Introduction to the computer

The computer was made to solve many problems. It initially solved mathematical and
engineering problems. Then deal with the data for commercial purposes. Nowadays, it
serves as a control tool in submarines, aircraft, and machinery production lines in factories.
The computer does its work in all these areas by receiving data, processing it, and then
outputting the output.

Computer components:

The computer consists of two main parts:

1- Hardware

2- Software A group of programs that control the work of the hard parts.

The computer is characterized as a machine for multiple uses, unlike other machines that
are designed to do only one job. This is due to the ability of a computer to be programmed
with multiple and different programs to do multiple tasks. As well as to connect many other
devices and equipment.

Computer hardware:

There are four types of computer hardware:

1- Input units

2- Output units

3- Main memory

4- The unit of therapy and logic

Input and Output Units:

Input devices insert data from the outside into the computer's memory. There are many
input devices, including keyboard, disk drive, magnetic disk drive, scanner, and mouse.

The output devices include: disk drive, magnetic drive, monitor, printer.

Features of the computer:

1- Its ability to perform in an automatic manner.

2- Its ability to be programmed.

Computers are divided according to their sizes into:

1- Small size microcomputer



2- Medium size minicomputer
3- Big size mainframe computer

There are many problems in engineering and science that can be expressed in the form
of differential equations such as problems of vibrational motion and problems of currents
and voltages in circuits of alternating currents...and so on. However, the exact solution to
such equations using differential laws may be difficult or non-existent in some cases.
Therefore, we resort to solving these equations in approximate ways, by solving them
numerically, which are long and time-consuming methods. So we use computer software.
We will discuss here some of the mathematical methods used in the programs to solve these
equations numerically. As well as some interpolation methods, i.e. supplementing what is
missing from the data, and fitting, which is the conclusion of the best line or curve to pass
through a set of data.



Introduction to Differences
There is a branch of mathematics concerned with the differences between consecutive

numbers in a series. The results of these differences are used in many applications,
including calculating differential values that may be difficult to calculate by analytical
methods. There are three types of differences:
1. Forward differences
2. Backward differences
3. Central differences
What is meant by forward differences?
Suppose we have the equation Yn =3n—1
Valid for values n = 1, 2, 3, ..., by substituting these values into the equation, we get
the following values for the variable Y 2, 5, 8, 11, 14, ..
The forward differences between the consecutive numbers in the results are:
5-2=3,8-5=3,11-8=3,14-11=3, ..
The series of numbers and the series of differences are usually written as:
25811 19 results
3 33 3 Front First Teams
Also, suppose we have the equation: Yn =n2 —3n -2
For the values n = 1, 2, 3, .. the results and forward differences are in the following
picture:
—4-4-22816 results
02468  front first teams
2 2 2 2 2nd front diff
The numbers in the second row are the differences in the numbers in the first row, and
the numbers in the third row are the differences in the numbers in the second row. The
numbers of the second row are called the first difference of the first row, and the numbers of

the third row are called its second differences.

In general, if we assume thatyl,y2,y3,..yn



are any consecutive numbers, the initial differences of which are given by the
relationship

Ayn = yn+1 -yn

And its second differences are given by: A%y, = Ayns1 - Ayn

And its third difference is given by: A%y, = A%Yna1 - A%y,

Thus, the table of numbers and their differences gives the first, second and third in the
picture

y1ly2 y3y4ys

Ayl Ay2 Ay3 Ay4 Ay5
A2yl A2y2 A2y3 A2y4 A2y5
A3yl A3y2 A3y3 A3y4 A3y5
Etc

Differentiation of a function related to the
function of differences

To calculate the differential of the function F (x) at a known value of (x), there are three
ways to do this in an approximate way, by measuring the differential in terms of the
differences between the values of this function. This process is called numerically function
calculus. These methods are:

1. Calculus in terms of the forward difference.

2. Differential calculus in terms of posterior difference.

3. Differential calculus in terms of central differences.

What is differential?

The differential of the function F(x) is defined in the following figure:

1ron e T(X+AX) = () R
F (X) B Allxrﬂo AX (1)

In order for this differential to be found numerically at a given value of X, Ax must be made
very small but not equal to zero. Differential is calculated by one of the three previous
methods.



1- Forward difference approximation of the first
derivative:

We know that the differential of the function F'(x) is in the following form:

£/(x) = lim f(x+Ax)—(f(x)
AX—0 AX

And by making Ax very small, then:

f(x+Ax)— f(x)
AX

fl(x) =

F(x)

A

\ 4
X

X X+AX

Ilustration of the first differential in terms of the forward difference

So if we want to find the value of f'(x) at x = xi, we choose another point that is Ax
forward at x = xi + 1 and thus:
f (i + Ax) — f(xi)

1 ~
Fio= AX
£(x.,)— f (i)
= I+ 2
Xi+l - Xi - ( )
AX = Xjr1 — X



2- Backward difference approximation of the first
derivative

We know from the above that

F1(x) = lim f(x+Ax)— f(x)
AX—0 AX

As the value of Ax is very small, then:

F1(x) = f(x+AAxi— f(x)

If Ax is chosen as a negative value (that is, a backward difference), then

f(x—Ax)— f(x)

f1(x) =
(x) yw

_f(x) - f(x—-Ax)
- AX

F(x)

A

\ 4

X-AX

[Nlustration of the first differential in terms of the backward difference
If we want to find F'(x) at x = x;, we can choose a point from which it returns

by Ax, which is x = x; _; and thus:



(i) — f(Xi4)

f1(x) =
(x) o~

_ FOa) = (%)
- X = Xi4

- 3)

where Ax=x1i—-Xi-1
Examplel
If the velocity of a missile is given by the following relationship:

4
14x10 }—QBt, 0<t<30

v(t) =20001In Z
14X10" — 2100t

Use forward differential calculus to determine acceleration at t=16s, use a
difference of At=2s.

The solution:

From equation (2)

V(ti+1) B V(ti )

a(t) = N

1, =16,

At =2
St =T AL
=16+2=18

v(18) —v(16)

- a(le) = 5

Substitute for V(16) , V(18)

4
V (18) = 20001n 1410 ~9.8(18)
14x10° — 2100(18)

7



=453.02 m/s

4
V (16) = 20001n 1410 —9.8(16)
14x10° — 2000(16)

=392.07 m/s

And therefore:

v(18)—V(16)  453.02-392.07
2 2

a(16) = = 30.475 m/s®

This is the approximate solution in terms of the speed difference
To find the true value of the acceleration at 16s., a(16), we differentiate the

equation:

4
V() = 2000In{ 14>10 }—9&

14x10* — 2100t

This is as follows:
d
a(t) = VO]

It is known that:

d 1 d(1 1
—[In@t)]== —|= ===
dt[ ) t dt(t} t?
4_ 4
- a(t) = 2000 14x10 24100t d 14z<10 0.8
14x10 dt| 14 x10* — 2100t

4 4
_a) - 2000{14><10 ZlOOt} (_1){ 14x10

—2100) -9.8
14x104 (14 x104 — 2100t)? }( )



4040 —-29.4t
—200+3t

— 4040 — 29.4(16)

a0) =00+ 306)

= 29.674 m/s?

By comparing the approximate value with the real value, the amount of

error due to the approximation can be known.

Example 2:

If the speed of a missile is given by the relationship

0<t<30

4
V(t) = 20001n 144X10 -
14x10° — 2100t

Calculate using the backward difference approximation of the first differential

the acceleration at t = 16s. , using a difference of At = 2s.

The solution:
For relationship (3)

_v(t) -V ()

at) At



1, =16
At=2
St =16-2=14
- ae) = Y49V
2
14x10"
14x10* —2100(16)

-V (16) = 20001 n[ } —9.8(16)

=392.07m/s

14x10"
14x10* — 2100(14)

-V (14)20001 n[ } —~9.8(14)

=334.24m/s

v(16)—v(14) 392.07-334.24
2 2

-.a(16) = =28.915m/s®

By knowing the true value of the differential, the error can be calculated.
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Derivative of the forward difference approximation From
Taylor series

Taylor's theorem states that if the value of the function F (x) is known at the
point xi and all its derivatives at that point, provided that the derivatives are
continuous between xi and X; ; 1, then the value of the function at xi + 1 is

given by the following relationship:

11( |)

F(%.0) =T+ F1060) (X —%) +

(X|+l i) """"

1+1

To make it easier, we make up for Ax =Xj+1—X;

#(Ax)2 Foeenn,

s F (X)) = FO6)+ FHOG)AX+

Fxi)—F06) f”(X)

o (AX) = vo...

S (x) =

f l(Xi) — f (X|+1) f (X ) O(AX)

Where o (Ax) shows that the approximation error is a function of (Ax). It is
noted that we used the = sign here instead of the previous one. It is also noted
that the solution resulting from the forward difference is greater than the true

value by an amount proportional to (Ax) as shown in Example (1).

11



Derivative of the backward difference
approximation From Taylor series

f(x)

f(x,)=f(x)- f'(xJAx+¥(Ax) — 2 (A

F(xi)— f(X.l)

s (%) = +0(AX)

It is clear that the degree of accuracy is a function of Ax therefore, the

accuracy increases with a decrease Ax .

Central difference approximation of the
first derivative.

We use the central difference instead of the front difference or the back difference in order

to reach greater accuracy in determining the differential numerically.

From the Taylor expansion, we know that in the case of forward derivative:

F(x,)=f(x)+ f (x)(AX)+ f"g‘i) (AX)? +.%(Ax)3 P 1
Also, in the case of background differences:

f(x,)=f(x)- f'(xi)Ax+¥(Ax)2 —%(Axf TR 2
Subtracting Equation 2 from Equation 1

f(x.,)— f(x_)=fF (X )(2AX)+ .w(mf T

(X)) — F(xiq)

+0(AX).......
2AX (&%)

S f(x) =

12



This equation is more accurate in the first calculus because the error is a

function of the square of the small distance A x.

Example

If the speed of a missile is given by the relationship

0<t<30

4
V (t) = 20001n 142‘10 ~98
14x10° — 2100t

Calculate the first differential using the central differences at t = 16s. , using a

difference of At = 2s.

The solution:

- f '(Xi) — f (Xi+1)2;Xf (Xi—l)

ot =16
" At=2
o, =18
S, =14

v(18) —v(14)

sa) = 777

.-
14x10 —9.8(18) = 453.02m/ s

v(18) = 2000In -
| 14x10° —2100(18 |

.-
14x10 —9.8(14) = 334.24m/ s

v(14) = 20001 -
| 14x10* —2100(14

13



=29.659m/s”

- a(16) = {453.02 ; 334.24}

A more accurate value than that obtained using the forward or backward

differential.

F(x)

A

\ 4
X

X-AX X X+AX

An illustration of the first differential in terms of the central difference

14



Chapter Two

Forward differences

15



Forward differences

Forward differences are used when dealing with the beginnings of a data
series. Assuming that there are known values at specific points of the
independent variable xi [the values of x; are called indices], each value is
assigned to y; as the dependent variable. Assuming that the indices x; are on
equal dimensions such that X; ., - X; = h, the resulting differences in values for
the dependent variable yi are given by the relationship:

AYi = Yis1 —Yi — (D

Putting the following formulas for ease,

Yit1 = Yri Yie2 = Yor, Yisz = Yar ...

The relationship between yi and xi can be drawn in the following figure:

Y2r

d

Xi Xish Xis2h

Therefore, equation (1) takes the following form:

16



Ayi =Y Vi — (1)
It is called the primary forward difference equation.
We note that we calculated the initial forward differences Ay; in terms of the
values of the dependent variable, (yi) (i) in this case it expresses the order of
the number in the data series expressing the results.
The differences of the first forward differences are called the second forward
differences, and they are calculated as follows:
A% = AAyi) = Ayis - Ay
= Ay, - Ay,
= (Y =yr) = (Yr—Yi)
=Y —Yr=YrtYi
=Yar—2Yr i —(3)
The third forward difference can also be calculated:
A’y = AA%Y)
=A(yar—2Yr + Vi)
= Ayyr - 2Ay; + Ay
= (Yar =Y2r) =2 (Ya=Y¥e) + (Yr—Vi)
= Yar—Yor — 2Yor t 2Yr T Y Vi
A%Yi = Yar = 3Yar + 3yr - Vi —(4)

Oi-.";m-'ﬁyl’=i+1 Jdi=r-1
17



Similarly, the fourth forward difference can be calculated:
A'yi= A (Ay;)

= A(yar—3Yar + 3y — Vi)

= Ayz; - 3Ayy + 3Ay; - Ay

= (Yar—Yar) =3(Yar—Yar ) + 3(Var - Yo ) = (¥r = Vi)

= Yar — Yar — 3Yar + 3Yar + 3Yor — 3Yr — Yr i
A = Yar — 4ys + BYor — 4Y; + Y, — (5)
From the above, a general law can be developed for calculating the forward
nth difference at any point (i) in the series, in the following form:
Al = A"y - AMY,
For example, A%i, which is the third forward difference at point i, can be
found as follows:
Ay = A’y - Ay — (1)

Applying the law to the first term of the right-hand side, we find A%y, =

AYi+2 = AYi+1 .................................

**Applying the law to the second term on the right side, we find

From the equation (*), we get:
AZyi+1 = ( yi+3 - yi+2 ) - ( yi+2 - yi+1 )

= Yi+3 — Yi+2 — Yi+2 T Yix1
18



= Yisz — 2Yis2 + VYir1
From the equation (**), we get:
AYi = (Yirr = Yier ) = (Yier = Vi)
= VYir2 = Yirr = Yirr TYi
= Yirz — 2Yir1 +Yi
Substituting in equation (1) for A%y; , A%yi.q, then:
A% = (Yisz — 2Yiez + Yist ) — (Visz — 2Yis1 + Vi)
= VYir3— 2Yis2 + Yier — Yisz + 2Yie1 — Y
= Yisz = 3Yir2 + 3Yir1 — Vi
If we want to calculate the third difference at point i = o, for example, which is
the first point in the series of results, then:
Ao = Y5 —3Ys + 3y1— Yo
And that's by substituting for i = o in the previous A’yi.
Also, the third difference at the fourth point, for example i = 3, then
A3 = Yo —3ys + 3ys— Y3
Also, A’y; at the ninth point is
A5 = Y11 — 3y10 + 3Ye — Vs
Andsoon ...
Example:

prove that
19



Ao = Y4 — dys + By, — 4y; + Y,

The solution:

from the definition

Ay, = Ay - Ay — (1)
Whereas, A’yo is obtained which is equal to:
Ao = Ys—3Y2+3y1—Yo
Then A1 is of the same form by increasing the lower evidence (as it
progresses) by 1.
A1 = Yo —3Ys+3y2— Vi
Compensation in (1)
Ao =Ya—3Ys+ 3y, —Y1—Y3—3Y2— 3y1+ Yo
=Ys—4ys+ 6y, —4y1 +Y,

which is required,,,,

Example: To calculate the forward variances

Suppose we have the equation y, = n® — 3n — 2 valid for the values of n = 1, 2,
3, 4, ... Find the first forward difference and the second forward difference at
n=3

The solution:

Forvaluesofn=1,2,3,4,5, ...y, has the following results
20



Y1 Y2 Ys Y4 Y5
-4 -4 -2 2 8

The equation for the first forward difference is

Ayi =YY
Ays =Yi—Y3
=2-(-2)=4

The equation of the second forward difference

A =Yu— 2ty
A%Y3 =Y5—2y4+Ys
=8-2(2)+(-2)=8-4-2=2
To verify this solution, we write the results series and the first two front
difference series, respectively, as follows:
Yo Y2 Ys Y4 Y
4 -4 -2 2 8 Results

0 2 4 6 first forward difference

2 2 2 second forward difference

From it, it is clear that the first forward difference at y; is
2—-(-2)=4

And that the second forward difference at y; is

21



6-4=2
The first, second and third forward differences and can be calculated by

the following general rule:
K ) k

A" Yi = Z(_l)l[ Jyk—l
i=0 i

This law gives the i term in the k . difference

That is, k is the order of the difference (first, second, third, .....) and i is the
order of the term inside it.
The term is a and is given as in the following table for values of k from 1 to 5,

and values of | from0to .5

\0 1 |2 |3 |4 |5
K 1|1

2 I |12 |1

3 I |3 |3 |1

4 I (4 |6 |4 |1
5 I |5 (10|10 (5 |1
for example

(3 *Q* @ @) *
49 _4*3%2 _, 3 $3 39 _3%2 _

3 3%2%] 11

k
Example: using the law Ay, =Zk:(—1)‘[ )ykl
i=0 i

22



Calculate the first forward difference Ay,

We put in the law k = 1, i changes from O to 1.
First: by setting k=1, i=0

S AY, = (_1)0( Jylo =Y,

0

Then by setting k=1, i=1

SAy = (_1)1[ JYO ==Y

1
Adding the two previous equations,

SAY =YY

This is the first forward difference.

Second forward difference

To calculate the second forward difference, the general law takes the

following form:
2 ) 2
AZYi :Z(_l)l( jyz—i
i=0 i
With i=0 it is
2
Azyo = (_1)0( Jyzo =Y,
0

With i=1itis

23



&h=@ﬁ(
With i=2 it is

2
AZYz = (_1)2( JY2—2 =Y

2
Adding the previous three equations, we get

Ay =Y, =2y, + Y,

In the same way, the third forward difference can be calculated

Where the common law takes the following form:

3 (3
A’ Yi = Z(_l)l( jY3—i
i=0 i
Putting i = 0 we get

3
A3y0 = (_1)0( Jyao =Y,

0
Putting i = 1 we get

3

Nw=@ﬂ{

Jy31 = _3y2

1

Putting i = 2 we get
2

3
Asyz = (_1)2( Jyaz =3y1

Putting i = 3 we get

24



3
A3Y3 =(_1)3( Jyas ==Y

3
Sum up the previous four equations
S A’y =y, -3y, +3y, - Y,
The fourth forward difference can also be calculated,

Where the common law takes the following form:

i=0 i

4 ) 4
Aty = Z -1’ ( ]y4—i
Putting i = 0 we get

4
A4Yo = (_1)0( ]y4—0 =Y,

0
Putting i = 1 we get

4

Nw=@ﬁ£

jﬂl = -4y,

1

Putting i = 2 we get

4
A4Y2 :(_1)2( }W—z =6y,

2

Putting i = 3 we get

4 24
Nw=GD{jw4=~gw=4m
3

Putting i = 4 we get

25



4
AAY4 = (_1)4( ]y44 =Y

4

Adding the previous five equations, we get
Ay =Y, —4y; +6y, -4y, +Y,
The previous law can take the following form to calculate the forward

difference
Kk k
Ay, = Z(_l)m( JYHk—m

Where i expresses the term number in the original data series for which the
forward difference is to be calculated, and it can take the values 0, 1, 2 .... for
the first, second, third term ..... respectively.

K expresses the rank of the front teams and takes the values 1, 2, 3, .... for the
first, second, third, ... and so on. m

The term number in the resulting difference equation takes values from 0 to
k+1.

Therefore, for the first frontal teams we have

k=1

m=0, 1

So the first term from the first difference law we get by setting m=0 and k=1

26



Ay; = (_1)0( ]ymo

=AY =1%1%Y0 = Vi

The second term of the first difference law is obtained by setting m=1 and k=1

Ay; = (_1)1( )ym—l

1

AYi =-1*1* Yi =—Yi

The law of the first forward difference is the sum of the previous two terms
AY; =Y, — Vi
Second forward difference law

Inthiscase, k=2isset, som=0,1, 2

2 2
We get the first term by putting m = 0 into the law A’y, = Z(—l)m( ijzm
We get the first term by putting m = 0 into the law, so it takes the following

form

2

AZYi = (_1)0( ]ynzo =1*1* Yiia = Yis2

0

Putting m = 1 we get the second term

2

A Yi = (_1)1( JyHZl =-1*2* Yia = _2yi+1

1

27



Putting m = 2, we get the third term

2

A Yi = (_1)2{ Jynzz =1*1* Yio2o =i

2
A Vi = VYio —2Yia + Y,

Ay, =Y, =2y, + Y,

28



Chapter Three

Backward differences
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Backward differences

N N S S S D S N

We need to deal with backward differences when we're dealing with the end of
the data series. If we assume that for every value of xi there is a value yi of the
dependent variable, and assuming that the indices xi are on equal dimensions
so that xi - xi-1 = h, then the differences of the resulting values of the
dependent variable yi are given by:

VYi=Yi—VYi1 — (1)
This is called the first posterior difference
Putting the following dye for ease
Yie = Yo, Yi2 = Yor,Yiza = YaL, -

The relationship between xi and yi can be drawn as follows:

Yi

YL

Y2L

i

Xiszn X Xi

So we take equation (1) the following form:

30



VYi=VYi—YL — (2)

It is called the posterior-primary difference equation. i, as in the
aforementioned frontal differences, expresses the order of the number in the
series of results.

The differences in the first backward differences are called the second

background differences:

2

VY =V (Vi)

=V (Yi—y.)

=VYyi- VYL

=(Yi—y)—(yL—ya)

=Yi—Yo—YLtya

=Yi—2yLtYa —(3)
Notes that:L=i-1 , 2L=1-2 , 3L=i-3 ,.....
The third backward difference can also be calculated
VY=V (Vi)

=V (Yi—2yL+ya)

=VVi-2VYy_L+ VY,

=(Yi=yL)-2(yo—ya )+ (Yo —VYaL)

=Yi—Yo— 2yt 2ot Yo —YaL

=Yi—3yL+ 3yaL — YaL — (4)
31



The fourth backward difference can also be calculated:
vli= v (Vi)
=V (Yi—3yL+3ya —Ya)
= VYi-3VyL+3VYy, - Vys
=(Yi—=yo)-3(Ye—Ya ) +3(Yor — Yo ) — (Yo —Ya)
=VYi—YL—3YyL + 3y + 3yo — 3YaL — YL — Yar
=Yi—4yL + 6Ya —4ys +YaL — (5)

Examples of calculating backward variances:

Suppose we have the equation y,=n*—-3n-2
Valid forn =1, 2, 3, 4, ... find the first backward difference and the second
backward difference atn = 3
The solution:
For the valuesn =1, 2, 3, 4, 5, the results for y, have the following sequence:
Yo Y2 Ys Y4 Y
4 4 2 2 8
The equation for the first backward difference is
VYi =Yi—-W
=Ys—Y2
=-2—(-4)

=2
32



The second backward difference equation is

2

VYi =Yi—2yLtya

where, i=3,L=i-1=2,2L=i-2=1
=Ys—2Y>ty:

=-2-2 (-4) + (-4)

=-2+8-4

=2
To verify this solution, we write the results series and the first backward
difference series, then the second backward difference series as follows
Yi Y2 Y3 Y4 Y5
-4 -4 -2 2 8 Output

0 2 4 6 First backward differences

2 2 2 second backward differences

From it it is clear that the first backward difference at y; is
-2—(-4)=-2+4=2
and that the second backward difference at y; is
2-0=2

Deduce backward variance formulas from the law:

kai = Z(_l)m( inm

33



where i expresses the term number in the original data series for which the
backward difference is to be calculated, and it can take the values 0, 1, 2 .... for
the first, second, third term ..... respectively.

K expresses the rank of the backward difference and takes the values 1, 2, 3,
... for the first, second, third, ... and so on.

m is the number of the term in the resulting difference equation (formula) and
takes the values from 0 to k+1.

Example 1. Derive the formula for the first posterior difference from the

k k
relationship v*y, = Z(—l)”‘( inm
m=0 m
The solution:
Since what is required is to deduce the first posterior difference formula, k =1

and therefore m takes the values 0, 1.

Substituting k = 1 and m = 0 into the relationship
Kk k

VkYi = Z(_l)m[ in—m
m=0 m

then

1

Vy = (_1)0[ JYi—o =1*1*y, =y,

0

Substituting for k=1 and m=1 we get



1

Vy = (_1)1[ inl =-1*1* Yia =Yia

1

Thus, the final formula for the first back difference is as follows:
VYi=Yi—VYiu

You can write in the image:

Vyi=Yi—-y

Example 2

Derive the formula for the second back difference from the relationship
k k
VkYi = Z(_l)m( in—m

The solution:

Since what is required is to derive the formula for the second back difference,
then

k=2, so m takes values of 0, 1, 2.

Substituting k=2 and m=0 into the relationship,

v Yi = Z(_l)m( jyim

m=0 m
we get
Substituting for k=2 and m=0

szi = (_1)0( ]yi—o =Y

0

Substituting for k=2 and m=1

2

v? Yi = (_1)1( jyi—l =-2Yi,

1

Substituting for k=2 and m=2



Ve Yi = (_1)2( inZ =VYio

2
VzYi =Y, —2Yi.+ Vi
This can be written in the formula

szi =Y, -2y, + Y,
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Chapter Four
Central Differences

[a "R VaNe VNS AR AR a VaEe VAR e VaNe ¥4

37



Central Differences (Mean Central
Differences)

Yr+12
Yr

Yi+12
yi

Yi-12
YL

Yi-12

The first central difference:

5)” = yi+£ -y
2

1
2
The second central difference:
o 2yi =0o(yi)

= 5(yi+1_yi£)

2 2

=Y, = Yi—(Yi—Y.)
=Yy, =2y, +Yy,

The third difference:
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53Yi = 5(52yi)
=5y, -2y, +y,)
= éyr_'Zéyi+-SyL

= (yrs - yiﬁj‘ 2£yi+l - yﬁ]*(yﬂ - yuj -0
2 2 2 2 2 2

= 1_Y_1_2y_1+2y_1+y_1_y|_1
|+E |+E i-= |,E

2

=Y Tt Y
2 2

2

Similarly the fourth, fifth, ....... central difference can be calculated.

Deduce central difference formulas

The formulas for central differences can be deduced from the following
relationships:

First: Formulas for central differences with even orders (second difference,
fourth difference, sixth difference, ....)

The even-order central difference formulas are derived from the following

relationship:
2k 2k
5y, = Z(_l)m[ Jyh-km

Where i expresses the number of the term in the original data series for which
the central difference is to be calculated, and it can take the values 0, 1, 2 ....

for the first, second, third terms ..... in order.



K expresses the rank of the central teams and takes the values 1, 2, 3, .... for
the first, second, third, ... and so on.

m is the number of the term in the resulting difference equation (formula) and
takes the values from 0 to 2k.

Example 1:

Derive the second central difference formula from the relationship
2k 2k
5%y, = Z(_l)m[ Jywkm

Solution: To calculate the second central difference, k = 1 and therefore m
takes the values 0, 1, 2.
We get the following relations

With k=1 and m=0

2

5? Yi = (_1)0[ inﬂ—o =VYin

0

With k=1 and m=1

2

5’ Yi = (_1)1( jyi+ll =-2Y,

1

With k=1 and m=2



L8 =Y~ 2Y + Vi
52Yi =Y, =2y, +Yy,
In the same way, the formula for the fourth and sixth central difference can be

deduced.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Second: Forms of central differences with odd ranks (first difference, third
difference, fifth difference, ....)
The odd-order central difference formulas are derived from the following

relationship:

peat 2k+1 2k+1
o yi+1 = Z(_l)m[ in+k+lm
2 m

m

Example:

Derive the first central difference formula from the relationship

) 2k+1 2k+1
52 +1yi+£ = Z(_l)m( in+k+l—m

2 m m
Solution: To calculate the first central difference, k = 0 and therefore m takes
the values O, 1.

We get the following relations:

With k=0 and m=0 .
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1

3)/”1 = (_1)0{ jynouo =VYina

0

With k=0 and m=1 .

5yi+1 = (_1){ jyi+0+ll =Y,

Adding the previous terms

éyi+£ =VYia—Yi
2

Subtract %2 from the evidence

@/i = yi+£ - yii

2 2
Example:

Derive the formula for the third central difference from the relationship

pat 2k+1 2k+1
o yi+£ = Z(_l)m( in+k+lm
2 m

m

Solution: To calculate the third central difference, k = 1 and therefore m takes
the values 0,1,2,3

We get the following relations:

With k=1 and m=0.

we get

3
= (_1)0( in+l+1—0 = yi+2

0

53 yi+1
2



With k=1 and m=1.

3

53yi+1 = (_1)1( jyi+1+ll = _3yi+l
2

1

With k=1 and m=2 .

3

53yi+3 = (_1)2( ]YHM—Z =3y,
2

2

With k=1 and m=3 .

3

53yi+1 = (_1)3( ]yi+1+1—3 =—Yia
2

3
Add the previous limits

5%y

1
i+=
2

= Yi2 —3Yi1 +3Yi — Vi

2O% 1= Yo =3y 43y -V

2

Subtracting Y2 of the evidence

OV = Y

2 2 2 2
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The mean value of the function

From the previous figure, we find that it is the mean of yr + yi, that is :,

1
V=50 +y)

2

We also find that:

1
Y 1 :E(Yi + yL)

If we take p (the middle operator) or the mean operator, then:

1
1= 5

270w -0

Ly

like that My = %(y 1 + y-_E)
2

If we add this effect to the equation for the first difference:

§)/i = yi+£ - yi71

2 2

/U@/i = ,iné _ﬂyii

2 2

L1y v - yO

2
11,11 o
_2yr 2yi 2yi 2yL

=2~ V)

By adding this effect to the second mean difference equation:
nstyi=pn s (5 yi)

=pu(yr—2yityL)
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= Hyr— 2uyi Ty )
=2 (YrantYien) =252 (Ve tYin) + 2 (VintYiw)
=Y2Yr vt Vi Yien-Yint2Yi U2y 0,
= YoV ru - Yo Yirn - V2 Yion t2 YL
WS2Yi=Y2 (Yrsn-Yien-Yi-n T Yi-%) —3
By adding this indicator to the third average difference equation:
SRS = WYy - Ui+ F3UYI- - LY
= Y2 (YartYi)-3/2(yrtyi)+3/2(yity)- Y2 (YitYar)
=% { Yo+ ¥r— 3y~ 3Yi + 3yi + 3y~ Y- Yar }

=Ya{yar—2Y+2y—Ya}
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Chapter Five

Interpolation
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What is meant by Conclusion or
Interpolation?

1- Definition of Interpolation
Interpolation is the process of finding a value Y when a given value X is not present in
the given points table.
This process is called the issue of completion. Two types of issues must be
distinguished:
First issue:
The required point is inside the points of the table and thus the process in this case is
called an internal interpolation.
The second issue:
That the required point is outside the points of the table, and thus the process is
called in this case an external extrapolation.

Assuming that there is a function y= f(x) defined only at certain points (Xo,Yo), (X1,Y1),
(X2,¥2), ...(Xn,yn) how can we find the value of the function at any value other than x those
values? This can be done using a continuous function f (x) representing that data such that
the function f(x) passes through n+ 1 point, where n is the degree of the function used.
Thus, the value of the function can be calculated at any point, and this is called
Interpolation. Of course, if x is outside the range of f(X), setting the value of the function at

X in this case is called extrapolation.

We then come to choose the type of function that should be used to represent

the data.
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It is common for polynomial functions to be used for the following
adjectives:

(1)Ease of computation.

(2)Ease of differentiation.

(3)Ease of integration.

By comparing it with sin or exponential functions.

How to work polynomial Interpolation

A polynomial can be done to represent a function in a number of ways, including:

[HEN

. Direct method of Interpolation.
2. Newton’s divided difference method.
3. Lagrange interpolation method.

4. Sterling method
First: The direct method of making a polynomial:

The direct method is based on that, assuming that we have (n+l) points, a
polynomial of degree (n) can be done as follows:

Y=zag+a X+ a X°+....a X" —> @

across the data so that an ... , a;, ag are n+1 real constants. Since we have n +1
values of y and n+1 values of X, we can do n+ 1 equation. Then, n+1 constants

are calculated, which are ay, al,a,..an. By knowing these constants, the
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function expressing the data number @ is known. By substituting the value of
X in it, the value of y to be calculated is known.

But what degree of polynomial will we use? Is it possible to use a polynomial
of the first degree (which is called a linear equation), or of the second degree
(a quadratic equation), or of the third degree (cubic), and what is the difference

in the accuracy of the result? This can be illustrated by an example

Example 1: The vertical velocity of a rocket is given as in the following table as a function
of time

ts 0 10 15 20 22.5 30

Vs 0 227.04 362.78 517.35 602.97 901.67

Determine the missile's velocity at t=16s using the direct method and a first-order
polynomial

Solution: Since we are required to use an equation of first degree (linear equation), the
velocity equation is in the next picture

V(t) —agt+at

And its graph is as follows:

1000
800 |
|
600
|
400 ]
|

200

| | | |

| | | 1

10 20 30 40

Velocity versus time of the
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Since we are required to use an equation of the first degree (linear equation).
The equation for velocity is in the following image:
V(t) = aptagt

Its graph is as follows:
y A

X

»
»

Draw a straight line to represent the data for
the missile

Since the equation is of first degree n = 1 we choose n + 1 Points any two
points. These two points must surround the required point in order for that
point to be within the scope of application of the deduced equation.

Since the required point t = 16s 1A, the two points must be

t1=20,t0=15

and where we have

to = 15, V( to) =362.78
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t;= 20, v(t;) =517.35

We have two equations

V (15) = ag+ a4(15) = 362.78
V (20) = ag+ a,(20) = 517.35

The two equations can be written in matrix form:

{1 15} {ao} _ {362.78}

1 20| |a, 517.35

By solving the above two equations, you get:
ap=-100.91

a; = 30.913

Thus, the proposed equation is:

v(t) =-100.91 + 30.913 15<t<20

To calculate the velocity at t= 16s, we substitute in this equation the value of t

.. V(16) =393.7m/ s

Example 2:
The velocity of a missile is given vertically as in the following table:
t=s 0 10 15 20 22.5 30
V(t) s 0 227.04 362.78 517.35 602.97 901.67

Determine the missile's velocity at t = 16 s using the direct method and a

quadratic polynomial.
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Solution: To make an equation of the second degree (a quadratic

equation) that will be of the following form:

V(t) =gt at+ a2t2

It is graphid&l¥ depicted as:

X1,¥Y1

Xo,Yo

Since we want to deduce the missile's velocity at t = 16 s, we choose three

» X

points (n + 1) that include the value (16 s). These points are:
To=10, t; =15, t,=20

The following equations are given for each point:

v(10) = ag + a,(10) + a,(10)* = 227.04

v(15) = ag + a,(15) + a,(15)° = 362.78

v(20) = ag + a,(20) + a,(20)* = 517.35

We put these equations in matrix form as follows:

10 1007 [a, 227.04
15  225| |a, | = 362.78
20 400 |a, 517.35
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This matrix can be solved by the Gaussian method for forward elimination and
backward substitution or by the LU method. Then we get:
a=12.001 , a; =17.740 , a,=0.37637
And the required equation is:
v(t) = 12.001 + 17.790t + 0.37637 t* 10<t< 20
Substituting the value of t = 16s into this equation, we get v(16):
v(16) = 12.001 + 17.790 (16) +0.37637 (16)*
=392.19 m/s

From the two previous examples it is possible to calculate : || the absolute

relative approximate error arising from the transition from a first degree
equation to a second degree equation:

. _[392.19-393.70|
7l 39219 |
= 0.38502%
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Newton's Divided Difference Interpolating Polynomral Method

To illustrate this method, we will start with linear and quadratic interpolation, then, the

general form of the Newton’s Divided Difference Polynomial method will be presented.

1.3.1. Linear interpolation

Given (X,,Y,), (X,Y,), fitalinear interpolant through the data. Note taht y, = f(x,) and

y, = f(x,), assuming a linear interpolant means:

fl(x) = bo +bl(X—X0)

Since at x =X, : f,(X,) = f(X,)=h, +b, (X, —%,) =b,,
and at X =x;: f(x) = f(x)=by +b,(X, —%;) = F(X;)+b, (X, —X;)
Then
¥
b :M {x, . )
' X =X
SO \
by = () fito)
b, = %)= (%) (o o)
' X; = X

And the linear interpolant,

fl(X) = bo +b1(X_Xo)

Becomes: f,(x) = f(x)+ M (X—=X%p)

1 XO

54



1.3.2. Quadratic interpolation

Given (X,,Y,), (x;,Y,), and (x,,Y,), fita quadratic interpolant through the data. Note that
y=1(x), Y, =f(X), y, = f(x), and y, = f(x,), assume the quadratic interpolant f,(x)
given by

f,(X)=b, +b, (Xx=X%,) +b, (X=X, )(X=X,)

At X=X,
f(Xy) = f,(Xy) =by +b,(Xg —Xo) +0,(Xg = %X,) (X — X,)
= b,
b, = f(X,)
At X=X,

f(x)=f,(x))=by +b, (X, —X,) +b, (X, — %X, ) (X, —X,)

f(Xl) = f(XO)+b1(Xl _Xo)

then
b1 — f(Xl)_ f(xo)
X, — X,
At X=X,
f(Xz) = fz(xz) = bo +b1(X2 _Xo) +b2(X2 _Xo)(xz _Xl)
() = F00) #0000 6 ) b, 5, =)0, — )
then

f(xz)_ f(xl) _ f(Xl)_ f(Xo)
X, =X, X; — X,

X; =X

Hence the quadratic interpolant is given by
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fz(x) = bo +b1(X—XO)+b2(X—XO)(X—Xl)

Fx)—f(x)  Fx)—T(x)
X, =Xy X1 — %o

fO0) = F06)

X; — X, X, — Xg

fa(x) = (%) + (X =%)(x=%,)

Figure Quadratic interpolation

1.3.3. General Form of Newton’s Divided Difference Polynomial

In the two previous cases, we found how linear and quadratic interpolation is derived by
Newton’s Divided Difference polynomial method. Let us analyze the quadratic polynomial
interpolant formula
f,(X)=b, +b,(x=X%,)+b, (X=X, )(X—X,)
where
b, = f(X,)
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RERICARSICS

1

X; = Xo
f(Xz)_ f(xl) _ f(Xl)_ f(Xo)
X =X X1 — Xp

b, =

X2 = Xo
Note that by, b,, and b, are finite divided differences. b,, b;, and b, are first, second,

and third finite divided differences, respectively. Denoting first divided difference by

f[xo] = f (Xo)

the second divided difference by

F(x) = f (%)

f[X1'X0]= Y —x
1 0

and the third divided difference by

f[Xz’Xl]_ f[Xl,XO]

f[Xz’leXo]: X — X
2 0
fx)—f0x)  Fx)-f(xp)
_ X; — X X, = Xg
- X, =X

where f[x,], f[x,,x,],and f[x,,X;,X,] are called bracketed functions of their variables

enclosed in square brackets.

We can write:

(0 = FIX 1+ FIX, X J(X=X0) + FIX,, Xy, X J(X = %o ) (X = X%;)
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This leads to the general form of the Newton’s divided difference polynomial for (n+1)

data points, (X, Yo ) (%, Yo b (X 12 Yas b (%01 ¥, ) a8

f,(X)=by +b, (X—Xy) + ...+ b, (X=X )X = X,)...(X — X, ;)

where
b, = f[%,]
b, = f[x,, %]
b, = f[x,,%;, %]

by = F[Xy a0 XonseeXo]
b, = F[X,s Xy q,-1Xo ]

where the definition of the m" divided difference is
(JESS | ORI X1

I LTI X 1= F[XogreenerenXo]

From the above definition, it can be seen that the divided differences are calculated

recursively.
For an example of a third order polynomial, given (X,, Y,), (X, ¥;), (X,,V,),and (X5, Y,),

fs(x) = f[X0]+ f[Xl,XO](X—X0)+ f[Xzixl’Xo](X_Xo)(X_Xl)
+ F[Xg, %5, Xp, X J(X = X ) (X = % ) (X — X;)
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}

X, ) T b
<f[x1,x1> /bz
X f(x) f[X,, % ] < b,
<f[x2, ]> f[x3,x2,xl,x0]
X, f(x, / f[X5,%X,, %]
X3, %]
X, f(x;)
Example

Use the same previous data of the upward velocity of a rocket, to determine the value of the
velocity at t=16 s using third order polynomial interpolation using Newton’s Divided Difference

polynomial.

Example 1:

The vertical missile velocity is given as a function of time, as shown in the

following table:

T=s

0

10

15

20

22.5

3-

S

0

227.04

362.78

517.35

602.97

901.67

Determine the value of the velocity at t = 16s using an equation of the

first degree using the Newton's divided difference method.
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Example 2:
It gives a vertical missile velocity as in the previous table Determine the

missile's velocity at t = 16 s using a quadratic equation using Newton's divisive

difference method.
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Chapter Six

CURVE FITTING

6.1 Linear Regression and Matrix Algebra

Error is inherent in data. When data exhibits substantial error rigorous techniques
must be used to fit the "best™ curve to the data. Otherwise prediction of intermediate values,

or the derivatives of values, may yield unsatisfactory results.

Visual inspection may be used to fit the "best” line through data points, but this
method is very subjective. Some criterion must be devised as a basis for the fit. One
criterion would be to derive a curve that minimizes the discrepancy between the data points

and the curve. Least-squares regression is one technique for accomplishing this objective.

It is easiest to interpolate between data points, and to develop correlation, when the
dependent variable is linearly related to the independent variable. While individual
variables may not be linearly related, they may be grouped together or
mathematically manipulated, such as having their log or square root taken, to yield a
linear relationship. We wish to fit the "best™ straight line to the set of paired data
points:  (X1,Y1), (X2,Y2), ....(xi,Y;). The mathematical expression for the calculated

values is:

Yi=ar+aX

where v; is the calculated (linear) value approximating the experimental value Y;. The

model error, or residual, e; can be represented as

ei=Yi-ar-aX
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where e; is discrepancy between the measured value Y; and the approximated value y; as

predicted by the linear equation.

X

Figure Relationship between the model equation and the data

We wish to find values for a; and a, to give the "best" fit for all the data. One
strategy would be to select values for a; and a, to yield a straight line that minimizes the
sum of the errors ej's. Since error is undesirable regardless of sign this criterion is
inadequate because negative errors can cancel positive errors. The problem may be fixed if
one selects a; and a, such that the absolute value of the sum of errors is minimized.
However one may show that this criterion does not yield a unique "best" fit. A third
criterion for fitting the "best"” line is the minimax criterion. With this technique one selects a
line that minimizes the maximum distance that an individual data point deviates from the
calculated line. Unfortunately this strategy gives an undue influence to an outliner, a single

point with a large error.

A strategy that overcomes the shortcomings of these previous approaches is to
minimize the sum of the squares of the errors or residuals, between the measured Y's and
the yi's calculated from the linear model. This criterion has a number of advantages. A
unique line results for a given data set. This criterion also leads to the to the most likely a;

and a, from a statistical standpoint.
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Regression analysis is used to determine the constants in a relationship between
variables. We only consider the simple case where y is a linear function of x. In other
words we wish to find an equation y = aj + a2x to best fit the obtained experimental data
Xj and Yj. At the values xj, the experimental values Yj are subject to random errors. Let’s

define

ei=Yi-Vi

to be the difference between the experimental and predicted values. The least-squares

criterion requires that S defined by Eq. (5.1-1) be a minimum

N
S=ze1’+ex?+...+eN°= Zeiz (1)
or
N
S=> {Yi-[a1+a2 (x)]}2 )
i=1

Setting the derivative of this sum with respect to each coefficient equal to zero will result

in a minimum for the sum. Thus the coefficients a1 and a2 must satisfy the conditions

85 _ ATy =

o= il a2 ()]} =0 @
o
oS N

P Z {-20)HYi- [a1 + a2 (xi)]} =0 (0)

We have two equations in the two unknowns a; and a,, so we may solve for a unique set of
coefficients. Dividing Egs. (5.1-3.a) and (5.1-3.b) by (-2) and rearranging
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N N
alN + a2} Xj =2 Vi @)
i=1 i=1

N N N
a1 Xit+ a2>. XiXi =D XY (b)
i=1 i=1 i=1

The system can be expressed in the matrix notation
Aa=B @)

or

N _
N ZXi ZYi
NN H =| 3 o)
in inxi

Li=1 i=1 N

The column vector a can be easily solved using the matrix capability of Matlab

ap

a=AB (6)

Example The following data represent the concentration of reactant A in a constant

volume reactor. (Ref. Module 3: Linear Regression by Bequette*)

Time (min) 0 1 2 3 4 5
CA, kmol/m3 8.47 5.00 2.95 1.82 1.05
0.71

If the reaction is first order, A --> B, determine the reaction rate constant k where

ra(kmol/m3-min) = kCA.
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Solution:

The material balance for reactant A in a constant volume batch reactor is

dC_A = _kCA

Separating variables and integrating:

dC_A = -kdt
C

A
InCA =1InCag -kt
where CAg is the initial concentration of A.

For this example: N =6,y =In Ca, a1 = In Cap, and x = t. The calculated values
Cao and k can be obtained from the solution of Egs. (6) by using the matrix algebra

capability of Matlab.

The coefficient matrix A and the column vector B can be determined by defining a new

matrix w
1t
1t
W= 2
1 t,

and the transpose of w
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so that

A=wl*wand B=wl*Y

Matrix A can be obtained by the following Matlab statements:

>> fl=ones(6,1);

>> f2=[0; 1; 2; 3; 4; 5];

>> w=[f1 2]

N = T =Y =S Y
g b W N L O

>> A=w”*w  Note: w' is the Matlab notation for the transpose of w

6 15
15 55
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The right hand vector B is obtained by the following Matlab statements:
>> Ca=[8.47; 5; 2.95; 1.82; 1.05; 0.71];
>> Y=log(Ca)
Y =
2.1365e+000
1.6094e+000
1.0818e+000
5.9884e-001

4.8790e-002
-3.4249¢-001

>> B=w'*Y
B=
5.1329e+000
4.0523e+000
The solution vector a is then
>> a=A\B
a=
2.1098e+000

-5.0171e-001

and the linear relationship between the variables is
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InCa =2.1098 - 0.50171t

The same values for the parameters can also be obtained by using polyfit, a function
provided by Matlab, to find the best linear fit of the data.

% Matlab program for Example 5.1-1

% Least square curve fitting of In(Ca) = In(Cao) - kt
%

t=[012345],

Ca=[8.4752.951.82 1.050.71];

Y=log(Ca);

ap=polyfit(t,Y,1)

ap =
-0.5017 2.1098

You should notice that the first element in vector ap is the coefficient of the highest degree
term. This is the convention used by Matlab in any polynomial functions. The experimental
data and the best fitted line can be plotted by the following Matlab statements

>> ycal=polyval(ap,t)

ycal =
2.1098e+000
1.6081e+000
1.1063e+000
6.0463e-001
1.0291e-001
-3.9880e-001
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>> plot(t,ycal,t,Y,'0")
>> ylabel ('In Ca’); xlabel (‘t, min’)

The parameters ap(1) and ap(2) are converted back to the physical parameters:

>> Cao_cal=exp(ap(2))
Cao_cal =
8.2464e+000
k=-ap(1)
K=
5.0171e-001

The experimental data and the fitted model can also be compared on a time-concentration

plot by the following Matlab statements. The results are presented in Figure 5.1-2

>> 11=0:0.25:5;

>> Ca_cal=Cao_cal*exp(-k*t1);
>> plot(t1,Ca_cal,t,Ca,'0")

>> ylabel('Ca’);xlabel('t, min")

A crude measure of the how well the data is fitted by a straight line is given by the linear

correlation coefficient r, which is defined for two variables t and Y as

N N N
NztiYi - Zti ZYi
i=1 i=1 i=1

(CiCy)*?
where
N (N 2 N (N 2
Ct= D tf —| Dt CY=NY Y =D,
i=1 i=1 i=1 i=1
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Values of r may range from (-1) to (1). The positive value indicates a positive correlation,
i.e., the dependent variable is increasing with the independent variable. If |r| is exactly 1, the
data is perfectly represented by the straight line.

Figure Experimental and fitted concentration as a function of time

The correlation coefficient for the straight line

Y =InCa =2.1098 - 0.50171t

can be evaluated by the following Matlab statements:

% corre.m
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% Evaluate the linear correlation coefficient r of two vector tand Y
%

t=1[0; 1; 2; 3; 4; 5];

Ca=[8.47;5; 2.95; 1.82; 1.05; 0.71];

Y =log(Ca);

N = length(t);

sumt = sum(t); sumY=sum(Y);

sumts = t’*t; sumYs = Y’ *Y; sumtY =t’*Y;

ct = N*sumts - sumt*sumt;

cy = N*sumYs - sumY*sumY;

r = (N*sumtY - sumt*sumY)/sqrt(ct*cy)
The linear correlation coefficient for this example is

r=-9.9915e-001

6.2.General Linear Least Squares

We wish to fit the "best" curve to the set of paired data points: (x1,Y1), (X2,Y2), ...,(Xn, YN).

The mathematical expression for the calculated values is:

yi=ag fi(x;) +az fa(xi) + ... + an f(Xi)

where y; is the calculated value approximating the experimental value Y;. The above

expression is a general linear least squares model since the unknown parameters ay, a, ...

an are linear combination of the known functions f1(x;), f2(x;), ..., fa(xi;). The model error, or

residual, e; can be represented as

&i=Yi—Vi=Yi—[a fi(xi) + az fa(xi) + ... + an fa(xi)]
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where e; is discrepancy between the measured value Y; and the approximated value y; as

predicted by the model equation.

S
rd

X; X

Figure Relationship between the model equation and the data

We wish to find values for the parameters a; to a, to give the "best™ fit for all the data.
Regression analysis is used to determine the constants in a relationship between functions.

The least-squares criterion requires that S defined by Eq. (5.2-3) be a minimum

N
S=ep’+e+...+eN’= Dg’ (6.2-3)
i=1
or
N
S= 3 {Yi—[an fu(x) + @ fo(x) + ... + an T(x)]}2 (6.2-4)
i=1

Setting the derivative of this sum with respect to each coefficient equal to zero will result

in a minimum for the sum. Thus the coefficients a1, a2, and a3 must satisfy the conditions

%: i {=2H Yi—[as fi(xi) + az fa(xi) + ... + an fa(X)) 13— fu(x)) =0 (6.2-5.a)
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B BT ) + 2 b) + .o+ 2 b (R =0 (6:2:5b)
58: :i {=2H Yi— [0 fu(xi) + @z f2(xi) + ... + @ fa(X)]} (—fa(xi)) =0  (6.2-5.n)

We can divide equations (5.2-5.a — 5.2-5.n) by (—2) and rearrange them to obtain the

following set

ali f,(x) fa(x) + azi f(x) fa06) + ... +a, i (%) fa(Xi) = i f.(x.)Yi (6.2-6.a)

alifz(xi) fi(x) + azifz(xi) fa(x) + ... +an ifz(xi)fn(xi)z ifz(xi)vi (6.2-6.b)

ali f(x) fa(x) + azi fa(x;) fa(x) + ... +an i £ (%) fa(xi) = ifn(xi)Yi (6.2-6.n)

The system can be expressed in the matrix notation
Aa=B (6.2-7.a)

or
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[N N N 7 [N B
Z f, f, Z f.f, - Z f f, z f.Y,
i=1 = R a il
N N N | _ Z f,Y,
PR WA > 1, =
Iﬁl I;l I;l a \
DR A I A 7S P B O '

L=t i=1 i=1 i i1 i

The column vector a can be easily solved using the matrix capability of Matlab

a=A\B

Example 6.2-1

(6.2-7.b)

(6.1-6)

The following data represent the growth in height of a boy from 11 to 21 years of age.

Elapsed time |0 1.4 3.2 4.8 8.0 10.0
(year) (age 11) (age 21)
Growth (cm) |0 2.25 15.0 26.25 33.0 35.0

) ) ) .o . 3t . St
Determine a best fit using f1(t;) = sin— , fo(t;) = sin—, and f3(t;) = sin—
g fi(t) 20 2(ti) 20 3(ti) 20

Solution

. .t . 3t . 5at
The model equation isy = a; sm% +a,Sin— +azsin—

20 20
a=[a; azas]’,n=3,N=5
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Y =[2.25 15.0 26.25 33.0 35.0]"

The functions fy(t;), f2(t;), and f3(t;) can be evaluated

i {; f1(t) fa(ti) f3(ti)
1 14 0.218 0.613 0.891
2 3.2 0.482 0.998 0.588
3 4.8 0.685 0.771 ~0.588
4 8.0 0.951 ~0.588 0.00
5 10.0 1.00 ~1.00 1.00
ST (0218 0613 0.891 ]
f) L) L) 0.482 0.998  0.588
LetW=| ' : 7| =]0685 0771 -0.588
L) ) ) 0951 -0588 0.00
100 -1.00 1.00 |
:1((3 :122; :12“‘; 0218 0482 0.685 0951 1.00
then W' =| #7%7 207 ©."71=10613 0998 0771 -0588 -1.00

' ' : 0.891 0.588 -0.588 0.00  1.00
f(t) f6) - ()

The matrix A is then evaluated

N N N
fl fl z fl f2 z fl fs
= = i 2.653 -0.416 1.075
A=WTW = Z f,f f,f, Z f,f,| =|-0416 3312 -0.321

1.075 -0.320 2.484
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The right hand vector B can also be evaluated from W'

76

N
PIRAY
i=1
N
B= 21: Yo | =wry
-
PIRAL
| i=1
[ 2.25 ]
0.218 0.482 0685 0951 1.00 || 15.0 92.08
B=]0.613 0998 0.771 -0.588 -1.00||26.25 —-17.816
0.891 0.588 -0.588 0.00 1.00 || 33.0 30.389
| 35.0 |
The parameters a1, a2, and a3 are calculated
a1 =35.94, a2 = - 1.2067, and a3 = — 3.5077
The model equation is then
y= 35.94sin£ - 1.20673in3—ﬂt +— 3.5077sin5—7[t
20 20 20
Example 6.2-2
Fit a second order polynomial to the following data
Xi 0.05 0.15 0.46 0.70 0.82 1.17
Yi 0.956 0.832 0.571 0.378 0.306 0.104
Solution




The model equation is y = a; + a, X + a3 X*
Therefore fi(x;) = 1, (%) = % and f3(t) = x%, a=[a; a2 as]',n=3,N=6

[0.956]
0.832
0.571
0.378
0.306

0.104]

0.05 0.05%]
0.15 0.15
0.46 0.46°
0.70 0.70°
0.82 0.82?
1.17 1177

LetW =

R Y e

then

6 335 2.7679
A=W'W=| 335 27679 25968
2.7679 2.5968 2.6114

The right hand vector B can also be evaluated from W'

3.147
B=W'"Y = |1.07246
0.67527
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The parameters a1, a2, and a3 are calculated

a1 =0.998, a2 = — 1.054, and a3 = 0.248

The second polynomial is given as

y=0.998 — 1.054x + 0.248x
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Chapter Seven

Errors Measurement
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Errors and Uncertainty in Experimental Data

Causes and Types of Errors

Conducting research in any science course is dependent upon obtaining measurements. No
measure is ever exact due to errors in instrumentation and measuring skills. If you were to
obtain the mass of an object with a digital balance, the reading gives you a measure with a
specific set of values. We can assume that the actual measure lies either slightly above or
slightly below that reading. The range is the uncertainly of the measurement taken. More
accurate instruments have a smaller range of uncertainty. Whenever you take a
measurement, the last recorded digit is your estimate. We call digits in a measurement

significant figures.

All measurements have inherent uncertainty. We therefore need to give some indication of
the reliability of measurements and the uncertainties in the results calculated from these
measurements. When processing your experimental results, a discussion of uncertainties
should be included. When writing the conclusion to your lab report you should evaluate
your experiment and its results in terms of the various types of errors. To better understand
the outcome of experimental data an estimate of the size of the systematic errors compared
to the random errors should be considered. Random errors are due to the accuracy of the
equipment and systematic errors are due to how well the equipment was used or how well
the experiment was controlled. We will focus on the types of experimental uncertainty, the
expression of experimental results, and a simple method for estimating experimental

uncertainty when several types of measurements contribute to the final result.
1. Random errors: Precision (Errors inherent in apparatus.)

A random error makes the measured value both smaller and larger than the true value.
Chance alone determines if it is smaller or larger. Reading the scales of a balance,
graduated cylinder, thermometer, etc. produces random errors. In other words, you can

weigh a dish on a balance and get a different answer each time simply due to random
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errors. They cannot be avoided; they are part of the measuring process. Uncertainties are
measures of random errors. These are errors incurred as a result of making measurements
on imperfect tools which can only have certain degree of accuracy. They are predictable,
and the degree of error can be calculated. Generally they can be estimated to be half of the
smallest division on a scale. For a digital reading such as an electronic balance the last
digit is rounded up or down by the instrument and so will also have a random error of +
half the last digit.

2. Systematic errors: Accuracy (Errors due to "incorrect" use of equipment or poor

experimental design.)

A systematic error makes the measured value

Examples of Systemic errors:

always smaller or larger than the true value, but o Leaking gas syringes.
not both. An experiment may involve more than * :T:]:;Itlebrr;atlon errors in pH
one systematic error and these errors may nullify e Calibration of a balance
) e Changes in external

one another, but each alters the true value in one influences such as
way only. Accuracy (or validity) is a measure of temperature and

_ _ _ atmospheric pressure
the systematic error. If an experiment is accurate affect the measurement of

gas volumes, etc.

or valid then the systematic error is very small. e Personal errors such as

Accuracy is a measure of how well an experiment reading scales incorrectly.
_ _ e Unaccounted heat loss.
measures what it was trying to measure. These  Liquids evaporating.

o Spattering of chemicals

are difficult to evaluate unless you have an idea

of the expected value (e.g. a text book value or a calculated value from a data book).
Compare your experimental value to the literature value. If it is within the margin of error
for the random errors then it is most likely that the systematic errors are smaller than the
random errors. If it is larger then you need to determine where the errors have occurred.
Assuming that no heat is lost in a calorimetry experiment is a systematic error when a
Styrofoam cup is used as a calorimeter. Thus, the measured value for heat gain by water
will always be too low. When an accepted value is available for a result determined by
experiment, the percent error can be calculated.
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Categories of Systematic Errors and how to eliminate them:

a. Personal errors: These errors are the result of ignorance, carelessness, prejudices, or

physical limitations on the experimenter. This type of error can be greatly reduced if
you are familiar with the experiment you are doing. Be sure to thoroughly read over
every lab before you come to class and be familiar with the equipment you are using. Be

Prepared!!!

b. Instrumental Errors: Instrumental errors are attributed to imperfections in the tools

with which the analyst works. For example, volumetric equipment such as burets,
pipets, and volumetric flasks frequently deliver or contain volumes slightly different
from those indicated by their graduations. Calibration can eliminate this type of error.

c. Method Errors: This type of error many times results when you do not consider how
to control an experiment. For any experiment, ideally you should have only one
manipulated (independent) variable. Many times this is very difficult to accomplish. The

more variables you can control in an experiment the fewer method errors you will have.

Estimating and Reducing Errors through Proper Measurement Technique

e Scientists make a lot of measurements. They measure the masses, lengths, times,

speeds, temperatures, volumes, etc.

e When they report a number as a measurement the number of digits and the number of
decimal places tell you how exact the measurement is
o For example: 121 is less exact than 121.5
o The difference between these two numbers is that a more precise tool was used to
measure the 121.5.
o If a scientist reports a number as 121.5 they are saying that they were able to

measure that quantity up to the tenths place.
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o If a scientist reports a number as 121 they are saying that they were able to measure
that quantity up to the ones place.
o The total number of digits and the number of decimal points tell you how precise a

tool was used to make the measurement.

¢ Reporting measurements:

a. There are 3 parts to a measurement:
1. The measurement
2. The uncertainty
3. The unit

b. Example: 5.2 £ 0.5 cm
1. Which means you are reasonably sure the actual length is somewhere between 4.7
and 5.7

c. No measurement should be written without all three parts.

d. The last digit in your measurement should be an estimate
1. If the smallest marks on your tool are .001 apart (as they are on a meter stick that
has millimeters marked) then your last digit should be in the ten-thousandths place
(i.e. 0.0010)*

*This is true for measurements that donit fluctuate. If the tool you use fluctuates
then your estimated digit will probably not be smaller than the smallest hash mark
on the tool but should indicate how sure you are of the exactness of your

measurement. See below for how to deal with this situation.
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2. Logic:

Dcm 5 20 25 as

10 15 30

In the above, you would report the length of the bar as 31.0 £ 0.5 cm (assuming the

big marks are centimeters). The bar appears to line up with the 31st mark and you
know itis more than 1/2 way from the 30 mark and less than 1/2 way from the 32nd
mark. So you can be reasonably sure the actual length of the bar is between 30.5
and 31.5 cm.

Dcm 5 10 15 20 25 30 35

In the above, you would report the length of the bar as 31 + 2 cm. You know the bar
is longer than 30 cm and the last digit is your best guess. You are reasonably sure

the actual bar length is between 30 and 33 cm.

e. The uncertainty is 1/2 the amount between the smallest hash marks. Notice in the
above 2 examples that this is the case.
1. This rule may change depending on the book you look at or the teacher you work
with.
2. Some uncertainties are determined by the manufacturer. (e.g. electronic balances,
probes)

3. Some uncertainties are determined based on what you, as the experimenter decide:
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0 1 3 4 5 i) 7
i

In this case, the divisions between the mark = 0.2 cm which makes estimating a digit
trickier. If you say the measurement is right on the 6.2 mark than according to the
above rules you should report the measurement as 6.20 cm. However, the
uncertainty, according to the rules above is 1/2 the distance between the smallest
two marks, or 0.2/2 = 0.1. It doesn’t make sense to say 6.20 = 0.1 cm because your
uncertainty is so much bigger than the estimated digit (the zero). So, we need to go
back to the most important idea of reporting uncertainties. We need to report a
measurement that we are reasonably sure of. | am reasonably sure that the blue bar
is bigger than 6.1 cm and less than 6.3, in which case you would report the
measurement as 6.2 £ 0.1 cm, but you could also argue that the blue bar is bigger
than 6.15 and less than 6.25 cm. In which case, you would report 6.20 £ 0.05 cm.
This is where you, as the experimenter, have to make the decision. Consider what
another experimenter would get if he/she measured the blue bar again. Consider the

implications of stating a too precise humber.

f. from data provided by the manufacture (printed on the apparatus).

h. Measurements can sometimes be difficult to determine. The

Temperature probes for example state that the uncertainty is 0.2°C. 3
S~——
g. from the last significant figure in a measurement (as for a digital §
balance). Since our digital balances measure to .01 g, (or 0.001 g) we 22—
assume that the unseen digit is rounded either up or down, so the —
uncertainty is £ 0.01 g (£ 0.001 g) ——E
—

following are some important techniques.

1. When measuring liquids that have a curve at the surface, measure
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from the bottom of the meniscus. The meniscus is the curve formed at the surface of a
liquid due to attraction of the liquid for the sides of the container (adhesion).
Measuring from the bottom i you should get 2.75 = 0.05 mL (assuming the marks

represent milliliters).

W Incorrect reading

60 (too high)

it}

Correct reading
at eye level

Incorrect reading
é; (too low)

Reading a meniscus. Read the bottom of the
meniscus while holding at eye level.

Memiscus —

m T}Jﬁ

2. Sometimes the measurement on an electronic balance will fluctuate. Start with the
numbers that are not fluctuating and then make your best guess as to what the next
digit would be. Say for example you are weighing something on a balance and you

get the following readings:

1. 12.345
12.320
12.349
12.357

o & w D

12.327

This should be reported as a measurement of 12.34 + 0.05. If you use a balance

containing a shield the fluctuations will be greatly reduced.
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Remember: when reporting measurements, you need to do 3 things
1. give the measurement (the magnitude)
2. tell how good a tool you used to measure it (this is given by the number of
significant figures and uncertainty)
3. State the units

Dealing with Uncertainties

Now you know the kinds of errors, random and systematic, that can occur with physical
measurements and you should also have a very good idea of how to estimate the magnitude
of the random error that occurs when making measurements. Now we can deal with the
question, "what do we do with the uncertainties when we add or subtract two

measurements? Or divide/multiply two measurements?"

When you mathematically manipulate a measurement you must take into consider the
precision. If you add two measurements the result CANNOT be more precise than your

measures. It just doesn’t make sense. Here’s an example.

Let’s say you make the following measurements for the mass of a copper weight in a small
cylinder:
e Mass of empty container: 2.3 ¢

e Mass of container with copper: 22.54 g

What is the mass of the copper? 22.54 - 2.3 =20.24 g
Answer to report: 20.2 g

Why 20.2 g and not 20.24 g?

Since you only measured the container to the tenths place then the 3 is really an estimate.
Perhaps the actual value was 2.2 or 2.4 g, then the mass of copper could be (22.54-2.3 or
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22.54-2.4) 20.34 or 20.14 g. As you can see the difference in the tenths place is far more

significant than the hundredths place. So the mass you should report is 20.2 g

Remember that when making measurements there are three parts to a measurement:

e The measurement
e The uncertainty
e The unit

To take into consideration precision
1. For single measurements
a. For the measurement i use significant figures
b. For the uncertainty fi use error propagation
c. It doesn’t make sense to talk about a unit’s precision
d. Once you have the determined the value and uncertainty, make sure the significant
figures and uncertainty match.

Resource: Significant figures & Uncertainties

The uncertainty of a calculated value, and therefore the possible random error, can be
estimated from uncertainties of individual measurements which are required for that
particular calculation. In a calorimetry experiment, for example, the uncertainty in the
amount of heat produced depends on the uncertainties in the mass, temperature and specific

heat measurements. The estimation of an overall uncertainty from component parts is called
Error Propagation.

2. For a set of the trials for which you are finding the average

a. Use the average and standard deviation for both the measurement and the
uncertainty.
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Another measure of uncertainty or precision arises when an experiment is repeated many
times, yielding several results from which an average value can be calculated. The precision
is @ measure of how close the results are to the average value. The uncertainty (here called
experimental uncertainty) is a measure of how far apart the results are from the average.
This usually is calculated either as the average (and percent average) deviation or as the
standard deviation compared to the average of the final results. The average value should
always be the average of the final results calculated from each trial, rather than the average
of the raw data or results of intermediate calculations. This uncertainty of an experiment is a

measure of random error. If the uncertainty is low, then the random error is small.

**You should never take the average of beginning measurements (raw data) or intermediate

data. Only final results should be averaged.

Example 1: Standardization of NaOH by titration

The following concentrations, in mol / dm?, were calculated from the results of three trials

0.0945, 0.0953, 0.1050

The average value is 0.0983 and the standard deviation is 0.0058
Since uncertainties are meaningful only to one sig. fig., the results should be reported gs
follows:

Concentration = 0.098 + 0.006 mol / dm?

Significant Figures and Rounding Answers:

Every physical measurement is subject to a degree of uncertainty that, at best, can be
decreased only to an acceptable level. When numerical data are collected, the values cannot
be determined exactly, regardless of the nature of the scale or instrument or the care taken

by the operator. If the mass of an object is determined with a digital balance reading to 0.1
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g, the actual value lies in a range above and below the reading. This range is the uncertainty
of the measurement. Remember every time you take a measurement, the last digit recorded
represents a guess. If the same object is measured on a balance reading to 0.001 g the

uncertainty is reduced, but can never be completely eliminated.

The term precision is used to describe the reproducibility of results. It can be defined as the
agreement between the numerical values of two or more measurements that have been made
in an identical fashion.

The terms precision and reliability are inversely related to uncertainty. Where uncertainty is
relatively low, precision is relatively high. Every measurement you make in the lab should
tell you the magnitude (size) of the object and the precision (reliability) of the instrument
used to make the measurement. The number of subdivisions on the instrument can indicate

the precision of the instrument.
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Error Propagation

In data collection, estimated uncertainties should be indicated for all measurements. These
uncertainties may be estimated in different ways:

1. from the smallest division (as for a measuring cylinder)

2. from the last significant figure in a measurement (as for a digital balance)

3. from data provided by the manufacture (printed on the apparatus)
The amount of uncertainty attached to a reading is usually expressed in the same units as the
reading. This is then called the Absolute uncertainty. eg. 25.4 £ 0.1 s. The symbol for
absolute uncertainty is dx, where x is the measurement:
In the example: x =25.4 and dx = 0.1
The absolute uncertainty is often converted to show a Percentage or Fractional uncertainty.
For the above example, this would be: 25.4 + 0.4% s (0.1 s / 25.4s x 100% = 0.4%). The

symbol for fractional uncertainty is: dx/x

**Note that uncertainties are themselves approximate and are not given to more than one

significant figure, so the percentage uncertainty here is 0.4%, not 0.39370%.
Multiple Readings

If more than one reading of a measurement is made, then the uncertainty increases with

each reading.
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Example 3:
For example: 10.0 cm® of acid is delivered from a 10cm? pipette (+ 0.1 cm®), repeated 3
times. The total volumes delivered is
e 100+0.1cm’
e 100+ 0.1cm?
e 100+0.1cm’
Total volume delivered = 30.0 + 0.3 cm®

Example 4:
When using a burette (+ 0.02 cm®), you subtract the initial volume from the final volume.
The volume delivered is:

Final volume = 38.46 + 0.05 cm®
Initial volume = 12.15 + 0.05 cm?®
Total volume delivered = 26.31 + 0.04 cm®
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Basic rules for propagation of uncertainties

Rule

Example

When adding or subtracting uncertain values, add

the absolute uncertainties

Initial temp. = 34.50°C (+ 0.05)
Final Temp. = 45.21°C (+ 0.05)
AT=45.21-34.5=10.71°C

(£ 0.05 +0.05 = +0.1°C)
AT should be reported as

10.7 £ 0.1°C

When multiplying or dividing add the percentage

uncertainties

Mass = 9.24 g (x0.0059)
Volume = 14.1cm3 (£0.05cm3)

a Make calculations

Density = 9.24/14.1 =0.655

g/lcm3

Convert absolute uncertainties to

percentage/fractional/ relative uncertainties

Mass: 0.005/9.24x100 = 0.054%
Vol: 0.05/14.1 x 100 = 0.35 %

c Add percentage uncertainties

0.054 +0.35=0.40 %
Density = 0.655 g/cm® (+ 0.40%)

Convert total uncertainty back to absolute

uncertainty

0.655 *0.4/100 = 0.00262
Density = 0.655 + 0.003 g/cm3

Multiplying or dividing by a pure (whole) number:
multiply or divide the uncertainty by that number.

4.95+0.05x 10=49.5+0.5

Powers:

When raising to the nth power, multiply the
% uncertainty by n.

When extracting the nth root, divide the %

uncertainty by n.

(4.3 +.5cm)® = 4.33 + (.5/4.3)*3
=79.5 cm® (+ 0.349%)
=79.5+0.3¢cm?
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Formulas:
Follow the order of operations: find uncertainties for numbers added and subtracted.
Use that new uncertainty when calculating uncertainty for multiplication and division

portion of formula, etc. This can be very complex. See example below.

Graphing

Graphing is an excellent way to average a range of values. When a range of values is
plotted each point should have error bars drawn on it. The size of the bar is calculated
from the uncertainty due to random errors. Any line that is drawn should be within the
error bars of each point.

If it is not possible to draw a line of “best” fit within the error bars then the systematic

errors are greater than the random errors.

Rats of Reacton
EIIIIIIIIIIII 1 1 "1 7 "71T"757T T":°7 L L L L)
| N [N O (NN AN NN N TN N I Y N Y TN AN NN NN NN NN I NN IR N E I TN R B
“||||||||||||||||||||||||
S N S S N L
| NN I T (NN N R NN N I AN Y AN NN NN A TN N N T N B N Y L I |
i'-\.EIIIIIIIIIIII 1 1 "1 7 "71T"757T T":°7 L L L L)
'-E | N [N O (NN A NN N NN N AN Y N Y TR AN SO N NN 3 I NN NN N U O AN TR D B
m | N [N O (N A NN NN NN N AN (Y NN Y TN AN NN NN NN N N NN NN NN N N3 I B D B
_ﬂIIIIIIIIIIII Te I T T 7 1T T T "1 L L L L)
E | N [N O (NN A NN NN TN I AN Y NN Y TR NN NN N B = O R N O E I TR DR B
I=E||||||||-||||||||||||||||
= S B | N s rUE | N M
EEIIII I T T T ™ T T T D U I T (R N N (R TR [ SR AR R N B
= L L L 1 1T 717717 1T "1T"7.°7 &1 1T 1T 7 "71T"T T":7 L L L L)
E | NN N TR N N - I [N N N N N NN N (N NN AN NN N N U AN U N U N N A BN R |
E‘.IIII | IR T T I A TR R TR I N T N Y AN (Y NN [ SR AN R N B
= | N IR N N NN T N T N I Y RN Y TN AN NN N NN NN I NN NN N E I TN R B
2||||||||||||||||||||||||
oo oo oo e o e o e
I:I||||||||||||||||||||||||
O 1 I 3 * 5 g
ime (moond g

94




Example of Error Propagation with Formula

1. A student performs an experiment to determine the specific heat of a sample of
metal. 212.01 g of the metal at 95.5°C was placed into 150.25 g of 25.2 °C water in the
calorimeter. The temperature of the water went to 27.5°C. Given: CH,0 = 4.18 J/g-°C.
The thermometer was marked in 1 °C increments and the balance was digital.
a. Calculate the specific heat of the metal Cm using the following equation:
b. Calculate the uncertainty in the
I. Temperature

(absolute uncertainty is { distance between smallest mark, for this thermometer

which measures to the nearest fC, uncertainty is 0.5°C)

1. Tf=275+05°C

2. Ti(H20)=25.2+0.5°C

3. Ti(metal) =95.5+0.50C

4. AT (H;0)=(27.5-25.2) £ (0.5+0.5) = 43+1°C % =1/4.3*100 =23%

5. AT (metal) = (95.5-27.5) + (0.5+0.5) = 68 +1°C % =1/68*100 =1.5%

ii. Mass

(absolute uncertainty for electronic balance half of smallest decimal place)

1. H0=150.25%+0.05¢ %=.033%

2. metal =212.01 +0.05¢ %=.024%

iii. specific heat capacity
1. assume there is no uncertainty in numbers used as constants. So no
uncertainty in water’s specific heat capacity.
2. (metal) add % uncertainties for all quantities involved in the calculation of
the heat capacity
0.033 +23+.024+1.5=246%
0.1002 J/g-°C (+24.6%) = .10 + .02 J/g-°C

c. Calculate the percent error if the literature value is 0.165 J/g-°C.
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d. Comment on the error. Is the uncertainty greater or less than the percent error? Is

the error random or systemic? Explain

Since percent error is much greater than the uncertainty and the literature value
does not fall in the range of uncertainty (.10 + 0.02 J/g-°C), than systematic
errors is a problem. Random error is estimated by the uncertainty and since this
is smaller than the percent error, systematic errors are at work and are making

the measured data inaccurate.
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Measuring Errors

In any numerical analysis, errors will arise during the calculations. To be able to
deal with the issue of errors, we need to
(A) identify where the error is coming from, followed by
(B) quantifying the error, and lastly
(C) minimize the error as per our needs.

In this chapter, we will concentrate on item (B), that is, how to quantify errors.

Q: What is true error?

A: True error denoted by E, is the difference between the true value (also called the exact

value) and the approximate value.

True Error = True value — Approximate value

Example 1

The derivative of a function f (x) at a particular value of x can be approximately

calculated by

_ f(x+h)-1(x)
- h

of f'(2) For f(x)=7e** and h=0.3, find

£'(x)

a) the approximate value of f'(2)
b) the true value of f'(2)

c) the true error for part (a)
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Solution

f(x+h)—f(x)

a) f'(X) = h

Forx=2 and h=0.3,
f(2+0.3)- f(2)
0.3
_f(23)-1(2)

0.3

£(2) ~

7eo.5(2.3) . 7eo.5(2)
B 0.3

~22.107-19.028
0.3

=10.265

b) The exact value of f'(2) can be calculated by using our knowledge of differential
calculus.
f(x) = 7€
f'(x) =7x0.5%xe"*
= 3.5
So the true value of f'(2) is
f'(2) =3.5e*°?
=9.5140
c) True error is calculated as
E, = True value — Approximate value
=9.5140-10.265
=-0.75061
The magnitude of true error does not show how bad the error is. A true error of

E, =-0.722 may seem to be small, but if the function given in the Example 1

were f (x) = 7x107°e®>, the true error in calculating f'(2) with h =0.3, would be
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E, =-0.75061x10"°. This value of true error is smaller, even when the two problems are

similar in that they use the same value of the function argument, x =2 and the step size,

h=0.3. This brings us to the definition of relative true error.

Q: What is relative true error?

A: Relative true error is denoted by €, and is defined as the ratio between the true error

and the true value.

True Error
True Value

Relative True Error =

Example 2

The derivative of a function f(x) at a particular value of x can be approximately

calculated by

N f(x+h)— f(x)

£(x) :

For f(x)=7e%* and h=0.3, find the relative true error at x = 2.

Solution

From Example 1,
E, = True value — Approximate value
—9.5140-10.265
= —0.75061
Relative true error is calculated as
_ TrueError

€=
True Value
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_ —0.75061
9.5140

=-0.078895
Relative true errors are also presented as percentages. For this example,
€,=—0.0758895 x100%

=—7.58895%
Absolute relative true errors may also need to be calculated. In such cases,
le,| 4 —0.075888|
=0.0758895
= 7.58895%

Q: What is approximate error?

A: In the previous section, we discussed how to calculate true errors. Such errors are

calculated only if true values are known. An example where this would be useful is when
one is checking if a program is in working order and you know some examples where the
true error is known. But mostly we will not have the luxury of knowing true values as why
you would want to find the approximate values if you know the true values. So when we
are solving a problem numerically, we will only have access to approximate values. We
need to know how to quantify error for such cases.

Approximate error is denoted by E, and is defined as the difference between the

present approximation and previous approximation.

Approximate Error =Present Approximation — Previous Approximation
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Example 3

The derivative of a function f(x) at a particular value of x can be approximately

calculated by

_ F(x+h)-1(x)
) h

f (%)
For f(x)=7e%*and at x = 2, find the following

a) f'(2) using h=0.3

b) f'(2) using h=0.15

c) approximate error for the value of f'(2) for part (b)

Solution

a) The approximate expression for the derivative of a function is

_ f(x+h)-f(x)
~ H :

£(x)

For x=2 and h=0.3,

f(2+0.3)- f(2)
0.3

_f(23)-f(2)
0.3
7eo.5(2.3) _ 7eo.5(2)
B 0.3

22107 -19.028
0.3

=10.265

£'(2) ~

b) Repeat the procedure of part (a) with h =0.15,

_f(x+h)- f(x)
" h

For x=2 and h=0.15,

£'(x)
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f(2+0.15) - f (2)
0.15

_f(215)- (2)
0.15
7005(215) _ 7505(2)
B 0.15

_20.50-19.028
0.15

=9.8799

f' (2=~

c) So the approximate error, E, is
E, =Present Approximation — Previous Approximation

=9.8799 -10.265
=-0.38474

The magnitude of approximate error does not show how bad the error is . An approximate

error of E, =-0.38300 may seem to be small; but for f(x) =7x107°e", the approximate

error in calculating f'(2) with h=0.15 would be E, =-0.38474x10°. This value of

approximate error is smaller, even when the two problems are similar in that they use the
same value of the function argument, x =2, and h=0.15 and h =0.3. This brings us to

the definition of relative approximate error.

Q: What is relative approximate error?

A: Relative approximate error is denoted by €, and is defined as the ratio between the

approximate error and the present approximation.

Approximate Error

Relative Approximate Error = —
Present Approximat ion

102



Example 4

The derivative of a function f(x) at a particular value of x can be approximately

calculated by

N f(x+h)— f(x)

£ (x) .

For f(x)=7e", find the relative approximate error in calculating f’(2) using values from

h=0.3 and h=0.15.

Solution

From Example 3, the approximate value of f’(2) =10.263 using h =0.3 and
f'(2) =9.8800using h =0.15.
E, =Present Approximation — Previous Approximation
=9.8799 -10.265
=-0.38474
The relative approximate error is calculated as

_ Approximate Error
®  Present Approximation

—0.38474
9.8799

=-0.038942

Relative approximate errors are also presented as percentages. For this example,
€,=—0.038942 x100%

= —3.8942%
Absolute relative approximate errors may also need to be calculated. In this example
|ea| =|—0.038942 |

=0.038942 or 3.8942%
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Q: While solving a mathematical model using numerical methods, how can we use

relative approximate errors to minimize the error?
A: In a numerical method that uses iterative methods, a user can calculate relative

approximate error e, at the end of each iteration. The user may pre-specify a minimum
acceptable tolerance called the pre-specified tolerance, .. If the absolute relative
approximate error e, is less than or equal to the pre-specified tolerance €, that is,
le, < €, then the acceptable error has been reached and no more iterations would be

required. Alternatively, one may pre-specify how many significant digits they would
like to be correct in their answer. In that case, if one wants at least m significant digits to

be correct in the answer, then you would need to have the absolute relative approximate

error, |e,|< 0.5x10% ™" %.

Example 5

If one chooses 6 terms of the Maclaurin series for e* to calculate €, how many
significant digits can you trust in the solution? Find your answer without knowing or using

the exact answer.

Solution

2

X
e =14+ X+ —F i,
2!

Using 6 terms, we get the current approximation as

0.7? N 0.7° N 0.7 N 0.7°
3 4 ol

% ~1+0.7+

=2.0136
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Using 5 terms, we get the previous approximation as
07> 07° 0.7*
+ +
2! 3 4

% ~14+0.7+

=2.0122
The percentage absolute relative approximate error is

|- 2.0136 - 2.0122|
a7 20136 |

=0.069527%

%100

Since|e,| <0.5x10%?%, at least 2 significant digits are correct in the answer of

e®’ =2.0136

Q: But what do you mean by significant digits?

A: Significant digits are important in showing the truth one has in a reported number. For

example, if someone asked me what the population of my county is, I would respond, “The
population of the Hillsborough county area is 1 million”. But if someone was going to give
me a $100 for every citizen of the county, | would have to get an exact count. That count
would have been 1,079,587 in year 2003. So you can see that in my statement that the
population is 1 million, that there is only one significant digit, that is, 1, and in the statement
that the population is 1,079,587, there are seven significant digits. So, how do we
differentiate the number of digits correct in 1,000,000 and 1,079,587? Well for that, one
may use scientific notation. For our data we show

1,000,000 =1x10°

1,079,587 =1.079587 x10°

to signify the correct number of significant digits.
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Example 5
Give some examples of showing the number of significant digits.

Solution

a) 0.0459 has three significant digits
b) 4.590 has four significant digits
c) 4008 has four significant digits
d) 4008.0 has five significant digits

e) 1.079x10° has four significant digits
f) 1.0790x10° has five significant digits
g) 1.07900x10° has six significant digits
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