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Linear Differential Equation of Second Order Part 1

DlFFERENTIAL EQUATION OF
SECOND ORDER

T he general forrn

Y+ pix)y'* q(x)y=rix)
Homogeneous if r{x) = 0.
/Nm.hochoger.eous if r (x) - O.

P. g - co-efficient of thhe eguation.

EXAMPLE
Homogeneous near eguation
(1 - xTPy"-Z2xy" + By =0
Non-homogeneous linear eguation
Yy "+ 4y — e “sin x
| Non-linear| differential equations:
xl{y"y+-yH+2yy=0

y-=Jy o3 v -y -1=0

SOLUTION rP

UQe

A solution of second order differential
eqgquation (inear or non-linear) s a
function y (x) that has first and second
derivatives, y' (x) and y™ (x) and satisfies
the given differential equation for all x in a
given mterval.
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EXAMPLE
Differential Equation: vy -y=0 1
\/v’ Two solutions: y=e and y=e* \\U
y = e* = y\'/=e'- y" /= e* y -y=0,,
= o >y m-a%, y =a" Yy -y=0

V4

f‘ and be* are also solution
\ v — -

y = ae* + be™ is also a solution

Is.....asolution

CHECHK G\{\S
y-y=0
y = aa* + be™,
= ¥y = ae" - be™,
y" = ae* + be™
Hence
y~"- y = ae* + be™ - (ae* + be™)=0

/7 FUNDAMENTAL THEOREM

For a homogeneous linear differential
equation

y'+pix)y+qi(x)y=0

any linear combination of two solution

of this equation is agamn a solution. In
other words
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f y, and y. are two solution of

Yy *pi(x)y +qi(x)y=0
Then

Y T Cy ¥ " oy

is also a solution, where c, and c,
are any arbitrary constants.

2
V GENERAL SOLUTION

For a second order homogeneous linear
equation

Yy +*px)y+qix)y=0
a general solution will be of the form

Yy =GVt Y2

AT

’D& INITIAL VALUE PROBLEM
An inmal value problem will have eguation

y+px)y+q(x)y=0
and two initial conditions
S 5 v =k and yixg =k,
Using these two conditions the particular |

solution from general solution can be
obtained
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Chapter 1

ExXAMPLE

Solve the intial value problem

w = 0,|y(0) = 4 amnd w([0O) = -2

NE ¥ -
oY
T SOLUTION

\ y"-y=0 e* and e~ are two solutions,g/

The general solution: Y = c,e*+ ce*

T he nitial conditions:
. y(0)=c,-c,= -2

y{i0O) =c,+c_. =4

¥y =c.,e* -c,e=
D C4= 1.c2=3\/
Particular solution:
> <€
Y. =" and y, = de*~,
The general solution: Y = c,e*+ 4c_ e~
¥y = c,e* + 4c,e*
y(0) =c,+ 4c,= 4 (_) T_E
y({0) =c, + 4c, = -2
Inconsistent equations

Y =e*+ 3™

using two initial conditions we cannot
find c,and c..
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\/BASIS OR FUNDAMENTAL SYSTEM
= A general solution of an egquation
Yy +pi(x)y"+*q(x)y=0
is of the form y=c1)’1’°2’2\/
and vy, hot being proportional |

with vy,
solution and c, and c, are arbitrary
constants.

These y, and are called a oc'
r?undan\entalsy of the given equation.

PARTIHCOULAR SOLLUTHOMN

- B partscular soluticors of
W e (x) w" o+ g () w = D ‘/

canm b obt@irmed i speecific values of o,
ared Co, are assgreecd e

—_—
WSy W S

PROPORTHNODMNAL

= The two soluticon yw,and y, arme calbed
propeortiomal §F

& coorrsta i

< LINEAR INDEPENDENCE

Two functions y,(x) and y.{x) are called
A Inearly independent|if

y
//’k_,;T*-(szz =0 > k=0,k,=0

LINEAR DEPENDENCE
¥+ and y, are called Pimﬂy dependentl

if for some k, and k; not both zero
K,¥:* k¥, =0
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HREFORMULATED DEFINITION OF BASIS

A linea inde ndent | pair of solutions
v.and y, for

vy '+ pi{xy  +qix) y=0

i=s called a basis or fundamental system.

L ————mE

In our previous example e»’I arnd e
form the Dasis ~assrurr TN TN T
Prove that linearly independent

How to obtam a Basis f one solution is
known.

Reduction of order Technigue
/L,et v, be Ia non-zero |solution of
y "+ pPp{xX)y  *qi(x) y=0

Then another solution y, incarly
independent of y,

yalx) = u(x)y, \ Q-k

How toget y_, 7

substitute y., and its dernvatives in given
URtoR Le. w00 = GOy

Yy = uy, + uy, ’,y;"' = uTy, + Zu'y,"+ uy.”

v erpi(x)y" " *qgqi{x) y=0

uTy, * 2u'y," *+ uy,"+ p{u'y, + uy,’) +* quy,=0
uTy, * U2y, * p;;)*ﬁ(‘* PY: * qQy,)=0
Y+ * PY, * QY Since y, is a solution
uTy, * U2y, "+ py,) = 0 an eguation in E" & u”

Letu" =U ™ = U"

> ary 3 »
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Separation of variable and integration

2y1 = ep | u (s ) ﬁﬂ.: [
Y ) U

2y1

¥

U+ *p}ldx

In U= -2iny, - pdx = us= 7e-[pdx

L |

u = [Udx = [ o TPEX gy

¥ /
Smnce, U=u" 0

EXAMPLE 1

i

Find the general solution of differential
equation

(1 - x¥)y™ - 2uy" + 2y =0

using the fact that vy, (x) = x is a solution

of this equation

SOLUTION

First chechk,
¥ =X, Y. =1, ¥, =0
(1 - xT)y™ - 2my" + 2y =0

-2x + 2x =0

yazlx) = wx)y,(x)
LeX >
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DL Xy -2y + 2y =0

’
\ Zx 2 2x
= - = pix) = -
y.. x) y.‘1-x3y o p‘ ’ 1’!’
Secondsolution: y,=u(x)®
u=[—1-e"'""“dx
1
- 1
. "P(x)dxz (1-32) elp(xm::‘——x—z
u=[—e°[p(x)dx
71
1
= _dx(ﬁdx
Ix’ 1-x*
Ry L1 1 T 3
=l iz 213 x ™
I D 6 L
e 2'"(1-:: 4
- e bl SO
yix) x u (x) 1 ZXhL1-x ]

General solution

y=c,x+c,[-1¢%xln( Lot )]

ExXAMPLE 2

Fired the hasl:s- of soluticon for differential
e uatiom

MEY™ — gy "y = 0
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SOLUTION
Xy" —xy " +y=0
¥: = x is solution, check
Ye= X, Yy'=1, vy, =0 - -x+x=0

1
y"-ly‘¢_1,.y=° —op(x):-._
x x x

x
u:j.;‘_e"u'mdx =I._1_e'“‘dx =]—-;-dx
v3 x? x

:jldx =lmx —=yY:2=xinx
- ~. basis of solution is { x, Ix Inx}.
(j ‘>‘

y'*pix}y +qix)y=0
The standard form v +*ay +by=0

How To solve? y = e*=
Substituting v, ¥ and y™
il s are*>+be’*>=0 >+ ai+b)e* =0

e** =0V x —>}.?+a10b=.0

Characteristic Equation

CHARACTERISTIC EQUATION
The quadratic equation, thus obtained
»?(Z+ a2 *b=0

is called the Characteristic Equation or
auxibary eqguation of differential equation

y”oey'ogyzo’



AiA
Line

AiA
Pencil

AiA
Pencil

AiA
Pencil

AiA
Pencil

ismail.masci
Pencil


Ordinary Differential Equations (ODEs)
Chapter 1

i+ al +b=0

~Casel : two real roots if a7- 4b > 0
~Casell : areal double root if a‘- 4b =0
~Case Ill : complex conjugate roots

if ai- 4b < 0.

CASE |I: Two distinct real roots i, & i,

V= e = a*

|
3"1 _Ell-r-*?:l :#

General solution:

4

CASE II: Real double root i ﬂf

az-4b=0, ->so a=-ar2~\/ g‘:@\}

pome =3
y“#ay'obyzo

-“

u=j—-—e'f"'dx ‘]—dx-x. LYy = XY, =Xe 2

y1

Generalt7(rbo y=ca 2 'C,xe—uz
-n}

=(c, + cyx)e

constant.

10
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CASE lll: Compiex roots\/

When a7 -4b < 0. The Roots:

X{,}{ ;Qrs A,=--3—;%Ja’-4b.
T "
<? 1L A,=-§-_% a’ -4b

is=s+itand i, =s -1t
'\*\H T ———

Q ~J etr=els*lix= g5 (cos tx + i sin tx)

76} e el = gls-ix = g% (cOos tx — i Sin tx)

L .~ 3

cos tx, ¥, =€ ? sintx

t=—1- 4b-a°
2

General solution:

y= c,e. T costx + c,e-

ulo

sSintx

Summanry of Steps

To fird the general solution of

y"+ay +by=0

~ Write down the characteristic eguation

(e ce-0>
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Let i, and ., be its roots

_at+a’-4b
2
» Ha’-4b>0

1e. if J,& J, are distinct real numbers
The general solution:

y = c et s ot

~ a?-4b=0

e, iy, =j, = -al2 is double real root
The general solution

.
]

y = (e, + c;x)e

-~ Ha*-4b <0
i.e. the roots i & /i, are compilex conjugate

The general solution is

@ -
y=ce !‘cosﬂxoc,e 2 sinBx
\- )

Sae N

where
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EXAMPLE 1

Find the general solution of

y-9y + 20y =0

SOLUTION
Diff. Equation: y*°-9y" "+ 20y =0
The characternstic equation:

22-9,. +20=0
Factonzation: (. -S> -4)=0

Roots: =4 5,=5
Hence the general solution:
Yy = ce** & c e

EXAMPLE 2
Solve the initial valwe problem
y +y -Gy =0
y{O) = 10, v (O) = 0D

SOLUTION
Diff. Equation: vy + y' -6y =0
The charactenstic eguation:
22+ 2 -6=0
Factorization: (A +3IMr -2)=0
Roots: Iy ==-3,0,=2

The general solution: y (x) = c,e > + c,e®>

13
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y (x) = c,e " + c o™

y' (x) = -3c,e™™ + 2ce™
initial Conditions: y(0) =10, ¥y'(0) =0

y(0) = c,+c,= 10
y'(0) = -3¢, + 2c, = 0
L Cy=4,c,=6
The solution: Yy (x) = 4= + Ge*

EXAMPLE 3
Solve the initial value problem /

G_\
G\

yi(0) =2, y(0)=1

SOLUTION
Differential Equatwon:
Y- 4y + 4y =0
The characternstic equation:
AZ-42.+ 4=0 >(L—2F=0
double root: L. =2

General solution:

Yy (x) = o4+ cyx)e®

14
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¥ (x) = (C,+ cox)e?=
v [(x) = 2,0 + 2C e + CaT™

Imitial comnditions: w{0) = 2, vy (0)=1
wi0) = c, = 2,
yi{0) = 2c, + cy;= 1 > Cp= -3,

Particular solutiomn:

¥ (x) = (2 - Ix)e?

EXAMPLE 4

Give the general solution of differential
equation

dy "+ 4y" + 10y =0

SOLUTION
Differential Eguation: 4y "+ 4y" +» 10y =0
The characteristic eguation:

337+ 45 + 10=0

B = = - z
=2 Ty 4= J16-160 = —-4=12i
8 8
- 1 0 £ 1T 3
= Ag T= =l c—— Ay = = =
2 2 2 2
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Linear Differential Equation of Second Order Part 2

EXISTENCE AND UNIQUENESS THEOREM
FOR INITIAL VALUE PROBLEM

if p({x) and g(x) are continuous functions on
some interval | and x; is in |, for differential
equation y"+ p (x) ¥+ q (x) vy = 0 and two
mitial conditions y(x,) = k; and y'(xy) = k,
then this IVP has a unique solution y (x) on
mnterval L

B9, (wmonsran
X

\DQJ Y+ p(X)y +qix)y=0

Yy Y
Wiy,.¥.) = l 2 z.I

Yy ¥a = VY1¥2 “ Y1 ¥2

Linear Independence

The two solution y, and y, will be linearly
independent if Wi(y, 'y,)* 0 some x « L

Some Properties of Wronskian

Given two Tunctions f (x) and g (x) that are
differentiable on some interval |

1) W (T, g) (xy) = 0. for some xg, in |, then

f (x) and g (x) are Inearly independent
onl

2) H T (x) and g (x) are linearly dependent
onlthen W (f,g)=0 v xin L

18
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/% Abel's Theorem

If y, (x) and y.(x) are two solutions to

y"+*pix)y +q(x)y=0
then the Wronskian of two solutions is

';ﬂ(lnl
Wiy, ¥2) (X)) =W (y,. ¥:) (X)) e *

for some x,.

Proof
y +py +qy=0
_\L ¥4 & y, are two solution \1\

X
e WPy rqy; =0 &y,"+py +qy; =0
>V Vai— ¥y Y2 *PI¥2 V- ¥y ¥V2) =0

Y. Y2
Yy Y2
1]
W= Y/éz"’ YgY‘:J‘ Y/"/:‘ Yi¥2= ¥\ ¥2 ¥ ¥z
(viy,- ¥z )*pP(y. ¥ -y.y,) O
> W'+ pW=0

W= =YYz - Y3i¥2

-?u-n-
Wix) =Wi(x,)e °



lab
Pencil

lab
Pencil

lab
Pencil

lab
Pencil

lab
Pencil

lab
Pencil

lab
Pencil

lab
Pencil

lab
Pencil

lab
Pencil

lab
Pencil


Ordinary Differential Equations (ODEs)
Chapter 2

EXAMPLE
Find the general solution of

vy -2y "+ y=0
SOLUTION

The characteristic equation:
222"+ 1=0

Double root: » =1

The two solutions: y,= e* | y.= xe*
e” xe”
W=
e’ e" + xe’
=g 4+ xe?* - xe*x =220

Hence y, and y, are inearly independent.

Sl | O be sure
F

Hence general solution:

y = c,e*+ c xe*

NOMN HOMOGENEOUS SECOND
ORDER LINEAR DIFFERENTIAL
EQUATION
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NON HOMOGENEOUS SECOND ORDER
LINEAR DIFFERENTIAL EQUATION

y*pix)yy+qix)y=r({x)#0

The corresponding homogeneous eguation

y'+*pix)y +qix)y=0

THEOREM
Suppose Y,{x) and Y, {x) are two solution of
y+p(x)y'+qix)y=r(x)

and y.(x), y.({x) are fundamental set of
solution of the corresponding
homogenous differential equation

Yy +*pix)y +q(x)y=0

Then, Y, (x) - Y, {(x) is its the solution and
can be itten as

T €Y, (X) + c,y.(x)

QCJ

LBV
PROOF
(Y,(x) — Y (x))™ = ¥ (x) — ¥,;"(x),
(Yy(x)-¥Y,(x))" =Y,(x)-—Y,;(x)

Yy *pi(x)yy+qi(x)y=0
Y =Y, T (X p O Y )Y, (x))+qx)Y,(x)-Y_ (x))

=¥"4(x) + p{x)Y,(x) + q(x)Y,({x) — (¥,"(x)
+ p{x)Y,;(x) + g(x)Y (x) = rix) — r{x) =0

Y (x)—Y,(x) is solution

L Yy —=Y,=Cyy,+ Cuy; forsome c, & c;

21
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KA )

y (x) and y_ (x)

\/ Y +*p(x)y+qi(x)y=rix)
|

yix) — jfi!) = C4¥4(x) * coyu(x).

yix) = C y,(x) + cy.(x) + y,(x)

General Solution

y (x) = vy, (x) * y,(x)

THE MAIN RESULT
GENERAL SOLUTION
y'+*+p(x)yy+qi(x)y=rix)

y (x) = y,, (x) +y_ (x)

¥» () is the general solution of
y+*pix)yy+qix)y=0

And y_ (x) is |a particular solution |of
y'+pix)y +q(x)y=rix)

PARTICULAR S UTION
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The General So

No Singulay'Solution!!

PRACTICAL CONCLUSION

To solve non homogeneous equation
Yy +pix)y +qix)y=r(x)
or an initial value problem .
» Solve the homogeneous equation
y+px)y+qix)y=0

»Find a particular solution y_

How to obtain this solution??

BASIC TECHNIQUE TO SOLVE NON
HOMOGENEOUS EQUATION

N Method To Find vy
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EXAMPLE

Find the general solution of Motivation example

y©+ Jy" + 2y = 12e~

SOLUTION
Corresponding homogeneous equation:
y"+3y"+2y=0
Characternistic eguation: 2+ 33 + 2=0

Yn = 8" + cro
Differential Equation: y*+ 3y' + 2y = 12e*
Particular solution y_, : Let, y,=Ae*
= ¥ =Ae*and y," = A e*
Substitute in given equation:
Ae*(1+3+2)=12e* >B6Ae*=12e* S A=2
Y, = 2e* General Solution:
Yy(xX)=y,(x) +y,(X) =c.e*+ce?™+ 2e

Two methods to fimnd vy,

== Method of undeterrmmed Coefficiend

== Method of vamnation of parameters
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METHOD OF UNDETERMINED
COEFFICIENT

~ Applhcable: Equations with constant
coefficient and r (x) is of special form
) —— —— ——

» r (x) = e * or polynomial
(% ~—~

~r (x) = cos (bx)

C—

METHOD OF UNDETERMINED
Casesfor r(x).... | COEFFICIENT

Terms in r{x) Choice of y,

ke™ @ e

Ckn=01,) KX+ K XM KxeK

kcosmx A sin ax + B cos ax
ksinox .

ke coswx e™ (A sin wx + B cos wx)
ke™ sinmx

RUOLLES OF THE MMETHOD
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BASIC RULE

y'+*px)y +q(x)y=ri(x)
~ W rix) is one of the function in the first
column of the table .
~Choose corresponding function y_, in
second column
~ Find the value of undetermined coefficient
by puftting y_ and its derivatives in

y'+pix)y + =r(x)

ODIFICATION RULE

~ If any term in the choice for y_, i1s also
mn the solution y, of corresponding
homogeneous equation

y'+p(x)y+qix)y=0

»  Multiply the choice y_, by x or

»~By x2_ if the solution corresponds to
doublie root of charactenstic equation of
homogeneous equation.

SUM RULE

~ i r{x) s sum of different functions
given in column one of the tabile, then
choose Yy, the sum of corresponding
functions in second column.
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EXAMPLES

EXAMPLE 1

Solve the non homogeneous eqguation

w4y = Bx“

SOLUTION
y© + 4y = 8x?
Corresponding homogeneous equation:
y“+ 4y =0
Characternistic equation: 12+ 4=0
Roots: A= 20

Yy = C,COSZX + C.SIN2X

r{x) = 8x?

rix) = 8x? Y= kox? +k x+k,
=Y, =2kx+k, =y =2k, y "+ 4y = Bx?
Substituting: 2k, + 4k x? + 4k, x + 4k, = 8x?
Equating the coefficients:

4k, =8, 4k, =0, 4k, +2k =0
= k= 2, k;=0, ky = -1

= Y= 2x2 -1

Yy (x) = c,cos2x + c.sin2Zx + 2x? -1

= Onecantrywithkx’onlyandsee%atit
A\

fails. T

27
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‘\/S[l(/ EXAMPLE 2

Solve initial value problem

yoe 2y + y = e VP
y(o) = -1, y(0) =1 E—
SOLUTION
Differential equation: y'+ 2y v+ y=e*

Corresponding homogeneous equation:
y*+ Zy' o 0

Characteristic equation: b2+ 2. +1=0
Double Roots: A =141
v
¥n = (Cytcx)e™
e — - Page 26
4 bk Yot 26 Mod Rule

ypz AX? P /

Y, = ZAxe*- Ax‘e™
Yo = 2Ae™ - 2Axe™ - 2Axe "+ Ax‘e™
Substituting in: y"+ 2y" + y= g%

2Ae* - 4Axe*+Axle*+2(2Axe - Axie™) +Ax‘e "= "
>2RAe =" > 2A=1 — A=%
L

General Solution: Y{X)=(c,+c x)e™ + Ex’e"
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The particular solution
Initial Condition: y(0)=-1,y(0)=1

yix) = (c, + c,x)e™ + %x’e"

y(0) = -1 = c=-1
y'(x) = Hc, +c x)e™ -——x o™ +c,e™ + xe™
y{0)=1 = oc,0c2-1 2>c,=0

yix)=-e" + LSCR
2 g \

EXAMPLE 3
Find the general solution of
y"-3y' - 4y = Je?* + 2sinx - Be'
SOLUTION
Corresponding homogeneous equation:
y*-3y' -4y=0
Characteristic equation: 3?-3.-4=0
Roots: ;=2.1,.=4
Yn = Cse* + ot
r(x) = 3e? + 2sinx - 8e™
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The choiceof y, :
Y, = Ae®™ + B,sinx + B,cosx + D x e*
= ¥, = 2Ae? + B,cosx - B,sinx - Dxe* + De*
Y, = 4Ae? - Bsinx - B,cosx + Dxe*- De™ - De*
Substituting: y~. 3y’ - 4y = 3e* + 2sinx - Be™

SAe?* (5B, - 3B,)sinx - (5B, + 3B,)cosx - 5De*
= 3e? + 2sinx - Be*

Equating the coefficients: g§A=3 <~ A=-12
58,-3B,=-2,58,+3B,=0 - B,=-5M17,B,= 3117
sD=8 —D= 8/5

1, 5 _ 3 8 .
y’ Sem@7 ce—SINX ¥ —COSX + —X&
2 17 17 B

General Solution:
1 5

x)=ce™ +ce* -—e” - —sinx
yix)=ce ? 2 17

3 e
+ —COSX + —Xxe
17 5
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METHOD OF VARIATION OF
PARAMETERS

- MNo special assurmption on p {x),
q (x) and r (x)

Non Homogeneous Equation:
y+px)y'+q(x)y=r(x)

with p(x).q(x) and r{x) being arbitrary and
continuous functions on L.
associated homogeneous equation:

y'+p(x)y+q(x)y=0
The basis of solution: {y,, y,)
Yan =Gy, T Gy,

y'+pix)y +q(x)y=r(x)
Particular solution
Yo = Wylx)y,(x) + u(x)y.(x)

Substitute Yoo yp', and yp"

we get the system
u,'y, *u'y, =0

Uy uy = rx)
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y'+pix)y +q(x) r {x)

Particular solution

Yp = Uy(x)y,(x) + uy(x)y,(x)
Substitute y_, y,', and y_"

we get the system

J Ya(xhrix) .
Wiy,.y,)

ys{x)r(x)
= d
") I Wiy,.y,) i

Wiy,.y,) is the Wronskian of fundamental
solution y,andy,.

Solution: u,(x)=

y, = _y‘(x)jde + v, (%) f yyxirtx)

Wiy, y.) Wiy, y;)
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EXAMPLE
Find the general solution of

e?n
y -4y + 4y =
x

SOLUTION
The associated homogeneous equation:
y'-4y'+ 4y =0
Characteristic equation: »°-4L+4=0

Double roots: ~=2,2 —
Racic oof enhitinn: wv.ix) = 3% w vl = walx

= 2=
e e
= = gf= . D
Wiy, ¥2) [ZE?' e + o™
¥ = C,8 + couedx .
and for vy, rx) = -
x
o
u1=_IMd! :&h_e_
WY, V2 ) . | X dx
A
e«
= - M
2%
= [ Ystx)rix) ™ =
= dx =
= WA Y,.¥3) =I—ez:'""-d" =nx

Yo = uy{x)y,(x) + u{x)y.(x)
Ve = -xe?> + In{x)xe*>

General solution:
¥y (x) = c,e™ + c,xe?™ -xe?* + xinxe®

y (x) = (€, + (3 -1+ Inx) x)e2>
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Differential equations of order n { >1)
Fix.y.¥, . y"™)=0 Ty
aﬂ
n™ order linear differential eguation
Standard form

y

y'Wep, (x)y'" Ve _+pix)y+p,(x)y=r(x)

N Non homogeneous
vy ep, (x)'" T P AX)y *P(x)y =0
Homogeneous
Solution

A solution of N™ order differential egquation
on some open interval | is function y(x),
which is differentiable n times on | and the
function and its derivatives satisfy the

equation.
For the homogeneous linear differential
equation

y'“ep, Axly'" T *p(x)y+p,(x)y =0

the sums and constant multiples of
solutions on some open interval | are agan
the solution of this, in other words, The
Inear combination of solutions of
homogeneous linear equation

y'rp, (x)y" Vv *px)y+p,(x)y =0
are also solution of the same equation.
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The Basis, General Solution And

Particular Solution
y"™ap, (x)y'" "+ __+p(x)y'+p,(x)y=0
General solution:

yix)=c,y,*c,y,*... *c .y,

The basis or fundamental system of solutions
Particular solution:
~ specific values to constants c,, ¢, ...... A - ¥
Example
The functions y, = x, y, = 3x , y, = x? are
linearly dependent on any interval |
Solution
cy, eyt ¥Cy, Linear combination

G,y * 6y, 4y, =0

Some non zero constants ¢, ¢, ....C,

Let,c, =3, ¢c,=-1,¢,=0
Jy, -1y, +0. y,= Ix-3Ix=0Vxinl
LY ¥Y;and y, are hnearly dependent
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Linearly Independent Function \(

The n functions y,, y¥,, ..-., ¥, are hnearly
ndependent if there does not exist any non
zero constants such that the linear
combination ¢ y +c. y .+ . . +c y, =0

Or
cy *e,y, ¥ +c y =0
If and only if c,=Cc,=. ... =c, =0
WORNSKIAN
The Wronskian for n functions y,, v, .-..... Y.
¥ b £ - - Yo
Y Y2 - - Ya

Wiy,oyo)=| - S 3 s

Pl R
Wiy, ---¥,) >0 Linearly independent

Wiy, ¥, =0 Linearly dependent
Exampile

Y, =X, ¥, =3x, y,=x?

x 3Ix x°
~ W=]1% 3 23
o

= 2(3x- 3x)=0, Vx
2

- W ¥ and y, are hinearly dependent
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Example
Find the solution of yi) - 5y™ + 4y = 0
Solution
y=e™ sy'=ae™,  y'=i%e™,
y™= a%e™, yW= atet
Substitution: 3 ‘e™ 531%™ +d4e =0
>(A'-50744)eM =0 > A1 ' 50744=0 ™ ,0, Vx
Charactenstic Equation Factorization
A4aal=0 A4 -9)=0
>(AZANAZ4)=0 > (AINAHINA-2)NA+2)=0

Roots: u‘o '10 20 -2

Solutions: e*,e™.e”, ™

F.l o™ eh e-h
X -x 2z 7%
T o z'h '2"& £0. (144) 2 0.
e de de

i‘l -C' aeh _aeah

Bah: yQ.e.'VI .Q...Y3 *2.-YC .e.h

General s?lution
- x > ix X
y=ce +c,e +c e +c e
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Initial Value Problem
The differential equation:
y'Tep, (x)y'" e +px)y+p,(x)y=0

and n nitial conditions:
Yixg) =k, ¥Yyix)=k,, -....... , Y x,) = K,

Existence And Uniqueness Theorem
For Initial Value Problem \/

If pyix), pyix), ...... P, 4(Xx) are continuous
functions on some open interval | and x, «
I, then the initial value probiem

yep, (x)'" "+ +p(x)y+p,(x)y=0

and yixg) = ke. Y{Xe) = Ky, -oren Y THxg) = k,
has a unigue solution yix) on L

Existence of A General Solution
Theorem:
Let the coeflficients p (x), p,(x), ....., P, «{X) n

y e, (X)W s p(x)y *P,(x)y =0

are continuous on some interval |, then
every solution y = y (x) of this equation is of

the form  y(x)=c,y,+c,y,+...*c.y,
Yer Yor cvcees Y, are basis of solutions and c_,
Copp ccccee ,C,, are arbitrary constants.

General solution includes all solutions\/
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Higher Order Homogenous Linear
Equation With Constant Coefficients

nth order homogeneous inear equatbon:
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Four Cases:

1. Simpie Real roots

2. Simpie compiex roots
3. Multipile Real roots

4. Multiple compilex roots

Case 1: Simple Real Roots
Characteristic eguation

n solutions:
¥+= e"’.- i oz piubiy Ya™= e’
inearlty independent
General Solution:
yix) =ce*™ +c o™+ + c e’

Linear Independence
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L 1 o o o '8
Ay A . A,
A? Az 2
e N 2 An .0
hl;—‘ Ag—‘ . . A::-1
=@ SALB (g T \L A

v-THA &)

<) .

Case 2: Simpile Complex Roots
Characteristic eguation

conjugate pair
A, maxvipg, A, =ex-§ 3,
Corresponding lnmearly independent soluttion
v.= e cosBx, v.= e"™ sinfix

Case 3: Multiplie Real Roots

Characteristic eguation

Let ™ be a roots with multiphicity k

k Linearly independent solutions:

V.= er = Vo= xer™ Y. = x* i =
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Case 4: Multiple Complex Roots
Characteristic equation

multiplicity k
2k Linearly independent solutions:
y‘= e-' mm' y2= u- mm---—o-.Yi- ‘.4.-‘ m”o

Yier= €7 sinfix, y, .= xe™ sinfix,...., y._ = x*"e™ sinpx

n Linearly independent solutions:
Y ¥20 coceeves ¥

General Solution:

vix) =c, ¥ cy¥e¥ e +C,.¥n
Examples
Example 1: Solve y'*' — 16y =0
Solution
Characteristic Equation: A4°'-16=0
Factorization: (-2 2+ 2)( 27 +4)=0
Roots: A=.2 2 -2 2i

4 Linearly Independent Solutbhons:

¥+= e, Y= e’™, Y= cos2Zx, Y& sn2Zx

General Solution:
yix)=ce ™ +c,e™+c,con2x+c, sin2x
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WORNSKIAN

e o cos2x sin2x

W= [2e™ 2e¢" -2sin2x 2cos2x
de?" 4e* Adcos2x -4sin2x
' Be™* Bsin2x Bcos2

= 1024 cos2x sin2x

Example: 2
Solve the initial value problem
y -y" -y +y=0, Y(0)=2y(0)=1, y"(0)=0
Solution
Characteristic Equation:  1*-17-1#1=0
Factorization: 27-27-A41 =2%(A-1)-(2-1)
=(2%-124) =(1-1(14)
Roots: A=-111 3 Independent Solutions:
y,=e’,  y,=e¢, y;=xe
General Solution: yix)= ce™ +c.e’ +c xe’
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WORNSKIAN

e’ e xe"
W= - .n “‘ “n
e’ e' xe'+2e’

1 1 x

=e"'F1 1 x+1 =4e" 20
1 1 x+
Particular Solution:

Initial Conditions: ¥(0)=2,¥(0)=1, y"(0)=0
General Solution:  y(x}=ce™ +ce”+c xe’
y'ix)= <o”+c 0" +c xe" +c 0"
y'(x)= ce™ +c,0" toyxe’ 0" 4o 0"

y(0)=c,*+c,=2, y'(0)= <, +c,4c, =1,
y'(0)= ¢, +c,+2¢c, =0 > ¢,=0,¢c,=2,¢c,=-1
Solution of IVP:  yix)=2e"-xe* = (2-x)e”
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Higher Order Non Homogeneous Linear Equations

Higher Order Non Homogeneous
Linear Differential Equations

The standard form
y ' 4p, (x)y" P4+ px)y+p,(x)y=r(x)

corresponding homogeneous equation

y' " 4p, (x)y" V¥ ..+ p(x)y+p,(x)y =0
General Solution: Y=EYnt*Y,

EXISTENCE AND UNIQUENESS OF SOLUTION

y"4p, (x)y'" "+ ..+ p(x)y'+p,(x)y=r(x)

if the coefficients p, (x), k =0,.....n-1 and r(x)
are continuous on |, then general solution
exists and includes all solutions.

Initial Vailue Problem (IVP):
y'"4p, (x)y"" " o p(x)y +py(x)y =r(x)

n initial conditions:

Y(Xo) = Koy ¥'(Xg)= Ky, ceceecy Y IG) = Ky, X € |
IVP has unique solution.
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Methods to find y,, the particular solution of

Y‘.’*p. .(x)y"' "+.-....+p,(x)y'*p.(x)y=r(x)
> Method of undetermined coefficients
< Method of Variation of Parameters

METHOD OF UNDETERMINED COEFFICIENTS

n™ order linear equation has constant
coefficients and r (x) is of special form

» 1 (x) = e ™= or polynomial

»r (x) = cos (bx), sin (bx)

METHOD OF UNDETERMINED

COEFFICIENT
Terms in r{x) | Choice of y,
ke™ | ce™ _
Kx"(0=0,1,...) | K x"+ K x4 Kx+K,
'ltcosmx ' A sin ox + B cos aox |
ksinmx
' ke**coswmx e™ (A sin ox + B cos ox)

| ke “sinwmx
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RULES FOR THE METHOD OF
UNDETERMINED CO-EFFICIENTS

BASIC RULE
y'Wep, (x)'" Vv +p(x)y+p,(x)y=r(x)

~ W ri{x) is one of the function in the first
column of the table .

~Choose corresponding function ¥, in
second column

» Find the value of undetermined coefficient
by putting ¥y, and its derivatives in

y'ep, (x)" Vv A px)y+p(x)y=r{x)

MODIFICATION RULE

» If any term in the choice for y in also
in the solution y, of corresponding
homogeneous equation of

y'"4p, (x)y'" V¥ p(x)y +py(x)y =r(x)
»~ Multiply the choice y, by x*, where k

is the smallest positive integer such that
no terms of x* y_(x) is a solution of

yep, (x4 *p(x)y+p,(x)y=0
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SUM RULE

» if r(x) is sum of different functions
given in column one of the table, then
choose Yy, the sum of corresponding
functions in second column.

Example
Solve the initial value problem
y P43y +3y'+ y=30e*, y(0)=3,y'(0)=-3,y"(0)=-47
Solution
Corresponding Homogeneous Equation:
y 43y +3y'+y =0
Charactenistic Equation:  1’+317+31+1=0
Roots: A=-1-1-1 triple roots

y=e*, y,=xe*, y,=x'e”
¥ (X)= ce™ e xe* +c x’e™
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¥, (X)= c o™ +cxe™ +c,x’e™
Particular solution:
y.=Ax’e* ¥, =A@Bx x’)e”,
y"- A(sx-sx?-ax’u’)e" = A(6x-6x’+x’)e™*
M= A[B-12x+3x” {6x-6x°+x°)Je™
= A[6-18x+9x”-x’Je™

Substitution: y™43y"+3y'+y=30e™
A[6-18x+9x7-x"Je* +3A(6x-6x”+x’ Je™
+3A(3x%-x’)e " +Ax’e *=30e
— BAe*=30e* >6A=30>A=6 >y =bx’e
General Solution: y=y, +y,
yix)= ce™+c,xe ™ +c,x’e ™ +6x’e™

Solution of IVP
Initial Conditions: y(0)=3,y'(0)=-3,y"(0)=-47
y(x)= (c,+c,x+e x” +5x7 Je™

Y(x)= e +c x4+, x* +5x7 Je " +{c, +2c, x+15x7 Je™

Y7 (X)= (34 H{2c, ¢, JxH{15-c4 )x* -5x” Je™
+(2c, <, )*2(15-¢c, )x-1 5x”)e™

>y(0)=c,=3 y(0)= <c,#c,=-3 >¢c,=0

y"(0)= 2¢c,-2c,+c = -47 > 2c +c,= 47 >c,=-25

> cy=3,c,=0,c,=-25

Solution of IVP: y(x)= (3-25x° +5x” je ™
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MBMAETHOD OF WARLATIOM O F
PAaRAMETERS

Method of Variation of Parameters
y"ep, (x)y"”" T+ A p(x)y'+p,(x)y=r(x)

Basis of solutions: y, . ...... N
Associated homogeneous equation

y'4p, (xWy'" "+ p(x)y +p,(x)y =0
The particular solution

Yolx) ufx)y,(x)+ n{x)y,(x)+....+vu, (x)y,(x)

ui(x)y,(x) + 5 (x)y,(x) + .. v u (x)y, (x) O

ui(x)y(x) + i (x)yi(x) + ... v u (x)y.(x) O

u(x)ys” P(x) v i x)y V(x) ¢ vl (x)y) V(x)- 0

The determinant of this system is
Wronskian of y, ...... » ¥n
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Solution:  yi(x) =::::)) x), i=1,

W (x) = Wronskian

W, (x) = the determinant obtained from W (x)
by replacing i column to (0....... ,0,1)

W(x) W, (x)
Wix) rix)dx +y,(x)| Wix) rix)dx+...

Ay, (X)) :';(‘:,’ rx)dx

¥, = yy(x)

W (x)
W(x)
Example

/ Find the general Solution of
y "+y'=tanx, -xi2<x<xl2

Solution
Given differential equation: y "+y'=tanx
Associated homogeneous equation: y " +y =0
Characteristic Equation: A’+4=0
Factorization: A(3'+1)=0 Roots: 1=0,1=%i

Fundamental System of Solution:
y,=1 y.,=cosx,y,=sinx

~ Yplx) =§ y(x)] r(x)dx

Hence

y.lx)=c,+c,cos x+c, sinx
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Particular solution y_
Method of variation of parameters

1 cosx sinx
o W= “SINX COSX = sin’x+cos’x=1

0 -cosx -Sinx
A

cOosSX Sinx

W,= -sinx cosx| =cos’x+sin‘x=1
1 cosx -sinx

1 0 sinx
W, =0 0 cosx =.COSX
1 sinx

1 cosx 0O
W,=l0 sinx 0| =-sinx
<osx 1

Wix}=1 W(x)=1 W,(x)=-cosx w,(x)=-sinx
r{x)=tanx
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Thus
“uyx) = I%((_"lr(,m =ftanxdx =In{secx)
x

=I-vv!v?-£i))-f(x)dx = [-cosx tanx dx

= -[sinxdx =cosx

Uy (x)

w&(‘) = ' tanxdx
%“FI——W(:) r{x)dx |-sinx tanx

= cosx tanx -| cosx sec’xdx

= sinx -[secxdx = sinx-In(secx+tanx)
u,=in{secx) u,=cosx u,=sinx-in(secx+tanx)

Y X)=u(x)y (xPru(x)y, (x)+u(x)y,(x)
u,=In{secx) u,=cosx u,=sinxdn{secx+tanx)

Y, =1 y,=cosx,y,=sinx
“. ¥,(x)=In{sec x)+cos”x +sin"x-sinx.In{secx+tanx)
= Y (X)=In(sec x)+1-sinx.In(secx+tanx)
General Solution: y(x)=y, +y,

y(x)=c, +c,cos x+c, sinx
+in{sec x )-sinx.In{secx+tanx)

c, =c, ™






