a = —&

5 >0. |

In 1924, Heisenberg first formulated the uncertainty principle between the
position and momentum in quantum mechanics. This principle has an impor-
tant interpretation as an uncertainty of both the position and momentum of
a particle described by a wave function ¢ € L2(R). In other words, it is not
possible to determine the position and momentum of a particle exactly and
simultaneously.

In signal processing, time and frequency concentrations of energy of a signal
f are also governed by the Heisenberg uncertainty principle. The average or
expectation values of time ¢ and frequency w, are respectively defined by

2 _ L= 2
<t>= ||f||2/ tf(e) dt, <w>—||F||%/_Oow|F(w)| dw, (2.9.7)

where the energy of a signal f(¢) is well localized in time, and its Fourier
transform F'(w) has an energy concentrated in a small frequency domain.
The variances around these average values are given respectively by

1 oo
ot = g | - <e>rira
(2.9.8)

1 /Oo
2 2 2
0= =5 (w—<w>)*|F(w)|“dw.
27| FI13 ) -
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Remarks:

1. In a time-frequency analysis of signals, the measure of the resolution
of a signal f in the time or frequency domain is given by o; and o,.
Then, the joint resolution is given by the product (o) (o,) which is
governed by the Heisenberg uncertainty principle. In other words, the
product (o) (0,,) cannot be arbitrarily small and is always greater than
the minimum value % which is attained for the Gaussian signal.

2. In many applications in science and engineering, signals with a high con-
centration of energy in the time and frequency domains are of special
interest. The uncertainty principle can also be interpreted as a mea-
sure of this concentration of the second moment of f2(t) and its energy
spectrum F2(w).

2.10 Applications of Fourier Transforms
to Ordinary Differential Equations

We consider the nth order linear ordinary differential equation with constant
coeflicients

Ly(a) = f(x), (2.10.1)
where L is the nth order differential operator given by

L=a,D"+ an,_1D" ' +---+a;D +ay, (2.10.2)

where a,,,a,_1,...,a1,ay are constants, D = % and f(z) is a given function.
Application of the Fourier transform to both sides of (2.10.1) gives

[an (ik)™ + ap_1 (k)" 4 - 4 ay (ik) 4+ ao]Y (k) = F(k),
where F{y(x)} =Y (k) and F{f(x)} =F (k).

Or, equivalently
P(ik)Y (k) = F(k),

where .
P(z)= Z arz".
r=0
Thus,
Y(k)= 552) =F(k)Q(k), (2.10.3)
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where Q(k) = %ik).
Applying the Convolution Theorem 2.5.5 to (2.10.3) gives the formal solu-
tion

y(x) = F 1 {F(k)@(k)}:% / F(©)alx — €)de, (2.10.4)

provided q(z) =7 1{Q(k)} is known explicitly.

In order to give a physical interpretation of the solution (2.10.4), we consider
the differential equation with a suddenly applied impulse function f(x) = §(z)
so that

L{G(z)} =6(z). (2.10.5)

The solution of this equation can be written from the inversion of (2.10.3)
in the form

Gx)=F"1 {\/% Q(k)} =——q(x). (2.10.6)

Thus, the solution (2.10.4) takes the form
o) = [ 16 - e (210.7

Clearly, G(z) behaves like a Green’s function, that is, it is the response to a u-
nit impulse. In any physical system, f(z) usually represents the input function,
while y(z) is referred to as the output obtained by the superposition principle.
The Fourier transform of {v/27G(z)} = ¢(x) is called the admittance. In order
to find the reponse to a given input, we determine the Fourier transform of
the input function, multiply the result by the admittance, and then apply the
inverse Fourier transform to the product so obtained.

We illustrate these ideas by solving a simple problem in the electrical circuit
theory.

Example 2.10.1
(Electric Current in a Simple Circuit). The current I(t) in a simple circuit
containing the resistance R and inductance L satisfies the equation

dI
L= +RI=E(), (2.10.8)

where E(t) is the applied electromagnetic force and R and L are constants.
With E(t) = Egexp(—alt]), we use the Fourier transform with respect to

time ¢ to obtain
- 2 a
kL + R)I(k) = Eor\| — 55—~
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. aBy [2 1
1= E\E(k— ) (k2 +a2)

where .Z{I(t)} = I(k). The inverse Fourier transform gives

Or,

_aEy T exp(ikt)dk
- inl ) (k=1) (> +a®)

I(t) (2.10.9)

This integral can be evaluated by the Cauchy Residue Theorem. For ¢ >0

E Ri
I(t) = 220 97 |Residue atk = = + Residue atk = ia
il L
_ 2aky e~ Tt et
L [(2-%) 2a(a-%)
et 2aLe Tt
_g _ 2.10.10
| R—aL R2—a2L2] ( )
Similarly, for ¢t < 0, the Residue Theorem gives
E
I(t) = —?ﬂ_—g - 2mi[Residue at k = —ia]
_ 2aky —Le® _ Epe (21011
B L |(aL+R)2a| (aL+R) o

At t =0, the current is continuous and therefore,

. _ Ey
0=y 0= o

If E(t)=6(t), then E(k)=— and the solution is obtained by using the
inverse Fourier transform

1 7 eikt
T0=5mz / pom

L
— 00

&

which is, by the Theorem of Residues,

1
=7 [Residue atk =4iR/L]

1 Rt
= — —— . 2.10.12
7 oXP ( T ) ( )
Thus, the current tends to zero as t — oo as expected. I
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Example 2.10.2
Find the solution of the ordinary differential equation

d2

d2+au flz), —oo<z<oo (2.10.13)

by the Fourier transform method.
Application of the Fourier transform to (2.10.13) gives

F(k)

Uk =z

This can readily be inverted by the Convolution Theorem 2.5.5 to obtain

1 o0
)= 7= / F(©)g(x — €)de, (2.10.14)

where g(z)=%"1 {ﬁ} =1 /% exp(—alz|) by Example 2.3.2. Thus, the
final solution is

u(x):%/f(f)e_“‘w_f‘ de. (2.10.15)

Example 2.10.3

(The Bernoulli-Euler Beam Equation). We consider the vertical deflection
u(x) of an infinite beam on an elastic foundation under the action of a pre-
scribed vertical load W (z). The deflection u(x) satisfies the ordinary differ-

ential equation
4

d
EId—Z +ru=W(z), —-c0<z<o0. (2.10.16)
T

where EI is the flexural rigidity and k is the foundation modulus of the
beam. We find the solution assuming that W (z) has a compact support and
u,u’,u” u” all tend to zero as |z| — oo.

We first rewrite (2.10.16) as

d*u

d_4 +a u—w(x) (2.10.17)
where a* = k/EI and w(z) = W (x)/EI. Use of the Fourier transform to (2.10.17)
gives
W (k)

Uk) =i o
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The inverse Fourier transform gives the solution

ik
u{B \/_/k4+a4

oo

. 1 / eiklﬂ dk/ (5) —ik& dg
- k4 + at ‘
= /w(é)G(S,x)dﬁ, (2.10.18)
where
1 [ eka—e) 1 wcosk(w—é)dk
(67 ) 27_‘_ / mdk—;/w (2.10.19)
o 5

The integral can be evaluated by the Theorem of Residues or by using the
table of Fourier integrals. We simply state the result

G, z) = % exp < \/_|:c §|) sin [% + ﬂ . (2.10.20)

In particular, we find the explicit solution due to a concentrated load of unit
strength acting at some point xg, that is, w(x) = §(x — o). Then the solution
for this case becomes

o0

u(z) = / d(€ —x0)G(x, &) d§ = G(x, zp). (2.10.21)

— 00

Thus, the kernel G(z,£) involved in the solution (2.10.18) has the physical
significance of being the deflection, as a function of , due to a unit point load
acting at £. Thus, the deflection due to a point load of strength w(€) d¢ at £ is
w(§) d€ - G(x, ), and hence, (2.10.18) represents the superposition of all such
incremental deflections.

The reader is referred to a more general dynamic problem of an infinite
Bernoulli-Euler beam with damping and elastic foundation that has been
solved by Stadler and Shreeves (1970), and also by Sheehan and Debnath
(1972). These authors used the Fourier-Laplace transform method to deter-
mine the steady state and the transient solutions of the beam problem.
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2.11 Solutions of Integral Equations

The method of Fourier transforms can be used to solve simple integral equa-
tions of the convolution type. We illustrate the method by examples.

We first solve the Fredholm integral equation with convolution kernel in the
form

/ f@)g(x —t)dt + Af(z) =u(x), (2.11.1)

where g(x) and u(z) are given functions and A is a known parameter.
Application of the Fourier transform to (2.11.1) gives

V2 F(k)G(k) + AF (k) = U(k).

Or,
Uk
F(k)=¢ (2.11.2)
V21G(k) + A
The inverse Fourier transform leads to a formal solution
zkmdk
x) 2.11.3
u \/ 27 / V2 G ( )
In particular, if g(z) = % so that
G(k) = —i\/gsgn k,
then the solution becomes
zkxdk
2.11.4
f «/27r / - msgnk ( )

If \=1 and g(z)=3 (I;_|> so that G(k) = \/%(Z%), solution (2.11.3) reduces
to the form
1 [ Uk dk
ik
o) = o= [T
17 |
= — [ F{(2)}F{V2re "}t dk
V2T
=/ (z)*V2re * = / u'(€) exp(€ —x) dE (2.11.5)
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Example 2.11.1
Find the solution of the integral equation

[ re-orne =0 (2.11.6)

Application of the Fourier transform gives

a
Or,
F(k) ! e { L |k|} (2.11.7)
=——exps —=a . A1,
V2a P172
The inverse Fourier transform gives the solution
11 7 1
T) = — —— exp | ikx — —alk| | dk
0= 757w p (ke ~ paltl)

o0

=3 17ra 7exp —l—zx)} dk—l—/exp{—k (%—m)} dk
0

Example 2.11.2
Solve the integral equation

T f)dt 1

— 00

Taking the Fourier transform, we obtain

1 7 e Ikl
V2T F(k) F < ———= =4/ =
i ()J{x2+a2} V2 b’

. 7 e alkl 7 eIkl
MF(k)\/;Tz\/; —

Thus, )
F(k)= 7= (5) exp{—|k|(b — a)}. (2.11.9)
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The inverse Fourier transform leads to the solution

oo

f(z) = % explikz — |k|(b — a)]dk
- 2 /exp[—k{(b— a) +ix}]dk+/exp[—k{(b—a) — )| dk

et

2
- (i) (b_(ba)% (2.11.10)

Example 2.11.3
Solve the integral equation

o0

ft)+4 / ede=tf(t)dt = g(x). (2.11.11)

—00
Application of the Fourier transform gives

2a

F(k) +4V2rF (k) ————-=G(k
() + AVIRE(R) - s = Gl
(a® + k?)
_ . 111
E(k) a2+ k2 + 8a G(k) (2 2)
The inverse Fourier transform gives
1 E)G(k)
flz)= (@2 + F)GE) ik gy (2.11.13)

\/277 a?+ k2 +8a

In particular, if a =1 and g(x) = e~ 1| so that G(k) = \/Esz, then solution
(2.11.13) becomes

o0

Flo) =2 / ok (2.11.14)
T k2 4 32

— 00

For z > 0, we use a semicircular closed contour in the lower half of the complex
plane to evaluate (2.11.14). It turns out that

f(x):%e*@ (2.11.15)
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Similarly, for = <0, a semicircular closed contour in the upper half of the
complex plane is used to evaluate (2.11.14) so that

1
f(w):§63””, r<0. (2.11.16)
Thus, the final solution is

f(z) =z exp(—3|z]). (2.11.17)

2.12 Solutions of Partial Differential Equations

In this section we illustrate how the Fourier transform method can be used
to obtain the solution of boundary value and initial value problems for linear
partial differential equations of different kinds.

Example 2.12.1
(Dirichlet’s Problem in the Half-Plane). We consider the solution of the Laplace
equation in the half-plane

Ugz +Uyy =0, —oco<z<oo, y=>0, (2.12.1)
with the boundary conditions
u(z,0) = f(x), —00 <z < 00, (2.12.2)
u(z,y) —0as |z| > 00, y—o00. (2.12.3)
We introduce the Fourier transform with respect to x
1 —ikx
Uk,y)= ol u(z,y)dex (2.12.4)
T

— 00

so that (2.12.1)—(2.12.3) becomes

d*U

— — kU =0 2.12.5

e , (2125)
Uk, 0)=F(k), U(k,y)—0 as y — oo. (2.12.6ab)

Thus, the solution of this transformed system is

Ulk,y)=F(k)e Flv. (2.12.7)
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Application of the Convolution Theorem 2.5.5 gives the solution

1 o0
o= 7= / F(©)glx — €)de, (2.12.8)

where

g(w)zy_l{e_ky}:\/g(ﬁyTQ). (2.12.9)

Consequently, the solution (2.12.8) becomes

Cy [ f©de
u<$7y)_ﬂ'/($7§)2+y2’ y>0. (2.12.10)

— 00

This is the well-known Poisson integral formula in the half-plane. It is noted
that

1 o0
ey / 16 | & gy - [ re o
(2.12.11)
where Cauchy’s definition of the delta function is used, that is
1
§(z— &)= lim Z (2.12.12)

T @y

This may be recognized as a solution of the Laplace equation for a dipole
source at (z,y) = (&,0).
In particular, when
f@)=ToH(a— |z|) (2.12.13)

the solution (2.12.10) reduces to

yIo [ de
m ) (=) +y?

—a

2 Jiant (222 -t (222
™ Y Y

T, 2
0 tan~! <¢) . (2.12.14)

P 22 142 — a2

u(z,y) =

I
&+

The curves in the upper half-plane for which the steady state temperature is
constant are known as isothermal curves. In this case, these curves represent
a family of circular arcs

2 +y? —ay=ad? (2.12.15)
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>
>

-a a

Figure 2.9 A family of circular arcs.

with centers on the y-axis and the fixed end points on the z-axis at x = £a.
The graphs of the arcs are is displayed in Figure 2.9.
Another special case deals with

F(z)=0(). (2.12.16)

The solution for this case follows from (2.12.10) and is

Y 6ds  _y 1
“(“”y)E/u—é)uwE<x2+y2>'

— 00

(2.12.17)

Further, we can readily deduce the solution of the Neumann problem in the
half-plane from the solution of the Dirichlet problem.

Example 2.12.2
(Neumann’s Problem in the Half-Plane). Find a solution of the Laplace equa-~
tion

Ugg + Uyy =0, —oco<x<oo, y>0, (2.12.18)

with the boundary condition
uy(x,0)= f(z), —oco<z<oo. (2.12.19)

This condition specifies the normal derivative on the boundary, and physically,
it describes the fluid flow or, heat flux at the boundary.
We define a new function v(z,y) =uy(z,y) so that

u(z,y) = / v(x,n)dn, (2.12.20)
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where an arbitrary constant can be added to the right-hand side. Clearly, the
function v satisfies the Laplace equation
Pv v u, Ouy 0

022 + 0y 02 Oy a_y(u” + tyy) =0,

with the boundary condition
v(z,0) =uy(z,0) = f(z) for —oo <z < o0.

Thus, v(zx,y) satisfies the Laplace equation with the Dirichlet condition on
the boundary. Obviously, the solution is given by (2.12.10); that is,

’U(x,y):% / %. (2.12.21)

— 00

Then the solution u(z,y) can be obtained from (2.12.20) in the form

u(@,y) ]v(x,n)dn—%]ndn/w%

:%/f(f)df/(x Z?ZCF 2 >0
= % / F(€)log[(z — €)% + y?]dg, (2.12.22)

where an arbitrary constant can be added to this solution. In other words, the
solution of any Neumann problem is uniquely determined up to an arbitrary
constant.

Example 2.12.3
(The Cauchy Problem for the Diffusion Equation). We consider the initial
value problem for a one-dimensional diffusion equation with no sources or
sinks

Up = Klgy, —00<xz<o00, t>0, (2.12.23)

where « is a diffusivity constant with the initial condition
u(z,0)=f(z), —oo<z<o0. (2.12.24)

We solve this problem using the Fourier transform in the space variable x
defined by (2.12.4). Application of this transform to (2.12.23)—(2.12.24) gives

U, = —kk®U, t>0, (2.12.25)
U(k,0) = F(k). (2.12.26)
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The solution of the transformed system is
U(k,t) = F(k)e "+, (2.12.27)

The inverse Fourier transform gives the solution

(o, ) = % / F(k) exp|(ika — rk20)]dk

3

which is, by the Convolution Theorem 2.5.5,

1 o0
-7 / F(©)g(x - €)de, (2.12.28)

where )

x ) by (2.3.5).

1 —rk? 1
o) =FHe ) = e (-

Thus, solution (2.12.28) becomes

/f ex p{ (@ 5)2}@. (2.12.29)

t
u(@,?) At

\/47'(/{

The integrand involved in the solution consists of the initial value f(z) and
Green’s function (or, elementary solution) G(x — &, t) of the diffusion equation

for the infinite interval:
(z —¢)?
— . 2.12.30
eXp [ 4kt ( )

1
G(‘T_gat): \/m

So, in terms of G(x — &, t), solution (2.12.29) can be written as
u(z, t) = 7 f&G(x =& t)dE (2.12.31)
so that, in the limit as ¢t — 0+, th: formally becomes
u(z, /f Jim G(x— €, 0)de.

The limit of G(x — £, t) represents the Dirac delta function

p [— (z— 5)2} : (2.12.32)

oz —€)= 4 Kkt

1
lim ex
t—0+ 24/7Kt
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Figure 2.10 Graphs of G(z,t) against x.

Graphs of G(z,t) are shown in Figure 2.10 for different values of xt.

It is important to point out that the integrand in (2.12.31) consists of the
initial temperature distribution f(x) and Green’s function G(z — &, ) which
represents the temperature response along the rod at time ¢ due to an initial
unit impulse of heat at  =¢. The physical meaning of the solution (2.12.31)
is that the initial temperature distribution f(z) is decomposed into a spec-
trum of impulses of magnitude f(&) at each point x =¢ to form the resulting
temperature f(§)G(x — &, t). Thus, the resulting temperature is integrated to
find solution (2.12.31). This is called the principle of integral superposition.

We make the change of variable

§—z LS

to express solution (2.12.29) in the form

17 ,
u(z,t) = ﬁ_é f(x + 2Vkt ¢) exp(—¢?)dC. (2.12.33)

The integral solution (2.12.33) or (2.12.29) is called the Poisson integral rep-
resentation of the temperature distribution. This integral is convergent for all
time ¢ > 0, and the integrals obtained from (2.12.33) by differentiation under
the integral sign with respect to x and ¢ are uniformly convergent in the neigh-
borhood of the point (z,t). Hence, the solution u(z,t) and its derivatives of
all orders exist for ¢ > 0.

Finally, we consider a special case involving discontinuous initial condition
in the form

flz)=ToH(z), (2.12.34)
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where Ty is a constant. In this case, solution (2.12.29) becomes

To T (z = §)?
2m0/exp[ Tt }d{.

Introducing the change of variable n = 25\;%, we can express solution (2.12.35)
in the form

u(z, t) = (2.12.35)

u(z, t) = % / efnzdn: % erfe (%)
—1/2\/5
=3 et (5355 (2.12.36)

The solution given by equation (2.12.36) with Ty =1 is shown in Figure 2.11.

u(x,t)

Figure 2.11 The time development of solution (2.12.36).

[

If f(x)=9d(x), then the fundamental solution (2.7.29) is given by

o gen( )
u(z,t) = xp | —— | .
drnt P\ st
Example 2.12.4

(The Cauchy Problem for the Wave Equation). Obtain the d’Alembert solu-
tion of the initial value problem for the wave equation

U = CUpy, —00<T<00, >0, (2.12.37)
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with the arbitrary but fixed initial data

u(z,0)=f(z), w(x,0)=g(z), —oo<z<o0. (2.12.38ab)
Application of the Fourier transform % {u(x,t)} =U(k,t) to this system gives
A
W + C k U: 07

U(k,0) = F(k), <%) By = G(k).

The solution of the transformed system is
U(k,t):A eickt + B eficktf7

where A and B are constants to be determined from the transformed data so
that A+ B=F(k) and A — B=-LG(k). Solving for A and B, we obtain

1 ic —1ic G k
Ulk,t)= EF(k)(e Rty emickty 4 %

Thus, the inverse Fourier transform of (2.12.39) yields the solution

(efckt _ gmickty, (2.12.39)

_ 1

u(z,t) 5

1 T - .
Fk ezk(w+ct) + ezk:(w—ct) dk
Vor / 1 f

1|1 G(K) ¢ ik(atet) _ ik(z—ct)
ik(z+ct) _ ik(z—c ) 19.4

We use the following results

— g1 _L r ikx
f(@) = F 1 {P(k)} = m/ e F (),
. R
9(@) = FHG(k)} = m/ ¢ G () d,
to obtain the solution in the final form
o0 xz+ct
1 1 1 ,
u(z,t) = =[f(x —ct) + flz +ct)| + ——— [ G(k)dk [ e™de
2 2c \/%—4 m—/ct
xz+ct o0
_ L 1 L[ ke
= Sl —et) + fla+ct)] + 5 _/t de m_/e G (k) dk
1 1 x+ct
= Sl —ct) + fla e + 5 / g()de. (2.12.41)
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This is the well known d’Alembert’s solution of the wave equation.

The method and the form of the solution reveal several important features
of the wave equation. First, the method of solution essentially proves the
existence of the d’Alembert solution and the solution is unique provided f(z)
is twice continuously differentiable and g(x) is continuously differentiable.
Second, the terms involving f(x £ ct) in (2.12.41) show that disturbances
are propagated along the characteristics with constant velocity c. Both terms
combined together suggest that the value of the solution at position x and at
time ¢ depends only on the initial values of f(x) at  — ¢t and « + ¢t and the
values of g(x) between these two points. The interval (z — ct, z + ct) is called
the domain of dependence of the variable (z,t). Finally, the solution depends
continuously on the initial data, that is, the problem is well posed. In other
words, a small change in either f(x) or g(x) results in a correspondingly small
change in the solution wu(z,t).

In particular, if f(z)=exp(—2?) and g(x)=0, the time development of
solution (2.12.41) with ¢ =1 is shown in Figure 2.12. In this case, the solution
becomes

1
u(z,t) = 5[6*@*”2 e @), (2.12.42)

As shown in Figure 2.12, the initial form f(z)=exp(—2?) is found to split
into two similar waves propagating in opposite direction with unit velocity.

Example 2.12.5
(The Schrodinger FEquation in Quantum Mechanics). The time-dependent
Schrédinger equation of a particle of mass m is

ih; = [V(:z:) — %VQ] W= Hip, (2.12.43)

where h =27 is the Planck constant, 1(x,t) is the wave function, V' (x) is the
potential, V2 = 68% + % + % is the three-dimensional Laplacian, and H is
the Hamultonian.

If V(x) = constant =V, we can seek a plane wave solution of the form

P(x,t) = Aexpli(k - x — wt)], (2.12.44)

where A is a constant amplitude, k = (k, [, m) is the wavenumber vector, and
w is the frequency.

Substituting this solution into (2.12.43), we conclude that this solution is
possible provided the following relation is satisfied:

h2
ih(—iw)=V — %(ili)2, K2 =K%+ 1% +m?
Or,
h2 2
hw =V + = (2.12.45)
2m
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u(x,3)

0.6

Figure 2.12 The time development of solution (2.12.42).

This is called the dispersion relation and shows that the sum of the potential

energy V and the kinetic energy (222 is equal to the total energy Aw. Further,
the kinetic energy
K.E. = — ()2 ik (2.12.46)
E.=—(hkr)"=— A2,
2m 2m’

where p = hx is the momentum of the particle.
The phase velocity, C, and the group velocity, C,; of the wave are defined
by
Cp= ;f%, Cy=Viw(k), (2.12.47ab)

where k is the wavenumber vector and k= |k| and & is the unit wavenumber
vector.

In the one-dimensional case, the phase velocity is
w

Cp:I€

(2.12.48)

and the group velocity is

ow hk p mv
=2 Ty, 2.12.4
Cy dk m m T ( 9)

This shows that the group velocity is equal to the classical particle velocity v.
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We now use the Fourier transform method to solve the one-dimensional
Schrodinger equation for a free particle (V =0), that is,

h2
ihipy = =5 s, —00<w<00, >0, (2.12.50)
Y(x,0) = Yo(x), —o0o<x <00, (2.12.51)
Y(z,t) — 0 as |z] — oo. (2.12.52)

Application of the Fourier transform to (2.12.50)—(2.12.52) gives

ihk?
U=—T0, W(k,0)= Yo(k). (2.12.53)
m

The solution of this transformed system is

U(k,t)=Uo(k) exp(—iak?t), a= 2i (2.12.54)
m

The inverse Fourier transform gives the formal solution

Wi, t) = % / Wo (k) exp{ik(z — akt)}dk

oo o0

- % @—ikyl/J(y,O)dy / exp{ik(x — akt)}dk
17 %
=3 / U(y, 0)dy / exp{ik(z —y — akt)}dk.  (2.12.55)

We rewrite the integrand of the second integral in (2.12.55) as follows

explik(z — y — akt)]

r 2 2
— i 2_op. X 7Y Ty (Y
= exp Zat{k 2k et + ( ol ) ( ol ) }]

—e —iat kfxiy i e i(xfy)Q
= &XP e 20t *p 4at

=1y
20t

= exp

—} exp(—iat€?), €=k -
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Using this result in (2.12.55), we obtain

Yt = 5 7exp L iy /Ooexp(iats?)d&
- L Ea- 7exp {%} (g, 0)dy
_ 2(\1/% Ooexp [%] W(y, 0)dy. (2.12.56)

This is the integral solution of the problem. I

Example 2.12.6
(Slowing Down of Neutrons). We consider the problem of slowing down neu-
trons in an infinite medium with a source of neutrons governed by

Ut = Ugg + I(2)0(t), —oc0o<z <00, ¢>0, (2.12.57)
u(z,0)=0(z), —oo<z<o0, (2.12.58)
u(z,t) —0 as |x| — oo for t >0, (2.12.59)

where u(z,t) represents the number of neutrons per unit volume per unit
time, which reach the age ¢, and §(x)d(¢) is the source function.
Application of the Fourier transform method gives

dUu 1
— + KU = —§(t
1
U(k,0) = ——
(k,0) = —

The solution of this transformed system is

1 e
U(k,t):EB kt,

and the inverse Fourier transform gives the solution

) 1 2
u(x,t — eikr—Rtgp — g1 {efk t}
(,t) = o or

L exp <ﬁ> . (2.12.60)
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Example 2.12.7
(One-Dimensional Wave Equation). Obtain the solution of the one-dimensional
wave equation

U = gy, —00<T<00, >0, (2.12.61)

w(z,0)=0, w(z,0)=6dx), —oco<z<o0. (2.12.62ab)
Making reference to Example 2.12.4, we find f(z) =0 and g(x)=4(x) so

that F'(k)=0 and G(k) = \/% The solution for U(k,t) is given by

1 ickt —ickt
U= = | - S|

2ev2r | ik ik
Thus, the inverse Fourier transform gives
1 eickt efickt
u(zx,t) = F1 { — — — }
(@) 2¢y/ 27 ik ik
o= || 3 st et < s - o)
= —— —{sgn(x + ct) —sgn(x — ¢
2¢y/2m 2 %8 8

= %C[sgn(x + Ct) — sgn(X - Ct)]

1-1

" =0, J|z|>ct>0
1+1 1

e =50 |z| < ct.

In other words, the solution can be written in the form

1
u(z,t) = %H(c2t2 —2?).

Example 2.12.8

(Linearized Shallow Water Equations in a Rotating Ocean). The horizontal
equations of motion of a uniformly rotating inviscid homogeneous ocean of
constant depth h are

U — fu=—gne, (2.12.63)
v+ fu =0, (2.12.64)
Nt + hug =0, (2.12.65)

where f=2Qsin6 is the Coriolis parameter, which is constant in the present
problem, g is the acceleration due to gravity, n(z,t) is the free surface eleva-
tion, u(z,t) and v(x,t) are the velocity fields. The wave motion is generated

© 2007 by Taylor & Francis Group, LLC



Fourier Transforms and Their Applications 81

by the prescribed free surface elevation at ¢ =0 so that the initial conditions
are

u(z,0)=0=0v(z,0), n(z,0)=noH(a—|z|), (2.12.66abc)

and the velocity fields and free surface elevation function vanish at infinity.
We apply the Fourier transform with respect to x defined by

1 T
F{f(x,t)} =F(k,t)= — /e_“” xz,t)dx 2.12.67
U =Flt) == [ e fat) (2.1267)
to the system (2.12.63)—(2.12.65) so that the system becomes
au
— = = —gikE
7 fv gi
av
—+fU=0
dt 7
dE
— = —hikU
di !

2 inak
U(k,0)=0=V(k,0), E(k,0)= \/ino (Smk“ ) : (2.12.68abc)
T
where E(k,t) =% {n(z,t)}.
Elimination of U and V' from the transformed system gives a single equation
for E(k,t) as
d*E 4 dE
- = = 2.
s T 0, (2.12.69)
where w? = (f? + ¢®k?) and ¢® = gh. The general solution of (2.12.69) is
E(k,t)= A+ Bcoswt + Csinwt, (2.12.70)

where A, B, and C' are arbitrary constants to be determined from (2.12.68c¢)

and
d*E 2,9 9,9 |2 sinak
(W)t_o__c k E(k,O)——c k= - ;7’]0 L 5

2 sin ak *k?
s=on (57) (%)
Also (%), =0 gives C=0 and (2.12.68¢) implies A+ B=,/Znsinek.
Consequently, the solution (2.12.70) becomes

2 sinak\ f?+ c2k? coswt
=14/ —- . 12.71
Bk ) = L (20 Lo (212.71)

which gives
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Similarly
2 ngsinak  ¢?sinwt
U(k,t) =1/— . 2.12.72
1 /dU
Vik,t) =< | — ik E . 2.12.73
(0 =+ (4 +aiE) (212.73)

The inverse Fourier transform gives the formal solution for 7(x, t)

Mo T sinak 2+ k% coswt
)= (—) : ke g, 2.12.74
n(z, 1) = / A (f2 + 2k2?) ¢ ( )
Similar integral expressions for u(z,t) and v(z,t) can be obtained.  [I

Example 2.12.9

(Sound Waves Induced by a Spherical Body). We consider propagation of
sound waves in an unbounded fluid medium generated by an impulsive radial
acceleration of a sphere of radius a. Such waves are assumed to be spherically
symmetric and the associated velocity potential on the pressure field p(r,t)
satisfies the wave equation

?p L1 0 [ ,0p

where c is the speed of sound. The boundary condition required for the prob-
lem is
1 /0
— (_p) =—apd(t) on r=a, (2.12.76)
po \ Or
where pg is the mean density of the fluid and ag is a constant.
Application of the Fourier transform of p(r,t) with respect to time ¢ gives
1d ( 5 dP

2
A2,
o r r) k*P(r,w), (2.12.77)

dP
N

%* /_271'7 ’

where Z{p(r,t)} = P(r,w) and k? = ‘;’—22
The general solution of (2.12.77)—(2.12.78) is

(2.12.78)

A, B _,
P(r,w)= =" 4 Ze7ikr, (2.12.79)
r r

where A and B are arbitrary constants.
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The inverse Fourier transform gives the solution

B

1 74, -
rt) = Zeilwtthr) 4 Z pilwi—kr) | g, 2.12.80
p(r.f) m/ L r (21250

The first term of the integrand represents incoming spherical waves generated
at infinity and the second term corresponds to outgoing spherical waves due to
the impulsive radial acceleration of the sphere. Since there is no disturbance at
infinity, we impose the Sommerfeld radiation condition at infinity to eliminate
the incoming waves so that A=0, and B is calculated using (2.12.78). Thus,
the inverse Fourier transform gives the formal solution

oo

_ (agpoa’ exp [iw {t — =2}] dw
p(r,t) = ( - )_/ 1+ 2) . (2.12.81)

C

We next choose a closed contour with a semicircle in the upper half plane
and the real w-axis. Using the Cauchy theory of residues, we calculate the
residue contribution from the pole at w =ic/a. Finally, it turns out that the
final solution is

u(r,t) = (”Oi—oca) exp [—2 (t T - a)} H (t— ! - a) L (2.12.82)

I

Example 2.12.10
(The Linearized Korteweg-de Vries Equation). The linearized KdV equation
for the free surface elevation 7(x,t) in an inviscid water of constant depth h

1S
2

h
e+ ce + %nmzo, o<z <00, >0, (2.12.83)

where ¢ =+/gh is the shallow water speed.
Solve equation (2.12.83) with the initial condition

n(z,0)= f(z), —oco<x<o0. (2.12.84)

Application of the Fourier transform .#{n(x,t)} = E(k,t) to the KAV sys-
tem gives the solution for E(k,t) in the form

E(k, t) = F(k) exp [ikct (k26h2 - 1)} .

The inverse transform gives

n(x,t) = \/%7 F(k)exp [zk {(;v —ct) + (T) k2H dk.  (2.12.85)
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In particular, if f(z)=4(z), then (2.12.85) reduces to the Airy integral

n(x,t) = 1 7cos {k(x —ct) + (?) k3] dk (2.12.86)

™

which is, in terms of the Airy function,

() () ] s

where the Airy function Ai(az) is defined by

| 7T i 17 K
Ai(az) = 3ra exp |i | kz+ 33 dk = — [ cos kz + 33 dk.
0

(2.12.88)

Example 2.12.11
(Biharmonic Equation in Fluid Mechanics). Usually, the biharmonic equation
arises in fluid mechanics and in elasticity. The equation can readily be solved
by using the Fourier transform method. We first derive a biharmonic equation
from the Navier-Stokes equations of motion in a viscous fluid which is given
by
Ou
at "
where u = (u, v, w) is the velocity field, F is the external force per unit mass
of the fluid, p is the pressure, p is the density and v is the kinematic viscosity
of the fluid.
The conservation of mass of an incompressible fluid is described by the
continuity equation

1
(u-V)u=F — ;VerVVQu, (2.12.89)

div u=0. (2.12.90)

In terms of some representative length scale L and velocity scale U, it is
convenient to introduce the nondimensional flow variables
r_ X Ut ;_u / p

X== t==—=, u==

- P 2.12.91
L L v P ( )

In terms of these nondimensional variables, equation (2.12.89) without the
external force can be written, dropping the primes, as

ou 1,
— . = — — 2.
Y +(u-V)u=—-Vp+ RV u, (2.12.92)

where R=UL/v is called the Reynolds number. Physically, it measures the
ratio of inertial forces of the order U?/L to viscous forces of the order vU/L?,
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and it has special dynamical significance. This is one of the most fundamental
nondimensional parameters for the specification of the dynamical state of
viscous flow fields.

In the absence of the external force, F =0, it is preferable to write the
Navier-Stokes equations (2.12.89) in the form (since u x w = %Vu2 —u-Vu)

0 1
8_1151 —uxw=-V (% + §u2) — vV, (2.12.93)
where w = curl u is the vorticity vector and u? = u- u.

We can eliminate the pressure p from (2.12.93) by taking the curl of (2.12.93),
giving

)
a—“; — curl(u x w) = V3w (2.12.94)
which becomes, by div u=0 and div w =0,
0
8—6::(w'V)uf (0 V)w + vV2w. (2.12.95)

This is universally known as the vorticity transport equation. The left hand-
side represents the rate of change of vorticity. The first two terms on the
right-hand side represent the rate of change of vorticity due to stretching and
twisting of vortex lines. The last term describes the diffusion of vorticity by
molecular viscosity.

In case of two-dimensional flow, (w - V)u=0, equation (2.12.95) becomes

Dw _ 0w
dt ot
where u= (u, v,0) and w = (0,0, ¢), and ¢ = v, — u,. Equation (2.12.96) shows

that only convection and conduction occur. In terms of the stream function
¥(z,y) where

+(u-Vw=vVw, (2.12.96)

u=1hy, v=—thy, w=-V>, (2.12.97)
which satisfy (2.12.90) identically, equation (2.12.96) assumes the form

9 oo 9

2 2.0 4
5 (V'Y (a_y% — o ay) V2 = V4. (2.12.98)

In case of slow motion (velocity is small) or in case of a very viscous fluid
(v very large), the Reynolds number R is very small. For a steady flow in such
cases of an incompressible viscous fluid, % =0, while (u-V)w is negligible
in comparison with the viscous term. Consequently, (2.12.98) reduces to the
standard biharmonic equation

Vi =0. (2.12.99)
Or, more explicitly,

V2V = Yoaan + 2Wzayy + Yyyyy =0 (2.12.100)
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We solve this equation in a semi-infinite viscous fluid bounded by an in-
finite horizontal plate at y =0, and the fluid is introduced normally with a
prescribed velocity through a strip —a < x < a of the plate. Thus, the required
boundary conditions are
o o

Ox

u=—=0, v=—=H(a—|z|)f(x) ony=0, (2.12.101ab)

where f(z) is a given function of z.
Furthermore, the fluid is assumed to be at rest at large distances from the
plate, that is,

(Yz,%y) — (0,0) asy—o0 for —oo <z < o0. (2.12.102)

To solve the biharmonic equation (2.12.100) with the boundary conditions
(2.12.101ab) and (2.12.102), we introduce the Fourier transform with respect
to x

1T
U(k,y)=—— [ e *(x,y)de. 2.12.103
()= == [ e (2.12.103)

Thus, the Fourier transformed problem is

2 L\’
dv )
——=0, (kh)¥=F(k), y=0, (2.12.105ab)
Yy
where

1 ,
F(k)=—— [ e ™" f(z)dx. 2.12.106
()= —= [ s (2.12.106)

In view of the Fourier transform of (2.12.102), the bounded solution of
(2.12.104) is
V(k, y) = (A + Blk|y) exp(—[kly), (2.12.107)

where A and B can be determined from (2.12.105ab) so that A = B = (ik) "' F (k).
Consequently, the solution (2.12.107) becomes

U (k,y) = (ik) " (1 + |kly) F (k) exp(—|k[y). (2.12.108)

The inverse Fourier transform gives the formal solution

zﬂ(w,y):% / F(k)G(k) explikz)dk, (2.12.109)
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where
G(k) = (k) (1 + |kly) exp(~ky)
so that
g9(x) = FHG(k)} =7~ {(ik) " exp(—|kly)}
+y FH(ik) 7 k| exp(—[kly)}
= FHk exp(—ky)} +y F MY,

which is, by (2.13.7) and (2.13.8),

2 1z 2wy
=4/ =t — \ = 2.12.110
m (y) NrE A ( )

Using the Convolution Theorem 2.5.5 in (2.12.109) gives the final solution

L7 (g,
Y(z,y) = ;_/ flz=¢& [tan L <§) + §2Z-y2] dg. (2.12.111)
In particular, if f(x)=4(x), then solution (2.12.111) becomes
1 _
bz, y)=— {tan ! (g) + %} : (2.12.112)

The velocity fields u and v can be determined from (2.12.112). [l

Example 2.12.12

(Biharmonic Equation in Elasticity). We derive the biharmonic equation in
elasticity from the two-dimensional equilibrium equations and the compati-
bility condition. In two-dimensional elastic medium, the strain components
€xa, €xy, Eyy 1N terms of the displacement functions (u,v,0) are

ou v 1 /0u Ov
T = 7 =—, ey== |7+ 2.12.113
‘ ar’ W Oy o=y <6y + 695) ( )
Differentiating these results gives the compatibility condition
2 2 2
Ol Oy o0 €ay (2.12.114)

Oy + Ox2 Oxdy

In terms of the Poisson ratio v and Young’s modulus E of the elastic ma-
terial, the strain component in the z direction is expressed in terms of stress
components

Ee,, =0, — V(0gg + 0yy)- (2.12.115)

In the case of plane strain, e,, =0, so that

02z =V(0gz + Oyy). (2.12.116)
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Substituting this result in other stress-strain relations, we obtain the strain
components €zz, €zy, €yy that are related to stress components 0.4, 02y, Tyy

by

Eeyy = 0pp — V(0yy +022) = (1 — V2)0pe — v(1 +v)oy,, (2.12.117)
Eeyy = 0yy — V(04z +022) = (1 =1%oy, — v(1 + )04, (2.12.118)

Eepy = (14 1)04y. (2.12.119)

Putting (2.12.117)-(2.12.119) into (2.12.114) gives

0? 02
8—y2[aﬂw - V(Uyy + UZZ)] + @[Uyy - V(Umc + Uzz)]
3209@
=201 +v) 552 (2.12.120)

The basic differential equations for the stress components oz, 0yy, 05y in
the medium under the action of body forces X and Y are

00ze Ooy 2

5 T —8yy +pX = TR (2.12.121)
0oy Jdo 2

8xy + 8;*’ +pY = pogs (2.12.122)

where p is the mass density of the elastic material.
The equilibrium equations follow from (2.12.121)—(2.12.122) in the absence
of the body forces (X =Y =0) as

9] 9]
— Oy + —0uy =0, 2.12.123
9z’ * 8y0 Y ( )
0 0
It is obvious that the expressions
0%x 0%x 0%x

“o2 7T Tozay TV 9a2

Oza (2.12.125)
satisfy the equilibrium equations for any arbitrary function x(z,y). Substi-
tuting from equations (2.12.125) into the compatibility condition (2.12.120),
we see that y must satisfy the biharmonic equation

0y 0y o*x
—— 42 ——=0 2.12.126
Ox? + 0x20y? oyt ( )
which may be written symbolically as
Vix=0. (2.12.127)
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The function y was first introduced by Airy in 1862 and is known as the
Airy stress function.

We determine the stress distribution in a semi-infinite elastic medium boun-
ded by an infinite plane at x =0 due to an external pressure to its surface.
The x-axis is normal to this plane and assumed positive in the direction into
the medium. We assume that the external surface pressure p varies along the
surface so that the boundary conditions are

Oze=—DY), 0zy=0 onaxz=0 forallyin (—oo,00). (2.12.128)

We derive solutions so that stress components 04z, 0yy, and o4y all vanish
as T — 00.

In order to solve the biharmonic equation (2.12.127), we introduce the Fouri-
er transform y(z,k) of the Airy stress function with respect to y so that
(2.12.127)—(2.12.128) reduce to

2\
E2(0,k)=p(k), (ik) (%) =0, (2.12.130)
=0

where p(k) = .%{p(y)}. The bounded solution of the transformed problem is
x(x, k) = (A + Bx) exp(—|k|x), (2.12.131)

where A and B are constants of integration to be determined from (2.12.130).
It turns out that A=p(k)/k* and B =p(k)/|k| and hence, the solution be-

X(w,k):%{l—i— |k|x} exp(—|k|x). (2.12.132)

The inverse Fourier transform yields the formal solution
1T Bk .
T,Y) = — —=(1 + |k|z) exp(iky — |k|z)dk. 2.12.133
xog) == [ B0+ ko) expiiy — [kl (212.133)

The stress components are obtained from (2.12.125) in the form

1 oo
Orz(2,y) = v / E*X(z, k) exp(iky)dk, (2.12.134)
L[ (AR
Tan,) = — = /(zk) (%) expl(iky)dk, (2.12.135)
1 7y
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where x(z, k) are given by (2.12.132). In particular, if p(y) = Pd(y) so that
p(k) = P(27)~ 2. Consequently, from (2.12.133)—(2.12.136) we obtain

oo

P
Xy) =5 / K721+ [kl expliky — bja)dh
P
2(1 + k) cos ky exp(—kx)dk. (2.12.137)
P 2Pz
v = —— | (1+ kx) kydk=—————. 2.12.138
o 7T/ + kx)e™ " cos ky Tt ( )
0
Pz T . 2Pz%y
0
P Vi 2Pzxy?
-~ [a- - ==Y (212.14
Tyy - /( kx) exp(—kx) cos ky dk T .(2.12.140)
0
Another physically realistic pressure distribution is
p(y)=PH(|a| —y), (2.12.141)

where P is a constant, so that

2P
p(k) = \/;E sin ak. (2.12.142)

Substituting this value for p(k) into (2.12.133)—(2.12.136), we obtain the in-
tegral expression for x, 0z, Ozy, and oy,.

It is noted here that if a point force of magnitude Py acts at the origin
located on the boundary, then we put P =(Py/2a) in (2.12.142) and find

~ . 2 Py (sinak =)
k)y=1 —— =—. 2.12.143
pk) = lim /25 < ak ) V2 ( )
Thus, the stress components can also be written in this case. I
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2.13 Fourier Cosine and Sine Transforms with Examples

The Fourier cosine integral formula (2.2.8) leads to the Fourier cosine trans-
form and its inverse defined by

Flf(x)}=F.(k)= \/gfcos kx f(z)dz, (2.13.1)
FHF.(k \/7/Cos kx F.( (2.13.2)

where .Z, is the Fourier cosine transform operator and .Z; ! is its inverse
operator.

Similarly, the Fourier sine integral formula (2.2.9) leads to the Fourier sine
transform and its inverse defined by

FAf(x)}=Fy(k) = \/g/oosinkxf(:r)d:r, (2.13.3)
FHE(k \/7/blnkx Fy( (2.13.4)

where Z; is the Fourier sine transform operator and .%, ! is its inverse.

Example 2.13.1
Show that

(a) yc{e—aw}zﬁﬁ“krz), (a>0). (2.13.5)

(b) ys{e—w}Z\/ngkQ), (a>0). (2.13.6)

5 %)
F{e ¥} =14/ —/e*‘“” cos kx dx
™
0
12 |
_ 5\/;/[6—@1—11@)1 + e—(a-‘rzk)z]dw
0

1 /2 1 1 2 a
yc —azxy _ — [2 — 2
{7} 2V« {aik+a+ik] \/;(a2+k2)

We have
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The proof of the other result is similar and hence left to the reader. I

Example 2.13.2
Show that

F1 {%exp(—sk)} - \/gtan_l (f) . (2.13.7)

We have the standard definite integral

o]
€T

\/gfsl{exp(sk)}/exp(sk) sin kx dk = PRk (2.13.8)

0

Integrating both sides with respect to s from s to oo gives

Ooefsk . T xds 1 87
/ k Slnkl’dk:/m:[tan Ei|s
0 s
T N A e i
= 7 —tan (x) tan (S) (2.13.9)
Thus,
(1 5 1 ,
Fq—exp(—sk)y =1/ = [ —exp(—sk)sinzk dk
k T ) k
0
2 /(7T
—\/;ta“ (5):
I
Example 2.13.3
Show that
Folerfela)) =21 i (2.13.10)
sterfe(az)} =1/ —+ exp 2| 13.
We have

F{erfe(ax)} = \/g/ erfe(ax) sin kx dx
0

w/sinkxdm/etzdt.
T
0

ax
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Interchanging the order of integration, we obtain

00 t/a
22
i/exp(tz)dt/sinkxdx
™
0

0

Fs{erflax)}

oo

B R A

0
e (i)
Thus,
F{erfe(ax)} = \/%% [1 S (4_22)]
0

2.14 Properties of Fourier Cosine and Sine Transforms

THEOREM 2.14.1
If Z.{f(x)}=F.(k) and .Z,{f(x)} = Fs(k), then

yc{f(ax)}zéFc (g) >0, (2.14.1)
ﬁ}{f(ax)}éFS(g), a>0. (2.14.2)

Under appropriate conditions, the following properties also hold:

FA S (2)} =k Fy(k) — \/gf(o), (2.14.3)
FAL"(x)} = —k* Fe(k) - \/gf’(O), (2.14.4)
T [ (x)} = —k Fo(k), (2.14.5)
FAL"(x)} = —k* Fo(k) + \/gk £(0). (2.14.6)

These results can be generalized for the cosine and sine transforms of higher
order derivatives of a function. They are left as exercises.
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THEOREM 2.14.2
(Convolution Theorem for the Fourier Cosine Transform). If Z.{f(xz)}
F.(k) and F.{g(x)} =G.(k), then

FHERCA)} = == / FOlole+ O +olla—€Dide.  (2147)
Or, equivalently,

o0 1 o0

/Fc(k)G (k) coskwdk—§/f g(x+&) +g(lz —&])]d¢ (2.14.8)

PROOF Using the definition of the inverse Fourier cosine transform, we

have
-1 2 i
—LU R (k —./Z k) cos kx dk
0
2 T i
— <_)/ coskxdk/f(f)COSkfdf-
T
0 O
Hence,

7 EwG0) - () 7f<e>d§7cos ke cos ke G (K)dk

- %@ /Oof@)dg@ Z[cosm +6) + cos k(| — €))]Ge(k)dh

- / F©)lg(z +€) + gl — ED)de,

in which the definition of the inverse Fourier cosine transform is used. This
proves (2.14.7).
It also follows from the proof of Theorem 2.14.2 that

o0

/Fc(k)G (k) cos ka dk = = /f 9(z + &) +g(|z — €])]d¢

0

This proves result (2.14.8).
Putting =0 in (2.14.8), we obtain

Fe(R)Ge(k)dk = [ f(§)g(§)ds = [ f(x)g(x)dx
[t [rencne- |
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Substituting g(x) = f(z) gives, since G.(k) = F.(k),

/|Fc(k)|2dk:/|f(:c)|2dx. (2.14.9)

This is the Parseval relation for the Fourier cosine transform.
Similarly, we obtain

/ Fi(k ) cos kx dk
0

\/go/Gs(k)coskxdko/f(ﬁ)Sinkﬁdf

which is, by interchanging the order of integration,

\/g/f(f)dﬁ/Gs(k)sinkﬁcoskxdk

o0

/f dg\/7/ k)[sin k(€ + ) + sin k(& — z)]dk

F©lg(€ + )+ g(§ — 2)]d¢,

N =

Il
N —
0\8 =}

in which the inverse Fourier sine transform is used. Thus, we find

o0

/Fs(k)G (k) coskwdk—%/f g+ x) + g(& —x)]dE. (2.14.10)
0 0

Or, equivalently,
T H{F(k)Ga(k)} \/—/f g(€ +2) + g(€& — x)]dE. (2.14.11)

Result (2.14.10) or (2.14.11) is also called the Conwvolution Theorem of the
Fourier cosine transform.
Putting =0 in (2.14.10) gives

O/F k)dk = O/f €)de = /f
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Replacing g(x) by f(z) gives the Parseval relation for the Fourier sine trans-
form

/|Fs(k)|2dk:/|f(:c)|2dm. (2.14.12)

2.15 Applications of Fourier Cosine and Sine
Transforms to Partial Differential Equations

Example 2.15.1

(One-Dimensional Diffusion Equation on a Half Line). Consider the initial-
boundary value problem for the one-dimensional diffusion equation in 0 <z <
oo with no sources or sinks:

ou 0%y

where k is a constant, with the initial condition
u(z,0)=0, 0<z<oo, (2.15.2)
and the boundary conditions
(a) u(0,t)=f(t), t>0, wu(z,t)—0 asx— oo, (2.15.3)

or,

(b) uz(0,¢) = f(t), t>0, wu(z,t)—0 asz— 0. (2.15.4)

This problem with the boundary conditions (2.15.3) is solved by using the
Fourier sine transform

Us(k,t) =1/ 2 /sin kxu(x,t)de.
s
0

Application of the Fourier sine transform gives

dgs = —rk?Ug(k,t) + \/gﬁzkf(t), (2.15.5)
Us(k,0) = 0. (2.15.6)
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The bounded solution of this differential system with Ug(k,0) =0 is

Us(k,t)= \/gli k /f(T) exp[—k(t — 7)k%] dr. (2.15.7)
0

The inverse transform gives the solution

u(z,t) = \/gn/f(r)fs_l{k exp[—r(t — T)k2]}d7'
0

_ \/Zﬁo/f(ﬂ exp [_4H(f2 7)] - d:)w (2.15.8)

in which Z;{kexp(—trk?)} = NG W#is used.

In particular, f(t) =Ty = constant, (2.15.7) reduces to

Us(k, ) = \/?;0 [ — exp(—rt k2)]. (2.15.9)

Inversion gives the solution

u(z,t) = <%> 7Sink’“”[1 — exp(—r t k?)]dk. (2.15.10)

™

Making use of the integral

_k2q2 Sinkx T (x)
—dk=— — 2.15.11
/e 2 SAACTIR (2.15.11)
0

the solution becomes

w25 3r(55)]

f
=Ty erfc ( ) (2.15.12)

where the error function, erf(z) is defined by

erf(x \/_/ e da, (2.15.13)
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so that
erf(0) =0, erf(oo \/_/ e da=1, and erf(—xz) = —erf(z),

and the complementary error function, erfe(x) is defined by

erfe(x) =1—erf(x 2 /e **da, (2.15.14)

:]

so that
erfe(z) =1—erflx), erfc(0)=1, erfc(co)=0,
and
erfe(—x)=1—erf(—x) =1+ erf(x) =2 — erfc(x).
Equation (2.15.1) with boundary condition (2.15.4) is solved by the Fourier

cosine transform -
2
Uc(k,t) = \/j/cos kxu(x,t)dx
0
0

Application of this transform to (2.15.1) gives

% +l€/€2Uc=—\/gl<;f(t). (2.15.15)
The solution of (2.15.15) with U.(k,0) =0 is
t
Ue(k,t) = \/gli / f () exp[—k?k(t — T)]dr. (2.15.16)
" 0
Since
FH exp(—tkk?)} = L exp <ﬁ> , (2.15.17)
2kt 4rt
the inverse Fourier cosine transform gives the final form of the solution
t 2
u(z, t) = —\/g/ j%exp [—ﬁ} dr. (2.15.18)
0
I

Example 2.15.2
(The Laplace Equation in the Quarter Plane). Solve the Laplace equation

Ugz +Uyy =0, 0<z, y<oo, (2.15.19)
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with the boundary conditions

u(0,y)=a, u(x,0)=0, (2.15.20a)
Vu—0 asr=+y/az?+y?— oo, (2.15.20b)

where a is a constant.
We apply the Fourier sine transform with respect to x to find

d2U [2
* _k2U, Zka=0.
dy? + .

The solution of this inhomogeneous equation is

2
Us(kvy) :Ae_ky + \/j g?
T k

where A is a constant to be determined from Ug(k,0) = 0. Consequently,

Uy (k,y) = %\/2(1 —eh), (2.15.21)

The inverse transformation gives the formal solution

2% [ 1
u(w,y):?a/E(l—e_ky)sinkxdk

0

Or,

2a | [ sink r1
u(z,y) = ?a /sm xdk—/Eefkysinkxdk

k
0 0
2 2
g 2 (E _tan-! %) = 2% ant <_) . (2.15.22)
T \2 ™

in which (2.13.9) is used. [

Example 2.15.3
(The Laplace Equation in a Semi-Infinite Strip with the Dirichlet Data). Solve
the Laplace equation

Ugz +Uyy =0, 0<z <00, 0<y<b, (2.15.23)
with the boundary conditions

u(0,y) =0, u(z,y) =0 as z—oofor0<y<b (2.15.24)
u(z,b) =0, u(z,0)=f(x) for 0<z<oo. (2.15.25)
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In view of the Dirichlet data, the Fourier sine transform with respect to
2 can be used to solve this problem. Applying the Fourier sine transform to
(2.15.23)—(2.15.25) gives

d* U,

— kU, =0, 2.15.26

" (2.15.26)
Us(k,b) =0, U,(k,0)=Fy(k). (2.15.27)

The solution of (2.15.26) with (2.15.27) is
sinh[k(b — y)]
= —_—. 15.

Us(k,y) = Fo(k) — =7 (2.15.28)

The inverse Fourier sine transform gives the formal solution

B sinh[k(b —y)]
u(z,y) = \/7/ bmh D sin kx dk

2 . sinh[k(b —y)] .
/ /f(l) sin kl dl b kg S kxdk. (2.15.29)

In the limit as kb— oo, % ~exp(—ky), hence the above problem re-

duces to the corresponding problem in the quarter plane, 0 <x < 00,0 <y <
00. Thus, solution (2.15.29) becomes

u(z,y) = 2 f(l)dl/sinkl sin kx exp(—ky)dk

0

3

3=

f(dl /{cos k(x —1) —cosk(x + 1)} exp(—ky)dk

S

0\8 0\8 o

y y
£() {(w T GI s dl. (2.15.30)

This is the exact integral solution of the problem. If f(z) is an odd function
of z, then solution (2.15.30) reduces to the solution (2.12.10) of the same
problem in the half plane.

2.16 Evaluation of Definite Integrals

The Fourier transform can be employed to evaluate certain definite integrals.
Although the method of evaluation may not be very rigorous, it is quite simple
and straightforward. The method can be illustrated by means of examples.
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Example 2.16.1
Evaluate the integral

o0

dzr
I(a,b)= b>0. 2.16.1

— 00

If we write f(z)=e **l and g(z)=e*l then F(k)= \/gm, G(k)=
\/gﬁ. The Convolution Theorem 2.5.5 gives (2.5.19), that is,

J ros- ] o

Or, equivalently,
r dk T T
= [ elalatbrg
/ 2 +a2)(k2+62)  2ab | © v

— 00

- —(atb)z g, T 2.16.2
ab/e x FCES (2.16.2)
0

This is the desired result.

Further -
0
. 2.16.3
/ x? + a2 172 +b2) 2ab(a +b) ( )
0
I
Example 2.16.2
Show that -
x~Pdx ™
_ +1
/ o) 7—a - >sec( : ) (2.16.4)
0
We write

—axr 2 a4
flz)=e so that Fc(k)\/;m
g(z) =21 sothat G.(k)= \/gk—PF(p) cos (%) .

Using Parseval’s result for the Fourier cosine transform gives

/Fc(k)Gc(k)dk:/f(x)g(x)dx
0

0
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Or,
2 o0 oo
—acos / /x” leazdy
T
0
17 r
:—p/ —tp—1gy (f), (ax =1)
a a
0
Thus,
k~Pdk 7w D
2+ k2 2gpt1 ¢ (7)
0
I

Example 2.16.3
If a >0,b>0, show that

7 22
/ dr S — (2.16.5)
0

(a®+22)(b2+22) 2(a+0D)

We consider

—ax 2 k

Fle T =y T = %)
e 2k

js{e b }: ;m:Gs(k)

Then the Convolution Theorem for the Fourier cosine transform gives

[ Ewe. ) coskedi =3 [ o116+ )+ 7€ - e

Putting x =0 gives

or,

® 2

/ k dk :z/ei(a+b)£d§: ™ )
k2 +a?)(k2+0%) 2 2(a+0b)

0 0
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Example 2.16.4
Show that

™
0. 2.16.6
/x2+a2 (2a)57 @ ( )
0

We write f(x)= W so that f'(z)=—

V'3 (35) exp(—alk]).

Making reference to the Parseval relation (2.4.19), we obtain

ez, and F{f ()} = F(k) =

[1r@pa= [ 175 @)Pa= [ 105w P

Thus,
7 v do == 7 2 exp(—2alk|)
(@ a3 (2a)2 7P

This gives the desired result. I

2.17 Applications of Fourier Transforms
in Mathematical Statistics

In probability theory and mathematical statistics, the characteristic function
of a random variable is defined by the Fourier transform or by the Fourier-
Stieltjes transform of the distribution function of a random variable. Many
important results in probability theory and mathematical statistics can be
obtained, and their proofs can be simplified with rigor by using the methods
of characteristic functions. Thus, the Fourier transforms play an important
role in probability theory and mathematical statistics.

DEFINITION 2.17.1  (Distribution Function). The distribution function
F(z) of a random wvariable X is defined as the probability, that is, F(x)=
P(X <z) for every real number x.

It is immediately evident from this definition that the distribution function
satisfies the following properties:
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(i)

F(z) is a non-decreasing function, that is, F(x1) < F(x2) if 21 < xa.
(i) F
F

(

(x) is continuous only from the left at a point x, that is, F(x —0) =
(x), but F(z+ 0) # F(x).
(-

(iii)

If X is a continuous variable and if there exists a non-negative function
f(x) such that for every real = the following relation holds:

x):/f(:zz)d:z:, (2.17.1)

where F(x) is the distribution function of the random variable X, then the
function f(z) is called the probability density or simply the density function
of the random variable X.

It is immediately obvious that every density function f(z) satisfies the
following properties:

(i)

00) =0 and F(4+00)=1.

F(+00) = / f(z)dz=1. (2.17.2a)
(ii) For every real a and b where a <b,

Pla< X <b)= F(b) — F(a) = / F(@)da. (2.17.2D)

(iii) If f(x) is continuous at some point z, then F'(z) = f(z).

It is noted that every real function f(x) which is non-negative, and in-
tegrable over the whole real line and satisfies (2.17.2ab), is the probability
density function of a continuous random variable X. On the other hand, the
function F'(x) defined by (2.17.1) satisfies all properties of a distribution func-
tion.

DEFINITION 2.17.2  (Characteristic Function). If X is a continuous
random variable with the density function f(x), then the characteristic func-
tion, ¢(t) of the random variable X or of the distribution function F(x) is
defined by the formula

o(t) = E(exp(itX)) / f(z) exp(itx)d (2.17.3)
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where E[g(X)] is called the expected value of the random variable g(X).
In problems of mathematical statistics, it is convenient to define the Fourier
transform of f(z) and its inverse in a slightly different way by

F{f(x)} = o(t) = / exp(itz) f(z)dz, (2.17.4)
F Yo} = f(z) = % / exp(—ita)p(t)dt. (2.17.5)

Evidently, the characteristic function of F(z) is the Fourier transform of the
density function f(x). The Fourier transform of the distribution function fol-
lows from the fact that

FAF ()} = F{f(x)} = o(t),

or,
F{F(x)} =it p(t). (2.17.6)
The composition of two distribution functions Fy(x) and Fa(x) is defined by
F(x)=Fi(z) « Fo(x) = / Fi(z —y)F5(y)dy. (2.17.7)

Thus, the Fourier transform of (2.17.7) gives
it =7 [ R - Fy
= F{F1(2)}F{ fa(a)} =it d1(t)$a(1),

whence an important result follows:

o(t) = d1(t)pa (), (2.17.8)

where ¢1(t) and ¢2(t) are the characteristic functions of the distribution func-
tions Fy(x) and Fy(x) respectively.
The nth moment of a random variable X is defined by
m, =E[X"]= / 2" f(x)dx, m=1,2,3,.... (2.17.9)
provided this integral exists. The first moment m; (or simply m) is called the
expectation of X and has the form

m:E(X):/xf(x)d:E. (2.17.10)

— 00
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Thus, the moment of any order n is calculated by evaluating the integral
(2.17.9). However, the evaluation of the integral is, in general, a difficult task.
This difficulty can be resolved with the help of the characteristic function
defined by (2.17.4). Differentiating (2.17.4) n times and putting ¢t =0 gives a
fairly simple formula

- / 2 f(2)dz = (—)" 6™ (0), (2.17.11)

where n=1,2,3,....
When n =1, the expectation of a random variable X becomes

oo

my = B(X) = / 2f(@)dz = (=) (0). (2.17.12)

— 00

Thus, the simple formula (2.17.11) involving the derivatives of the character-
istic function provides for the existence and the computation of the moment
of any arbitrary order.

Similarly, the variance o2 of a random variable is given in terms of the
characteristic function as

o0

o? = / (x —m)? f(x)dx =my — m7
= {¢'(0)}* - ¢"(0). (2.17.13)

Example 2.17.1
Find the moments of the normal distribution defined by the density function

U\;% eXP{—%}. (2.17.14)

The characteristic function of the normal distribution is the Fourier transform
of f(x), which is

o= [ o[-

We substitute x — m =y and use Example 2.3.1 to obtain

it T 2 1
o(t) = M / e exp (—y—z) dy = exp (itm — §t2a2) . (2.17.15)

oV2rT 20

fx)=
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Thus,

Finally, the variance of the normal distribution is
my —m3 =02, (2.17.16)

[

The above discussion reveals that characteristic functions are very useful
for investigation of certain problems in mathematical statistics. We close this
section by discussing more properties of characteristic functions.

THEOREM 2.17.1

(Addition Theorem). The characteristic function of the sum of a finite number
of independent random variables is equal to the product of their characteristic
functions.

PROOF Suppose X7, Xo,..., X, are n independent random variables and
Z =X+ X2+ -+ X,. Further, suppose ¢1(t), pa(t),. .., dn(t), and ¢(¢) are
the characteristic functions of X1, Xo,..., X,, and Z respectively.

Then we have

¢(t) = Elexp(itZ)] = E'[exp {it (X1 + Xp +--- + Xn)}],
which is, by the independence of the random variables,
_ E(eitXl )E<€itX2) . E(eitX")
= ¢1(t) d2(t) - - - Dn(t). (2.17.17)
This proves the Addition Theorem. |
Example 2.17.2
Find the expected value and the standard deviation of the sum of n indepen-
dent normal random variables.
Suppose X1, X, ..., X, are n independent random variables with the nor-

mal distributions N(m,, o), where r=1,2,...,n. The respective character-
istic functions of these distributions are

1
ér(t) =exp {itmr — 5#03] ., r=1,2,3,...,n. (2.17.18)
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Because of the independence of X1, X5, ..., X, the random variable Z = X +
Xs + - -+ X, has the characteristic function

P(t) = d1(t)2(t) -~ Pn(t)
=exp |it(m1 +ma+ - +my) — %(a% +o3 4+ o). (2.17.19)

This represents the characteristic function of the normal distribution N(mq +
oo 4 My, /0% + -+ 02). Thus, the expected value of Z is (my +ma + -+ +
my) and its standard deviation is (02 + o35 + -+ + oi)%. I

Finally, we state the fundamental Central Limit Theorems without proof.

THEOREM 2.17.2

(The Lévy-Cramér Theorem). Suppose {X,} is a sequence of random vari-
ables, Fy,(z) and ¢,(t) are respectively the distribution and characteristic
functions of X,,. Then the sequence {F,(z)} is convergent to a distribution
function F'(z) if and only if the sequence {¢,,(t)} is convergent at every point
t on the real line to a function ¢(¢) continuous in some neighborhood of the
origin. The limit function ¢(t) is then the characteristic function of the limit
distribution function F(z), and the convergence ¢, (t) — ¢(t) is uniform in
every finite interval on the t-axis.

THEOREM 2.17.3

(The Central Limit Theorem in Probability). Supose f(z) is a nonnegative
absolutely integrable function in R and has the following properties:

/Oof(x)dxl, 7xf(:17)d:171, 7x2f(x)dx1.

If f*=fxfx*..x f is the convolution product of f with itself n times, then

by . b
2
lim "r)dr=— [ e ® dx —oo<a<b<oo. (2.17.20
i [ fr@de=— [ (2.17.20)

ay/n
For a proof of the theorem, we refer the reader to Chandrasekharan (1989).
All these ideas developed in this section can be generalized for the multi-

dimensional distribution functions by the use of multiple Fourier transforms.
We refer interested readers to Lukacs (1960).
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2.18 Multiple Fourier Transforms and Their
Applications

DEFINITION 2.18.1  Under the assumptions on f(x) similar to those
made for the one dimensional case, the multiple Fourier transform of f(x),
where X = (x1, T2, ..., Ty) 18 the n-dimensional vector, is defined by

FUC=F0) = 57 / / expl—i(r-x)}f(x)dx,  (218.1)

where k= (k1,ka,...,kn) is the n-dimensional transform vector and Kk -x=
(k1z1 + kamo + - - + kpy).
The inverse Fourier transform is similarly defined by

F HF(k)} = f(x) W / /exp{z k-x)} F(k)de. (2.18.2)

In particular, the double Fourier transform is defined by

F{f(z,y)} =F(k, )= / /exp{—z k-1)} f(z,y)dedy, (2.18.3)

— 00 —0O0

where v = (z,y) and k= (k,?).

The inverse Fourier transform is given by

FUE(k, 0} = f(z,1) / /exp{ ko) (k) dkdl.  (2.18.4)

— 00 —O0

Similarly, the three-dimensional Fourier transform and its inverse are de-
fined by the integrals

f{f(x,y,z)}:F(k,é,m)

:ﬁ/ / 7exp{—i(n-r)}f@,y,z)dxdydz, (2.18.5)

—0o0 —00 —OQ

oo o0

FHE(k, 6,m)}y = f(x,y,2)

oo o0 o0

3/ / / /exp{ k-1)} F(k,£,m)dkdl dm. (2.18.6)

—00 —
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The operational properties of these multiple Fourier transforms are similar
to those of the one-dimensional case. In particular, results (2.4.7) and (2.4.8)
relating the Fourier transforms of derivatives to the Fourier transforms of
given functions are valid for the higher dimensional case as well. In higher
dimensions, they are applied to the transforms of partial derivatives of f(x)
under the assumptions that f and its partial derivatives vanish at infinity.

We illustrate the multiple Fourier transform method by the following ex-
amples of applications:

Example 2.18.1

(The Dirichlet Problem for the Three-Dimensional Laplace Equation in the
Half-Space). The boundary value problem for u(zx,y, z) satisfies the following
equation and boundary conditions:

VAU = Uy + Uy + =0, —c0<z,y<oo, z>0, (2.18.7)
u(z,y,0) = f(z,y) —00< T,y < 00 (2.18.8)

u(@,y,2) =0 as T =1/22 +y? + 2% — 0. (2.18.9)

We use the double Fourier transform defined by (2.18.3) to the system
(2.18.7)—(2.18.9) which reduces to

d2
d—g—ﬁU:O for  2>0, (k*=k*+1%)
z

U(k,£,0) = F(k, ).
Thus, the solution of this transformed problem is
U(k,L,z)=F(k,0) exp(—|k|z) = F(k,£)G(k, 0), (2.18.10)

where k = (k,¢) and G(k, ¢) = exp(—|k|z) so that

z
(I2+y2+22)3/2'

g(z,y) =.F Hexp(—|k|2)} = (2.18.11)

Applying the Convolution Theorem to (2.18.10), we obtain the formal solution

u(z,y,2) = % / fE&,mMglx—&y—n,z2)dEdn
- %/ / [(z —&)2+ (y—mn)2+22)3/2 (2.18.12)
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Example 2.18.2
(The Two-Dimensional Diffusion Equation). We solve the two-dimensional
diffusion equation

u =KV, —oco<z,y<oo, t>0, (2.18.13)

with the initial and boundary conditions
u(z,y,0)= f(z,y) —oco<x,y< oo, (2.18.14)
u(z,y,t) =0 as r= /22+y?— o0, (2.18.15)

where K is the diffusivity constant.
The double Fourier transform of u(x,y,t) defined by (2.18.3) is used to
reduce the system (2.18.13)—(2.18.14) into the form

aw _ —K2KU, t>0,
dt

U(k,£,0) = F(k,0).

The solution of this system is

U(k,t,t) = F(k,0) exp(—tKx*) = F(k, 0)G(k, (), (2.18.16)
where
G(k,0) = exp(— K r>t),
so that
(2.) = F " exp(—tFr2)} = —— exp [~ LY (2.18.17)
— X — = — — . . .
Iy P okt TP\ Kt

Finally, the Convolution Theorem gives the formal solution

477th 7 7f(§’77) exp {_ (=& + (y—n)2] dedn, (215.15)

Or, equivalently,
T 77 [r — /|2
t)= ! — dr’ 2.18.1
et = [ [ e {-EE e @asag)

where ' = (£, 7).
We make the change of variable (r' —r) =v4KtR to reduce (2.18.19) in
the form

1 oo [e.9]
u(w,y,t):m / /f(r+v4KtR) exp(—R?) dR. (2.18.20)

— 00 —O0
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Similarly, the formal solution of the initial value problem for the three-dimensional
diffusion equation

U =K (Uugg + Uyy + Uzz), —00<my,z<00, t>0 (2.18.21)

u(z,y,2,0)=f(r,y,2), —oo<z,y,2<00 (2.18.22)
is given by
e 21) = e | / JEC: exp( 4Kt>d§dnd<, (2.18.23)
where

Or, equivalently,

1 T r—r'|2
u(x,y,z,t)zw///f(r')exp{—| 4Kt| }dgdndg, (2.18.24)

where r = (z,y, 2) and ' = (£, 7, ().
Making the change of variable r' — r = V4t KR, solution (2.18.24) reduces

to
1 T ,
u(x,y, z,t) = IR / / /f(r + V4KtR)exp(—R°)dR. (2.18.25)
This is known as the Fourier solution. I

Example 2.18.3
(The Cauchy Problem for the Two-Dimensional Wave Equation). The initial
value problem for the wave equation in two dimensions is governed by

Ut = (Ugy + Uyy), —00<z,y<00, t>0, (2.18.26)
with the initial data
u(z,y,0)=0, u(z,y,0)=f(z,y), —oco<z,y<oo, (2.18.27ab)

where c is a constant. We assume that v and its first partial derivatives vanish
at infinity.

We apply the two-dimensional Fourier transform defined by (2.18.3) to the
system (2.18.26)—(2.18.27ab), which becomes

—U+c KU =0, k2=Fk*+0%

Uk, 0,0) = 0, <‘;_(£) =),
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The solution of this transformed system is

sin(ckt) .

Uk, L,t)=F(k,{) (2.18.28)
cK
The inverse Fourier transform gives the formal solution
Kt
u(w,y,t) = / /exp iK-T) Sm( ) F(k)dk (2.18.29)
2me
K-r
= / / exp (— + ct) }
dire K

—exp {m (% - ct) H dr.  (2.18.30)

The form of this solution reveals an interesting feature of the wave equation.
The exponential terms exp {i/@ (ct + %)} involved in the integral solution
(2.18.30) represent plane wave solutions of the wave equation (2.18.26). Thus,
the solutions remain constant on the planes k - r = constant that move par-
allel to themselves with velocity c. Evidently, solution (2.18.30) represents a
superposition of the plane wave solutions traveling in all possible directions.

Similarly, the solution of the Cauchy problem for the three-dimensional
wave equation

Ut = % (U + Uy + Uzz), —00< 2, Y, 2 <00, t>0, (2.18.31)

U(I’,y,Z,O) :07 ut(x,y,z,()) :f(xvyvz)v —00 <, Y,z <0 (21832&b)

is given by
1 T F(k) . (K-T
u(r,t)= O / / / — |oxp {m (—H + ct)}
. (KT
—exp {m (T - ct) } ] dr, (2.18.33)
where r = (z,y, 2z) and k = (k, £, m).

In particular, when f(z,y,2)=0(x)d(y)d(z) so that F(k)=(2r)~%/2, solu-
tion (2.18.33) becomes

(sirl:%t) expl(i( - 1))dr. (2.18.34)

In terms of the spherical polar coordinates (k, 8, ¢) where the polar axis (the
zaxis) is taken along the r direction with &k - r = kr cosf, we write (2.18.34)
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in the form

2m 71' 0
1 i t
u(r,t) = ) /d¢ d9/exp(mr cosf) SH;ZK k% sinfdk
0 0 0
- 7s'< 0)sin(ir) d
= 53, | sin(ewt)sin(xr) dx
0
_ 1 /[ein(ct—r) _ eim(ct-i—r)] drk.
8m2cr
Or,
u(r,t) = Tnor [0(ct —r) —d(ct +7)]. (2.18.35)
For t >0, ct+r >0 so that §(ct +r) =0 and hence,
(r,t) Slet —r)= —— 5t - ") (2.18.36)
u = c—r)=——0(t—-). 18.
’ wer dmc2r c

Example 2.18.4
(The Three-Dimensional Poisson Equation). The solution of the Poisson e-
quation

—V2u = f(r), (2.18.37)
where r = (,y, z) is given by
u(r) = 7 7 7G(r,§)f(£)d§, (2.18.38)
where the Green’s function G(r, &) of the operator, —V?, is
Glr, &) = iﬁ. (2.18.39)

To obtain the fundamental solution, we need to solve the equation
V2 G(r,€) =5z~ )y — sz — ),  r#E (2.18.40)

Application of the three-dimensional Fourier transform defined by (2.18.5)
to (2.18.40) gives

k2 Gk, &)= exp(—ik - £), (2.18.41)

1
(2m)3/2
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where G(k, &) =.Z{G(r, &)} and k= (k, {,m).
The inverse Fourier transform gives the formal solution

G(r,{):ﬁ/ / /exp{mwr—s)}i—’j

—00 —00 —OO

oo 0 o0

exp(ik - X)—, (2.18.42)

—00 —00 —O©

where x=|r — &|.

We evaluate this integral using polar coordinates in the k-space with the
axis along the x-axis. In terms of spherical polar coordinates (k, 8, ¢) so that
K - X =kRcosf where R=|x|. Thus, (2.18.42) becomes

G(r,&) = ) /d¢/d9/exp (ikR cosf) k*sinf -

sin ( /-@R 1 1
2 — = 2.18.43
271'2/ dr = ArR  4wlr — €|’ ( )
0
provided R > 0.

In electrodynamics, the fundamental solution (2.18.43) has a well-known
interpretation. Physically, it represents the potential at point r generated by
the unit point charge distribution at point &. This is what can be expected
because §(r — &) is the charge density corresponding to a unit point charge at
.

The solution of (2.18.37) is then given by

[ ] Jewereu-t [ [ [HE e

—00 —00 —0O0 —00 —00 — 00

The integrand in (2.18.44) consists of the given charge distribution f(r) at
r =¢ and Green’s function G(r, £). Physically, G(r, &) f(€) represents the re-
sulting potentials due to elementary point charges, and the total potential due
to a given charge distribution f(r) is then obtained by the integral superpo-
sition of the resulting potentials. This is called the principle of superposition.

Example 2.18.5
(The Two-Dimensional Helmholtz Equation). To find the fundamental solu-
tion of the two-dimensional Helmholtz equation

V3G +a’G=6(x—&d(y—n), —oo<z,y<o0. (2.18.45)
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It is convenient to make the change of variables x —{=a*, y—n=y*.
Consequently, (2.18.45) reduces to the form, dropping the asterisks,

Gz + Gyy — 2G = —5(2)d(y). (2.18.46)

Application of the double Fourier transform G(k) = .Z{G(z,y)} to (2.18.46)
gives

A 1 1
G =——F 2.18.47
(%) 27 (k2 + a2)’ ( )
where k = (k, () and x%=k? + (2.
The inverse Fourier transform yields the solution
1 o0 o0
G(z,y)= ype) / / (K 4+ a?) L exp(ik - x) dk df. (2.18.48)
T

— 00 —O0

In terms of polar coordinates (z,y) =r(cos8,sinf), (k,£) = p(cos ¢, sin ¢), the
integral solution (2.18.48) becomes

[e%s) 27
1 d .
G(w,y):ﬁ/ﬁ/exp{wm cos(¢ — 0)}d,
0 0

which is, replacing the second integral by 27.Jy(rp),

p Jo(rp)dp
(P +a?)

1
2.18.49

0\8

In terms of the original coordinates, the fundamental solution of (2.18.45) is
given by

1 7rdo [p {(z=€?+(y- 77)2}%} dp
G(r, &)= o / CETE) . (2.18.50)
0
Accordingly, the solution of the inhomogeneous equation
(V2 = a®)u=—f(z,y) (2.18.51)
is -
uwy)= [ [ Gerreae, (21852)

where G(r, €) is given by (2.18.50).
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Since the integral solution (2.18.49) does not exist for a =0, Green’s func-

tion for the two-dimensional Poisson equation (2.18.51) cannot be derived
from (2.18.49). Instead, we differentiate (2.18.49) with respect to r to obtain

06 _ L [
or 2w (0% +a?)
0
which is, for a =0,

or 2w 27r
0

oG 1 [ 1
—:—/J (rp)dp=——.

Integrating this result gives
Glr,0) = ——1
r,0)=——logr.
2w &
In terms of the original coordinates, the Green’s function becomes

G(r, ) =~ logl(z — &) + (y — )] (218.53)

This is Green’s function for the two-dimensional Poisson equation V2 = — f(x, ).
Thus, the solution of the Poisson equation is

u(x,y):/ /G(r,é)f(f)dé. (2.18.54)

— 00 —00

Example 2.18.6
(Diffusion of Vorticity from a Vortex Sheet). We solve the two-dimensional
vorticity equation in the x,y plane given by

G =vV*¢ (2.18.55)

with the initial condition

((@,y,0) =Co(z,y), (2.18.56)

where ( =v,; — uy.
Application of the double Fourier transform defined by

Ckyt,t)= Py / /exp i(kx + Ly)]¢(z, y, t)dz dy

—0o0 —0O0
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0 (2.18.55)~(2.18.56) gives
dé 2 2\ ~
= = (k240
C(k,€,0) = Co(k, 0).

Thus, the solution of the transformed system is

Ck, 0,8) = Co(k, O)exp|—v(k? + £2)1]. (2.18.57)

The inversion theorem for Fourier transform gives the formal solution

o0

1
C(x,y,t) =5 / / Cok, €) expli(k - r) — vi2t] dk de, (2.18.58)

— 00 —O0

where k = (k, ) and x%=k? + (2.

In particular, if {y(z, y) = V§(x) represents a vortex sheet of constant strength
V per unit width in the plane 2 =0, we find (y(k,¢) =V d(¢) and hence,

oo

v
C(z,y,t) = Py / exp{ikx — vk*t}dk
m
’ 2

1% T
= ———%¢ —— . 2.18.59
2v/mut P < 4Vt> ( )

Apart from a constant, the velocity field is given by

w(z, t)=0, v(z,t)= \/_erf< \/_) (2.18.60)
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2.19 Exercises

1. Find the Fourier transforms of each of the following functions:

1 T
(a) f(I):H—xy (b) f(x):H—x?’
() fx)=06"(x), (d) f(z) == exp(—alz]), a>0,
(e) f(x)=e" exp(—e®), (f) f(x)==x exp (—%) , a>0,
2 1 2 - 1- |I|, |:17| S 1
® f@) = e (-32). ) f(x)—{ § |x|>1}’

1—22, |z|<1
(i) f(x)—{ - } () hn(x)=(—1)" exp <%x2>

0, |z| >1

(k) f(@) =Xa,p () €7, (1) f(z)=

2. Show that

(a) F{o(x —ct)+0(x+ct)} = % cos(ket),

2 sin kct

(b) F{H(ct —|z[)} = P
(© #{r (5 +b)}=a exp(z'abk) F(ak),
@ Fieany =11 (S,

3. Show that
(0) i F (k)= {x [(2)},
(b) " S F(R) = F " (2}

4. Use exercise 3(b) to find the Fourier transform of f(x)=12? exp(—az?).

5. Prove the following:

(a) y{(& — %) H(a— |w|)}:\/§Jo(ak:), a>0.
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() F{Pala) H1=[al)} = (i) 7= Ty (),

where P, (z) is the Legendre polynomial of degree n.
(¢) If f(x) has a finite discontinuity at a point x =a, then

F{ (@)} = (ik) F(k) — —=exp(—ika)[fla,

L
V2r
where [f], = f(a+0) — f(a—0).

Generalize this result for .Z{f™(z)}.

6. Find the convolution (f * g) (x) if

(a) f(z)=e",  g(x) =X0,00] (%), a #0,
(b) f(z)=sinbzx, g(x)=exp(—alz]), a>0,
(©) f(@)=Xn(@), glzx)=2"

(d) f(z)=exp(=a?), g(z)=exp(-2?).

7. Prove the following results for the convolution:
(a) 0(z) * f(z) = f(z), (b) &'(x) * f(x) = f'(2),
() di{f( ) #g(@)} = f'(x) x g(x) = f(z) * g'(2),

[ (f*g)(x d:z:*/ flu du/o;g(v)dv,

e ( 9) (@) =(f"+g") (2)=(f"*9g) (x),

() =

(f) (f*g) D (2) = ) (@) % g (),

g) If f and g are both even or both odd, then (f *g) (x) is even,
)
)

(
(h) If f is even or g is odd, or vice versa, then (f *g) (z) is odd,
1
(i) If g(z)= %8 H(a —|z|), then (f *g) (z) is the average of the
function f(z) in [z —a, z + al,

() If Gi(x)

|-

\/47rk /f
then G¢(z) * Gs(x ) Giis(z).

8. Use the Fourier transform to solve the following ordinary differential
equations in —oo < x < 00:

(a) y"(x) —y(z)+2f(x)=0, where f(x)=0 when z < —a and when
x> a, and y(x) and its derivatives vanish at x = +o0,
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(b) 2y"(z) + 2y (@) +y(2) =0, () ¢'(z) +x y'(z) +y(x) =0,
(d) y"(z) +zy'(zx) +zy(z)=0,  (e) ()+2ay()+ y(t) = f(1).

9. Solve the following integral equations for an unknown function f(x):

) /¢ufwﬂwﬁ:mm.

(b) /exp(—at2)f(;v—t)dt:exp(—bx2), a>b>0.

b
0 [ e = i

fydt  Ver
(d)/ ot @1 for b>a>0.
@1 § 10T 4)

where the integral in (e) is treated as the Cauchy Principal value.
10. Solve the Cauchy problem for the Klein-Gordon equation

Uep — €2 Uy + a2 u=0, —oco<x<oo, t>0.
u(z,0) = f(x), (3_u) =g(z) for —oco <z < 0.
ot ).

11. Solve the telegraph equation

uttfc2um+utfaux:0, —oco<x<oo, t>0.
0
u(z,0) = f(x), (_u) =g(r) for —oco<z<o0.
ot ), ,

Show that the solution is unstable when ¢? < a?. If ¢? > a?, show that
the bounded integral solution is

u(x,t) \/_ / )exp[—k%(c? — a®)t + ik(x + at)]dk

where A(k) is given in terms of the transformed functions of the initial
data. Hence, deduce the asymptotic solution as ¢t — oo in the form

T (z + at)? }

u(z,t) = A(0) ﬂg—gmfmﬂ—zg—ﬁﬁ
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12. Solve the equation

utt+uxxxx:07 *OO<I<OO,t>O

u(z,0) = f(z), us(x,0)=0 for —oo<z<00.
13. Find the solution of the dissipative wave equation

Ut — € Ugy + iy =0, —00 <z < 00, t>0,
0

u(x,O)—f(:E),<—u) =g(r) for —oco<z<o0,
ot ),

where o > 0 is the dissipation parameter.

14. Obtain the Fourier cosine transforms of the following functions:
(a) f(z) =2 exp(—azx), a>0, (b)f(z)=e" cos x, a>0,

1
() fla)=—, (d) Ko(az),
where Ko(ax) is the modified Bessel function.

15. Find the Fourier sine transform of the following functions:

(a) f(z) =2 exp(—azx), a>0, (b) f(x)= i exp(—ax), a>0,
(© )=, @) F@)= s

16. (a) If F(k)=%{exp(—az?)}, a >0, show that F(k) satisfies the dif-
ferential equation

dF 1
2a — + k F(k)=0 with F(0)=—.
(b) If F.(k)=Z.{exp(—ax?)}, show that F.(k) satisfies the equation
dF,
dk

k
+ (%) F,=0 with F,(0)=

17. Prove the following for the Fourier sine transform

oo o0

(2 / Fy(k)Go () sin ki dk = 5 / QI (€ +2) — £(6 ~ 2))de.

[\J|>—‘

/Fc k)sinkzx dk= /f g€+ ) —g(& — x)]dE.
0 0

18. Solve the integral equation

/‘X’f( \simke dk 1—k 0<k<l1
X )SIN KT = .
4 0, k>1
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19. Solve Example 2.15.1 with the boundary data

u(0,t)=0, u(z,t)—0 as x—oo, for ¢>0.

20. Apply the Fourier cosine transform to find the solution u(zx,y) of the
problem

Uzg + Uyy =0, 0 <z <00, 0<y <00,
u(z,0)=H(a—z),a>z; ug(0,y)=0, 0<x,y<oo.

21. Use the Fourier cosine (or sine) transform to solve the following integral

equation:

(a) /f(w)coskx dr = %, (b) /f(:lc)sinkgc dw:ﬁwkw
0 0

(c) /f(x) sin kxdx = % Jo(ak), (d) /f(x) coskr dr — Sinkak'

0 0

22. Solve the diffusion equation in the semi-infinite line
Ut =K Uge, 0< <00, t>0,
with the boundary and initial data

u(0,t)=0 for t>0,
u(z,t) -0 as xz—oo for t>0,
u(z,0)=f(z) for 0<z<oo.

23. Use the Parseval formula to evaluate the following integrals with a >0

and b>0:
7 dx 7 sin? ax
(a) /mv (c) /w—zd%
T sinaz OOexp(—bgc2)dgc
(b) /x(x2+b2)dx ) / (@ +a2)

24. Show that

oo

/ sinax Sinbxd:v _ gmin(a,b).

2
0
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25.

26.

27.

28.

INTEGRAL TRANSFORMS and THEIR APPLICATIONS

If f(z) =exp(—az) and g(z) = H(t — x), show that

sintx T
— dr=—[1— —at)].
| st = gl — exp(—at)
0

Use the Poisson summation formula to find the sum of each of the fol-
lowing series with non-zero a:

> 1 > sinan
—_ b
(a) n;oo 1 +n2a)’ (b) n§:1 —
0o .. 92 [e'S)
s an a
E d E —_.
(C) P nZ ( ) e n2 +CL2

The Fokker-Planck equation (Reif, 1965) is used to describe the evolu-
tion of probability distribution functions w(z,t) in nonequilibrium sta-
tistical mechanics and has the form

ou_9 (0,
ot oz \oz )"
The fundamental solution of this equation is defined by the equation
0 g (0
{& ~ <% + x)] Gz, &t,7)=0(x —&)6(t — 7).

Show that the fundamental solution is

fr—gexpl-(t—7))}°
21— exp{—2(t— 7)}]

Gz, &t,7) = [2m{1 — exp[—2(t — 7)]}] Zexp [

Hence, derive

1 1
lim G 16, T) = — ——2? ).
tilgo (Iv 57 7T) \/%exp < 2.’,E )

With the initial condition u(x,0) = f(x), show that the function w(z,t)
tends to the normal distribution as ¢t — oo, that is,

Jim u(e.t)= ——exp (%a@) [ s

The transverse vibration of an infinite elastic beam of mass m per unit
length and the bending stiffness ET is governed by

2Bl

m

utt—i—aQumm:O, (a ),—oo<:1c<oo,t>0.
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Solve this equation subject to the boundary and initial data
u(0,t)=0 forall ¢>0,
u(z,0)=¢(z), u(x,0)=v"(z) for 0<wz<oo.
Show that the Fourier transform solution is
U(k,t) = ®(k) cos(atk?®) — W (k) sin(atk?).
Find the integral solution for u(z,t).

29. Solve the Lamb (1904) problem in geophysics that satisfies the Helmholtz
equation in an infinite elastic half-space
2

w
Ugz + Uz + —5u=0, —co<z <00, 2>0,
C2

where w is the frequency and ¢y is the shear wave speed.

At the surface of the half-space (z =0), the boundary condition relating
the surface stress to the impulsive point load distribution is

Ju
—=—P(x) at z=0,

ras ()

where p is one of the Lamé’s constants, P is a constant and

u(r,z) =0 as z—oo for —oo<z<o0.

Show that the solution in terms of polar coordinates is

u(w,z) = ;HO@) <ﬂ)
m Ca

P ( 2, ) 2 (m m)
~N—|— | exp|— - — for wr>>co.
2ip \ TWT 4 &)
30. Find the solution of the Cauchy-Poisson problem (Debnath, 1994, p. 83)
in an inviscid water of infinite depth which is governed by

Gz + ¢, =0, —c0<xr <00, —00<2<0, t>0,
¢z — Mt = 0
¢t +gn =20
¢, —0 as z— —o00,
$(2,0,0)=0 and 7(z,0) = Pé(x),

}on z=0, t>0,

where ¢ =¢(z, z,t) is the velocity potential, n(z,t) is the free surface
elevation, and P is a constant.

Derive the asymptotic solution for the free surface elevation in the limit
as t— oo.
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31.

32.

33.

34.

INTEGRAL TRANSFORMS and THEIR APPLICATIONS

Obtain the solutions for the velocity potential ¢(z,z,t) and the free
surface elevation 7(x, t) involved in the two-dimensional surface waves in
water of finite (or infinite) depth h. The governing equation, boundary,
and free surface conditions and initial conditions (see Debnath 1994, p.
92) are

¢mm+¢zz:07 _hSZSO, —o<r<oo, t>0

P .
Gt gn == px)expiwt)
¢z — Nt = 0
¢(z,z,0)=0=mn(z,0) for all x and z.

z=0,t>0

Solve the steady-state surface wave problem (Debnath, 1994, p. 47) on
a running stream of infinite depth due to an external steady pressure
applied to the free surface. The governing equation and the free surface
conditions are

Gpe + 022 =0, —co<x <00, —00<2<0, t>0,

P
¢LE + U(bac +gn = _; 6<$) exXp <€t)

Ne+Une = ¢,
¢,—0 as z— —o0.

z=0, (¢>0),

where U is the stream velocity, ¢(z, z,t) is the velocity potential, and
n(x,t) is the free surface elevation.

Use the Fourier sine transform to solve the following initial and bound-
ary value problem for the wave equation:

U = CUpg, 0<z <00, t>0,
u(z,0)=0, ut(z,0)=0 for 0<x<oo,
u(0,t)=f(t) for t>0,

where f(t) is a given function.

Solve the following initial and boundary value problem for the wave
equation using the Fourier cosine transform:

utt:czum,0<:1c<oo,t>0,
u(0,t)=f(t) for ¢>0,
u(z,0)=0,u(z,0)=0 for 0<z<oo,

where f(t) is a known function.
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35.

36.

37.

38.

Apply the Fourier transform to solve the initial value problem for the
dissipative wave equation

Ut = CPUgy + O Ugay, —00 <2 <00, t>0,

u(z,0) = f(x), u(x,0)=af"(z) for —oo<z<oo,
where « is a positive constant.

Use the Fourier sine transform to solve the initial and boundary value
problem for free vibrations of a semi-infinite string:

utt:c2um, O<zx<oo, t>0,
u(0,t)=0, t >0,
u(z,0)=f(z) and wus(z,0)=g(z) for 0<z<oo.

The static deflection u(z,y) in a thin elastic disk in the form of a quad-
rant satisfies the boundary value problem

Ugzazr + 2 Uzayy + Uyyyy =0, 0 <z <00, 0<y <00,
w(0,y) =u.(0,y)=0 for 0<y< oo,

u(z,0)= a

1-’——:1;2, uyy(x,O):O for 0<I’<OO,

where a is a constant, and u(x,y) and its derivatives vanish as z — oo

and y — o0.

Use the Fourier sine transform to show that

u(z,y) = g/ 2 + ky)exp[—(1 + y)k| sin kz dx
0

ax N axy(l+vy)
P+ (1+y)? 2+ (4P

In exercise 37, replace the conditions on y =0 with the conditions

axr

u(z,0) =0, uyy(z,0)= e for 0<z<oo.
Show that the solution is
az [ ,
u(z,y) = 7 exp[—(1 + y)k] sin kx dk
0
1 axy

Al (1)
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39.

40.

41.

42.

43.

INTEGRAL TRANSFORMS and THEIR APPLICATIONS

In exercise 37, solve the biharmonic equation in 0 <z <oo, 0<y<b
with the boundary conditions

u(0,y) = asiny, u(0,y)=0 for 0<y<b,
u(z,0) = uyy(z,0) =u(x,b) =uyy(z,b) =0 for 0<z< oo,

and u(z,y), uz(z,y) vanish as x — oo.
Use the Fourier transform to solve the boundary value problem
Ugy + Uyy = —7 exp(—2?), —co <z <00, 0<y< oo,

u(z,0) =0, for —oo <z < oo, u and its derivative vanish as y — oo.

Show that

w(z,y) = \/% 07[1 ~ exp(—ky)] Sinkk”” exp (-%2) dk.

Using the definition of the characteristic function for the discrete random
variable X

@(t) = Elexp(itX)) Zpr exp(ita,)

where p,. = P(X =z,), show that the characteristic function of the bi-

nomial distribution
n _
pr= (T)pr(l -p)""

¢(t) = [1+p(e” = 1)".

is

Find the moments.

Show that the characteristic function of the Poisson distribution
p=P(X=r)="—¢* r=0,1,2,...

6(t) = exp[A(e™ — 1),

Find the moments.
Find the characteristic function of

(a) The gamma distribution whose density function is

f(x):@frp Ye"""H(x),
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(b) The beta distribution whose density function is

p—1(1 _ )91
a:(l—x) for O<z<l,
f(.%'): B(p, Q) 5

0 for z<0and z>1
(¢) The Cauchy distribution whose density function is

1 A

e Pk

(d) The Laplace distribution whose density function is

f(x)%exp<|x)\u|>, A>0.

44. Find the density function of the random variable X whose characteristic
function is

¢(t) = (1= [t H (1 — [¢]).

45. Find the characteristic function of uniform distribution whose density
function is

0, <0
flz)=<1, 0<z<a
0, T>a

46. Solve the initial value problem (Debnath, 1994, p. 115) for the two-
dimensional surface waves at the free surface of a running stream of
velocity U. The problem satisfies the equation, boundary, and initial
conditions

¢wm+¢zz20a _OO<:E<OO, _hSZS()a t>07

bo+ Uge +gn= —f 5(z) expliw )

N + UT/QE - ¢z =0
¢(x,2z,0)=n(x,0)=0, forall z and z.

onz=0, t>0,

47. Apply the Fourier tranform to solve the equation
Ugzar + Uyy =0, —00 <z <00, y=>0,
satisfying the conditions
u(z,0) = f(z), uy(z,0)=0 for —oo<z< o0,

u(x,y) and its partial derivatives vanish as |z| — co.
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48. The transverse vibration of a thin membrane of great extent satisfies
the wave equation

62(uxac + uyy) =uUy, —00< T,y <00, t> 0,
with the initial and boundary conditions

u(z,y,t) >0 as |z]—o0, |yl — oo forall t>0,

u(z,y,0)= f(z,y), us(z,y,0)=0 forall x,y.
Apply the double Fourier transform method to solve this problem.
49. Solve the diffusion problem with a source ¢(x,t)

Ut = K Ugze + q(z,1), —00< T <00, t>0,

u(z,0)=0 for —oco<z<o0.

Show that the solution is

u(z,t) = \/4;?0/(157)% dTZ q(k, ) exp [%} dk.

50. The function u(z,t) satisfies the diffusion problem in a half-line

Ut =K Uzz +q(x,t), 0<z <00, t>0,
u(z,0)=0, u(0,£)=0 for x>0 and ¢t>0.

Show that

t o)
2
u(z,t) = \/j dr | Qs(k,)exp|—kk*(t — 7)]sin ka dk,

where Qs(k,t) is the Fourier sine transform of ¢(x, t).
51. Apply the triple Fourier transform to solve the initial value problem

U= K(Ugg + Uyy + Uszz), —00< T, Yy, 2<00, t>0,
u(x,0)=f(x) forall =zv,z,

where x = (x,y, 2).

52. Use the Fourier transform with respect to ¢t and Laplace transform with
respect to x to solve the telegraph equation

U +a up +bu=c? ug,, 0<z<00, —00<t< 00,
uw(0,t) = f(t), u(0,8)=g(t), for —oo<t< o0,

where a, b, ¢ are constants and f(t) and ¢(t) are arbitrary functions of
time ¢.
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53. Determine the steady-state temperature distribution in a disk occupying
the semi-infinite strip 0 <x < oo, 0 <y <1 if the edges =0 and y=0
are insulated, and the edge y=1 is kept at a constant temperature
To H(a — ). Assuming that the disk loses heat due to its surroundings
according to Newton’s law with proportionality constant h, solve the
boundary value problem

Ugy + Uyy —hu=0, 0<z <00, 0<y <1,
u(z,1)=To H(a—z), for 0<z<oo,
uz(0,y) =0=1uy(z,0) for 0<z<oo, O<y<l.

54. Use the double Fourier transform to solve the following equations:

(a) Ugprxx — Uyy +2u= f(xv y)»

where f(z,y) is a given function.

55. Use the Fourier transform to solve the Rossby wave problem in an in-
viscid (-plane ocean bounded by walls at y =0 and y =1 where y and =
represent vertical and horizontal directions. The fluid is initially at rest
and then, at t =04, an arbitrary disturbance localized to the vicinity
of £ =0 is applied to generate Rossby waves. This problem satisfies the
Rossby wave equation

0

5 [(V2 = 52)0] + fihy =0, —co<w <00, 0<y <1, £>0,

with the boundary and initial conditions

Yz (z,y)=0 for O<x<oo, y=0 and y=1,
Yz, y,t) =1o(z,y) at t=0 for all z and y.

56. Find the transfer function and the corresponding impulse response func-
tion of the input and output of the RC circuit governed by the equation
dg 1
R—+ —=q(t)=c¢e(t
Dt Zal)=c(),
where R, C are constants, ¢ (¢) is the electric charge and e (t) is the
given voltage.

57. Prove the Poisson summation formula for the Fourier cosine transform
F{f(x)} =F.(k) in the form

)

1 oo
Va l§f(0) +;f(na)] =Vb

1 oo

where ab =27 and a > 0.
Apply this formula to the following examples:
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. 2 2\—1
(a) flz)=e"", Fe(k) =1/~ 1+,
1 1
(b) (2) =exp(—3a2) Fu(k) = exp(— k),
1 1
(c) f(z)= exp(—§x2) cos aw, F.(k)=-exp {—5(042 + kz)} cosh(ka),

1, .
22 (1—-2?)""2, 0< <1,

() f(w)= { oD
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Laplace Transforms and Their Basic
Properties

“What we know is not much. What we do not know is immense.”
Pierre-Simon Laplace

“The algebraic analysis soon makes us forget the main object [of
our research] by focusing our attention on abstract combinations
and it is only at the end that we return to the original objective.
But in abandoning oneself to the operations of analysis, one is led
to the generality of this method and the inestimable advantage of
transforming the reasoning by mechanical procedures to results of-
ten inaccessible by geometry....No other language has the capacity
for the elegance that arises from a long sequence of expressions
linked one to the other and all stemming from one fundamental
idea.”

Pierre-Simon Laplace

“... For Laplace, on the contrary, mathematical analysis was an
instrument that he bent to his purposes for the most varied appli-
cations, but always subordinating the method itself to the content
of each question. Perhaps posterity will....”

Simeon-Denis Poisson

3.1 Introduction

In this chapter, we present the formal definition of the Laplace transform and
calculate the Laplace transforms of some elementary functions directly from
the definition. The existence conditions for the Laplace transform are stated
in Section 3.3. The basic operational properties of the Laplace transforms in-
cluding convolution and its properties, and the differentiation and integration
of Laplace transforms are discussed in some detail. The inverse Laplace trans-
form is introduced in Section 3.7, and four methods of evaluation of the inverse

133
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transform are developed with examples. The Heaviside Expansion Theorem
and the Tauberian theorems for the Laplace transform are discussed.

3.2 Definition of the Laplace Transform and Examples

We start with the Fourier Integral Formula (2.2.4), which expresses the rep-
resentation of a function f;(z) defined on —oco <z < 0o in the form

o0 o0

fl(x):% / e“”dk/e‘iktfl(t)dt. (3.2.1)

We next set f1(2)=0in —oco <z <0 and write
filz)=e " f(z)H(z)=e"“"f(x), x>0, (3.2.2)

where ¢ is a positive fixed number, so that (3.2.1) becomes

fa) =% / ik / exp{—t(c+ ik)} f(£)dt. (3.2.3)

With a change of variable, ¢ + ik = s, i dk = ds we rewrite (3.2.3) as

ct+i00 [e’e)
flz)= ;m' / exp{(s — ¢)z}ds / e St f(t)dt. (3.2.4)
c—100 0

Thus, the Laplace transform of f(t) is formally defined by

o0

L) = F(s) :/e_Stf(t)dt, Res >0, (3.2.5)

0

where e~5¢ is the kernel of the transform and s is the transform variable which
is a complex number. Under broad conditions on f(t), its transform f(s) is
analytic in s in the half-plane, where Re s > a.

Result (3.2.4) then gives the formal definition of the inverse Laplace trans-
form

ct+100
LN =)= [ STEds >0 (320

Obviously, . and .Z ~! are linear integral operators.
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Using the definition (3.2.5), we can calculate the Laplace transforms of some

simple and elementary functions.

Example 3.2.1
If f(t)=1 for ¢t >0, then

o0

Fls) =2 {1} :/e’“dt: %

0

Example 3.2.2
If f(t)=e", where a is a constant, then

oo

1

2 {e) = f(s)= / g — L s

S—a
0

Example 3.2.3
If f(t) =sinat, where a is a real constant, then

oo

21

(3.2.7)

(3.2.8)

1 7 . .
Z{sinat} = /67‘% sinatdt = — /[eft(sf“l) — et 4t (3.2.9)
0

0

IR 1] a
T2 |s—ia s+ial s2+4a2’
Similarly,

S

g {COS at} = m

Example 3.2.4
If f(t) =sinhat or coshat, where a is a real constant, then

o0

Z {sinhat} = /e_St sinh at dt = ﬁ’
0

Z {coshat} = /e*“ coshat dt = e
0
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Example 3.2.5
If f(t) =t™, where n is a positive integer, then

Flo)=2 {1y = 2o (3:2.13)

We recall (3.2.7) and formally differentiate it with respect to s. This gives

T 1
—st _
/te dt = 2 (3.2.14)
0
which means that )
LAt} = = (3.2.15)

Differentiating (3.2.14) with respect to s gives

f{tQ}:/tQB’St dt = 333 (3.2.16)

0

Similarly, differentiation of (3.2.7) n times yields

oo

ny\ _ n —st _ 7’L'
2 = /t et =T (3.2.17)
0
I
Example 3.2.6
If a(> —1) is a real number, then
o Dla+1)
Z{t }:W’ (s>0). (3.2.18)
We have
Lt} :/t“e_St dt,
0

which is, by putting st=x

00
/ P a+1)

Sa+1 Sa—i—l ’
0
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where T'(a) represents the gamma function defined by the integral

o0

F(a):/xa*e*xdm, a>0. (3.2.19)
0

It can be shown that the gamma function satisfies the relation
T(a+1)=al(a). (3.2.20)

Obviously, result (3.2.18) is an extension of (3.2.17). The latter is a special
case of the former when a is a positive integer.

1
In particular, when a = —3 result (3.2.18) gives

< {%} = F\(/? = \/é where F(%) =/T. (3.2.21)

Similarly,

2{Vi}= PG) v L (3.2.22)

g3/2 2 g3/27

where

Example 3.2.7

If f(t)=erf (2%/%), then

f{erf<2i\/i)}—§(lea‘/g), (3.2.23)

where erf(t) is the error function defined by (2.5.13).
To prove (3.2.23), we begin with the definition (3.2.5) so that

[ele} U«/Q\/E
2 2
f{erf<i)}—/65t — / e T dx| dt,
2V 0 VT 0

which is, by putting z = 2%/{ or t= % and interchanging the order of inte-
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gration,

which is, by putting y = (:v + g), dy =
x

first integral vanishes,

/

1F %) dx, and observing that the
x

o0

_ 1 —2« —y2 o \/E —2« _ a\/g
=3¢ / e YV dy= 5 € a=—.
Consequently,
12 1
Plerf (L) =22 ﬁ_ﬁeﬂzﬁ = —[1— V5],
2V/t sy/m | 2 2 s

We use (3.2.23) to find the Laplace transform of the complementary error
function defined by (2.10.14) and obtain

a 1
Z — ) p=—e Ve 3.2.24
{erfc (2\/5 ) } s (322
The proof of this result follows from erfc(z) =1 — erf(z) and £ {1} = 1.

[

Example 3.2.8
If f(t)=Jo(at) is a Bessel function of order zero, then

1

2 {Jofat)} = ———sr

(3.2.25)
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Using the series representation of Jy(at), we obtain

a?t? a*tt a6
g{JO(at)}:f[l_ 92 +22,42_22,42,,62+'”]
a? 2! a* 41 al 6!

T 92243 192,42 65 22.42.62 47

) 1 [ a? +1-3 a* 1-3-5 (ab N
2\ s2 2.4 \ st 2-4-6 \ s

[ VA

3.3 Existence Conditions for the Laplace Transform

A function f(t) is said to be of exponential order a(>0) on 0 <t < oo if there
exists a positive constant K such that for all ¢t >T

|f(t)] < Ke, (3.3.1)
and we write this symbolically as
f(t)=0(e™) as t—oo. (3.3.2)
Or, equivalently,
tlir& e <K tlggo e" 0=t =0 p>a. (3.3.3)

Such a function f(t) is simply called an exponential order as t— oo, and
clearly, it does not grow faster than Ke® as t — oo.

THEOREM 3.3.1

If a function f(¢) is continuous or piecewise continuous in every finite interval
(0,T), and of exponential order e, then the Laplace transform of f(t) exists
for all s provided Re s > a.

PROOF We have

oo o0

()] = / et (1| < / e £ (1) dt (3.3.4)

0

T K

/ “ts—a)gp = , for Re s >a.
s—a

0
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Thus, the proof is complete.

It is noted that the conditions as stated in Theorem 3.3.1 are sufficient
rather than necessary conditions.

It also follows from (3.3.4) that lim, ., | f(s)] =0, that is, lim,_ f(s) =0.
This result can be regarded as the limiting property of the Laplace transform.
However, f(s)=s or s? is not the Laplace transform of any continuous (or
piecewise continuous) function because f(s) does not tend to zero as s — o0o.

Further, a function f(t) = exp(at?), a >0 cannot have a Laplace transform

even though it is continuous but is not of the exponential order because

lim exp(at® — st) = occ.
t—oo

3.4 Basic Properties of Laplace Transforms

THEOREM 3.4.1 (Heaviside’s First Shifting Theorem,).
£ 2 {f(1)} = f(5), then

ZL{e f(t)} = f(s+a), (3.4.1)

where a is a real constant.

PROOF  We have, by definition,

LA W) = [ =T )

0

Example 3.4.1
The following results readily follow from (3.4.1)

a n!
& {t”e t} = (5 n a)”+1 , (342)
—at b
L {e "sinbt} = Grafii (3.4.3)
—a s+a
L {e " cosbt} = Grait i (3.4.4)
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THEOREM 3.4.2
If Z{f(t)}=f(s), then the Second Shifting property holds:

LAft—a)H({t—a)=e " f(s)=e " Z{f(1)}, a>0. (3.4.5)
Or, equivalently,
L{fO)H{t—a)=e"ZL{f(t+a)}. (3.4.6)
where H(t — a) is the Heaviside unit step function defined by (2.3.9).

It follows from the definition that

oo

/efStf(t —a)H(t —a)dt

0
oo

/e_Stf(t — a)dt,

a

ZLA{f(t—a)H(t —a)}

which is, by putting t —a=r,
=e % / e T f(r)dr =e % f(s).
0
We leave it to the reader to prove (3.4.6).
In particular, if f(¢t) =1, then

ZL{H(t—a)}= % exp(—sa). (3.4.7)

Example 3.4.2
Use the shifting property (3.4.5) or (3.4.6) to find the Laplace transform of

1, 0<t<l
(a) fH)=<-1, 1<t<2;, (b) g(t)=sint H(t — ).
0, t>2

To find .Z {f(t)}, we write f(t) as
f)=1-2H@t—-1)+ H(t—2).
Hence,

fs)=2{f(t)}

LY — 2 P{H(E— 1)} + L{H(t —2)}
1 2e7% 728

S S S
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To obtain .Z {g(t)}, we use (3.4.6) so that

s e*ﬂ's

g(s)=ZL{sintH(t —m)} = —e~ ™ ZL{cost} =
[

Scaling Property:

Z{ﬂat)}:ﬁf(f) ey

Example 3.4.3

T

(3.4.8)

Show that the Laplace transform of the square wave function f(t) defined by

fW)=H(t)—2H(t—a)+2H(t—2a) —2H(t —3a) + - -
is 1
- as
The graph of f(t) is shown in Figure 3.1.

f@)=H{t)—2H({t—a)=1-2-0=1, 0<t<a
f@&)=H(t)—2H(t —a) +2H(t — 2a)
=1-2-14+2.-0=-1, 0<a<t<2a.
Thus,
B 1 e—as 6_20’8 e—3a5
fls)==--2- +2- -2 +
s s s s
1
=-[1—2r(1—r+r*—--)], where r=e %
s
1 7 2r | 1 1 2e798
s 1+r| s 1+eas
() () ()
s \14+e2s s\e2 +e 2 s
I

Example 3.4.4

(3.4.9)

(3.4.10)

(The Laplace Transform of a Periodic Function). If f(t) is a periodic function

of period a, and if .Z {f(t)} exists, show that

L{f(H)} =1 — exp(—as)] " / (1),
0
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>
f(t)

0 >t
“1F I

Figure 3.1 Square wave function.

We have, by definition,
2 @) :/e_Stf(t)dt:/e_Stf(t)dt +/e-stf(t)dt.
0 0 a
Letting t =7 + a in the second integral gives
f(s)= / e St f(t)dt + exp(—sa) / e T f(1 + a)dr,
0 0

which is, due to f(7+ a) = f(7) and replacing the dummy variable 7 by ¢ in
the second integral,

:/efStf(t)dt+exp(73a)/efstf(t)dt.
0 0

Finally, combining the second term with the left hand side, we obtain (3.4.11).
In particular, we calculate the Laplace transform of a rectified sine wave,

that is, f(t) =|sinat|. This is a periodic function with period T We have
a

[ g e~t(—acosat — ssinat)]* a{ltexp(—Z)}
e “'sinatdi = 5+ @) = &+ a?) .
, 0
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Clearly, the property (3.4.11) gives

a 1+exp< )

f{f(t)}:(32+a2 '1feXP( )
Ry o ST
p o —ex (—_>
_ ﬁcoth (%)

[

THEOREM 3.4.3 (Laplace Transforms of Derivatives).
If Z{f(t)}=f(s), then

LA O} = sZ{f(t)} = £(0) =sf(s) = £(0), (3.4.12)
L")} = 2L {f ()} —sf(0) = f'(0) =5 f(s) — 5 f(0) — f(0). (3.4.13)

More generally,

LM =5"F(s) = s"HF(0) = s"T2F(0) — - — s (0) — fFD(0),
(3.4.14)

where £(")(0) is the value of f(")(t) at t=0, r=0,1,...,(n —1).

PROOF  We have, by definition,

oo

2{1(1) = / o (1),

0

which is, integrating by parts,

o0

=[e ' f()]y +s/e*“f(t)dt

0

= sf(s) = 1(0),
in which we assumed f(t) e ' — 0 as t — oo.
Similarly,
L0}y =sZ{f' ()} = 1(0), by (34.12)
= sls f(s) = £(0)] = £(0)
= s"f(s) = sf(0) = f'(0),
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where we have assumed e 5! f'(t) — 0 as t — oo.

A similar procedure can be used to prove the general result (3.4.14).

It may be noted that similar results hold when the Laplace transform is ap-
plied to partial derivatives of a function of two or more independent variables.
For example, if u(z,t) is a function of two variables z and ¢, then

Z {%} = st(z,s) —u(zx,0), (3.4.15)
9% 9_ ou
Z {W} = s“u(x,s) — s u(z,0) — {E} . (3.4.16)
ou du 0%u d*u

Results (3.4.12) to (3.4.14) imply that the Laplace transform reduces the op-
eration of differentiation into algebraic operation. In view of this, the Laplace
transform can be used effectively to solve ordinary or partial differential e-
quations.

Example 3.4.5
Use (3.4.14) to find .Z {t"}.

Here f(t)=t", f'(t)=nt""1 - fM(t)=n! and f(0)=f'(0)=-- =
f=1(0)=0.

Thus,
ZLAnl} =s"ZL {t"}.
Or,
n!
5n+1 :

2 =Tz ()=

3.5 The Convolution Theorem and Properties of
Convolution

THEOREM 3.5.1 (Convolution Theorem,).
IEZ{f{)}=f(s) and L {g(t)} = g(s), then
L) xgt)} =2 {f(O)}ZL {g(t)} = F(s)3(s). (3.5.1)

Or, equivalently, -
2 HF(9)g(s)} = F(£)xg(1), (3.5.2)
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where f(t)xg(t) is called the convolution of f(t) and g(t) and is defined by
the integral

F@)xgt)= / f&—m7)g(r)dr. (3.5.3)
0

The integral in (3.5.3) is often referred to as the convolution integral (or
Faltung) and is denoted simply by (f * g)(t).

PROOF  We have, by definition,

00 i

L) glt)} = / =it [ f(t - r)g(r)dr, (3.5.4)

0 0

where the region of integration in the 7 — ¢ plane is as shown in Figure 3.2.
The integration in (3.5.4) is first performed with respect to 7 from 7=0 to
7=t of the vertical strip and then from ¢t=0 to co by moving the vertical
strip from ¢ =0 outwards to cover the whole region under the line 7 =1¢.

> A

/

X T<t<oo

=0

Figure 3.2 Region of integration.

We now change the order of integration so that we integrate first along the
horizontal strip from ¢t =7 to oo and then from 7=0 to co by moving the
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horizontal strip vertically from 7 =0 upwards. Evidently, (3.5.4) becomes
2{fpo0) = [ otryar [ s

0

t=1
which is, by the change of variable t — 7=z

o0 o0

2 {f(tpralt)) = / g(r)dr / 5@+ f(2)de

0 0
o) o)

_ / =57 g(r)dr / ¢ f(x)dz =g(s) F(s).

0 0

This completes the proof. |

PROOF (Second Proof.) = We have, by definition,

f(s)g(s) = 765"f(0)d0765“9(u)du
0
O/O/e—s@'ﬂ”f g(p)do dp, (3.5.5)

where the double integral is taken over the entire first quadrant R of the o —
plane bounded by ¢ =0 and =0 as shown in Figure 3.3(a)

(@) T (b)
e R
3.
0 >
6=0 #

t
=0

Figure 3.3 Regions of integration.

We make the change of variables p=7, 0 =% — u=1t — 7 so that the axes 0 =0

and p =0 transform into the lines 7 =0 and 7 =1, respectively, as shown in
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Figure 3.3(b) in the 7 — ¢ plane. Consequently, (3.5.5) becomes

F(s)a(s) = / e std / f(t - )g(r)dr
0 =0
=% fit—7)g(r)dr
/

=Z{f(t)xg)}.
This proves the theorem. |
Note: A more rigorous proof of the convolution theorem can be found in any

standard treatise (see Doetsch, 1950) on Laplace transforms. The convolution
operation has the following properties:

F@){g(t)«h(t)} = {f(t)*g(t)}xh(t), (Associative), (3.5.6)
f)xg(t) =g(t)xf(t), (Commutative), (3.5.7)
F(t)+{ag(t) +bh(t)} = af (1)xg() + bf (1)+h(t), (Distributive), (3.5.8)
f(&){agt)} ={af(t)}=g(t) =a{f()*g(t)}, (3.5.9)
LA frxfoxfax -k fn} = f1(s) fa(s) -+ fuls), (3.5.10)
LAy ={f()}" (3.5.11)

where a and b are constants. f*” = fxfx---xf is sometimes called the nth
convolution.

Remark: By virtue of (3.5.6) and (3.5.7), it is clear that the set of all Laplace
transformable functions forms a commutative semigroup with respect to the
operation *. The set of all Laplace transformable functions does not form a
group because fxg~! does not, in general, have a Laplace transform.

We now prove the associative property. We have

F@®)*{g(t)*xh(t)} = /f g(t — o —7)h(o)do dr (3.5.12)

gt — 1 —0o)f(r)dr do

= h(t){f(O)xg()} = {f ()xg() }xh(t), (3.5.13)

where (3.5.13) is obtained from (3.5.12) by interchanging the order of integra-
tion combined with the fact that 0 <o <t —7and 0<7 <timply0<7<t—0
and 0 <o <t. Properties (3.5.10) and (3.5.11) follow immediately from the as-
sociative law of the convolution.
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To prove (3.5.7), we recall the definition of the convolution and make a
change of variable t — 7 =1¢'. This gives

t

/}tfr nydr = [ ot = )10t =g(t)+1(0).

0

The proofs of (3.5.8)—(3.5.9) are very simple and hence, may be omitted.

Example 3.5.1
Obtain the convolutions

. . 1
(a) txe?t, (b) (sinat*sin at), (c) ——=xe,
vt
a e—a2/4t i
(d) 1*5 5 (e) cost* et (f) txtxt.
We have
t t

1

(a) txe™ :/Tea(th)dT =e /Tefmdr = —2(6‘” —at—1).
a

0 0

¢
1
(b) sinatsinat = /sin at sina(t — 7)dr = % (sinat — at cos at).
a
0

t
1 " 1/1 (t—r)
¢) —x*e¥"=— | —e""77dr,
()\/E ﬁo T

which is, by putting v/at ==,

1 2 t Vat t
at e’ - ¢
——xe = dr=—er (\/_t>
Tt VTa J Va f
(d) We have
1*a€—a 2/4t / —a2/4'r
2 /73 2\/— 73/2 T
L . a
which is, by letting —— ==,
2,/T
2 T a
=— Tdx=-erfc | —=
=/ (527)
2Vt
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t t
1 .
(e) cost ezt:/cos(th 27 d7-75/ 2 [ i(t— T)Jre’l(t*T)} 5
0
z(t T)+2T —z(t T)+27 2 1
- =Ze* 4 — (sint — 2cost).
2(2+1) 5 5
/ 1
(f) (t=t) |:/t—7’ Tdr *t—gt?’*t
0
1 / 5
:—/t*T)T dr = —.
6 5!
0

Example 3.5.2
Using the Convolution Theorem 3.5.1, prove that
L(m)I'(n)

B(m,n)= '(m+n)’

(3.5.14)

where I'(m) is the gamma function, and B(m,n) is the beta function defined

by
1

B(m,n):/xmfl(l —2)" Yz, (m>0,n>0). (3.5.15)
0
To prove (3.5.14), we consider
f@)=t""1(m>0) and g(t)=t""1, (n>0).

Evidently, f(s) = % and g(s) = %

We have

cg= [FH Ty = 2 F0)00)

0
F(m)F(n) “HsTUmmy

I‘(m +n) '

Letting t =1, we derive the result

1
/qu(l — T)nildT: 7
0

which proves the result (3.5.14). [l
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3.6 Differentiation and Integration of Laplace
Transforms

THEOREM 3.6.1
If f(t)=0(e) as t — oo, then the Laplace integral

o0

/e—sff(t)dt, (3.6.1)

0

is uniformly convergent with respect to s provided s > a; where a; > a.

PROOF Since

e (1) < Ke" 7 < Kem ) for alls > ay

and /e*t(‘“*“)dt exists for a; > a, by Weierstrass’ test, the Laplace integral
is uniformly convergent for all s >a; where a; > a. This completes the proof.

In view of the uniform convergence of (3.6.1), differentiation of (3.2.5) with
respect to s within the integral sign is permissible. Hence,

diif(s) _ %/e’“f(t)dt:/%e’“f(t)dt
0 0
= f/tf(t)e’“dt:ff {tf(t)}. (3.6.2)
0
Similarly, we obtain
d2 r 2 2
e (s) = (=) 2{tf@®)}, (3.6.3)
L) = CORZ AP0, (3.6.0)
More generally,
BT = (102 (). (3.6.5)

© 2007 by Taylor & Francis Group, LLC



152 INTEGRAL TRANSFORMS and THEIR APPLICATIONS

Results (3.6.5) can be stated in the following theorem:

THEOREM 3.6.2 (Derivatives of the Laplace Transform,).
If Z{f(t)}=f(s), then

LU0} = ()" T 7(6), (3.6.6)
where n=0, 1, 2, 3,....
Example 3.6.1
Show that
(a) & {tne ot} = # (b) & {tcosat} = %
(©) £ {tsinar) = 2, (@ 2t PO} = {55 06) + 1)},

(a) Application of Theorem 3.6.2 gives

P {treaty — (-1)"%.<Sia) — (1
(b) Z {tcosat} = (71)% <S2j_a2) = (;2+;22)2'
Results (c) and (d) can be proved similarly. [
THEOREM 3.6.3 (Integral of the Laplace Transform,).
It.Z {f(t)} = f(s), then
& {@} _7f(s)ds. (3.6.7)

PROOF In view of the uniform convergence of (3.6.1), f(s) can be inte-
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grated with respect to s in (s,00) so that

/f(s)ds = S/dsb/e_s’ff(t)dt

This proves the theorem. |

Example 3.6.2
Show that

@ 2 {TM (9. ) {6_“2/“ } = 2 exp(-avA).

(a) Using (3.6.7), we obtain

o0

Z sin at :a/ s __m —tan~! (i) =tan~! (E).
t s24a? 2 a s

S

1 e-@ 2 /4t av/s
(b) Z< - /f ds-/ ———ds, by Table B-4 of Laplace

£ NE

transforms

which is, by putting a+/s =z,

2 T 2
== / e "dr == exp(—a/s).
a

a

a\/s

THEOREM 3.6.4 (The Laplace Transform of an Integral).
It Z{f()}=f(s), then

/ﬂﬂw _ 1) (3.6.8)
0
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_jf(r)dr

so that ¢g(0)=0 and ¢'(t) = f(¢). Then it follows from (3.4.10) that

PROOF We write

fs) =2 {ft)} =2 {g (D} =57 sg{ / i dT}

Dividing both sides by s, we obtain (3.6.8).
It is noted that the Laplace transform of an integral corresponds to the
division of the transform of its integrand by s. Result (3.6.8) can be used for

evaluation of the inverse Laplace transform.

Example 3.6.3
Use result (3.6.8) to find

t

(a) & /T"e_‘”dT , (b) Z{Si(at)} =% /
0

0

sin aT

(a) We know

f{tn at}_ W

It follows from (3.6.8) that

t

n!
n,_—art _
A /Te dr _75(5+a)"+1.
0

(b) Using (3.6.8) and Example 3.6.2(a), we obtain

t
sin CLT 1 _i/a
= —tan (—)
S s
0

3.7 The Inverse Laplace Transform and Examples

It has already been demonstrated that the Laplace transform f(s) of a given
function f(t) can be calculated by direct integration. We now look at the
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inverse problem. Given a Laplace transform f(s) of an unknown function
f(t), how can we find f(¢)? This is essentially concerned with the solution of

the integral equation
o0

/ =t F(t)dt = F(s). (3.7.1)
0
At this stage, it is rather difficult to handle the problem as it is. However,
in simple cases, we can find the inverse transform from Table B-4 of Laplace
transforms. For example

Zl{l}—l, 31{%}—(;03 at.
s s2+a

In general, the inverse Laplace transform can be determined by using four
methods: (i) Partial Fraction Decomposition, (ii) the Convolution Theorem,
(iii) Contour Integration of the Laplace Inversion Integral, and (iv) Heavi-
side’s Expansion Theorem.

(1) Partial Fraction Decomposition Method
If

Fls) = P8)
f(s)= 7 (3.7.2)

where p(s) and G(s) are polynomials in s, and the degree of p(s) is less than
that of g(s), the method of partial fractions may be used to express f(s) as the
sum of terms which can be inverted by using a table of Laplace transforms.
We illustrate the method by means of simple examples.

“{wa)

where a is a constant, we write

)= ]

Example 3.7.1
To find

[

Example 3.7.2
Show that

-1 1 _ 1 sinat  sinbt
(s?2 +a?)(s? + b?) b2 — a? a b )
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We write

—1 1 _ 1 1 1 _ 1
Z {(52+a2)(52+b2) - b2 — g2 <z 52+a2 52+b2

B 1 sin at _ sin bt
(b2 —a?) a b )

Example 3.7.3

Find -
+
L7 LR
{52+25+5}
We have
-1 5+7 79%71 5+1+6
(s+1)24+4) (s+1)2+22
et s+1 1 2
=< {(5+1)2+22}+3$ {(s+1)2+22}
= e tcos2t + e~ tsin 2t.
I

Example 3.7.4
Evaluate the following inverse Laplace transform

-1 25> +5s+7
(s —2)(s2+4s+13) |

We have

_ 252 +5s5+7 _ 1 s+ 2 1
1 _ 1
Z {(52)(52+45+13)}_$ {52+(5+2)2+32+(5+2)2+3Z}

1 1 1 s+ 2
=7 {52 -z (s +2)2+32
1 4 3
t3Z {(s+2)2+32}

1
=¥ 4+ e % cos3t + 3 e 2! sin 3t.

I

(ii) Convolution Theorem
We shall apply the convolution theorem for calculation of inverse Laplace

transforms.
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Example 3.7.5

Example 3.7.6

a

0
t 1
= —/SinaTdT— —
a a

0

)

1 1 .
=— t — —sinat
a a

Example 3.7.7

gl{( 1 2}_sinat*sinat

t
1
:—/t—T )sinar dr

/

Tsinardr

¢
1
= —2/sma7’blna t—7)dr
0

=503 (bln at — at cos at).
a
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Example 3.7.8

xe (a>0)
1
\/_
\/a7
/ —* dz, putting Vva :x)
0

a(tf'r)dT

at

o

\/_ erf(vat). (3.7.3)
[
Example 3.7.9
Show that
7 {%e‘“ﬁ} = erfc (2%/%) (3.7.4)

In view of Example 3.6.2(b), and the Convolution Theorem 3.5.1, we obtain
1 a €7a2/4t
LTS eV = T
{8 ‘ } "2 \/ t3
7(12/47'
- 2f / el

which is, by putting

2[ -

e dy = erfc (L

T NZ)'

<k \8

Example 3.7.10
Show that

-1 1 —L—aex a?)erfe(a
& {\/§+a}_\/ﬁ p(ta?)erfe(av't). (3.7.5)
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2 5 T )
z{] }—af afc =t
i“{ R P St )

= \/—7? aexp(a®t) + aexp(a’t) erf(aV't), by (3.7.3)

1
B vt

We have

bt=rie

I
Sl -

Sl =

— aexp(a’t)erfe(aV't).

Example 3.7.11
If f(t)=-2"{f(s)}, then

=$*{§ﬂ@}=/f@ﬂx (3.7.6)

We have, by the Convolution Theorem with g(¢) =1 so that g(s) =2,

z {%f(S)} =/tf(f—7)d7

which is, by putting t — 7 ==,

Jﬂ@m

(iii) Contour Integration of the Laplace Inversion Integral
In Section 3.2, in inverse Laplace transform is defined by the complex integral

formula
c+ioco

! e f(s)ds, (3.7.7)

L Hf6)=ft) =5

2mi )
where c is a suitable real constant and f(s) is an analytic function of the
complex variable s in the right half-plane Re s > a.
The details of evaluation of (3.7.7) depend on the nature of the singularities
of f(s). Usually, f(s) is a single valued function with a finite or enumerably
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infinite number of polar singularities. Often it has branch points. The path of
integration is the straight line L (see Figure 3.4(a)) in the complex s-plane
with equation s =c+ iR, —0o < R < 00, Re s =c being chosen so that all the
singularities of the integrand of (3.7.7) lie to the left of the line L. This line
is called by Bromwich Contour. In practice, the Bromwich Contour is closed
by an arc of a circle of radius R as shown in Figure 3.4(a), and then the limit
as R — oo is taken to expand the contour of integration to infinity so that all
the singularities of f(s) lie inside the contour of integration.

When f(s) has a branch point at the origin, we draw the modified contour of
integration by making a cut along the negative real axis and a small semicircle
~ surrounding the origin as shown in Figure 3.4(b).

> Im s
> Im s

"
pel

1

1

Figure 3.4 The Bromwich contour and the contour of integration.

In either case, the Cauchy Residue Theorem is used to evaluate the integral

/BSth(s)der/BSth(s)dSZ/eStf(s)ds

L r c
=27 x [sum of the residues of e** f(s) at the poles inside C]. (3.7.8)

Letting R — oo, the integral over I' tends to zero, and this is true in most
problems of interest. Consequently, result (3.7.7) reduces to the form

c+iR
1 - _ _
Rlim 5 / e f(s)ds =sum of the residues of e f(s) at the poles of f(s).
—00 2471
c—iR
(3.7.9)

We illustrate the above method of evaluation by simple examples. I
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Example 3.7.12
If f(s) = =2, show that

s2+4a2>
1 c+ioco
t)=-— *t f(s)ds = cos at.
f(@) 57 / e* f(s)ds=cosa

Clearly, the integrand has two simple poles at s = tia and the residues at
these poles are

Ry = Residue of e* f(s) at s =1ia
: . ‘SeSt 1 Tat

= 8151;1&(8 - za)m =€
Ry = Residue of e f(s) at s = —ia

P est

; : | R—
= M e G =
Hence,
etioo
ft)= L e f(s)ds=Ry+ Ry = l(ei“t +e ") = cosat,
2m ) 2

as obtained earlier.
If g(s) =€ f(s) has a pole of order n at s=z, then the residue Ry of g(s)
at this pole is given by the formula

1 dnfl
Rl = lim

lim Ty gent i —2)"a(s)): (3.7.10)

This is obviously true for a simple pole (n=1) and for a double pole (n=2).

Example 3.7.13

Evaluate
1 S
< o)
Clearly
st
_ _ stF - Se
g<8) =e f(S)— (82 +a2)2

has double poles at s==ia. The residue formula (3.7.10) for double poles
gives
. d g set
Rl = hm e |:(3 — 'La) m]
_ g d s est _ t eiat
~ e ds (s +ia)?|  4ia
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Similarly, the residue at the double pole at s = —ia is (—t e~*%")/4ia.
Thus,

t , , t
f(t) =Sum of the residues = m(ezat —e ) = % sin at, (3.7.11)
as given in Table B-4 of Laplace transforms. I

Example 3.7.14

Evaluate
_1 [ cosh(azx) _ /s
z { scosh(al) |’ Vo
We have
1 c+1i00 h( ) d
cosh(az) ds
)= — st _
1®) 2mi ) ¢ cosh(af) s

2
Qam

Clearly, the integrand has simple poles at s=0 and s=s, =—(2n+ 1) ek

where n= 0,1,2,....

R; =Residue at the pole s=01is 1, and R, =Residue at the pole s=s,, is

exp(—spt) cosh {z(?n + 1)E}

2/
d s
|:S£ {COShl\/g}] .

{25

@n+ ) 20 20
Thus,

f(t) = Sum of the residues at the poles

4 & (—1)ntt ,mlat
=14+ — — —(2 1
+ 777; Gn ) P T g
xcos{(2n+ 1)3}, (3.7.12)
20

as given later by the Heaviside Expansion Theorem. I
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Example 3.7.15
Show that

=55 S exp(st — a\/s)ds

e—aﬁ} Y

- erfc<2i\/i). (3.7.13)

The integrand has a branch point at s =0. We use the contour of integration
as shown in Figure 3.4(b) which excludes the branch point at s =0. Thus, the
Cauchy Fundamental Theorem gives

% /+/+/+/+/ exp(st—a\/g)%zo. (3.7.14)

L r L1 L2 Y
It is shown that the integral on I' tends to zero as R — oo, and that on L

gives the Bromwich integral. We now evaluate the remaining three integrals
in (3.7.14). On Ly, we have s =re"™ = —r and

/exp(st —av/s) % = /0 exp(st — ay/s) % =— 7exp{—(rt +ia\/T)} g

Ly — 00 0
On Ly, s=re ™ = —r and
s [ s | d
/exp(st - a\/g)—s = / exp(st — ay/s) e :/exp{frt +ia\/r} .
s s r
Lo 0 0

Thus, the integrals along L and Ly combined yield

oo d — 00 .
fQi/e*”sin(a\/F)—T:fzu/e*zzt SO g, (Vr=z). (3.7.15)
T X
0 0

Integrating the following standard integral with respect to

T 2 2 2
/e*x " cos (20x)dx = g exp <%>, (3.7.16)
0
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we obtain
oo B
: 2
l/e*xzaz Sm?ﬁxdxﬁ/exp B i3
2 x 20 a?
0 0
B/a
:Tw/e “ du, (B=au)
0
= % erf(é). (3.7.17)
In view of (3.7.17), result (3.7.15) becomes
sinax a
—4i | exp(—ta? dr=2mierf| —= | 3.7.18
[exp(tat) 2 sief(y%) e
0

Finally, on 7, we have s =re*, ds = ire?’df, and

/|exp(st—a\/§)|§ :i/exp (rtcos@—a rcosg) do
s
5

T

™
= z/ df =271, (3.7.19)
—T
in which the limit as » — 0 is used and integration from 7 to — is interchanged
to make v in the counterclockwise direction.

Thus, the final result follows from (3.7.14), (3.7.18), and (3.7.19) in the
form

s 21

c—100

)]l

(iv) Heaviside’s Expansion Theorem
Suppose f(s) is the Laplace transform of f(¢), which has a Maclaurin power
series expansion in the form

c+ioco
—a+/s
fl{e }L / exp(stfa\/g)E
s

o0 tr
£(t) :;ar 5 (3.7.20)
Taking the Laplace transform, it is possible to write formally
— > aT
f(s):z;J T (3.7.21)

© 2007 by Taylor & Francis Group, LLC



Laplace Transforms and Their Basic Properties 165

Conversely, we can derive (3.7.20) from a given expansion (3.7.21). This kind
of expansion is useful for determining the behavior of the solution for small
time. Further, it provides an alternating way to prove the Tauberian theorems.

THEOREM 3.7.1 i

(Heaviside’s Expansion Theorem). If f(s) = ]%, where p(s) and g(s) are poly-
q(s

nomials in s and the degree of g(s) is higher than that of p(s), then

[P N~ plew)
< {q<8)}_z p(tow), (3.7.22)

where ay, are the distinct roots of the equation g(s)=0.

PROOF Without loss of generality, we can assume that the leading coef-
ficient of G(s) is unity and write distinct factors of g(s) so that

gs)=(s—a)(s—aa) - (s—ag) - (s —ay). (3.7.23)

Using the rules of partial fraction decomposition, we can write

Fs) =22 zn: A (3.7.24)

s) = (s —ag)’

SN

where Ay, are arbitrary constants to be determined. In view of (3.7.23), we
find

Ps)=>  Ax(s —0on1)(s — az) (s — ap_1)(s — arp1) -+~ (5 — an).
k=1
Substitution of s = ay, gives
Plag) =Ap(ar —ar)(ag —ag) -+ (ag — ags1) - (ap — am), (3.7.25)

where k=1,2,3,...,n.
Differentiation of (3.7.23) yields

7(s)=3 (s —an)(s — az) -~ (s — a1)(s — 1) - (s — ),

k=1

whence it follows that

7 (o) = (o — 1) (ap —a2) - (o — ap—1) (g — 1) -+ (o — o).
(3.7.26)
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From (3.7.25) and (3.7.26), we find

~ plag)
Ar= 7' (ay)’
and hence,
B(s) :Z": plag) L (3.7.27)

This proves the theorem. We give some examples of this theorem. |

Example 3.7.16
We consider

1 S
Z {5233+2}'

Here p(s) =s, and q(s) =s? —3s+2= (s — 1)(s — 2). Hence,

3—1{ _ ; +2}:1_9(2) 2t+ﬁ(1)et:2e2t_et_
52 —3s q

g

Example 3.7.17
Use Heaviside’s power series expansion to evaluate

1 sinh
g flshavsl o
s sinh+/s

We have
lsinhzy/s 1 etV —emEVs
s sinhy/s s\ eVs—e V5
1 e—(1-2)V5 _ o—(1+2)v/5
T s 1—e2vs
_1 [e—u—z)ﬁ N e—(1+w)\/§}(1 _ e—zﬁ)’l
s
1 o0
_ 2 [ea-evs 7<1+z>¢5} 9
; {e e n;oexp( ny's)
=- Z [exp{—(1 — &+ 2n)/s} — exp{—(1 + = + 2n)\/s}] .
n=0
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Hence,
e (e
— -1 {1 ni [exp{—(1 — x4+ 2n)V/s} — exp{—(1 +I+2”)\/§}]}
_ Z {ef < :17+2n> B erfc<1+2x\;%2n)} '
[

Example 3.7.18

If a= \/E, show that
a

1\ 7z ar?t
1 | coshax 4 (=1)" COS{<k+ 5) T}QXP [(2k+1)2 402 ]
- —_— | = 1 _ — .
Z Lcoshaé} T Z (2k+1)
k=0

(3.7.28)
In this case, we write

o o1 P8\ _ o1 [ coshaw
2 =2 {q‘(s)}_z {scoshaé}'
Clearly, the zeros of f(s) are at s =0 and at the roots of cosh af =0, that is,

f(
1\? /mi\?
ats:sk:a(k+§) (7) , k=0,1,2,.... Thus,

1\ m

=4/— k+ - — k=0,1,2,....
ag a <+2>£7 0777

Here p(s) =cosh(ax), G(s) = scosh(af). In order to apply the Heaviside Ex-
pansion Theorem, we need

d 1
q(s)= d—(s cosh af) = cosh(al) + 50[8 sinh(af).
s

For the zero s=0, ¢ (0) =1, and for the zeros at s = sy,

7 (si) = % <k+ %) 4 - sinh {<k+ %) 71'2']
(2k + 1)”{ isin [<k+ %) w]

—(2k + 1)% ccoskm=(—1)"*1(2k + 1)

™
1 .
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Consequently,

_1 [ coshax | 4 (D Tix
Zz {scoshae} =1 kz:: Ok 1) O | GR+ 157 | eltsr)

4 (—1)F T
:1_;27(2k+1) cos [(216—1—1)%}

1\? n2at
Xexp | — k+§ €—2

3.8 Tauberian Theorems and Watson’s Lemma

These theorems give the behavior of object functions in terms of the behavior
of transform functions. Particularly, they determine the value of the object
functions f(¢) for large and small values of time ¢t. Tauberian theorems are
extremely useful and have frequent applications.

THEOREM 3.8.1 (The Initial Value Theorem).
It Z{f(t)}=f(s) exists, then

lim f(s)=0. (3.8.1)

§—00

In addition, if f(¢) and its derivatives exist as t — 0, we obtain the Initial
Value Theorem:

(i) Jim [sf(s)] = lim () = F(0) (3.8.2)
(i) lim [s*f(s) — sf(O) = lim f'(1) = f'(0), and (3.8.3)
(idi) lim [ F(s) = 5" f(s) — = sfTDO) = F(0). (384)

Results (3.8.2)—(3.8.4), which are true under fairly general conditions, de-
termine the initial values f(0), f’(0),..., f((0) of the function f(t) and its
derivatives from the Laplace transform f(s).

PROOF To prove (3.8.1), we use the fact that the Laplace integral (3.2.5) is
uniformly convergent with respect to the parameter s. Hence, it is permissible
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to take the limit s — oo under the sign of integration so that

55— 00 §—00

lim f(s / (lim e~ ") f(t)dt =0.
0

Next, we use the same argument to obtain
lim Z{f'(t)}= / hm e S f/ (t)dt = 0.

Then it follows from result (3.4.10) that

lim [sf(s) — £(0)] =0,

§—00

and hence, we obtain (3.8.2), that is,

lim [sf(s)] = f(0) = lim f(¢).

§—00 t—0

A similar argument combined with Theorem 3.4.2 leads to (3.8.3) and

3.8.4). 1

Example 3.8.1 -
Verify the truth of Theorem 3.8.1 for f(s)=(n+ 1)!s~ (™) where n is a
positive integer. Clearly, f(¢) =t™. Thus, we have

(n+1)!

sll>nolo f(s) - slim)o gnt1 - 0,
Tim sf(s) = 0= f(0).
I
Example 3.8.2
Find f(0) and f'(0) when
_ 1 . 2s
(a) f(5)1m7 (b) f(s)= T 95+ 5
(a) It follows from (3.8.2) and (3.8.3) that
f(O) = sll)Igo[Sf< )] _811)120 32 + a2 0
f'(0) = lim [s f(s) = sf(0 )]—Shjgom:
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(b) 252
f(O) 811}%52725+5

3
f/(0) = lim [s?f(s) — s£(0)] = lim {27 - 25] =4.

5—00 s—oo | 82 — 25+ 5

THEOREM 3.8.2 (The Final Value Theorem).

If f(s)= @, where p(s) and g(s) are polynomials in s, and the degree of
s

p(s) is less than that of g(s), and if all roots of §(s) =0 have negative real

parts with the possible exception of one root which may be at s =0, then

(i) lim f(s :/f and (3.8.5)
0
(i) Tim[sf(s)] = lim f(t), (3.8.6)

provided the limits exist.

Result (3.8.6) is true under more general conditions, and known as the Final
Value Theorem. This theorem determines the final value of f(¢) at infinity
from its Laplace transform at s = 0. However, if f(s) is more general than the
rational function as stated above, a statement of a more general theorem is
needed with appropriate conditions under which it is valid.

PROOF To prove (i), we use the same argument as employed in Theorem

3.8.1 and find
hn% f(s / hm exp(— f(t)dt = / f()dt
0 0

As before, we can use result (3.4.12) to obtain

lim & {f/()} = lim[sf(s) /hmexp ))f’(t)dt
0

t—oo

- / f(t)dt = f(00) — £(0) = lim [£(t) — £(0)].

Thus, it follows immediately that
tig ()] = i f(1) = (cc).

s—0
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Example 3.8.3
Find f(c0), if it exists, from the following functions:

_ 1 _ 1
(a) f(5)2m7 (b) f(s):s—a’

3 s+ a _ S
(c) f(s)=m,(b#0), (@) f(s) =

(a) Clearly, g(s) =0 has roots at s =0 and s = —1 £ i, and the conditions of
Theorem 3.8.2 are satisfied. Thus,

lim [sf(s)] = 1 L oo

s—0 513%52+25+2:2

(b) Here q(s) =0 has a real positive root at s =a if @ > 0, and a real negative
root if a < 0. Thus, when a <0

1 f = 1 = = .
lims ()] = lim ——=0=f(o0)
If a > 0, the Final Value Theorem does not apply. In fact,

1

S—a

=2

}—e“tﬂoo as t — oo.

(c) Here g(s) =0 has purely imaginary roots at s ==+ib which do not have
negative real parts. The Final Value Theorem does not apply. In fac-
t, f(t)=cosbt + ¢sinbt and tlim f(t) does not exist. However, f(t) is

bounded and oscillatory for all ¢ > 0.

(d) The Final Value Theorem does not apply as ¢(s) =0 has a positive root
at s=2.

[

Watson’s Lemma. If (i) f(t) = O(e*) ast — oo, that is, | f(t)| < K exp(at)
for t >T where K and T are constants, and (ii) f(¢) has the expansion

)=t lz art" + Rn+1(t)] for 0<t<T and a> —1, (3.8.7)
r=0

where |Ry,11(t)] < At"! for 0<t<T and A is a constant, then the Laplace
transform f(s) has the asymptotic expansion

- N Tlatr+1 1
f(s) NZCLT (Sa+r+1 ) +0 <8a+n+2) as s — 00. (3.8.8)
r=0
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PROOF We have, for s > a,

T oo
fls) = [ e f(t)dt + [ e f(t)dt

[ ]

T n T

— /e*“ t* (Z aﬂ) dt+/e*5’S t* Ry 1 (t)dt
0 r=0 0
+ [ e St f(t)dt. (3.8.9)
/

The general term of the first integral in (3.8.9) can be written as

T 00 00
/ar e Sttt dE = /ar e St — /ar e sttt
0 0 T
MNa+r+1) s
= Qyp W + O(e ) (3810)

As s — 00, the second integral in(3.8.9) is less in magnitude than

T
1
A/e—stt@+n+1dt:0 (m), (3811)
0

and the magnitude of the third integral in (3.8.9) is

oo

/ e f(t)dt| < K / e ("dt = K exp[~(s — )T, (3:8.12)
T T

which is exponentially small as s — oc.
Finally, combining (3.8.10), (3.8.11), and (3.8.12), we obtain

. " T(a+r+1) 1
f(S)NZaTW+O<W) as s — 00.
r=0

This completes the proof of Watson’s lemma. |

This lemma is one of the most widely used methods for finding asymptotic
expansions. In order to further expand its applicability, this lemma has sub-
sequently been generalized and its converse has also been proved. The reader
is referred to Erdélyi (1956), Copson (1965), Wyman (1964), Watson (1981),
Ursell (1990), and Wong (1989).
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Example 3.8.4
Find the asymptotic expansion of the parabolic cylinder function D, (s), which
is valid for Re(v) <0, given by

P (_542> T 2\ dt
Dy(s)= —— 2/ O/exp [ <5t + —ﬂ . (3.8.13)

I'(—v) 2 )|ttt

1
To find the asymptotic behavior of D, (s) as s — 0o, we expand exp ( 5 t2)

as a power series in t in the form

1 oo t2n
exp ( 5 t2> =y (-1)" Tk (3.8.14)

n=0

According to Watson’s lemma, as s — oo,

( 52) E
exp —_— o) o0
—1)"
DU<8) ~ 4 ( ) /t2n_u_16_8tdt

I'(—v) — 2"n!

82
exp _;I) i ()" T@2n—v) (3.8.15)

This result is also valid for Re(v) >0.  []

3.9 Exercises

1. Find the Laplace transforms of the following functions:

(a) 2t+ asinat, (b) (1 —2t)exp(—2t),
(c) tcosat, (a) /2,

(e) H(t—3)exp(t—3), (f) H(t — a)sinh(t — a),
() (t—3)° (t—3) (h) tH(t —a),

(i) (1+2at)t™ z exp(at), (j) a cos® wt.

2. If n is a positive integer, show that .Z {¢t"} does not exist.
3. Use result (3.4.12) to find (a) .Z {cosat} and (b) .Z {sinat}.

4. Use the Maclaurin series for sinat and cos at to find the Laplace trans-
forms of these functions.
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1 s+b
5. Show that .Z [z{eXp(—af) - eXP(_bt)}] =log <5+a)'

t

6. Show that & {/ #du} = % 7f(;v)d:v.

0

7. Obtain the inverse Laplace transforms of the following functions:

S 1

(a) (s2+a?)(s2 + b2)’ (b) ma (c) S_QQXP(_GS)»
1 1 1
G ooy © ernysy Y ecToeey
1 1 . 1
(&) s(s —a)?’ (b) s2(s —a)?’ (i) s2(s—a)’

8. Use the Convolution Theorem to find the inverse Laplace transforms of
the following functions:

(a) ﬁ (b) ﬁ @1 o)

O e @ (F5) 0 O G

® o e () < exp(—av),

0w W 0 gma+d)
9. Show that

(0) 2 fexp(~12)} = Y exp <z) (1-erf?).

o) 2 { 2 = Vaentan) + —= + Vi explat)enf(Va),
(c) 27 ;zl%} = g + n(:(—l)"+1 (%) (2n+1)72

X [sin{(2n+ 1)7;—I}COS{(2H+ 1)%@” )
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10. Show that
1
(a) & {? (sinat — at cosat)} =tan ! (E) -
s

t

(b) £ /l(sinarfarcosaT)dT :l [tan_l (E) L]_
T S

s 52 4+ a?
0

11. Using the Heaviside power series expansion, evaluate the inverse Laplace
transforms of the following functions:

W OwT () @ (3)
(d) écosech(x\/g), (e) éeXp (é) () sin-! (%)

12. If Z{f(t)} = f(s), show that

t1 to t

- //f(T)detl dtgz/%(t—7)2f(T)dT»
0 0

0

(iv) f_l{fgs)}/t tlj“’ 7lf(r)drdt1~~dtn1
000 0
(t—7)n !
/

13. The staircase function f(t) = [¢] represents the greatest integer less than
or equal to t. Find its Laplace transform.

14. Use the convolution theorem to prove the identity

¢
/JO(T)JO(t — 7)dT =sint.
0
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15. Show that
(a) L{HE—a)) = <Si2 + %) exp(—sa),
(b) Z {t"exp(at)} =n!(s — a)~ D,
16. If Z {f(t)} = f(s) and f(t) has a finite discontinuity at ¢ = a, show that
ZA{f' ()} =sf(s) = f(0) — exp(—sa)[fla,
where [f]o = f(a +0) — f(a—0).

17. If f(t)=H (t — g) sint, find its Laplace transforms.

18. Establish the following results:

. 2q2
(a) & {sin®at} = S 1 da?)
(b) 2 {To(e)} = s,

. - a E
() & {|sinat|} = 5——s coth (2a), 5>0,

(d) & {/t Sinxaxdx} = %tan_1 (%),

0

© 2 { G0 | =905+ 2 (119} =57 (51900
=Z{[*g} + f(0)g(s).
19. Establish the following results:

2

(a) L {21"(1)) = > F(s) + 5= F(s) + 2F(s),

— 7 ds? ds
(b) 2 {tm (1)} = (*1)mi—mm s"f(s) = s"THf(0) = — f(”*l)(O)} -
20. (a) Show that f(t) =sin(ay/t) satisfies the differential equation
4t f7(t) + 2f(t) + a® f(t) = 0.

Use this differential equation to show that
1 1 1
(b) <z {Sin \/E} = 5 T (5) 8_3/2 exp (—4—), s> 0,

0 2 {0 (1) L () em
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21. Establish the following results:

0
(b) ¥ /%dw zé f(z)dx
0 0

22. Use exercise 21(a) to find the Laplace transform of

(a) the cosine integral defined by

(b) the exponential integral defined by

o0
—T

Bi(t)= | S—dz, t>0.
X
t

23. Show that
(s +b)? —a?
(s +b)% +a?)*

cosat — cos bt 1 s2 4+ a?
(b) f{f}—ﬁlog (W)

© 2 L0y =1 (5

mials of degree n.

24. If Z{f(t)} = f(s) and .Z {g(x,t)} = h(s) exp{—zh(s)}, prove that

(a) Z {te P cosat} =

n
) , where L,(t) are the Laguerre polyno-

(a) Z {/g(x,t)f(x)dx} =h(s)f{h(s)}.
0

oo

(b) 2 / Jo(@VaD) f(z)da b =

0

25. Use Exercise 24(b) to show that

(a) /OOJO(NE) sin (g) dr=acosat,  (a#0),
0
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26.

27.

28.

29.

INTEGRAL TRANSFORMS and THEIR APPLICATIONS

(b) /JO(Z\/E)B_Ix" dr=nle "L,(t).
0

Find the Laplace transform of the triangular wave function defined over
(0,2a) by

t, 0<t<a
f(t){2a—t, a<t<2a}'

Use the Initial Value Theorem to find f(0), and f’(0) from the following
functions:

(@) J5) = . ) J6) = s
= exp(—sa - 52— 1
(c) f(s)f‘gi(?)is&, a>0, (@) f9)= ey

Use the Final Value Theorem to find f(00), if it exists, from the following
functions:

_ 1 — s+ 2
(a) f(S):ma (b) f(s):m»

_ - 3
(c) f(s)zl—i—las’ (d) f(s):(82+4)2.

If Z{f(t)}=f(s) and £ {g(t)} = g(s), establish Duhamel’s integrals:

ﬂ@ﬂﬂ+/ﬂﬁh@fﬂm
27 Ysf()g(s)} = y

9O)f(t) + [ g'(r)f(t —7)dr

S

30. Using Watson’s lemma, find the asymptotic expansion of

oo

(a) f(s)= /(1 +t2) 7! exp(—st)dt, as s — oo,

0
(b) Ko(s)= /(t2 —1)7 % exp(—st)dt, as s — oo,
0

where K(s) is the modified Bessel function.

31. Find the asymptotic expansion of f(s) as s — oo when f(t) is given by

© 2007 by Taylor & Francis Group, LLC



Laplace Transforms and Their Basic Properties 179
(8) 1+, (b) sin2v7,
(c) log(1+1), (d) Jo(at).

32. Use the shifting property (3.4.5) or (3.4.6) to obtain the Laplace trans-
form of the following functions:

(a) f()=(t—a)"H(t—a), (b) f(t)=t*H(t —a),
t, 0<t<a wo(1—-2), 0<a<t
(c)f(t)={ } (d)f(:c):{o }

0, t>a %<:1c<l

2, 0<t<a
-2, t>a .

(e) f(t)=cos2t H(t — ), () f(t) = {

33. For the square wave function f(¢) given by f(t)=a H(t) —a H(t — a),

show that
- a

)= Sy easy
34. If f(t)=aH(t) —2a H(t — 1) +a H(t — 2), show that

fls)= % (1-2e " +e ).

35. If f(t)= { | } , show that f(s)=tan™! (%)

36. If f,(t)=tP~te™" H(t), show that (f,*f,) (t) exists if and only if p and
q are both positive.

Hence, derive the following results

(@) (fpxfo) () =B®: @) fotq(t).

(b) f,()=(p—1) fp-1(t) — f,(D).

(c) (fp*fq)/ t)=wp—-1)B@—1, 9 fprq-1(t) — B(p, @) fp+q(t).
(d) (f )/ t)=DB(p, ) [(p+aq—1)fprg-1(t) = fp+q(®)] -

37. A family {h,(t): p>0} of functions on R is called a convolution semi-

group if hyxhg = h,1, for all p, ¢ >0. Show that h,(t) = f”((t)) defines a

convolution semi-group where f,(¢) is defined in Exercise 36.

38. Using the change of variables, s = ¢ + iw, show that the inverse Laplace
transformation is a Fourier transformation, that is,

(1) f(t):g—l {f(s)} = 62%:;70 ]?(C-l-iw)ei“’tdw_
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(i) f(t)=L e Re :fof(c +iw) etdw,
Hence, for real f(t), show that

(i) Fe{e' f(t)} =2 Re [f(c+iw)],

(iv) Fs{ef(t)} =2 Im [f(c +iw)] .
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Applications of Laplace Transforms

“Mathematical sciences have attracted special attention since great
antiquity, they are attracting still more attention today because of
their influence on industry and the arts. The agreement of theory
and practice brings most beneficial results, and it is not exclusively
the practical side which gains; science is advancing under its influ-
ence as it discovers new objects of study and new aspects of the
mathematical sciences....”

P. L. Chebyshev

“... partial differential equations are the basis of all physical the-
orems. In the theory of sound in gases, liquids and solids, in the
investigations of elasticity, in optics, everywhere partial differen-
tial equations formulate basic laws of nature which can be checked
against experiments.”

Bernhard Riemann

4.1 Introduction

Many problems of physical interest are described by ordinary or partial d-
ifferential equations with appropriate initial or boundary conditions. These
problems are usually formulated as initial value problems, boundary value
problems, or initial-boundary value problems that seem to be mathematically
more rigorous and physically realistic in applied and engineering sciences. The
Laplace transform method is particularly useful for finding solutions of these
problems. The method is very effective for the solution of the response of a
linear system governed by an ordinary differential equation to the initial data
and/or to an external disturbance (or external input function). More precisely,
we seek the solution of a linear system for its state at subsequent time ¢ >0
due to the initial state at ¢ =0 and/or to the disturbance applied for ¢ > 0.

This chapter deals with the solutions of ordinary and partial differential
equations that arise in mathematical, physical, and engineering sciences. The
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applications of Laplace transforms to the solutions of certain integral equa-
tions and boundary value problems are also discussed in this chapter. It is
shown by examples that the Laplace transform can also be used effectively for
evaluating certain definite integrals. We also give a few examples of solutions
of difference and differential equations using the Laplace transform technique.
The effective use of the joint Laplace and Fourier transform is illustrated by
solving several initial-boundary value problems. Application of Laplace trans-
forms to the problem of summation of infinite series in closed form is presented
with examples. Finally, it is noted that the examples given in this chapter are
only representative of a wide variety of problems which can be solved by the
use of the Laplace transform method.

4.2 Solutions of Ordinary Differential Equations

As stated in the introduction of this chapter, the Laplace transform can be
used as an effective tool for analyzing the basic characteristics of a linear sys-
tem governed by the differential equation in response to initial data and/or
to an external disturbance. The following examples illustrate the use of the
Laplace transform in solving certain initial value problems described by ordi-
nary differential equations.

Example 4.2.1

(Initial Value Problem). We consider the first-order ordinary differential equa-
tion I

7 +px = f(t), t>0, (4.2.1)
with the initial condition

z(t=0)=a, (4.2.2)

where p and a are constants and f(¢) is an external input function so that its
Laplace transform exists.
Application of the Laplace transform Z(s) of the function x(t) gives

s(s) — 2(0) + p(s) = f(s),

or

a f(s
Z(s)= + 1(5) .

S+p S+p
The inverse Laplace transform together with the Convolution Theorem leads
to the solution

(4.2.3)

¢
x(t) = ae thr/f (t—7)e PTdr. (4.2.4)
0
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Thus, the solution naturally splits into two terms—the first term corresponds
to the response of the initial condition and the second term is entirely due to
the external input function f(¢).

In particular, if f(t) =¢= constant, then the solution (4.2.4) becomes

a(t) = % + <a - 9) e Pt (4.2.5)

The first term of this solution is independent of time ¢ and is usually called
the steady-state solution. The second term depends on time t and is called the
transient solution. In the limit as ¢ — oo, the transient solution decays to zero
if p>0 and the steady-state solution is attained. On the other hand, when
p <0, the transient solution grows exponentially as ¢t — co, and the solution
becomes unstable.

Equation (4.2.1) describes the law of natural growth or decay process with
an external forcing function f(¢) according as p>0 or <0. In particular, if
f({#)=0 and p>0, the resulting equation (4.2.1) occurs very frequently in
chemical kinetics. Such an equation describes the rate of chemical reactions.

Example 4.2.2

(Second Order Ordinary Differential Equation). The second order linear ordi-
nary differential equation has the general form

d’x dx
— +2p— = f(t t>0. 4.2.6
oz T2 g rar=[(), (4.2.6)

The initial conditions are

dr

(t)=a, —=i(t)=b att=0, (4.2.7ab)

where p, ¢, a and b are constants.

Application of the Laplace transform to this general initial value problem
gives

572 (s) — s x(0) — &(0) + 2p{s 3(s) — x(0)} + q2(s) = f ().

The use of (4.2.7ab) leads to the solution for Z(s) as

S N ' e

Z(s) =

The inverse transform gives the solution in three distinct forms depending on
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g> = <p?, and they are
_pt 1 —_pt -
x(t) = ae P cosnt + —(b+ pa)e P sinnt
n

t
1
+- /f(t —7)e " PT sinnrdr, when n? =¢q —p? >0, (4.2.9)
n
0

z(t) = ae P + (b+pa)te P
t
+ / f&—=7)Te Pdr, when n? =q —p*=0, (4.2.10)
0

1
z(t) = ae P coshmt + — (b + pa) e P* sinh mt
m

t
1
+— / f(t —71)e P"sinhm7rdr, when m? =p* —¢>0.(4.2.11)
m
0

Example 4.2.3

(Higher Order Ordinary Differential Equations). We solve the linear equation
of order n with constant coefficients as

f(D{z(t)}=D"z 4+ a1 D" 'z +ayD" 2z + - +a,x=o(t), t>0,
(4.2.12)
with the initial conditions

z(t)=z9, Dz(t)=2z1, D%*x(t)=xq,...,D" 'z(t)=2,_1, att=0,

(4.2.13)
where D = % is the differential operator and xg, z1,...,Z,_1 are constants.
We take the Laplace transform of (4.2.12) to get

("% — s"tag—8""2m) — - —5Tp_o— xn,l)
+aq (s"_l T—s"2xy—s" 3y — e — xn,g)
+ag (:17"_2 T—s"3xg—--— xn,g)
todan 1(ST—x0) + an T=9(s). (4.2.14)
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Or,
(8" + a18"  Hags" i 4+ ay) T(s)

B(s)+ (" ars" P4+ an—1)wo

+(s"_2 +a1s" 34+ ap—2)x1+ -+ (s+a1)Tp—2+ Tp_1
B(s) +U(s), (4.2.15)
)

where 1(s) is made up of all terms on the right hand side of (4.2.15) except
@(s), and is a polynomial in s of degree (n — 1).
Hence,

F(s)@(s) = o(s) +(s),
where
f(s)=s"+ais" '+ +a,.

Thus, the Laplace transform solution, Z(s) is

ot - HL L9

-~ (4.2.16)

Inversion of (4.2.16) yields
() = %1 @ -1 1@(3)
-z {0 e {20 (12.17)

The inverse operation on the right can be carried out by partial fraction de-
composition, by the Heaviside Expansion Theorem, or by contour integration.

Example 4.2.4

(Third Order Ordinary Differential Equations). We solve
d
(D* 4 D? —6D)x(t) =0, D=—,  t>0, (4.2.18)
with the initial data
2(0)=1, #(0) =0, and #(0)=5. (4.2.19)

The Laplace transform of equation (4.2.18) gives
[s3% — s22(0) — 52(0) — #(0)] + [s*Z — s 2(0) — #(0)] — 6[s & — x(0)] = 0.
In view of the initial conditions, we find

7(s) s24+s—1 s24+s—1
z(s) = = .
s(s2+s—6) s(s+3)(s—2)
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Or,
5(s) 11 n 1 1 1 1
z(s) = —- - — — —
6 s 3 s+3 2 s-—2
Inverting gives the solution
LIS SR VI !
t)==+ < —e”. 4.2.20
Bt)=c+ze it se (4:2.20)

Example 4.2.5
(System of First Order Ordinary Differential Equations). Consider the system

dx
d_tl =a1171 + a1222 + b1 (t)
(4.2.21ab)
d.’,EQ
5t + agax2 + ba(t)
t
with the initial data
21(0)=210 and x2(0)=x20; (4.2.22ab)
where a11, a12, as1, aze are constants.
Introducing the matrices
dIl
x1 “dt a1l a1z
— dr — —
() () (),
T2 axz @21 G22
bt dt
1(t Z10
t)= and =z = )
b2 (t) 20
we can write the above system in a matrix differential system as
dx
— =Az+b(t), x(0) = xo. (4.2.23ab)

dt

We take the Laplace transform of the system with the initial conditions to get
(s — a11)@1 — a12Za = x10 + b1 (s),
—a21T1 + (5 — ag2) T2 = w20 + ba(s).
The solutions of this algebraic system are

S —ail $10+51($)

—a21 T2+ 52(8)

10 +l_71(3) —ai2

_ To0 +ba(s) s —asm B
Z1(s) = , Ta(s)=
sS—ail —ai2

S— a1 —ai2

—a21 §—G22 —a21 S — (22

(4.2.24ab)
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Expanding these determinants, results for Z;(s) and Za(s) can readily be
inverted, and the solutions for x1(¢) and z2(t) can be found in closed forms.

[

Example 4.2.6
Solve the matrix differential system

dxi
dt

(T . 01
x—(@) and A—<2 3>.

This system is equivalent to

Az, z(0)= (O), (4.2.25)

where

dl’l
M =0
dt ) )
d
%+2x1 —32y=0,

with
z1(0)=0 and xz2(0)=1.

Taking the Laplace transform of the coupled system with the given initial
data, we find

S.’fl 71_72:0,
2% + (s — 3)T2 =1.

This system has the solutions

_() 1 1 1
Z1(s) = = —

! s2—-35+2 s—2 s—1
_ S 2 1
To(s) = -

T2 3542 s-2 s—1
Inverting these results, we obtain
r1(t) =e* — e, ra(t) =2e* — €.

In matrix notation, the solution is

2(t) = < et —ef ) (4.2.26)
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Example 4.2.7
(Second Order Coupled Differential System). Solve the system

d2
Til — 3{E1 — 4.%'2 =0
t>0, (4.2.27)
L S
—Z 41 tae=
p7D 1 2
with the initial conditions
dzr dx
z1(t) = 2o (t) =0; d—;:2 and d—fzo at t=0. (4.2.28)

The use of the Laplace transform to (4.2.27) with (4.2.28) gives
(s* —3)%; — 4Ty =2
T+ (52 4+ 1)Zo =0.

Then

282+ (s+1)24(s—1)2 1 1
A P e Fo R} Rl Py  C L A )

Hence, the inversion yields
z1(t) =t(e! +e7h). (4.2.29)
1 1 1 1

_ -2 1
2|s—1 s+1 (s—1)2% (s+1)2]’

)= ey

which can be readily inverted to find

1
xa(t) = §(et —et—telt —te ). (4.2.30)

Example 4.2.8
(The Harmonic Oscillator in a Non-Resisting Medium). The differential e-
quation of the oscillator in the presence of an external driving force F f(t)
is )

d°x 9

W +w x:Ff(t), (4231)

where w is the frequency and F' is a constant.
The initial conditions are

w(t)=a, #(t)=U  att=0, (4.2.32)
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where a and U are constants.
Taking the Laplace transform of (4.2.31) with the initial conditions, we
obtain -
(2 +wz(s)=sa+ U+ F f(s).
Or, -
U F
52+w2 52+w2 s2 +w2

Inversion together with the convolution theorem yields

(4.2.33)

¢
F
z(t) = acoswt + v sinwt + — / f(t—7)sin wrdr (4.2.34)
w w
0

¢
= A cos(wt — ¢) + g / f(t—7) sin wrdr, (4.2.35)
0

2\ 1/2
where A = <a2 + U—z) and ¢=tan ! <2> .
w wa

The solution (4.2.35) consists of two terms. The first term represents the
response to the initial data, and it describes free oscillations with amplitude
A, phase ¢, and frequency w, which is called the natural frequency of the
oscillator. The second term arises in response to the external force, and hence,
it represents the forced oscillations. In order to investigate some interesting
features of solution (4.2.35), we select the following cases of interest:

(i) Zero Forcing Function.
In this case, solution (4.2.35) reduces to

x(t) = A cos(wt — ¢). (4.2.36)

This represents simple harmonic motion with amplitude A, frequency w and
phase ¢. Evidently, the motion is oscillatory.

(i) Steady Forcing Function, that is, f(t)=1.
In this case, solution (4.2.35) becomes

F F
T 5= A cos(wt — ¢) — —5 cos wt. (4.2.37)

In particular, when the particle is released from rest, U =0, (4.2.37) takes the
form

F F
x——= <a - F) cos wt. (4.2.38)

This corresponds to free oscillations with the natural frequency w and displays

a shift in the equilibrium position from the origin to the point —.
w
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(iii) Periodic Forcing Function, that is, f(t) = coswyt.
The transform solution can readily be found form (4.2.33) in the form

5(s) as n U + F's
z(s) =
24+ w?  s24w? (524 wd)(s?+w?)
as U F's 1 1
= — . (4.2.39
52+w2+32+w2+(w37w2) <52+w2 52+w8) ( )

Inversion yields the solution

U
z(t) = a coswt + — sin wt + cos wt — cos wot) (4.2.40)
w

F
(R

= A cos(wt — ¢) + cos wot, (4.2.41)

@)

FoN\2 )’ U F
WhGI‘eA:{<a+272) +—2} and tan(b:——(a—i-ﬁ)
wofw w w (.007(.0

2
It is noted that solution (4.2.41) consists of free oscillations of period (—ﬂ-)
w

2
and forced oscillations of period (—W) , which is the same as that of the
w

external periodic force. If wy < w, the phase of the forced oscillations is the

same as that of the external periodic force. If wy > w, the forced term suffers

from a phase change by an amount 7. In other words, the forced motion is in

phase or 180° out of phase with the external force according as w > or < wy.
When w =uwy, result (4.2.40) can be written as

o sin{%(w _ wo)t} sin{%(w + wo)t}

(wo +w)

U .
z(t) = a coswt + — sin wt + T
v §(w0 —w)t

U It Ft
= acoswt + — sinwt + — sinwt = A cos(wt — @) + — sinwt, (4.2.42)
w 2w 2w
where

aw’

2
A? = <a2+ U—2) and tan (;5:2
w

This solution clearly shows that the amplitude of the forced motion increases
with ¢. Thus, if the natural frequency is equal to the forcing frequency, the
oscillations become unbounded, which is physically undesirable. This phe-
nomenon is usually called resonance, and the corresponding frequency w = wyg
is referred to as the resonant frequency of the system. It may be emphasized
that at the resonant frequency, the solution of the problem becomes mathe-
matically invalid for large times, and hence, it is physically unrealistic. In most
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dynamical systems, this kind of situation is resolved by including dissipating
and/or nonlinear effects.

Example 4.2.9
(Harmonic Oscillator in a Resisting Medium). The differential equation of
the oscillator in a resisting medium where the resistance is proportional to
velocity is given by

d*x dz 2
W—i—2k$+w x=F f(t), (4.2.43)
where k (>0) is a constant of proportionality and the right hand side repre-
sents the external driving force. The initial state of the system is

d
z(t) =a, d—f =U at t=0. (4.2.44)

In view of the initial conditions, the Laplace transform solution of equation
(4.2.43) is obtained as

. a(s+2k)+U+F f(s)
#s) = (82 4+ 2ks + w?)

_a(s+k)+ (U+ak)+ F(s)
N (s + k)2 +n?

, (4.2.45)

where n? =w? — k2.

Three possible cases deserve attention:

(i) k <w (small damping).
In this case, n? =w? —k?>0 and the inversion of (4.2.45) along with the
Convolution Theorem yields
¢
—kt s F —kT 1
e "sinnt+ — | f(t—7)e " sinnrdr.
n
0

k
z(t) =ae " cosnt + (U +ak)
n

(4.2.46)
This is the most general solution of the problem for an arbitrary form of the
external driving force.

(ii) k=w (critical damping) so that n*=0.
The solution for this case can readily be obtained from (4.2.45) by inversion
and has the form

t
z(t)=ae ™+ (U+ak)te ™+ F / f(t—7)re Mdr. (4.2.47)
0

(iii) k > w (large damping).
Set n? = —(k? — w?)=—m? so that m? =k? —w? > 0.
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The transformed solution (4.2.45) assumes the form

. a(s+k)+(U+ak)+F f(s)
Z(s) = R —m? . (4.2.48)

After inversion, it turns out that

U+ ak
z(t)=ae " coshmt + ( ra ) e " sinhmt
¢
F e
+ — [ f(t—7)e” " sinhmrdr. (4.2.49)
m

0

In order to examine the characteristic features of the problem, it is necessary
to specify the nature and functional form of f(¢) involved in the external force
term. Suppose the external driving force is zero. The solution can readily be
written down in all three cases.

For 0 < k <w, the solution is

U+ ak
z(t)=e F (a cosnt + ta sin nt) = Ae " cos(nt — ), (4.2.50)

1/2 U + ak
where A= {a2 + (U';i‘;k)z} and ¢=tan ! ( ta .

an
Like the harmonic oscillator in a vacuum, the motion is oscillatory with the

time-dependent amplitude Ae~** and the modified frequency
1 k2
(2 1.2\1/2 _
n=(w k)/u.)(liEJr“'), 0<k<w.

This means that, when the resistance is small, the modified frequency (or the
undamped natural frequency) is obviously smaller than the natural frequen-
cy, w. Although the small resistance produces an insignificant effect on the
frequency, the amplitude is radically modified. It should also be noted that
the amplitude decays exponentially to zero as time ¢ — co. The phase of the
motion is also changed by the small resistance. Thus, the motion is called the
damped oscillatory motion, and depicted by Figure 4.1.

At the critical case, w =k, and hence, n=0. The solution can readily be
found from (4.2.47) with F =0, and has the form

a(t)=ae M+ (ak+U)te M. (4.2.51)

The motion ceases to be oscillatory and decays very rapidly as t — oo.
If damping is large with no external force, solution (4.2.49) reduces to

k+U
z(t)=ae " coshmt + (a i )e‘kt sinh mt. (4.2.52)
m
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Figure 4.1 Damped oscillatory motion.

Using > mit=1(e™ £ e ™), we can write the solution as

z(t)=Ae~k=mt 4 e~ (ktm)t (4.2.53)
1 k
where A:%(aJrM) and B—(aa U .
m 2 m

The above solution suggests that the motion is no longer oscillatory and in
fact, it decays very rapidly as t — oo.

Example 4.2.10
(Harmonic Oscillator in a Resisting Medium with an External Periodic Force),
The motion is governed by the equation
P ok | = Feoswot, k>0 (4.2.54)
— — +wr=Fcosw 2.
dt? dt o
with the initial data
z(0)=a and #(0)=U.

The transformed solution for the case of small damping (k <w) is

j(s)_a(s—l—k)—i—(U—i—ak) Fs
CE S EF S (PE ey PRy
a(s+k)+ (U + ak) As— B As—C

= F — 4.2.55

(s + k)2 + n? * (s+k)2+n? 24w > ( )
where
A w3 — w? 5o 2kw?
T (w? —w})? + 4k}’ T (w? - wd)? + 4k}’
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and
2k wg

(w? — wd)? + 4k2w3

The expression for Z(s) can be inverted to obtain the solution

C= with w? =n? + k2.

1
z(t)=(a+ FA)e " cosnt + —(U + ak — FAk — FB) e ** sinnt
n

CF
—AF coswot + — sinwgt.
wo

It is convenient to write it in the form

z(t) = Ay cos(wot — ¢1) + Az e ¥ cos(nt — ¢o),

where
A} = F? <A2 + S—g) . w3§22+ Ve
tan ¢ = *Aiwo = %7
A3 = (a+ FA)? + %(U +ak — kFa — FB)?,
and

tam g = U+ak—-kFA—-FB
: n(a+ FB)

(4.2.56)

(4.2.57)

(4.2.58)

(4.2.59)

(4.2.60)

(4.2.61)

This form of solution (4.2.57) lends itself to some interesting physical inter-
pretations. First, the displacement field z(t) essentially consists of the steady
state and the transient terms, which are independently modified by the damp-
ing and driving forces involved in the equation of motion. In the limit as ¢t — oo,
the latter decays exponentially to zero. Consequently, the ultimate steady s-
tate is attained in the limit, and represented by the first term of (4.2.57). In

fact, the steady-state solution is denoted by x4 (t) and given by

Tst (t) = Al COS(LU()t — ¢1),

(4.2.62)

where A; is the amplitude, wyg is the frequency, and ¢, represents the phase

lag given by

2k
o1 = tan™! 27% when wgy < w,
(w? —wp)
2k
=7 —tan"! % when wy > w,
(w§ —w?)
T
=3 as wg — w.
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It should be noted that the frequency of the steady-state solution is the same
as that of the external driving force, but the amplitude and the phase are
modified by the parameters w, k and wq. It is of interest to examine the nature
of the amplitude and the phase with respect to the forcing frequency wq. For

F
a low frequency (wp —0), A1 =— and ¢1 =0. As wp — w, the amplitude of
w

the motion is still bounded and equal to <%> if k#0. The displacement

suffers from a phase lag of 7/2. Further, we note that
dA; 2w0F(w2 —wi - 2k2)
oo {(w? — wf)? + k2 )

o (4.2.63)

It follows that A; has a minimum at wg=0 with minimum value

—, and a
w

F
maximum at wp = (w? — 2k%)'/? with maximum value T — 2RI pro-
vided 2k? <w?. If 2k? > w?, A; has no maximum and gradually decreases.

24 w?
< }w ) is plotted against the non-

W
dimensional frequency w* = UO for a given value of % (<1) in Figure 4.2.

The non-dimensional amplitude A*

A A ;

Figure 4.2 Amplitude versus frequency with damping.

In the absence of the damping term, the amplitude A; becomes

g P

|w? — wd|’
which is unbounded at wy =w and shown in Figure 4.3.
This situation has already been encountered earlier, and the frequency wg =

w was defined as the resonant frequency. The difficulty for the resonant case
has been resolved by the inclusion of small damping effect.
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A’ A ; .|

0 ; -

Figure 4.3 Amplitude versus frequency without damping.

At the critical case (k? = w?), the solution is found from (4.2.55) by inversion
and has the form
z(t) = A cos(wot — ¢) + (a + FA) ekt
+t(U+ak — FAk — FB)e ™.  (4.2.64)
The transient term of this solution decays as t — oo and the steady state is

attained.
The solution for the case of high damping (k% > w?) is obtained from (4.2.55)

as
z(t) = (a+ FA)e ¥ coshmt + %(U +ak — FAk — FB) e " sinh mt
— AF coswot + i—f sinwot (4.2.65)
where m? = —n? =k? — w2 >0. This result is somewhat similar to that of

(4.2.56) or (4.2.57) with the exception that the transient term decays very
rapidly as t — oo. Like previous cases, the steady state is reached in the limit.

Example 4.2.11
Obtain the solution of the Bessel equation

d2:17 dx
JES— :1. 4. .
dt2 + o ta 2ta(t) =0, z(0) (4.2.66)

Application of the Laplace transform gives

A2 () ) o
_%{g{%}]—l—sx(s)—xm)—a j—z 0.
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Or,

197
d 2 — . QdCZ'
_= — — —1—g2Z =
T [s°Z — sx(0) — £(0)] + s Z(s) @ — 0
Thus,
2, o4 -
(s°+a )d— +sz=0.
Or,
dv _ sds
T s2+a?
Integration gives the solution for Z(s)
s) = o
Z(s) = ———,
VT ra

where A is an integrating constant. By the inverse transformation, we obtain
the solution

x(t) = A Jo(at).
I

Example 4.2.12

Find the solution of the initial value problem

d’*z dz .
Taking the Laplace transform yields

d’x dx _ 2
X{W}—i—f{t%}—lm(s) .

This is a first order linear equation, which can be solved by the method of the

1
integrating factor. The integrating factor is s> exp (—52) . Multiplying the
equation by the integrating factor and integrating, it turns out that

_ 2 A 52
‘T<S):S_3+ 5_3 €xp E ’
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where A is an integrating constant. As Z(s) — oo as s — 0o, we must have

2
A=0. Thus, Z(s) = —. Inverting, we get the solution
s

z(t) =t2.

Example 4.2.13

(Current and Charge in a Simple Electric Circuit). The current in a circuit
(see Figure 4.4) containing inductance L, resistance R, and capacitance C
with an applied voltage E(t) is governed by the equation

L +RI+ —/Idtf (4.2.67)

where L, R, and C' are constants and I(t) is the current that is related to the
accumulated charge @) on the condenser at time ¢ by

t

d
Q) = / I(B)dt  so that d—?zm). (4.2.68)
0
> YYYY
1(t) L
E(t) C== Q)
R

Figure 4.4 Simple electric circuit.

If the circuit is without a condenser (C' — o0), equation (4.2.67) reduces to

L‘fl[ +RI=E(t), t>0. (4.2.69)

This can easily be solved with the initial condition I(t =0) = Iy. However, we
solve the system (4.2.67)—(4.2.68) with the initial data

I(t=0)=0, Q(t=0)=0. (4.2.70)
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Then, in the limit C' — oo, the solution of the system reduces to that of
(4.2.69).
Application of the Laplace transform to (4.2.67) with (6.2.70) gives

- 1 sE(s 1 (s+k—k)E(s
I(s) = Zm - ((Sm—dng) (4.2.71)
where k= E, w?= L and n? =w? — k2.
Inversion of (4.2.71) gives the current field for three cases:
¢
I(t) = %/E(t —7) <cos nr — %sin TLT) e *dr, if w?>k? (4.2.72)
0
¢
= %/E(t — 7)1 = kr)e *"dr, if w?=k? (4.2.73)
0
t
= %/E(t —7) <Coshm7' - %SinhmT) e Fdr, if k2 >w? (4.2.74)
0
where m? = —n?

In particular, if E(t) = constant = Ey, then the solution can be obtained
directly from (4.2.71) by inversion as

Ey Rt\ . P | R\’
= — —— - — (= 1.2,
I =21 eXp( 2L)Smnt’ =27 <2L) >0, (4.2.79)

Eq Rt R\? 1

=2 - if (—) =— 4.2.
L P ( 2L> ’ ! <2L) CL’ (42.76)
E t S|

= m_OL exp (f—L) sinhmt, if m?= (%) “er” 0. (4.2.77)

It may be observed that the solution for the case of low resistance (R2C' < 4L),
or small damping, describes a damped sinusoidal current with slowly decaying

R
amplitude. In fact, the rate of damping is proportional to T and when this

quantity is large, the attenuation of the current is very rapid. The frequency
of the oscillating current field is

1 R2 1/2
”<Em> ’
2

R 1
which is called the natural frequency of the current field. If 12 << oL the
frequency n is approximately equal to

n ~

1
VCL
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2
42~ CL’
this case decays exponentially with time.
The last case, R?C > 4L, corresponds to high resistance or high damping.
The current related to this case has the form

The case, corresponds to critical damping, and the solution for

()= 2ij [6,(%,m)t _ 6,(%%),5} , (4.2.78)

It may be recognized that the solution is no longer oscillatory and decays
exponentially to zero as t — oo. This is really expected in an electrical circuit
with a very high resistance. If C'— oo, the circuit is free from a condenser and

m= o7 Consequently, solution (4.2.77) reduces to

I(t)= % [1 — exp <%>} . (4.2.79)

This is identical with the solution of equation (4.2.69).
We consider another special case where the alternating voltage is applied

to the circuit so that
E(t) = Ey sinwot. (4.2.80)

The transformed solution for I(s) follows from (4.2.71) as
= Eowo
I(s) =

Using the rules of partial fractions, it turns out that

. Eywg As—B As—C
= - 4- .
I(s) < L ) {(s +k)24+n2 24w’ (4.2.82)

S

) {(s+k)>+ nz}(s2 +wd)

(4.2.81)

(wd — w?, 2kw?, 2kwd)

(w? — wd)? + 4k2w3

The inversion of (4.2.82) can be completed by Table B-4 of Laplace trans-
forms, and the solution for I(t) assumes three distinct forms according to
w?> = <k2

The solution for the case of low resistance (w? > k?) is

-(52)

where (A, B,C) =

1
Ae % cosnt — —(Ak + B)e ™ sinnt
n

— Acoswot + < sinwot |, (4.2.83)
Wo

which has the equivalent form

I(t) = Ay sin(wot — ¢1) + Az e cos(nt — ¢2), (4.2.84)
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where

27E_g 2 2 2\ _
A} = 75 (A +C%) =

2 2
Ejwg

L2{ (uﬂ — wg)Q + 4k2w8}

A
 tan ¢y = %,(4.2.85)

(Ak+ B)

T (4.2.86)

E2u? 1
A% = (%) [A2 + §<Ak + B)ﬂ and tan ¢o = —

The current field consists of the steady-state and transient components. The

L
latter decays exponentially in a time scale of the order —. Consequently, the

steady current field is established in the electric circuit and describes the
sinusoidal current with constant amplitude and phase lagging by an angle
¢1. The frequency of the steady oscillating current is the same as that of the
applied voltage.

In the critical situation (w? =k?), the current field is derived from (4.2.82)
by inversion and has the form

Eowo
L

I(t) = Ay sin(wot — ¢1) + ( ) [Ae ™™ — (Ak + B)te ™). (4.2.87)

This result suggests that the transient component of the current dies out
exponentially in the limit as ¢ — co. Eventually, the steady oscillating current
is set up in the circuit and described by the first term of (4.2.87). Finally, the
solution related to the case of high resistance (w? < k?) can be found by direct
inversion of (4.2.82) and is given by

I(t) = A1 Sin(th — ¢1)

+ <E0Lw0> {A cosh mt — l(Alf + B)sinhmt| e ¥, (4.2.88)
m

This solution is somewhat similar to (4.2.84) with the exception of the form
of the transient term which, of course, decays very rapidly as ¢t — co. Conse-
quently, the steady current field is estalished in the circuit and has the same
value as in (4.2.84).

Finally, we close this example by suggesting a similarity between this elec-
tric circuit system and the mechanical system as described in Example 4.2.9.
Differentiation of (4.2.67) with respect to ¢ gives a second order equation for
the current field as
d*1 dr I dE
w et a (4.2.89)
Also, an equation for the charge field Q(t) can be found from (4.2.67) and
(4.2.68) as

L

*Q dQ  Q _
L—s + R—> + 5=E(1). (4.2.90)
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R 1
Writing 2k = 7 and w? = 7ok the above equation can be put into the form
d? d 1 1 &
— + 2k — 2 =—| dt |. 4.2.91ab
(dt2+ dt+w) (Q> L (4.2.91ab)

E

These equations are very similar to equation (4.2.43) for a harmonic oscillator.

Example 4.2.14

(Current and Charge in an Electrical Network). An electrical network is a
combination of several interrelated simple electric circuits. Consider a more
general network consisting of two electric circuits coupled by the mutual in-
ductance M with resistances R; and Rs, capacitances C; and Cs, and self-
inductances L; and Lo as shown in Figure 4.5. A time-dependent voltage E(t)
is applied to the first circuit at time ¢ =0, when charges and currents are zero.

() I5(t)

Figure 4.5 Two coupled electric circuits.

The charge and current fields in the network are governed by the system of
ordinary differential equations

dl dly Q1

Li—+RL1+M—+—=—=EFE(t t>0 4.2.92
1dt+ 141 + dt+C’1 (1), > ( )

dly dls Q2
M i + Lo i + Rols + Cs —0, t>0 (4293)

with 0 0
1 2 _
T

The initial conditions are

Il = 0, Ql = 0, IQ :O, QQ =0 att=0. (4294)
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Eliminating the currents from (4.2.92) and (4.2.93), we obtain
1
(L1D2 +RiD+ c_) Q1+ MD?Qq=E(t), (4.2.95)
1

1
MD*Q + <L2D2 + RaD + C—) Q2=0, (4.2.96)
2

where D = —.

The Laplace transform can be used to solve this system for @1 and Q.
Similarly, we can find solutions for the current fields I; and I independently
or from the charge fields. We leave it as an exercise for the reader.

In the absence of the external voltage (E=0) with Ry =Ry =0, L1 = Lo =
L and C; = C; = C, addition and subtraction of (4.2.95) and (4.2.96) give

Qy +0’Q4 =0, Q_+p°Q_=0, (4.2.97ab)

where

Qr=Q1+Q2, Q_=0Q1—Q2,

o =[C(L+M)]™', and A*=[C(L-M) "

Clearly, the system executes uncoupled simple harmonic oscillations with
frequencies o and (3. Hence, the normal modes can be generated in this freely
oscillatory electrical system.

Finally, in the absence of capacitances (C7 — oo, Ca — 00), the above net-
work reduces to a simple one that consists of two electric circuits coupled by
the mutual inductance M with inductances L, and Lo, and resistances R;
and Rs. As shown in Figure 4.6, an external voltage is applied to the first
circuit at time ¢t =0.

T E

Figure 4.6 Two coupled electric circuits without capacitances.
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The current fields in the network are governed by a pair of coupled ordinary
differential equations

dI dr

Ly d—tl + R+ M d—f =E(t), t>0, (4.2.98)
I dly

M2l 4 L, 22 4 Ry, =0 t>0 4.2.99
pr + Lo ar + Hala ) >0, ( )

where I(t) and I5(t) are the currents in the first and the second circuits,
respectively. The initial conditions are

L(0)=15(0) =0. (4.2.100)

We shall not pursue the problem further because the transform method of
solution is a simple exercise.

Example 4.2.15

(Linear Dynamical Systems and Signals. In physical and engineering sciences,
a large number of linear dynamical systems with a time dependent input signal
f(t) that generates an output signal x(t) can be described by the ordinary
differential equation with constant coefficients

(D™ +ap 1 D"+ ag)x(t) = (D™ + by 1 D™ 4 bg) f(1),
(4.2.101)

d
where D = 7 is the differential operator, a, and b, are constants.

We apply the Laplace transform to find the output z(¢) so that (4.2.101)
becomes

Pn(8)Z(8) — Rp—1=Gm(s) f(5) — Sm_1, (4.2.102)

where
Pu(s)=5"+an 15"+ Fao, Gm(s)=5"+am 15"+ +bo,

n—1 m—1
Rn—l(s) _ Z gL (7) (0)’ S'm—1(8) _ Z gm—r—1 f(T)(O).
r=0 r=0

It is convenient to express (4.2.102) in the form

z(s)=h(s) f(s) +g(s), (4.2.103)
where
h(s) = i":g)) and  g(s)= R"*(S;n_(ssm‘l(s), (4.2.104ab)

and h(s) is usually called the transfer function.
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The inverse Laplace transform combined with the Convolution Theorem
leads to the formal solution

a(t) = /0 F(t—7)h(r)dr + g(b). (4.2.105)

With zero initial data, g(s) =0, the transfer function takes the simple form

h(s) = 28 (4.2.106)
If f(t)=46(t) so that f(s)=1, then the output function is
¢
() = / 5(t — 7) h(r)dr = h(b), (4.2.107)
0
and h(t) is known as the impulse response. 1

Example 4.2.16

(Delay Differential Equations). In many problems, the derivatives of the un-
known function z(t) are related to its value at different times ¢ — 7. This leads
us to consider differential equations of the form

le—f—f—ax(t—T):f(t), (4.2.108)
where a is a constant and f(¢) is a given function. Equations of this type are
called delay differential equations. In general, initial value problems for these
equations involve the specification of z(t) in the interval tg — 7 <t <tg, and
this information combined with the equation itself is sufficient to determine
x(t) for t > to.

We show how equation (4.2.108) can be solved by the Laplace transform
when to=0 and z(t) =z for ¢t <0. In view of the initial condition, we can
write

xt—T1)=x(t—7)H({t—T)
so equation (4.2.108) is equivalent to

dx
o +az(t—T)H({t—T1)=f(1). (4.2.109)

Application of the Laplace transform to (4.2.109) gives

sZ(s) — 2o + aexp(—7s) Z(s) = f(s).
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Or,

_ zo + f(s)
{s+aexp(—7s)}

= o+ F) 142 exp(-rs)]

Z(s) (4.2.110)

1 a

= {0+ f(s)} Y (1" (—)nexp(—nTs). (4.2.111)

s
The inverse Laplace transform gives the formal solution

a

r(t)y=2"1 l%{xo + f(s)} Z(fl)" (g)n exp(m's)] . (4.2.112)
n=0

In order to write an explicit solution, we choose 2o =0 and f(t)=t, and
hence, (4.2.112) becomes

z(t)y =21 ls% i(fl)" (%)nexp(nrs)]
n=0

n+2

_ i(il)nan (t — nT)

n=0

Example 4.2.17

(The Renewal Equation in Statistics). The random function X (¢) of time ¢
represents the number of times some event has occurred between time 0 and
time ¢, and is usually referred to as a counting process. A random variable
X, that records the time it assumes for X to get the value n from the n —1
is referred to as an inter-arrival time. If the random variables X1, X5, X3, ...
are independent and identically distributed, then the counting process X (¢) is
called a renewal process. We represent their common probability distribution
function by F(t) and the density function by f(¢) so that F’(t) = f(¢). The
renewal function is defined by the expected number of times the event being
counted occurs by time ¢ and is denoted by 7(¢) so that

r(t)zE{X(t)}z/E{X(t)|X1 =z} f(x)dz, (4.2.114)
0
where F{X(t)|X; =z} is the conditional expected value of X (¢) under the

condition that X; =z and has the value

E{X(t)|Xy=a}=[1+r(t—a) H(t— ). (4.2.115)
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Thus,
r@t)= [ {1+r(t—2)}f(x)dx.
/
Or,

r(t) = F(t) + /r@ ~ 2) f(z)da. (4.2.116)

This is called the renewal equation in mathematical statistics. We solve the
equation by taking the Laplace transform with respect to ¢, and the Laplace
transformed equation is

7(s)=F(s) +7(s) f(s).
Or, _
__F()
1—f(s)

The inverse transform gives the formal solution of the renewal function

7(s) (4.2.117)

rit)y=%¢"" {%} (4.2.118)

|
4.3 Partial Differential Equations, Initial
and Boundary Value Problems

The Laplace transform method is very useful in solving a variety of partial
differential equations with assigned initial and boundary conditions. The fol-
lowing examples illustrate the use of the Laplace transform method.

Example 4.3.1
(First-Order Initial-Boundary Value Problem). Solve the equation

U + TUy =, x>0, t>0, (4.3.1)

with the initial and boundary conditions

u(z,0) =0 for x>0, (4.3.2)
u(0,t) =0 for t>0.
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We apply the Laplace transform of w(x,t) with respect to ¢ to obtain

N du = B B
su(x,s)Jr:z:%fg, (0, s)=0.

Using the integrating factor z°, the solution of this transformed equation is

T
s(s+1)’

w(x,s)=Axz"°+

where A is a constant of integration. Since @(0,s) =0, A=0 for a bounded
solution. Consequently,

ﬂ(x,s)‘S(Sle)x<§Sil>.

The inverse Laplace transform gives the solution

u(z,t)=z(1 —e™"). (4.3.4)

Example 4.3.2
Find the solution of the equation
T U+ Uy =1, x>0, t>0 (4.3.5)

with the same initial and boundary conditions (4.3.2) and (4.3.3).
Application of the Laplace transform with respect to ¢ to (4.3.5) with the
initial conditon gives
U _ oz
ar +rsu= 3

1
Using the integrating factor exp (5 xzs) gives the solution
_ 1 L o »
u(z,s)= = + Aexp (—55:10 ) )

1
where A is an integrating constant. Since @(0,s) =0, A= —— and hence, the
s

solution is
_ 1 L o
a(x,s) = 2 1—exp s |- (4.3.6)

Finally, we obtain the solution by inversion

u(z,t) =t — (t — %x“’) H <t - ?) : (4.3.7)
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Or, equivalently,

t, 2t<az?

u(z,t) = . (4.3.8)
%xQ, 2t > 22

Example 4.3.3
(The Heat Conduction Equation in a Semi-Infinite Medium). Solve the equa-
tion

Ut = KUge, x>0, t>0 (4.3.9)

with the initial and boundary conditions

u(z,0) = 0, x>0 (4.3.10)
u(0,t) = f(t), t>0 (4.3.11)
u(z,t) — 0 as x—oo, t>0. (4.3.12)

Application of the Laplace transform with respect to ¢ to (4.3.9) gives
i=0. (4.3.13)
The general solution of this equation is

(z,s) = Aexp <x\/§) + Bexp (a:\/g) . (4.3.14)

where A and B are integrating constants. For a bounded solution, B =0, and
using @(0, s) = f(s), we obtain the solution

a(z, s) = F(s) exp (:p f) . (4.3.15)

The inversion theorem gives the solution

22
t) —3/2 — | d 4.3.1
u(z,t) =3 _m.;/f exp( 4m_> T, (4.3.16)
which is, by putting A = z , or, d\= -t 7324

2\/KT 4v/K ’

—\2
IHEHE

(4.3.17)
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This is the formal solution of the problem.
In particular, if f(t) =Ty = constant, solution (4.3.17) becomes

2T

u(z, t) = ﬁl (4.3.18)

e N\ =T erfc (L)
T\ avk )

Clearly, the temperature distribution tends asymptotically to the constant
value Ty as t — oo.

We consider another physical problem that is concerned with the determi-
nation of the temperature distribution in a semi-infinite solid when the rate
of flow of heat is prescribed at the end x =0. Thus, the problem is to solve
diffusion equation (4.3.9) subject to conditions (4.3.10) and (4.3.12)

ou
—k <6$> —g(t) atz=0, t>0, (4.3.19)

where k is a constant that is called thermal conductivity.
Application of the Laplace transform gives the solution of the transformed

problem
g(s) exp (—:v\/g) : (4.3.20)

The inverse Laplace transform yields the solution

1

a(xz,s) = %

w | X

t

(e, t) = %\/g/g(t— 77} exp (—f—;) dr, (4.3.21)

0

x

2/KT’

kf / < 4m2>““2d* (4.3.22)

In particular, if g(¢t) =T, = constant, the solution becomes

Tow\ [ )
u<$’t):<ﬁf_r> / A Ze N d),

Vart

which is, by the change of variable A =

Integrating this result by parts gives the solution

2\/H 2 x
— exp (4—1%) —x erfc <2—\/§>

(4.3.23)

—_
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Alternatively, the heat conduction problem (4.3.9)-(4.3.12) can be solved
by using fractional derivatives (see Chapter 5 or Debnath, 1978). We recall

(4.3.15) and rewrite it
% = \/% a. (4.3.24)

In view of (3.9.21), this can be expressed in terms of fractional derivative of
1
order - as
2
ou 1

1 _ __L
p \/Ef {Vsu(z,s)} = NG

Thus, the heat flux is expressed in terms of the fractional derivative. In par-
ticular, when u(0,t) = constant = Tj, then the heat flux at the surface is

ou k 1 kTO
k(= = D27y = 4.3.2
<8w>m—0 £ ( 3 6)

oD u(, ). (4.3.25)

Example 4.3.4
(Diffusion Equation in a Finite Medium). Solve the diffusion equation

U= KUgy, 0<z<a, t>0, (4.3.27)

with the initial and boundary conditions

u(z,0) =0, O0<z<a, (4.3.28)
w(0,t) = U, t>0, (4.3.29)
ug(a,t) =0, t>0, (4.3.30)

where U is a constant.
We introduce the Laplace transform of u(z,t) with respect to ¢ to obtain

d*a

S _
T EUZO’ 0<z<a, (4.3.31)
U du
a0 =2 (4 . 4.3.32ab
U( 78) s’ (dx)xa ( ’ )

The general solution of (4.3.31) is

@(x, s) = Acosh (;c\/g) + Bsinh (;c\/g) , (4.3.33)
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where A and B are constants of integration. Using (4.3.32ab), we obtain the
values of A and B so that the solution (4.3.33) becomes

aws)=2 . o Ea <\7?\éﬂ . (4.3.34)

The inverse Laplace transform gives the solution

cosh(a — x)\/7
wa, t)=UL 11— V4 (4.3.35)
s cosh (a \/g)
K
The inversion can be carried out by the Cauchy Residue Theorem to obtain
4 (-1)n (2n—1)(a—x)7
14 =
+7rZ2n—1COS{ 2a

. Xexp{—(2n—1)2 (21)2,‘$t}:| . (4.3.36)

a

I lw

u(z,t) =U

which is, by expanding the cosine term,

4 & 1 2n —1
=U|1-— i
777; 2n—1) Sm{( 24 )”}
N2
X exp {—(2n —1)2 (—) Iit}:| . (4.3.37)
2a
This result can be obtained by the method of separation of variables. I

Example 4.3.5

(Diffusion in a Finite Medium). Solve the one-dimensional diffusion equation
in a finite medium 0 < z < a, where the concentration function C(z,t) satisfies
the equation

Ci=rkC,,, 0<z<a, t>0, (4.3.38)

and the initial and boundary data

C(z,00=0 for0<z<a, (4.3.39)
C(z,t)=Cy for z=a, t>0, (4.3.40)
g—g =0 forz=0, t>0, (4.3.41)
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where Cj is a constant.
Application of the Laplace transform of C(z,t) with respect to ¢ gives

%—(%) C=0, 0<z<a,

_ dC
C(a,s):%, (d—f) =0.
z=0

The solution of this system is

Cl(z,8)= M (4.3.42)

which is, by writing a \/>
s (eaa +e aa)
Co = "
= — lexp{~a(a—2)} +exp{~ala+2)}] > (=) exp(—2naa)
n=0

S
n=0

= G {Z(—l)” exp[—af{(2n+ 1)a — z}]

+Z " exp|—af(2n + 1)a+z}]}. (4.3.43)

Using the result (3.7.4), we obtain the final solution

C(z,t) = Co {i(l)" {erfc { %}

=0 . erfc{@n;#” } L (4.3.44)

This solution represents as infinite series of complementary error functions.
The successive terms of this series are in fact the concentrations at depths
a—z,a+2,3a— z,3a+ z, ... in the medium. The series converges rapidly for

t
all except large values of <H—2) I
a

Example 4.3.6
(The Wave Equation for the Transverse Vibration of a Semi-Infinite String).
Find the displacement of a semi-infinite string which is initially at rest in its
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equilibrium position. At time ¢ =0, the end x =0 is constrained to move so
that the displacement is w(0,t) = Af(t) for t >0, where A is a constant. The
problem is to solve the one-dimensional wave equation

Ut = CUpy, 0<z <00, t>0, (4.3.45)

with the boundary and initial conditions

u(z,t) =Af(t) at =0, t>0, (4.3.46)
u(z,t) —0 as x —oo, t>0, (4.3.47)
u(e)=0="%0  att=0  for0<w<os.  (4348ab)

Application of the Laplace transform of u(x,t) with respect to ¢ gives

d27 2
—Z—S—Qﬁ:O, for 0 <z < o0,
2 ¢
a(z,s) = Af(s) at =0,
a(z,s)—0 as T — o0.

The solution of this differential system is
— s
w(x,s)=Af(s)exp (——) . (4.3.49)
c

Inversion gives the solution

u(z,t) = Af (t - %) H (t - %) . (4.3.50)
In other words, the solution is
Af (t -2), 2
u(z,t) = ¢ Sl (4.3.51)
0, t< =

This solution represents a wave propagating at a velocity ¢ with the charac-
teristic z = ct. I

Example 4.3.7

(Potential and Current in an Electric Transmission Line). We consider a
transmission line which is a model of co-axial cable containing resistance R,
inductance L, capacitance C, and leakage conductance G. The current I(z,t)
and potential V(z,t) at a point z and time ¢ in the line satisfy the coupled
equations
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ol ov

2% ol
Cor+GV =—o (4.3.53)

If I or V is eliminated from these equations, both I and V satisfy the same
equation in the form

1

— Ut — Ugg + aup +bu=0 (4.3.54)
c

where ¢? = (LC)~!,a= LG + RC, and b= RG. Equation (4.3.54) is called the
telegraph equation.
Or, equivalently, the telegraph equation can be written in the form

U = Ugy — (P+q) u — Pqu (4.3.55)

where ac2:g+%:p+q and bc? = pq.

For a lossless transmission line, R =0 and G =0, I or V satisfies the classical

wave equation
Ut = Uy (4.3.56)

The solution of this equation with the initial and boundary data is obtained
from Example 4.3.6 using the boundary conditions in the potential V (z, t):
(i) V(x,t)=Vof(¥) at =0, t>0. (4.3.57)

This corresponds to a signal at the end x =0 for t>0, and V(x,t) -0 as
x — oo for t > 0.

A special case when f(t)=H(t) is also of interest. The solution for this
special case is given by

V(z,t)=Vof (t - %) H (t - %) . (4.3.58)

This represents a wave propagating at a speed ¢ with the characteristic x = ct.
Similarly, the solution associated with the boundary data

(il) V(x,t) = Vpcoswt at x=0for t>0 (4.3.59)
V(z,t) —0 as x—oo for t>0 (4.3.60)

can readily be obtained from Example 4.3.6.
For ideal submarine cable (or the Kelvin ideal cable), L=0 and G=0 e-
quation (4.3.54) reduces to the classical diffusion equation

Ut = K Ugg, (4.3.61)
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where kK =a"1 = (RC)~ L.
The method of solution is similar to that discussed in Example 4.3.3. Using
the boundary data (i), the solution for the potential V(z,t) is given by

V(a,t) =V erfe (2\%) . (4.3.62)

The current field is given by

__L (VN Vo1 (2
I(z,t)= 7 <8x) =5 (mkt) exp |~ ). (4.3.63)

For very large =, the asymptotic representation of the complementary error
function is

erfe(x) ~ exp(—2?), x— 0. (4.3.64)

1
/T

In view of this asymptotic representation, solution (4.3.62) becomes

V(z,t)~ 20 <“—t) v exp < v ) . (4.3.65)

x \7 st

For any t > 0, no matter how small, solution (4.3.62) reveals that V(x,t) >0
for all >0, even though V(z,t) — 0 as  — oo Thus, the signal applied at
t =0 propagates with the infinite speed although its amplitude is very small for
large x. Physically, the infinite speed is unrealistic and is essentially caused by
the neglect of the first term in equation (4.3.54). In a real cable, the presence
of some inductance would set a limit to the speed of propagation.

Instead of the Kelvin cable, a non-inductive leady cable (L =0 and G #0)
is of interest. The equation for this case is obtained from (4.3.54) in the form

Vez —aVe —0V =0, (4.3.66)
with zero initial conditions, and with the boundary data
V(0,t)=H(t) and V(x,t) — 0 as z — oo. (4.3.67ab)
The Laplace transformed problem is

d?V —

V(0,s)= 3 V(x,s) =0 asx— oc. (4.3.69ab)
Thus, the solution is given by
— 1
V(w, s) =~ expl—a(sa + b)Y/ (4.3.70)
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With the aid of a standard table of the inverse Laplace transform, the
solution is given by

1 [bt 1 bt
Vi(z,t)= B} eV erfe (g\/ng E) + 56796 berfc (g\/g E) .

(4.3.71)
When G =0 (b=0), the solution becomes identical with (4.3.62).
For the Heaviside distortionless cable, — = g = k = constant, the potential
V(z,t) and the current I(x,t) satisfies the same equation
g + 2kuy + kK2u=ugy, 0<z <00, t>0. (4.3.72)

We solve this equation with the initial data (4.3.48ab) and the boundary
condition (4.3.57). Application of the Laplace transform with respect to ¢ to
(4.3.72) gives

PV (s+k\ =
— = . 4.3.
72 ( . ) 14 (4.3.73)
The solution for V(z, s) with the transformed boundary condition (4.3.56) is
— - s+ k
V(z,s)=Vof(s)exp |— x| . (4.3.74)
c
This can easily be inverted to obtain the final solution
kx x x
Viwt)=Voexp (—= ) f (t - E) H (t - Z) . (4.3.75)

This solution represents the signal that propagates with velocity ¢ = (LC)_l/ 2
with exponentially decaying amplitude, but with no distortion. Thus, the sig-
nals can propagate along the Heaviside distortionless line over long distances
if appropriate boosters are placed at regular intervals in order to increase the
strength of the signal so as to counteract the effects of attenuation. I

Example 4.3.8
Find the bounded solution of the axisymmetric heat conduction equation

1
U =K (uTT—i— —ur) , 0<r<a, t>0, (4.3.76)
T
with the initial and boundary data
u(r,0) = for 0<r<a, (4.3.77)
u(r,t) = f(t) at r=a for t >0, (4.3.78)

where k and Ty are constants.
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Application of the Laplace transform to (4.3.76) gives

d2u 1 d_’ﬁ _ iﬁ =0
dr2  rdr k
Or,
d*u  du s
2 2 o
e <E>u70. (4.3.79)

This is the standard Bessel equation with the solution

a(r,s) = Aly (r\/g) + BK)y (r\/g) , (4.3.80)

where A and B are constants of integration and Iy(xz) and Ko(z) are the
modified Bessel functions of zero order.
Since Ky(ar) is unbounded at r =0, for the bounded solution B =0, and

hence, the solution is
s
u(r,s)=Alg(kr), k=,/—-.
K

In view of the transformed boundary condition #(a, s) = f(s), we obtain

o(kr)
Io(ka)

~

a(r,s) = f(s) = f()3(s), (4.3.81)

where g(s) =

By Convolution Theorem 3.5.1, the solution takes the form

t
u(r,t) = / ft—=m7)g(r)dr, (4.3.82)
0
where
c+ioco
1 Iy(k
g(t)= 3 est %ds. (4.3.83)

This complex integral can be evaluated by the theory of residues where the
poles of the integrand are at the points s =s, = —ka2, n=1,2,3,... and a,
are the roots of Jo(aa) =0. The residue at pole s =s, is

<2mn) Io(iram)

a I (iaaw,)

exp(—rta?),

exp(—rta?) = <2mn) Jo(ram)

a Ji(aay,)
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so that

2K anJo rozn 9
t —Kt .
( ) Jl o) exp(—kta;)

Thus, solution (4.3.82) becomes

2 n n
= <_H> anJo(ram) /f 7)exp(—k T a2)dr, (4.3.84)
a

J1 ac,)

where the summation is taken over the positive roots of Jy(aa) =0.
In particular, if f(¢) =To, then the solution (4.3.84) reduces to

n=1

:TO

2 = Jo(rayn) _ ‘o2
1—-— — et | 4.3.85
a ; anJl(aozn)e ( )

Example 4.3.9
(Inhomogeneous Partial Differential Equation). We solve the inhomogeneous
problem

Upr = —wsinwt, >0 (4.3.86)

u(z,0)=2, w(0,t)=0. (4.3.87ab)
Application of the Laplace transform with respect to ¢ gives
du S
dr 82 tw?’
which admits the general solution
s
where A is a constant. Since @(0,s) =0, A=0 and hence, the solution is ob-
tained by inversion as

a(xz,s) = + A,

u(z,t) =z coswt. (4.3.88)
[

Example 4.3.10
(Inhomogeneous Wave Equation). Find the solution of

1
—Utt — Uy = ksin (E> , O<z<a,t>0, (4.3.89)
c a
u(z,0) = 0=wu(x,0), 0<z<a, (4.3.90)
u(0,t) = 0=u(a,t), t>0, (4.3.91)
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where ¢, k, and a are constants.
Application of the Laplace transforms gives

d*u  s*_ k . (mx
@ — C—QU/ = —g S (;) 5 (4392)
u(0,s) = 0=1u(a, s). (4.3.93)
The general solution of equation (4.3.92) is
s s k sin (E)
a(z, s) = Aexp (-) + Bexp (7_) + as (4.3.94)
c

c w2\’
a?s | s2 + 3
a

In view of (4.3.93), A= B =0, and hence, the solution (4.3.94) becomes

_ ko
u(z,s)= —3g2 Sin (—) - (4.3.95)

which, by inversion, gives the solution,

e (1o () (), )

u(z,t) =

Example 4.3.11
(The Stokes Problem and the Rayleigh Problem in Fluid Dynamics). Solve the
Stokes problem, which is concerned with the unsteady boundary layer flows
induced in a semi-infinite viscous fluid bounded by an infinite horizontal disk
at z =0 due to non-torsional oscillations of the disk in its own plane with a
given frequency w.

We solve the boundary layer equation in fluid dynamics

U =VUyy, 2>0, t>0, (4.3.97)

with the boundary and initial conditions

u(z,t) = Uy e™* on z=0,t>0, (4.3.98)
u(z,t)—0 as z— 00, t >0, (4.3.99)
u(z,t) —0 at t <0 for all z> 0, (4.3.100)

where u(z,t) is the velocity of fluid of kinematic viscosity v and Up is a
constant.
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The Laplace transform solution of the problem with the transformed bound-

ary conditions is
u(z,8) = (‘9(_]70“0) exp <z\/§) . (4.3.101)

Using a standard table of inverse Laplace transforms, we obtain the solution

u(z,t) = % e“texp(—\z) erfe(¢ — Viwt)
+ exp(Az) erfe(¢ 4 Viwt)], (4.3.102)

where ¢ = z/(2V/vt) is called the similarity variable of the viscous boundary
layer theory and A= (iw/v)2. The result (4.3.101) describes the unsteady
boundary layer flow.

In view of the asymptotic formula for the complementary error function

erfe(¢ FViwt) ~(2,0) as t— oo, (4.3.103)

the above solution for u(z,t) has the asymptotic representation
u(z,t) ~ Uy exp(iwt — X\z) = U exp [iwt - (21) : (1+ z)z] . (4.3.104)
v

This is called the Stokes steady-state solution. This represents the propaga-
tion of shear waves which spread out from the oscillating disk with velocity
(w/k) =+2vw and exponentially decaying amplitude. The boundary layer as-
sociated with the solution has thickness of the order y/v/w in which the shear
oscillations imposed by the disk decay exponentially with distance z from the
disk. This boundary layer is called the Stokes layer. In other words, the thick-
ness of the Stokes layer is equal to the depth of penetration of vorticity which
is essentially confined to the immediate vicinity of the disk for high frequency
w.

The Stokes problem with w =0 becomes the Rayleigh problem. In other
words, the motion is generated in the fluid from rest by moving the disk
impulsively in its own plane with constant velocity Up. In this case, the Laplace
transformed solution is

14

(2, 5) = % exp (—z f) . (4.3.105)

Hence, the inversion gives the Rayleigh solution

w(z,t) = Uy erfe < ) . (4.3.106)

z
2v/vt
This describes the growth of a boundary layer adjacent to the disk. The as-
sociated boundary layer is called the Rayleigh layer of thickness of the order
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0 ~+/vt, which grows with increasing time. The rate of growth is of the order
dé/dt ~ /v /t, which diminishes with increasing time.
The vorticity of the unsteady flow is given by

ou_ Uy
0z Vvt

which decays exponentially to zero as z >> 4.

Note that the vorticity is everywhere zero at ¢ =0. This implies that it is
generated at the disk and diffuses outward within the Rayleigh layer. The
total viscous diffusion time is Ty ~ (62/v).

Another physical quantity related to the Stokes and Rayleigh problems is
the skin friction on the disk defined by

exp(—¢?), (4.3.107)

)
To=p (a_Z) : (4.3.108)
z=0

where p=vp is the dynamic viscosity and p is the density of the fluid. The
skin friction can readily be calculated from the flow field given by (4.3.104)
or (4.3.106). [

4.4 Solutions of Integral Equations

DEFINITION 4.4.1 An equation in which the unknown function occurs
under an integral is called an integral equation.
An equation of the form

b

F&)=h(t) + X / k(t, ) f(r) dr, (4.4.1)

a

in which f is the unknown function, h(t), k(t,7); and the limits of integration
a and b are known; and X is a constant, is called the linear integral equation of
the second kind or the linear Volterra integral equation. The function k(t,T) is
called the kernel of the equation. Such an equation is said to be homogeneous or
inhomogeneous according to h(t) =0 or h(t) #0. If the kernel of the equation
has the form k(t,7)=g(t — 7), the equation is referred to as the convolution
integral equation.

In this section, we show how the Laplace transform method can be applied

successfully to solve the convolution integral equations. This method is simple
and straightforward, and can be illustrated by examples.
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To solve the convolution integral equation of the form

f@®)=h(t)+X / gt —7)f(r)dr, (4.4.2)
0

we take the Laplace transform of this equation to obtain
t
fl)=h(s)+ A2 { [gt-nfrart.
0

which is, by the Convolution Theorem,

f(s)=h(s) + A f(s)g(s).
Or, ~
- h(s)
=56
Inversion gives the formal solution
_ h(s)
=L "1 ———". 4.4.4
=27 {0 4
In many simple cases, the right-hand side can be inverted by using partial
fractions or the theory of residues. Hence, the solution can readily be found.

(4.4.3)

Example 4.4.1
Solve the integral equation

t
fO)=a+ X / f(r)dr. (4.4.5)
0
We take the Laplace transform of (4.4.5) to find
= a
f(S) - s — )\7
whence, by inversion, it follows that
f(t) =aexp(\t). (4.4.6)
I
Example 4.4.2
Solve the integro-differential equation
t
f@) *aSlnt+2/f’ sin(t —7)dr, f(0)=0. (4.4.7)
0
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Taking the Laplace transform, we obtain
_ a .

Or,

; a {sf(s) - f(0)}
= 2 .
1(s) s2+1 + s2+1
Hence, by the initial condition,

- a
f(S) - (S o 1)2
Inversion yields the solution
f(t) =atexp(t). (4.4.8)
I
Example 4.4.3
Solve the integral equation
t
f)=at" —e "~ c/ f(r) et =) dr. (4.4.9)
0
Taking the Laplace transform, we obtain
. an! 1 . c
Jl) = = = = o) =

so that we have

- (59 8-
~an! (ao)n! 1[s+bcb]

Sn+1 - Sn+2 -

s s+0b
_an! (ac)n'_l_’_c—i—b[l_ 1 ]
sntl snt2 s b |s s+b
_ “”',M,l+(1+f)l,(1 ) 2
sntl snt2 s b/ s b/ s+b
an! ac)n! ¢ c 1
:3”+1_(5"12 +E_(1+5>s+b
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4.5 Solutions of Boundary Value Problems

The Laplace transform technique is also very useful in finding solutions of
certain simple boundary value problems that arise in many areas of applied
mathematics and engineering sciences. We illustrate the method by solving
boundary value problems in the theory of deflection of elastic beams.

A horizontal beam experiences a vertical deflection due to the combined
effect of its own weight and the applied load on the beam. We consider a
beam of length ¢ and its equilibrium position is taken along the horizontal
z-axis.

Example 4.5.1

(Deflection of Beams). The differential equation for the vertical deflection y(x)
of a uniform beam under the action of a transverse load W (z) per unit length
at a distance z from the origin on the x-axis of the beam is

Eld4y—W() for 0<az<( (4.5.1)
e ), r x </, 5.

where E is Young’s modulus, I is the moment of inertia of the cross section
about an axis normal to the plane of bending and ET is called the flexural
rigidity of the beam.

Some physical quantities associated with the problem are y'(z), M (z) =
ElIy"(xz) and S(x) = M'(x) = ETy"" (), which respectively represent the slope,
bending moment, and shear at a point.

It is of interest to find the solution of (4.5.1) subject to a given loading func-

tion and simple boundary conditions involving the deflection, slope, bending
moment and shear. We consider the following cases:

(i) Concentrated load on a clamped beam of length ¢, that is,
W(z)=Wi(z — a),
y(0)=y'(0) =0 and y(£) = y'(£) =0,
where W is a constant and 0 <a < /.

(ii) Distributed load on a uniform beam of length ¢ clamped at =0 and
unsupported at z =/, that is,
W(x)=WH(x — a),
y(0)=y'(0)=0, and M (£)=S5(¢)=0.

(iii) A uniform semi-infinite beam freely hinged at x =0 resting horizontally
on an elastic foundation and carrying a load W per unit length.
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In order to solve the problem, we use the Laplace transform g(s) of y(z)
defined by

y(s) :/e_smy(x) dz. (4.5.2)
In view of this transformation, equation (4.5.1) becomes

BI[s'y(s) — s*y(0) — s°y'(0) — sy (0) — 4" (0)] =W (s). (4.5.3)

The solution of the transformed deflection function g(s) for case (i) is

B yll(o) y/I/(O) W e—as
= i—— . 4. .
y(s) 53 + 54 + EI % ( 54)
Inversion gives
(x)* //(0)&4} ///(O)x_3+l(x7a)3H(x—a) (455)
=8 Sy e T 6B ' -
/ " 1 2. 1 w 2
_ - — (p— —a). 4.5.
Y (@) =y"(0)x + 52%y"(0) + gz (z — )’ H(z —a) (4.5.6)

The conditions y(¢) =4'(¢) =0 require that

22 6w
" s " e /— 3 _
y'(0)5 +y"(0) % + oz (- a)’ =0,
2w
/" " . _ )2 =
y'(0)+y (O)2+—2EI(€ a)*=0.

These algebraic equations determine the value of y”(0) and y"(0). Solving
these equations, it turns out that

win . Wa(l— a)?

Thus, the final solution for case (i) is

W(l—a)?(l+ 2a)
EI¢3

and "' (0)=—

W [a(f —a)?z? £ —a)?(0 +2a)x? z—a)lH(x—a
_ W fatmast (- afle v | o aPHema) ;o

y(z)

It is now possible to calculate the bending moment and shear at any point of
the beam, and, in particular, at the ends.
The solution for case (ii) follows directly from (4.5.3) in the form

y//(o) y///(o) W e—as

7(s) = — . 4.5.8
) ="ttt (4.5.8)
The inverse transformation yields
1 1
y(z) = iy”(O):z:2 + 6y’”(0):173 + 2?;7 (x —a)*H(z — a), (4.5.9)
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where y”(0) and y"’(0) are to be determined from the remaining boundary
conditions M (¢) =S(¢) =0, that is, y"'(¢) =y"'(¢) =0.
From (4.5.9) with y”(¢) =y"'(¢) =0, it follows that

" " K _\2

/I/ W —
(0)+ z7(t—a) =0

which give

W —a)f+a)

" 77” .
Yol andy”’ (0) = ——=(¢ — a).

" o

Hence, the solution for y(x) for case (ii) is

w (€2 _a2)$2 3 E
12

91 s —(U—ag+—a'Hz—a)|. (4510)

y(z) =

The shear, S, and the bending moment, M, at the origin, can readily be
calculated from the solution.
The differential equation for case (iii) takes the form

4

d*y

where the second term on the left-hand side represents the effect of elastic
foundation and k is a positive constant.

k
Writing (E) =4w*, equation (4.5.11) becomes

d* w
(d 7 T 4w ) (:B):E, x>0. (4.5.12)
This has to be solved subject to the boundary conditions

y(0) =4 (0) =0, (45.13)
y(x)is finite asz — oo. (4.5.14)

Using the Laplace transform with respect to x to (4.5.12), we obtain

(s* + 4wh) g(s) = (g}) L + sy/(0) + 3" (0). (4.5.15)

In view of the Tauberian Theorem 3.8.2 (ii), that is,

lim sg(s) = lim y(x),

s—0 x—00
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it follows that g(s) must be of the form

w 1
J(s) = ——7——~ 4.5.1
= F T (4.5.16)
which gives
. w
lim y(z)= - (4.5.17)

We now write (4.5.16) as

w 1 |1 s3
Jy(s)=—— |- — ——]|. 4.5.18
y(s) BT 4w L st 4 4(.04} ( )

Using the standard table of inverse Laplace transforms, we obtain

ylx) = ?(1 — coswz cosh wr)

1 1
= % [1 = e YT coswr — 3 e’ coswx} . (4.5.19)
In view of (4.5.17), the final solution is
w 1
y(x) = = (1 ~5 e~“% cos w:v) . (4.5.20)

4.6 Evaluation of Definite Integrals

The Laplace transform can be employed to evaluate easily certain definite
integrals containing a parameter. Although the method of evaluation may not
be very rigorous, it is quite simple and straightforward. The method is essen-
tially based upon the permissibility of interchange of the order of integration,
that is,

b b
f/f(t,x) d:v:/ff(t,w)dx, (4.6.1)

and may be well described by considering some important integrals.

Example 4.6.1
Evaluate the integral

sintz
———dx. 4.6.2
/x(a2+x2) v (462)
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We take the Laplace transform of (4.6.2) with respect to ¢ and interchange
the order of integration, which is permissible due to uniform convergence, to
obtain

o
tsin tx dt
x( a2 + :102 /
0

dzx
(2 a2) @ + 57)

1 7 1 Y
= — T
52 _ g2 2 +22 2+ 52
0
1 (1 1\«
T s2—a2\a s/ 2

rf1 1
2s(s+a) 2\s s+a)’

Inversion gives the value of the given integral

Fl)=2(1—e ). (4.6.3)

2a

Example 4.6.2
Evaluate the integral

t
/ sin b, (4.6.4)
0

A procedure similar to the above integral with 2sin? tz =1 — cos(2tz) gives

- 1001 1 S 2OO dx
— o (2o Nge=2 | 2
1(s) 2/:52 (s 4x2+52) v 5/4:172+52
0

0
T d
Y 1[ 71yr° s
— |t LA
/y2+s2 2 [ Sl 252
0

according as s > or < 0. The inverse transform yields

®» | =

ft)= %t sgn t. (4.6.5)
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Example 4.6.3

Show that
x sin xt T
0
Suppose
/ T sin a:t
2 + a2

0

Taking the Laplace transform with respect to t gives

2% dx
I2+CL2 1172+$2)

dzr a? / 1 1 d
- - T
22+32 s2—q2 22+a2 22+ 52
0

a m 1
Sy . _T .
25( s+a> 2 (s+a)

Taking the inverse transform, we obtain

o)
0
00 oo
0
™

F(t) = ge*at.

4.7 Solutions of Difference and Differential-Difference E-
quations

Like differential equations, the difference and differential-difference equations
describe mechanical, electrical, and electronic systems of interest. These e-
quations also arise frequently in problems of economics and business, and
particularly in problems concerning interest, annuities, amortization, loan-
s, and mortgages. Thus, for the study of the above systems or problems, it
is often necessary to solve difference or differential-difference equations with
prescribed initial data. This section is essentially devoted to the solution of
simple difference and differential-difference equations by the Laplace transfor-
m technique.
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Suppose {u,}22, is a given sequence. We introduce the difference operators
A, A% A3 ... A" defined by

Aty = Upg1 — Uy, (4.7.1)
A%y, = A(Aur) = A(tpg1 — Up) = Uppo — 2Upp1 + Uy, (4.7.2)
ABUT = A2 (’UJT+1 — UT) =Up43 — 3 Upr42 + 3 Upr41 — Up. (473)

More generally,

A" = A" up gy —uy) = (fl)k (Z) Up g k- (4.7.4)
k=0

These expressions are usually called the first, second, third, and nth finite
differences respectively. Any equation expressing a relation between finite d-
ifferences is called a difference equation. The highest order finite difference
involved in the equation is referred to as its order. A difference equation
containing the derivatives of the unknown function is called the differential-
difference equation. Thus, the differential-difference equation has two distinct
orders—one is related to the highest order finite difference and the other is
associated with the highest order derivatives. Equations

Au, —u, =0, (4.7.5)
A2y, — 2Au, =0, (4.7.6)

are the examples of difference equations of the first and second order, respec-
tively. The most general linear nth order difference equation has the form

a0 A"y + a1 A"y a1 Auy 4 apuy = f(n), (4.7.7)

where ag, a1, ...,a, and f(n) are either constants or functions of non-negative
integer n. Like ordinary differential equations, (4.7.7) is called a homogeneous
or inhomogeneous according to f(n)=0 or #0.

The following equations

uw'(t) —u(t—1)=0, (4.7.8)

u'(t) —au(t — 1) = f(t), (4.7.9)
are the examples of the differential-difference equations, where f(t) is a given
function of ¢. The study of the above equation is facilitated by introducing
the function

Sp(t)=H(t—-n)—H({t—n-1), n<t<n+1, (4.7.10)

where n is a non-negative integer and H (¢) is the Heaviside unit step function.
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The Laplace transform of Sy, (t) is given by

Sn(s) = L{Su(t }/ “SHH({t—n) - H(t—n—1)}dt
0

= / e Stdt = %(1 —e%)e ™ =Sy(s)exp(—ns),  (4.7.11)

n

where So(s) is equal to 1(1 —e™*).
We next define the function u(t) by a series

u(t) = i Un Sn (t), (4.7.12)
n=0

where {u,}22, is a given sequence. It follows that u(t)=u, n n<t<n-+1
and represents a staircase function. Further

u(t+1) Zun (t+1)= iun[H(tJrlfn)fH(tfn)]

= Z UpSp—1(t) = Z U415 (¢). (4.7.13)
n=1 n=0
Similarly,
u(t +2) = Z Un 4250 (t (4.7.14)
More generally,
u(t + k) Z Un £ (L (4.7.15)

The Laplace transform of u(t) is given by

oo

ﬂ(s):Z{u(t)}:/ —sty, :Z /—sfs t) dt

A =
1—6 Zunexp —ns)

Thus,

_ 1 . _

u(s) = (1= e7*)¢(s) = So(s)¢ (), (4.7.16)
where ((s) represents the Dirichlet function defined by

s)= Zun exp(—ns). (4.7.17)
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We thus deduce B
u(t) =2 ~{So(s)¢(s)}-

In particular, if u,, =a™ is a geometric sequence, then

n=0

Thus, we obtain from (4.7.16) that

Z {a"} = So(s)((s) = So(s)

so that

7 {so(s) ¢ } —an,

ef—a
From the identity,

o0

Z(n +1)(ae™*)" = (1 —ae™*) 72,

n=0

it further follows that

Z{(n+1)a"}=S8o(s)(1 —ae ) ? = ———L.

Thus,
2s Q
Zﬁl {io(s)} = (n+ 1)@”
a

We deduce from (4.7.22) that

ae
n,_—ns __
7;:0 na'e = 7(1 T e

Hence,

L{na"} = So(s) ﬁ
Therefore, -

—1 CLSO(S)BS — na®

o (G =
THEOREM 4.7.1
If a(s) =.Z{u(t)}, then

L{u(t+ 1)} =e[a(s) —uoSo(s)],  uo=wu(0).
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(4.7.18)

(4.7.19)

(4.7.20)

(4.7.21)

(4.7.22)

(4.7.23)

(4.7.24)

(4.7.25)

(4.7.26)

(4.7.27)

(4.7.28)
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PROOF We have

L{ut+1)} = /Ooe—stu(t +1)dt=e® 76_”u(7) dr
0 1
=e° |u(s) — jeSTu(T) dT]
= / dr] = e*[u(s) — w0 So(s)]

This proves the theorem.
In view of this theorem, we derive
Llut+2)} = e[ L{ut + 1)} — u(1)So(s)]
= e**[u(s) — u(0)So(s)] — e*u1So(s)

= e*[u(s) — (uo +ure *)So(s)], u(l)=wuy. (4.7.29)
Similarly,
Llu(t+3)} =e**[u(s) — (ug +ure™* +uge )8y (s)]. (4.7.30)
More generally, if k is an integer,
k—1
Llu(t+ k)t = ek (u(s) — So(s) Z ure_rs> . (4.7.31)
r=0
i
Example 4.7.1
Solve the difference equation
Auy — uy, =0, (4.7.32)

with the initial condition ug=1.
We take the Laplace transform of the equation to obtain

Llunir}y — 2L} =0,

which is, by (4.7.28),
e[u(s) —upSo(s)] — 2u(s) =0.

Thus, ~
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Inversion with (4.7.21) gives the solution

Uy =2".

Example 4.7.2
Show that the solution of the difference equation

A%y, — 2Au, =0

is
u, =A+ B3",

1 1
where A = 5(3u0 —wuqp) and B= §(u1 — up).

The given equation is
Up+2 — 4’U,n+1 + 3Un =0.

Taking the Laplace transform, we obtain

235

(4.7.33)

(4.7.34)

(4.7.35)

e [a(s) — (uo +ure *)So(s)] — 4 e’[a(s) — upSo(s)] + 3u(s) =0

or,

(€2 — e + 3)u(s) = [uo (e — 4e%) + ure*]Sy(s).

Hence,

up(e?® — 4e®) + ules}

ﬂ(S) = SO(S) |: (65 _ 1)(65 — 3)

(Bup —ur)e®  (ug — uo)es}

- 5‘0(5){ 2(e* — 1) 2(e" — 3)

The inverse Laplace transform combined with (4.7.21) gives

u, =A+ B3™.

Example 4.7.3
Solve the difference equation

Up42 — 2AUp41 + A, = 0,

with ug=0 and u; =1.
The Laplace transformed equation is

e*[u(s) — e * Sy(s)] — 2 u(s)e* + A?au(s)
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e So(s)
a(s)= CESNER

The inverse transform gives the solution

1
unzxn/\":n/\"_l.

Example 4.7.4
Solve the differential-difference equation

u(t)=u(t—1), u0)=1.
Application of the Laplace transform gives
sti(s) — u(0) = e~*[a(s) — u(0)So(s)],

or,

Or,

In view of the result

71 {e_as } Gl P

S’I’L

we obtain the solution

t—2 t—3)2 t—mn)n—t
( T ! 2!) +"'+((n)1)! ’

u(t)=14+

Example 4.7.5
Solve the differential-difference equation

w'(t)—ault—1)=08, u(0)=0.
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Application of the Laplace transform yields

si(s) —u(0) — ae *[u(s) — u(0)So(s)] = g
Or,
N 16} B a _ N1
1) = e =2 (1 5)
1 ae™® a?e? ot e "
ﬂL—2+—S3 gt }

Inverting with the help of (4.7.39), we obtain the solution

alt — 2 __9\3 a™ 7nn+1
u(t)ﬁ[H (;(3)1) +O‘2(tr(42)) +...+%},t>n. (4.7.42)

[

4.8 Applications of the Joint Laplace and Fourier Trans-
form

Example 4.8.1
(The Inhomogeneous Cauchy Problem for the Wave Equation). Use the joint
Fourier and Laplace transform method to solve the Cauchy problem for the
wave equation as stated in Example 2.12.4. with an inhomogeneous term,
q(z, ).

We define the joint Fourier and Laplace transform of u(z,t) by

) 1 o - 00
U(k,s):E / e~ ike da:/efStu(x,t) dt. (4.8.1)
—o0 0

The transformed inhomogeneous Cauchy problem has the solution in the form

Ok, ) = sF(k) (—l;QGJflcc)Q;)C)(k, s) 7

(4.8.2)

where Q(k, s) is the joint transform of the inhomogeneous term, g(z, t) present
on the right side of the wave equation.
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The joint inverse transform gives the solution as

o) = 7k et {sF(k) £+ @(/as)} ”

- / {F(k)coscktJr G k) Sinckt} e dk
V2T ck

¢
+i/ sinck(t — 1) Q(k,7)dr
ck Jo

(eickt + efickt)eikac dk

) ezckt _ 67wkt)€lkz dk

+ —
227 ick
I QWk,T) T ick(i— —ick(t—7)] i
- d ) ick(t—T) ick(t—T) lkxdk
+~/27?2c/0 T/,Oo ik [e te ]6
) x+ct
= L=ty + fla+et)] + ——o /G(k)dk/ e ¢
= 2 X C T C \/_2 (&
xr—ct

z+c(t—T) )
/dr/ —ri)dk/ etk dg¢
2C —c(t—T7)

x+ct

[f(x—ct>+f<w+ct>1+§ / o(6) de

z+c(t— 'r)
dT / ' Pyt (48.3)

c(t—7)

1
2

This is identical with the d’Alembert solution (2.12.41) when g(z,t)=0. [

Example 4.8.2

(Dispersive Long Water Waves in a Rotating Ocean). We use the joint Laplace
and Fourier transform to solve the linearized horizontal equations of motion
and the continuity equation in a rotating inviscid ocean. These equations in
a rotating coordinate system (see Proudman, 1953; Debnath and Kulchar,
1972) are given by

ou 1
E‘i’kau *—Vp+ ph (4.8.4)
134
‘u=——— 4.8.
V-u h ot (4.8.5)
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where u= (u,v) is the horizontal velocity field, k is the unit vector normal
to the horizontal plane, f=2Qsin¢ is the constant Coriolis parameter, p
is the constant density of water, {(x,t) is the vertical free surface elevation,
7= (7%, 7Y) represents the components of wind stress in the z and y directions,
and the pressure is given by the hydrostatic equation

p=po+ gp(¢ — 2), (4.8.6)

where z is the depth of water below the mean free surface and g is the accel-
eration due to gravity.
Equation (4.8.4)-(4.8.5) combined with (4.8.6) reduce to the form

3u aC

o~ fv=—g5 + (4.8.7)
8'1) 8{

ou 81)7 18{

b 48.
oz "oy~ hot (4.8.9)
It follows from (4.8.7)—(4.8.8) that
0? 0 1 [or*
_ 9 L v 8.1
Du g(&x@t—i_f@y)g—i_ph(at +f7), (4.8.10)
0? 0 1 [orY
__ _ 9 _ e 8.11
by g(ayat f@x)<+ph<8t fT)’ (48.11)
where the differential operator D is
82
8.1
D= (8t2+f) (4.8.12)
Elimination of v and v from (4.8.9)—(4.8.11) gives
1
<V2 - —2D) ¢ =E(z,y,t), (4.8.13)
c

where ¢? = gh and V? is the horizontal Laplacian, and E(z,y,t) is a known
forcing function given by

1 [8%7%  9%rv ory  or”
Bl@.y.t) =25 [8:17815 T ayar (3—x "oy )] : (4.8.14)

Further, we assume that the conditions are uniform in the y direction and
the wind stress acts only in the x direction so that 7% and E are given functions
of z and ¢ only. Consequently, equation (4.8.13) becomes

2 1[0 1 (o
{@_ <8t2+f)]gt <8x8t)
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Integrating this equation with respect to ¢ gives

0? 1 /02 9 1 [or*
- _ = =— ([ —). 4.8.1
[8:102 c? <6t2 +f )} ¢ pc? <6$ ) (48.15)
Similarly, the velocity u(x,t) satisfies the equation
0? 1 0? 1 or*
-z ()= (G- (1.8.16)

If the right-hand side of equations (4.8.15) and (4.8.16) is zero, these equa-
tions are known as the Klein-Gordon equations, which have received extensive
attention in quantum mechanics and in applied mathematics.

Equation (4.8.15) is to be solved subject to the following boundary and
initial conditions

[¢| is bounded as |z|— oo, (4.8.17)
C(xz,t) =0 at t=0 for all real z. (4.8.18)

Before we solve the initial value problem, we seek a plane wave solution of
the homogeneous equation (4.8.15) in the form

C(z,t) = Aexp{i(wt — kx)}, (4.8.19)

where A is a constant amplitude, w is the frequency, and k is the wavenumber.
Such a solution exists provided the dispersion relation

w?=c?k? + f? (4.8.20)

is satisfied. Thus, the phase and the group velocities of waves are given by

2\ 3 2
f) G (4.8.21ab)

_Y (2 w__ r
Cp_k (C + k2 ok (02k2+f2)%.

Thus, the waves are dispersive in a rotating ocean (f #0). However, in a non-
rotating ocean (f=0) all waves would propagate with constant Velocity c,
and they are non-dispersive shallow water waves. Further, C,C, = ¢? whence
it follows that the phase velocity has a minimum of ¢ and the group velocity
a maximum. The short waves will be observed first at a given point, even
though they have the smallest phase velocity.

Application of the joint Laplace and Fourier transform to (4.8.15) together
with (4.8.17)—(4.8.18) give the transformed solution

Clk,s) = —% Flh,s),  a®=(k>+ f2), (4.8.22)
where
Flz,t) = [)17 <%; ) H(t). (4.8.23)
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The inverse transforms combined with the Convolution Theorem of the Laplace
transform lead to the formal solution

7 F2\ "2
C(x,t)=— \1/426_71_ (k2 + —2) e dk / f(k )sinardr. (4.8.24)

In general, this integral cannot be evaluated unless f(z,t) is prescribed. Even
if some particular form of f is given, an exact evaluation of (4.8.24) is almost
a formidable task. Hence, it is necessary to resort to asymptotic methods (see
Debnath and Kulchar, 1972).

To investigate the solution, we choose a particular form of the wind stress

distribution
,7_1

pc

where A is a constant and w is the frequency of the applied disturbance. Thus,

— =A™ H(t)H(—x), (4.8.25)

;7 (%) =—Ae™ H(t)d(—x). (4.8.26)

In this case, solution (4.8.24) reduces to the form

t
Ac /ei“’(t_T)H(t — 7'}?_1 _smar dr
T
0

vk + L
/zw(t T)H(t—T)Jo{f( 7_2_1,2) }
0

x H (et — |x|) dr, (4.8.27)

=

w|i>

where Jy(2) is the zero-order Bessel function of the first kind.

When w =0, this solution is identical with that of Crease (1956) who ob-
tained the solution using the Green’s function method. In this case, the solu-
tion becomes

CZ%/H(t—T)Jo [f{#—i—j}é] HG—@) dr. (4.8.28)

In terms of non-dimensional parameters f7=c, ft =a, and % =1b, solution
(4.8.28) assumes the form

<,24f> /H“*O‘)JO (02 = ¥%)¥] H(a — b)) da. (4.8.29)
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Or, equivalently,
d

<Z_JZ> C:/JO (02 ~1)2] dar (4.8.30)

|6

where d = max(|b|,a). This is the basic solution of the problem.
In order to find the solution of (4.8.16), we first choose

1 (%) — AS(t)H (—), (4.8.31)

pc? \ Ot

so that the joint Laplace and Fourier transform of this result is AZ{H(—z)}.
Thus, the transformed solution of (4.8.16) is

Ac? 1

a(k,s) = TE{H({E)}W’ w? = (ck)? + f2 (4.8.32)

The inverse transforms combined with the Convolution Theorem lead to the

solution
00 9 %
ue.t) = 5 [ HE-94 f{t2— (=) }

x H (t - M) ¢, (4.8.33)

C

which is, by the change of variable (x — &) f = ca, with a= ft and b= (fz/c),
A T
= % / Jo [(a2 - oﬁ)%} H(a - |a|) da. (4.8.34)
b

For the case b> 0, solution (4.8.34) becomes

a

A02 2 o\ 1
(e, t) = %Hm—b)/% {(@~a*)}) da. (4.8.35)
b
When b <0, the velocity field is
A 9 a b
_ AC 2 _ 21 _ _ 2 _ 2%
u(z,t) = oh /Jo{(a a”) } do— H(a |b|)/J0{(a a’) } do
~ 9 osina— - ) [ o {(a - a2)%} da (4.8.36)
2f ’
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which is, for a < [b],
u(z,t) = <2f) sina. (4.8.37)

Finally, it can be shown that the velocity transverse to the direction of
propagation is

( )/dﬁ/JO P-a? %}H(5—|a|)da- (4.8.38)

If >0, that is, « is outside the generating region, then

()= [ fa oo

which becomes, after some simplification,

l\)\»—t

} da,

a

b
_ (1_Cosa)_/da/Jo{(ﬁ2—a2)%} H(a—b). (4.8.39)

[0}

For b< 0, it is necessary to consider two cases: (i) a < |b| and (ii) a > |b]. In
the former case, (4.8.38) takes the form

( f) /dﬁ/JO 2_ 42 %} da = —2(1 — cosb). (4.8.40)

0
In the latter case, the final form of the solution is

1 a

(;ﬁ) —(1 —cosb) + /da/Jo 2 o2 %} dg. (4.8.41)

Finally, the steady-state solutions are obtained in the limit as t — co(b — 00)

Ac
¢ = S exp(— o),

2f
U = 2—? sin ft,
cos ft — exp(—b), b>0
v = Ag (=9) (4.8.42)
2f | cos ft +exp(—|b]) =2, b<0

Thus, the steady-state solutions are attained in a rotating ocean. This shows
a striking contrast with the corresponding solutions in the non-rotating ocean
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where an ever-increasing free surface elevation is found. The terms sin ft and
cos ft involved in the steady-state velocity field represent inertial oscillations
with frequency f. I

Example 4.8.3
(One-Dimensional Diffusion Equation on a Half Line). Solve the equation

Up = Klgg, 0<x<00, t>0, (4.8.43)

with the boundary data

u(z,t) = f(t) forz=0
>0 (4.8.44ab)
u(z,t) —0 asx — 0o
and the initial condition
u(z,t)=0 att=0 for 0<z<oo. (4.8.45)

We use the joint Fourier sine and Laplace transform defined by

o 2 o0 oo
Us(k,s)\/; /67“ dt/u(:z:,t) sin kz dz, (4.8.46)
0 0

so that the solution of the transformed problem is

U, (k,s)= \/g (nk)(sf_(ililﬁ). (4.8.47)

The inverse transform yields the solution

o) t
u(z, t) = (2'%) /ksmkxdk/f (t —7) exp(—r7k?) dr.
T
0

In particular, if f(t) =Tp = constant, then the solution becomes

2T, [ sink
u(x,t):TO/Slnk T (1 — e "k . (4.8.48)
0

Making use of the integral (2.15.11) gives the solution

u(z,t) = 2—:0 E ~ e (2%3”

=T erfe ( (4.8.49)

)
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This is identical with (2.15.12). [

Example 4.8.4
(The Bernoulli-Euler Equation on an Elastic Foundation). Solve the equation
o*u 0%u
EI a4+mu+mat =Wi(t)é(x), —co<z<oo, t>0, (4.8.50)

with the initial data
u(z,0)=0 and wu(x,0)=0. (4.8.51)

We use the joint Laplace and Fourier transform (4.8.1) to find the solution of
the transformed problem in the form

— w 1
Uk,s)= 4.8.52
( 75) 27T(s2+a2k:4+w2)’ ( )
where BT
a?==" and w?’= il
m m
The inverse Laplace transform gives
in at
Uk t) = —F_ <Smo‘ ) o= (a2k + w?)t. (4.8.53ab)
my\2m «Q

Then the inverse Fourier transform yields the formal solution

u(z, 1) / (Sm O‘t) dk. (4.8.54)
7Tm

Example 4.8.5
(The Cauchy-Poisson Wave Problem in Fluid Dynamics). We consider the
two-dimensional Cauchy-Poisson problem for an inviscid liquid of infinite
depth with a horizontal free surface. We assume that the liquid has con-
stant density p and negligible surface tension. Waves are generated on the
surface of water initially at rest for time ¢t <0 by the prescribed free surface
displacement at ¢t =0.

In terms of the velocity potential ¢(x, z,t) and the free surface elevation
n(x,t), the linearized surface wave motion in Cartesian coordinates (z,y, z) is
governed by the following equation and free surface and boundary conditions:

V2 =gy + .. =0, —00<2<0, —oo<z<oo,t>0, (4.8.55)
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zigzi%} onz=0,t>0, (4.8.56ab)
. —
¢.—0 asz— —o0. (4.8.57)

The initial conditions are
¢(x,0,0)=0 and n(z,0)=mne(x), (4.8.58)

where 7g(z) is a given function with compact support.
We introduce the Laplace transform with respect to ¢ and the Fourier trans-
form with respect to x defined by

o0

[g(k,z,s),ﬁ(k,s)]:\/% / e~k gy / e~ (¢, ] dt. (4.8.59)
— 00 0

The use of joint transform to the above system gives

gzz - k2g = 07 —oo< 2 S 0, (4860)

- olf) onz=0, (4.8.61ab)

s¢+g7=0
ZZ —0 asz— —o0. (4.8.62)

The bounded solution of (4.8.60) is
bk, s) = Aexp(|k|2) (4.8.63)

where A= A(s) is an arbitrary function of s, and 7jo (k) = # {no(z)}.
Substituting (4.8.63) into (4.8.61ab) and eliminating 7 from the resulting

equations gives A. Hence, the solutions for ¢ and 7 are

= - [ gioexp(lklz) s

.1 = 4.8.64ab
where the dispersion relation for deep water waves is
w? =glk|. (4.8.65)
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The inverse Laplace and Fourier transforms give the solutions

sin

gb(x,z,t):f\/% / w“’t exp(ika + |k|2) fio(k)dk  (4.8.66)

17 .
n(x,t) = Ner /ﬁo(k)coswtem dk

17 , ,
— 77]0<k.)[ez(kw—wt) +ez(kw+wt)] dk, (4867)
Vo /
0

in which 7jg(—k) =70 (k) is assumed.
Physically, the first and second integrals of (4.8.67) represent waves trav-
eling in the positive and negative directions of = respectively with phase ve-

locity (%) These integrals describe superposition of all such waves over the

wavenumber spectrum 0 < k < oo.
For the classical Cauchy-Poisson wave problem, n(xz) =ad(x) where ()
is the Dirac delta function so that 7jo(k) = (a/v/27). Thus, solution (4.8.67)

becomes
oo

n(x,t) = % / {ei(k””_“’t) + ei(kw‘“"t)} dk. (4.8.68)
0

The wave integrals (4.8.66) and (4.8.67) represent the exact solution for
the velocity potential ¢ and the free surface elevation 7 for all z and ¢ > 0.
However, they do not lend any physical interpretations. In general, the exact
evaluation of these integrals is almost a formidable task. So it is necessary to
resort to asymptotic methods. It would be sufficient for the determination of
the principal features of the wave motions to investigate (4.8.67) or (4.8.68)
asymptotically for large time ¢ and large distance x with (z/t) held fixed. The
asymptotic solution for this kind of problem is available in many standard
books (for example, see Debnath, 1994, p 85). We state the stationary phase
approximation of a typical wave integral, for t — oo,

b

n(z,t) = /f(k) explitW (k)] dk (4.8.69)
~ f(k1) [mrem [i{tW(kl) n %sgn W”(kl)H , (4.8.70)

kx
where W (k)= i w(k),z>0 and k=k; is a stationary point that sat-
isfies the equation

W’(kl):%fw’(kl):o, a<ky<b. (4.8.71)
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Application of (4.8.70) to (4.8.67) shows that only the first integral in
(4.8.67) has a stationary point for x >0. Hence, the stationary phase ap-
proximation gives the asymptotic solution, as t — oo,z > 0,

2

n@ﬁ~[ k) expli{ (kaz — twkn)}

1
) |
—l—%sgn{—w”(kl)}], (4.8.72)

where k; = (gt?/422) is the root of the equation w’(k) = %

On the other hand, when z <0, only the second integral of (4.8.67) has a
stationary point k; = (gt2/42?), and hence, the same result (4.8.70) can be
used to obtain the asymptotic solution for ¢ — oo and x <0 as

2

me~[ k) expli (k) — ko)

+%Sgnw”(k1)]. (4.8.73)

In particular, for the classical Cauchy-Poisson solution (4.8.68), the asymp-
totic representation for n(x,t) follows from (4.8.73) in the form

t t2
(s t) o 2O <g ) gt >> 4z (4.8.74)

9 ,_27T —x3/2 COS E
and a similar result for £ <0 and t — oo. I
|

4.9 Summation of Infinite Series

With the aid of Laplace transforms, Wheelon (1954) first developed a direct
method to the problem of summing infinite series in closed form. His method
is essentially based on the operation that is contained in the summation of
both sides of a Laplace transform with respect to the transform variable s,
which is treated as the dummy index of summation n. This is followed by an
interchange of summation and integration that leads to the desired sum as the
integral of a geometric or exponential series, which can be summed in closed
form. We next discuss this procedure in some detail.

If f(s)=2{f(x)}, then

Z an f(n)= Z an, / f(z)e ™ dux. (4.9.1)
n=1 n=1 0
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In many cases, it is possible to interchange the order of summation and
integration so that (4.9.1) gives

S an f(n) = / FOb() dt, (4.9.2)

where

t)= Z an exp(—nt). (4.9.3)

We now assume f(t) = tP~! exp(—at) so that f(n)=(n+x)~P. Conse-

1
L'(p)

quently, (4.9.2) becomes

o0 o0 1 o0

= p—1 4
Zl an f Z n—l—x ) /b ) tP7" exp(—at) dt. (4.9.4)
n= n=1 0

This shows that a general series has been expressed in terms of an integral.
We next illustrate the method by simple examples.

Example 4.9.1
Show that the sum of the series

oo

1 2
> == (4.9.5)

n=1

Putting £ =0,p=2, and a,, =1 for all n, we find, from (4.9.3) and (4.9.4),

= 1
= —_nt) = ——— 4.9.6
> exp(-nt)= . (4.9.6)

and

< 1T tdt 2
Zﬂ—:/g,_lzg@):g, (4.9.7)
- 0

/ =W, (1.98)

where ((p) is the Riemann zeta function defined below by (4.9.10).
Similarly, we can show

1 [ 2dt
—_ = = 4.9.9

n3 - T(3) /et ( )
- 0
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More generally, we obtain, from (4.9.8),

=1 1 e td
= =((p). 4.9.10
e = | =1 (19.10)
n= 0
I
Example 4.9.2
Show that
=1
Z- —log(1 —e™9). (4.9.11)
n

We put =0,p=1, and a, =exp(—an) so that

1
Zexp t+a ] m. (4912)

Then result (4.9.4) gives

>t el
— [ xp(—t) =x
—n eatt — 1’ P ’

I
Example 4.9.3
Show that
- 1
Z e $2 e (rx cothma — 1). (4.9.13)
We set )
f(t)= =sinat, f(n)= ———=, anda, =1 for all n.
T 2 +x 2
Clearly
= 1
t) :;exp(fnt) =g
Thus,
= 1 1 OOsingct 1
== = —1).
Zl Zrad) x / ] dt 5.2 (rx coth 7z —1)
n= 0
I
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4.10 Transfer Function and Impulse Response Function
of a Linear System

Many science and engineering systems are described by initial value problems
that are governed by linear ordinary differential equations. In general, a linear
system is governed by an nth order linear ordinary differential equation with
constant coefficients in the form

L(D)[z )] = anz™ (t) +an 12" V@) +...4aoz(t)=f(t), (4.10.1)

where ay,, an_1, - . ., ag are real constants with a,, # 0 and the initial conditions
are

z(0) =z, 2 0)=z1, ..., 2" V0)=x,1. (4.10.2)

The solution, z (t) of the system (4.10.1)—(4.10.2) is called the output or the
response function, and the given f (¢) is called the input function (or driving
function) of time ¢.

The transfer function h(s) of a linear system is defined as the ratio of the
Laplace transform of the output function x () to the Laplace transform of the
input function f (¢), under the assumption that all initial conditions are zero.

More generally, however, the Laplace transform of the system (4.10.1)—
(4.10.2) gives

an [S"E (s)—s"tw (0)—...— 2V (0)}
+an_1 {5"71 T(s)—s" 22 (0)—...— :17("72)}
+oootar[sT(s)—x(0)] +apT(s)=f(s). (4.10.3)

Or, equivalently,

(ans™ +an_18""+...+a0)T(s) = f(s)+7(s),

or,
Pu(s)T(s) = F(s) +7(s), (4.10.4)
where
Pn(8) = (ans™ + an—18""" + ...+ a1s + ag) (4.10.5)
is a polynomial of degree n, g (s) is a polynomial of degree less than or equal to
(n — 1) consisting of the various products of the coefficients a, (r=1,2,...,n)
and the given initial conditions xg, x1, ..., Tp_1.
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The transfer function (or system function) is denoted by h (s) and defined
by

— 1 1

h(s) = 0 ) P I Sr——— (4.10.6)
Consequently, equation (4.10.4) becomes

7(s) = 2L L 3G g [F(s)+7(s)]- (4.10.7)

Pu(s)  Pn(s)

The inverse Laplace transform of (4.10.7) provides the response function
x (t) of the system which is the superposition of two responses as follows:

v (t)= 2 {F()T(5)} + 2 R ()T () (4.10.8)
:/ h(t—T)g(T)dTJr/ ht—r) f(r)dr  (410.9)
0 0
where
(@) = 2 B}, o0=27 15T},
and

hit)=2"{h(s)}=2"" {p_nl(s)}, (4.10.11)

are often called the impulse response function of the linear system.

If the input is f (¢) =0, the solution of the problem is xq (¢), which is called
the zero-input response of the system. On the other hand, x4 (¢) is the output
due to the input f(t) and is called the zero-state response of the system. If
all initial conditions are zero, that is, zo=21=...=2,-1 =0, then g(s) =0
and so, the unique solution of the nonhomogeneous equation (4.10.1) is x4 (¢).

For example, h (t) ="' {h(s)} describes the solution for a mass-spring
system when it is struck by a hammer. For an electric circuit, the function
Z(s)=[sh(s)] s called the impendence of the circuit.

The polynomial Py, (s) = (ans™ + @n—15""*+... 4+ ag) in s of degree n is
called the characteristic polynomial of the system, and P, (s) =0 is called the
characteristic equation of the system. Since the coefficients of py, (s) are real,
it follows that roots of the characteristic equation are all real or, if complex,
they must occur in complex conjugate pairs. If h (s) is expressed in partial
fractions, the system is said to be stable provided all roots of the characteristic
equation have negative real parts. From a physical point of view, when every
root of P, (s) =0 has a negative real part, any bounded input to a system
that is stable will lead to an output that is also bounded for all time .
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We close this section by adding the following examples:

Example 4.10.1
Find the transfer function for each of the following linear systems. Determine
the order of each system and find which is stable.

(a) L — + RI+ — / E(t), (4.10.12)

(b) ()+2x()+5x()f3f()+2f(t), (4.10.13)

(c) 2" (@) +a" (1) +3a"(t) =5z (t) =6/ (1) = 13f" (1) + 6 (1),
where L, R, and C are constants. (4.10.14)

(a) This current equation is solved in Example 4.2.13. The Laplace trans-
formed equation with the zero initial condition is given by

<L5+R+ é)f(s) =FE(s)

so that the transfer equation is

i (s) = ! _— s
- (Ls+R+g) L(s*+fs+ag)

The system is of order 2 and its characteristic equation is

1
32+53+—:0.

L CL
Or,
(s+k)’+n>=0
where
1 2
T

2L CL 4L2

The roots of the characteristic equation are complex and they are s=—k+1in

with the negative real part. So, the system is stable.

(b) We take the Laplace transform of the equation (4.10.13) with zero initial
conditions so that

(s +2s+5)T(s) = (3s+2) f(s).
Thus, the transfer function is

(s) (3s+2)

T
7(3) 242545
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The system is of order 2 and its characteristic equation is
s°+2s+5=0

with complex roots s = —1 4 2i. Since the real part of these roots is negative,
the system is stable.
(c) Similarly,

_ . T(s) (65 —135+6)
h(s)if(s)_(s3+32+3sf5)'

The system is of order 3 and its characteristic equation is
s +s*+3s—5=0

with roots s3 =1, s2, s3 =—142i. Since the real parts of all roots are not
negative, the system is unstable. I

Example 4.10.2
Find the transfer function, the impulse response function, and the solution of
a linear system described by

2’ () +2aa (t)+ (a® +4)z (t) = f (1) (4.10.15)
z(0)=1, 2 (0) = —a. (4.10.16ab)
According to formula (4.10.4), the transfer function of this system is

— 1 1

h = = .
(s) (s2+2as+a2+4) (s+a)®+22

The inverse Laplace transform of the transform function % (s) is the impulse
response function

ht)=2""{h(s)} = %z—l {m} = % e “sin2t. (4.10.17)

Solving the homogeneous initial value problem gives
zo (t) = e”“ cos (2t). (4.10.18)
The solution of the problem (4.10.15)—(4.10.16ab) is
z(t) = wo (t) +h(t) * f (1)
= e “cos(2t) + /Ot e f(t —7)sin27 dr. (4.10.19)

© 2007 by Taylor & Francis Group, LLC



Applications of Laplace Transforms 255

Example 4.10.3
Consider a linear system governed by the differential equation

asz” (t)+a1 2’ (t) +aox(t) = H(t), (4.10.20)

where H (t) is the Heaviside unit step function.
Derive Duhamel’s formulas

(a) z(t) = /0 A (t—7) f(7)dr, (4.10.21)
(b) z(t) = /0 A(T) f' (t—T7)dr + A(t) £(0). (4.10.22)

The transfer function for this system (4.10.20) is

Ti(s) = ;8 =57 (s). (4.10.23)
Or,
T (s) = Ef). (4.10.24)

The output function in this special case is called the indicial admittance
and is denoted by A (t) so that

A(s) = . (4.10.25)

We next derive Duhamel’s formulas. We have, from (4.10.7) with g (s) =0,

Using the convolution theorem gives

z(t)=2L""{sA4(s)

/A’t—T /A ft—m)dr

which is, by Leibniz’s rule,
t
~ [0 re-nir+ 4070,
0

where the initial conditions A (0) = A’ (0) =0 are used.  [I
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4.11 Exercises

1. Using the Laplace transform, solve the following initial value problems

d
(a) d—f +ar=e " t>0, a#b with z(0)=0.
d
(b) d—f —z=12,t>0, 2(0) =0.
d
(c) d—f + 2z =cost, t>0, z(0)=1.
d
d) & —20=4,t>0, 2(0)=0.
dt
2. Solve the initial value problem for the radioactive decay of an element
d
d—f =—kx, (k>0), t>0, z(0)=xo.

Prove that the half-life time T of the element, which is defined as the
time taken for half a given amount of the element to decay, is

1
T= z log 2.
3. Find the solutions of the following systems of equations with the initial
data:
dx dy
- 2 Z=y—-2 =1 =0.
(a) r=z-2, —=y-2z z0)=1 y(0)=0
dz dx
(b) d—tl:l'l + 229 + ¢, d—;:$2+2$1+t; ,’E1(0)22, $2(0):4.

d d
(c)d—f:6x77y+4z, d—Z:3x74y+22, —Z:f5x+5y73z,

with z(0) =5, y(0)=2z(0)=0.

dx dy
(d) 27 =22-3y, —r=y—2z; 2(0)=2 y(0)=L
dx dy
- = = = =1.
() p tz=y, - —y=x, 2(0)=y(0)
dr dy dz dy —a
() a‘i‘%‘i‘w:o’ 54‘2%—95:@ o x(0)=y(0)=1.

4. Solve the matrix differential system

Z—f = Az with z(0) = <w0) ,

where z(t) = (i;g) and A= <§ ;) .
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5. Find the solution of the autonomous system described by

dx d .
= d_i::rJrZy with  z(0) =z0, ¥(0)=yo.

6. Solve the differential systems

(a)
d’z dy

2T ok L z=0
2

jﬁ ;lt t>0
y X

Y P

az TR

with the initial conditions

(b)

—Z =y—2x

i 10
y

@z

2(0)=y(0)=1, and &(0)=gy(0)=0.

7. The glucose concentration in the blood during continuous intravenous

injection of glucose is C(t), which is in excess of the initial value at the
start of the infusion. The function C(t) satisfies the initial value problem

dc @

4 kC=—=, t>0, C(0)=0,

dt * 1% ©0)

where k is the constant velocity of elimination, « is the rate of infusion
(in mg/min), and V is the volume in which glucose is distributed. Solve
this problem.

. The blood is pumped into the aorta by the contraction of the heart. The
pressure p(t) in the aorta satisfies the initial value problem

d
d_lt) + %p:cA sinwt, t>0; p(0)=po

where ¢, k, A, and pg are constants. Solve this initial value problem.
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9. The zero-order chemical reaction satisfies the initial value problem

d
d—jszo, t>0, with c=c¢y at t=0

where kg is a positive constant and ¢(¢) is the concentration of a reacting
substance at time ¢. Show that

C(t) =Cy — k‘o t.

10. Solve the equation governing the first order chemical reaction

d
d_jz_klc with c(t)=cy at t=0 (k1 >0).

11. Obtain the solutions of the systems of differential equations governing
the consecutive chemical reactions of the first order

dcy des
- — =k t>0
L 202, >,

co
— =kic1 — kaco, 7

:_klcla dt

with the initial conditions
01(0) =C, 02(0) :Cg(O) :O,

where ¢; () is the concentration of a substance A at time ¢, which breaks
down to form a new substance As with concentration cy(t), and c5(t) is
the concentration of a new element originated from As.

12. Solve the following initial value problems

(a) &+ w?r=cosnt, (w#n) 2(0)=1, (0)=0.
(b) & +z=sin2¢t, =z(0)=2(0)=0.

$Pr Pz _ . .
() 7+ qz =3 , 2(0)=0, #(0) =1, #(0) =1.
d*z .. .

(e) (D*+2D3?—D? —2D +10)z(t) =0, t >0,
z(0)=-1, £(0) =3, &(0) = —1, #(0) =4.
d%x dx .

() el + b% =4(t —a), z(0)=a, &(0)=0.

( ) d2_1} + l d_v + 2 — @

8w TR T ar
where R, L,and C' are constants.

d%x dx ;

0(0)=0(0)=0; i(t)=H(t—1)— H(t),
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(i) ZTfanZ—eran:tf(tfa)H(tfa)faH(tfa),
x(0) =0=%(0).

13. Solve the following systems of equations:
(a) —2y—x=0,4§+2¢ —y=0,
z(t)=y(t)=0, z(t)=yt)=1att=0.
(b) &1+ 3d1 — 221 + @2 — 312 =2e7¢, 2@ — 1 + &9 — 229 =0,
with 21(0)=%1(0)=0 and x2(0)=4.

14. With the aid of the Laplace transform, investigate the motion of a par-
ticle governed by the equations of motion & — wy =0, §j + wi =w?a and
the initial conditions z(0) =y(0) =£(0) =y(0) =0.

15. Show that the solution of the equation

d*y dy —a
@—l—(a-i-b)%—i—aby—e , x>0

1 d
with the initial data y(z) = — and Y_patr=0is
a dzx
1 —bx _ _—
(aefbx _ befaac _ xaQef‘”) + ﬁ

ax

y(r) = m

16. The motion of an electron of charge —e in a static electric field E =
(F,0,0) and a static magnetic field H= (0,0, H) is governed by the
vector equation

mi=—eE+ < (FxH), t>0,
C

with zero initial velocity and displacement (r =t =0att=0) where r =
(z,y, 2z) and c is the velocity of light. Show that the displacement fields
are

el el .
x(t) = — (coswt —1), y(t)= 3 (sinwt —wt), z(t)=0,

H
where w= 2. Hence, calculate the velocity field.
me

17. An electron of mass m and charge —e is acted on by a periodic electric
field E sin wgt along the z-axis and a constant magnetic field H along the
z-axis. Initially, the electron is emitted at the origin with zero velocity.
With the same w as given in exercise 16, show that

el . .
x(t) = o =) (wp sin wt — w sin wyt)
23 2 2 2 2
y(t) = e (@7 — 2w {(w?* = wg) + (w§ cos wt — w* cos wot) } .
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18.

19.

20.

21.

22.

INTEGRAL TRANSFORMS and THEIR APPLICATIONS

The stress-strain relation and equation of motion for a viscoelastic rod
in the absence of external force are

ve_100 o 0o _ o

ot Eot n Oz ot2”’
where e is the strain, 7 is the coeflicient of viscosity, and the displacement

0
u(z,t) is related to the strain by e= 8_u Prove that the stress o(x,t)
x

satisfies the equation

Show that the stress distribution in a semi-infinite viscoelastic rod sub-
ject to the boundary and initial conditions

w(0,t) =UH(t), o(x,t)—0 as x— oo,
o(xz,0) =0, «(z,0)=0, for 0<z<oo,

1/2
gng)]H@_g.

An elastic string is stretched between x =0 and z = ¢ and is initially at
rest in the equilibrium position. Find the Laplace transform solution for
the displacement subject to the boundary conditions y(0,t) = f(¢) and
y(l,t)=0,¢t>0.

is given by

Et

o(z,t)=—-Upcexp (—%) Iy

The end =0 of a semi-infinite submarine cable is maintained at a
potential VoH (t). If the cable has no initial current and potential, de-
termine the potential V(z,t) at a point = and at time t.

A semi-infinite lossless transmission line has no initial current or poten-
tial. A time-dependent electromagnetic force, Vi (¢t)H (t) is applied at the
end z =0. Find the potential V' (z,t). Hence, determine the potential for
cases (i) Vo(t) =V = constant, and (ii) Vp(t) = Vp cos wt.

Solve the Blasius problem of an unsteady boundary layer flow in a semi-
infinite body of viscous fluid enclosed by an infinite horizontal disk at
z=0. The governing equation and the boundary and initial conditions
are

ou 0%u

— =V =— >0, t>0

ot~ Va2 FT0 T
u(z,t) = Ut onz=0, t>0,
u(z,t) = 0 asz—o00, t>0,

u(z,t) =0 att <0, z>0.

Explain the significance of the solution.
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23. Obtain the solution of the Stokes-Ekman problem of an unsteady bound-
ary layer flow in a semi-infinite body of viscous fluid bounded by an
infinite horizontal disk at z =0, when both the fluid and the disk ro-
tate with a uniform angular velocity 2 about the z-axis. The governing
boundary layer equation, the boundary and the initial conditions are

dq 0%q

6t+2ﬂlq_yﬁ’ z>0,

q(z,t) =ae™t +be™™" on z=0,1t>0,
q(z,t) =0 as z—o00,t>0,

(

q(z,t)=0 at ¢<0 forall 2z>0,

where ¢ =u + v, w is the frequency of oscillations of the disk and a, b
are complex constants. Hence, deduce the steady-state solution and de-
termine the structure of the associated boundary layers.

24. Show that, when w =0 in exercise 23, the steady flow field is given by

q(z,t) ~ (a + b) exp { (_@)1/22} :

Hence, determine the thickness of the Ekman layer.

25. Solve the following integral and integro-differential equations:

¢
(a) f(t)=sin2t+ | f(t—7)sin7dr.
/
(b) f(t):%sint—i—/f(T)sin(t—T)dT.
0
t
/f [a(t — 7)] dT =sin at.
0
t
@ f —smt—i—/f )sin{2(t — 1)} dr.

0
(e) f(t):t2+/f/(t77')exp(fa7')d7', f(0)=0.

(=)

(f) z(t)=1+a? /(t —7)z(r)dr.
0
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¢
1
(g) = t+—/t*7' dr.
0

26. Prove that the solution of the integro-differential equation

_ s _71/2 _
f()—\/_ xf+f/t Frydr| . f0)=0
is pot .

27. Solve the integro-differential equations

(a) L% =exp(—2 )—bfexp{—2(t—7)}(§—f) dr, x(0)=0 and x(0)

t

(b) dr— Ofx(r) cos(t — 1)dr, z(0)=1.

28. Using the Laplace transform, evaluate the following integrals:

7 sintx 7 sin t:z:
o P a2 x, (a,t>0),
0 0
costx x sin xt
(C) md.f, (a,t>0), (d) $2 Ta 2d.fC (a,t>0),
(e) /exp(—tw2)d$, t>0, (f) /Cos(t;v2) dx.
0 0

29. Show that

i _ 1 2 2
(a) /e_am (w) dw:§10g<a7+472), (a>0).
0

T a?+p

o) fee (I gt (1) ! () a0
T a a
0

30. Establish the following results:

oo

(a) / costz dx oo e~ bt B et b0
(22 +a?)(22+b2) a2 b2\ b a )7 77 '

— 00
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oo

(b) /%dz%(le_”), £>0.

0

00 00 1 12
(c)/Cos(tu2)du:/sin(tu2)du:§(1) , t>0.

0 0

31. In Example 4.5.1(i), write the solution when the point load is applied
at the mid point of the beam.

32. A uniform horizontal beam of length 27 is clamped at the end £ =0 and
freely supported at o = 2¢. It carries a distributed load of constant value
Win = <z < — and zero elsewhere. Obtain the deflection of the beam
which satisfies the boundary value problem

LR PPN )
y(0)=0=y'(0), y"(20)=0=y"(20).

33. Solve exercise 32 if the beam carries a constant distributed load W per
unit length in 0 < z < £ and zero in £ < z < 2¢. Find the bending moment

and shear at x = 3"

34. A horizontal cantilever beam of length 2/ is deflected under the combined
effect of its own constant weight W and a point load of magnitude
P located at the midpoint. Obtain the deflection of the beam which
satisfies the boundary value problem

4
EI;Z—Z — W[H(z) — H(z —20)] + P 6(x —€), 0<z<2L,
X

y(0)=0=14¢'(0), ¢"(20)=0=19"(20).
. . 14
Find the bending moment and shear at x = 3

35. Using the Laplace transform, solve the following difference equations:
(a) Aup —2up, =0, wug=1,
(b) A%u, —2upyq +3up =0, up=0 and wu;=1,
(©)
(d) wpy2 —Dupyr +6u,=0, up=1 and wu; =4,
(e) A%uy +3u, =0, wuy=0, wu;=1,

(f) Un+4+2 — 4’U,n+1 + 3Un = O,

(g) upto —9u, =0, wo=1landu; =3,

Upto — dupy1 +4u, =0, ug=1 and wu; =4,
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36.

37.

38.

39.

40.

41.

42.

INTEGRAL TRANSFORMS and THEIR APPLICATIONS

(h) Au, — (@ —1)u, =0, wug=constant.
Show that the solution of the difference equation
Upt2 +4upy1 +u, =0, with wp=0 and u;=1,
is

[(\/3— 2)n (=1 (24 \/Eﬂ :

Un

1
=373
Show that the solution of the differential-difference equation

W) —u(t—1)=2, u(0)=0

is

VGt O (et

t)=2 |t — R S VA
ut) 2l TR o s T

t>n.

Obtain the solution of the differential-difference equation

u=u(t—1), u(0)=1, 0<t<oo withu(t)=1when —1<¢<0.

Use the Laplace transform to solve the initial-boundary value problem

uttfum:kgumtt, O<.’I<OO7 t>0,
u(z,0) =0, <@> =0, for x>0,
or /,_,

u(z,t) =0 as xz—o0, t>0,
u(0,t)=1 for t>0.

ou 1 t
(a—x)x_f TR (E)'

Solve the telegraph equation

Hence, show that

Ut —c2um + 2aus =0, —oco<z<oo, t>0,
u(z,0) =0, u(x,0)=g(x).

Use the joint Laplace and Fourier transform to solve Example 2.12.3 in
Chapter 2.

Use the Laplace transform to solve the initial-boundary value problem
utZCQUM, O<zx<a, t>0,
3
u(z,0) =2 + sin (ﬂ) for 0<z<a,
a

u(0,t)=0=wu(a,t) for ¢>0.
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43. Solve the diffusion equation

Up = kg, —a<x<a, t>0,
u(z,0)=1 for —a<z<a,
u(—a,t)=0=u(a,t) for ¢>0.

44. Use the joint Laplace and Fourier transform to solve the initial value
problem for water waves which satisfies (see Debnath, 1994, p. 92)
v2¢:¢mx+¢zz:0, *OO<Z<0, —o0 < T <00, t>0
¢z =T
on z=0, t>0,

wt

P
¢ +gn= *;p(x)e
o(x,2,0)=0=n(z,0) for allzand z,
where P and p are constants.

45. Show that

o0 an o0

(a) Z ——— :/b(t)JO(:zzt) dt, where b(t) is given by (4.9.3).
o vnitw )
— 1 1

(b) 7;) N ﬁ(l — ma cot wa).

46. Show that
= (—1)"cosnr 1 [ wacosaw}
A s ————
(a) 7;1 (n? — a?) 2a2 sin amw

> a? sinh wa
(b) Zlog(l—i—ﬁ):log( — )
n=1

47. (a) If f(t)=1 in Example 4.3.3, show that

x b x?
u(x,t):\/ﬁ/ 773 exp (—41‘“_) dr =wug(x,t) (say)

(b) Hence or otherwise derive the Duhamel’s formula from (4.3.16) :

b Oug x s x?
where —— = T 2exp|l———|.
at P
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48. Consider a progressive plane wave solution that propagates to the right
with the phase velocity (%) of the telegraph equation (4.3.55)

(a) Derive the dispersion relation

w'+i(p+qw— (k*+pq)=0.

(b) If 4pq # (p + q)?, show that the plane wave solution is given by

u(z,t) = Aexp {% (p+q) t] exp [i(kx + ot)],

1
where o = 5\/4c2k2 +4pqg— (p+q)>.
(c) If 4pq = (p + q)?, show that the plane wave solution is given by
1 )
u(z,t)=Aexp [—5 (p+79q) t} exp [ik(z + ct)] .

Explain the physical significance of the solutions given in cases (b) and

().
49. (a) Use the substitution v(z,t) =exp [ (p+ ¢) t] u(z,t) into (4.3.55)

to show that v(z,t) satisfies the wave equation

VUt —szmz 1 (P—Q)2U-

(b) Show that the undistorted wave solution exists if p =¢ and that a
progressive wave of the form exp(—at) f (x & ct) propagates in either
direction where f is an arbitrary twice differentiable function of its
argument.

50. (a) Use the joint Laplace and Fourier transform to solve the inhomo-
geneous diffusion problem

Ut — KUge = q(z,t) z€R, >0,
u(z,0) = f(x), forall zeR.

(b) Solve the initial-boundary value problem for the diffusion equation

U — KUz =0, O<ax<l, t>0
u(z,0) =0, and u(0,t)=1=u(l,t).

51. Use the Laplace transform to solve for the small displacement y(z, t) of
a semi-infinite string fixed at x =0 under the action of gravity g that
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satisfies the wave equation and the initial-boundary conditions

0%y 0%y
M*C2@ = —g, O<.’I<OO7 t>0,
y(z, 0) = 0=y (x, 0), x>0,
@HO as X — 00.
ox

52. Use the Laplace transform to solve the boundary layer equation (4.3.97)
subject to the boundary and initial conditions

u(z, t) = Up f(t), onz=0, t>0,
u(z,t) -0 as z—o00, t>0,
u(z,t) =0 at t<0 forall 2>0.

Consider the special case where f(t) = sinwt.

53. Find the transfer function, the impulse response function and a formula
for the solution of the following systems:

(a) 2"(t)+22'(t) +5z(t)= f(t), =(0)=2, 2'(0)=-2.
(b) (t) — 22/(t) + 5 a(t) = f(t), 2(0)=0, 2/(0) =2.

(@) (1) + 94'() = (). #(0)=2, #/(0) =3
() (1)~ 24(t) + 5x(t) = f(1),  #(0) =0, #'(0) =1,

54. Determine the transfer function for each of the following systems. Obtain
the order of each system and find which is stable.

(a) 2"(t)+22'(t) +2z() =3 f(t) +2 f(t).

(b) 42" (t)+ 162" (t) +25z(t) =2 f'(t) + 3 f(t).

(c) 362" (t) + 122" (t) +37x(t) =2 f"(t) + f'(t) — 6 f(t).
(d) 2"(t) —62'(t) +10x(t) =2 f'(t) + 5 f(¢).

55. Examine the stability of a system for real constants a and b with zero
initial data

2" (t) —ax”(t) + 0% 2/ (t) — ab®z(t) = f(t),

where x(t) is the output corresponding to input f(¢).
Discuss three cases: (a) a>0, (b) a<0, b#0, (c)a#0, b=0.
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Mellin Transforms and Their Applications

“One cannot understand ... the universality of laws of nature, the
relationship of things, without an understanding of mathematics.
There is no other way to do it.”

Richard P. Feynman

“The research worker, in his efforts to express the fundamental laws
of Nature in mathematical form, should strive mainly for mathe-
matical beauty. He should take simplicity into consideration in a
subordinate way to beauty. ... It often happens that the require-
ments of simplicity and beauty are the same, but where they clash
the latter must take precedence.”

Paul Dirac

8.1 Introduction

This chapter deals with the theory and applications of the Mellin transform.
We derive the Mellin transform and its inverse from the complex Fourier trans-
form. This is followed by several examples and the basic operational properties
of Mellin transforms. We discuss several applications of Mellin transforms to
boundary value problems and to summation of infinite series. The Weyl trans-
form and the Weyl fractional derivatives with examples are also included.

Historically, Riemann (1876) first recognized the Mellin transform in his
famous memoir on prime numbers. Its explicit formulation was given by C-
ahen (1894). Almost simultaneously, Mellin (1896, 1902) gave an elaborate
discussion of the Mellin transform and its inversion formula.

339
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8.2 Definition of the Mellin Transform and Examples

We derive the Mellin transform and its inverse from the complex Fourier
transform and its inverse, which are defined respectively by

F{9(&)}=G(k e*““g £)de, (8.2.1)

FHGk)Y=g(¢ \/_/ M Q(k (8.2.2)

Making the changes of variables exp({) =z and ik=c— p, where ¢ is a
constant, in results (8.2.1) and (8.2.2) we obtain

G(z‘pfic):i2 / 2P~ g(log x)dz, (8.2.3)
T 0
1 c+ioco
logz) = —— PG (ip — ic)dp. 8.2.4
g(log x) Nl (ip —ic)dp (8.2.4)

We now write

1 -
x ¢g(logz) = f(x) and G(ip —ic) = f(p) to define the
7T
Mellin transform of f(x) and the inverse Mellin transform as

o0

A @)} =F) = [ & f ), (8:2.5)
’ 1 c+ioo
A0 = f@) =5 [ a (5.2.)

where f(z) is a real valued function defined on (0, 0o) and the Mellin transform
variable p is a complex number. Sometimes, the Mellin transform of f(x) is
denoted explicitly by f (p) = .4 [f(x),p]. Obviously, .# and .# ~' are linear
integral operators.

Example 8.2.1
(a) If f(x) =e ", where n >0, then

oo

M {e "} :f(p) :/xpflefmd:c,

0
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which is, by putting nx =t,

(b) If f(x)= H;x’ then

1 < T .- dzx
“%{TIE}:ﬂm:/@ ST

which is, by substituting x =

-t 1+a
1

:/WAO*U“@“ﬁ:B@me:F@WO*m,
0

which is, by a well-known result for the gamma function,
=7 cosec(pm), 0 <Re(p) <1.

(c) If f(z)=(e* —1)~!, then

o0

1 . o
%{ew—l}_f(p)_/xp e
0

%) %) 1
which is, by using Z e "= — and hence, Z e "= 5
n=0 n=1
[ty gy S D)
=3 [ererae= 3R <o)
n=1j n=

oo
1
where ((p) = Z vt (Rep>1) is the famous Riemann zeta function.

(d) If f(x)= %, then

wp—1€—2nmdw

—N
g9
¥
8
| [\
—_
—
I
)
e
=
Il
[\]
k.__\g
8
i}
L
o
S
Sl
5
[u—
I
[\
()¢
OL“~58

341

(8.2.7)

(8.2.8)

(8.2.9)

- r(p):zglprxp)EE:-1—::21*pIKp)<Q».(82.un
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(e) If f(z)= - i_ R then

1 -
a{ A== re . (5.2.11)

This follows from the result

1 1] 2
e —1 er41]| e2o—1
combined with (8.2.9) and (8.2.10).

() If f(z)= arar then

M {ﬁ} = J 2?11+ 2) "dx,

which is, by putting x =

o
\ ~

~

i
-

—~
—_
I

~
~—

3

|

iS]

|
_

U

SN

= B(p,n—p)= (8.2.12)

where B(p, q) is the standard beta function.
Hence,

'(n)
14z
(g) Find the Mellin transform of cos kx and sin kx.

It follows from Example 8.2.1(a) that

M AT (p)L(n—p)} =

—ikey_ L(p) _T(p) pr .. pm
A e k]_(z’k)P_ kP (COSE_ )

Separating real and imaginary parts, we find
M [coskx] = k7P T(p) cos (%) , (8.2.13)
M [sinkz] = k=P T(p) sin (7;—p) . (8.2.14)

These results can be used to calculate the Fourier cosine and Fourier sine
transforms of 2P~ 1. Result (8.2.13) can be written as

o0

T
/qu coskx dx = ﬂ cos (E) .
kP 2
0
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Z, {\/gxp—l}z %cos(ﬂz—p).

Or, equivalently,

Or,
_ 2 T'(p) ™
7 p—1y _ , /2 -
Fe{aP ) = ~ cos( 5 ) . (8.2.15)
Similarly,
_ 2 T(p) . smp
F (p- |2 sin (™
Fs {7} ~ bln( 5 ) . (8.2.16)
I

8.3 Basic Operational Properties of Mellin Transforms
It #{f(x)}= f (p), then the following operational properties hold:
(a) (Scaling Property).

M {f(ax)}y =a"" f(p), a>0. (8.3.1)

PROOF By definition, we have,

o0

,///{f(ax)}:/xp_lf(ax)dm,

0
which is, by substituting az =+,

oo

- aip =1 £ (4)dt = féf)'
0
|
(b) (Shifting Property).
M [z ()] = f(p+a). (8.3.2)

Its proof follows from the definition.

(© A4y =2F (), (333)
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i (3)}=ra-n, (5:3.4)
A {(log x)”f(x)}:%f(p), n=1,2,3,.... (8.3.5)

The proofs of (8.3.3) and (8.3.4) are easy and hence, left to the reader.
Result (8.3.5) can easily be proved by using the result

d
ﬁx”_l = (log )P~ L. (8.3.6)

(d) (Mellin Transforms of Derivatives).

A f'(@)] == -1f(p—1), (8.3.7)
provided [zP~! f(x)] vanishes as  — 0 and as x — oo.
AN @)= -1 -2)[(p-2), (8:3.8)

More generally,

A V@) = (1 =

U s A @) (839)

provided 2P~ 1 f("(z) =0 as 2 — 0 for r=0,1,2,...,(n — 1).

PROOF  We have, by definition,

o0

A(f (@)= / (@) do,

0

which is, integrating by parts,

I

\
=

\
=
=
=

\
=

The proofs of (8.3.8) and (8.3.9) are similar and left to the reader.
() If A {f(x)} = f(p), then
M {zf ()} =—pf(p), (8.3.10)
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provided P f(z) vanishes at © =0 and as x — oo.

MAZP (@)} = (=1)*p(p + 1) f (p). (8.3.11)

More generally,

(a1 @) = (-1 ), (8312)
PROOF  We have, by definition,

A {af @) = [ a7 f @)z,
0
which is, integrating by parts,
— @@ - p [ 2 fa)de=-pF0)
0

Similar arguments can be used to prove results (8.3.11) and (8.3.12).

(f) (Mellin Transforms of Differential Operators).
If #{f(x)}=f(p), then

d\? y
Vs Kd_) f(w)] — A ) o f @) = (12, (83.13)
and more generally,
| (v52) 1) =1 o (5.3.14)
PROOF  We have, by definition,

¥ Kx%) f<x>] = A @) 2 ] (@)

=M [jvzf”(w)] +M [z f'(2)]
=—pf(p) +p(p+1)f(p) Dby (8:3.10) and (8.3.11)
= (=1)?p* f(p).
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Similar arguments can be used to prove the general result (8.3.14).

(g) (Mellin Transforms of Integrals).

z 1
///{O/f(t)dt} = fp+). (8.3.15)

In general,

x

ML f(x)} =M {/In—1f(t)dt} :(—1)"F(1;<f)n)f(p+n), (8.3.16)

where I, f(x) is the nth repeated integral of f(x) defined by

x

I f(z) = / Lo 1 f()dt. (8.3.17)

PROOF We write

so that F'(z) = f(x) with F(0) =0. Application of (8.3.7) with F'(z) as defined

gives
MAf(x)=F'(x),p}=—(p—1).4 {/f(t)dt, p— 1},
0

which is, replacing p by p + 1,
r 1 1 -
M {/f(t) dt, P} 2—5'///“(55)»1?"' 1}=—Ef(]9+1)-
0

An argument similar to this can be used to prove (8.3.16). |

(h) (Convolution Type Theorems).
I A {f(2)} = f(p) and .#{g(x)} = §(p), then

(@) wg(x) = / ()a
0

(xt)
0

T\ d§| s .
(g) ?] — ). (8318)
)

A [f(x) 0 g(a)] =4

f(x€) g(& dé] =f(p)g(1 —p). (8.3.19)
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PROOF  We have, by definition,

- [10%F [€nrtamean
0

= /ép’lf(é)df/np’lg(n)dn:f’(p)é(p)
0 0

Similarly, we have

M) og(x)] = [ / f(€) g<§>d§]

0\8 0\8

o 1d:z:/f £)de,  (x€=n),
0

g()de [ prerr i
I

- / P g(6)de / 1 f(n)dn = g(1 — p) F(p).

Note that, in this case, the operation o is not commutative.
Clearly, putting = = s,

A p)ip)) = / o(st)F(1)dt.

347

Putting g(t) =e ! and g(p) =T'(p), we obtain the Laplace transform of f(#)

A {(F(1 - p)T(p)} / st f(t)dt =2 {F(8)} = ().
0
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(i) (Parseval’s Type Property).
If A {f(2)} = f(p) and 4 {g(x)} = §(p), then

c+ioo
M [f(2)9(x)] = 5— / f(s (8.3.21)
Or, equivalently,
e’} c+ioco
1 1 rTIReS
/:Ep f(x)g(x)dx = 5 / f(8)g(p — s)ds. (8.3.22)
0 c—i00

In particular, when p =1, we obtain the Parseval formula for the Mellin trans-
form,

oo c+ioco
/f(:v)g(w =5 / F(s)g(1—s) (8.3.23)
0 c—100

PROOF By definition, we have

oo

A (@)g@) = [ a7 f(@g(o)dz

[e’e) ct+i00

= [ Yy(a)de / a= f(s)ds

I
~
—~

w
N
S=q
—~
S

I

w
N

IS

@

When p =1, the above result becomes (8.3.23). |
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8.4 Applications of Mellin Transforms

Example 8.4.1
Obtain the solution of the boundary value problem

22Uy + TUG + Uyy =0, 0<zr <0, O<y<l1 (8.4.1)
A, 0<z<1

w(z,0)=0, wu(z,1)= , (8.4.2)
0, z>1

where A is a constant.

We apply the Mellin transform of u(x, y) with respect to = defined by

o0
:/xpflu(:r
0

to reduce the given system into the form

yy +p*u=0, 0<y<l

1

a(p,0) =0, ﬂ<p,1>:A/acp*1dsc:é
p
0

The solution of the transformed problem is

A sin py

a(p,y) = —— , 0< Rep<1.
p sin p
The inverse Mellin transform gives
A ct+i00 o
u(@,y) = — / LTy (8.4.3)
2mi ) p sinp

where 4(p, y) is analytic in the vertical strip 0 < Re (p) = ¢ < . The integrand
of (8.4.3) has simple poles at p=nm, n=1,2,3,... which lie inside a semi-
circular contour in the right half plane. Evaluating (8.4.3) by theory of residues
gives the solution for x > 1 as

,’L

- 1
— Z — T sin nary. (8.4.4)

™

3
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Example 8.4.2
(Potential in an Infinite Wedge). Find the potential ¢(r,0) that satisfies the
Laplace equation

r2¢rr + 719 + ¢gg =0 (845)

in an infinite wedge 0 <7 <00, —a <0 <« as shown in Figure 8.1 with the
boundary conditions

o(r,a) = f(r), ¢(r, —a)=g(r) 0<r<oo, (8.4.6ab)
é(r,0) =0 as r—oo forall #in —a<f<a. (8.4.7)
AY

0=
h o -
° Y -o > X
6=-a

Figure 8.1 An infinite wedge.

We apply the Mellin transform of the potential ¢(r, ) defined by

o0

M5, 0)] = B(p, ) = / 1 5(r,6) dr

0

to the differential system (8.4.5)—(8.4.7) to obtain

%‘f +p2h=0, (8.4.8)
o(p,a)=f(p), S, —)=3q(p). (8.4.9ab)

The general solution of the transformed equation is

d(p,0) = Acos pf + B sin pb, (8.4.10)

© 2007 by Taylor & Francis Group, LLC



Mellin Transforms and Their Applications 351

where A and B are functions of p and . The boundary conditions (8.4.9ab)
determine A and B, which satisfy

A cos pa + B sin pa = f(p),
A cos pa — B sin pa = g(p).

These sive A— 1@ TI®) 5 [(0) — )
& ~ 2cospa ~ 2sinpa
Thus, solution (8.4.10) becomes
~ ;o sinp(a+6) _  sinp(a—0)
9. 0) =/ ()- sin(2 pa) +9(p) sin(2 pa)
= f(p)h(p,a+6) + G(p)h(p, o~ 0), (8.4.11)
where 108
= _ sinp
hp.6) = sin(2 pa)

Or, equivalently,

h(r,0) = .~ {M} - (L) ( rsinnb . (8.4.12)

sin 2 pa 2a ) (1+27r"cosnf + r2m)
where
T T
n=— or, 2a=-—
200 n’
Application of the inverse Mellin transform to (8.4.11) gives
o(r,0) =4 " {FD)h(p,a+0)} +.4 7 {50)hp.a-0)},

which is, by the convolution property (8.3.18),

r cosnt? L) de
(r,0) = / &2 — 2(r&)™ sinnf 4 r2n

i n—1
+0/ £2n + 2£(r§)’?§r)167lf9 +r2n |’ lof < % (8.4.13)
This is the formal solution of the problem.
In particular, when f(r)=g(r), solution (8.4.11) becomes
30,0) =1 (9) S = Fp)h0) (5.4.14)
where ~ cos pl
. 0)= S22 — s (h(r,6))
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Application of the inverse Mellin transform to (8.4.14) combined with the
convolution property (8.3.18) yields the solution

8(r,0) = 0/ ron (L) % (8.0.15)
where
1 fcosph) (" (14 72") cos(nb)
h(r,0) = .« {—COSM}— (Z) 0+ 2% cosanf 1 127’ (8.4.16)

™
dn=—.
ana n % |:|

Some applications of the Mellin transform to boundary value problems are

given by Sneddon (1951) and Tranter (1966).

Example 8.4.3
Solve the integral equation

/f(g) k(x€)de = g(z), x>0 (8.4.17)
0

Application of the Mellin transform with respect to x to equation (8.4.17)
combined with (8.3.19) gives

F(L=p)k(p) =3(p),
which gives, replacing p by 1 — p,

f(p)=3(1 —p)h(p),

where 1
h(p) = = :
k(1 =p)
The inverse Mellin transform combined with (8.3.19) leads to the solution
f@) = {51 - phw)} = [ g©nods. (5419
0

provided h(z)=.# ! {B(p)} exists. Thus, the problem is formally solved.
If, in particular, 2(p) = k(p), then the solution of (8.4.18) becomes

oo

fla)= / 9(€) k(€ e, (8.4.19)

0
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provided k(p)k(1 —p) =1. 1

Example 8.4.4
Solve the integral equation

7f(€)g (5) % = ha), (8.4.20)
0

where f(z) is unknown and g(z) and h(z) are given functions.
Applications of the Mellin transform with respect to x gives

f(p)=hp)k(p),  k(p)= ok

Inversion, by the convolution property (8.3.18), gives the solution

)= i)} = [n@k(5)E saa
0

8.5 Mellin Transforms of the Weyl Fractional
Integral and the Weyl Fractional Derivative

DEFINITION 8.5.1 The Mellin transform of the Weyl fractional integral
of f(x) is defined by
—/(tf:r)o‘flf(t)dt, O0<Rea<l1l, z>0. (8.5.1)

x

Often ;WL® is used instead of W to indicate the limits to integration.
Result (8.5.1) can be interpreted as the Weyl transform of f(t), defined by

oo

W= f(t)]=F(z,a)= ﬁ /(t — 2)* L (t)dt. (8.5.2)

x

We first give some simple examples of the Weyl transform.
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If f(t) =exp(—at), Re a >0, then the Weyl transform of f(t) is given by

oo

W~%exp(—at)] = ﬁ /(t —2)* L exp(—at)dt,

x

which is, by the change of variable t — z =y,

e—am 1
o) /y exp(—ay)dy
0
which is, by letting ay =t¢,
6-(1(13 1 < e—a;v
W=elf(t)] = —— [ t* e tdt = . 8.5.3
0= g [ e = (853)
0
Similarly, it can be shown that
ot Np—a) _
W= t™H| = ———= 271, 0 <Rea <Rep. 8.5.4
= (85.4)
Making reference to Gradshteyn and Ryzhik (2000, p. 424), we obtain
W~ %[sinat] = a~sin (ax + %) , (8.5.5)
W™%cosat] = a~* cos (ax + %) , (8.5.6)

where 0 <Rea <1 and a > 0.
It can be shown that, for any two positive numbers a and g, the Weyl
fractional integral satisfies the laws of exponents

W WP f ()] = W[ f ()] =W P[W = f (). (8.5.7)

Invoking a change of variable t — x =y in (8.5.1), we obtain

o0

W f(z)] = ﬁ /y“‘lf(x +y)dy. (8.5.8)
0
We next differentiate (8.5.8) to obtain, D = %,
DW= f(z)] = FL /t (& + t)dt
0

= WDf(2)]. (8.5.9)
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A similar argument leads to a more general result

DW= f(x)] =W [D" f ()], (8.5.10)

where n is a positive integer.
Or, symbolically,
D"W™*=W~“D". (8.5.11)

We now calculate the Mellin transform of the Weyl fractional integral by
putting h(t) = ¢ f(t) and g (T ) =gy (1= )" H (1= %), where 5 (1- 7
is the Heaviside unit step function so that (8.5.1) becomes

F(z,a) :/h(t)g (%) %, (8.5.12)
0

which is, by the convolution property (8.3.18),

F(p, o) =h(p)j(p),

e h(p) =4 {x" f(z)} = f(p + ),
and
i) = { s 1= a1 H(L - 2)
. / gyt - B0 IO
Consequently,
Fip.o) =t W ()] = 1 P o+ ) (8.5.13)

It is important to note that this result is an obvious extension of result 7(b)
in Exercise 8.8

DEFINITION 8.5.2 If 8 is a positive number and n is the smallest
integer greater than 3 such thatn — B=a >0, the Weyl fractional derivative
of a function f(x) is defined by

WE(f(a)] = B" W=D [f ()]

_ (71)71 d_n r — 7 n—pG—1
= Fin—7) &7 / (t — )" P~ f(b)dt, (8.5.14)

x
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where £ =—D.
Or, symbolically,

Wh=Ew—e=Er"w-(=8), (8.5.15)

It can be shown that, for any £,
W AWh =1=wPw-~, (8.5.16)

And, for any 0 and -, the Weyl fractional derivative satisfies the laws of
exponents
WIW? f(2)] = WO [f (2)] = W WP f(2)). (8.5.17)

We now calculate the Weyl fractional derivative of some elementary functions.
If f(x) =exp(—ax), a >0, then the definition (8.5.14) gives

Whe—aw = gn[—(n=Fe-az), (8.5.18)
Writing n — =« > 0 and using (8.5.3) yields
Wﬁefaz — En[Wfaefaz] — En[afaefaac]
=a %(a"e ) =a"e"". (8.5.19)
Replacing § by —a in (8.5.19) leads to result (8.5.3) as expected.
Similarly, we obtain
r
Whp—h = LB +n) 7= (B+H) (8.5.20)
()

It is easy to see that
WP (cos ax) = E[W =17 cos ax],
which is, by (8.5.6),

=a” cos <ax - %ﬂ'ﬁ) . (8.5.21)

Similarly,

WP (sin azx) = a” sin (ax - %ﬂ'ﬁ) , (8.5.22)

provided « and [ lie between 0 and 1.

If 5 is replaced by —a, result (8.5.20)—(8.5.22) reduce to (8.5.4)—(8.5.6)
respectively.

Finally, we calculate the Mellin transform of the Weyl fractional derivative
with the help of (8.3.9) and find

MW f(2)] = A [E"W D) f ()] = (1) [D"W P f ()]
_ L'(p) —(n=B) £ (4 —n
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which is, by result (8.5.13),

“To-n) To-p P Y

— o A1 @)p =]

_ Ty

T (8.5.23)

Example 8.5.1
(The Fourier Transform of the Weyl Fractional Integral).

FW f(2)} = exp (-%) EoZ (@)}, (8.5.24)
We have, by definition,
FIWf(2)} = %ﬁ / e~ gy / (t — 2)° L F(1)dt
1 r 1 / . a—1
= E_Zo f)de- F(CY)_ZO exp(—ikz)(t — x)* “dx.

Thus,

FWp@) = o= [0 [ —as)
—o00 0

- y{f(x)}ﬁ///{em}

— exp (%) FeF ()
In the limit as o« — 0

m F{W f(z)} =F{f(2)}.

li
a—0
This implies that
WO{f(x)} = f(2).

We conclude this section by proving a general property of the Riemann-
Liouville fractional integral operator D™, and the Weyl fractional integral
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operator W<, It follows from the definition (6.2.1) that D~ f(t) can be
expressed as the convolution

D™ f(z) = ga(t) * f(1), (8.5.25)
where

w(t)=——, t>0.
Similarly, W~ f(x) can also be written in terms of the convolution

W= f(x) = ga(—2)x f(2). (8.5.26)
Then, under suitable conditions,

F'l-—a-p)

M D™ f(x)] = T =) flp+a), (8.5.27)
MW f(2)] = % flp+a). (8.5.28)

Finally, a formal computation gives

/ (D f(x)}g(x)de
0

which is, using the inner product notation,

(D™f, g)=(f, W %g). (8.5.29)

This show that D™* and W~ behave like adjoint operators. Obviously, this
result can be used to define fractional integrals of distributions. This result is
taken from Debnath and Grum (1988).

8.6 Application of Mellin Transforms to Summation of
Series

In this section we discuss a method of summation of series that is particularly
associated with the work of Macfarlane (1949).
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THEOREM 8.6.1
If .#{f(x)} = /(p), then

c+ioco

;Of(moozﬁ | i ewaan,

c—1i00
where £(p, a) is the Hurwitz zeta function defined by

o0

0<a<l1, R > 1.
O=3 g 0SeSL Rel)

PROOF If follows from the inverse Mellin transform that

ct+i00

fn+a)= / Fw)(n+a) 7 dp.
Summing this over all n gives

00 1 c+ioco

> fra =g [ iwewad.

n=0 m — 100

This completes the proof.
Similarly, the scaling property (8.3.1) gives

c+ioo

f(nz) = ~H{n™? f(p)} =

2mi /
Thus,
50 1 c+ioo
S s =5 [ 2wy = ) )
n=1 c—100
where ((p) = Z n~P is the Riemann zeta function.
When x = ﬁ:rlesult (8.6.4) reduces to
50 1 c+ioco
S im=5e [ Fw)cap
n=1 c—100

This can be obtained from (8.6.1) when a =0. |
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Example 8.6.1
Show that

oo

DD = (1= 21P) ((p) (8.6.6)

n=1
Using Example 8.2.1(a), we can write the left-hand side of (8.6.6) multiplied
by t™ as

0o 00 1 o0
-1 nflnfptn — n 1tn . /xpflefnxdx
2 )
0
_ 1 / p— 1dIZ n 1tnme—nm
I'(p)
0
= . /xp_l' te 7 x
T(p) 1+te==
0
1 /ﬂ*l t
T'(p) et +1
0

in which result (8.2.11) is used. I

Example 8.6.2
Show that

o0 . 1
) (Sma” —5(m-a), O<a<om (8.6.7)
n

N—

The Mellin transform of f(z) = <sm a:z:) gives
x

o[

o0
sin ax 5 .
} / 2?72 sin az dx
0
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Substituting this result into (8.6.5) gives

c+ioo
sinan) 1 I'(p—1) T

[M]8

n=1
We next use the well-known functional equation for the zeta function
™
(2m)P ¢(1 — p) =2T'(p) ¢(p) cos (7) (8.6.9)

in the integrand of (8.6.8) to obtain

“+100

i sinan’ @ LC 2 pg(l—p)d
n 2 2mi a p—1 p-

n=1

c—1i00

The integral has two simple poles at p=0 and p = 1 with residues 1 and —7/a,
respectively, and the complex integral is evaluated by calculating the residues
at these poles. Thus, the sum of the series is

i (sinnan) _ %(W_ o).

n=1

8.7 Generalized Mellin Transforms

In order to extend the applicability of the classical Mellin transform, Naylor
(1963) generalized the method of Mellin integral transforms. This generalized
Mellin transform is useful for finding solutions of boundary value problems in
regions bounded by the natural coordinate surfaces of a spherical or cylindrical
coordinate system. They can be used to solve boundary value problems in
finite regions or in infinite regions bounded internally.

The generalized Mellin transform of a function f(r) defined in a <r < oo is
introduced by the integral

4 a®
//lf{f(r)}:Ff(p):/ <rp 1 m) f(r)dr. (8.7.1)
The inverse transform is given by

Yy

///—_1{F7(p)}:f(?"):%/rpr(p)dp, r>a, (8.7.2)
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where L is the line Re p=¢, and F(p) is analytic in the strip |Re(p)|=|¢| <.
By integrating by parts, we can show that

2
M {TQZT{JFTZ_{“} =p? F_(p) +2paPf(a), (8.7.3)

provided f(r) is appropriately behaved at infinity. More precisely,

lim [(r? —a® r~P)rf, —p(r? +a®*r~?)f] =0. (8.7.4)

rT—00
Obviously, this generalized transform seems to be very useful for finding the
solution of boundary value problems in which f(r) is prescribed on the internal
boundary at r =a.

On the other hand, if the derivative of f(r) is prescribed at r=a, it is
convenient to define the associated integral transform by

ML f(r)]=Fi(p)= / <Tp1 + T‘; i) f(r)ydr, |Re(p)|<r,  (8.7.5)

a

and its inverse given by

21
L

j/;l[f(p)] =f(r)= i /T_p Fy(p)dp, 7r>a. (8.7.6)

In this case, we can show by integration by parts that

2
M [T2 % tr g_ﬂ =p°Fy(p) —2a"" f'(a), (8.7.7)

where f'(r) exists at r =a.

THEOREM 8.7.1
(Convolution). It A {f(r)}=F4+(p), and A {g(r)} =G +(p), then

AAF0) 90} = o [ FLOG (0 €) e (578)
L
Or, equivalently,
PR
fO)gr) =7 | o [Pr© G- 79)
L
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PROOF  We assume that F;(p) and G 4 (p) are analytic in some strip
|[Re(p)| <~. Then

M AS() 9(r)} = 7( + +) F(r)g(r)dr

a
oo oo

:/'f'pilf(T) (r )dT—i—/ C;flf(r)g(r)dr. (8.7.10)

o [

1 a?P
+E/mg(r)dr/f€m(g) dé. (8.7.11)
a L

Replacing ¢ by —¢ in the first integral term and using Fy(§) = a® F(=£),
which follows from the definition (8.7.5), we obtain

/ S F,(&)dE= / 2R (6)de. (8.7.12)

The path of integration L, Re(£) =e¢, becomes Re(§) = —¢, but these paths
can be reconciled if F(€) tends to zero for large Im(¢).
In view of (8.7.11), we have rewritten

o0

a?? 1 a2p—2€
/mf(T)g(T)de%/F / e I (8.7.13)
L

a

This result is used to rewrite (8.7.10) as

2p

M AS ()9} = 7( + ) fgnar

oo oo
2p

- / ) gy dr [ S rr) gt dr

a

= Fi(¢ dg/rpfl r)dr

27
L
1 2p2§
2_/ /pé-i-lg
1
— o [ FHOG - 9de
L
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This completes the proof. |

If the range of integration is finite, then we define the generalized finite
Mellin transform by

a?p

ML)} = F2 () = / ( - —+) F(r)dr, (8.7.14)
0

where Rep <.
The corresponding inverse transform is given by

1 T\P .,
f(T)——% (CL_Q) F%(p)dp, O<r<a,

L
which is, by replacing p by —p and using F* (—p) = —a~ 2" F* (p),
1
=— [ r"PF%(p)dp, 0<r<a, (8.7.15)
2m
L

where the path L is Re p=—c with [c] <.
It is easy to verify the result

a 2%
MO frr A} = / (rp_l — ;ﬁ) {r? frp +rf }dr
0

=p? F(p) —2pa? f(a). (8.7.16)

This is a useful result for applications.
Similarly, we define the generalized finite Mellin transform-pair by

M)} =P )= / (o 25) san an

0

fr)y=(a$) " [Filp)] = ﬁ/r*?’Fi(p) dp, (8.7.18)
L

where |Rep| <.
For this finite transform, we can also prove

a

a 2 _ p—1 ﬁ 2
ML frrtr fo] = [ (77 ) (P et fr) dr
0

=p?Fi(p) +2a*" " f'(a). (8.7.19)

This result also seems to be useful for applications. The reader is referred
to Naylor (1963) for applications of the above results to boundary value prob-
lems.
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]

8.8 Exercises

1. Find the Mellin transform of each of the following functions:

(a) f(x)=H(a—1z), a>0, (b) f(z)=ame "™, m,n>0,
© f@)= 37 (@) f@)=T3(a),
() flz)=2*H(z — o), (f) f(z)=[H(z —x0) — H(x)]2?,
(g) f(z)="Ei(x), (h) f(z)=e"Ei(z),

where the exponential integral is defined by

Ez’(:c)z/fle*t dt:/g*le*@dg.
x 1

2. Derive the Mellin transform-pairs from the bilateral Laplace transform

and its inverse given by

o) ct+i00
B _ 1 B
g(p)=/e Py(t)dt, 9(t) = 5— e” g(p)dp

3. Show that
1
- =L
///L“reﬂ} (p) L(p),
here L _ ! ! is the Dirichlet L ti
where (p)—l—p—g—p+5—p—--- is the Dirichlet L-function.
4. Show that
Y 1 _TwI®-p)

(14 ax)" aPT'(n)

5. Show that

6. Show that

@ 4 [oos (B 10) f1- )] = 2.{ T 10}
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o) o i (B e fa-p] 2.\ [5 10}

If I2° f(z) denotes the nth repeated integral of f(z) defined by

o0

12 f(x) = / 12 (),

x

show that
(a) A [/f(t)dt, p] :%f’(p+1),

() A 152 1(0)] = P T+ )

Show that the integral equation

Find the solution of the Laplace integral equation

oo

[ n ac=

0

1
(1+az)

Show that the integral equation

f(@)=n(z) +7 1€ g (g) ‘2_5

has the formal solution
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11. Show that the solution of the integral equation

oo

f@)=e / exp <§) 1o%
fw)= %7:(@ {15(—1%} dp.

12. Assuming (see Harrington, 1967)

o0

M [f(re™)] :/Tp_lf(rew) dr, pis real,

0
and putting re®® =&, 4 {f(€)} = F(p) show that
(a) A [f(re'); r— p|=exp(—ipf) F(p).
Hence, deduce

(b) " {F(p) cos pf} =Re[f(re)],
(c) # ~*{F(p) sin pf} = —Im[f(re')].

13. (a) If A [exp(—7)] =T(p), show that

M [exp(—rew)] =T(p) e P

(b) If A [log(1+71)]= T , then show that
psinmp

; 0
M [Re log (14 7re?)] = Teos b7
psinmp

367

1
14. Use .4 1 { T } = = f(z), and Exercises 12(b) and 12(c), re-

sin pm 1+
spectively, to show that
_q [mcospl 1+ rcosd
(a) A { sinpr L }_1+2rcos€+r27
_, [msinpl rsin 6
b) 4! ; =
(b) { sinpr ’ - } 1+ 2rcosf + r?
15. Find the inverse Mellin transforms of
(a) T'(p) cos pb, where — g <h< g, (b) T'(p) sin pb.
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16. Obtain the solution of Example 8.4.2 with the boundary data

(a) o(r, @) =¢(r, —a)=H(a —r).

(b) Solve equation (8.4.5) in 0<r < oo, 0< 6 <« with the boundary
conditions ¢(r, 0) =0 and ¢(r, a) = f(r).

17. Show that

> cos kn K wk w? =1 w2
@ 3 _[Z_7+E],and CPIFEEA
18. If f(x)= > ane ™", show that
n=1
M {f(@)}=f(p)=T(p) g(p),
where g(p) = Z an n~P is the Dirichlet series.
n=1
If a, =1 for all n, derive
f)=T(p)¢(p)
Show that ( )
exp(—ax
a { S ) g(p.0)
—e
19. Show that
- (_1)71—1 1-p
W 3 =120
Hence, deduce
> ( 1)n—1 _ 2 o ( 1)n—1 B 7\ 71t
(b); n? 12’ (C>; nt \8)90
20. Find the sum of the following series
(a) i w cos kn (b) i ﬂ sin kn
n? ’ n '

21. Show that the solution of the boundary value problem

P2 + 10 + oo =0, 0<r<oo, 0<O<T

¢(T7 O) = ¢(T7 ﬂ-) = f(’l”),
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is

c+io00 r3 ™
LT eos{p(6-F)} dp
¢(T, 0) = % / r—P ) .
c—100 cos (7)
22. Evaluate
Z cosan _ (a® — 3ma® + 27%a).
23. Prove the following results:
(0) A / € (26) g(€)de| = F(p) a1 +n —p).
() .4 /§ (%) st | = Fw i+ n+ .
24. Show that
(a) We *|=e"%, a>0,
11 Ki(vx)
b 7 | — — =
(b) W [ﬁexp( \/E)} U a0,
where K (z) is the modified Bessel function of the second kind and order

one.

25. (a) Show that the integral (Wong, 1989, pp. 186-187)
/2
I(m)z/JE(wcosQ)dG, v>=g,
0

can be written as a Mellin convolution

z)= [ f(x£)g(£)d¢,
/

where
(1-€2)7%, 0<§<1}

F(€)=J2(&) and g(é){
0, £>1

(b) Prove that the integration contour in the Parseval identity
c+ioco
1 -
I(x)= 5 x7P f(p)g(1—p) dp, —2v<e<l,
i
c—100

cannot be shifted to the right beyond the vertical line Re p=2.
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26. If f(z) = / exp(—z%t2) - %Jl(t)dt, show that

0
@)= G;%?pig%) |

27. Prove the following relations to the Laplace and the Fourier transforms:

(a) A[f(x),p)=Z[f(e™"),p],
(b) A [f(x);a+iw]=F[f(e e " w],

)

where .Z is the two-sided Laplace transform and .% is the Fourier trans-
1
form without the factor (27)~2.

28. Prove the following properties of convolution:

(a) frg=g*T, (b) (f*g)*xh=fx*(g*h),
(c) f(x)*d(x—1)=f(x), (d) §(z—a)* f(x)=a"'f (g) ,

© 5" =1 )= (1) "1

0 (i) o= () A1 (o) )
29. If A {f(r,0)} = f(p,0) and V2f(r,0) = frr + 2 f, + % fop, show that

AT (00} = | 5+ 0= 22| Flo - 2.0,
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