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cZ+cc, =0 ol aas X2 + X, X, = 040l Aalaa

Jall (e duani(1),(2),(3) A (e ¢ 05,0, 0 asnily
(2% + (X +2)(2-%) =0 1 sthall (aldl)

Alalall abaall alad) Jadl aa i 2(10) Jlie

(X, +X5+2 )86721+(x1+x3+z)86722

+(x1+x2+z)6—z=xl+x2+x3

OX 5
2 =0kedie ¥4+ =1 OIS 13) paldll Jall aa o o3
Al ¥ alaal) (e 1A

dx, dx, dx, dz

Xy ¥ X +2 X AX+Z X AX+Z X+ X+ X

— il gaal

dx, +dx, +dx, +dz

3(X,+X, +X3+7)

sle deanidayl 5 (W) Gaisnil) (145

_dz—dx
Z-X

=C \m'ﬁ“ Lsh‘\

1O and b ha
dx, +dx, +dx,+dz _ dz —dx,

(X, +X, +X5+2)  Z-X,
(2 =x) (X, +%, +x5+2 ) =¢, (1)

)



Gl 5 A lail) 3 Sal) Alealisll e alaal ;8 desia

z—x,)(x, +%,+x,+2)" =c 2
(2 %) (XX, +x3+2 ) =,
(2 =x4) (X, +%, +x,+2 ) =¢, (3)
Lieal) Allaally tasd olal) “Ljéj\ o ;JA_I (1),(2),(3)<=Yalaall (4
ua gy v w SAdlaal i F&P‘F(u,v,w)=0
(z—xl)(x1+x2+x3+z)]/3
)’

u

v

(Z =X%,) (X, +X, +X5+12
W =(z —x3)(xl+x2+x3+z)]/3
o) giahy Gy ey, ¢, sl UG (alad) Jall slany
ol iz =oleie )43+ X3 =1
cl:—xl(xl+x2+x3)]/3,
czz—xz(xl+x2+x3)m,
csz—xg(xl+x2+x3)1/3.
Tl
cl+cz+c3:—(x1+x2+x3)4/3 (4)
Ol el el = — (X, X)X P x 2 x D)l
(OB G x4 xd =113
ClHCy +Cs =—(X,+X,+X;) (5)

10l & (4),5) O

(Cl +C, +Cs)3 = _(Cf +Cg +C§)4

;o) a3 (1),(2),(3) SBlall 32 C,, €y, € oo ABMall 028 & iy gl
{ 3z —(x1+x2er:,.,)][x1+x2+x3+z]]/3 }3

([ 0 ) e x|

Adalaall (pe daay (o glhaall Gaaladl Jall o ass ¢leiag

@
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(Xy 4%, +X5-32) = (X, +X, +X,+2)

x[(z %) +(z =x,) +(z —x3)3}

Crbad 8-2
J s BBl 5 Al A il el e g el Alle o s (1) (1)

YABY
x?+y?=(z —c)’tan’a
rod oY1 A Iy A ad) Aubalédl) Aalaal) 385
yp —xq =0
7 osaadsaz =f (x2+y2) il sall sl (o (i (@)
YP — X0 = 0Adalaall 3aa5 Ay HLid ) Ay f - Cus
rbyiniall (e el Ll 4l Al ) <l (7)
u=ax +by +ab
XD +Y0 + P =U Al 3o
A & shall cdlile (e S ALl Aalaall 2a 5l (2)
(1) z=x+y+f (xy) (2) z=f(x-y)
(3) z =xy +f (x2+y2) (4) 2z =(ax +y )* + B.
AU A lalal) iV aleall e JS) aladl dadl aa 51 (3)
(1) u, =0
(2) au, +bu, =0,
OGO laee g S
(3) u, +yu, =0
(4) (1+x2)uX +u, =0
(5) u, +2xy’u, =0

¢
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A 19 Al il Yl (e SIS Ja (4)
1) (xz—yz—uz)uX +2Xyu, = 2Xu
2) (y —u)u, +(x —y)u, =u—x
3) (xz—yu)ux+(y2—ux)uX =u’ —xy
4) y2u, —xyu, =x (u-2y)
) XU, +y U, =(x+y)u

o8 Jilasa e S dall a1 (5)

1) u, +2u, =0, u(x,0)=sinx
2) yu, +xu, =0, u(O,y):e‘yz

3) XU, +yu, =2xy, u=2o0ny=x’

(
(2)
(3)
(4) u, +xu, =0, u(0,y)=siny
(5) yu, +xu, =xy, x 20, y 20, u(0,y)=e™’
(6) yu, +xu, =xy, x 20, y >0, u(O,y):e‘XZ
Al el e Ja (6)
u, +uu, =0, u(r,lrzj:r
2
rS S Al da (7)
2xyux+(x2+y2)uy =0,
)
u=exp on x +y =1
X-y

A Alialail) ¥ aleall Y sl aa 41 (8)
(1) xu, +yu, +zu, =0

TR

3



SV A (e Adadll 4l 4 jal) Aloalal) ¥ alaal S Jaadl)

(2) x2u, +yau, +z(x +y)u, =0
(3) x(y =z )u, +y(z -x)u, +z(x =y )u, =0
(4) yzu, —xzu, +Xxy (x2+y2)uZ =0
(5)x(yz—zz)ux+y(22—y2)uy+z(x2—y2)uz =0
‘;J)SQLAJSMTAM U, +Xu, =Yy Aalalall Adaledl Ja 9)
Al
(@u(0y)=y* (b)u(ly)=2y
Al dbedl ol oy, =e ™Y su,=e* ol ;2 (10)
(ux +uy)2—u2:0
Al dd Ya el p =X eV oSy
Al i S Als da (1)
(y +u)u, +yu, =(x —y),u=1+x on y =1
O S Gadguy +uy =1 bl ALl gl ) a0 (12)
A Ay T g,

Al JS 83 haeall Olisiall au )
o4 YU, —Xu, ZOUJMQASSC.E_“J.;}.JYM;QAJQ (13)
U=y, x’+y?=a? sl

A 35S Jilsa e SIS s (14)

G
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(a) xu, —yau, =0, u—e* asy oo,
(b) yu, +xu, =0, u=sinx on x*+y?=1,
(c) —xu, +yu, =1for 0O<x <y,
u=2x ony =3X,
(d) 2xu, +(x +1)u, =y for x >0,
u=2y on x =1,
(e) xu, —2yu, =x*+y?for x >0,y >0,
u=x2ony =1

Al Ll bl aa i (15)

(uz—yz)uX +XyU, +Xu=0, u=y =x, x >0

red S Al da (1) (16)
u, +uu, =1, u(0,y )=ay
L g il i (1) 2 dabaall dall 2 5l (<)
x(s,0)=2s, y(s,0)=s? u(O,sZ):s

0
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o eyl el il ¥ 3l
951 sl Gl Gl

NONLINEAR FIRST ORDER PARTIAL
DIFFERENTIAL EQUATIONS

53_dall g dalal) Jslal) 1-3
General solutions and Singular solutions
Aokl jee 4 el Aalialall ca¥aleal)l QL 138 (& i jaia
e Agloalall Alabaall (5 at Laaie Al & 15814 gl <l
"Ace\_cu}au}&cz@\_a ).\:_1.«.."'}4-}4475 X,y()JS-\—uLA,"" O 2ia

3 sl
F(x,y,z,p,.q)=0 (1)
p=2 g = s cpg Ml imilhihs e Al Flu

OX oy
Jsmanll Sy Alialaill Aslaall oda Jia o J5¥I il 8 Wl
1z sl e e el )L

w(x,y,z,ab)=0 (2)
led (1) 5mall e Aalas JS ) 51 runaa (Sl () laaY i g
(2) by (any U

O gl e ‘(x,y,z)i\_laéjdja_b bt (1) Aaledl
O gp(p,q):Ou)u: ¢dtagil) ob.@.}ﬂ Lﬁj\ (Z)C}E.mj\ A.GJAA.A

©
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e n(p,g,—1)g2seal) slai¥) G yad daeYloda  p g daed)
(2) g skl

.(1)3A2lsll Complete solution alill Jall oy = shaall 538
Sl Jal) el Uy

Joadl ol Al () (5 i ¢(1)Ad0ball i) yeiaill 12y
‘w(x,y,z,ab)=0 7 sl Adabaa alag) () J s (1)4dalasll
ca,b (el L) o aaiaidy jladlalls y Cua

OS5 bl e de ganal GO e (g3 paall o) iis g
(2) 7 shal) Ao sanal G (b - shadl 038 (e S e Lpd e
Y (1) Adalaall s o yai (o s sl (1) Adalaell St iy
Jallda (2) g shanall (e Tand s 058 Y5 iy lia) Cul 5 e ading
Lala Sla a5 Jiise s 58 5 Singular solution 2_gell Jally an
iy s (2) Al 8 ca,b ol Aals oy ¢ el e iy
Jadl Lo Jpeanll (S dpalal) iulialiill i sbaal) 8 Zaiall 43 L)
(Ol (8 play—aa g () - 3l
AN Y alaall e g, b ol Caday 1 Y Ayl

v(x.y.z.ab)=0, 2o, Z"g’zo

el et X,y Lz a5 (X, Y,2) =048 e Jeans sl
.a,b (Csdaall jlaialy o) ol o gdaa

‘(1)4.:3_..4.\33!\ A loladll 38y y(x,y,z)zoj'_yad\ oS3

okl dal (s (XY, 2 ) = 04T ¢(2) g shandl e 5a S8

AU Y alaall (e p, g caday ASG) 48, Hlal)
oF oF

F(x,y,z.p.q)=0 <=0, & -0
(x,y.z,p.q) p. %

GO




A ) b ddadll e el Alualil N slad) A Joad)

NE p,q S PREA| }i).:"‘“j\s‘““j (D(X,y,Z ):05\51::@:_ (e
e ga 5 Sid 9(1)2\:\144\4?3!\ laleal) B8y 3aeall 138 LS
Aokl Jall sl ‘(2)@&@\

adle Jpanll (Said ¢(1)Aalaall General solution pladl Jal Lal
138 g, il 3 30s aa 58 Laie « (1) Adabeall JalSH Jal (1
sle paal (2)dalaall (U (Jualiill A4, HLaal Alls = y(a)<ils
3 seall
w(x.,y.z,ax(a))=0 (3)
i Al ddalaall (3)&3\.&&\ e @i (e pladl Jall iy Maie
Ak GO Qs ] a5 €@ o) Al (3)Adabad) Joualit
aaall il Ll & (3) 2 skl

Alaleall yie) | (Gaw e praa gl

22(1+ p2+q2):1 (4)
quL
(x —a)2+(y —b)2+22:1 (5)

LAY a,b eiel b (e aaing Cua (JalS Ja)J ¥ g il e ds
YA aall (5 S5l gl (4)2\_‘31.&.& J= (5) )
A illy (5) A balacall Jaality Ay sl o) il iy Al il

:olaix,y S

2(x —a)+2zz, =0
2(y =b)+2zz, =0
e
(zzx)2+(zzy)2+22:(x —a)’+(y -b)’ +z2=1.
Al Y alaall (5) Aalzall (e g, b B3 Aulidga (e
x—-a=0, y-b=0

©
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.a,b ) Aamailly Josliilly (5) Adabeall (e i C¥aLaall 52
2% =1 Ao Joans (5)2\Jql.ul\ = eYalaall 638 (e ¢ sailly
dalaa (e g (5) Y Abilal Cadlall ddabas & 7 =] o ¢ L
10l gl 5 7 =41 )
=0, z,=0

rCus ¢ (4)Aabaall iay 7 =41 A0 U ¢l e g

22[2X2+zy +1]:22[0+0+1]:1
Ualaall (313 Ja) S ol e a7 = 1 @D (O ixy 139
(4
Ladie ¢JUall Juw e ¢ prinilien ‘(4)2\131.;&\!(,\.; ol ( )
3 seall 3408 (5)dalanll (b ixie =g
(x —a)2+(y —a)2+22:1 (6)
il g anly sieh,b o il il S e dlile Jia Alaleall 538
ile Jani g (Al (6) b

—2(x —a)-2(y —a)=0

z

X

et
X +Yy
2
£ (6) < SUALL Y Alslae e Joanica oo (6) b omesnill

2 2
(x __x+yj +(y_x+y} +z%=1
2 2
Alslaall ; 815 03

(x —y)*+222=2 (7)
X,y Al (7) (s Jualilly sl aal

a=

@



A ) b ddadll e el Alualil N slad) A Joad)

2(x —y)+4zz, =0
—2(x —y)+4zz, =0
e
41z, =-2(x —y), 4zz,=2(x -y)
el an ills 2 e danally
4[(zzx)2+(zzy)1:2(x —y ) =4-47°
(e dhanilgiag
(zzx)2+(zzy)2+z2 =1
22[p2+q2+1]:1
Alal) Ll oy s ¢(4) Adslaall da 5 (7) CORN 06 sale

(b=a mh\;sﬂm)

duhall e Alealeil Aabedll dabiag 3l Jgla alay) Sy ddaadla
) 30 Le il HLidls DAT (e Jslall o3 aadalag) oS Y Cuny
- ATda IS el da e Jpanldl die 5 g b A LEaY)
Aaladl Jslall Ao gana (e (58 AT U5 (Ja JS 0Ly b Ly
olita s s Al Ja 138 (e Lpe Jemall 8 20 3L
0l 22 (p® +° +1) =1 Askaall S

(y —mx —C)Z:(l+m2)(1—22)
£ shdlie gena M Jia Jall 13 a5 Ja
(x —a)2+(y —b)2+22:1
.b=ma+c pailic

S
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8 jsaal) cilyiaiall oS 48y yh 2-3
Cauchy's method of characteristics
Aabdll jie A0 Hald) dalealatl) Adalaal) Jaddsy jla W ot
07 01
FIx,y,z,—,— |=0 (1)
OX oY
LS e A ulal B ) gy daiad g o85S ) a3 A8 Hhall o3a
OS2 Ema P (X, Y 0,2 ) Adaiills ey (2 (5 siualld diiria
ity Gzl sl W L) e d e (50 5 —anll 4 sl
i cganarBd aag b ) gy 22T c(po,qo’—]_)al__;\."\ﬂ
e O3SE A gana 4l L8 ¢Sallay (X, Y 0,2 g, Pg, Do ) 21 Y
tamall 13gd R IV &1 5all 8 (o siue (oS Agiia lacf ded
Plane ) siva jaaic M(X’y’z’p’q)ﬁ\&{y\hw oLd
3333 (Xg,Y 0129y Porlp ) 2lae Y il 13E R &1l (s (element

ZAREIN|

F(x,y,z,p.q)=0 (2)

-4aaill aie ddalall o.A.@J (JA\S:W L;m.ud\.\c;y‘ Y ol
P (X0:¥0:2Z0)

il e Jpuaall (2)ddabaall Ja oS4l 13

q=G(x.y.z,p) (3)

e JuaniLuld p ety A5G Xy 0,7, Aae Y oS5 larie
o8 '{XO’yO’ZO'p’G (XO’yO'ZO’p)} S Sima palic e sana
e ant it LSy aaly el s e e e panal
i walled A L Sessi e palie ) wd o sana
Al o g jie it il gl 038 (8 13gly P (X, Y g, 2o ) Adaiill
Loy il e Liny 13%0 (620 Lo yaall 13 Jie P ddadll aie

@



A ) b ddadll e el Alualil N slad) A Joad)

Jill LS ¢ p ddaiill aie (2) Adobaall (Elementary cone) 5!

Bl
\ Elementary cone

Plane element
i od szl §13) Anlidga (e
z=9(x.y) (4)
u—°‘ D@M&Q&Md\qu‘s g’gx’gydbﬂ\ S 13 g
2y S ) e ddas JS aie ulaal) (5 gl Gl cxy (5 sl
15 sl pualic de gana
{xo,yo,g(xo,yo),gx(xo,yo),gy(xo,yo)} (5)
i balla e § b Wl Gl adll yinie oo ganall ol s
301&"""5@“*5\55‘“5°(X01y019(xo’3’0))
Lalit) L oleal! el Lo 555 8 1l 5 S ool 1 (1 Yt
e 4hdi (K vie (uladd] paic HIS - Ldi 35 /3 (1) 4 i
Ableall 1Y) L 5 ssall Lulas Lo
Ay el )l 3 s o (2) A alaall el Sl eda al) 2 53 (Y]
Y alrall (8 e Jaie C 1) Al 8 heall lisialldlile ety Sl

A el L)

=X() y(t), z=z(t) (6)

Z(t)=g(x(t)y (t))os 1 ()@J\&@M\\&uu
w\m‘f;m( (), y'(1),2"(t))oradd) 05 ¢ Al
(P, —1)olai¥l o Lasas (x (t),y (t),2 (1))
z'(t)=p(t)x'(t)+a(t)y’(t) (7)

©
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gl (o a8 (X (1), y (1),z (1))l of i o JLL IS
tOU ¢(2)Adabeall ‘:J.AS.J\

F(x )y )z @).p0at)=0 (@

ile dani p Al dualdilly (7) (e

! d !

0=xX'()+ g v'(1) ()
iele dani p Al dualiilly (2) Gas
oF ,oFda_j (10)

op oqdp
101233 (7),(9),(20) s
d_X:d_y: dz 11
F, K pR,+aR (1)

C —inall ex (1), y'(t),2"(t) sosmaad) S 5o O (—iny 134
Suno t el L by i Al e B R R 4 gF, e el

x'(t)=F,, y'(t)=F,, z'(t)=pF,+qF, (12)
Cla Lile (o ¢(6) (s el Jlall Jofiadll alagy 4l ¢l <a
= (12) 2¥aladl Aalaact 04 p Qi&_.g;.p(t),q(t)

ol lae Y
: P, P P - p
t)=—x'(t)+—y'(t)=F +F,
PN
OX OX
p_oa_ofa) au g
oy oy ox X ay X

8F oF oF
F +—pPp+— +— =0
&z’ op Px oq %

&




A ) b ddadll e el Alualil N slad) A Joad)

robaas e b

p'(t)=—(F +pF,) (13)
role Sl ey Rl

q'(t)=~(F, +aF,) (14)

¥ alaadl 18 ¢ G Laa
x'(t)=F,, y'(t)=F, z'(t)=pF, +qF, (15)
p'(t)=-F, —pF,, q'(t)=-F, —-qF,

Joiatl (e Jomni Lglay | (2)ddsbaall 3 gl c¥slad) aas
ALl - sa ) ¢(4) A€l gl A el () 5 el
.(Z)MJLMH

dos sl (ol £ (2)Adolaall (58 Al e Joa L€y ¢0¥1
4 i) Ul SNl 13 T ity ey (5301 (2) Alalad
X =t9(2'), y =(p(r), z :7/(2') (16)
g (15) & 3paall ¥ aleall Ja e J gamnl (s osllaall Jal 138
ol ke ) 3 3aY)

Xo=0(7), Yo=0(), 2o=7(r) (17)
P,q o IS5 laliall A0 adll g x|y, 7 (e S4B a8 a
8Nl e (et

7' (7)=po0'(7)+009' (7). F(0.0.7.P0.00)=0
e (17) 385V b5 5l a3 (15) ¥alaall da o555 ¢13Sa
3 eall
x =X (t,7), y=Y (t,7), z=Z(t,7) (18)
s Ja e Jomni (18) c¥alaall (e t, 7 (30 siel Ll Cilay g
w(x,y,2)=05sall e (2),(16) &S
T sinially ey 52 (2)Aalaall LS selansll i yat Allaall o2

GD
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Albeall Jall a5 1(1) ke

1o,
= 20" 0 (p )0 )
X s g
o Al adll ol el s 1 dall
XOZT’ yon, 20:0, p0=0,q0=22'
o8 5 el Y aladl

d—X—p+q— d—y—q+p—x
dt AT

d

£=p(p+q—y)+q(p+q—><)

dp _ _y da_ _

L PHAY, =P X
d dp dq dy
—(p+q-y)=—+——-"=p+(q -
G PHaY) =gt g T P raY
—(p+q—-X)=p+q—X
dt(p q—X)=p+q

QU e

P+q—X :Clet’ p+q-Yy :Czet
A1 L g ) (e il 6 ¢ 0,
Xo=7,Y9=0, pp=0,q,=27,1,=0
;Qiéjjgégﬂhw
p+g-x =re', p+q-y =2
. P :2r(et —1), q :r(et +1)Q}é ¢13<a

e—* R

@



A ) b ddadll e el Alualil N slad) A Joad)

dx t dy t
ar _ _y=2 = X =
dtp+qyfe’dtpq e
dz
- P(Pra-y)+a(p+a-x)
= 47%! (et —1)+2'2et (et +1)
=57%? —3r%"
rsle Jeani Jalall
x:r(Ze‘—l), y:r(e‘—l),
5 ofa 2 (At
Z—Er (e —1)—3r (e —1) |
O anileiag
' -1 x X —Y
=—, T=
et -1 vy e!

2y —X

:cjc—m
z :%y(4x -3y)

Loyl iy oM e p2 4 g2 =n? JUSy dalas s aa 5l 1(2)Jbae
DS daloe ey <l n a7 (x,2¢ ) =1
5 geall Ao Aaladl) i g 1)
F(x,y,z,p,q)=p°+q*-n®=0
g el )Ll 3 ) peall o (arall il

X=r,y=2r, z=1
5 aall Y aladll e Jiass Luild

©
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2n n
=r, Yo=2r 2071 po= 20 gy
sle Joand (Ailaia ¥ o g Al Gaadal 5 8 el ¥ aleall o2 JalSS,y

2n n 2n n
X=r+—=t, y=2r———t, z=1+2n%, p="2, q=—"r
T+\/§ y =21 7 + p N g N
.z :1+2—\/%(2x—y)ﬁng\d;J\Q}AsL€;“

439) gial) e alaal) 3-3

Compatible equations

Ol JW

F(x,y,z,p.q)=0 (1)
G(x,y,z,p.,q)=0 (2)

¥ ot AN Ja oo Laalaa Ja JS 1) o) gia Lagil
O ) ) e lilabaal) ) 85 Lgliaty Al da g 30l e Gaa

_Oo(FG)_|F Gy
I ?
e Jslall (S5l p g b Jal AL o 55 (1), (2) ¥ aleal) (S
3 sl
p=¢(x.y.z), a=wy(x,y.z) (4)

olo il (8LS, 68 gia 5l (1), (2) ¥alaall o 33U oyl
Ol Alalae 0 585 O ey 138 JlSaIALIE (4) Y alaal

gdx +wdy —dz =0
OS5 Galsy Aalaa () lad (IS Ll (1) Aok (e, Jalill AL
o il sdas Jadd 13) 5 13) JelSall 448

<




A ) b ddadll e el Alualil N slad) A Joad)

$(—v, ) +vwd —(vx -4, )=0
Alsbaall ;81K 4, sLuciall 038
b, +vd, =y, + Py, (5)
Y alxall @(4)&‘!3&.«!\ e P,g os ol e Al dga (g
tle duand x, 7 (G Al dualdill 5 (1),(2)
F+Fg + Ry =0, F, +F,¢, + Ry, =0
Gy +G e +Gqpy =0, G, +G ¢, +Gyy, =0
o)) i (Y alaall 028 (e g
Fy +¢F, +F, (4 + o9, )+Fq (wy +ov, )=0
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