
 4.1  Definite Integral

Sometimes in geometrical and other applications of integral calculus it becomes

necessary to find the difference in the values of an integral of a function f x( ) for

two given values of the variable x, say a and b. This difference is called the definite

integral of f x( ) from a to b or between the limits a and b.

This definite integral is denoted by

f x dx
a

b
( )∫

and is read as “the integral of f x( ) with respect to x between the limits a and b”.

It is often written thus:

f x dx F x F b F aa
b

a

b
( ) [ ( )] ( ) ( ),= = −∫

where F x( ) is an integral of f x( ), F b( ) is the value of F x( ) at x b= ,  and F a( ) is the value of 

F x( ) at x a= .

The number a is called the lower limit and the number b, the upper limit of integration.

The interval ( , )a b  is called the range of integration.
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Fundamental Theorem of Integral Calculus: Let f a b∈ R[ , ] and let φ be a

differentiable function on [ , ]a b  such that ′ =φ ( ) ( )x f x  for all x a b∈[ , ]. Then

f x dx b a
a

b
( ) ( ) ( ).= −∫ φ φ

   2  Fundamental Properties of Definite Integrals

Property 1: We have f x dx f t dt
a

b

a

b
( ) ( ) ,= ∫∫ i.e., the value of a definite integral does not

change with the change of variable of integration (also called ‘argument’) provided the limits of

integration remain the same.

Proof: Let f x dx F x( ) ( );=∫  then f t dt F t( ) ( ).=∫
Now f x dx F x F b F aa

b

a

b
( ) [ ( )] ( ) ( ),= = −∫ …(1)

and f t dt F t F b F aa
b

a

b
( ) [ ( )] ( ) ( ),= = −∫ …(2)

From (1) and (2), we see that f x dx f t dt
a

b

a

b
( ) ( ) .= ∫∫

Property 2: We have f x dx f x dx
b

a

a

b
( ) ( ) ,= −∫∫  i e. ., interchanging the limits of a definite

integral does not change the absolute value but changes only the sign of the integral.

Proof : Let ∫ =f x dx F x( ) ( ). Then

          
a

b

a
bf x dx F x F b F a∫ = = −( ) [ ( )] ( ) ( )                ...(1)

Also − = − = − − = −∫b

a

b
a

f x dx F x F a F b F b F a( ) [ ( )] [ ( ) ( )] ( ) ( ). ...(2)

From (1) and (2), we see that 
a

b

b

a
f x dx f x dx∫ ∫= −( ) ( ) .

Property 3: We have f x dx f x dx f x dx
c

b

a

c

a

b
( ) ( ) ( ) .= + ∫∫∫

Proof: Let ∫ =f x dx F x( ) ( ).

Then the R.H.S.

= + = − + −[ ( )] [ ( )] ( ) ( ) ( ) ( )F x F x F c F a F b F ca
c

c
b

{ } { }

= − = =∫F b F a f x dx
a

b
( ) ( ) ( ) L.H.S.
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Note 1: This prop erty also holds true even if the point c is ex te rior to the in ter val 

( , ) .a b

Note 2: In place of one ad di tional point c , we can take sev eral points. Thus

a

b

a

c

c

c

c

c
f x dx f x dx f x dx f x dx∫ ∫ ∫ ∫= + + + …( ) ( ) ( ) ( )

1

1

2

2

3

 + + +
−

∫ ∫c

c

c

b

r

r

n

f x dx f x dx
1

( ) ( ) .…

Property 4: We have 
0 0

a a
f x dx f a x dx∫ ∫= −( ) ( ) .

Proof: Let I f x dx
a

= ∫0
( ) .

Put x a t= − , so that dx dt= − .

When x = 0, t a=  and when x a= , t = 0.

∴ I f a t dt f a t dt
a

a
= − − = −∫ ∫

0

0
( ) ( ) ( ) ,  [by property 2]

                                = −∫0

a
f a x dx( ) .                                                       [by property 1]

Property 5: 
−∫ =
a

a
f x dx( ) 0  or 

0

a
f x dx∫ ( ) , according as f x( ) is an odd or an even

function of x .

Proof: Odd and even functions. A function f x( ) is said to be

(i) an odd function of x if f x f x( ) ( ),− = −

(ii) an even function of x if f x f x( ) ( ).− =

Now  
− −∫ ∫ ∫= +

a

a

a

a
f x dx f x dx f x dx( ) ( ) ( ) ,

0

0
    by property 3. ...(1)

Let u f x dx
a

=
−∫
0

( ) . In the integral u, put x t= −  so that dx dt= − .

Also t a= , when x a= −  and t = 0 when x = 0.

∴                 u f t dt
a

= − −∫
0

( ) ( )  = −∫0

a
f t dt( ) ,  [by property 2]

   = −∫0

a
f x dx( ) , [by property 1]

 = − ∫0

a
f x dx( ) ,  if f x( ) is an odd function of x,

or = ∫0

a
f x dx( ) , if f x( ) is an even function of x.
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∴  from (1), we get

−∫ ∫ ∫= − +
a

a a a
f x dx f x dx f x dx( ) ( ) ( )

0 0
= 0 ,

  if f x( ) is an odd function of x 

and
−∫ ∫ ∫ ∫= + =

a

a a a a
f x dx f x dx f x dx f x dx( ) ( ) ( ) ( ) ,

0 0 0
2

if f x( ) is an even function of x .

Property 6: 
0

2

0
2

a a
f x dx f x dx∫ ∫=( ) ( ) , if f a x f x( ) ( )2 − =

and                
0

2
0

a
f x x∫ =( ) ,  if f a x f x( ) ( ).2 − = −

Proof : We have 
0

2

0

2a a

a

a
f x dx f x dx f x dx∫ ∫ ∫= +( ) ( ) ( )

                    = − −∫ ∫0

0
2

a

a
f x dx f a y dy( ) ( ) ,          

[putting x a y= −2  in the second integral and changing the limits]

= + −∫ ∫0 0
2

a a
f x dx f a y dy( ) ( ) , 

interchanging the limits in the second integral

= + −∫ ∫0 0
2

a a
f x dx f a x dx( ) ( ) ,

changing the argument from y to x in the second integral

= ∫2
0

a
f x dx( ) , if f a x f x( ) ( )2 − =

or = 0, if f a x f x( ) ( ).2 − = −

Corollary: 
0

2

0 0
2

a a a
f x dx f x dx f a x dx∫ ∫ ∫= + −( ) ( ) ( ) .

Remember:

(i) 
−∫ ∫= =

π

π π

/

/ /
(sin ) (sin )

2

2

0

2
2 0f x dx f x dx or

as if, f x(sin ) is an even or an odd function respectively.

(ii) 
0 0

2
2

π π

∫ ∫=f x dx f x dx(sin ) (sin ) ,
/

  [by property 6, because sin ( ) sinπ − =x x]

(iii) 
−∫ ∫=

π

π π

/

/ /
(cos ) (cos ) ,

2

2

0

2
2f x dx f x dx [by property 5]

I-6



(iv) 
0 0

2
2 0

π π

∫ ∫= =f x dx f x dx(cos ) (cos ) ,
/

or

as if, f x(cos ) is an even or an odd function respectively.

(v) 
0

2

0

2 1

2

π π
π

/ /
(sin ) sin ,∫ ∫= −













f x dx f x dx   [by property 4]

        = ∫0

2π /
(cos ) .f x dx

(vi) 
0 0

2
2 0

π π

∫ ∫= =sin cos sin cos ,
/

m n m nx x dx x x dx or

according as n is an even or an odd integer, (by property 6).

Example 1:  Evaluate 
0

2
π

∫ cos n x dx.

Solution: We have 
0

2

0

2
22

π π

∫ ∫=cos cos ,
/

n nx dx x dx

∵

0

2

0
2 2

a a
f x dx f x dx f a x f x∫ ∫= − =




 ( ) ( ) ( ) ( ).if

Here taking f x xn( ) cos ,= 2  we see that

 f x x x x f xn n n( ) cos ( ) ( cos ) cos ( )π π− = − = − = =





2 2 2

= ⋅
− −
− −

⋅2
2 1 2 3 3 1

2 2 2 2 4 4 2 2

( ) ( ) ...... .

( ) ( ) ...... .

n n

n n n

π
, by Walli’s formula 

=
− −

⋅
( ) ( ) .

. !
.

2 1 2 3 3 1

2

n n

nn

…

π                                

Ex am ple 2:  Eval u ate 
0

3
π

θ θ θ∫ sin d .

So lu tion: Let  I d= ∫0

3
π

θ θ θ. sin . ...(1)

Then I d= − −∫0

3
π

π θ π θ θ( ) sin ( ) ,

 ∵
0 0

a a
f x dx f a x dx∫ ∫= −









( ) ( ) , refer prop.  4

 = −∫0

3
π

π θ θ θ( ) sin .d  ...(2)
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Adding (1) and (2), we get

                  2
0

3 3I d= + −∫
π

θ θ π θ θ θ[ sin ( ) sin ]   = + −∫0

3
π

θ π θ θ θ( ) sin d

    = =∫ ∫0

3

0

3
π π

π θ θ π θ θsin sind d

= ∫2
0

2
3π θ θ

π /
sin ,d  by a property of definite integrals; refer prop. 6

         = 2
2

3 1
1π .

.
. ,  by Walli’s formula

         = 4 3π / .

∴       I =
2

3
π .

Example 3: Prove without performing integration that

−∫ ∫+
=

+
⋅

a

a

a

ax dx

x p

x dx

x p

2

2 2

2

2 2

Solution: We have

− −∫ ∫ ∫+
=

+
+

+
⋅

a

a

a

a

a

ax dx

x p

x dx

x p

x dx

x p

2

2 2 2 2

2

2 2
...(1)

But if f x
x

x p
( ) ,=

+2 2
 then f x

x

x p
f x( ) ( ).− =

−

+
= −

2 2

Therefore f x( ) is an odd function of x .

∴ 
−∫ +

=
a

a x dx

x p2 2
0. 

So from (1), we get 
−∫ ∫+

=
+a

a

a

ax dx

x p

x dx

x p

2

2 2

2

2 2
.

Example 4: Evaluate 
0 2 2 2 2

π

∫ +
⋅

x dx

a x b xcos sin (Kumaun 2012)

So lu tion:  Let I
x dx

a x b x
=

+
⋅∫0 2 2 2 2

π

cos sin
...(1)

Then      I
x dx

a x b x
=

−

− + −∫0 2 2 2 2

π π

π π

( )

cos ( ) sin ( )
,  

∵

0 0

a a
f x dx f a x dx∫ ∫= −









( ) ( )

=
−

+
⋅∫0 2 2 2 2

π π( )

cos sin

x dx

a x b x
...(2)

Adding (1) and (2), we get
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       2
0 2 2 2 2

I
x x

a x b x
dx=

+ −

+∫
π π( )

cos sin
 =

+∫π
π

0 2 2 2 2

dx

a x b xcos sin

                 =
+∫2

0

2

2 2 2 2
π

π /

cos sin
,

dx

a x b x

 by a property of definite integrals, refer prop. 6.

∴   I
dx

a x b x
=

+∫π
π

0

2

2 2 2 2

/

cos sin
  =

+∫π
π

0

2 2

2 2 2

/

tan
,

sec x dx

a b x
 

dividing the numerator and the denominator by cos .2 x

Now put b x ttan .=  Then b x dx dtsec
2 = .

Also when x = 0 , t = 0 and when x → π / ,2  t → ∞.

∴ I
b

dt

a t b a

t

a
=

+
= ⋅ 





∞

∫ −
∞π π

0 2 2
1

0

1
tan                                 

   = ∞ −− −π
ab

[tan tan ]1 1 0   = −





= ⋅
π π π
ab ab2

0
2

2

Example 5: Evaluate 
0

2

1

π /
.∫

−
+
cos sin

sin cos

x x

x x
dx

Solution: Let  I
x x

x x
dx=

−
+∫0

2

1

π / cos sin

sin cos
.

Then                      I
x x

x
=

−





− −





+ −


∫0

2
1

2

1

2

1
1

2

π π π

π

/ cos sin

sin


−





cos
,

1

2
π x

dx                                [Refer prop. 4]

     =
−

+
= −

−
+∫ ∫0

2

0

2

1 1

π π/ /sin cos

cos sin

cos sin

sin c

x x

x x
dx

x x

x os
.

x
dx I= −

∴                     2 0I =   or  I = 0 .

Example 6: Evaluate 
0 1

π

∫ +
⋅

x dx

xsin

So lu tion: Let I
x dx

x

x dx

x
=

+
=

−
+ −∫ ∫0 01 1

π π π
πsin

( )

sin ( )
, [Re fer prop. 4]

           =
−

+
=

+
−

+∫ ∫ ∫0 0 01 1 1

π π ππ π( )

sin sin sin

x

x
dx

x
dx

x

x
dx    

   =
+

−∫π
π

0

1

1 sin
.

x
dx I                                                                   

∴             2
1

2
10 0

2
I

dx

x

dx

x
=

+
=

+∫ ∫π π
π π

sin sin
,

/
              [Refer prop. 6]
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or I
dx

x

dx

x
=

+
=

+ −





∫ ∫π π
π

π π

0

2

0

2

1 1
1

2

/ /

sin sin
,  [Refer prop. 4]

  =
+

= =∫ ∫ ∫π π π
π π π

0

2

0

2

2 0

2
2

1 2
1

2

1

2

1

2

/ / /

cos cos

dx

x

dx

x
x dxsec

   = 





= −





= − =π π π π π
π

tan tan tan ( ) .
/1

2

1

4
0 1 0

0

2

x

Example 7: Show that 
0

2 1

2
2

1

2

1

2

π
π π

/

∫ = − ⋅log sin log logx dx or

So lu tion: Let  I x dx= ∫0

2π /
log sin . ...(1)

Then             I x dx= −



∫0

2 1

2

π
π

/
log sin , ∵

0 0

a a
f x dx f a x dx∫ ∫= −









( ) ( )

       = ∫0

2π /
log cos .x dx                ...(2)

Adding (1) and (2), we get

                     2
0

2

0

2
I x dx x dx= +∫ ∫

π π/ /
log sin log cos            

= ∫0

2π /
log(sin cos )x x dx (Note)

= 







= −∫ ∫0

2

0

22

2
2 2

π π/ /
log

sin
(log sin log )

x
dx x dx

= −∫ ∫0

2

0

2
2 2

π π/ /
log sin logx dx dx  

= −∫0

2

0
22 2

π π/ /log sin (log ) [ ]x dx x

= −∫0

2
2

2
2

π π/
log sin log .x dx

Now put 2x t= , so that 2 dx dt= . Also t = 0 when x = 0 and t = π  when x =
1

2
π.

∴                   2
1

2 2
2

0
I t dt= −∫

π π
log sin log

     = −∫1

2 2
2

0

π π
log sin log ,x dx   [Refer prop. 1]

     = −∫1

2
2

2
2

0

2
. log sin log ,

/π π
x dx  [Refer prop. 6]

  = −I
1

2
2π log .
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Therefore 2
1

2
2I I− = − π log  

or I = − = −1

2
2

1

2
2 1π πlog log ( )  = ⋅

1

2

1

2
π log

Example 8: Show that 
0

2 1

2
2

π
π

/
.∫ =x x dxcot log

Solution: Let I x x dx= ∫0

2π /
cot . Integrating by parts taking cot x as the second

function, we get

                    I x x x dx= − ∫[ log sin ] . log sin
/

0
2

0

2
1π /

π
    

= −








 −

→ ∫π π

2
1

0 0

2
log lim log sin log sin

/

x
x x x dx

= − −
→ ∫0

0 0

2
lim log sin log sin .

/

x
x x x dx

π

Now lim log sin lim
log sin

/x x
x x

x

x→ →
=

0 0 1
form

∞
∞







=
−

=
−

→ →
lim

( /sin )cos

/
lim

cos

sinx x

x x

x

x x

x0 2 0

21

1
form

∞
∞







=
− +

= =
→

lim
cos sin

cos
.

x

x x x x

x0

22 0

1
0

∴ I x dx x dx= − = −∫ ∫0
0

2

0

2π π/ /
log sin log sin .

Now let  u x dx= ∫0

2π /
log sin .                                                             

Then proceeding as in Example 7, we have  u = −
1

2
2π log .

∴ I u= − =
1

2
2π log .

Example 9: Show that 
0

4
1

8
2

π
θ θ

π/
( ) .∫ + =log tan logd

Solution: Let I d= +∫0

4
1

π
θ θ

/
log ( tan ) .

Then            I d= + −











∫0

4
1

1

4

π
π θ θ

/
log tan , ∵

0 0

a a
f x dx f a x dx∫ ∫= −









( ) ( )

= +
−
+









 =

+∫ ∫0

4

0

4
1

1

1

2

1

π πθ
θ

θ
/ /

log
( tan )

( tan )
log

tan
d

θ
θ









d
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= − +∫ ∫0

4

0

4
2 1

π π
θ θ θ

/ /
log . log ( tan )d d  

= −log . [ ] ./2
0

4θ π
I

∴                2
1

4
2I = π log   or  I =

1

8
2π log .

Example 10: Show that 
0

2

4

π π/

∫ +
= ⋅

sin

sin cos

x dx

x x (Lucknow 2014)

So lu tion: Let  I
x dx

x x
=

+
⋅∫0

2π / sin

sin cos
...(1)

Then                       I
x

x x
=

−





−





+ −





∫0

2
1

2
1

2

1

2

π π

π π

/ sin

sin cos
 [Refer prop. 4]

                =
+

⋅∫0

2π / cos

cos sin

x dx

x x
                                  ...(2)

Adding (1) and (2), we get

      2
0

2

0

2
I

x dx

x x

x dx

x x
=

+
+

+∫ ∫
π π/ /sin

sin cos

cos

sin cos

=
+

+
+









∫0

2π / sin

sin cos

cos

sin cos

x

x x

x

x x
dx 

= = = ⋅∫0

2

0
21

2

π π π/
/. [ ]dx x

∴ I =
1

4
π .               

Evaluate the following integrals :

1. (i)
0

6
π

∫ cos .x dx (ii) sin .3

0
x dx

π

∫
2. (i)

x x

x
dx

2 1

21

1

1

sin

( )
.

−

− √ −∫ (ii) x a x dx
a

a
√ −

−∫ ( ) .2 2

(iii)
−

−

∫ √ −1

1 1

21

x x

x
dx

sin

( )
.

3. (i)
0

π

∫ +
⋅

dx

a b xcos
(ii)

0

2π

∫ + +
⋅

dx

a b x c xcos sin
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 1.1  Rational Fractions

A fraction whose numerator and denominator are both rational and algebraic functions is

defined as a rational algebraic fraction or simply a rational fraction.

Thus,
f x

x

a x a x a x a

b x b x b x

m m
m m

n n
n

( )

( )φ
=

+ + … + +

+ + … +

−
−

−
−

0 1
1

1

0 1
1

1 + bn

, 

in which a a a b b bm n0 1 0 1, , , , , , ,… …  are constants and m nand  are positive integers, is a

rational algebraic fraction.

If degree f x x( ) ( ),< φdegree  then 
f z

x

( )

( )φ
 is called a proper rational fraction.

If degree f x( ) ≥ degree φ( ),x  then 
f x

x

( )

( )φ
 is called an improper rational fraction.

If 
f x

x

( )

( )Φ
 is an improper rational fraction, then by dividing f x( ) by φ( ),x  we can express 

f x

x

( )

( )φ
 as the sum of a polynomial and a proper rational fraction.
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 1.2  Partial Fractions

Any proper rational fraction f x x( ) / ( )φ  can be expressed as the sum of rational fractions, each

having a simple factor of φ( ).x  Each such fraction is called a partial fraction and the process of

obtaining them is called the decomposition or resolution of the given fraction into partial fractions.

The resolution of f x x( ) / ( )φ  into partial fractions will depend upon the nature of

factors of φ( )x . According to these factors, we obtain the corresponding partial

fractions. The following table gives an idea what kind of partial fractions are to be

taken for what kind of factors in the denominator :

Factor in the denominator Form of the partial fraction

(i) ( )x a− A

x a( )−

(ii) ( )x a− 2 A

x a

B

x a( ) ( )−
+

− 2

(iii) ( )x a− 3 A

x a

B

x a

C

x a( ) ( ) ( )−
+

−
+

−2 3

(iv) ( )ax bx c2 + + Ax B

ax bx c

+

+ +2

(v) ( )ax bx c2 2+ + Ax B

cx bx c

Cx D

ax bx c

+

+ +
+

+

+ +2 2 2( )

Note: There are as many con stants to be de ter mined as the de gree of the

de nom i na tor.

We explain the method of partial fraction decomposition through some examples.

Example 1: Resolve 
( )

( ) ( )

x

x x

−
− −

1

3 2
 into partial fractions.

Solution: Let 
x

x x

A

x

B

x

A x B x

x x

−
− −

=
−

+
−

=
− + −
− −

1

3 2 3 2

2 3

3 2( )( ) ( ) ( )

( ) ( )

( )( )
.

Clearly x A x B x− ≡ − + −1 2 3( ) ( ). …(1)

Comparing the coefficients of x and the constant terms on both sides of (1), we

get

  1= +A B …(2)

and − = − −1 2 3A B …(3)
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Solving (2) and (3), we get A B= = −2 1, .

∴
( )

( )( ) ( ) ( )
.

x

x x x x

−
− −

=
−

−
−

1

3 2

2

3

1

2

Note: An easy way to find the con stants A Band  etc. cor re spond ing to lin ear

non-re peated fac tors is like this : The fac tor be low A is ( ) .x − 3  The equa tion x − =3 0

gives x = 3. Now sup press ( )x − 3  in the given frac tion 
( )

( ) ( )

x

x x

−
− −

1

3 2
 and put x = 3 in the

re main ing frac tion 
( )

( )

t

x

−
−

1

2
 to get A. Thus, A =

−
−

=
3 1

3 2
2 .

Similarly B =
−
−

= −
2 1

2 3
1.

Example 2: Resolve 
x x x

x x

3 2

2

6 10 2

5 6

− + −

− +
 into partial fractions.

Solution: Here since numerator is not of a lower degree than the denominator, we

first divide the numerator by the denominator.

We have 
x x x

x x
x

x

x x

3 2

2 2

6 10 2

5 6
1

4

5 6

− + −

− +
= − +

− +

− +
⋅

( )

Now let 
− +

− +
=

− +
− −

=
−

+
−

⋅
x

x x

x

x x

A

x

B

x

4

5 6

4

3 2 3 22 ( ) ( ) ( ) ( )

Then − + ≡ − + −x A x B x4 2 3( ) ( ). …(1)

Putting x = 3 in (1), we get A = 1.

Putting x = 2 in (1), we get B = − 2 .

∴
− +

− +
=

−
−

−
⋅

x

x x x x

4

5 6

1

3

2

22 ( ) ( )

Hence,
x x x

x x
x

x x

3 2

2

6 10 2

5 6
1

1

3

2

2

− + −

− +
= − +

−
−

−
⋅

( ) ( )

Example 3: Resolve 
16

2 2 2( ) ( )x x− +
 into partial fractions.

Solution: Let  
16

2 2 2 2 22 2( ) ( ) ( ) ( ) ( )x x

A

x

B

x

C

x− +
=

−
+

+
+

+
⋅

Then 16 2 2 2 22≡ + + + − + −A x B x x C x( ) ( ) ( ) ( ). …(1)

Putting x = 2 in (1), we get A = 1.

Comparing the coefficients of x2 and constant terms on both sides of (1), we get

A B+ = 0 and  4 4 2 16A B C− − = .

These give B C= − = −1 4, .
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Hence, 
16

2 2

1

2

1

2

4

22 2( ) ( ) ( ) ( ) ( )x x x x x− +
=

−
−

+
−

+
⋅

Example 4: Resolve 
2 1

1 22

x

x x

−

+ +( ) ( )
 into partial fractions.

Solution: Let 
2 1

1 2 1 22 2

x

x x

A

x

Bx C

x

−

+ +
=

+
+

+

+
⋅

( ) ( ) ( ) ( )

Then  2 1 2 12x A x Bx C x− ≡ + + + +( ) ( ) ( ). …(1)

Putting x = − 1 in (1), we get A = − 1.

Comparing the coefficients of x x2 and  on both sides of (1), we get

A B+ = 0 and B C+ = 2 .

These give B A= − = 1, C B= − =2 1.

∴
3 1

1 2

1

1

1

22 2

x

x x x

x

x

−

+ +
= −

+
+

+

+
⋅

( ) ( ) ( )

Example 5: Resolve 
( )

( ) ( )

2 3

1 12 2

x

x x

−

− +
 into partial fractions.

Solution: Let
( )

( ) ( ) ( ) ( ) ( )

2 3

1 1 1 1 12 2 2 2 2

x

x x

A

x

Bx C

x

Dx E

x

−

− +
=

−
+

+

+
+

+

+
⋅

Then 2 3 1 1 12 2 2x A x Bx C x x− ≡ + + + − +( ) ( ) ( ) ( ) + + −( ) ( ).Dx E x 1 …(1)

Putting x = 1 in (1), we get A = − ⋅
1

4

Comparing the coefficients of x x x x4 3 2, , and  on both sides of (1), we get

A B+ = 0, C B− = 0, 2 0A B C D+ − + =  and − + − + =B C D E 2 .

Putting A = −
1

4
 and solving these equations, we get

B C D E= = = = ⋅
1

4

1

4

1

2

5

2
, , and

∴  
( )

( ) ( ) ( )

( )

( )

( )

(

2 3

1 1

1

4 1

1

4 1

5

22 2 2 2

x

x x x

x

x

x

x

−

− +
= −

−
+

+

+
+

+

+
⋅

12)

Example 6: Resolve 
x x

x

2

4

1

1

+ +

−( )
 into partial fractions.

Solution: Let ( ) .x y− =1  Then x y= +( ) .1

∴
x x

x

y y

y

y y

y

2

4

2

4

2

4

1

1

1 1 1 3 3+ +

−
=

+ + + +
=

+ +

( )

( ) ( )

= + + =
−

+
−

+
−

⋅
1 3 3 1

1

3

1

3

12 3 4 2 3 4y y y x x x( ) ( ) ( )
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 1.3  Integration of Rational Fractions by Partial Fraction

We can use the method of partial fraction decomposition to integrate rational

fractions. The following examples illustrate the procedure.

Example 7: Evaluate :∫
+

+ −

( )x dx

x x x

1

63 2
 .

Solution: Here
x

x x x

x

x x x

+

+ −
=

+
− +

1

6

1

2 33 2 ( ) ( )
 

  ≡ +
−

+
+

A

x

B

x

C

x( ) ( )
, ).

2 3
(say

To find A suppress x in the given fraction and put x = 0 in the remaining fraction.

Thus, A =
+

− +
= − ⋅

0 1

0 2 0 3

1

6( ) ( )

To find B suppress ( )x − 2  in the given fraction and put x = 2 in the remaining fraction.

Thus, B =
+
+

= ⋅
2 1

2 2 3

3

10( )

Similarly C =
− +

− − −
= − ⋅

3 1

3 3 2

2

15( )

Thus, 
x

x x x x x x

+
− +

= − +
−

−
+

⋅
1

2 3

1

6

3

10 2

2

15 3( ) ( ) ( ) ( )

Obviously ∫ ∫ ∫ ∫
+

− +
= − +

−
−

+
( )

( ) ( )

.

( ) (

x dx

x x x

dx

x

dx

x

dx

x

1

2 3

1

6

3

10 2

2

15 3)

= − + − − + +
1

6

3

10
2

2

15
3log| | log| | log| | .x x x c

Example 8: Evaluate ∫ − − −
x

x x x
dx

3

1 2 3( ) ( ) ( )
.

Solution: Here since the numerator is not of a lower degree than the denominator, we

divide the numerator by the denominator till the remainder is of lesser degree than the

denominator. We orally see that the quotient is 1.

We need not find out the actual value of the remainder because ultimately we have to

break the fraction into partial fractions. Note that the denominators of the partial

fractions depend only upon the denominator of the given fraction. So let

x

x x x

A

x

B

x

C

x

3

1 2 3
1

1 2 3( ) ( ) ( ) ( ) ( ) ( )− − −
≡ +

−
+

−
+

−
⋅
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We have A B=
− −

= =
− −

= −
1

1 2 1 3

1

2

2

2 1 2 3
8

3 3

( ) ( )
,

( ) ( )
,

and         C =
− −

= ⋅
3

3 1 3 2

27

2

3

( ) ( )

∴          
x

x x x x x x

3

1 2 3
1

1

2 1

8

2

27

2 3( ) ( ) ( ) ( ) ( ) ( )− − −
= +

−
−

−
+

−
⋅

Hence, ∫ − − −
x dx

x x x

3

1 2 3( ) ( ) ( )

= +
−

−
−

+
−∫ ∫ ∫ ∫1

2 1

8

2

27

2 3
.

( ) ( ) ( )
dx

dx

x

dx

x

dx

x

       = + − − − + − +x x x x c
1

2
1 8 2

27

2
3log| | log| | log| | .

Example 9: Evaluate ∫ + +
x

x x
dx

2

2 22 3( ) ( )
.

Solution: Let y x= 2 .

Then 
x

x x

y

y y

A

y

B

y

2

2 22 3 2 3 2 3( ) ( ) ( ) ( ) ( ) ( )
, ).

+ +
=

+ +
≡

+
+

+
(say

We have A = the value of 
y

y + 3
, when y is − 2 ,

                          = − 2

and B = the value of 
y

y + 2
, when y is − 3 ,

                         = 3.

Thus, 
x

x x y y x x

2

2 2 2 22 3

2

2

3

3

2

2

3

3( ) ( )+ +
=

−
+

+
+

=
−

+
+

+
⋅

∴   ∫ ∫ ∫+ +
= −

+
+

+
x

x x
dx

dx

x

dx

x

2

2 2 2 22 3
2

2
3

3( ) ( )

= − ⋅
√ √

+ ⋅
√ √

+− −2
1

2 2
3

1

3 3
1 1tan tan

x x
c

= − √
√

+ √
√

+− −2
2

3
3

1 1tan tan .
x x

c

Note: In the above ex am ple, the sub sti tu tion was made only for the par tial frac tion

part and not for the in te gra tion part.

Example 10: Evaluate : ∫ + +
8

2 42( ) ( )x x
dx.
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Solution:  Let  
8

2 4 2 42 2( ) ( )x x

A

x

Bx C

x+ +
≡

+
+

+

+

or 8 4 22≡ + + + +A x Bx C x( ) ( ) ( ) . …(1)

Then A = the value of 
8

42x +
, when x is − =2 1.

Comparing the coefficients of x x2 and  on both sides of (1), we get

A B+ = 0 and 2 0 1B C B A+ = ⇒ = − = − , C B= − =2 2.

Thus, 
8

2 4

1

2

2

42 2( ) ( )

( )

x x x

x

x+ +
=

+
+

− +

+
⋅

∴ ∫ ∫ ∫+ +
=

+
+

− +

+
8

2 4

1

2

2

42 2( ) ( )

( )

x x
dx

x
dx

x

x
dx

=
+

−
+

+
+∫ ∫ ∫1

2 4
2

42 2x
dx

x

x
dx

dx

x

= + − + + ⋅ +−log| | log| | tanx x
x

c2
1

2
4 2

1

2 2
2 1

= + − + + +−log| | log| | tan .x x
x

c2
1

2
4

2
2 1

Example 11: Evaluate ∫
+ +

+ +
⋅

( ) ( )

( ) ( )

x x

x x
dx

2 2

2 2

1 2

3 4

Solution: We have 
( ) ( )

( ) ( )

( ) ( )

( ) ( )
,

x x

x x

y y

y y

2 2

2 2

1 2

3 4

1 2

3 4

+ +

+ +
=

+ +
+ +

 where y x= 2 .

Now let 
( ) ( )

( ) ( )
,

y y

y y

A

y

B

y

+ +
+ +

= +
+

+
+

1 2

3 4
1

3 4
resolving into partial fractions.

We have         A =
− + − +

− +
=

( ) ( )

( )
,

3 1 3 2

3 4
2   B =

− + − +
− +

= −
( ) ( )

( )
.

4 1 4 2

4 3
6

∴  
( ) ( )

( ) ( )

y y

y y y y

+ +
+ +

= +
+

−
+

⋅
1 2

3 4
1

2

3

6

4

∴  the given integral I
x x

dx= +
+

−
+











∫ 1

2

3

6

42 2

= +
+

−
+∫ ∫ ∫dx

dx

x

dx

x
2

3
6

42 2

= +
√ √

−− −x
x x

2
1

3 3
6

1

2 2
1 1. tan . tan

= +
√ √







− 





⋅− −x
x x2

3 3
3

2
1 1tan tan

Example 12:  Integrate x x x/ ( ) ( ) .{ }− −1 23

Solution: Putting ( )x y− =1  or x y= + 1, we get
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Krishna's T.B. Integral Calculus

x

x x

y

y y

y

y y

y

y y( ) ( ) ( ) ( ) ( )
,

− −
=

+

+ −
=

+

−
=

+

− +1 2

1

1 2

1

1

1

13 3 3 3

[Note that we have arranged the Nr. and the Dr. in

ascending powers of y]

= − − − +
− +













1
1 2 2

2

13
2

3

y
y y

y

y
, by actual division

= − − − +
−

1 2 2 2

13 2y y y y( )

= −
−

−
−

−
−

+
−

1

1

2

1

2

1

2

23 2( ) ( ) ( ) ( )
.

x x x x
 [ ]∵ y x= − 1

Hence the required integral of the given fraction

= −
−

−
−

−
−

+
−∫ ∫ ∫ ∫dx

x

dx

x

dx

x

dx

x( ) ( ) ( ) ( )1

2

1

2

1

2

23 2

=
−

+
−

− − + −
1

1

2

1
2 1 2 2

2x x x
x x

( ) ( )
log ( ) log ( ) .

Integrate the following :

1. ( ) / ( ) .x x2 21 1+ −

2. x x x x2 1 2 3/ { }( ) ( ) ( )+ − +

3. x x x x2 1 3 1 3 2/ ( ) ( ) ( ) .{ }− − −

4. x x a x b x c/ ( ) ( ) ( ) .{ }− − −

5. { } / { }( ) ( ) ( ) ( ) ( ) ( ) .x a x b x c x x x− − − − − −α β γ

6. ( ) / ( ) ( ) .x x x x2 2 2 1+ + − −{ }

7. ∫ − +
⋅

dx

x x( ) ( )1 42 2
8.  ∫

+ +

+ +
⋅

( )

( ) ( )

x x dx

x x

2

2

1

1 2

9. ∫ − +
⋅

dx

x x x3 21 1( ) ( )
10.  ( ) / ( ) ( ) .x x x2 32 1 2+ − −{ } 

11. ( ) / ( ) ( ) .3 1 1 13x x x+ − +{ } 12. ∫ +
dx

x xn( )
.

1

1. x
x

x
+

−
+

log
1

1
2.

9

10
3

4

15
2

1

6
1log ( ) log ( ) log ( )x x x+ + − − +
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Integration by Partial Fractions

3. 
1

2
1

1

18
3 1

4

9
3 2log ( ) log ( ) log ( )x x x− + − − −

4. Σ
a x a

a b a c

log ( )

( ) ( )

−
− −









 5. x

a b c
x+

− − −
− −

−








Σ

( ) ( ) ( )

( ) ( )
log ( )

α α α
α β α γ

α

6. x x x+ − −4 2 12log ( ) / ( ){ }

7. − − −
−

+ + − −2

25
1

1

5 1

1

25
4

3

50 2
2 1log ( )

( )
log ( ) tanx

x
x

x

8. log
( )

( )

x

x x

+

+
−

+
2

1

1

1

3

2

9. 2
1 1

2

7

4
1

1

2 1

1

4
1

2
log log ( )

( )
log ( )x

x x
x

x
x− − − − −

−
− +

10. −
−

+
−

+ − − −
3

2

2

2
3 2 3 1

2( ) ( )
log ( ) log ( )

x x
x x

11.
−

−
−

−
+

+
−

1

1

1

2 1

1

4

1

12( ) ( )
log

x x

x

x

12.
1 1

1
n

x
n

x cn nlog| | log| |− + +

Mul ti ple Choice Ques tions

Indicate the correct answer for each question by writing the corresponding letter from

(a), (b), (c) and (d).

1. If degree of f x( ) < degree of φ( )x , then the fraction 
f x

x

( )

( )φ
 is called

(a) proper fraction (b) improper fraction

(c) unit fraction (d) None of these

2. If the function has a factor in the denominator ( )x a− 3 , then the form of the

partial fraction is

(a) 
A

x a

B

x a( ) ( )−
+

−2 3
(b) 

A

x a

Bx C

x a( ) ( )−
+

+
− 2

(c) 
A

x a

B

x a

C

x a( ) ( ) ( )−
+

−
+

−2 3
(d) None of these

3. After resolving the function 
( )

( )( )

x

x x

−
− −

1

3 2
 into partial fractions, we get the value

of A and B as

(a) A B= =2 1, (b) A B= − =2 1,

(c) A B= = −2 1, (d) None of these
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 2.1  Integration of 1 / (ax  + bx + c)2

To evaluate such integrals put the denominator in the form a x{ }( )+ ±α β2 2  and

then integrate.

Example 1: Integrate 1 9 12 82/ ( ).x x− +

Solution: We have ∫ ∫− +
=

− +

dx

x x

dx

x x8 12 8

1

9 4

3

8

9

2 2
,

making the coeff. of x2 in the denominator as 1

=
− + + −





=

−





+
∫ ∫1

9 4

3

4

9

8

9

4

9

1

9 2

3

4

9

2 2

dx

x x

dx

x

=

−





+ 





∫1

9 2

3

2

3

2 2

dx

x
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I R Fntegration of ational unctions



= ⋅ ⋅
−





=
−

⋅− −1

9

3

2

2

3
2 3

1

6

3 2

2
1 1tan

/
tan

x
x

Example 2: Evaluate  
0

1
21 1∫ − +{ }/ ( ) .x x dx

Solution: Dr. = − + = −





+
√







1

1

2

3

2
2

2 2

x x x .

∴ 
0

1

2 0

1

2 21 1

2

3

2

∫ ∫− +
=

−





+
√









dx

x x

dx

x

  

=
√

−

√

































−2

3

1

2
3 2

1

0

1

tan
/

x

=
√

−
√













=

√ √






−− −2

3

2 1

3

2

3

1

3
1

0

1
1tan tan ta

x
n− −

√












1 1

3

=
√ √







+
√













− −2

3

1

3

1

3
1 1tan tan , [ tan ( ) tan ]∵

− −− = −1 1x x

=
√ √







=
√

⋅ =
√

⋅−4

3

1

3

4

3 6

2

3 3
1tan

π π

1. Integrate 1 2 12/ ( ) .x x+ +

2. Evaluate ∫ + +
⋅

dx

x x2 3 52

3. Integrate 1 2 12/ ( ) .x x+ −

4. Integrate 1 3 22/ ( ) .x x− +

5. Evaluate ∫ + +
x

x x
dx

4 2 1
.

1.
2

7

4 1

7
1

√
+

√






−tan
x

2.
2

31

4 3

31
1

√
⋅

+
√







−tan
x
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3.
1

3
2 1 1log ( ) / ( ){ }x x− − 4. log

x

x

−
−











2

1

5.
1

3

2 1

3
1

2

√
+

√











−tan
x

 2.2  Integration of (px + q) (ax  + bx + c)  
 

2

To integrate such integrals break the given fraction into two fractions such that in one

the numerator is the differential coefficient of the denominator, and in the other the

numerator is merely a constant. Thus

     ∫ ∫
+

+ +
=

+ + −

+

( ) ( / ) ( ) ( ) /px q dx

ax bx c

p a ax b q pb a

ax bx2 2

2 2 2{ }

+ c
dx

=
+

+ +
+

−

+ +∫ ∫
p

a

ax b

ax bx c
dx

q pb a

ax bx c
dx

2

2 2
2 2

{ }( ) / ( )

= + + +
−

+ +∫
p

a
ax bx c

q pb a

ax bx c
dx

2

22
2

log ( )
( ) / ( )

.
{ }

The 2nd integral can now be easily evaluated.

Example 3: Integrate x x x/ ( ) .2 6+ −

Solution: Let I
x

x x
dx=

+ −∫ 2 6
.

Here 
d

dx

d

dx
x x x(denominator) = + − = +( ) .2 6 2 1

∴  I
x

x x
dx

x

x x
dx=

+ −

+ −
=

+

+ −∫ ∫
1

2
2 1

1

2
6

1

2

2 1

62 2

( )
 −

+ −∫1

2 62

dx

x x

 = + − −

+





− −
∫1

2
6

1

2 1

2
6

1

4

2
2

log ( )x x
dx

x

= + − −

+





−
∫1

2
6

1

2 1

2

25

4

2
2

log ( )x x
dx

x

= + − −

+





− 





∫1

2
6

1

2 1

2

5

2

2
2 2

log ( )x x
dx

x
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= + − − ⋅






+ −

+ +

1

2
6

1

2

1

2
5

2

1

2

5

2
1

2

5

2

2log ( )
.

logx x
x

x

= + − −
−
+

⋅
1

2
6

1

10

2

3
2log ( ) logx x

x

x

Example 4: Integrate ( ) / ( ) .3 1 2 2 32x x x+ − +

Solution: Here 
d

dx
x x x( ) .2 2 3 4 22 − + = −

∴     I
x

x x
dx

x

x x
dx=

+

− +
=

− + +

− +∫ ∫
3 1

2 2 3

3

4
4 2 1

3

2
2 2 32 2

( )

( )
 (Note)

=
−

− +
+

− +∫ ∫3

4

4 2

2 2 3

5

2

1

2 2 32 2

x

x x
dx

x x
dx

= − + +
− +∫3

4
2 2 3

5

2 2 3 2

2
2

log ( )
. ( / )

x x
dx

x x

= − + +

−





+ −
∫3

4
2 2 3

5

4 1

2
3 2 1 4

2
2

log ( )

( / ) ( / )

x x
dx

x

= − + +

−





+ √
∫3

4
2 2 3

5

4 1

2
5 2

2
2

2

log ( )

( / )

x x
dx

x

= − + +
√

−

√
















−3

4
2 2 3

5

4

1

5 2

1

2
5 2

2 1log ( )
( / )

tan
( / )

x x
x



= − + +
√ −

√






⋅−3

4
2 2 3

5

2

2 1

5
2 1log ( ) tanx x

x

1. Integrate 3 22x x x/ ( ) .− −

2. Integrate ( ) / ( ) .5 2 1 2 3 2x x x− + +

3. Integrate x x x2 4 2 1/ ( ) .+ +

4. Evaluate 
0

1

2

3

2 4∫
−

+ −
⋅

( )x dx

x x
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 2.5  Integration of Rational Functions by Substitution

The integration of rational functions by substitution is explained by the following

examples.

Example 7: Integrate ( ) / ( ) .x x2 41 1+ +

Solution: Let I
x

x
dx=

+

+
⋅∫

2

4

1

1

Here both the numerator and the denominator do not contain odd powers of x . Also

the numerator is of degree 2 and the denominator is of degree 4. So dividing the

numerator and the denominator by x2 , we get

I
x

x x
dx=

+

+∫
1 1

1

2

2 2

( / )

( / )

  =
+

− +∫
1 1

1 2

2

2

( / )

[ ( / )]
,

x

x x
dx  Note that

d

dx
x

x x
−








= +





⋅
1

1
1
2

Now put x x t− =( / )1  so that { }1 1 2+ =( / ) .x dx dt

∴       I
dt

t

t x x
=

+
=

√ √






=
√

−
√






∫ − −

2
1 1

2

1

2 2

1

2

1

2
tan tan

( / )



  =
√

−
√









 ⋅−1

2

1

2
1

2

tan
x

x
                    

Example 8: Integrate ( ) / ( ).x x x2 4 21 1− + +

Solution:  We have I
x

x x
dx=

−

+ +∫
2

4 2

1

1
,                                      [Note the form of the integrand]

=
−

+ +∫
1 1

1 1

2

2 2

( / )

( / )
,

x

x x
dx  

dividing the numerator and the denominator by x2

=
−

+ −∫
1 1

1 1

2

2

( / )

( / )
.

x

x x
dx

{ }
Note that

d

dx
x x x{ }+ = −





( / ) ( / )1 1 1 2

Now put x x t+ =( / ) ,1  so that { }1 1 2− =( / ) .x dx dt

∴        I
dt

t

t

t
=

−
=

−
+∫ 2 1

1

2

1

1
log
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   =
+ −
+ +

1

2

1 1

1 1
log

( / )

( / )

x x

x x

   =
− +

+ +
⋅

1

2

1

1

2

2
log

x x

x x
                       

Example 9: Integrate x x a2 4 4/ ( ) .+

Solution: We have I
x

x a
dx

x a x
dx=

+
=

+∫ ∫
2

4 4 2 4 2

1

{ }( / )
,

dividing the numerator and the denominator by x2

=
− + +

+∫1

2

1 12 2 2 2

2 4 2

{ } { }( / ) ( / )

( / )

a x a x

x a x
dx

=
−

+ −
+

+

− +∫1

2

1

2

12 2

2 2 2

2 2

2 2

( / )

( / )

( / )

( / )

a x

x a x a

a x

x a x{ } { } 2 2a
dx









.

In the first integral, put

{ }x a x t+ =( / )2  so that { }1 2 2− =( / ) ,a x dx dt

and in the second integral, put

x a x z− =( / )2  so that { }1 2 2+ =( / ) .a x dx dz

∴ I
dt

t a

dz

z a
=

−
+

+











∫ ∫1

2 2 22 2 2 2

  =
√

− √
+ √

+
√ √











−1

2

1

2 2

2

2

1

2 2
1

a

t a

t a a

z

a
log tan

  =
√

+ − √

+ + √













+
√

1

4 2

2

2

1

2

2

2a

x a x a

x a x a a
log

( / )

( / )

{ }

{ } 2 2
1

2

tan
( / )− −

√
{ }x a x

a

  =
√ − √ +

+ √ +









+
√ −

√
−2

8

2

2

2

4

2 2

2 2
1

2 2

a

x ax a

x ax a a

x a
log tan

2ax









⋅

Example 10: Integrate 1 15/ ( ) .{ }x x +

So lu tion: We have I
x x

dx
x

x x
dx=

+
=

+∫ ∫
−1

1 15

5 1

5 5( ) ( )
. (Note)

Now put x t5 =  so that 5 5 1x dx dt− = .

∴  required integral I
dt

t t t t
dt=

+
= −

+









∫ ∫1

5 1

1

5

1 1

1( ) ( )

= − + = +( / ) [log log ( )] ( / ) . log / ( )1 5 1 1 5 1t t t t{ }

= +( / ) . log / ( ) ,1 5 15 5
{ }x x  [ ]∵ t x= 5
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Example 11: Evaluate ∫
sin x

sin x
dx

4
.

Solution: We have I
x

x
dx

x dx

x x
= =∫ ∫

sin

sin

sin

sin cos4 2 2 2

= = =∫ ∫ ∫
sin

sin cos cos cos cos

cos

cos

x dx

x x x

dx

x x

x dx

4 2

1

4 2

1

4 2 2x xcos

=
− −

⋅∫1

4 1 1 22 2

cos

( sin ) ( sin )

x dx

x x
 (Note)

Now put sin x t=  so that cos .x dx dt=

∴     I
dt

t t

dt

t t
=

− −
=

− −∫ ∫1

4 1 1 2

1

4 1 2 12 2 2 2( ) ( ) ( ) ( )

=
−

−
−











∫1

4

1

1

2

2 12 2( ) ( )
,

t t
dt  resolving into partial fractions

         =
−

−
− 





∫ ∫1

4 1

1

4 1

2

2 2

dt

t

dt

t( )

= ⋅
−
+









 − ⋅

√
− √
+

1

4

1

2

1

1

1

4

1

2 1 2

1 2

1
log

.( / )
log

( / )

( /

t

t

t

t √











2)
 (Note)

=
−
+









 −

√
√ −
√ +











1

8

1

1

1

4 2

2 1

2 1
log log

t

t

t

t

=
−
+









 −

√
√ −
√ +





1

8

1

1

1

4 2

2 1

2 1
log

sin

sin
log

sin

sin

x

x

x

x





 ⋅

Example 12: Evaluate 
0

4π
θ θ

/
( ) .∫ √ cot d

(Meerut 1982 S; Delhi 74)

Solution: Let I d= √∫0
4π

θ θ
/

(cot ) .

Put cot θ = z2 so that − =cosec
2 2θ θd z dz

or d
z dz z dz z dz

z
θ

θ θ
=

−
=

−

+
=

−

+
⋅

2 2

1

2

12 2 4
cosec cot

Also when θ = 0 , z = ∞ and when θ π= / ,4  z = 1.

∴ I
z z dz

z

z

z
dz=

−

+
=

+∞

∞

∫ ∫
1

4 1

2

4

2

1

2

1

( )
, ∵

a

b

b

a
f x dx f x dx∫ ∫= −









( ) ( )

   =
+

∞

∫1 2 2

2

1z z
dz

( / )
,             

dividing the numerator and the denominator by z2
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=
+ + −

+

∞

∫1
2 2

2 2

1 1 1 1

1

{ } { }( / ) ( / )

( / )

z z

z z
dz

=
+

− +
+

−

+

∞ ∞

∫ ∫1

2

2 1

21 1

1 2

1 1

1

{ }

{ }

{ }

{

( / )

( / )

( / )

( /

z dz

z z

z dz

z z)}
2 2−

⋅

In the first integral  put z z t− =( / )1  so that [ ( / )] .1 1 2+ =z dz dt  The corresponding 

limits for t are 0 to ∞ . In the second integral put z z u+ =( / )1  so that

[ ( / )] .1 1 2− =z dz du  The limits for u are from 2 to ∞ . Hence

I
dt

t

du

u
=

+
+

−

∞ ∞

∫ ∫0 2 2 22 2
  

=
√ √







+
√

− √
+ √











−
∞ ∞

1

2 2

1

2 2

2

2
1

0 2

tan log
t u

u

=
√

∞ −− −1

2
01 1[tan tan ] +

√
− √
+ √

−
− √
+ √











→ ∞

1

2 2

2

2

2 2

2 2
lim log log
u

u

u

=
√

−





+
√

− √
+ √







→ ∞

1

2 2
3

1

2 2

1 2

1 2

π
lim log

( / )

( / )u

u

u
−

√ √ −
√ √ +





















log
( )

( )

2 2 1

2 2 1

=
√

+
√

−
√ −
√ +











π
2 2

1

2 2
1

2 1

2 1
log log

=
√

−
√

√ − √ −
√ + √ −









=
√

−
π π

2 2

1

2 2

2 1 2 1

2 1 2 1 2 2

1
log

( ) ( )

( ) ( ) 2 2
2 12

√
√ −log ( )

=
√

−
√

√ − =
√

−
√

√ −
π π

2 2

1

2
2 1

2

4

2

2
2 1log ( ) log ( ) .

Example 13: Integrate 1 2/ ( ).sin x sin x+

Solution: We have I
dx

x x

dx

x x x
=

+
=

+∫ ∫sin sin sin sin cos2 2

=
+∫ dx

x xsin ( cos )1 2

=
+

=
− +

⋅∫ ∫
sin

sin ( cos )

sin

( cos ) ( cos )

x dx

x x

x dx

x x2 21 2 1 1 2
(Note)

Now putting cos ,x t=  so that − =sin ,x dx dt  we get

I
dt

t t

dt

t t t
= −

− +
= −

− + +∫ ∫( ) ( ) ( ) ( ) ( )1 1 2 1 1 1 22

  = −
−

−
+

+
+









∫ 1

6 1

1

2 1

4

3 1 2( ) ( ) ( )
,

t t t
dt [by partial fractions]
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  = − + + − +
1

6
1

1

2
1

2

3
1 2log ( ) log ( ) log ( )t t t

  = − + + − +
1

6
1

1

2
1

2

3
1 2log ( cos ) log ( cos ) log ( cos ) .x x x

Example 14: Evaluate 
0

π /4

4 2 2 4∫ + +
⋅

dx

x x x xcos cos sin sin

Solution: Let I
dx

x x x x
=

+ +∫0

π /

cos cos sin sin

4

4 2 2 4

=
+ +∫0

π /

tan tan
,

4 4

2 41

sec x dx

x x
 

dividing the numerator and the denominator by cos4 x

=
+

+ +∫0

π / ( tan )

tan tan
,

4 2 2

4 2

1

1

x x dx

x x

sec
 [ tan ] .∵1 2 2+ =x xsec

Now put tan x t=  so that sec
2 x dx dt= .

Also when x = 0 , t = =tan 0 0 and when x = π / ,4  t = =tan .
1

4
1π

∴   I
t

t t
dt=

+

+ +∫0

1 2

4 2

1

1
, [Note the form of the integrand]

   =
+

+ +∫0

1 2

2 2

1 1

1 1

[ ( / )]

( / )
,

t dt

t t
 

dividing the numerator and the denominator by t2

          =
+

− +
⋅∫0

1 2

2

1 1

1 3

[ ( / )]

( / )

t dt

t t{ }
 (Note)

Now put t t y− =( / )1  so that { }1 1 2+ =( / ) .t dt dy

Also when t = 0 , y = − ∞ and when t = 1, y = 0 .

∴ I
dy

y

y
=

+
=

√ √




− ∞

−

− ∞
∫

0

2
1

0

3

1

3 3
tan

  = √ − − ∞− −( / ) [tan tan ( )]1 3 01 1

  =
√

− −











=
√

=
√1

3
0

1

2 2 3

3

6
π

π
π .

Example 15: Evaluate ∫ −x log x dx2 21( )  and deduce that

  
1

1.5
  

1

2.7
  

1

3.9
+ + + = −…

8

2

2

3
2log .
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Solution: Integrating by parts regarding x2 as the second function, we get

             ∫ −{ }log ( ) .1 2 2x x dx = − ⋅ −
−

−∫{ }log ( )
.

( ) .
1

3

2

1 3

2
3 3

2
x

x x x

x
dx

              = − +
− −

−∫1

3
1

2

3

1 1

1

3 2
4

2
x x

x

x
dxlog ( )

( )

( )
 (Note)

= − +
−

− +∫ ∫1

3
1

2

3 1

2

3
13 2

2
2x x

dx

x
x dxlog ( ) ( )

 = + + − + + −
1

3
1

1

3
1

1

3
1 13 3x x x x x xlog ( ) log ( ) log ( ) / ( ){ }− +

2

3
33

{ }x x( / )

              = + + + − − − +
1

3
1 1

1

3
1 1

2

3
33 3 3( ) log ( ) ( ) log ( ) ( / ) .x x x x x x{ }

∴            
0

1
2 2 31

1

3
1 1∫ − = + +


x x dx x xlog ( ) ( ) log ( )

+ − − − + 


1

3
1 1

2

3
33 3

0

1

( ) log ( ) { ( / )}x x x x           

                                        = − ⋅
2

3
2

8

9
log ...(1)

Note that lim ( ) log ( )
x

x x
→

− −
1

3 1 1

= + + ⋅ − −
→ →

lim ( ) lim ( ) log ( )
x x

x x x x
1

2

1
1 1 1

= ⋅
−
−→

3
1

1 11
lim

log ( )

/ ( )
,

x

x

x
form

∞
∞







= ⋅
− −

− −
= ⋅ − =

→ →
3

1 1

1 1
3 1 0

1 2 1
lim

/ ( )

/ ( )
lim ( )

x x

x

x
x .

Again 
0

1
2 2

0

1
2 2

4 6

1
2 3∫ ∫− = − − − −









x x dx x x

x x
dxlog ( ) …

= − + + +








∫0

1
4

6 8

2 3
x

x x
dx…

= − + + +








 = − + + +


x x x5 7 9

0

1

5

1

2.7 3.9

1

1.5
  

1

2.1 3.9
… …



 ...(2)

Equating the two values of the given integral from (1) and (2), we get

1

1.5
  

1

2.7
  

1

3.9
+ + + = −…

8

9

2

3
2log .

Example 16: Evaluate 
0

1 2

4 2

1

1∫
+

+ +

x

x x
dx, and deduce that
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  1
1

5

1

7

1

11

1

13 2 3
− + − + − =

√
⋅…

π

Solution: Let I
x

x x
dx

x

x x
dx=

+

+ +
=

+

+ +∫ ∫
2

4 2

2

2 2

1

1

1 1

1 1

( / )

( / )
.

Now putting x x z− =( / )1  so that { }1 1 2+ =( / )x dx dz

and  x x x x z2 2 2 21 1 1 3 3+ + = − + = +( / ) ( / ) ,{ }  we get

     I
dz

z

z x x
=

+
=

√ √
=

√
−

√∫ − −
2

1 1

3

1

3 3

1

3

1

3
tan tan

( / ){ }
 

  =
√

−
√

⋅−1

3

1

3
1

2

tan
x

x

∴   
0

1 2

4 2
1

2

0

1
1

1

1

3

1

3∫
+

+ +
=

√
−

√













−x

x x

x

x
tan

=
√

− − ∞ =
√

− −











=
√

− −1

3
0

1

3
0

1

2 2 3
1 1[tan tan ( )] π

π
...(1)

Again 
0

1 2

2 4 0

1 4

2 4 2

1

1

1

1 1∫ ∫
+

+ +
=

−

+ + −

x

x x
dx

x dx

x x x

( )

( ) ( )
 (Note)

=
−

−
= − −∫ ∫ −

0

1 4

6 0

1
4 6 11

1
1 1

x

x
dx x x dx( ) ( )

= − + + +∫0
1

4 6 121 1( ) ( )x x x dx…

 = − + − + −∫0
1

4 6 10 121( )x x x x dx…

= − + − + −








x

x x x x5 7 11 13

0

1

5 7 11 13
…  

= − + − + −1
1

5

1

7

1

11

1

13
… ...(2)

Comparing (1) and (2), we get

1
1

5

1

7

1

11

1

13 2 3
− + − + − =

√
⋅…

π

1. Integrate 1 1 3 2 2/ ( ) .+ +e ex x
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2. Integrate 
x

x

2

4

1

1

−

+
⋅

3. Integrate 
x

x x

2

4 2

1

1

+

− +
 .

4. Integrate 1 8 94 2/ ( ) .x x+ +

5. Evaluate ∫ + +
⋅

dx

x x4 2 1

6. Integrate 1 12 3/ ( ) .{ }x x +

7. Integrate 1 4 4/ ( ) .x a+

8. Integrate 1 14/ ( ) .x +

9. Integrate 1 1/ ( ) .{ }x xn +

10. Evaluate 
1

2

21 2∫ +
⋅

dx

x x( )

11. Evaluate 
0

4π
θ θ

/
(tan ) .∫ √ d

12. Evaluate 
0

2

1 2

π / cos

( sin ) ( sin )∫ + +
⋅

x dx

x x

13. Evaluate 
0

2

1 2 3

π / cos

( sin ) ( sin ) ( sin )∫ + + +
⋅

x dx

x x x

14. Integrate ( sin ) / sin ( cos ) .1 1+ +x x x{ }

15. Integrate 1 3 2/ sin ( cos ) .{ }x x+

16. Integrate sec / ( ).x x1+ cosec

17. Show that   

              
0

2

2 2 2 2 2 2 2

∞

∫ + + +
=

+ + +
⋅

x dx

x a x b x c a b b c c a( ) ( ) ( ) ( ) ( ) ( )

π

18. Show that the sum of the infinite series

1 1 1

2

1

3
0 0

a a b a b a b
a b−

+
+

+
−

+
+ > >…, ( , )

can be expressed in the form 
0

1 1

1∫
−

+

t dt

t

a

b
 and hence prove that

1
1

4

1

7

1

10

1

13

1

16

1

3 3
2− + − + − + =

√
+





⋅…

π
log

 I-27



1. log ( ) log ( )1 2 1 2+ − + +e e xx x

2.
1

2 2

2 1

2 1

2

2√
− √ +

+ √ +
log

x x

x x

3. tan ( / )− −1 1{ }x x

4.
1

6 14

3

14

1

6 2

3

2
1

2
1

2

√
−

√
−

√
+

√
− −tan tan

x

x

x

x

5.
1

2 3

1

3

1

4

1

1

1
2 2

2√
−

√
−

− +

+ +
−tan log

x

x

x x

x x

6.
1

4 1

1

2 1

1

2 12 2 2

2

2( ) ( )
log

x x

x

x+
+

+
+

+

7.
1

2 2 2

1

4 2

2
3

1
2 2

3

2 2

2a

x a

xa a

x ax a

x√

−
√









 −

√

− √ +−tan log
+ √ +2 2ax a

8.
1

2 2

1

2

1

4 2

2 1

2 1

1
2 2

2√
−

√
−

√
− √ +

+ √ +
−tan log

x

x

x x

x x

9.
1

1n

x

x

n

n
log

+











10. − + 





2

15

6

5
log

11.
π √

+
√

√ −
2

4

2

2
2 1log ( )

12. log ( / )4 3

13.
5

2
2

3

2
3log log−

14. − + +
1

2

1

2

1

4

1

2

1

2
2log (cot ) tanx x xsec

15.
1

4

1

2
1 4 3 31log tan / ( / ) tan (cos ) /x x





− √ √−
{ } { }

16.
1

4
1 1 1 2 1log ( sin ) / ( sin ) / ( sin ) .{ } { }+ − + +x x x
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Mul ti ple Choice Ques tions

Indicate the correct answer for each question by writing the corresponding letter from

(a), (b), (c) and (d).

1. To evaluate the integral of 1 2/ ( )ax bx c+ + , we put the denominator in the form

(a) b x{( ) }+ ±α β2 2 (b) a x{( ) }+ ±α β2 2

(c) c x{( ) }+ ±α β2 2 (d) None of these

2. The value of 
dx

x x( )9 12 82 − +∫  is

(a) 
1

6

3 2

2
1tan− −x

(b) 6
3 2

2
1tan− −x

(c) 
1

6

3 2

2
1tan− +x

(d) None of these

3. The value of 
cos

( sin )( sin )

/ x dx

x x1 2

2

+ +∫0

π
 is

(a) log 4 (b) log
3

4

(c) log
4

3
(d) log 3

Fill in the Blank(s)

Fill in the blanks “……” so that the following statements are complete and correct.

1. The value of the integral 
x

x x
dx

2

4 2

1

1

+
− +∫  is ………

2. The value of the integral 
dx

x x( )5 1+∫  is ………

3. The value of the integral 
dx

x x( )2 12 + −∫  is ………

True or False

Write ‘T’ for true and ‘F’ for false statement.

1. The integral 
dx

x k n( )2 +∫  is evaluated by the method of successive reduction.

2. The value of the 
( )

( )

x

x x
dx

2

4 2

1

1

−

+ +∫  is 2
1

1

2

2
log .

x x

x x

− +
+ +

3. The value of the 
dx

x xn{ ( )}+∫ 1
 is 

1

1n

x

x

n

n
log .

+
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Multiple Choice Questions

 1. (b) 2. (a) 3. (c)

Fill in the Blank(s)

 1. tan− −







1 1
x

x
2.

1

5 1

5

5
log

x

x +









 3.
1

3

2 1

1
log

( )

( )

x

x

−
−









True or False

1. T 2. F 3. T

¨
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 3.1  Integration by Rationalization

In many problems rationalization is brought about by multiplying a similar quantity

both in numerator and denominator. Sometimes this quantity may differ in sign.

Ex am ple 1: Eval u ate ∫ √ +
−











1

1

x

x
dx.

Solution: Multiplying the numerator and the denominator by √ +( ) ,1 x  we have the

given integral

=
√ +
√ −

⋅
√ +
√ +

=
+

√ −∫ ∫
( )

( )

( )

( )

( )

( )

1

1

1

1

1

1 2

x

x

x

x
dx

x

x
dx

=
√ −

+
√ −

= +
√ −∫ ∫ ∫−1

1 1 12 2
1

2

.

( )

.

( )
sin

( )

dx

x

x dx

x
x

x dx

x

= − − −− −∫sin ( ) ( )/1 2 1 21

2
1 2x x x dx
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= − −−(sin ) ( ) / ( / ) ,/1 2 1 21

2
1 1 2x x{ }  [By power formula]

= − √ −−sin ( ).1 21x x

Example 2: Integrate 1 12/ [ ( )] .x x+ √ −

Solution: Rationalizing the denominator, we have

  ∫ ∫+ √ −
=

− √ −

− −
dx

x x

x x

x x
dx

[ ( )]

( )

( )2

2

2 21

1

1

{ }

= − √ − = − √ −∫ ∫ ∫[ ( )] ( )x x dx x dx x dx2 21 1

= − √ − + + √ −
1

2

1

2
1

1

2
12 2 2x x x x x( ) log ( ) .{ }

 3.2  Integration of 
1

(ax + b) (cx + d)
 

√
⋅

In such problems, put cx d t+ = 2 , so that c dx t dt= 2 ; then the fraction reduces to a

form which can be easily integrated.

Example 3: Integrate 1 2 1/ [( ) ( )] .x x+ √ +

Solution: Put ( ) ,x t+ =1 2  so that dx t dt= 2 .

∴ ∫ ∫ ∫+ √ +
=

+
=

+
dx

x x

t dt

t t

dt

t( ) ( ) ( ) .2 1

2

1
2

12 2

= = √ +− −2 2 11 1tan tan [ ( )] .t x

Example 4: Evaluate ∫ − √ +
⋅

x dx

x x

2

1 2( ) ( )

Solution: Put ( ) ,x t+ =2 2  so that dx t dt= 2 . Also x t= −2 2 .

∴    ∫ ∫ ∫− √ +
=

−

−
=

− +x dx

x x

t t dt

t t

t t

t

2 2 2

2

4 2

1 2

2 2

3
2

4 4

( ) ( )

( ) .

( ) . 2 3−
dt

= − + −∫2 1 1 32 2[ / ( ) ] ,t t dt{ }  

dividing the numerator by the denominator
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= − + √ − √ + √





2
1

3
1 2 3 3 33t t t t{ } { }/ ( ) log ( ) / ( )

=
+

− √ + +
√

√ + − √
√ + + √









2

2

3
2

1

2 3

2 3

2 3

3 2( )
( ) log

( )

( )

/x
x

x

x
⋅

 3.3  Integration of 1 2/ {(ax  + bx + c) (Ax + B)}.√

Such fractions are integrated by putting Ax B t+ = 2 .

Example 5: Integrate 1 4 12/ ( ) ( ) .{ }x x− √ +

Solution: Put x t+ =1 2 , so that dx t dt= 2 . Also x t2 2 1= − .

∴ ∫ ∫− √ +
=

− −
dx

x x

t dt

t t( ) ( ) ( )2 2 2 24 1

2

1 2{ }

=
− + − −

=
+ −∫ ∫2

1 2 1 2
2

1 32 2 2 2

dt

t t

dt

t t( ) ( ) ( ) ( )

=
−

−
+









∫1

2

1

3

1

12 2( ) ( )
,

t t
dt  by partial fractions

=
−

−
+∫ ∫1

2 3

1

2 12 2

dt

t

dt

t

= ⋅
√

− √
+ √









− −1

2

1

2 3

3

3

1

2
1log tan

t

t
t

=
√

√ + − √
√ + + √









− √ +−1

4 3

1 3

1 3

1

2
11log

( )

( )
tan ( ) .

x

x
x{ }

1. Integrate √ +x x/ ( ) .1

2. Integrate √ − +[( ) / ( )] .x x1 1

3. Evaluate ∫ √ + + √
⋅

dx

x x( )1

4. Evaluate ∫ √ + + √ +
⋅

dx

x a x b( ) ( )

5. Evaluate ∫ √ −
+











1 1

1x

x

x
dx .
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6. Evaluate ∫ + √ +
⋅

dx

x x( ) ( )2 3

7. Evaluate ∫ + √ −
⋅

dx

x x( ) ( )2 1

8. Integrate 1 3 2/ [( ) ( )] .x x− √ +

9. Integrate 1 2 1 4 3/ [( ) ( )] .x x+ √ +

10. Evaluate ∫
+

− √ +
x

x x
dx

1

1 2( ) ( )
.

11. Integrate x x x3 1 2/ ( ) ( ) .{ }− √ −

12. Integrate 1 12/ ( ) .{ }x x+ √

13. Integrate 1 12/ ( ) .{ }x x√ +

14. Integrate ( ) / ( ) ( ) .x x x x+ + + √ +2 3 3 12
{ }

1. 2 2 1√ − √−x xtan

2. √ − − −( ) coshx x2 11

3.
2

3
1

2

3
3 2 3 2⋅ + −( ) / /x x

4.
2

3

1 3 2 3 2

( )
[( ) ( ) ]/ /

b a
x b x a

−
+ − +

5. cosh− −−1 1x xsec

6. log
( )

( )

√ + −
√ + +

x

x

3 1

3 1

7.
2

3

1

3
1

√
√ −

√











−tan
( )x

8.
1

5

2 5

2 5√
√ + − √
√ + + √









log
( )

( )

x

x

9.
1

2

4 3 1

4 3 1
log

( )

( )

√ + −
√ + +

x

x

10. 2 2
1

3

2 3

2 3
√ + +

√
√ + − √
√ + + √









( ) log

( )

( )
x

x

x

11.
2

5
2

10

3
2 6 25 2 3 2 1 2( ) ( ) ( )/ / /x x x− + − − −  + √ −−22 21tan ( ){ }x

12.
1

2

1

2

1

2 2

2 1

2 1
1

√
−

√
−

√
− √ +
+ √ +











−tan
( )

log
( )

( )

x

x

x x

x x
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13. −
√ +

+
√ + +
√ + −









( )
log

( )

( )

x

x

x

x

1 1

2

1 1

1 1

14.
2

3 3 1
1

√ √ +











−tan
( )

x

x{ }

 3.4  Integration of 1 2/√(ax  + bx + c) 

We can express ax bx c2 + +  as a { }x b a x c a2 + +( / ) ( / )

or a x
b

a

c

a

b

a
+





+ −






2 4

2 2

2

or a x
b

a

ac b

a
+





+
−







 ⋅

2

4

4

2 2

2

This is of the form a x{ }( ) .+ ±α β2 2

Thus the given integral can be reduced to one of the standard forms

∫ √ +
dx

x a( )
,

2 2
 ∫ −

dx

x a( )2 2
 or ∫ √ −

⋅
dx

a x( )2 2

So it can be easily evaluated.

Example 6: Integrate 1 2 3 2/ ( ) .√ + −x x

Solution: We have ∫ ∫
√√ + −

=
√

− −













dx

x x

dx

x x
( )2 3

1

3 2

3

1

3

2
2

=
√

+ − − +













=
√

−
∫

√
∫

√
1

3 2

3

1

36

1

3

1

36

1

3 25

36
2

dx

x x

dx

x −













1

6

2

 =
√ 





− −













∫
√

1

3 5

6

1

6

2 2

dx

x

=
√

−























=
√

−− −1

3

1

6
5 6

1

3

6 1

5
1 1sin

/
sin

x
x





⋅

Note: Re mem ber that 
dx

a x b

x b

a√ − −
=

−



∫ −

{ ( ) }
sin .

2 2
1
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Ex am ple 7: In te grate 1 1 2/ ( ).√ − −x x

Solution: We have ∫ ∫√ − −
=

√ − +
dx

x x

dx

x x( ) ( )1 12 2
{ }

=

− +





+








∫
√

dx

x1
1

2

1

4

2

=

− +













=
+

√

















=∫
√

−dx

x

x

5

4

1

2

1

2
1

2
5

2
1sin sin− +

√






⋅1 2 1

5

x

 3.5  Integration of √(ax  + bx + c) 2

√ (ax  + bx + c) 2  can be integrated by reducing ax bx c2 + +  to the form a { }( ) .x + ±α β2 2

The given integral can then be easily evaluated by applying one of the following

standard results.

 ∫ √ + = + + −( ) ( ) sinh ( / )x a dx x x a a x a2 2 2 2 2 11

2

1

2

= √ + + + √ +
1

2

1

2
2 2 2 2 2x x a a x x a( ) log ( ) ;{ }

∫ √ − = √ − − −( ) ( ) cosh ( / )x a dx x x a a x a2 2 2 2 2 11

2

1

2

= √ − − + √ −
1

2

1

2
2 2 2 2 2x x a a x x a( ) log [ ( )] ;

and     ∫ √ − = √ − + −( ) ( ) sin ( / ) .a x dx x a x a x a2 2 2 2 2 11

2

1

2

Note that in each result the sign before a2 in the second term is the same as the sign

before a2 in the expression under the radical sign.

Example 8: Integrate √ − +( ) .x x2 1

Solution: We have∫ ∫√ − + = −





+








( ) ,x x dx x dx2
2

1
1

2

3

4
  [ ( ) ]form ∫ +x a dx2 2

= − −





+








+ ⋅ 





−√ −1

2

1

2

1

2

3

4

1

2

3

4

2
1( ) sinhx x x

1

2

1

2
3





√

















= −





√ − + + − √−1

2

1

2
1

3

8
2 1 32 1x x x x( ) sinh ( ) / .{ }
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Example 9: Integrate √ − −( ) .4 3 2 2x x

Solution: We have ∫ ∫√ − − = √ √ − −( ) ( )4 3 2 2 2
3

2
2 2x x dx x x dx

= √ √ − + = √ √ + − + +∫ ∫2 2
3

2
2 2

9

16

3

2

9

16
2 2

{ } { }( ) ( )x x dx x x dx

= √ − +













∫ √2
41

16

3

4

2

x dx , [ ( ) ]form ∫ √ −a x dx2 2

= √ −



∫ √2

41

16
2t dt , putting x t+ =

3

4
 so that dx dt=

= √ ⋅ −





+ √ ⋅ √√ −2
2

41

16
2

41

32
41 42 1t

t tsin / ( / ){ }

= √ ⋅
+

− +













+ √ ⋅
+

√√ −2

3

4
2

41

16

3

4
2

41

32

3

4
2

1
x

x
x

sin
41 4/

















=
+

√ − − +
√ +

√






⋅−4 3

8
4 3 2

41 2

32

4 3

41
2 1x

x x
x

( ) sin

1. Integrate 1 2 22/ ( ) .√ − +x x 2. Integrate 1 2 3 42/ ( ) .√ + +x x

3. Integrate 
1

12√ + +
⋅

( )x x
4. Integrate 1 4 3 2 2/ ( ) .√ + −x x

5. Integrate 1 3 22/ ( ) .√ − −x x 6. Evaluate ∫ √ − −{ }( ) ( ) .x x dx1 2

1.
1

2

4 1

15
1

√
−

√






−sinh
x

2.
1

2

4 3

23
1

√
+

√








−sinh
x

3. sinh− +
√







1 2 1

3

x
4.

1

2

4 3

41
1

√
−

√






−sin
x

5. sin ( )− −1 2 3x

6.
1

4
2 3 3 2

1

8
2 32 1( ) ( ) sin ( )x x x x− √ − − + −−
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 5.1  Reduction Formulae

A reduction formula is a formula which connects an integral, which cannot

otherwise be evaluated, with another integral of the same type but of lower

degree. It is generally obtained by applying the rule of integration by parts.

 5.2  Reduction Formulae for ∫ sinn x dx and ∫  x dx,ncos  n

being a +ive integer

 (a) Let  I  x dx n
n = ∫ sin  or I x x dxn

n= ∫ −sin sin .1 (Note)

Integrating by parts regarding sin x as the 2nd function, we have

I x x n x x x dxn
n n= − − − −− −∫sin .( cos ) ( ) sin .cos .( cos )1 21

    = − + −− −∫sin .cos ( ) sin .cosn nx x n x x dx1 2 21

 I-79
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R Feduction ormulae

(For Trigonometric Functions)



= − + − −− −∫sin .cos ( ) sin .( sin )n nx x n x x dx1 2 21 1 (Note)

= − + − − −− −∫ ∫sin .cos ( ) sin ( ) sinn n nx x n x dx n x dx1 21 1

= − + − − −− −∫sin .cos ( ) sin ( ) .n n
nx x n x dx n I1 21 1

Transposing the last term to the left, we have

I n x x n In
n

n( ) sin .cos ( ) ,1 1 11
2+ − = − + −−

−

 [ sin ]∵ I x dxn
n

−
−= ∫2

2

or nI x x n In
n

n= − + −−
−sin cos ( )1

21

or I
x x

n

n

n
In

n

n= − +
−−

−
sin cos

.
1

2
1

∴ ∫ ∫−
−−sin sin cos si n  n   x dx =  

n
  x .  x + 

n 

n
 

1 11 n n   x dx.− 2

(Bundelkhand 2008; Agra 2014)

(b) Let I  =  x dxn
 n∫ cos   or  I x x dxn

n= ∫ −cos .cos .1

Integrating by parts regarding cos x as the 2nd function, we have

I x x n x x x dxn
n n= − −− −∫cos . sin ( ) cos . (sin ) .sin1 21

= + −− −∫cos . sin ( ) cos . sinn nx x n x x dx1 2 21

= + − −− −∫cos . sin ( ) cos ( cos )n nx x n x x dx1 2 21 1

= + − − −− −∫ ∫cos . sin ( ) cos ( ) cosn n nx x n x dx n x dx1 21 1

= + − − −−
−cos sin ( ) ( ) .n

n nx x n I n I1
21 1

Transposing the last term to the left, we have

I n x x n In
n

n( ) cos . sin ( )1 1 11
2+ − = + −−

−

or n I x x n In
n

n= + −−
−cos . sin ( ) .1

21

∴ ∫ ∫
− −

cos
cos sin

cos n
 n  

 n  x dx = 
 x  x

n
 + 

n  

n
  

1 1 −  x dx.2

 5.3  Walli’s Formula

To evaluate 
0 0

π π/ /
sin cos

2 2

∫ ∫ n  n x dx   x dx.and

Proceeding as in the previous article, we have
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∫ ∫= − +
−−

−sin
sin cos

sin .n
n

nx dx
x x

n

n

n
x dx

1
21

∴ 
0

2 1

0

π
π / 2

/
sin

sin cos
∫ = −











−
n

n

x dx
x x

n
 +

−
∫ −n

n
x dxn1

0

2
2

π /
sin

                       = +
−

∫ −0
1

0

2
2n

n
x dxn

π /
sin . ...(1)

Putting ( )n − 2  in place of n in (1), we have

0

2
2

0

2
43

2

π π/ /
sin sin .∫ ∫− −=

−
−

n nx dx
n

n
x dx

Substituting this value in (1), we have

0

2

0

2
41 3

2

π π/ /
sin sin∫ ∫=

−
⋅

−
−

⋅ −n nx dx
n

n

n

n
x dx

=
−

⋅
−
−

⋅
−
−

⋅ ∫ −n

n

n

n

n

n
x dxn1 3

2

5

4 0

2
6

π /
sin . ...(2)

Now two cases arise viz,, n is even or odd.

Case I: When n is odd. 

In this case by the repeated application of the reduction formula (1), the last integral

of (2) is

0

2

0 1
π π / 2/

sin [ cos ] .∫ = − =x dx x

Hence when n is odd, from (2), we have

0

2

0

21 3

2

5

4

2

3

π π/ /
sin ...... sin∫ ∫=

−
⋅

−
−

⋅
−
−

n x dx
n

n

n

n

n

n
x dx

=
−

⋅
−
−

⋅
−
−

⋅ ⋅ ⋅ ⋅ ⋅ ⋅
n

n

n

n

n

n

1 3

2

5

4

2

3
1

=
− −

−
⋅

( ) ( ) ...... .

( ) .
.

n n

n n

1 3 4 2

2 3 1
1

…

Case II. When n is even.

In this case the last integral of (2) is

0

2
0

0

2

0 2

π π π / 2 π/ /
sin [ ]∫ ∫= = = ⋅x dx dx x

Hence when n is even, from (2), we have

0

2

0

2
01 3

2

5

4

3

4

1

2

π π/ /
sin sin∫ ∫=

−
⋅

−
−

⋅
−
−

⋅n x dx
n

n

n

n

n

n
x dx…
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=
−

⋅
−
−

⋅
−
−

⋅ ⋅
n

n

n

n

n

n

1 3

2

5

4

3

4

1

2 2
…

π

=
− −

−
⋅ ⋅

( ) ( ) .

( ) .

n n

n n

1 3 3 1

2 4 2 2

…

…

π

If we evaluate 
0

2π /
cos ,∫ n x dx  we get the same results.

∴
0

2

0

2π π/ /
sin cos .∫ ∫=n nx dx x dx (Note)

Note: Walli’s for mula is ap pli ca ble only when the lim its are from 0 to 
1

2
π .

Ex am ple 1: Es tab lish a re duc tion for mula for ∫ sin x dxn ( ) .2

So lu tion: Let I x dxn
n= ∫ sin ( )2   or  I x x dxn

n= ∫ −sin ( ) sin ( ) .1 2 2

Integrating by parts regarding sin 2x as the 2nd function, we have

I x x n x xn
n n= −





− − ⋅− −∫sin ( ) cos ( ) sin cos .1 22
1

2
2 1 2 2{ 2}. −





1

2
2cos x dx

= − + −− −∫1

2
2 2 1 2 21 2 2sin .cos ( ) sin .cosn nx x n x x dx

= − + − −− −∫1

2
2 2 1 2 1 21 2 2sin .cos ( ) sin . ( sin )n nx x n x x dx

= − + − − −− −∫ ∫1

2
2 2 1 2 1 21 2sin .cos ( ) sin ( ) sinn n nx x n x dx n x dx

= − + − − −−
−

1

2
2 2 1 11

2sin .cos ( ) ( ) .n
n nx x n I n I

Transposing the last term to the left, we have

n I x x n In
n

n= − + −−
−

1

2
2 2 11

2sin .cos ( )

or I
x x

n

n

n
In

n

n= − +
−−

−
sin .cos

,
1

2
2 2

2

1
 is the reduction formula.

Ex am ple 2: Prove that 
0

2
2

2

2

2 2

π π/ ( ) !

. !∫ = ⋅ ⋅sin x dx
m

m

m
m

{ }

So lu tion: Here 2m is even. Hence from ar ti cle 5.3 (Case II), we get

0

2
2 2 1 2 3 3 1

2 2 2 4 2 2

π π/
sin

( ) ( ) .

( ) ( ) .∫ =
− −

−
⋅m x dx

m m

m m

…

…

  (Walli’s formula)
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=
− −

−
⋅ ⋅

2 2 1 2 2 3 2 1

2 2 2 4 2 22

m m m

m m

( ) ( ) . .

( ) .... .

…

{ }

π

[Multiplying Nr. & Dr. by 2 2 2 2 4 4 2m m m( ) ( ) . ]− − …

=
− −

⋅
( ) !

. ( ) ( ) ...... .

2

2 1 2 2 1 22

m

m m mm
{ }

π

= ⋅ ⋅
( ) !

. !

2

2 22

m

mm
{ }

π

Ex am ple 3: Eval u ate 
0

2 9 2

2

a x dx

a x∫ √ −
⋅

/

( )

So lu tion: Put x a= 2 2sin ,θ  so that dx a d= 2 2. sin cos .θ θ θ

Also when x = 0,  sin2 0θ =  i e. ., θ = 0

and when x a= 2 ,  sin2 1θ =  i e. .,  θ π / 2= .

Then 
0

2 9 2

0

2 2 9 2

2

2 4a x dx

a x

a a d
∫ ∫√ −

=
√

/ / /

( )

( sin ) . sin cos

(

π θ θ θ θ

2 2 2a a− sin )θ

= ∫0
2 9 2 10

1 2

2 4

2

π θ θ θ

θ

/ /

/

( ) . sin .cos

( ) .cos

a a d

a

= ∫( ) . sin
/

2 44

0

2
10a a d

π
θ θ

= ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ = ⋅64
9

10

7

8

5

6

3

4

1

2 2

63

8
5

5

a
aπ π

 5.4 Reduction Formulae for   x dx n∫ tan  and    x dx n∫ cot

(a) We have ∫ ∫= −tan tan . tann nx dx x x dx2 2 (Note)

= −∫ −tan .( )n x x dx2 2 1sec

= −∫ ∫− −tan . tann nx x dx x dx2 2 2
sec

=
− +

−
− +

−∫
(tan )

tan
x

n
x dx

n
n

2 1
2

2 1
 

or tan
tan

tan , n
 n  

 n   x dx = 
 x

n  
   x dx  

−
−

−
− ∫

1
2

1
   ∫

which is the required reduction formula.

Application: Evaluate ∫ tan x dx4 .

Putting n = 4 in the above reduction formula, we have
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∫ ∫ ∫= − = − −tan tan tan tan ( )4 3 2 3 21

3

1

3
1x dx x x dx x x dxsec

     = − +
1

3
3tan tan .x x x

(b) We have ∫ ∫= −cot cot .cotn nx dx x x dx2 2  

= −∫ −cot . ( )n x x dx2 2 1cosec

= −∫ ∫− −cot . cotn nx x dx x dx2 2 2
cosec  

= −
−

−
−

−∫
(cot )

cot
x

n
x dx

n
n

1
2

1

or cot
cot

cot ,n
n

nx dx
x

n
x dx= −

−
−

−
−∫

1
2

1

which is the required reduction formula.

Application: Putting n = 5 in the above reduction formula and applying it

repeatedly, we have

∫ ∫= − −cot cot cot5 4 31

4
x dx x x dx 

= − − − − ∫1

4

1

2
4 2cot [ cot cot ]x x x dx

= − + + ∫1

4

1

2
4 2cot cot cotx x x dx

= − + +
1

4

1

2
4 2cot cot log sin .x x x

 5.5 Reduction Formulae for    x dx n∫ sec   and    x dx  n∫ cos ec

(Bundelkhand 2011)

(a) We have I x dx x x dxn = =∫ ∫ −
sec sec sec

n n 2 2. . (Note)

Integrating by parts regarding sec
2 x as the 2nd function,  we have

I x x n x x x dxn = − −− −∫sec sec sec
n n2 3 22tan ( ) tan

    = − − −− −∫sec sec sec
n n2 2 22 1x x n x x dxtan ( ) ( ) (Note)

    = − − + −− −∫ ∫sec sec sec
n n n2 22 2x x n x dx n x dxtan ( ) ( ) .

Transposing the term containing ∫ sec
n x dx to the left, we have 
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( ) tan ( )n x dx x x n x dx− + = + −∫ ∫− −2 1 22 2
sec sec sec

n n n

or ( ) tan ( ) .n x dx x x n x dx− = + −∫ ∫− −1 22 2
sec sec sec

n n n

Dividing both sides by ( ),n − 1  we have

∫
−

−
−
−

   x dx = 
 x  x

n  
 + 

n  

n  
 n

 n  

sec
sec tan2

1

2

1
2    x dx, n  ∫ −sec

which is the required reduction formula.

(b) To find the reduction formula for ∫ cosec
n x dx , proceed exactly in the same way

as in part (a). Thus, we get

∫ −
−

−−
cosec

cosec n
 n  

 x dx =  
 x  x

n  
 + 

n  2

1

2cot

n  
  x dx, n  

− ∫ −

1
2cosec

as the required reduction formula for ∫ cosec  n x dx.

 5.6 Reduction Formula for    x  x dxm n ∫ sin cos

(Kanpur 2014)

Let I x x dxm n
m n

, sin cos= ∫
       = =∫ ∫− −sin cos cos cos . (sin cos ) .m n n mx x x dx x x x dx1 1

Integrating by parts taking sin cosm x x as the second function, we get

I
x

m
x

n

m
x x x dxm n

m
n m n

,
sin

cos sin cos sin=
+

+
−
+

+
− + −∫

1
1 1 2

1

1

1

=
+

+
−
+

+
− −∫

sin
cos sin cos sin

m
n m nx

m
x

n

m
x x x dx

1
1 2 2

1

1

1

=
+

⋅ +
−
+

−
+

− −∫
sin

cos sin cos . ( cos )
m

n m nx

m
x

n

m
x x x d

1
1 2 2

1

1

1
1 x

=
+

+
−
+

−
−
+

+ −
−∫

sin cos
sin cos ,

m n
m n

m
x x

m

n

m
x x dx

n

m
I

1 1
2

1

1

1

1

1
n.

Transposing the last term to the left, we have

I
n

m

x x

m

n

m
Im n

m n

m n, ,
sin .cos

1
1

1 1

1

1

1 1

2+
−
+









 =

+
+

−
+

+ −

−

or I
m n

m

x x

m

n

m
Im n

m n

m n, ,
sin cos

.
+
+









 =

+
+

−
+

+ −

−
1 1

1

1

1 1

2
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Thus the required reduction formula is

I
x x

m n

n I

m n
m n

m n
m n

,
,sin .cos ( )

=
+

+
−

+
⋅

+ −
−

1 1
21

Note: If we write I x x dxm n
m n

, sin cos= ∫
            = ∫ −sin . (cos sin ) ,m nx x x dx1

then integrating by parts regarding cos sinn x x as the 2nd function, the reduction

formula can be obtained as

I  =  
 x .  x

m + n
 + 

m  

m 
m, n

 m   n + 

−
−−sin cos1 1 1

+ n
 I .m  , n − 2

Similarly other four reduction formulae for ∫ sin cosm nx x dx may be obtained as  

I
x x

n

m n

n
m n

n

,
sin cos

= −
+

+
+ +

+

+ +m 1 1

1

2

1
 Im n, .+ 2

[To obtain this reduction formula put ( )n + 2  in place of n in the reduction

formula obtained in 5.6 and adjust the result accordingly]

I
x x

m

m n

m
Im n

m n

m n, ,
sin cos

=
+

+
+ +

+

+ +

+

1 1

2
1

2

1

I
x x

n

m

n
Im n

m n

m n, ,
sin cos

= −
+

+
−
+

+ +

− +

1 1

2 2
1

1

1

I
x x

m

n

m
Im n

m n

m n, ,
sin cos

.=
+

+
−
+

+ −

+ −

1 1

2 2
1

1

1

[This reduction formula has been obtained in 5.6 at the stage

we applied integration by parts]

Ex am ple 4: Eval u ate 
dθ

θsin4 1

2

∫ ⋅

So lu tion: We have ∫ ∫=
d

d
θ

θ

θ
θ

sin4

4
1

2
2

cosec  

= ∫2 4
cosec x dx , putting θ = 2 x .

But ∫ ∫= −
−

+
−
−

−
−

cosec
cosec

cosec
n

n
nx dx

x x

n

n

n
x dx

2
2

1

2

1

cot
.

[Derive this formula here]
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Putting n = 4 , we get

∫ ∫= − +cosec
cosec

cosec
4

2
2

3

2

3
x dx

x x
x dx

cot

       = − + −
1

3

2

3
2

cosec x x xcot ( cot ) .

Hence the given integral

= = − −∫2
2

3

4

3
4 2

cosec cosecx dx x x xcot cot

= − −
2

3

1

2

1

2

4

3

1

2
2

cosec θ θ θcot cot . [ ]∵ x = θ /2

Ex am ple 5: Eval u ate ∫ +( ) ./1 2 3 2x dx

So lu tion: Put x = tan ,θ  so that dx d= sec
2 θ θ .

Then ∫ ∫ ∫+ = =( ) ./1 2 3 2 2 3 5x dx d dsec sec secθ θ θ θ θ

Now we shall form a reduction formula for ∫ sec
n θ θd .

Proceeding as in article 5.5 (a), we get

∫ ∫=
−

+
−
−

−
−

sec
sec

sec
n

n
nθ θ

θ θ
θ θd

n

n

n
d

2
2

1

2

1

tan
.

∴ ∫ ∫= +sec sec sec
5 3 31

4

3

4
θ θ θ θ θ θd dtan

= + +



∫1

4

3

4

1

2

1

2
3

sec sec secθ θ θ θ θ θtan tan d

= + + +
1

4

3

8

3

8
3

sec sec secθ θ θ θ θ θtan tan log ( tan )

= + + + + + √ +
1

4
1

3

8
1

3

8
12 3 2 2 1 2 2[( ) . ] ( ) log ( ) ./ /x x x x x x{ }

Evaluate the following integrals :

 1. ∫ sin .6 x dx  2.
0

2
6

π /
sin .∫ x dx

 3.
0

2
9

π /
cos .∫ x dx  4.

0

2
10

π /
cos .∫ x dx

 5.
0

4
5

π
θ θ

/
tan .∫ d  6.

0

5 2 2 32
a

x a x dx∫ − −( ) .
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 7. ∫ sec
3 x dx.

 8.
0

4
3

π /
.∫ sec x dx

 9.
0

2 2 5 2
a

a x dx∫ +( ) ./

10.
0

4
2 4

π
θ θ θ

/
sin cos .∫ d

11. ∫ tan .6 x dx

12. Show that 
0

4

2 2

43

16

a x

a x
dx

a
∫ √ −

= ⋅
( )

π

13. If I x dxn
n= ∫0

4π /
tan , show that I I

n
n n+ =

−−2
1

1
, and deduce the value of I5 .

(Kanpur 2005, 12; Avadh 06, 11; Bundelkhand 06; Purvanchal 14)

14. If I x dxn
n= ∫0

4π /
tan , prove that n I In n( ) .− ++ =1 1 1

(Kanpur 2005; Avadh 06)

 1. − − − +
1

6

5

24

5

16

5

16
5 3sin cos sin cos sin cosx x x x x x x

 2.
5

32

π
 3.

128

315
 4.

63

512

π

 5.
1

2
2

1

2
log −





6.
1

2
2

1

2
log −





 7.
1

2

1

2
sec secx x x xtan log ( tan )+ +

 8.
1

2
2

1

2
2 1√ + √ +log ( )  9.

a6

48
67 2 15

3

8
√ + 











log tan π

10.
1

48 64
+

π
11.

1

5

1

3
5 3tan tan tanx x x x− + −

13.
1

2
2

1

2
log −





 5.7  Gamma Function

The definite integral 
0

1
∞

− −∫ e x dxx n  is called the second Eulerian integral and is

denoted by the symbol Γ ( )n  [read as Gamma n].
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1  Some Definitions

1. Infinite Interval: The interval whose length (range) is infinite is said to be an
infinite interval. Thus the intervals ( , )a ∞ , ( , )− ∞ b  and ( , )− ∞ ∞  are infinite

intervals.

2. Bounded Func tions: A func tion f x( ) is said to be bounded over the in ter val I  if

there ex ist two real num bers a band  ( )b a>  such that

a ≤ f x( ) ≤ b for all x I∈ .

A function f x( ) is said to be unbounded at a point, if it becomes infinite at that point.

Thus the function

f x x x x( ) / ( ) ( )= − −{ }1 2

is unbounded at each of the points x x= =1 2and .

3. Monotonic func tions: A real val ued func tion f  de fined on an in ter val I  is said

to be monotonically in creas ing if

x y f x f y x y I> ⇒ > ∈( ) ( ) ,V

and monotonically decreasing if

x y f x f y x y I> ⇒ < ∈( ) ( ) , .V

2

I I
I I
mproper ntegrals

( nfinite ntegrals)



A function f  defined on an interval I  is said to be a monotonic function if it is either

monotonically decreasing or monotonically increasing on I .

For example the function f  defined by f x x( ) sin=  is monotonically increasing in the

interval 0 ≤ x ≤
1

2
π and monotonically decreasing in the interval 

1

2
π ≤ x ≤ π.

4. Proper In te gral: The def i nite in te gral 
a

b
f x dx∫ ( )  is said to be a proper in te gral if

the  range of in te gra tion is fi nite and the integrand f x( ) is bounded. The in te gral 

0

2π /
sin∫ x dx is a proper in te gral. Also 

0

1

∫
sin x

x
dx is an ex am ple of a proper in te gral

because lim sin
.

x

x

x→
=

0
1

5. Im proper Integrals: The def i nite in te gral 
a

b
f x dx∫ ( )  is said to be an im proper

in te gral if ( )i  the in ter val ( , )a b  is not fi nite ( . .,i e  is in fi nite) and the func tion f x( ) is

bounded over this in ter val; or ( )ii  the in ter val ( , )a b  is fi nite and f x( ) is not bounded over

this in ter val; or ( )iii  nei ther the in ter val ( , )a b  is fi nite nor f x( ) is bounded over it.

6. Im proper integrals of the first kind or in fi nite integrals: A def i nite in te gral  

a

b
f x dx∫ ( )  in which the range of in te gra tion is in fi nite ( . .,i e  ei ther b = ∞ or a = − ∞ or

both) and the integrand f x( ) is bounded, is called an im proper in te gral of the first kind

or an in fi nite in te gral. Thus 
dx

x1 20 +

∞
∫  is an im proper in te gral of the first kind since the

up per limit of in te gra tion is in fi nite and the integrand 1 1 2/ ( )+ x  is bounded. Sim i larly 

− ∞∫
0

e dxx  is an ex am ple of an im proper in te gral of the first kind be cause here the lower 

limit of in te gra tion is in fi nite. Also 
− ∞

∞
∫ +

dx

x1 2
 is an improper integral of the first kind.

In case the interval ( , )a b  is infinite and the integrand f x( ) is bounded, we define

(i)
a a

x
f x dx

x
f x dx

∞
∫ ∫=

→ ∞
( ) lim ( ) ,

provided that the limit exists finitely i e. ., the limit is equal to a definite real number.

(ii)
− ∞ −∫ ∫=

→ ∞
b

x

b
f x dx

x
f x dx( )

lim
( ) ,

provided that the limit exists finitely.

(iii)
− ∞

∞

−∫ ∫ ∫=
→ ∞

+
→ ∞

f x dx
x

f x dx
x

f x dx
x

c

c

x
( )

lim
( )

lim
( )

1 21

2

provided that both these limits exist finitely.

7. Im proper integrals of the sec ond kind: A def i nite in te gral 
a

b
f x dx∫ ( )  in which

the range of in te gra tion is fi nite but the integrand f x( ) is un bounded at one or more

points of the in ter val a ≤ x ≤ b, is called an im proper in te gral of the second kind.
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Thus 
0

4

2 3∫ − −
dx

x x( ) ( )

and
0

1

2

1
∫ x

dx  are improper integrals of the second kind.

In the case of the definite integral

a

b
f x dx∫ ( ) ,

if the range of integration ( , )a b  is finite and the integrand f x( ) is un bounded at one

or more points of the given in ter val, we de fine the value of the in te gral as fol lows :

(i) If f x( ) is unbounded at x b=  only i e. ., if f x x b( ) → ∞ →as  only, then we define

a

b

a

b
f x dx f x dx∫ ∫=

ε →
− ε

( ) lim ( ) ,
0

provided that the limit exists finitely. Here ε is a small positive number.

(ii) If f x x a( ) → ∞ →as  only, then we define

a

b

a

b
f x dx f x dx∫ ∫=

ε → + ε
( )

lim
( ) ,

0

provided that the limit exists finitely.

(iii) If f x x c( ) → ∞ →as  only, where a c b< < , then we define

a

b

a

c

c

b
f x dx f x dx f x dx∫ ∫ ∫=

ε →
+

ε′ →
− ε

+ ε′
( ) lim ( )

lim
( ) ,

0 0

provided that both these limits exist finitely.

(iv) If f x( ) is unbounded at both the points a band  of the interval ( , )a b  and is

bounded at each other point of this interval, we write

a

b

a

c

c

b
f x dx f x dx f x dx∫ ∫ ∫= +( ) ( ) ( ) ,

where a c b< <  and the value of the integral exists only if each of the integrals on the

right hand side exists.

2  Convergence of Improper Integrals

When the limit of an improper integral as defined above, is a definite finite number, we

say that the given integral is convergent and the value of the integral is equal to the

value of that limit. When the limit is ∞ or − ∞, the integral is said to be divergent i e. ., the 

value of the integral does not exist.

In case the limit is neither a definite number nor ∞ or − ∞, the integral is said to be

oscillatory and in this case also the value of the integral does not exist i e. ., the integral is

not convergent. We can define the convergence of the infinite integral 
a

f x dx
∞

∫ ( )  as

follows :
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Def i ni tion: The in te gral 
a

f x dx
∞

∫ ( )  is said to con verge to the value I, if for any ar bi trarily

cho sen pos i tive num ber ε, how ever small but not zero, there ex ists a cor re spond ing pos i tive num ber 

N such that

a

b
f x dx I∫ −


 


< ε( )  for all val ues of b N≥ .

Similarly we can define the convergence of an integral, when the lower limit is infinite,

or when the integrand becomes infinite at the upper or lower limit.

Ex am ple 1: Dis cuss the con ver gence of the fol low ing integrals by eval u at ing them

( )i
1

∞
∫ √

dx

x
,  ( )ii    

1 3 2

∞
∫ ⋅

dx

x /

So lu tion: (i) We have

1 1

∞
∫ ∫√

=
→ ∞ √

dx

x x

dx

x

xlim , (By def.)

       =
→ ∞

=
→ ∞













∫ −lim lim

/
/

/

x
x dx

x

xx
x

1

1 2
1 2

1
1 2

       =
→ ∞

√ − = ∞lim [ ] .
x

x2 2

Thus the limit does not exist finitely and therefore the given integral is divergent ( . .i e ,

the integral does not exist).

(ii) We have

    
1 3 2 1 3 2

∞
∫ ∫=

→ ∞
dx

x x

dx

x

x

/ /
lim ,  (By def.)

   =
→ ∞

=
→ ∞ −













=
→ ∞∫ −

−
lim lim

/
lim/

/

x
x dx

x

x

x

x
x

1

3 2
1 2

1
1 2

−
√







2

1x

x

   =
→ ∞

−
√

+





=
lim

.
x x

2
2 2

Thus the limit exists and is unique and finite; therefore the given integral is convergent

and its value is 2.

Ex am ple 2: Test the con ver gence of  
0

∞ −∫ e dxm x ,  ( ).m > 0

So lu tion: We have 
0 0

∞ − ∞ −∫ ∫=
→ ∞

e dx
x

e dxm x m xlim ,  (by def.)

     =
→ ∞ −













=
→ ∞

− −







−
−lim lim ( )

x

e

m x m
e

m x x
m x

0

1
1

      = − − =
1

0 1
1

m m
[ ] .
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Thus the limit exists and is unique and finite, therefore the given integral is convergent.

Ex am ple 3:  Test the con ver gence of  
0 2 2

4

4

∞
∫ +

⋅
a dx

x a

So lu tion: We have 
0 2 2 0 2 2

4

4

4

2

∞
∫ ∫+

=
→ ∞ +

a dx

x a x

a dx

x a

xlim

( )
, (By def.)

=
→ ∞

⋅





=
→ ∞







− −lim tan lim tan
x

a
a

x

a x

x

a

x

4
1

2 2
2

2
1

0

1

0

x

=
→ ∞

−





= ∞ = =− −2
2

0 2 2
2

1 1. lim tan .[tan ] . .
x

x

a

π
π

Thus the limit exists and is unique and finite; therefore the given integral is convergent.

Ex am ple 4: Test the con ver gence of ( )i  
− ∞∫
0

e dxx  ; ( )ii   
− ∞

−∫
0

e dxx .

So lu tion: (i) We have 

 
− ∞ −∫ ∫=

→ ∞
0 0

e dx
x

e dxx

x

xlim ,  (By def.)

                =
→ ∞

=
→ ∞

− = − =−
−lim

[ ] lim [ ] [ ] .
x

e
x

ex
x

x0 1 1 0 1

Thus the limit exists and is unique and finite; therefore the given integral is convergent.

(ii) We have 
− ∞

−
−

−∫ ∫=
→ ∞

0 0
e dx

x
e dxx

x

xlim
,  (By def.)

                    =
→ ∞ −













= −
→ ∞

− = ∞
−

−

lim lim
[ ] .

x

e

x
e e

x

x

x

1

0
0

Thus the limit does not exist finitely and therefore the given integral is divergent( . .i e ,

the integral does not exist).

Ex am ple 5: Test the con ver gence of  
− ∞

∞
∫ +

⋅
dx

x1 2
(Kanpur 2008; Gorakhpur 11)

So lu tion: We have

      
− ∞

∞

− ∞

∞
∫ ∫ ∫+

=
+

+
+

dx

x

dx

x

dx

x1 1 12

0

2 0 2

=
→ ∞ +

+
→ ∞ +−∫ ∫lim lim

x

dx

x x

dx

xx

x0

2 0 21 1

=
→ ∞

+
→ ∞

−
−

−lim [tan ] lim [tan ]
x

x
x

xx
x1 0 1
0

=
→ ∞

− − +
→ ∞

−− −lim [ tan ( )]
lim

[tan ]
x

x
x

x0 01 1

= − − + =( / ) / .π π π2 2

Thus the limit exists and is unique and finite; therefore the given integral is convergent.

Ex am ple 6: Eval u ate  
0

1

∫ √
⋅

dx

x (Gorakhpur 2010)
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So lu tion: In the given in te gral, the integrand 1 / √ x be comes in fi nite at the lower limit 

x = 0. There fore we have

0

1

0

1 1

0 0
2∫ ∫√

=
ε → √

=
ε →

√
+ ε

dx

x

dx

x
xlim lim [ ]

ε

                      =
ε →

− √ ε =lim
[ ] .

0
2 2 2

Hence the given integral is convergent and its value is 2.

Ex am ple 7: Eval u ate  
0

1

1∫ √ −
⋅

dx

x( )

So lu tion: Here the integrand i e x. ., / ( )1 1√ −  be comes un bounded i e. ., in fi nite at the

up per limit ( . ., ).i e x = 1

∴
0

1

0

1

1 0 1∫ ∫√ −
=

ε → √ −

−dx

x

dx

x( )

lim

( )

ε

           =
ε →

− √ − =
ε →

− √ ε + =− εlim [ ( )] lim [ ] ,
0

2 1
0

2 2 20
1

x

which is a definite real number. Hence the given integral is convergent and its value is 2.

Ex am ple 8: Eval u ate  
−∫ ⋅

1

1

2

dx

x

So lu tion: Here the integrand be comes in fi nite at x = 0 and − < <1 0 1.

∴    
− −

−

′∫ ∫ ∫=
ε →

+
ε′ →1

1

2 1 2

1

20 0

dx

x

dx

x

dx

x

lim limε

ε
 

         =
ε →

−





+
ε′ →

−



−

− ε

ε′

lim lim

0

1

0

1

1

1

x x

         =
ε → ε

−





+
ε′ →

− +
ε′







⋅lim lim
0

1
1

0
1

1

Since both the limits do not exist finitely, therefore the integral does not exist and is

divergent.

 Eval u ate the fol low ing integrals and dis cuss their con ver gence :

 1.  
1

∞
∫ ⋅

dx

x
 2. 

3 22

∞
∫ −

⋅
dx

x( )

 3.  
0

2∞
∫ e dxx .  4. 

0 2 31

∞
∫ +

⋅
dx

x( ) /

 5. 
− ∞∫
0

sinh .x dx   6.  
− ∞∫
0

cosh .x dx
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 7. cos x dx
0

∞
∫ .  8. 

− ∞

∞ −∫ e dxx .

 9. 
− ∞

∞
∫ + +

⋅
dx

x x2 2 2
10. 

0

1

3∫ ⋅
dx

x

11. 
0

1

1∫ −
⋅

dx

x
12.  

−∫ ⋅
1

1

2 3

dx

x /
(Gorakhpur 2011)

 1. ∞, di ver gent   2. 1, con ver gent  3. ∞, di ver gent

 4.  ∞, di ver gent   5. − ∞, di ver gent  6. ∞, di ver gent

 7. Os cil lates and so not con ver gent

 8. ∞, di ver gent   9. π, con ver gent 10. ∞, di ver gent

11. ∞, di ver gent  12. 6, con ver gent

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (c) and (d).

 1. The in te gral 
dx

x√

∞
∫1   is

(a) con ver gent (b) di ver gent

(c) uni formly con ver gent (d) none of these

 2. The in te gral e dxx

−∞∫
0

  is

(a) con ver gent (b) di ver gent

(c) uni formly con ver gent (d) none of these

 3. Value of the in te gral 
dx

x1 2+−∞

∞
∫   is

(a) π / 2 (b) − π / 2

(c) π (d) − π

 4. Value of the in te gral 
0

1

1∫ √ −
dx

x( )
  is

(a) 2 (b) − 2

(c) 1 (d) −1
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Fill in the Blank(s)

Fill in the blanks “……” so that the fol low ing state ments are com plete and cor rect.

 1. The def i nite in te gral 
a

b
f x dx∫ ( )  is said to be a …… if the range of in te gra tion 

( , )a b  is fi nite and the integrand f x( ) is bounded over ( , ).a b

 2. The def i nite in te gral 
a

b
f x dx∫ ( )  is said to be an im proper in te gral if the in ter val 

( , )a b  is fi nite and f x( ) is not …… over this in ter val.

 3. The def i nite in te gral 
a

b
f x dx∫ ( )  is said to be an …… if the in ter val ( , )a b  is not

fi nite and f x( ) is bounded over ( , ).a b

True or False

Write ‘T’  for true and ‘F’  for false state ment.

 1. A def i nite in te gral 
a

b
f x dx∫ ( )  in which the range of in te gra tion ( , )a b  is fi nite but

the integrand f x( ) is unbounded at one or more points of the interval a x b≤ ≤ , 

is called an improper integral of the second kind.

 2. The in te gral 
0 21

∞
∫ +

dx

x
 is an im proper in te gral of the sec ond kind. 

 3. The in te gral 
0

4

2 3∫ − −
dx

x x( ) ( )
 is an im proper in te gral of the first kind.

Multiple Choice Questions

 1. (b) 2. (a) 3. (c) 4. (a)

Fill in the Blank(s)

 1. proper in te gral 2. bounded

 3. im proper in te gral of the first kind

True or False

 1. T 2. F 3. T

¨

I-36

Answers






















































































































































