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Calculus 11 Chapter |

CHAPTER |
Indefinite Integral

Introduction

When our study calculus, focused our attention on the operation
differentiation, i.e. defined and use of derivatives function this side of the
topic called "Differential Calculus".

Now we will study the second part of the calculus, which is called "Integral
Calculus™ .

Example

We saw in the calculus that if the s(t) the distance traveled by a moving
object in a time t, the instantaneous velocity v(t) be equal to the derivative
distance s (t) any that v (t) = s '(t), which he credited to velocity v, we
simply discover which distance s (t), but may happen to be known for is
our function velocity v(t) and calculate the velocity s, in such a case be
known to us is derived s'(t) is required to find the function s(t), and this
inverse operation of the differentiation.

In other when we studied the differentiation derivation functions in certain
intervals given the known range of the function, will study here reverse
operation to process differentiation, in the sense that if we gave a function f
(x) on the open (a, b) is required to find another function F (x) on the same
period so that:

F'(x) =f(x)
We will review here the most important basic rules that we studied in the

calculus, and will symbolized the symbol D derivative function, in the
form:

Df(x) = d/dx f(x) = ' (x)
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If the functions f (x), g (x), h (x) the differential functions then the
following are true:

1- Differential of summation functions

D[f(x) £ g(x)] = Df(x) £Dg(x) =" (X) =g " (X)

N
1

Multiplying the differential function in a fixed amount

D[cf(x) ] = ¢ Df(x) =c T’ (x) c is an arbitrary constant

w
1

Differential of multiplication functions

D[f(x) g(x)] = f(x) Dg(x) + g(x) Df(x) =f(x) g " (x) + g(x) T " (X)

N
1

Differential of quotients of two functions

f(x) | _ g(x)Df (x)— f(x)Dg(x) .
D - , 0.
{ g(X)} EI68)§ 90)

The chain rule
If y=f(u) since u=g(x) and y=f(g(x)) then

dy dydu du
)y _ ST f/ b fr ’
i du dx (u) i [9()]9'(x)

Result:
If y=f(u) since u=g(v) and v=nh(x) then

dy _ dy dudv
dx dudvdx
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Differential of inverse functions

If y=f(x) then x= f*(y) and say the inverse function for ﬂ,

dx

the relations : Q=L )
dx dx/dy

dx
dy

For example, differential inverse trigonometric functions and inverse

hyperbolic trigonometric functions.
Differential of parametric functions
If y=f(t) and y=g(t) then

dy _dy/dt _ g
dx  dx/dt  f(t)

Differential of some special functions

(1) D(c)=c'=0
(2) DX"=nx"'= Du" = a1 94
dx
(3) Dsinx =cosx = Dsinu = cosu%
X

(4) Dcosx = —sinx = Dcosu = —sinug—u
X

d
(5) Dtanx =sec’x = Dtanu =sec2ud—u
X

du
(6) Dcotx = cosec’x = Dtanu = —coseczud—
X

du
(7) Dsecx =secxtanx = Dsecu = secutan U
X

du
(8) Dcosecx = —cosecxcotx = Dcosecu = —cosecu cotud—
X

a>0, a=zl

= D log,u = 1 du.

1
9) Dlog, x ==log, e = - =
9) % X % x Ina ulna dx
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(10) DlInu =13—u log,e=Ine=1; a=e
u dx
X X u u du
(11) ba* =a* Ina=Da" =a Ina&
(12) De* =e" = De" =¢" d_u
dx
. 1 . 1 du
(13) Dsin*x=—— = Dsin'u= ———
V1-x? J1—u? dx
-1 -1 du
(14) Dcos'x=——— =>Dcos U= ————
V1—x? J1—u? dx
(15) Dtan*x = ~= Dtan"'u = %@
1+Xx 1+u® dx
(16) D cot™x :1_12 = D cot™u =1_1zj—u
+X +U° dx
1 +if X >1
17) Dsec*'x =+ ———
a0 xx?2 -1 {—if x <—1
1 du +if X >1
=Dsectu ==+ —
uu?—10dx {—if x <-1
-1 —if Xx>1
18) Dcosec'x =F
a9 XV X2 -1 {+if x<-1

— Dsec’u=7F

-1 du {—if X>1

u«/uz—la +if X< -1
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Properties of Indefinite Integral

Suppose that f (x) ; g(x) two integrals function then, we have

1- j cf (x)dx:cj f (x)dx
2- j [f(X)+g(x)]dx = j f (X)dx £ j g(x)dx

Some properties for the indefinite integrals:

Power rule

jxrdx = ix”1+c; r+-1
r+1

Example:
Find the following integral

[(6x*-10x FT 4y
X

2Jx

Solution :

1

&)dXZ 6'|. x4dx—10'|. x*dx -+ 7jdx+%j x_%dx

[(6x* —10x° +7+

then we have

1 —=. 6. 10 :
6J.x4dx—10_|. xzdx+7jdx+zj X 2dx=§x5—€x3+7x+x2

and
1
J'(6x4—10x2+7+i)dx = gxs—%)x3+7x+x2 +C

2%
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Example:
Find the following integral [6x(5—x)dx

Solution:

j6x(5—x)dx=6.[(5x —X ?)dx :6(gx2 —%x3)+c =x*(15-2x)+c¢

Example:
Find the following integral j’[4t —3)/t3]dt
Solution:
We see that
4-3 . ¢ 4 3.._ ., e a1 3.,
| = dt = | (t—z—t—s)dt—4jt dt—3jt dt=—4t" -2t ?+c
:(__4_i)+czﬂ+c
t 2t 2t?

Generalized power rule

“ Jo' (x).g'(x)dx - Logr e re-t
r+1

Example:
Find the following integral [4x*5-x’dx
Solution:
Put the g(x) =5-x* we see that
1
92(x).g'(x) e r :% we get

j 4x2\5—x3dx = 4 j (5- x3);(—3x2)(—%)dx =—§ j (5- x3)%(—3x2)dx

1 3
= —%(5—x3)2 1(§)+c = —S(S—XB)Z +C
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Some different rules for integral functions which can be written as follows:

(1)dex_ X yc o rz-1
+

() Igr(x).g’(x)dx: g (x)+c ; r=-1

(3)jd_x":|n|x|+c

@ [ $2=mlgm] e
(5) J' efdx=e* +¢
(6) J' e?@g'(x)dx = %™ +c

(7) _[ sin axdx :_—1c03ax +C
(24

(8)_[ COSaXdX=£SinaX+C
o

(9)_[ seczaxdx:ltanax+c
a

(10) I cosec’oxdx = —lcotax +C
(04

(11) J. secax tan axdx = lseCOzx +C

(94
(12) _[ cosecaxcotaxdx = —icosecax +cC
[94
dx . X
(13) j—:sm‘l—+c; a>0
Ja? —x? a
—ax X
(14) J'—:cos’l—+c; a>0
Ja®-x?
(15) J.angX2=§tanl)f;+C a=0
_l’_
—dx 1 1 X
(16) J. —— = —Cot™ —+¢; az0
a+x a a
1 1 X
(17) j =% —+c a<x
\/x -a’
1 1 X
(18) J' — = Cosec” —+c a<x
\/x -a* a
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Examples :

Example:
Find the following integrals

@) ot

(i) [ (x+5)dx
(iii) | (ax+b)dx
(iv) j (3x* —8x)dx

(v) [ b(x—a)dx
5

(v) | ox

Solution:
Now, we find the following integrals

(i) | dt=t+c
(i) j (x+5)dx = %x2+5x+c
D) j (ax+b)dx= I axdx+bj dx= %x2+bx+c

: 2 — 2 ol gl
(iv) j (3x* —8x)dx= BI X dx—8'[ xdx = 3.§x —8.§x +C
= x*—4x° +c¢

(V) j b(x —a)dx = b(j xdx—aJ. dx) = b(%xz—ax)+c: %bx(x—Za)+c

. 5 5 5
(vi) J de: Ej dx= ﬁx+c



Example:
Find the following integrals
(i) _[ ar’dr
(i) [ @®>+t+5)/7dt
(i) j 4% *(x +1)dx
(iv) | (y+57°dy
SN
V) [ IxeC+ 1
: : 4
—dt
v) o[
Solution:
Now, we find the following integrals
(i) [ ardr=zf rfdr=ar+c
. _1l,¢ ., _ 1ttt
(i) j (t3+t+5)/7dt—?(jtdt+j tdt+5jdt)- 7(Z+Edt+5t)+c
(i) j 4x *(x +1)dx = 4_[ (x* +x*)dx = 4['[ (x3dx+j x2dx]
_ox x® _ 1 4.
Z4—+—]+c= X" +=X"+C
4 3
(iv) j (y+5)*dy= %(y+5)3+c
or
j (y+5)2dy=f (y* +10y + 25)dy = %y3+5y2+25y+c
3 1 — 4 4y, — 1 5 1 2 1 -3
(V) I [x(x +1)—?]dx— 'f xdx+J.xdx—J. x*dx = EX X +§x +c
1
. 4 1 t2 1
i) | Idt: 4f tedt= 4 +c= 8P +c= 8Vt e

2
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Example:
Find the following integrals

(i) % [ va—9xax

5x? —12x —10
[

(i) i

(i) [ Jy@y+17dy
(iv) j (3—4x)2dx
(V) j (3x +4)°dx

(vi) j (8x—6)(4x2 —6x)°dx

(vii) | [x+ 3) ~1dx
(viii) j y1/2y —1dy
Solution:

Now, we find the following integrals

(i) %j JA—oxdx=1 | (4—9x)%(—9)(—1)dx
———j (4- 9x) (-9)dx

=_ Loy 2c
18( ) 3

=—i(4—9x )¥2 +c

5x?-12x—10
T

(i) dx ‘5Ix’2dx 12j xdx — 10'[x4dx

5 . 12 , 10 ,

_ —15x* +18x+10
= 3 +C
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1
(ii)) [ Jy@y+1dy=] y?(9y’ +6y+1dy
5 3 1
= 9I y2dy+6j yzdy+I y 2dy
_18.7,60) 5 2

2 + +—-y2+cC
7y 5y y

= \/_(—y +—y +2 y)+c
(iv) j (3—4x)2dx = j (3—4x)12(—4)(—z)dx

= () (-4"(-4)0x

- (—m)(g 4X)13+C

= —5(3—4x )2 +c

V) | Gx+a)dx = % [ Bx+4) (@

=_1 (3x+4)° +c= —i(3x+4)’5+c
3(-5) 15

(vi) j (8X — 6)(4%* —6x)%dx = j (4x 2 —6x )*(8x —6)dXx

= l(4x2 —-6x)* +¢

(vii) j [x+ ——Jdx= I xdx+_[ —]dx

(4x +3)?
x2+ZJ. (4x +3)?(4)dx

)

NI~ N

x2+i(4x+3)’1+c =l 1
4 2

(viii) [ yy2y’—1dy=] (2y*-1)?ydy

= 1] 2y -1 (4y)ay

3

(2y° —1)2(§) ve

ol ML, M

3

(2y? =12 +c

AR

+C
4(4x +3)
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Integrals of Logarithmic & Exponential Functions

Example:

Find the following integrals
(1) j e*dx
(i) _[ e™dx

(iii) j 2e¥*%dx
(iv) j (e* +e7*)%dx

Vv [(ex - Xe_x)]dx

(vi) jescosesds
(vii) jes"‘xcosxdx

Solution:

Now, we find the following integrals by the above rules

(1) J' e*dx=e" +c

.. 1

1 e¥dx= —e* +c

(i) [ evax= -

Thus

_[ eaxdx=£.|' e¥adx= leaX +C

a a

1

i 26 2dx =2 e**23(2)dx

(i) | [ &30

= EI 6% 23dx= 2 ™23 4 ¢

3 3

(iv) j (e” +e’x)2dx=j eZdx + ZJ' dx+j e 2dx

VY
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v) | e dx= [ (L+e ™ )ox
eX
—2X X =X
= I dx +ZI ePdx = x+5_4+c= 2 ® ¢
-2 2e”
(vi) j e’ cose’ds = sine® +c¢

sin x

(vii) j e*"*cosxdx = ™" +¢

Example:

Find the following integrals

. 2X
I dx
0 -[ x> +3
. 4
1 —
(i 3t-11
4x
i dx
(1) J x> +3
. u+1
iv _
(V) -[ u®+2u+11
sec’ @
V -
V) -[ a+btane
Solution:
Now, we find the following integrals by the above rules
(i) J X_dx=In|x?+3]+c
x> +3
. 4 4 4
I —dt= - dt= —In|3t-11]+c
() ] 3t-11 3I a1 3" |
4x 2X
i dx= 2 dx= 2In| x* +3]|+c
(i) -[ X*+3 I +3 | |
(iv) _[ Zu;l = —I U2 = lIn|u2+2u+11|+c
u®+2u+11 u’ +2u+11 2
2
(V) _[ 60 4y —_[ sec’ 0 = 1In|a+btan6?|+c
a+btane a+btan6? b

VY
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Integrals containing trigonometric functions and inverse
trigonometric

Example:
Find the following integrals
(1) j sin2xdx
(i) j 3cos3i o
(i) J' sec?(—2y)dy
(iv) j bcosec’axdx, a=0
(V) j \Jcoss sinxdx
(vi) j xsinx?dx

(vii) _[ sin’tdt

Solution:

(i)

(i)
(i)
(iv)
(V)

(vi)
(vii)

Now, we find the following integrals

j sin2xdx= _?lCOSZX +C

_[ 3c0s3d@ = sin30 +c
j sec’(—2y)dy= —%j (-2)sec?*(—2y)dy = —%tan(—Zy)+c
j bcosec’axdx= bI cosec’axdx = _?bcotax+c
1 2 3
j Jcosxsinxdx= I (cosx)zsinxdng(cosx)2 +C

j xsinxzdlej sinx?(2x)dx = _Leosxtic
2 2
_[ sinstdtZI sinztsintdt=j (L—cos’ t)sintdt

] ] 1
=I smtdt—j cos’tsintdt=cost +§cos3t +C

V¢
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Example:
Find the following integrals
0 1
W
(i) | «/;i(_xz
(iv) J‘%dx
Solution:

Now, we find the following integrals

. 6du du 1. .u
(1) _[ = 6I = 6.=tan l§+c

9+u’ 3 +u’ 3

. 6d 1 6d 1 6d 6,1 _
(i) j 1+9y2:§j i y :5 i y :5(%tan1%)+c

y oty Q)+’

9 3

= %tan13y +C
dx . 1 X
ii ———=sin'—=+c¢
(i) [ ] 73
: sin2x . = .
(iv) | —==——dx= —| (3-sin®x) 2(-2sinx cosx )dx

I V3 -sin®x I

1
=—(3—sin’*x)2.2+c

= —2+/3=sin’Xx +¢
Since
Sin2X = 2SINXCOSX .
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Integrals of Trigonometric Functions

(i) [ sinxdx = —cosx+c

(ii) [ cosxdx= sinx+c

(iii) [ secxtanxdx= secx+c

(iv) | cosecxcotanxdx= —cosecx+c

sec® xdx= tanx+c

(v)
(vi)

cosec’xdx= —cotx+c

S S S

T — ¢ sinx , _ dcosx
(VII) tanxdx—j ——dx=
COSX COSX
= —In|cosx |+c =In|secx|+C
— [ COSX , _ dsinx _ .
(VIII) 'f Cotxdx—f _—dx—j —— = In|sinx|+c
sinx sinx
: _ [ Secx+tanx _ sec’x+secxtanx
(ix) j secxdx= I —secxdx—'[ dx
secx + tan x secx + tan x
— ¢ d(secx+tanx) _
= j = In|secx +tanx |+C
Secx+ tan x

Cosecx — cotx _ ¢ COSec’x —cosecxcotx
—cosecxdx—j dx

cosecx —cotx cosecx —cotx

— ¢ d(cosecx—cotx) _
= J. = In|cosecx +cotx |+c
C0Secx — cotx

(X) j cosecxdx= |

Generalized Integrals of Trigonometric Functions

j sinf (x)f ‘(x)dx = —cosf(x)+c

cosf (x)f '(x)dx = sinf (x)+c

secf (x)tanf (x)f '(x)dx = secf (x)+c

cosec f (x)cotan f (x)f '(x)dx = —cosec f (x)+c
sec’f (x)f'(x)dx = tanf (x)+c

cosec’f (x)f '(x)dx = —cotf (x)+c

— e

V1
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Also,
sinx d cosx )
j tanxdx=J —dx:J' = —In|sinx|+c=In|secx|+c
COSX COSX
COSX dsinx .
I Cotxdx=_[ _—dx=I - = In|sinx|+c
sinx sinx
secx + tan x sec® X +secxtan x
j secxdx=_[ —secxdx:I dx
secx + tan x secx + tan x
d(secx + tan x
=I ( ):j In|secx +tanx|+c
Secx + tan x

COSecx —cotx COSEeC’X — COSecx cotx

cosecx — cotx
_ J- d(cosecx —cotx) _
cosecx — cotx

j cosecxdx= I
COSecx — cotx

[ In|cosecx—cotx| +c

Integrals of Hyperbolic Functions
(i)

(i)
(iii)
(iv)
(V)
(vi)

sinhxdx = coshx +c

coshxdx= sinhx+c

sechxtanh xdx =-—sechx +c
cosechxcothanxdx= —cosechx+c
sech’xdx= tanh X +c¢

cosech?xdx= —cothx +c¢

[ S S S S S S S—

(Vii) tanh xdx= j sinhx dx:j d coshx

coshx coshx

= In|jcoshx |+c

(viii) j cothxdx:j C?thdx:I d?.lnhx: In|sinhx | +c

sinh x sinh x
(ix)

2
J- sechxdx:I sec hx +tanh x sech xdx :I sech”x + sechxtanh x «
sec hx +tanh x sechx + tanh x

h h
= I d(sechx+ tan X): In|sechx +tanhx |+C
sechx + tanh x

\R%

cosecxdx:_[ dx
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cosechx —cothx

(X) | cosechxdx = | cosechxdx

cosechx —cothx
— J cosech®x — cosechxcoth x
cosechx —cothx

_ ¢ d(cosechx—cothx) _
= .[ = In|cosechx +cothx |+c
cosechx —cothx

dx

Also,

[ sinhf (x)f "(x)dx = —coshf (x)+c

j coshf (x)f '(x)dx = sinhx+c

_[ sechx tanhx f '(x )dx = sechx+c

j cosechx cothx f '(x )dx = —cosechx+c

J' sech?x f ’(x)dx = tanhx+c¢

j cosech?x f '(x)dx = —cothx+c
Also,
j tanh xdx:_[ z(i)n;;]))((dx:j dcc(;)c;f]fl(x: —In|sinhx|+c=In|sechx|+c
j cothxdx:_[ z?;:;(dx:j d;:]r;hxx: In|sinhx|+c
s [ S

j cosechxdx= j

_ J- d(sechx+ tanh x) —
sechx + tanh x
cosechx —cothx

cosechx —cothx
_ J- d(cosechx—cothx) _

cosechx — cothx

I In|sechx+tanh x| +c

_ ¢ cosech®x —cosechxcothx
cosechxdx—j dx

cosechx — cothx

j In | cosechx—cothx | +c

YA
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Integrals squares of Trigonometric and Hyperbolic Functions

. . 1 _1

(I) I sin®xdx = J' E(l—cost)dx—E(j dx—J' €0S2xdx)
= %(x —%sian)+c

. _ 1 _1

(i) j cos’ xdx = J. §(1+c052x)dx—5(j dx+J' cos2xdx)

(x +%sin 2X ) +C

N |-

(iii) I tan® xdx = I (se® x—1)dx= tanx—x+c
(iv) _[ cot’ xdx = I (cosec’x —1)dx= cotx—x+c

- ] 1 1.1 .
(\Y; sinh?xdx = | =(cosh2x —1)dx = =(=sinh2x —x)+c¢
(iv) | [ 5 Jox = 2 )

1 1,1 .
Vv cosh’xdx = | =(cosh2x +1)dx = =(=sinh2x +Xx)+c
v | [ 5 = (- )

(vi) j tanh? xdx = j (1-sech?x)dx= x—tanhx+c
(Vii) | coth”xdx = [ (cosech®x +1)dx = —cothx+x+c

Integrals Multiplying of Trigonometric and Hyperbolic Functions
(i) [ sinaxcosbxdx :%j {sin(a + b)x + sin(a — b)x}dx

zi{cos(a+b)x+cos(a—b)x}+c’ azb
a+b a-b

2
(i i) j cosaxcosbxdx = %J. {cos(a+b)x+cos(a—b)x}dx

zi{sin(a+ b)x . sin(a—b)x

}+c, a=b
2 a+b a—-b

(iii) I sinaxsinbxdx :%J. {cos(a+b)x —cos(a—b)x}dx

_ 1 ]sin(a+b)x +sm(a—b)x . axb
2 a-b a+b

V4
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(iv) j sinhaxcoshbxdx :% j {sinh(a + b)x + sinh(a — b)x}dx

:l{cosh(a+ D)X cosh(a—b)X}N, azb
2 a+b a-b

(v) j coshaxcoshbxdx = % j {cosh(a + b)x + cosh(a — b)x}dx

:l{smh(a+b)x+smh(a—b)x}+c, azh
2 a+b a-b

(Vi) j sinhaxsinhbxdx :%J. {cosh(a+b)x—cosh(a—b)x}dx

:£{3|nh(a+b)x+smh(a—b)x}+c, azb
2 a-b a+b

Integrals of Inverse Trigonometric Functions & Inverse
Hyperbolic Functions .

ON =sin?X+c,  |xka
\/a —x?

(i) | = +x ——tan g+c | x|~ a
:1 1 X

(iii) | ﬁ _sec’o+c [xpa

(iv) | —S|nh1—+c

\/x +a’
V) [ = ——tanh X

a®—x* a
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Some rules of the integrals

Suppose that the following relations :

J- dx J- dx
ax’ +bx+c ’ Vax? +bx+c
Example:

Calculate the following integrals

. dx

(I) I x? +2x+10
.. dx

(i j V5 +4x—x?
dx
(i) -[ x? +4x+13
Solution :

. dx — d(x+1)
(I)J. 2 -[ (x+1)?*+9

(III)I 1 2xdx J~ (2x+4)-4 4
x° +4x+13 21 ¥ +4x+13 X’ +4x+13
— _J~ _(2x+4) —J #dx
X2 +4x +13 (x+2)°+9
A X+2

= lIn(x2 +4x+13)——tan ~—_—+c.
2 3 3

AR
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EXxercises :
(1) Calculate the following integrals

1) _[ (x* +5x* =1)dx
(2 j (3—2x—5x")dx
(3) I (X + 2)(4x + 3)dx
@) | (¢ -1’dx

(5) j (\/;—x+%)dx

dx

©) | 1

@+ x)E
(L+~/x)dx
™ | Tx
(8) | (x(B—x)dx
(9) I dx

X+3

(10) j V2x —1dx
(11) J‘ dx

2X+3
(12) J- (x=1)dx

X+1
(13) _[ x(x? +1)2dx
(14) j Xy X* +1dx

(15) '[exz dx

X3

e2x

(16) J' ———dx

e +3
(17) j (X +1)

—7__dX
VX3 +2x—4

Yy
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(2) Calculate the following integrals

( )J‘ sinx

1+ cosx

(2 I sin2xdx
(3) I "2 cos2xadx
(4)I sinx~/cosxdx

(S)I (1+sin5x)° cos5xdx
sin2x
(6)j 1+sin2xdx

cosec?x
7 dx
( ) -[ 1+cotx

(8).[ (sinlnx))fcoslnx) dx

(9) | tan’xsec® xdx
(10) j sec5xadx
(11) j cosec’xcot? xdx

(3) Calculate the following integrals

(1) | sech(2x—1)dx
(2) I cosech2xcoth5xdx

(3) J. cosh’ idx

(4x+1)sech (2x* +1)
4 dx
@] \/3+tanh(2x +X)

smhx
(5)-[ cosh* x

(6) I coth® 2x cosech® 2xdx

Yy
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(4) Calculate the following integrals

dx

Va-x*

dx

x> —4
dx dx

4+x°
dx

V9x* —16

dx

NIx2 +16
dx

6 a0

(©) I Xv/9x* —16

(x+1)dx

7

() '[ Xy X* —9

sin8xdx
8
(8) -[ 9 +sin®4x

) J- sec” xdx
VJ1—4tan?x

dx
J. V2x2 = Tx+5

J- (3x—4)dx

(1) V2x2—7x+5
(12) | /%dx
dx

(13)

dx

@ |
@ |
@) |
@ |
) |

dx

(10)

-[ 40+ 6% — X°
(x+4)dx

(14) -[ 84+8x—x?

J. (2X+3)dX

15 S b e S
(15) N24+6x—X°

v¢
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(5) Calculate the following integrals

(1) | sin®xdx (2) | cos®xdx

(3) 'f sin” xcos® xdx (4)I tan* xdx

(5)_[ sec’ 2xdx (6)I sech*2xdx

(7) I cot’ 2xdx (8)I sinh® xdx

(9)_[ cosh3gxdx (10) 'f tan® xsec” xdx.

(6) Calculate the following integrals

VX2 -9
dx
X

@ |

(EVSE

3]

(9+x%)2
@ | ng__xzdx
®) | . hdx
(6) V3—-2x—x"dx

(8) j (x—3)v10+ 6x — x*dx

@) | \/%dx

10 j(4 9x )2

(11) j\/4coshx—coshzxsinhxdx

(12 |

dx

VX2 =2x
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(7) Calculate the following integrals

(1)_[ 3(x+gx3)dx

(2 j x(2x —3)dx

(3) j (3x® —8x)dx

@) [ (x/x—24x-3)dx
(S)I 3xX(L+~/x)dx

(6) [ (2°(4-22)+6)dz
@) I cr(a+r?)dr

1
(8)_[ 3(x+5+7)dx
(9)_[ (3x7? +Ex‘5)dx

(210) | (w- \/_)dw
1) | (7zdz
12) [ “lau

u3

(13) [ (x+ %)de
(14) j u®(u®+3)°du
(15) j 3x*(x* —10)dx
(16) j 3x(x* +6)°dx
(a7) j (x* +6)°dx
(18) j (x+\/T)dx

19 [ 5

dt
(20) | .

(21) j (622 +5)(62° + 5z —1)*dz

¥1
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(8) Calculate the following integrals

(1) J. eax+bdx
(2) I e"* cosxdx
@[ 3

(@) [ et

e*dx
5 Al
®) J. 1+e*

8x+10

(6) J. —————dx

2x? +5x
(7)j l—smxdx

X+ COSX

Yv
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CHAPTER |1
Methods of Integration

Integration by Parts

The integration by parts is important in the field of integration and can
be written rule derivative the product as follows:

DLF(x)g(x)] = f(x)g'(x) + g(x) F'(x)

This means that f(x)g(x) is antiderivative for right hand side and

F0g() = F()g'0Jdx+ [ g(x) f'(x)dx

Also, we can write:

[ 1009 (9dx = F()g0) - [ g F'(x)dx (1)
If we put u= f(x), v=g(x) then
du = f'(x)dx, dv = g'(x)dx

Thus the formula (1) can we written as follows
j udv = uv—j vdu (2)

Thus we get the formula (1) and (2) are true for f(x),  g(x) which have

two derivatives are continuous , which is the main methods for integration
by parts.

Example:
Find the following integral

j Xcosxdx

YA
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Solution :
By integration by parts we get

u=Xx, dv = cosxdx
du = dx, vV =sinx+c,

From the relation (2) we get

f xcosxdx=x(sinx+cl)—j (Sinx+c,)dx=XxsinX+CoSX+C

Note :

It should be noted that the constant integration c, in the previous example,
which shows of the end of integral .

Example:
Find the following integral

'f x*e*dx
Solution :
By integration by parts we get

u=x2, dv = e*dx
du = 2xdx, v =g

By substituting in integration by parts we get
j x’e*dx = x’e* — ZI xe*dx (*)
again we used the integration by parts we have

X

j xexdx:xex—f e*dx= xe* —e* +¢

By substituting in equation (*) we get
_[ x2e*dx = x%e*- 2(xe* —e*)+c= (X* —2x+2)e* +¢

Ya
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When we used the integration by parts there exist several method to chose

u and dv as follows :

(1) u=x, dv = xe*dx
(2) u=1 dv = x%e*dx
(3) u=xe, dv = xdx
(4) u=e*, dv = x?dx

Each of these choices, we find
udv = x%e*dx

From which we have

u=e*, dv = x?dx
du = e*dx, dv = 1x3
3

Thus

J. x2e*dx = lx3eX —lj x3e*dx

3 3
Example:
Find the following integral
j tan xdx

Solution :

By integration by parts we get

u=tantx, dv = dx
du = dx2, V=X
1+x

Thus we have
xdx

1+ x?

_[ tan " xdx = xtan " x —j

dx= xtan™ x—%ln(1+ X?) +C
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Calculus 11
Example:
Find the following integral
j e*sinxdx
Solution :

By integration by parts we get

u =sinx, dv = e*dx
du = cosxdx, v=ege

Thus we have
j e*“sinxdx = exsinx—j e* cosxdx
Another time by integration by parts we get
U =CosX, dv =e’dx
du =—sinxdx, vV =g
Thus we have
j e* cosxdx = e* cosx+f e* sinxdx

and

_[ e*sinxdx = e*sinx — (e* cosx+I e*sinxdx)

= e*(sinx —cosx) —_[ e*sinxdx

2[ e*sinxdx = e"(sinx—cosx)

. 1 .
_[ e’ sinxdx =EeX (sinx —cosx)+c

A
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Integration by Trigonometric Substitution

The integration method for compensation one of the important ways
to resolve many of the issues of integration and through an appropriate
compensation and now write

sin?x+cos’x =1
tan® x +1=sec’ x
tan’x =sec® x—1
cot’ X +1 = cosec’x
cot’ x = cosec®x —1

Example:
Find the following integral

j sec’ 2xtan 2xdx

Solution :
To solve this integration we write

I:I sec“2xtan2xdx=j sec’ 2x(sec2x tan 2x)dx

and using

Ig”(x)g(x)dx:%m ; n=-1

we get
I= %j sec’ 2x(2sec2x tan 2x)dx

= %.%(sech)“ +c :%(seCZX)4 +C
Example:
Find the following integral
j tan® xdx
Solution :

To solve this integration we write

Y
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j tan3xdx=j tan? x tan xdx

= j (sec® x —1) tan xdx

I sec” xtan xdx—j tan xdx

1 sinx 1
—tanzx—j = Zdx = —tanzx—ln|cosx|+c
COSX 2

Now, we introduce the following some important trigonometric identities

COSXCOSY = %[cos(x +y)+cos(x — y)]
sinxcosy = %[sin(XJr y) +sin(x - y)]
cosxsiny = %[sin(x+ y) —sin(x —y)]

sinxsiny = %[cos(x— y) —cos(x + y)]
C0S2X =C0S* X —sin®x =2c0s*x —1=1-2sin’x

cos’x = %(1+ oS 2X )

sin’ x :%(1—c032x)

Sin2x = 2SiNXCOoSX.
Example:
Find the following integral

I €0S2xcosbxdx

Solution :
To solve this integration we write

j €0S2XC0S5xdx= %j (cos7x+ cos3x)dx

= isin X +lsin3x +C
14 6

Using
VX% +a?, a’+x?

we get

Yy
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X
J. vai+xfdx=sint=+c

a
Now using the following relations
X = asinx, X = aSecx,
and
1-sin®x =cos’ x; tan® x +1=sec’x;
Example:
Find the following integral

XZ

Solution :
To solve this integration we write

put x = asind where —%ses%

Ja? —x? =+vJa?—a?sin?0 = av1-sin?6 = acosé

Then
J- \/a -x? J- acosé

a’sin’6

————acos&dég

I cot’ Ao = I (cosec’d —1)d@

X =atanx

tan’x =sec® x—1

a>0

I cosec’aé — jde = cotd—60+c

Therefore x=asind and sind== X Wwe have

a
a
X
a?—x?
va?-x* a’-x> .
I —2dx=— —sinT—+c¢
X X a

Ye
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Example:
Find the following integral

1
_[ dx

3

(xX* -1)?

Solution :
To solve this integration we write
put x =secd where dx =secOtan&d 9

X2 —1=+/sec?@—1=+/sec?0—1 = tan @

Therefore
1 secftand
J- 3 dX:J. —3d9
(¢ —1)2 tan” o
= [ 2204
sin“ @
_ 1
- ——++C
sin@
=X ¢
VX2 -1
Integration by Partial Functions
Example:
Find the following integral
1
[ —
(x=D(x+2)
Solution :

To solve this integration we write

1 1 (x+2)-(x=1 _ 3
(x-1) (x+2) (X-D(x+2) (x-1)(x+2)
i.e.

(x+1) 2 1

(x—D(x+2)  3(x—1)  3(x+2)
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Integration by Substitution

Example:
Find the following integral
dx
| o
Solution :
To solve this integration we write
Put x=u?
J- dx ,[ 3udu _ I 3du
x—x*3 u®—u* u(l—u)
and
3'[ :BI (1+ 1 ]du: 3(Inju + Inl—uf) +c
u@@—u) u (1-u)
u ye
= 3In——{+c= 3In| - |+c
u-1 1-x03
Example:
Find the following integral
_[ dx
1+ cosx
Solution :

To solve this integration we write
j (1—cosx)dx J- (1-cosx)dx

(1—cosx)(L+ cosx) 1-cos’ X
I (1-cosx)dx cosx)dx
sm X
:.[ (coc?x —cosecx cotx )dx
= —cotx+cosecx+c
Example:
Find the following integrals
X+3
(1) j —d
@] s ims
X+1
3
) I X —4x+8

1



Calculus 11

Chapter |

@) | \/ﬁ

Solution :
To solve this integrations we write

| J)fr_id—jﬂdwr.[ \/S_dex

= —J1-x*+3sintx+c

dx _ dx _ dx
(Z)J x2+15x+30_I (x+5)2+5_~[ (x+5)% + (+/5)?

-t X+5
c
= )
X+1 (2x-4)+6 4)+6
(3)-[ x2—4x+8 I X2 —4x+8
= EJ. M X+3I Z;dx
27 x*-4x+8 X°—4x+8
_1 1
= Eln(x —4x+8)+SI —(x—2)2+4dx

= Iny/(X* — 4x +8) +§tanl(%2) +c

(4)"' X+2 d ___J' —2X— 4d

Vax —x?

I (—2x+4) -8

NAxX —x?

:——j 4—-2x

dx

4xX — X

—Vax—x* + 4sin’l(%) +C

Example:
Find the following integrals
(1)_[ sin3xsin2xdx

(2)! sin3xsin5xdx
(3)_[ cos4xcos2xdx

Solution :
To solve this integrations we write

v
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Q) j sin3xsin2xdx = %_[ [cos(3x — 2X) — cos@x + 2x)]dx
_1
= EJ [cosx — cos5x]dx
_ 1. 1 .
= =sinx—-—sin5x+c
2 10

Likewise, the integral with respect to other integrals can be calculated by
using different laws for calculating trigonometry.

Example:
Find the following integrals

(1)_[ V21— 4x—x*dx
(2)_[ VX% + 2x+10dx
(3)j VX% +6x +5dx

Solution:
1) _[ V21— 4x — x*dx :j 21— (X* +4x)dx

= _[ J21—(x+2)% — 4dx

:jwms—u+2fd@+2)
then

(x+2) =5sing, dx =5cosadd
25— (x+2)* = 25— 25sin” @ = 25(1—-sin’ @) = 25¢0s° &
j V21-4x—x*dx= I V25c0s” 0.5cos6 = f 25c0s* 4o

sin26

25 25
= —| (1+cos20)dg = — (0 + +C
o) ) - ( )

- §(0+ 25|n6?20050)+c

_ 25| . Xx+2 x+2 x+2Y
= —<sin + 1- +C
2 5 5 5

= §{Sin_l_x;2+_x;2 25—(x+2)2}+c

2
2 5 5

YA
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2 I VX% +2X+10dx = j J(X+1)? +9dx

put
(Xx+1) =3sinhé, dx = 3cosh&dé
(x+1)* +9 =9sinh®@ + 9 = 9cosh’ &

I V21—4x —x*dx= j 3coshé.3coshadd = j 9cosh’* &6
sinh 20
)+¢C

2
=1 sinh’l>(+1+XJrl [X+lj +1t+c
2 3 3 3
= %{sinhl)%l+)%1\/x2+2x+lo}+c
= l{9sinh‘lijL1+(x+1)\/x2+2x+10}+c

9 9
= —| (1+cosh20)dg = —(0 +
o) )do = ~(

2
(3) '[ VX% +6X+5dx = j (x+3)* — 4dx
put
(x+3) = 2coshé, dx = 2sinh&d @

(x+3)* -4 = 4cosh’ @ — 4 = 4sinh* @

j VX2 +6X+5dx = Zj sinh&.3cosh&dl @

ZJ (cosh20 —1)d6 = 2(S|n229—0j+c

2(sinh@cosh@ —8)+c

2
2 x+3 Ej —1—cosh’1x—+3 +cC
2 2 2

%{(x+3)\/ X* +6X+5— 2cosh‘1XT+3}+c

Y4
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Exercise
(1) Find the following integrals (using the fractional integration
method):

jxlnxdx , Ixslnxdx , Ix"lnxdx , _[ In )dx _[xe

J'cos’lxdx , J.xsin2xdx , Ix%ostdx , Ixsexdx

[ ineeyax L e’jx dx

(2) Find the value of the following integrals (using partial fractional
integration or any other method):

x—-1
O aua®™
(2) I

dx
x* —2x—8
1
(3)I X(x+1) o
dx
(4)'[ x* —8x+15
1
®G) | t _a ~dt
()I x(x2 1)
(3) Find the value of the following integrals:
sin3x secx
(1)-'. \/Zcos3x+ ) J 1+tanxdx
2+1
®) ] e (3+e‘x) @] B
(5) J Iog)]( X dx

X
tan x 2 t
(7) _[ (secxe™*)?dx (8) _[ Iogtr:]oxsx

sinx

(9) | secsxdx (10) I ICOtX
ogsinx
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Chapter 1
INDEFINITE INTEGRAL

In differential calculus, we studied about the methods to finds the derivatives of
different functions and their applications in Engineering and simple problems of
mathematics. For example to find the slopes of tangents/normals, rate of change of
quantities, maxima/minima of functions etc.

Now, in the following section, we shall be given the derivative of a function, and
we are to find the function, whose derivative is given. This process of finding the function,
whose derivative is given is called Integration.

Thus integration is the inverse process of differentiation. Application of
integrations is very useful in finding the areas plane regions, lengths of arcs, volume of
solid of revolution etc.

Antiderivative or Primitive of a function

d
Let f(x) and g(x) be two functions such that ™ (g(x)) = f(x); then g(x) is called

antiderivative or primitive of f(x).
d
For example, ™ (x3) = 3x?, thus x? is the antiderivative or primitive of 3x2
Indefinite Integral
Let g(x) be the primitive or antiderivative of function f(x).

d
Thus - (8(x)) = f(x)

d
Also I [g(x)+c] =f(x), for any constant c.

Thus if g(x) is the antiderivative of f(x) then for every value of constant g(x)+c is
also an antiderivative of f(x). Thus the derivative of every function is unique but its
antiderivative is not unique but they are infinitely many in numbers. Thus the
antiderivative of a function is not definite, but is indefinite. Due to this fact the
antiderivative of a function f(x) is called indefinite integral and symbolically written as

ff(x)dx=g(x)+c; c is called Constant of Integration and 'dx’ indicates that the

integration is carried out w.r.t. x. The function f(x) whose integral is to be found is
called Integrand.
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Some Standard Elementary Integrals

Derivatives Integrals
d
1. - Ex— (c) = 0; where c is any constant I odx=c¢c
d xn+1 j‘ xn+1
2. - I In+1 =x"nz#-1 xdx=;—;-i-+cforn¢—1
3 o (logi) = = x50 J L ax = 1og| x| +
oo dX(ogx)—x,x 1 x =log|x|+c
4. - 4 (e¥) = e - Jexdx = ex+c
SV i A
4o [ ax a
5. dX(a)—aloga,a>0, a =zl slakdx = loga+c,a>0,a¢1
6 L =1 - J1dx = x+
X dX(x)-— s 1dx = x+c
7 i +bn+1— +1 +bn J‘ +bnd_.(_a_ﬁl)_)_t}_+ 1
Do dX[ax J**! = (n+l)a(ax+b)”; n # -1 | .. ](ax+b)" dx = an+1) c,n#-
8. I (sin x) = cos x - Jcos x dx = sin x+c
9. - I (cos x) = -sin x - I'sin x dx = -cos x+c
d
10. - ™ (tan x) = sec?x - I'sec> dx = tan x+c
d
11. - I (cot x) = -cosec®x - J cosec?x dx = -cot x+c
12. . ax (sec x) = sec x. tan x - | sec x tan x = sec x+c
d
13. ™ (cosec x) = -cosec x cot x - J cosec x cot x dx = -cosec x +c
d .
14. - I (log sin x) = cot x - Jcot xdx = log |sin x| +c
= -log | cosec x| +c
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d
15. - ™ (log sec x) = tan x - [ tan xdx = log|sec x| +c
= - log|cos x| +c
d
16. - ™ [log(sec x + tan x)] = sec x - Jsec x dx = log |sec x + tan x| +c
tan(f- + 3‘—)
=log Ry A
d
17. - ™ [log(cosec x ~ cot x) = cosec x . Jcosec dx = log | cosec x -cot x| +c
P
= tan —
log |faN 51 +c

Some Important Results
D Icf(x)dx = c,[f(x)dx; where c is any constant
2) JIf(x) + g(9)]dx = Ji(x)dx + [g(x)dx
Remarks :
1. Jfx).g(x) dx = ff(x)dx . Jg(x)dx

£() 4 [ £(x)dx
2 [00®™* Tamax

Example 1  Evaluate the following Integrals

i) Jxsdx i) ] yxdx
i) [ x5 dx iv) | Yx dx
5, .2
+
V) | 5x2dx vi) _[x \/;x dx
Solution
i) [xtdx
7 n+1
=X ic l:-.-_[x“dx=x +C forn;e—l]
7 n+1
ii) .[ Jx dx
1
= szdx
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+C

Nlml xN(w

+C

0| %0

iv) f%/; dx

+C

|
—_
U’““liﬂa

=5 [ dx [ [cf(x)dx = cff(x)dx]

xn+1

n+1

3 v xtdx = +c

"
(€)1

w|
+
n

forn = -1

"
|
X
+
[}

96
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Example

Solution

2

i)

)

v)

i

1245/

J»XS\}-_X2 dx
X5 X2
A& T]“‘
= [Z Td o J. [ JL£(x) + g(x)Jdx = [ £(x)dx + [ g(x)dx]
5
jx—dx +
2k
1 1

= J‘xs_idx + J'xz—idx

9 3
= Ixzdx+ Ixzdx

It
X
[ ]
+
G N
X
[ ]
+
(o]

Evaluate the following integrals :-

2 5
[ (x3+4x2-5x+7)dx i) j[x3 - 2x3 +7x4 + 9}1’(

2
J»x :/_2+11x ) I[5x+3\2/§+1)dx

Jdx vi) ] 0e+3fZ +x+5)dx
N

[ (x3+4x2-5x+7)dx

4x® 5x2
L2 2% L7kt
3 2

X
4
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iv)

2 5
I[x3 —2x3 +7x4 +9}lx

341 §+1 Z+1
_ X —-2)2( +7)5( +9x +¢
3+1 2,1 241
3
4 3 9
-x 8 3 4+—x4+9x+c
4 5
x?—x+1
[—F=dx

E+1 l+1 —1—+1

X2 x2 + X +C
=31 1 1,

2 2 2

5 5 3 1

=x2 —gxz +2x2 +c

5

I[5x+3s/; +1]dX

1 _3
— I[S.—+3.x 2 +x"2]dx
X

3
=5 I%dx + BIx_de + Ix"zdx
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——§+1
2 -2+1
_ 510g|x|+3(x) + 2 +c
= 3. —2+1
2

1
= 5log|x|-6x 2 -x7!+c
6 1
= Slog|x|]-—=-—+c¢
g 1x Ix x

1
e
_ I ! Tdx
(x*)2
= I—%dx

XZ

3

_[x 2dx

il
|
N
N X |
N
+
@}

= —-:7::-+'C
[ 63+ 332 +x+5)dx

2
= _[x3dx + jxgdx + [ xdx + [5dx

99
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Example 3

Solution

i)

i

v)

i)

z+1
x* x3 2
=—T*5 +-—+5x+c
4 24
3

4 5 2
3 7 x
= —+—x3 +—2—+5x+c

4 5
Evaluate the following integrals
] (e*+a*+x?) dx i) J (eX.a*+cos a) dx
1 Y2
J (1+x) Jx dx iv) J[&+ ﬁ) dx
| 1-%*
Jx

,f(e"+a"+xa) dx;a>0and a =1,

X a+1

+
loga a+1

= e* +

I

+C

(e*.a*+cosa) dx
,f a)*+cosa) dx
,f Y dx + ,f cos a dx , [+ cos a is constant]

(ea)”

= log ea +(cos a)x+c

,f(1+x)&dx
= '[(«/;+x«/;)dx

1 3
= j[xz +x2]dx

1 3
szdx+jx2dx

I
—
N QI
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1249/

NWw
IS
Nl

+C

]
WI|N
x

H= o

[+ szdx

= _[ x+%+2)dx

= jxdx +_|'%dx+2j.1dx

x2

"2

+logx+2x+c

(L

X2 X
- j'—Jl_;dx+ J 2 dx-2fFax

J'x-%dx + Ix%dx - ZJ-x%dx

—l+1 §+1 l+1
X 2 X2 x2
= + -2 +cC

——1»+1 é+1 —+1
2 2 2

1
5 2
= 2%x2 +=
X +5(x)

[SIR%]
N W

4
-—=x2 +c
3

Evaluate the following integrals

I(x+1)(x2 +—12-)dx ii) I(i+i— x*+a* + ax)dx
X X a x
_fx\/1+x dx iv

N

1
Wt
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Solution

[x*dx+ j%dx + [xdx + [xdx

4 2 ~3+1
X 4 log | x|+ — +
4 2 -3+1

+C

4 2 -2

Z(~—+lo |x|+2(-——x—+c
g e

vs X a a X
ll) J. -;+-)—(——X +a” +ax dx ;a # O, il

fidx +Jidx +Jxadx +Ja"dx+]axdx
a X

%dex+a]%dx +[x*dx + [a*dx+a[xdx

1 x? T ar ax?
—.—+alog |x}+ + +
a 2 a+1l loga 2

+C

"

iii) Ix\/1+xdx
= j(1+x—l)\/1+xdx
= I(l+x)«/l_+§dx~j\/1+xdx

3 1
= [(1+x)2dx - [(1+x)2dx

n+1
31 1, . p)"d _(ax+b)™
e e - [(ax + b)" dx Ao+ 1)
(?.’_+1) (1+1) for n=-1
2 2
5 3
=§(1+x)2—§(1+x)2+c
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iv)

Example 5

Solution

i)

iii)

1
Il

o 1 \/;—\fx_:—
XA+ %= Jx+1

e

x-x-1

= J(«/::f—w/;)dx

1
= J(x+l)5dx—j(x)§dx

l+1 1+1
(x+1)2 (x)?
= — +C
l+1 1+1
2 2

3
= —g(x+l)2 _E(X)z +C

P

Evaluate the integrals of following functions w.r.t. x.

2sin x - 3cos x ii)
sec?x + tan’x iv)
cosec x cot x vi)

] (2sin x -3cos x) dx

= 2fsin x dx -3 [ cos xdx
= 2(~cos x) -3sin x + ¢

= -2 cos x ~ 3sin x + x

| (cos x tan x + eX) dx

dx + f e*dx

s x
=J.COSX.
COs X

= [sinx dx + [exdx

=-cos x te*¥+ ¢

[ (sec?x + tan?x)dx

= [sec?x +(sec?x-1) dx ,
= [ (2sec?x -1) dx

= 2J.sec2x dx —Ildx
=2tanx-~-x+c

103
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.

cos x . tan x + e*
cot’x + a*~1; a1, a>0
tan x (sec x + 1)

sec2x-tan?x = 1]

28y/
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iv) I(cot2x+a"-1) dx; a=1,a>0
= [cot?x dx + Jax dx - fidx

= | (cosec?x-1)dx + Jardx - flax [+ cosecx - cot?= 1]
aX

=-cotx-x+ 1——-x+c
oga

V) f cosec x cot x dx
= -cosec x + ¢

vi) [ tan x(sec x +1) dx
= [sec x tan x dx + [tan x dx
= sec x + log|sec x| + ¢

Three Important Results:
i) If [f(x) dx = g(x) + ¢

—g_@x+b)
a

then [ f(ax+b)dx =

+C

n+l
if) J.[f(x)]n f'(x)dx = [f(le ~+c , forn#-1

x)
i) {5 2 3X = log [0 +c
Example 6  Evaludfe the following Integrals.
i) [sin (2x+3) dx ii) [ sec? (3-4x) dx
i) Je*dx iv) | (tan x)° sec?x dx
2 34,2
v) I(logx) Ix vi) jx 4x°+6 Ix
X * +3x% - 8x
Solution Lot~
i) [ sin (2x+3) dx Cfie
_ b' DR AR
jf(x dx Jsm(x)dx =“tosx + c.
cos(2x + 3) e Al o+ sty e Cos(2x+3)
N 2 © e JE2x+3)dx =] sin@x +B)dxs ~—~—"—+c
- shisnet v /:~',’,=5:- i {5
i) J.Sqﬁ’z BAx). Ax ... o . b -
_ anB-4x) - [sec? (ax+b)dx=—~tén & “b‘)+
—4 ! L sbat- x ) e

';*x-—/w:jS:
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iv)

vi)

Example 7
i)
i)

Solution

i)

= —i—tan(B -4x)+c

f e dx

4x eax+b
- e eax+bdx - +c
+C ,
4 a

f (tan x)° sec?x dx

_ (anx™ [j[f( >1f(>—“""]m }

5+1

1 6
—(ta
6( nx)° +<

—1—tan6x+c
6

J-(logx)z dx
X

= J'(logx)z_%dx , [ :g:(logx) = {l

2+1

(logx)™
2+1

1
—(L >4
Jllogx)* +c

2 —4x2+6 '.'di(x3—4x2+6)=3x2-—8x
X
'[ 3x? - 8x

f'(x)
and |——==log|f(x)|+c
= log |3x? - 8x]+c / f(x) 81|

Evaluate the integrals of the following functions w.r.t. x.

sin2x ii) cos?x
sec?(3x-4) vi) cos 3x cos 7x
[sin?x dx

+1-cos2x = 2sin? x

J-_]______L—cos2x_dx C1-cos2x . ,
2 ' fm——y - =sin®x
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_[%dx - _[-;-cos 2xdx

-;—fldx-—;-_[cos2xdx

1 1.,
= —X~-—8In2x+C¢C
2 4
ii) [ cos?x dx
"1+ cos2x = 2cos? x
_ Il+cos2x

———dx . 1+ cos2x >
2 ..——-—2———=cos X

I—;—dx+_[%cos2xdx

-;—_[ldx+—;—_[cos2xdx

1 1,
= —X+—S8In2x+c
2 4

i) [ sec(3x-4) dx
_ tan(3x ~ 4) P
3
iv) cos 3x cos 7x

1
= 5 J2cos7xcos3xdx [multiplying and dividing by 2]
‘1 .
=5 [[cos(7x +3x) + cos(7x = 3x)|dx , [.2cosA cosB = cos(A+B)+cos(A-B)]

= —21-_[(cos 10x + cos 4x)dx

lsinle +lsin4x
2 10 2 4

= l—sinle +—1—sin4x +cC
20 8
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Example

Solution

8
i
i)

i)

Evaluate the Integrals of following functions w.r.t. x.

sin® x - cos® x

3 s
C0S8°x il ;
) sin? x.cos? x
1 ) 1+ cos2x
- v 2 TLOsSaX
1-cosx 1-cos2x
I cos>x dx

-+ cos3x = 4cos® x —3cosx

1 3 ~.4cos® x = cos 3x + 3cosx
J' Zcos3x +Zcosx X ,

3 1 3
oS’ X = —C083x +—Cosx
4 4

-

= l_[cos?)xdx + g_[cosxdx
4 4

1sin3x 3
— +—-sinx+c¢C
4 3 4

1 . 3 .
= —sin3x+—sinx +c¢
12 4

sin® x — cos® x
=
sin” x.cos” x
sin® x cos® x
=.! ) 2 dx~J' 3 7 dx
sin?xcos’x sin’ x cos? x
sinx COS X
= |—3 dx - [——— dx
cos? x sin? x

=,[secxtaxxdx—,[cosecxcotxdx
=sec x + cosec X+ ¢

f—

1-cosx

dx

J- 1 1+cosx
= X
1-cosx 1+cosx

1+cosx
-—J' —— dx
1-cos“x
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iv)

Example 9

Solution

Example 10

Solution

J.1+cosx dx

sin? x

[ 1 cOS X
H e I I
sin“x sin“x

I (cosec?x + cosec x cot x) dx

= I cosec2x dx + I cosec x cot x dx
= - cot x - cosec x +c

J~1+cos2x
1-cos2x

2

- J.ZCf)sz X Ix ’
2sin“ x

= I cot?x dx

=] (cosec?x-1)dx p [-» cosec?x - cot®x = 1]

=—cotx-x+¢

“+1+c0s20 =2cos>0
1-c0s26 =2sin6

sinx
Evaluate the following Integrals j sin(x—a)

J~ . sinx
sin(x —a)

_ J-sin(x—a+a)

sin(x —a)

dx

~ J. sin(x — a)cosa +cos(x — a)sina
- sin(x - a)

[+ sin (A+B) = sinA cosB + cosA sinB]
= | (cos a) dx + [sin a cot (x-a) dx
= (cos a) [1dx + sina [cot (x-a) dx
= x cos a + sin a log |sin(x-a)| +c

dx
cos(x —a)cos(x — b)

Evaluate f

J~ dx
cos(x —a)cos(x — b)
1 J. sin(b —a)dx
sin(b —a) * cos(x — a)cos(x — b)
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1 J sin[(x —a) ~ (x — b)]dx
sin(b—-a)’ cos(x —a)cos(x — b)

dx

1 J sin(x —a)cos(x — b) — cos(x - a) sin(x — b)
sin(b - a) cos(x —a)cos(x — b)
[-: sin (A-B) = sinA cosB - cosA sinB]

= ’;nh | [tan (x-a) - tan (x-b)] dx

1 1

= m f tan(x-a) dx m J tan (x-b) dx

= mlog_ | sec (x-a) |- —_sin(b—-a) log |sec(x-b)| +c

1 sec(x —a)

= 10g
sin(b-a) “|sec(x-Db)

I+c

1 cos(x — b)
= ].Og
sin(b - a) cos(x —a)

i+C

Integration By Substitution :
So, far we were dealing with the functions whose integration can be found by

—-cos(ax + b

1
using the standard elementary integrals. e.g. [sin(ax+b)dx = ) , J-;dx =logx,

a
J(seczx) + tan x) dx = tan x + log |sec x| + c etc.

Now, further we are to ‘ntegrate the functions which can not be integrated by
simply using the standard elementary integrals and important results. Sometimes these
type of integrals can be calculated by transforming the given integrand into one of the
standard elementary integrands by taking a suitable substitution of the independent

sin(log x
variable of given integrand e.g. [ = J'—(—x—g*——)dx

To solve it, we put log x = t .

1 dt
Differentiating both sides w.r.t. x. X dx

1
or — dx=dt
X
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I =[sintdt=-cost+c
= -cos(log x) + ¢
In the above example, we put log x =t or x = et
i.e. the independent variable x is substituted by e'.

Example 11 Integrate the following functions

2
1
i) s—e—c%x-) i)  xZsin (x*+5)
i) (2x-7Wx2-7x+5 iv)  e'sin(e*)
x—-2
v) Vx?-4x+5
Solution
2
. sec”(log x
l) J’ (x g )
put logx =1t
1 _dt
X T dx
1
or ; dx =dt
_"Eﬂ?gi)dx = _[secz tdt

X
=tant+c
= tan(log x) + ¢
i)  x%in (x3+5)
put x3+5 =1t

dt
2 &

3x i

or 3x2dx =dt
o

or x2dx 3

. dt
fxz sin(x® +5)dx = j'smt?

= %Ismtdt
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1
——cost+c
3

—--1—cos(x3 +5)+c

i)  [(2x-7)Wx?-7x+5

put  x>-7x+5

]

t

2x-7 &
X- dx

or (2x-7)dx = dt
[@x~7)Wx* - 7x+5 dx
= [Jtdt

1

[(v2 at

= %(x2 ~7x+5Wx? ~7x +5 +c

iv) j e” sine*dx

put e =t
ex = gi
or e dx =dt
je" sine*dx = jsintdt
= —cost+c
= —cose* +¢

x—2

2 s

put x2-4x+5 =t

dx

dt
2x-4 = dx

de
(x-2) T 2dx
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dt
(x-2)dx = B}
- (X—2) J' dt
w/x2—4x+5 2Vt
1, -1
= —|t 2dt
5)

Example 12 Evaluate

. 1
i) Iaz X2
Solution
. 1
i) Iaz X2 dx
Put x
%
do
sodx
I—z-—l———dx
a?-x?

]
/N
N
N
|
| a e
—r| N
+
n

=\/f+c

X2 - a2
= a sinf
= a cosO
= a cosO do
= .acosd®
J’az a’sin?0
J.acose
2 cos !

- 1L

cose

112

[1 - sin? 0 = cos? 6]



1
= ;fsecede

= llog\sece +tan@|+c
a

1 1+sin®
= —lo +c
a cosO
1 1+2
a
—log +C
= a \/l—ﬁ
a
_ 1 a+x
a a-x
1 a+x
= —log +C
2a a—-x

Put x = a secH
dx = a secO tanf do

= I a’sec’0-a
atan’0 !

It

sece
- J'tan(3)

=_l_ 1 .c?sede
a’ cosO sin0

= l J' cos ec6do
a

= lIog[cos ecd - cotB| + ¢
a

113

5 aseco tan06do

_10 1 sme
& cose cos0
_l_ a+x

a (a+x)(a-x)

[sec2 0—-tan’0 = 1]

+C
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1 cos0
= —log -—
sinf sin®
1 1-°
~log x2 4+ o ' x-—-a
= a - —_
/1_[3_2] a 8 Jx-a)x+a)|
X
—lo B
T a & X+a
ilo Bkl PP
" 2a gx+a
_1 4
iii) '[a2+x2 X

Put x = a tanf
dx = a sec?0 d0

2
———————asec- 0 do
J-a2 tan?0 + a*

sec?@ 1
= - — 0
'[(tan 9+1 a'[d
= ;1‘9+C
a

= }-tan‘l(i)+c
a a

Remark : the above three integrals should be remembered and can be directly used as
standard integrals.

1 1 a+x
Thus '[———az—xz dx = ——log—1+c
1 1 X —a
————dx=—1lo +
'[xz—a2 2a gx+a ¢

'[»ii—,dx = ltan"](i) +c

a” + X" a
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Example 13 Evaluate

1

Solution

Ll 4

i) !/az_xz x
Put x
dx

de
sodx
J’ __1_ dx

a2—x2

1
.. ——dx
ll) ! xz _ az

= a sin®

= a cosd

= a cosO dO

- j———}————.acosde

a% -a%sin?0

!acose 10

cosf
= jlde
=0 +c

. -1 X
= Sin —|+C
a

Put x = a sec
. dx = a secO tanO dO

1
B !\/az sec>0—a’
j'secede

log |secO + tan 6}+c,

= log|> +Vsec?0-1

a

+Cq

2
=5 -1
a

+Cq

X
= logX+
Oga4

115

asecO tan6d0 -

1263/

X =asinf

X_ sin O or sin'l(z(-) =0
a a

J- secOtan 6d0
tan©
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x+x*—a’

= log
a

+Cq

= logix+Vx*—a?|-loga+c, , '.'[logl::—zlogm—-logn}

= logix +Vx” -a’|+c , [where ¢ = -log a+c,]
j 1 )
ii) 22X
a® +x
Put x =atanf
dx = a sec?0 dO

1 1 2 sec®0do

———dXx . —asec”0d0 = [ oo

a2 +x? j\/aztan2€)+a2 jx/seczf)

= jsec 6do

= log |secO + tan 6]+c;

= logtan€)+\/1+tan29‘+c1 , '.'[sec9V1+tan29]

[ 2
=logz(—+ 1+%
a a

x+Va2+x2 ‘e

a

+¢4

= log

N

] m
= logx +Va? +x*|~loga+c, , '.'[log—n—=logm—logn}

= ].Og X+ \/a2 +X2 +C , [Where c= _log a+C1]

Remark : The above three integrals should be remembered and can be used directly as
standard integrals.

1 . x
Hence ] —=dx - sin l(“)*‘c
a’ -x a
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Example 14

Solution

i)

i)

1 e
f——z-—?dx = log‘x+\/—>?—a2{+c
x‘—-a

x +vaZ +x2

j———l—dx +e

and m

Evaluate the following integrals

log

1 1 1
lrwr i) J16-25x2 X i) J16+9x2 X

X“-a 2a

1

12

o 2x -3
g2x+3

+C

117

X+a

a—X
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ii)

Example 15
i)

Solution i)

= —x——tan"!

> (3)

= ltan'l(g’-§)+c
12 4

Evaluate the following integrals

1 1 p
X . _A o alX
—é- +C 'J.a2+x2 dx—atan (a)+c
3

————L———dx —1——dx

1
e dX .
J Ja-9x2 ) 1ex? 25 i) J V9 +25x2
1
—_dx
J V4 -9x2

1 x

B=

1
- !
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= 1 logx+‘,x2——zé
4 16
1 [16x2 ~ 25

= —loglx + [ ———
4 4

:lilog 4x +16x% - 25‘ +¢  Ans

+c J—fg%= Iog'x+\/x2~a2’+c
x* ~a

2

+C

1

i) 'f\/9+25x2dx
1 1
JZ_S'( (,2) zdx
25
-—;—J L dx

+C

1]
[, s
[y
Q
QQ
™
+
%
6, B
N’
N
+
x
9

1
+c '.'J‘—f_‘__az = dx= IOg.x*-\/a2 +x2

+c

= { log(5x + \/9 ;25x2_
5
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1
o —=—=dX
Example 16 Evaluate the following integrals J W

j———l—-——dx

X\IX2 —a2

Solution

Put x = a secO
", dx = a secH tanO dO

1

—dx
J‘xx/x2 ~a? N
=] ! asecHtan6do
aseCE)\/a2 sec’0 - a>
tan 0

do

va®tan?0

- Lrae-Louc
a a

x=asecH
1 1 X
= —sec | — |+ X af X
a a ¢ ’ .. —=s8ecH or sec 1(—)=9
a a

Remark : The above result can be remembered and used directly as standard integral.

1
— X
Example 17 Evaluate I o2 — 16

1
Solution | T

[}
w

b

*

N

|
N
W |
N’
N
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X

4)

3
1 _1(3X)

= —8ec | — |+C
4 4

Example 18 Evaluate the following integrals

It
(€3]
N
| Sy

COSX —sin x 1
i ———dx ii —logx d
0 '[sinx+cosx if) '[x S
CcOS X sin\/;
—Pr 4 .
i) sy v) [T dx
1 =41
dx . e " +
V) '[x+\/; vi) ez"——ldx
Solution
i Let]= Ic?sx—smx dx
sSin x + Cosx
Putsinx +cos x =t
. (cos x - sin x) dx = dt
dt
=%
=log | t| +c

=log |sinx + cos x| + ¢

1
ii) j-;logx dx

Putlogx =t
1
— dx =dt
P
1
[=logxdx = [tdt
P
{2
= —+cC
2
1
= ~(logx)? +c
5 (logx)
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cos X
— 2% 4
i) J'(1 +sinx)> *

Put (1+ sin x) =t
s.cos x dx = dt

J- COS X dx J,g

(1+sinx)> t3
= [t7dt
t-3+]
= - — -} C
-3+1
2
= — 4 C
-2
__ L +c
C T2
-1
e 4 O
2(1 +sin x)?
sin \[)Z
iv) I \/;(- dx
Put Jx =t
1
2Jdx dx =dt
or 3%
\/; = 2dt
sinvx
~d = [
I Ix X [sint (2dt)
= [2sin t dt
=-2cost+c
= -2 cos [x +c
1
dx
v ISR
1
= | == dx
I s
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1
- Is/;<_(~/§+1) d

1
2% dx = dt
dx
or ﬁ=2dt
1 2dt
————dx = [
I~/§(~/§+1) x = [=
dt
=2(0&
%
=2log |t |+c

=2log | {/x +1]|+c

2x

e +1
i) Letl= [———dx
vi) Le =7

(ez" + 1) /e
= I (e2x _ 1) /e dx [Dividing Numerator and denominator by e*]

X

dx

J' e* +e”
eX _ e"X
Put e*-e>*=t
o [e*-(-e™)]dx = dt
or (e*+e™)dx = dt
_ gt
R
=log |t|+c
= log | eX-e™* | +c
e -1

eX

= lOg +c

log | e*-1|-log e* +c
log | e*-1|-x +c
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Example 19 Evaluate the following integrals :

i) f 1) (tan~! x)*dx ii)
1
d .
iif) j(1+x2)tan"1x X iv)
f cosec X '
v) log |cosec x -cot x| vi)
Solution

i) j (ta;f1 x)3dx

(1+x2)

Put tan1x = t

(

f

NESERY
esin x)

1-x2

sec” X

1

f sin*x cos x dx

dx=dt |, [-.-ac—l;(tan" X

"t 1l
“1 3
I(1+x2)(tan lx) dX = It3dt
t4
= ‘Z‘+C
= —(tan"'x)* +¢
(esin'lx)
i) f — dx
-X
Put sm Iy t
esin'lx
1-x
(esin“lx)4 . 3 esin_lx
| dx = f(es‘“ ") . dx
1-x? 1-x

124

1

dx

)=

1
1+x
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i

fy’dt

1
!

1l
/N
(o]
m.
5
L

*

~——
S

i ) !

(1+x?)tan" x
Put tanx = t

dx=dt , l: -a(—i—(tan'1 x) = 1 }

1+x? X 1+x
e
(1+x*)tan'x ~ t

log | t |+c

o

log |tan™lx|+c

sec™! x

iv) 1;7;;_—1 dx

Put seclx =t

_.__1..__ dx = dt . i(sec_l x) - __.1_._..
)(\IX2 -1 ! dx x\/xz -1

sec™! x d
ot T et

t2
= —+c
2

= %(sec'1 x)? +¢

J- cosec X dx

log |cosec x - cot x |

Put log |cosec x - cot x| =t
. cosec x dx = dt
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['-"&'[log | cosec x - cot x|] = cosec x ]

I cosec X
log |cosec x - cot x |

dx=jE‘_t.
t

=log | t]|+c
= log |log |cosec x ~ cot x| | +c
vi) [ sin‘x cos x dx
Putsinx =t
- cos x dx = dt
J sinx cos x dx = | (t)* dt
t5
—+cC

5 sin’x +c
Example 20 Evaluate the following integrals

sin 2xdx

i) I(az b2 cos? x) ii) _[xa'e"4 cos(e"4 ydx
i) j(l b l‘x”i—) dx wy (e Dcrlog? g
x x
Solution
,‘ sin 2xdx
i) (a® - b? cos? x)

Put a?-b%cos’x = t
-b2(2cos x(-sin x))dx = dt
b? (sin 2x)dx = dt

) dt
sosin2x dx = o2
I sin 2xdx dt
(az—bzcoszx) = BTIT
1
= B;log| t |+c

Pe) log | a?>-b?cos?x | +¢
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[x’e"

L [xle

cos (e” )dx
Put o =t
ot ax¥dx = dt

x3e"4dx =—1—dt
4
1
COS eX )dx J'Zcostdt

....}_ 1 t+
= 4 s C

1 x4
=2 sin(e ) +c

dx
Putxx=1t
oo x* (1+log x) dx = dt
dt
(1+log x)dx = ]
_d
ot
(1+logx) _(ldt
- tt
= [ =[t2dt
t-2+1
= c
-2+1
1
= -—+C
t
= -——X-+C
X
= -x*+c
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I(x +1)(x + logx)*
X

iv) dx

= _f(l + %)(x +logx)* dx

Put (x+logx) = t

(1 + l)dx =dt
X

= [thdt

4
.[tz+c

1(x +logx)* +c
4
INTEGRATION OF THE FORM

I_l_*dx;a;&o

ax? +bx +c
Steps of solving
i) Make the co-efficient of x? unity i.e. equal to 1.

if)  Make the Denominator - (a complete square) * (K)2

1
iii)  Use one of the standard integrals f o f o dx, f T2 dx, to find

the integral.

1
Example 21 Evaluate fmd&

. L
Solution _fmdx,

s

[Making the coefficient of x? equal to 1]

9
X+ x+
2 4
1
= — dx
-[ 9 9 9
x2+= x+—-—~—
2 16 16 4

[Adding and subtracting (%2 coefficient of x)?

128



271/

[
|
a.
X

1 1 1 1 X
== dx dx=—tan™! —}
[I x> +a? a a

1 tan'l[4x+3:|+c
J27 V27

1 tan_1[4x+3]+C
3V3 J27

INTEGRATION OF THE FORM

1
dex;a#o

Steps of solving
(a)  First make the Quadratic Polynomial inside the square root in the standard
form by previous knowledge.

j——l——dx j——l———dx
a2_x2 ’ xz_az ’

(b) Now use one of the standard Integrals \/—“_‘ ‘/’———

1 4
Example 22 J X

Solution
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J§ xz—-éx—Z
3
1 1
L — dx
V3 sz-é %_f*_z
1 1
—_ dx
=
3 9
=L 1 dx
2

['.'j—zl—de=log|x+Vx2 —a’|+c
x°—a

—

1
—————adX

Example 23 Evalute J m

[

Solution J8+ 4x — 9x2
1 1
- —— dx
JoU 8 4,
—4+—X—X
9 9
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lsin'1 == l+c
3

2419
INTEGRATION OF THE FORM
.[———ZE)SL—q—-— dx ;az 0
ax“ +bx+c

3x -4
2x2 +4x -5
3x-4
2x% +4x-5

Example 24 Evaluate I
Solution:- Letl= J

d
Put(3x—4)=7\.+pg;(2x2+4x—5)
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3x-4=A+p(4x +4)

3x -4 = 4ux + (A +4y)

Compairing the coefficients of x and constant terms we get,
4u=3 and A +4p=-4

3
=7 and A =-4 -4u
=-4-4 n = -7
—7+Z(4x+4)

I=—2 g
J‘2x2+4x—5 X

= —7_[-2—}————dx +—3' #‘iﬁl—_ X
2x“+4x-5 4° 2x° +4x-5

3 ) J-f’(x)
7L+ glog |2 +dxBl+c, (1), [ ]y dx=log|f(x) | +]

]

1
where [, = J.—'*——“—‘ dx

il
ey
6]
jo %
X

1

1 5dx
2 (¢ +2x+1)-1-2

1o 2o =V7) [

L= og '.'I—f—l——zdx=—1—10gx—a+c]
T 218 O[V2(x + 1)+ 47|

X< —a 2a X+a
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using the value of I, in (1) we get,

-7 V2(x+1)-+7] 3 5
= I —log |2 4x-5 -7
L= 27 8 Jax+1)s 47| 2 081" +ax=3he -7

7 2+ 1)-+7] 3 ,
_ lo +2log [2x2 + 4x— 5
or =5 7 o8 B 1) 57| 2 081X T ax =Sl

INTEGRATION OF THE FORM

px+q
et dX
j\]ax2+bx+c ;ax0
x+3
Example 25 Evaluate .“ m
x+3
Solution:  Letl= j m
d
Put (x+3) =i+ Hx (4x? + 5x + 2)
=A+p[8x + 5]
x+3 =8ux + (5p + ), compairing the coefficient of x

and constant forms we get
8u=1 and 5p+Ai=3

s ol
k=3 and 58 +A=3

5
=3-2
A 8
L1
T8
19 1(8x+5)
C. I =I_.8—_.8—_dx
Vax? +5x+2
—2“- 1 dx+1f 8x+5 X
= 87 Jax? +5x+2 87 4x% +5x+2
19 1
=——I +——I ——
g ! 8?2 (1)
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e

Vax? +5x+2

_1_;___1____
- V4 1’x2+§x+1
4 2

1 1
—I dx
= 2 \/2 5 25 1 25
X+ =X

Now I

dx

+==+
4 64 2 64
1

1
1 :
_ \/(x+§)2+(_~/g_] ) {use j‘/—x—z—_ngdx=loglx+\/x2+a2'l+c}

8

- %log(x+g)+‘/(x+—2~)2 +[l/8—_7—-)2I
8x+5

and I, = IV4x2+5x+2

Put 4x2+5x+2=1t
. (8x+5)dx = dt

e ---@

dx

L, =I—j%

1

ft2dt

1
2
2
= 2\/¥+c2

= 2J4x? +5x +2 +¢, —-——(3)
using he value of 1, and I, from (2) and (3) in (1) we get,
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4x% +5x +2 +(}8?—c1 +%C2J

B
or I=%§‘108(X+§)+\/(X +g] ‘v(lg«] +:11—\[4x2+5x+2+c

INTEGRATION BY PARTS
So far, we were dealing with the Integration of the functions which were single
functions or if they were the product of two or more functions, then the corresponding
Integrals can be converted to simple standard elementary Integrals.
eg I= J'e" sine*dx
if we Put e*dx = dt
[= J.sintdt =—cost+c
=-cose*tc

However, some times the Integrals is the Product of two functions, and it is not
possible to convert the corresponding Integrals into standard elementary Integrals. e. g.
[x sin x dx, [e* sinx dx etc.

This problem leads to the Concept of “INTEGRATION BY PARTS”.
If£(x) = g(x) . h(x)
then, ,[f(x) dx = fg(x) . h(x) dx
d
- g0 T (0 e [ --(800). [ ) Jax

ie. | (Ist function) x (IInd function) dx

= (Ist)[ (IInd)dx - | [; (Ist).| (IInd)dx)}ix

X

Remarks-
1. The above method can be used to integrate any Integrand which is the Product
of two functions.
2. The order of Preference for the function to be taken as first function can be

made by a word * ILATE’, where [ stands for Inverse function, L stands for
Logarithmic function, A stands for Algebraic function, T stands for
Trigonometric functions, and E stands for Exponential functions.
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Example 26 Integrate x sin x w.r.t. x
Solution | X Si{[‘ xdx

x is an algebraic function and Sin x is trigonometric, So by the word of
preference ‘ILATE’ , ‘x’ should be treated as Ist function and (sin x) as second.

. . d .
_[ xsinx dx = x.[ sinxdx - _[[a;(x)_[ sin xdx]dx
= x(-cos x ) - fi (~cos x)dx
= -x cos x + | cos x dx

= -XCOS X + sin X +¢

Example 27 Evaluate fx log x dx

Solution J X lolg x dx

= (log x)_[ x dx —-_[(—dq;(log x)._[xdx)dx

x2 1 x?
(log x)(—z—} - _[—;—z—dx

-;—xz logx—%_[xdx

1o logx—-l—x2 +c
2 4

Example 28 Evalute J x2 sin?x dx
Solution J x2 sinx dx

_ sz (1 - cos2x) dx

> [ 1-cos2x = 2sin? x]

—l—szdx - —1—sz cos 2xdx
2 271 1

= %[531) - %[xz_[cos 2xdx — j{% (x*)[ cos 2xdx]dx}

2 . .
3 l[x sm2x_.[2xsm2xdx}

1
==X -=
6 2 2 2
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lx3 —lx2 sin2x+ljxsin2xdx
6 4 271 1

%x3 - %xz sin 2x + %l:xfsin 2xdx - I—dg)—(-(x)f sin 2xdx:|dx

[Integrating again by parts]
15 1oy, 1, (-cos2x) "1‘,[(1) (-cos2x)

lx3 - lx2 sin2x — lxcos 2x + ljcost dx
4 4 4

lx3 —lx2 sin2x —lxc052x+—1-sin2x +c
6 4 4 8

Example 29 Evalute | (2x - 7) sin (3x + 4) dx
Solution  LetI= [(2x - 7) sin (3x+ 4) dx
I I

=(2x-7) [ sin (3x + 4)dx ~ I{Ed';(Zx - 7)Isin(3x + 4)dx]dx

(2x - 7)(-cos(3x +4)) ,[ 2[-cos(3x + 4)]
3 3

dx

1 2
*5(2x - 7) cos (3x + 4) *3 [ cos (3x + 4) dx

1 2
—5(2x - 7) cos (3x + 4) *9 sin (3x+ 4) +c
Example 30 Evaluate [ Sec de

Solution Let I = [sec’ do

=ISec29.Sec9d6
11 1

d
= secO [sec?0 do - | [E(sece). [sec20 de]de

= secO . tan 0 — I sec 0 tan0O . tan6 do6
=Sech . tan 0 - | sec 0. tan? 0 dO
= secO . tan 0 ~ | seco . (sec?6 -1)d6

I =sec9.tane—fsec36de +Isec9de
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|

=secH tan 6 - I + log |sec6 + tan 6|

or I1+] =sec®. tan 6 + log |sect + tanf |
or 2] =sech. tan 6 + log |secO + tan 6 |

1 1
or] == secO.tan 6 +7 log|sec 6 + tan 0| +c

2 2

Example 31 Evaluate [ x? ex dx

Solution

fxzex dx

1 11

=x2fexdx- ,f[i(xz) fe" dx] dx
dx '

= x2eX - f2x.e"dx
= x2eX -2fx .exdx
I I

= 52 X —Z[X_[e"dx - j[a(—i;(x)_[ e"dx}dx}

[Integrating again by parts]
= x%* - 2[x e*~ Jl.ex dx]
=x?e*-2x e* + 2e* + ¢

Example 32 Evaluate f log xdx

Solution

flogx
= J'III.(long)

= logx_[ldx —_[(-d(lx(logx).jldx)dx
1
= (logx) (x) - f; x.dx

=xlogx~fldx
=xlogx-x+c

An Important Result to remember

,fe"[f(x) +f(x)dx =e*f(x) + c
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Example 33

Solution

(i

(iii)

Example 34
(i)
(i)

Solution :-

(@)

Integrate the following functions w.r.t x.

_[e" (X)(—_zl«)dx

[ ex [tan x + sec? x]dx
f(sinx+cosx)dx
e*secx (1 + tanx) dx

Ie" ( xx—21 )dx

= Ie"[—)—(z——iz}dx

x® X
= I e {—1- - —%]dx
X X
= e <te (using the above result)

,f eX[tan x + sec’x] dx
= e“tanx + ¢ , (using the above result)

Jex (sin x + cos x) dx
=e*sin x+c , (using the above result)

[ ex secx (1+tanx) dx
= Jex (secx + secx tanx) dx
=e*secx + ¢ , (using the above result)

Evaluate the following Integrals:-

IVaZ—Xde (ii) IVa2+x2dx

Isz—azdx

IVaz -x%dx put x= a sinB

s dx = acosb db

IVa2~x2dx = I~Ja2—a2 sin®0.acos6d6
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- Va2 -x*dx =

[V TR ax

j\/az +x2dx

a2fl +c;)526 0

—12—a2jld6 + %aﬂcos 20de

1 1 2sin26
— ——— —.__...__+
a26+ a C

2

xvaZ-x2 a? | _(x
m +C

Putx= atan 0
o, dx = a sec?0 dO

fvVa® +a’tan®0 .a sec?d d6

[ asecd . asec0 do
a2 | sec’® do
2| 1 1
a -2-sec6.tan6+§10glsec6+tan6| +c

[see example 30]

a’ a’
-;sece tan® + —2—10g |secO + tanb | +c

a2

2
S V1 +tan®0.tan0 +9-2—log|w/1+tan26 +tan(-)| +C
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2 2
= —az—\jl +tan?0.tan® +32~10g\\/1 +tan? 0 + tan9|+c
|

2 2 2 2

a X X a X X
= —.J1+=.l=]+—1lo ‘}1+——+—
=2V a? (a) 2 8 a’ a

+cC
2 2 2 2.

a” a +x X a a” +X X
e +—+-—Ilog +—+cC
2 a’ a 2 a a

xvaZ+x? a? x+va® +x>
= ———— +—log————{+cC
2 2 a
xvaZ+x? a° 73] al
= "+ —loglx +va® +x°|- —loga+c
2 2 2
[2 . .2 2
xva‘+x° a
- +—é—logx+\/a2+x2t+6'

Let I = jlll.\[a2+x2 dx

Ve f1ax- | S (Va7 jldx]d
} X\/a_T;__J-z 1.2x

a+x

o - |

\/__._
( +x2—a2)

va? +x2
xva? + x> —j\/az +x2dx+j

xal ot -T2 2)

dx

2
a
- 2dx
va‘+x

>
- X a’ +x? ——I+a2j—~

Va2+X2
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+C

[2, 2 _2
or | = 1(—~a—2—42(——+512—Iog'x+\/a2+x2
(i) [Vx? - a2dx

put x=asecd
dx = a sec6 tan6 do

J'\/x2 -a’dx = _[\/az sec’0-a’ (a sech tanf do)
= f a tanb . a secH tand do
= a?[secO . tan20 do
= a2 [secd [sec? -1]d6
= a2 f sec’0 dO -a? f secO do

1 1
= a’ [Esece . tanb + '2‘log | sec + tanf | ]

-a%log |secH + tanf | +c

2 2
a a 2
=5 secO tand + [‘é‘ -a ]log | secO + tan® | +c

a? a’
=5 secO tanf - by log |sec + tan® | +c

2 2
-az—(ijv sec’9-1- -a?log

%
= Z +sec’0-1|+c
a a .
ax |x? a> x>
O S N P LS |
2 Va 2 a
ax |x*>-a% a?. |x+vVx?-a?
= | ~ = log|—+c
2 a 2 a

[ 2 2 2
X f—
= XX 78 2 jog|x+Vx?-a?|+c

2 2
Note : the above three result can be remembered and used as standard Integrals

S, 2 2 2
1y [Vai-x? d_.__..V?_ _2_(_)
a
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2 2
(1) Jva®-x*dx= a-x +a7sin“l(i)+c

a

[.2 2 2

@) JVat+x? dx=x——a—2j—x-—+a7logIX+\/a2+x2|+c
[(2_.2 2

3) J\/xz_a2 dx=§'—)'(‘§:§——a7loglx+ ,az—X2|+C

Integration by Partial Fraction :-

In Previous semester we studied , how to make partial fractions of a given
fraction, now we are to integrate a given fraction, after making its partial fractions.

5
Example 35 Evaluate f—m——dx

(x+2)(x-1)
5 ____A . B
x+2)(x-1) (x+2) (x-1) —--—=(@)

5 _A(x-1)+B(x+2)
(x+2)(x-1) (x+2)(x-1)
5 = A(x-1) + B(x+2) —— =)
(x+2) =0 ie.x=-2in (1)
5=A(-2-1) + B(0)

Solution Let

i).ut

or = -

3
Now , put (x-1) =0 ie.x=1 in (1)

5=A(0) + B (1 +2)

_3
or =3
using the values of A and B in Eq. (a) we get
>3
5 __ 3 3

X (-1 (x+2) (x-1)
Integrating both sides we gave

o x2S
(x+2)(x-1) x+2 37 (x-1)
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5 5
= —-3-log|x+2| +—3-log|x-1|+c

[_‘. 1 dx=10g|ax+b|:l
ax+b a

3
-3

x—1
X+2

+C

log

sinxcosx «
(3sinx —2)(2sinx -1)

Example 36 Evaluate _[

Soluti j» sin x cos x dx
olution (3sinx - 2)(2sinx 1)
Putsinx =t
s.cos x dx = dt
sinx cos x
= -‘. - N dx
(3sinx —2)(2sinx - 1)
J- tdt
T 7 (3t-2)(2t-1)
t A N B
Let Gt—2)2t-1) (3t-2) (2t-1) ----@)
st =A2t-1)+B(3t-2) -—=—=(2)

put (2t-1)=0 ie. t=-;: in (2)
1 1
L roaffl)

or B = -12-x (‘%) =-1

2
Now, put3t-2=0 ie. t=7in(2)

% =A [2@) —1]+B ©)

A=2x2 L A=2
or -3 1 A =
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using the values of A and B in equation (1) we get
t 2 N (-1)
(3t-2)(2t-1) 3t-2 (2t-1)

t (=)
I(3t—2)(2t—1) ='[3t—2 j(2t 1)
2log[3t-2| log|2t-1 N

3 2 €

2 1
log 3t —2}3 ~log |2t - 1|2 +c

2
-23
10g|_3_t__2_|_1_+c

|2t - 1|2

2
inx — 2|3

_log |3 sinx 2|l
|2sinx - 1|2

+C

sin2x dx
(4 +sin®x)(9 + sin” x)

Example 37 Evaluate I

. J- sin2x dx

Solution (4 +sin x)(9 + sin? x)
Put sin?>x = t
..2sinx cos x dx = dt
oosin2x dx = dt

J- sin2x dx
(4 +sin® x)(9 + sin?x)

J-dt
T4+ +t)

| 11
T 54+t 5(9+1)

[By making Partial tractions]

=§I4+t I9+t
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5

4+t

9+t

1

5

tan x
Example 38 Evaluate _[

J

tan x
de
3+2tan” x

Solution

3 +2tan? x

1
log |4+ t| -glog |9+ t|+c

1, j4+sin’x

=—1
56

9+sin?x

dx

Put tan’ =t
or 2tan x.secx dx = dt

tan x dx

or

tanx
3+ 2tan’ x

1 1
s

1

J

tan xdx =

1
2sec? x
1
2(1 + tan? x)
1
T 2(1+1)
1

dt

dt

dt

- e

2
(3+2¢)

fi

(By making Partial fractions)

g
2° 1+t
1

~log|1+t-
5 gll+4

1+t
3+2t

I

dt-|

1+tan’x
3 +2tan’ x

1+tan? x
log,’———~—2~+c
3+2tan“ x

LEH
3+2t

log |3+ 24 e

2

+C
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SOME SPECIAL TYPES OF INTEGRATIONS

TYPE 1 INTEGRALS OF THE TYPE

J—dx, |

5 dx
a+bcos” x

1
————dx and [— >
a+bsin“x asin“x+bcos* x +c¢

1
3sin® x+4cos* x +2
1
3sin® x + 4 cos? x +2
Dividing Numerator and Denominator by
cos?x , we get
1
I = cos®x
3tan?x + 4 + 2sec® x

Example 39 Evaluate I dx

dx

Solution Let I= I

dx

J- sec? dx
3tan® x +4 +2(1 + tan?x)

B j- sec? dx

—_— ut tan x =t
6+ 5tan? x p

oosec? dx = dt

dt
- I6+5t2

1, dt
SJ§+t2

1 d
= __S_J'________.

GE
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Type II

E;ample 40 Evaluate

Solution i) f

Letl = |

=750 |76

1 » ‘[5
= —=tan —tanx |+c¢
V30 [ 6 j

Integrals of the Type

L 'l[ﬁt]+c

f———ji—-——dx, f———l——dx an

a+bsinx a+bcosx

1
iy |[———d
i) I2+4sinx X

.
2+ 4sinx

1

2tan5

2*““““—2,{
1+tan?>
2

lmzi}d
Il:+n2x

2) 1+tan25]+8tan—)E !
2 2

X
sec? >
2

2tan—>E +8tan»>—(- +2
2 2

I=I 2dt

2t2 +8t+2
_I_ﬁ_
T2 44142

_ ] dt
T2 4t+4-4+1

148

d | ! dx

asinx+bcosx +c

1
4sinx -2cosx+5

i) |

[ smze=—2ta—“—2—]
1+tan“@

Put tan ~ =t
utanz-

L sect X dx = dt
zsec D) X=

X
or sec? 7 dx = 2dt



dt
(t+2)2-3

(t+2)2 -(+3)’

t+2—s[§§+c
t+2+J§’

-

l1o
=2 %8

tanz(2-+2—s[§

+C

1lo
23 8

tan§+2+J§

1
4sinx-2cosx+5

Let 1= | dx

- |

1 dx

2 X

2

T+tan? >
2

2tami 1-tan
-2

X
1+tan? =
2

4 +5

1+t zijd
(+an2 X

Btan—)zf—2+2tanz—)25+5+5ta\r12-)2i

[sec2 ;)dx

7tan? X + 8tan ~ +3
2 2

Trut

2dt
7t + 8t +3

1=

149

g

1

<2 _ a2

1

dx =—1
X 7 og{

X—a
X+a

X
tan - =t

2
X)L
(scc 2)L2)dx =dt
sec?

dx = 2dt

2

297/

|



1298/

TR 1
7742, %y 7 [Adding and sibstracting ( coefficient of t)’]

2 S
t2+§t+~1é+~3——16~
7 49 7 49

x

7tan- +4

G

Type 111 Integrals of the Type

.[\Jaxz +bx+c dx
Example 41 Evaluate [/(4x +9x+4) dx
Solution [y(4x® +9x—4:;5 dx

= [J4 (;+%x+l) dx
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2 (s 2 {ZT w

(7 gl 2) o2 -]

L'

= (8x+9)1’x2 +2x+1 —1—710g
8 4 64

Type IV Integral of the Type
j(px +q)Wax® +bx+c dx
Example 42 Evaluate [(2x- BWx2 +4x+2 dx
Solution Let I = J'(2x—3)\/m dx
=[x +4-70x* +ax+2 dx
= [[-7+1(2x+ V> +4x+2 dx

[(2_.2 .2
- fVx? ~atdx =x——x—2:a——a?log‘x+\/x2 —a2:|

8X+9+Jx2+2x+1
8 4

+C
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= —7]«.Ef:i+-4x+2 dx +[(@2x+4)Vx? +4x+2 dx
1

= 7[Vx?+ax+4-4+2 dx +[(2x+4)(x? +4x+2)2 dx

1
2 —+1
X° +4x +2)2
T

—+1
2

[ I[f(x)]“ f'(x)dx = M + c]

(n+1)
= —7],’(x+2)“ dx+ +4x+2)2 +¢

_ (x + 2)\/ {x +?2)2 - (ﬁ)z _ (‘/3)2 log

_ 7f(x+2)% -2 dx +{

+Cq

’

+Cy

(x+2) +\/(x +2)2 —(«/5)2.

2 3
+§(x2 +4x+2)2 +¢;

3

[2
= _7(x+2) x2+4x+2 +7log l(X+2)+\/x2+4x+2‘+—§—(x2+4x+2)2 +c

Example 43 Evaluate j«/9+4x2 dx

Solution Let] = [v9+4x®dx
9 .2
= jJZ 1 +x° dx

_ZJ()+X dx
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T3 2 :
[‘.‘J\/az+x2dx=3(-‘ia—éﬁ(——+32—log|x+\/a2+x2}+c

= 2 ax? +-9—logx+ LA
Vet g V2

Example 44 Evaluate [v9x*-16 dx
Solution LetI = [yox*-16dx

= J«/-9_ x2 —(%) dx

+C

]
|

+C

RO _
e 3 logjx +.,/x2 —(2)2
, 2° 2 3

[2_7 2
['.'j'\/xz—azdx=x x ~¢2 —%10g|X+«}x2-a2|+C]

2

2 16
x+1/x -
9

X |2 16 84
2 9 38

+C

Example 45 Evaluate [+/25-16x* dx

Solution | V25 -16x2 dx

= V16,22 -x* dx

' 2
=2 f4 ('Z‘) "XZ dx
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]
N
X
5|5
>'<N
+
oolg
m-
Sl
=)
N
ml;‘?
N

+
2 8

Type V Integrals of The Type
[ sinPx cosax dx; (p and q are integers and either p is odd or q is odd)

Example 46 Evaluate fsin®x cos? dx
Solution Because index of cos x is odd, Put sinx =t
‘ cos x dx = dt

J sin®x cos?x dx = [ (t)*(cos?x)(cos x dx)
= f t* (1-sin?x)dt
= [#(1-0)dt
= [(#-t)dt
t°

———+cC
5 7

1 . 1 .
— sin®x ~> sin’x + ¢

5

Example 47 Evaluate [ sin%x cos*x dx
Solution [ sin’x cosix dx

= f cos*x sin*x . sin x dx

Putcosx = t

- sin x dx = dt

or sin x dx = -dt

[sin®x cos*x dx = [ (cosx)* (sin?x)%(sin x dx)
= | (cos x)* (1-cos®x)?(sin xdx)
= [(941-2y2(-d)

-Jea+e-2e)dt
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Example 48

Solution

Type VI

Example 49

Solution

or

=-[tdt - [e8dt + 2ftedt

1 5.1 o..2 4
= ——C0S° X ~—COS~ X +—COS’ X +C
5 7

Evaluate [sin® cos® dx
Putsinx =t
cos x dx = dt
[ sin®x cos®x dx = [ sin3x costx cosx dx

= [sin’ (1-sin?x)2, cos x dx

f 3(1-t%)2 dt
= I t3 1-28+t4dt

[ (B-265+t7)dt

tt ot ¢
= ———+—+C
4 6 8
1 .4 1.6 1.4

—sin®* x ——sin’ x + —sin®* x + ¢
4 3 8

s 1.6 1.4
—Ssin x—é—sm x+Zsm X+C

4

Integral of the Type

sinx + qcosx sinx
[RSMX*QEOSX 4 . PSIX 4
asinx + bcosx asinx + bcosx

COS X
J_i___ dx
asinx + bcosx

2sinx — 3cosx

——dx
Evaluate '[ 4sinx +5cosx

JZSmx— 3cos x dx

4sinx +5cosx
d
Put (2sin x-3cos x) = A(4sin x+5cos x) + B (4s1n x+5c0s x)

(2sin x - 3cos x) = A(4sin x+5cos x) + B[4cos x-5sin x]
[2sin x-3cos x] = (4A-5B)sin x+(5A+4B) cos x
Comp airing the coefficients of sin x and cos x, we get
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4A ~-5B = -2
and 5A +4B=-3
Solving for A and B, we get

22
= ] and B = ’E
Putting the values of A and B in Equation (1) we get,
_ 7 2d
(2sin x-3cos x) = Tl (4sin x+5cos x) T ax (4sin x+5cos x)

IZSinx—Scosi dx
4sinx + 5cosx

——42—(4sinx+5c0'sx)-%(4cosx—531nx)

f 1

7 ¢4sinx+5cosx « 22 ;4cosx—-5sinx
41° 4sinx +5cos x 417 4sinx +5cosx

- dx
(4sinx +5cosx)

dx

dx

7 ldx__ZEJ(4c?sx—Ssmx)
41 41° 4sinx+5cosx

A logj4sinx +5cosx| + ¢
41 41

FEW TYPICAL EXAMPLES
Example 50 Integrals the following functions w.r.t. x.
i) tanlx if) x cos®x
Solution
i) [ tan-1x dx
Putx =tant
dx = sec? t dt

2
-1 = ftsec“tdt
ftan x dx jl s

d
t[sec?t dt -j'(a-—t(t)fsec2 t dt) dt

(on integrating by parts)

ttant- [Ltan tdt
=ttant-logsect+c

=ttan t-1log.1+tan%t * ¢
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= (tan"'x) x - log.[1 4 x2 *+C
= xtan™'x - log.[1 4 x2 +¢c

1
= x tan"x - 7 log (1+x%)+c

if) jxcoss x dx

1 3
= jX[ZCOS 3x +ZCOS x]dx [ cos3x = 4 cos® x - 3cos x]
= -l—f xcos3xdx + §—j' x cos xdx
4 4

1 l:xsm3x —f (1)sin 3x dx}+%[xsinx —-Jfl.sinxdx]

4 3 3
[Integrating by Parts]
1 . 1 (-cos3x) 3 ., 3
= —XSINX - —~*———= 4 —xsinX ~—(—C0SX) + C
12 12 3 4 4
= —Lxsin3x —lcos3x +§xsinx + gcosx +C
12 36 4 4
Example 51 Integrate the following functions w.r.t. x.
: 2 3
ool e e e (R
Solution

. | 2x )
i) Let = [sin (1+x2

putx =tan 9
dx = sec 20 dO
( 2tan®
. 1 = Jsin™! k—1+tane) sec?0 do

= [sin"!(sin26) sec?6 do /
= [20sec’0do
I It

- 2[9 fsec?ado’- | (%‘(e). [sec? edejdej

157



1306/

=2[0 tand - 1. tan® do]
=20 tand -2 log sec® + ¢

=20tan 0 -2log+/1 +tan?0 + C

= 2x tan’!x - 2log /1 4 x2 + C

2
(i) LetI=IC05_1(1 x}

1+x?

Putx =tan 0
.. dx =sex?0 do

W2
n1= jcos‘l[l X J

1+x?

1-tan?0

= fcos [——“‘_’—“J sec?0 do

1+tan’0
= _(cos‘l(cos 20) . sec?0 do
= _[29 sec’0de
1 o

= 2[9 [sec?6d0 - | (55(9). [sec? ede)de]

= 2[0. tan 0 - J(1)tan® dO]
= 2[0 tan 0 - log sec 0] +c
= 20 tanb -2 log secO + ¢

= 2(tan"'x) x - 2 log/1 + tan2@ + ¢

= 2x tan* - 2log./1 4+ x2 *¢
. T =2x tan* - log (1+x?) +c

af 3x-x3
(i) Let I = tan 1[__"_-"_)

1-3x?
Putx =tan 0
dx = sec?dO

3tan —tan’ 0
.1 =[tan" T _3tnlg |sec?6d6

= Jtant (tan30) sec?0 do
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Q1

Q2.

Q3.

Q4.

Q5.

Q6.

= ISG sec2 do
2
= 3JEI)se% 0de

= 3[9 [sec?6de6 - | (Edg(e). [sec? ede]de}

=3[0 tand - [ 1.tand d6]
=3[0 tanB —log sec® +c

= 3(tan"'x) (x) -3 logy1+ tan?@ *c

=3xtan 1 x-3log1+x2 *¢C

3
= 3x tan™! x - 5 log (1+x?) +c

MULTIPLE CHOICE QUESTIONS

f5dx is equal to

(@) 0 (b) 5x+c

fdxis equal to
2

() 1 (b) 5 +c

f ” dx is equal to

1

(@) x+c (b) T2 te
I e* dx is equal to
(a) e* +c (b) e
[axdx is equal to ; (a>0)
aX

(a) a*log a (b) loga +c
fedx is equal to

e2x
(a) e*+ ¢ (b) 5 +c

5x2
(c) 2 +C

(c) x+c

(c) a* +c

(c) xe> +c

159
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(d) 5

(d) 0

d) 0

(d) e™* +c

(d) None of these.

(d) xe*
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Q7.

Q8.

Q9.

Q10.

Q11.

‘Q12.

Q13.

(adn=0

Ja¥ dx is equal to ; (a=>0)

a3x

(a) c (b} a™ +c

310ga+

n+l

X
Ix dx = n+1

+c for

L/;dx =
() Jx +e

(-

(@) éz—x«/§+ 2Jx +¢

© 2xx e

[ @x2 + 3x -5)dx =

3x?

(a) 2x*+ -5x +c

160

3x
(c) [a* loga] +c¢  (d) ioga *C

(c)n=-1 (d)n=0
1 2
() ‘Ex +c (d) gx*/; +c

(b) %x&—2&+c

(d) 2«/_—71_;+c

2x%  3x?
P b +
(b) 3 > 5x +c

(d) None of these.
() ?x? +c

1
+4x2 +¢

5 5 3
2 2

(b) %x - éz—x

(d) None of these

(d) None of these
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Ql4. JK f(x) dx, (where K is a constant) is equal to
(a) Kf(x) +c b)K+Jf (x) dx +¢ () Kff(x) dx +c¢  (d) None of these

Q15. J|x|dx(x<0)is equal to

x2 2 lx‘Z
(a) o +c (b) 2x2 +¢ () —— +c (d) 5 ——+c
Q16. | {x]dx (x20)is equal to
2 2 2
(a) 52-— +c (b) 2x2 +c (c) — ———+c (d) l—752I——+c
Q17. Joa+ax+ a?) dx (for a > 0) is equal to
xa+‘1 - a+l
(a) a+1+a"+a\a‘+<: (b)a 1+a"loga+c
a+1 a" a+1 aX
(c) 2t loga+a *cC (d)a+1 10ga+a“.x+c
Q18. [(@x-3)%dx =
2x 3 2x - 3)° 2x - 3)°
(a) @x-3, (b) (—1{2——)-“ (c) (—"_15-)—.+c (d) 2(2x - 3)6 +c
Q 19. f«/Bx-—-B dx =
2 2
(@) 3 (3x-5) 32 +¢ (b) 5 (Bx -.5)/2 +c
2
(c) 5B -5)1/2 +¢ (d) None of these.

Q20. [¥5-2x dx =
() —g-(s ~2x)%/3 +c | (b) - (5 -2x) 1/3 +c
3
() Z(S - 2x)4/3 +¢ (d)-g (5-2x)¥/3 +c

Q21. J f & dX where fand g are functions of ‘x’ is equal to

(a)f[gdx+f(§‘§!8ax)dx (b}g;ffdx;)‘(%fgdx)dx
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Q22.

Q23.

Q24.

Q25.

Q26

Q27.

Q 28.

Q29.

df
(c) £ [gdx- I(a;fng)dx

[xexdx =
(a) xe* +c
(c) (x +1)ex +c

,[logxdx=
(a) xlog x + x+ ¢
(c) x log x -x +c

| ;12 (logx)® dx =
(a)
J

(a) x +logx +c
(c) x -logx +c

1
IX]Oan dx =

1
« Flogx)* +c (b) x(log)° +c
1

xlog x dx =

(a) x + log x™ +c
(c) x - nlogx +c

,flog a dx =
(a) aloga+a+c
(c) x(log a) +c

Ii—:cix =7

2 A
X 2 (%)

Y Zlog= b) 5 *t€
3
[ox 3xdx=?
6X
(a) 6*log 6 +c (b) log6 +c

(c) None of these

(b) ( x-1) e +c
(d) xex + x +c

(b) x log x + x2 +c
(d)logx - x +c

(o J08x)°

. (d) None of these

(b)log | log x| +c
(d)x logx + x +c

1
(b) a log |logx | +c

(d)n xlogx + x" +c

(b) x log a + ax? +c
(d)log a - x +c

(c) 3t¢ (d) None of these

2" log2
(c) §log3 e

(d) None of these



Q30.

Q31.

Q32

Q33.

Q34

Q35

Q36.

Q37

Q38

Q39

jex.eexdx=?

(a) e+ ¢ (b) ex 1 4 ¢

,[xlogxdx=?

2 x2
(a) ——2—logx oy +C

2 2

X X

— + —+
(c) 2logx 1 c

fx logx® dx = ?
2 x2

(@) niz—log X =N +C

2
() n Ez—logx +c

[ x sinx dx is
(a) x cosx + sinx +c
(c) -x cosx +sinx +c

[ %2 cosx dx is
(a) (x2 +2) sinx +2x cos +c
(c) x?sin x + 2x cosx *c

,[ sec?x dx is

(a) tan x +c (b) cot x +c
[ cosec?x dx is
(a) tanx +c (b) cotx +c

f cos(3x -7)dx is

(b) 1 sin(3x -7) +c

(a) sin (3x-7) +c 3

| secx tanx dx is

(a) sec’x +c
cot(8x - 2)

J.'—.‘——“‘ dx js
sin(8x - 2)

(b) secx cot x

(a) %cot (38x -2) +c

1
(c) - g cosec (8x-2) +c

163
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(€) ex —e 4+ ¢ (d) e +¢

2
(b) x? logx + %— +c

(d)x log x + x +c

2
(b) nx? logx + n%— +c

(d)n x logx + x" +c

(b) cosx +x sinx + x
(d)x cosx - sinx +c

(b) (x? -2)sin x +2x cosx +cC
(d)x? cosx + 2x sin x +c

(c) - tan x +c (d) - cot x +c

(c) ~tanx +c (d) - cotx +c

1
(c) % cos(3x-7)

3 (d) None of these

(c) cosecx tanx  (d) secx +c

(b) -;'cosec (8x - 2)

(d) None of these
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Q40

Q41.

Q42

Q43.

Q44.

Q45.

Q46.

Q47.

Q48.

f tanx dx is

(a) log|secx|+c
(c) log|sinx|+c
| cot (5x-2)dx is

1
(a) 5 log|sin (6x-2)|+c

1
(c) glog | cos(5x-2) | +c
| sec(4x -3) dx is

1
(a) Zlog|sec(4x ~ 3)+tan(4x-3) | +c

(c) Both (a) and (b)
cosec . 3x dx is

1
(a) glog|cosec 3x-cot 3x|
(c) Both (a) and (b)
(tanx)? sec? x dx = ?

(b) 7 sec®x +c

@ 3 tan®x +c 3

[ (cotx)? cosec?x dx = ?

-

1
(a) gcob"xf c (b) Zcot‘x +c

(c) log|secx|+c

[ tanx cosec?x dx = ?
(a) log| cotx|+c
(c) log|cosecx | +c

[ sin x cos x dx = ?
1. 1.
(a) 7 sin 2x +c (b) - sin 2x +c

4 4
' 164

(b) -log | cosx | +c

{(d) Both (a) and (b)

1
(b) -—5“10g | cosec(5x-2) | +c

(d) Both (a) and (b)

1 ¢ n 4x-3
(b)Zlog an 4+

(d) None of these.

1 ¢ 3x
(b) glog an o
(d) None of these.

1

+C

(c) secx . tanx (d) sec® +tan*x +c

1
(c) —Zcot4 x +c_ (d) None of these

(b)log |tanx|+c

(d)log|secx +tanx|+c

(b) -log | cotx | +c
(d)log | cosec x- cotx | +c

1 1
(c) 3 Cos 2x +c  (d) —-ZCOS 2x +c
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Q49. | (coszx - sin?x) dx = ?

1 1 1
(@) - sm 2x +c (b) = cos 2x ¢ (c) 5 Cos 2x +c (d) —zqsm 2x +c
Q50. | (3 sinx - 4 sin®) dx = ?
1 1 1 . 1 .
(a) -3 cos 3x +c (b) 3 cos 3x +c (c) 3 sin 3x +c (d) -3 sin 3x +c
Q51 [ (dcos? x - 3) cosx dx = ?
1
(a) -3 cos 3x +c (b) 3 cos 3x +c (c) *3‘sin 3x +c (d) -3 sin 3x +c
,[ 3tanx - tan> x )
Q52 1-3tan®x dx ="
1
(a) gloglcosec 3x|+c (b) log]sec3x]+c
1
(c) -3 log|sec3x | +c (d) None of these.
Q53. [sin?xdx="?
1 1
@ 3 sin®x +c¢ (b)'3‘ cos®x +c
1 1
(c) X - sm 2x +c (d) None of these.
Q54 [ cos? (2x + 5)dx + ?
2y +=sin (4x+10) + b) = x + = cos(dx +10) +
(a)2x+85m(x 0) +c ()2x 8cos(x 0) +c
ET. 4x +10) + d1 l'4+1O+
(c) 2x—8cos(x ) tc ()zx—gsm(x )
55 ,[1 -cos2x
Q55. 1+cos2x

(a) tanx + x +c (b) tanx - x +c (c) cotx + x +c (d) cotx - x+ ¢

Q56. [sinx®dx="?

180 180 L8
(a) cos x° (b) -~ Cos x° (c) —cos x° (d) - 180 08 x°
57 Jsec2x_—_l dx = ?
Q7. sec2x+1 %
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Q58.

Q59.

Q60.

Q61.

Qe62.

Q63.

Q64.

Q 65.

Q66

Q67

Q68

(a) tan x + x +c (b) cotx + x +c
Jef(x) + f (x)] dx = ?
(a) eXf(x) +c (b)e™f (x) +c
J e [tanx + sec?x] dx = ?

(a) e* sec x +c (b) e*sec®x +c

(b) x%e* +c
I e* secx [1 + tanx]dx =?

) € tanx +c (b) e* tan? x +c

* [log | secx | +tan x] dx = ?

a) e* log|secx|+c (b)e* log tanx +c

€* sinx +c (b) e* cosx +c

e
e* (sinx + cosx) dx
)
e* (cos x - sinx) dx
)

a) -e*cos x +c

Ie*"‘ sinbxdx="7?

(b) e* cos x +c

eax ]
(\4‘) 2102 [a sin bx + b cos bx] +c

ax

©) 5

.02 [a sin bx - b cos bx] +c

Iesxsin3xdx=?

5x

(a) 24 [5 sin 3x + 3 cosx 3x] +c
e5x
(c) 31 [5sin 3x - 3cos 3x]+c

Ieax cos bxdx =?

e™ .
(a) IR [a cos bx - b sin bx] +c

(c) e[ a cos bx + b sin bx] +c

f e cos Bx+7)dx+?

166

(d) cot x -x +c
(d) e* f'(x) +c
(c) e* tan x +c

(d) e tan?x +c

1 1
(c) e = +c (d) e";a‘-!-c

(c) e* sec?x +c (d) e* sec x +c

(c) log|secx|+c  (d) e* log|tan x| +c

(c) -e* sinx +c (d) -e*cosx +c

(c) e sin x +c (d) -e* sin x +c

ax

—e .
(b) .02 [a sin bx +b cos bx]

(d) None of these

5x

34

(b)

[5 sin 3x] +c

(d) None of these.

ax

€ .
(b) PR [a cos bx + b sin bx ] +¢

(d) None of these




Q69

Q70

Q71

Q72

Q73

Q 74.

2x

£ [2cos (3x+7)+3 sin(3x + 7)] +c

(@) 33

2x

e
© T3

J(2x-3) 3@ “ax 45 dx =7

2
(a) 3 (x2 -3x + 5)/2 +¢

[2 cos (3x+7)-3sin (3x + 7)] +c

(c) (x2-3x +5) ¥2+¢

j 2x -3
(x* - 3x +5) d
(@) x2-3x + 5)? +c

X =7?

1
(c) E(x2 -3x +5) 2+c

I (x+1)dx
(xZ+2x+7) 18 qual to

1
(a) E(x2 +2x + 7)+c

1
(c) Eloglx2 + 2x +7 | +c

tan~1x

(b) tan™! +c

(b) cos? x +c

(b) ‘;— tan™! (g) +c

167
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2x

(b) 91—3— [3sin (3x + 7)] +c

(d) None of these

(x2 =3x + 5)%/2 +c

(b)

(x2 -3x + 5)¥/2 +¢

(d)

WIN WIN

(b)log | x2-3x + 5] +c

(d) None of these.

(b)log|x®+ 2x + 7| +c

(d) None of these

(C) e—sin_lx +c (d) ecos"lx_*_C

b3 @ S
(c) 35ec |3 +c (d) 5 cosec™{ 3 J+c
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Q75

Q76

Q77

Q78

Q79

Q80.

1
Preart bk

1 X 1 X
(a) -3 sect| 3 |+c  (b) gsec'l 3 )*c

1
et

(a) —% cos™! (')2(“) +c  (b) -cos™ (%) +c

1
dex”

(a) sint (2(2‘)+c
(c) %sec'l (%) +c
J ﬁ dx =7

2o (3)
(a) 2tan 3 | *c

1
(©) 5 12x +y4x2 19 |+c

1
J4x2—25dx=?

1 2x -5
(a) 10 log 2x+5

+C

1 2x+5
(©) 10 log %x—5 +c

1
— = ’?
J 25 16x2 X =1

5+4x
5-4x

1

(a) Zo*log +c
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(c) %sin'l(%) +c  (d) sin‘l(gj +c

(c) sin! (“)2(‘)+c (d) Both (b) and (c)

(b) cos™ (2(2‘) +c

(Dlog|x +y/x2 4 |+c

(b)log|2x +4x2 19 |+ ¢

(d) None of these.

2x -5
2x+5

1

(b) 20 log +c

(d) None of these.

5+4x
5-4x

1

(b) glog +c




Q81.

Q82.

Q83.

Q84.

Q85.

Q86

5+ 4x
5-4x +

J.\/9—x2 dx =?

1,
(€) 7olos

ﬂ+25m—1(5)+c
@ = 2 3

(©) log|x +Jg_2 |+c
V92 4 x2 dx =7

2
xXV9 —x

—_— gtan“l(i) +c
(@) = 2 3

xx/9+x
() —— 2 _1 oglx+94x2 [*c

J'\/4x2—9dx=?

xVax?

*—‘2—:-9—2‘108@( a2 -9 |+c
xV4x2 -9 ”1(2)44
3

(c) —=—+ ? sin
2
(b) x* + logx +c

(a)

2
fx"(l +log x) dx =7
(a) x* logx +c
1
J xsinx (;sinx+ cos xlog x ) dx =7

(a) x> +¢ (b) (sin x)* +¢

1
foaem e

(a) log | (x-a)(x-b) | +c

X—a

(c) log x-b

+C

169
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(d) None of thses

b x7zx 9-x" +—9—cos"1(z(—)+c
(®) 2 2 3
(d)None of these.

(d) None of these.

xv4x? -9

(b) =, glog'ZX 1 -9

9 |*c
(d)None of these.

(c) x* +c (d) None of these.

(c) x + sin x +c (d) None of these.

x-b
(b) log |7~

+c

1 [x b]
(d) (b-a) log‘x ‘+c




Chapter 2
DEFINITE INTEGRAL

b
If f(x) is a continuous function on a closed interval [a, b], then ,[ f(x)dx is called

Definite Integral of a function f(x) from x = a to x = b.
If F(x) is the primitive or anti derivative of f(x) , then,

lff(x)olx =[F(x)]° = F(b) - F(a)

x = a is called Lower limit and
x = b is called Upper limit of Integration.
The interval [a, b] is called the range of integration.

The value of Definite Integral is Unique.
Let ,[f(x) dx = F (x) +c

X=

[FC) *c] oy, - [F(X) *cl,e,
[F(b) +c] - [F(a) +c]

= E(b) - F(a),

which is unique being independent of constant of integration c.
Example 1 Evaluate.

b
Then Jf(x)dx = Uf(x)dx] b Uf(x)dx]x:a

[/

(i) 'Zf(x3 +x? -1) dx (i) .3[«/; dx
1 2
(i) '1[(2x+3)4 dx (iv) }ezx dx
0 2
3 13,3 4.2 11
@ g™ SO X—fx}; ax
Solution

() 'Zf(x3 +x?-1) dx
1
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(i)

(i)

- 2
X4 X3
=]——+——-X
..4 3 J1
Fx4 x3 1 x4 x3
e i
L 3 Sx=2 =1

2+_8_)_[3+4—12:| 61
- 3 12 12
3
j\/;dx
2
3 1 xm»l
= j(x)z dx ['.'fx“dx:
> n+
o1 3
xE+1
= l+1
2
; 2
- 3 3
_ EXE}
3
L 2

%&m%—aﬁJ
=2
- ’5[3\/5- 2\/5]

1
f(2x +3)* dx
0

171




(iv)

15 [3125 - 243]

1
5[2882]= 2882

3
Iezx dx
2

3
BEEE o= alcetl
3 , ax+b a

1 1
310813(3)-5 -3 log|3(2)-5|

L o4 - 1o 1
308%73708

) % [iog(:ll_)] , [ logm~logn = log(%ﬂ
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1
3

It

It

3

_2
T3

wi) |
0

O —y =

O ey =

1

-

-

Example 2
()

(iif)

3x3 —4x? +1

3
Zx2 ~Zx2 +2x2
5

7

[30-56+70

iog4
log(2)? , [+ logm" =nlogm]

log2

d
7 X

3x%  4x?
-1 1

1
+— dx
x2 X2 2

P
jdx

1

53 1
2 _4x2 4+x 2

3x

1

X2

7 3
2 x2
51
2

X
75T
2

2 o

I

7 5 1

g—§+2]~[O—O+O]
7 5

44
35

]_o _

35

Evaluate
n/4

f (6sec?x + sin 4x) dx
0

/3

J cos 2x sin x dx
0

173

n/4

f (tan?x + cos x) dx
0

L 5dx
J‘1+x2

0



Solution

(i)

(i)

n/4

J (6sec? x +sin 4x) dx

0

n/4

i

1l

6 jseczx dx + jsin4x dx
0 0

6[tan x]

n/4

0

n/4 +|:—COS4X

n/4

4

)

n/4

0

(vi)

6{tan£ —tan O} - l[cos 4.E - COS 0}
4 4 4

1
=6[1-0] - 1 [cosm - cos0]

6—1“ 1-1
_4["—] l
L l. B

B 2 2

j (tan?x + cos x) dx

0

1l

n/4

[tan x — x + sin x]

I [(sec? x- 1) +cos x| dx

0

n/4

J (sec? x -1 +cos x) dx

0

n/4
0

rcosm=—1
cos0=1

[tan£—£+ sin—n—}—[tano -0 +sin0]
4 4 4

|

1_1t_+_1_

4 V2

|10

174

|

= dx

/4 1+ €OS2x
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n/3

(iit) f cos 2x sin x dx
0

n/3
f 2 cos 2x sin x dx
0

N =

3
[sin (2x + x) -sin (2x -x)]dx

n

O Sy

N

[-+ 2 cos A sin B =sin (A + B) - sin (A-B)]
n/3
f [sin 3x - sin x] dx
0

N =

- 3
—cos 3x ©/

+ COSX:I

N | =

0

I
N

I
N | —=
I
(@]
w
7]
2
+
(@]
©
wn
Wi
N———
I
|
W |-
+
[y
~—
| I }

Nl= N= N
T
(o)}

, } 5dx

1 1 1 X
- sfun]. iy

= 5[tan"'1- tan-10]

b 5n
=5"—0 = —
[4 ] 4

175
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®/2 ) ) 2
in— —1| doé
(v) _([ (sm2+cosz)

n/2
j' (sin2 9~+c0529-+2sin9c059—)d9
S5 2 2 2°%2

0

L4

/2
I(l +sin0)do [-+2sin A cos A = sin 2A]
0

[6 - cos6];/

Tod
(vi) I .

x/a 1 +COS2X

T dx
2cos? x
®/4

1% 5
- - Isec x dx
x/4

L4

1
= E[tanx]ﬂ/4

= l[tan - tanlr—]
2 4

1 1
==[0-1] = -=
p10-1] 2

Example 3  Evaluate

V2 »
(i) _|'2\/2—x2 dx (i) | dx ;azb
0

5 (x? +a%)(x? +b?)

) | Snx &

176
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Solution

V2 -x2% dx

V2
(@ {

3 (V) - (v2) -
_ 2 2)2 (+2) +sin_1[%] ~[0+sin"0]

= [0 + sin”'1] - [0]

1 T (a® - b?)dx
0

1 [z 1 =1

= dX* dX-l

a’ - b? b£x2+b2 J).x2+a2 |

— 21 5 lt 12y —15}
a“-b°Lb a a,

177



n/2

@) )

n/6

Example 4

1 |I'= Tc:]
T a’?-b%|2b 2a

s {a—b:l
~ a?-Db?| 2ab

1 (a—-Db)

~ (a-b)(a+b) 2ab "

T

2ab(a + b)

sin 2x

: dx

sin x
/22 sin X COS X

a6 SInX

n/2

— J2cosxdx
n/6

n/2
n/6

fonmon]
-] - o

Evaluate

2[sinx]

1
2

)

1/2
J' X dx

- [ —/———— dx

178

-21 5 (ltan‘loo——l-tan*loj—(ltan‘loo—ltan'lo
a’-b*[\b b

1 [(1 =
- —=—-0-]=
~ a?-b? _(b 2 ) (

a a

2

J.ZX\/5—X2 dx
1

3

J‘,llogx dx

1

X

)
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Soluion
1/2
X
. dx
® ('[ 1- xz‘
Put J1-x2 -¢

L (2xdx=dt

| 2v1 - x?
X dx = -dt

1-x2

when x =0, t=41-(0)* =1

1 1\ 3 V3
= — t=,1-|= SN T T
when x X (2] 4 2
1./[2 x 4 NEYZ
X = —dt
0 \ll+x2 ‘1[
Cen B
[t]13/2 [2 1]
J3 2-43
= -—+4+1 = —-
2 2
2
(u) J2xV5—X2 dx
1
Put5- x2=t
so=2x dx = dt
s 2x dx = -dt

whenx=1,t=5-(1)2=4
whenx=2,t=5-(2)2=1

}2xJ5——x2 dx = }(t)%(—dt)
1 4

3

3

¢2 ER
- 13| - —%{(l)h(w]

5 v

179



(iv)

- -2[1-8
21g
2 14
= Sy = 22
3( ) 3
j(tan'lx)z
1+x?
Put tanlx = t
L —dx=d
Tl T A

whenx=0,t=tan’!0=0

when x =1, t = tanI(1) = g
1 n/4
_[Lta_“_"l_ dx = [(b2.dt
0 1 +x? 5

[}
(SR
—
TN
w3
S
w
|
P
(]
A2
w
3
[f}

whenx=1,t=log1=0
whenx =3, t=log 3

log 3
[B% gy - TVE ae
1 X 0
log3 1
= 0f(t)z dt

180
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2 3
= —(log3)2
5 log3)
Example 5  Evaluate
' “}4 sin x dx . /2 dx
@) o €os3x + 3cosx (&) o a’sin®x + b%cos? x

(i) -[ 3cosx (iv) '1[ X+1),/X _

Solution
n/4 .
sin x
@ )

o COs3x +3cosx

“r sin x

dx [

.+ €08 3x =4 cos® x - 3cosx
o (4cos®x - 3cosx + 3cosx) rob ]

n/4
— _[tanx sec? x dx
0

i

Put tanx =t
sec?x dx = dt
whenx =0,t=tano =0

T
when x = — = tan

Z o
e 4"

181
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n/4 : 1 1
i g g
o €O0s3x +3cosx 47

n/2 dx
ii X
(i) o a’sin’x+ b?cos? x

Dividing Numerator and Denominator by cos?x, we get

1
cos” x

) 2
sin? x cos” x
0 g2 +b?

dx

n/2

COS2 X COS2 X

n/2

-]

o a’tan’x + b?

sec? x dx

Put tan x = t
SecZx dx = dt
when x=0,t=0

n
when x = —2—,t= o0
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tan ! (EE) )
b

0

1
b
[tan oo —~tan” 0]

1
ab
1 4
e —|==0] = —
b[2 ] 2ab

T
(i) £5+3cosx
=’J5 dx
Y 1—tan2?(—
543 2
1 _
+tan )
1 zi)d
( +tan 5 X

|

X 2 X
5+5tan’ = +3-3tan’ =
ano n-s

sec? X dx
2

il
O ——

2tan2§+8

X

1 .=
58’2 dx = dt

whenx=0,t=0,
whenx=xn,t= ®

183



T dx Todt
et - ]

5+ 3cosx t? +4
_ ]‘.’ dt
ot +(2)?
= ll tan'l(i)
2 2 /g
= —[tan“loo—tan‘1 O]
- l[ﬁ_o] I
212 4
o
V) (x+1)Vx2 -1
1
Put x+]l = —
t
1
dx = -t—z dt

1
, whenx=2,t=§

3
l=n
[¢]
=3
bad
i
=
[
[l
N

184
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I

(=
B e B
N

—

|

N

or

i
{
Sy
—
—

I
N
or

~—
L
~
N
o
or

(SR

N

_ _(1—%—]2—(11)3}

(1
SR
1 e‘/;
dx
(v) g Jx
Put Jx =t
1
5‘:/‘—)(— dx = dt
1
1/? dx = 2dt
when x=0,t=0, when x=1, t=1
1
= jet(2dt)
0
1
= Z[et]o = 2[el- €]

= 2(e-1)
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T
=8x - = 4n

2
Properties of Definite Integrals
Property 1
The change of variable does not change the value of definite Integral.
b b
ie. jf(x)dx = jf(z)dz
Proof: Let [f(x)dx =F(x) and |f(z)dx = F(z)

b
[f)dx =Fb) -F@y = eemm- 1)
b

and [f(z)dz =F(b)-F@) - )

b b
From (1) and (2) [f(x)dx = [f(z)dz
Property 2

If the limits of a definite Integral are interchanged, then the value of definite
integral thus obtained remains unchanged but with opposite sign.

ie. ?f(x)dx = -}f(x)dx
a b
Proof : Let | f(x) dx = F(x)

b
[fx)dx =Fb)-F@ = - (1)

and zf(X)dx =F@)-Fb) = - )
clearly from (1) & (2)

?f(x)dx = }f(x)dx
a b

Property 3
If [a, b] is the range of integreation and a<c<b, then

?f(x)dx = j'f(x)dx+ ?f(x)dx

a
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Proof : Let |f(x)dx=F(x)

b
then [f(x)dx = F(b) - F(a) ——

and _C[f(x)dx+ _Tf(x)dx
= [F(c) - F(a)] + [F(b) - F(c)]
=Fb)-Fa e ()
from (1) and (2)

Tf(x)dx = _C[f(x)dx+ _lff(x)dx

Property 4
0, if f(x) is an odd function i.e. f(-x) = - f(x)
:[af(x)dx = | 2Jf()dx , if f(x) is an even function i. e. f(-x) = {(x)
0

Proof: From Property (3)

a 0 a

_[f(x)dx = _[f(x)dx+ _[f(x)dx _____ (1) , [~ -a<o<a]

Za Za 0

Let f(x) be an odd function

0
Consider, _[f(x)dx

—-a

Put x =-z
dx = -dz
whenx =-a, z=a, whenx=0,z=0

0 0
[f(x)dx = [{(~z)(-dz)

= [feade oy property @]

= -':[f(Z)dZ , [-+f is an odd function ..f(-z)=-f(z)]
0

= -[f(x)dx ,  [By property (1)

0

187



(1) becomes,

j'f(x)dx = —j'f(x)dx+ j'f(x)dx =0
-a 0 0

Now , let f(x) be an even function

0
Now , consider J'f(x)dx

Put x =-z
dx = -dz
whenx =-a,z=aand whenx=0,z=0

?f(x)dx = ])'f(—z)(-—dz)

= [f(-z)dz [By Property (2)
0

O ey

f(z)dz

= ff(x)dx , [ By Property 1]
0

(1) be comes

a

j'f(x)dx = [f(x)dx+ j'f(x)dx
-a 0 0

a

= 2[f(x)dx
0
Thus.
0, if f(x) is an odd function
f(x)dx = T
_J; (dx 2J'f(x)dx , if f(x) is an even function
0

Property 5 J'f(x)dx = |f(a-x)dx
0

O —

Proof put x = (a -z) in J'f(x)dx
0

188
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dx = -dz

whenx=0,z=a, whenx=a,z=0

Tf(x)dx = ?f(a—z)(—dz)
0 a

O Sy B

f(a-z)dz [By Property (2)]

D ey

f(a-x)dx [By Property (1)]

f[ f(x)dx = Tf(a - x)dx
0

Property 6 Tf( dx = If(x )dx + If 2a - x)dx
0
2a a 2a

Proof If If x)dx + If(x)dx ______
0 0 a

(1) [By property 3]
Consider the integral, I f(x)dx

put Xx=2a-z
s dx=-dz

whenx =a,z=a, whenx=2a,z=0

f f(x)dx = ?f(Za—z)(—dz)

2azz

ol——.m

[By Property (2)]

= Tf(Za - x)dx
0

[By Property (1)]
From (1) and (2), we have

@

jf j dx+jf2a x)dx

0
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0,if f(2a - x) = ~f(x)

2a
Property 7 £ Ex)dx = o[ f(x)dx, if £(2a - x) = f(x)
0

Proof From property (6)
2a a a
gf(x)dx = gf(x)dx + gf(Za -x)dx e 1)

If f(2a-x) = -f(x), then from (1)

]

j'af(x)dx j'f(x)dx + j'—f(x)dx
0 0 0

j'f(x)dx - j'—f(x)dx =0
0 0
If f(2a-x) = f(x), then from (1)

sz(x)dx = j'f(x)dx+ }f(x)dx
0 0 0

a
= 2[f(x)dx
0
\ 0,if f(2a — x) = —f(x)
a
a
Thus, £ f09dx = a1 fx)dx, if f(2a - x) = £(x)
0
Example 9  Evaluate the following Definite Integrals :-
4 ' 4x+5, if 1<x<2
i f =
(l) { (x)dx Where f(X) {3)( ‘_5’ if2<x<4
n/2 n
(i) II sin x|dx (i) II cos x|dx
-n/2 0

Solution

4 4x+5,if1<x<2
(i) {f(")d": f(x) = {3x--5, if2<x<4

Because the functior: is defined in two ways in the interval [1,4] first in the
subinterval 1<x <2 and the other in the subinterval 2<x<4.
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(i)

Thus we shall use property (3) as follows:
2

}f(x)dx = Jf(x)dx+ }f(x)dx
1 1 2

ey N

(4x +5) dx+!(3x 5)d

4x? 3x2 *
—+5x| +{—~-5x
z ] & L
[122)? + 521 - (2012 + ()}]+[{§-(4)2—5(4)}—{3(2)2—5(2)}]
[18-7]+[(24-20)-(6-10)]

11+4+4 =19
®/2
ﬁsin x| dx
-n/2
|sinx|=-sinx for ::,ZE <x<0 [+ x is in IVth quad.]
and |sinx|=sinx for 0<x s% , [ x is in Ist quad.]
By property (3)
®/2 ®/2
ﬂsinxldx = ﬂsmx|dx+ ﬂsmxldx
-n/2 -r/2 0
0 ®/2
= J(—sinx)dx + Jsinx dx
-n/2 0

n/2

~[-cosx]’ oj2 tl-cosx]g

cosQ -~ cos(-——’—t-j - [cos T CcoS O:I
2 2

= [1-0]-[0-1] = 1+1 = 2
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(i) J'lcos x| dx
0
|cos x|=cosx for Oﬁxsg, ['.'xis inIstquad.]

T
and |cos x|=-cos x for 3 SX<T, [ x is in IInd quad.]

By property (3)

n/2 n
J'Icosxldx+ J'lcosx|dx
0 n/2

il

n
J'|cosx|dx
0

n/2 n
J'cosx dx + J'(— cosx)dx
0 n/2

Il
~—
(IJ.
5
X
—
(=

. T . . . T
sin— -sinQ [-| sin t - sin—
2 ] [ 2]

[1-0]-[0-1] =1+1 =2

Example 10 Evaluate the following Definite Integrals :

1 n 2

@ [x°dx (i) [sinx dx @) [x'dx
-1 -n -2
n n/2 . n/2

(iv) Jcos2x dx (v) Jxsinx dx (vi) Jxcosx dx
n -n/2 -n/2
1

(vii) leldx
|

Solution
1
@  [xPdx

4
f(x) = x®

and f(-x) = (-x)% = -x3

o f(~x) = ~£(x)
f(x) is an odd function
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1
[x*ax = 0 [By property (4)]

-1

[Remark : I x"dx =0 for n tobe odd integer]

—a

(ii) }sinx dx

f(x) = sinx
and f(-x) = sin(-x) = -sinx
L () = -f(x)
f(x) is an odd function
[sinx dx =0 [Remark : [(sinx)"dx =0 for n to be odd integer]

2
) [x'dx
-2

f(x) = x}
and f(-x) = (-x)* = x*
f(-x) = £(x)

f(x) is an even function

2 2
[x*dx = 2_(|;x4dx , [By Property (4)]

-2
x° 2 2
{5] - for-or

= "2—[32—0] = §_4"
5 5
[Remark : _[ x"dx = 2_[ x"dx; for n to be even integer]
-a 0
(iv) Jcos2x dx
f(x) = cos2x
and f(-x) = cos2(-x) = cos2x
f(-x) = f(x)
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f(x) is an even function

J' cos2x dx = 2jc0s2x dx, [By Property (4)]
0

Z[Sian]
2

[sin2r - sin0] = [0-0] =0

/2
v) jxsinx dx
-n/2
f(x) =xsinx
and f(-x) = (-x) sin(-x)
= (-x)(-sinx)
= x sinx
f(-x) =)
or f(x) is an even function
n/2 . /2
J/); sinx dx - 2 hsxgx dx , [By Property (4)]

|
N

e w2 MAd
L‘xj'smx dx|0 - g(a—;(x)_[smx dx)dx}

[
N

) n/2
~|xcosx|;’ - [1(~cos x)dx]
0

L

n/2
—Z[Ec:os—7£ - 0} +2 jcosx dx
2 2 0

]

= 0+2fsinx]}? = 2[sin§-o]

=2(1) =2
n/2
(vi) jxcosx dx
-n/2
f(x) = xcosx
and f(-x) = (-x) cos(-x)
= (~x) cosx
= -X COSX
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f-x) =~
or f(x) is an odd function
n/2

[xcosx dx = ¢ [By property (4)]

-n/2
Remarks :
i) The product of two odd functions is an even function, similar to (-)(-) = +
i)  The productof an odd and an even function is an off function, similar to
(-)(*+) = - ; considering ‘~’ for odd and ‘+’ for even.

1
(vii) JIxldx

-1

f(x) = |x]

and f(-x) =|-x| = |x|
f(-x) = 1£(x)

or f(x) is an even function

1 1
J|x|dx = 2£|x|dx , [By Property (4)]

-1

1
=2[x dx [ |x|=x for 0<x<1]
0

X2 !
=2[—2—} = [®*-07] =1

0
Example 11 Evaluate the following Definite Integral

. njz sinx . ”‘/[2 dx
(@) o Sinx+cosx dx (&) 1+tanx

NJ/'Z Veotx dx _ "‘/[2 cos® x dx
(i) 5 Veotx ++/tanx (iv) o sin’x +cos® x

/2 s n3/2 n/2
sin/2 x
dx ; og(tanx) dx
v) .([ s x + cos x (vi) ,([ g(tanx)
Solution
®2  sinx
et T = e T 0
0
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|

Also 1

cosx dx
I

/2
(_‘; _____

COsSX + sinx

Adding (1) and (2), we have

sin x "2 cosx
21

d (
n/2
£ sin X + cos X 0 COSX + sinx

i

/2
1dx

sinx + cosx

) ax

COS X + sin X

O‘——-\

n/2
0

Lowsen |

x

]

A
|
o

w20

W= Nja N

or 1

/2

Letl =

j- dx

(i) o 1+

Also 1

tanx

"2 cosx dx

oy €Osx +sinx

dx , i:-,-]l‘f(x)dx=?f(a_x)d>(:'
0 0
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(@)

n/2 .
sin x
= | —7——d&
I £ sin x + CO$ X )

Adding (1) and (2), we have

21

I

"/2(c0sx+sinx)
—— | dx

o \sinx+cosx

n/2

= Jldx
0

[xI5*

[l
a
|

<o

w2l

w3 Na N

or I =

n/2 < cotx

= a  _____
Let L ‘(’)‘\/cotx +\/tanx X (1)

r_ i) _
Also 1 = £\/cot(-g——x)+\/tan(g_x) dx ’ {_-!}'f(x)dx=£f(a—x)dx]

n/2 Jtanx

- 0 Vtanx ++/cotx

dx

Adding (1) and (2), we have

"f\/cotx +tanx dx
2 ~  Ytanx +vcotx

n/2
Il dx
0
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(v)

(v)

4%
=X 0
2
A ==
' 2
[ = F
or =2
"J/-z cos® x dx
Let L= o sin®x+cos®x T (1)
n/2 COSs(g—x) . .
Also 1 = '(’)- ] 5(1: ) 5(7‘7 )dx , [‘.’jf(x)dx:jf(a—x)dx]
sin’| = —x |+ cos’[ = -x 0 0
2 2
n/2 +.5
sin’ x
= f—-———s——dx _____ (2)

o cos® x +sin® x
Adding (1) and (2), we have

*/2( cos® x +sin’ x d
21 j 5 5 X
0 L cos® x +sin’ x

n/2
f1ax
0

- (4"

1
]
!

o

w20

sla Nla N

or I =

’ = dx _____
Let ! g sin®? x +cos®/? x 1)
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. 3/ T
n/2 sm / (E—X)

Also 1

=/2 3/2

Cos

= 3/2
o Cos

X dx

x +sin>/2 x

Adding (1) and (2), we get

"/z(sinS/2 x + cos®/2 x)
dx

cos®? x +sin®/2 x

21

0

n/2

= J.ldx
0

- <"

n
|
|

o

w21

or | =

n/2
(vij Let 1 = [log(tanx)dx
0

n/2
Also I = | log[tan(%—x)} dx )
0

n/2

Ilog(cot x) dx
0

Adding (1) and (2), we get
n/2

21 = [[log(tanx)+ log(cotx)] dx
0

199

dx

0 Sins/z(l—x)+coss/2(£-—x) !
2 2

{ ?[f(x)dx = }f(a - x)dx
0 0

|

a

0

If(x)dx = }f(a - x)dx

0

|



n/2

0
n/2

[log(1) dx
0

n/2
J'O dx =0
0

21 = 0
or I

|
o

Example 12 Evaluate

Solution

J'log(tan x.cotx) dx

(m - x)sinx(m - x)

Also I =£ 1+sinx(m - x)

J-(n x) smx
p 1+sinx

T msinx
(J)'1+sinxd I

]‘- sin X

——dx
o 1 +sinx

Pt
"

nf sin x

—dx
o 1+sinx

Il

or I+I

} sinx dx

21

o 1+sinx
nf1+sinx—1
o l+sinx

dx

1+smx

[

-+ logm +logn=

log. mn]

/361/
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= njl dx - nj dx

1+sinx

« _f 1-sinx
= A
0

1-sinx

dx

=T —ﬂj

COS X

2
=N - 1t_[(sec2 X —secx.tanx) dx
0

= n° —nftanx - secx]y
= n?-n [{tann - secn}-{tan0 - secO}]

= n2-n [{0-(-1)}-{0-1}]

= n2-n [1+1]
2l =n2-2n
2
T

or I =5 T
Two Standard Formula (Walli's Formulae)

n/2 n/2
1) fsin" x dx = [con"x dx

0 0

(n-1) x go on diminishing by 2 y

T
n x go on diminishing by 2 2

T s
Here 5 indicates that, multiplication by 5 only when n is even and no

multiplication by ~ ifnis odd.

n/2
2) Jsin"‘ x cos"dx
0

[(m—1) x go on diminishing by 2][(n - 1) x go on diminishing by 2] F
- (m+ n) x go on diminishing by 2 2
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n

T
Here 5 indicates that; multiplication by 3 only if both m and n are even

T
and no multiplication by 5 if atleast one of m and n is odd.

Remark : In above formulae, (n-1) and n are diminishes by 2 so long as the factors are
positive (i.e. the last factor should be either 1 or 2)

Example 13 Evaluate

n/2 n/2

() [sin’xdx @)  Jeos’xdx
0 0
/2 /2
@) Jsin®xcos”x dx (iv) [sin*xcos® x dx
0 0
Solution
n/2
() [sin®x dx
0
(n-1) x go on diminishing by 2 1
~ n x goon diminishing by 2 2
_ 7x5x3x1_m _ 35n '
T 8x6x4x2 2 256
n/2
(i) jcosgx dx
0
Here n =9 =o0dd no., n-1=8
“jz % d (n —1) x go on diminishing by 2 [upto + ve factor]
* C =
B 08 xax n x go on diminishing by 2 [upto + ve factor]
_ 8x6x4x2 128
"~ 9x7x5x3x1 315
n/2

(i) jsinsx cos” x dx
0
Here m =5, n =7, both are odd:
m-1=4,n-1=6, m+n =12
n/2
jsinsxcos7 x dx
0
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[(m -1) x go on diminishing by 2] x [(n — 1) x go on diminishing by 2]
(m+ n) x go on diminishing by 2
[4x2] x [6x4x2] _ 1
T [12x10x8x6x4x2] 120

n/2

Gv) [sin*
0

xcos® x dx

Here m =4, n = 6, both are even
m-1=3n-1=5 m+n=10 /
n/2
jsin4xcos6 x dx
0

[(m —1) x go on diminishing by 2] x[(n - 1) x go on diminishing by 2] .
- (m + n) x go on diminishing by 2 2

(3x1)(5x3x1) W 3n

T (10x8x6x4x2) 2 512

Example 14 Evaluate
n/6 n/4
(i) jsin7 3x dx (id) j sin” 2x cos® 2x dx
0 0

a @xn 4
4. /.2 2 d . X —d
(ul) E‘).x a X X (lV) g*(l N x2)4 X
Solution

n/6
(i) j sin” 3x dx
0

Put 3x =0
: 3dx =d6

d 1 do
or X =3

When x=0,0=0, when x =

o R
@
]

N A

n/6 n/2
fsin”3x dx = jsin%)@-
0 0 3
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1 (7 -1)x go on diminishing by 2
T 3" 7xgoon diminishing by 2
_ 1 6x4x2
"~ 377x5x3
_116 _ 16
335 105
n/4
_fsin7 2x cos® 2x dx
0 .
Put 2x =0
2dx =d6
L o
or X =5
n n
When x=0,0=0, whenx= — ,0= =
4 2
n/4 /2 de
_fsin72xcos8 2x dx = _fsin76c0586.—2—
h) 0

1 [(7 - 1)x4x2] < [(8 = 1)x5x3]
T 27 (7 +8)x13x11x9x7x5x3x1

1

2

6x4x2x7x5x3 3 8

X =
15x13x11x9x7x5x3x1 6435

Put X = asin 0
: dx = a cos6 db
n
When x=0,0=0,whenx=a,0= 3
a n/2 —
_fx4 a?-x2dx = _f a4sin46\[;2—azsin29.acosed9
0 0

n/2
= a* _fsin4 6.a%cos*0 do
0
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n/2
= at _[sin4 0cos?0do
0

6 [3x1]x[1] = .
=a.——— —x=, Herem=4,n=2 byWalli's Formula

6x4x2 2’
_ mt
32
) 4
X
: ———dx
oM ey
Put x = tan 0
: dx = sec?0 dO

When x=0,0 =0, when x = oo,9=‘g'

© 4 n/2 4
X tan® 6 2
I——Z_T dx = —-—5—4'.S€C 8do
0 (1+x%) o (1+tan”0)

n/2 4
= —-E%.secze de
o (sec”0)

_ "J/-z tan®0

de
0 sec®®

n/2 . 4
= J' cosﬁesm4e de
0 cos” 6

n/2
= J'sin4 Bcos?0 do
0

[Bx1ix[1] =
6x4x2 27

i

32

Here m =4, n=2 byWalli's Formula
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Q1

Q2

Q3.

Q4

Q5.

Q6.

Q7.

Q8.

'~ MULTIPLE CHOICE QUESTIONS

b
[k dx ; where K is constant is equal to
a

(a) k (b) k(b-2) (c)0
.

(@) b-a (b) a-b (c) x(a-b)
[ dx = 7

@ fa) (b)a (91

'f«/; dx =7

40 2 80
@ () 3 © 3
®1
I;dx =7
(@) (b-a) (b)log () log~
}X\/; dx =7
0

) 6 128
@ = () © 3
2 x2
'1[ 1+x° a

1

206
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(d) log(b-a)

(d) None of these

o)
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Qo.

Q 10.

Q11

Q12

Q 13.

Q 14.

Q 15.

Q 16.

b
_[e" dx
(a) e

Jé‘ mtan~!x

Je dx=?

0 1+x?

(a) (emn/S _ 1)

n/3

jseczx dx =7
0

1

@) 73

n/4

Jcoseczx dx - ?

n/6

(@) V3

n/4

[tan® sec’x dx = 7

0

(b) eb-e?

(b)1

(b) V3 +1

207

(c) e*-e

(€) v3-1

(d) e

(d) -3 +1



Q 17.

Q 18.

Q 19.

Q 20.

Q 2L

Q 22,

Q 23.

Wik

1
@ 5 (b)

n/4
J'tann sec’x dx , (n«-1)is equal to

1
(@) n (b) =

AN

@ 5 (b)

L

@ 3 ®

g
J'(Cos2 x -sin’x) dx
0

n n
(@) 5 (b) 34
"2 sin3x
{ Sinx dx =7

n n
@) 5 ®) 3

1
[=(logx)" dx =7
2 X

(a) —(b"-a")

n

o 1og(bj“”

n+1 a

n/2
J'eS"sin2x dx
0

208
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(d) None of these

(d) 1

(b) _Iﬁ_[(b)nﬂ _(a)n+1]

(d) None of these
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Q 24.

Q 25.

Q 26.

Q 27.

Q 28.

Q 29.

Q 30.

@) 1 (b) 45

(b) -log 3

3
(b) log 5

b a

If [f()dx=k, then [f(x)dx=2
a b

(a) -k (b) k

j'f(x) dx =7
0

2a
(a) ff(x)dx
0

n/2
f(sinx + tanx) dx
0

n/2
(a) J(cosx~cotx)dx
0

n/2
(c) J(cosx+tanx)dx
0

M2 dx
{ 1+cotx

209

1
(©) logg

(b) j'f(a - x)dx
0

%[8311/2 _ 1] (d) ___[ean/z +1]
()0 (d) 42
1
(d) Elog 3
(€) log 5 (@) log’y
()0 (d) k(a-b)

(d) j'—f(x)dx
0

/2

(b) J(cosx +cotx)dx

0

(d)None of these



Q 31.

Q 32.

Q 33.

Q 34.

Q 35.

Q 36.

Q 37.

T ) T
@ 5 () ¢
n/2 -4
J- sin” x i

p €os®x+sin” x

s s
@ 5 (b) o

n/4 Jeotx

—— e dX = 7
g vtanx ++/cotx )

s s
@ 3 (b) o

/2 dx

dx =7
o 1++/cotx )

—y

T T
@ 5 () ¢

n/2
feos”xdx =2
0

16 by =
(@) 35 (®) 35
n/2
feos®xdx =9
0
@) 15 (b) 35
/2
[sin®xdx =7
0

2 L
n/2
[sin*xdx =2
0

__2_.‘n b _.3._‘n
@ 75 (b) 1¢

s
() 7

T
(c) 3

s
© 7

s
(© 7

4
(©) 35

5
(© 5™

210

(d)

(d)

(d)

(d)

(d)

(d)

|3

N

| A

|3

T
16

/371
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Q 38.

Q 39.

Q 40.

Q 41.

Q 42.

Q 43.

Q 44.

fsin5 xcos’x dx = ?
fsin4 xcos’x dx =7
[sin* xcos®x dx = 7
fsin4 xcos®x dx =7
fsin4 3xcos®3x dx =7
{sin52x dx

= ?; where f(-x) =

(b) 2} f(x)dx
0

© Tz

©) 1155

(c )?53”

(©) 35

©) 315

© 15

() }f(x)dx
0

(d) None of these



Chapter 3

APPLICATION OF INTEGRATION
AND NUMERICAL INTEGRATION

Definite Integral as area under the curve

We know that integration is the inverse process of differentiation. Now we are
going to prove that, the definite integral may be regarded as the area under the curve.

Let y = f(x) be a continuous function in a < x <b, then the area under the curve

b b
y = f(x), bounded by x-axis, ordinates x = a and x = b is given by JY dx or jf(x) dx
a a

Proof : Let the adjacent figure shows the graph

of function y = f(x) in [a,b]. Y 4 N
Let the ordinate be moving from initial
position RL to final position NM.
Let during this movement, the area swept Q +5X,y+5Y)
out by the ordinate be A o A ; 3y v=b
i.e. area LMNQPR = A R m%
Let while moving from RL to NM, PS be % y
. . o Y x=a
an intermediate position of ordinate such that P has //
co-ordinates (x,y). Let Q be any point on the curve = S //T T
adjacent to point P and having co-ordinates " s

(x+dx, y+dy).
Let 3A = Area (STQP)

Now area of Rectangle (STKP) = 8x.y and area of rectangle (STQQ") = (y+dy). 8x

Clearly

Area of (STKP) < Area of (STQP) < Area of (STQQ")

ie. dx.y < JA < (v +8y). dx
SA
or y ™ < (v +3y)
Taking limit as 3x — 0, [8y — 0 as 8x — 0]
- 3
L nl . it . >
a\l my < (I\; 309X = l;u}&(y * OY)
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or

y < B Y
< i
dA
= Y
x=b
A = Jydx
X=a
b
A = [f(x) dx

377/

b
Thus, _[f(x) dx = Area under the curve y = f(x) and bounded by x-axis,

ordinates x = a and x = b.

d
Similarly, ,[ x dy = Area bounded between the curve x = f(y), y = axis and the

linesy=candy=d

Example
Solution

1

4
Area = ,[Y dx
0

Example 2

Solution

ie.

Find the area under the curve y = 6x2 from x = 0 to x = 4.
/\Y
y=6x"
4 =4
= [6x? dx ’
0 Xe& 5 >y
34
- 6[3(——]
31
= 2[(4)® -(0)%] vy

= 2x64 = 128 Square units.

Find the area under the curve y = x-2, above x-axis and bounded by the

line x = 5.
The line y = x-2 cuts x-axis, wherey = 0
Xx-2=0, x =2

Thusw e are to find the area underthe curvey = x- 2,
betw een the ordmatesx = 2and x= 5

213
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Example 3

Solution

Example 4

Solution

L 2 2
@;_2(5)}_{@:
2 2

L

D _10-4.4

2 2

25-20-4+8 _ 9
2 2

- 2(2)]

sq. units

Find the area bounded by the curve x = 4y? fromy =2toy =4 and by y -

axis.

Required area

] H] i
NS s i

x dy

N S

4y* dy

374
s

3 2
-]

fl—[64—8] = é><56
3 3

2¢ _ 2
3 3

YA
y=4
y=2

x=dy’

v

Find the area bounded by the curve y = log x, above x-axis and ordinate

x =3.

The curve y = log x cuts x-axis
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By

where y =0
ie. logx=0
=> x=1
Required area
3
= I y dx
1
3 5
= _[ logx dx X
1
3
_[ (D (logx) dx
1 11 I

._ilogx_[ldxl ( d (logx) _[ldx)

[(logx] _[——xdx

= [(logx) ] ~[xp
= [3 log3 - log1]-[3-1]
=3log3-2 , [-logl=0]

Example 5  Find the bounded by the curve y = sin x and x-axis from x = 0 to x = =.

Solution Required Area
Y/\
- Iy dx A y=sinx
0
= B
= _[ sinx dx 0 p >
= [~cosx];] "
= —[cosn ~ cos0]
= -[-1-1]
=2 sq. units Ans.
2 y?
Example 6  Find the area of Ellipse — YT 1 (a>b)
a
Solution The Ellipse cuts x-axis where y = 0
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2

ie. -5 =1, or X

ie. at(-a,0) and (a,0)
. Ellipse is a symmetric curve about both x~axis as well as y-axis.
Area of Ellipse = 4(Area OAB)

4fydx B

= _f va? —x? dx X < g/%: >
=4- _[\/a—:< dx &/

4bja’ E}
a| 2 2
= mab sq. units Y
Volume of solid of Revolution

When a plane area is rotated about any
line (as its axis), then we get a solid (imaginary) in
the space. The volume of this imaginary solid is
called Volume of solid of Revolution.

Let vy =f(x) be a continuous curve from x = a

to x =b. x=a
Let P(x, y) and Q(x +8x, y +dy) be two s L i
neighbouring points on the curve y = f(x). ——t

Now, if we rotate the curve AB about x-axis, then the area PQSR will also
rotate about x-axis.
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Due to rotation of ordinate PR =y, about x-axis, a circle of area ny? is generated
and due to rotation of plane area PRSQ a cylinder of volume ny28x is generated.

ie. &v = nyXdx

. The volume of solid generated by the revolution by the complete plane area
ABML will be given by

b
V= J.“YZ dx | [Herey = f(x)]

Similarly, if the same curve is rotated about y-axis, then the volume of solid of
revolution will be given by

d
V=Jody | [Herex=g(y)=f(y) c = f(a) and d = f(b)]

Example 7  Find the volume of solid of revolution generated by revolving the curve
y?= 4x (y>0) about x-axis and between the ordinates x = 2 and x = 4.

Solution :
4 Y 4 ‘=4
Volume = [my” dx F y
2 i
4 ~ Ey=4
= nj' 4x dx =2
? Foh 2 X
4 “\
2 “\
= 47[[:‘)(—‘] T
2 2 x=4y2 ~~~~~~~~~~
= 2n [(4)*-(2)7] | Y
= 2n [16-4]
= 2n (12) = 24n cubic units
Example 8  Find the volume of solid of revolution generated by revolving the half
X2 y2 /FY
branch of Ellipse — + <5 =1 about x-axis.
a~ b B
Solution :  The Ellipse / \
2 2 LN A
P X'e 5
a—z— + % =1 S o-a 0 a X
Intersects x-axis at the points where y=0
2 B
, P
ie. — =1 or x=ta
a vy
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ie

Volume

Example 9

Solution

ie.

i.e.

the points A’(-a,0) and A(a,0)

= }nyz dx

4
=3 rnab? cubic units

Find the volume of sphere of radius ‘a’.

A sphere of radius ‘a’ can be generated by revolving a semi-circle of radius
‘a’ about x-axis. Let it be upper half of circle of radius ‘a’.

Equation of circle having center (0,0) and radius equal toY’a’ is given by
A

X2+y2 . a2.
It intersects x~-axis, where 'y = 0 B
x? = a?
X==ta
At the point A" (-a,0) and A(a,0) A A
a X~ 8 0 a  x
Reqd. volume = f ny? dx
a 3 3 B,
= nf(a -x )dx by




- 57
= 2n azx—x—]
L 3 Jdo
I 3
=2n (azx—%—]—(O—O)]
= 27c—a3 —-i
i 3
= 27C _2_a3] = é-‘Ita3
L3 3

Average or Mean Value

/383

} f(x)dx = 2}f(x)dx

-a 0
where f(—x) = f(x)

The average or mean value of a function f(x) between x = a and x = b is defined

as

® f(x)dx
{ b-a

AV.orMV. =

Root Mean Square value (R.M.S.V.) - Root mean square value of a function f(x) between

x = a and x = b is defined by,

Example 10 Find the Average Value of y = x*+5x+2 from x =1 to x = 4

Solution
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W=

(4)°  54)° 2(4)} - {Q;i * i;_-)i * 2(1)}}

{6—4+—89+8}—{1+§+2}
L3 2 3 2

~128+240+48]_ 1 [2+15+12:i

6 3 6

I
———
* I
+
N

Wi

W

S
NIFS

= 215

2n
Example 11 Find the Average Value of cos’ot fromt=0tot = o

£(t) dt
b-a

Solution AV. =

N Sy,

d 2
[0 cog2 mt

2/

J (1+cos2w)
"t dt ,
=9 2(27,‘_) , ['.'1+cos26=2cos 6]

dt

(Y

©® 2rn/o

= f(l +cos2mt) dt
i

[ sin 2(otjr"/”
t+— —

o)
dn| 20 |y

olf2n 1 (. 8in(
= —|| = +-——sindn —L(H-»-—
4l o 2w 20

-2 2‘-+0~0]
4n| ®

L
2
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Q1.

Q.2

Q.3

Q.4

Q.5

Q.6

Q.7

Q.8

Q.9

Q.10
Q.11

Q.12

/393/
MULTIPLR CHOICE QUESTIONS

The area under the curve y = x-3, bounded by x-axis and ordinate x = 5
(a) 1 sq. unit (b) 2 sq. units (c) 3 sq. units (d) 5 sq. units
The area under the curve y = 8x2 from x = 1 to x = 4 and above x-axis is ?
(a) 63 sq. units (b) 126 sq. units  (c) 168 sq. units  (d) 21 sq. units

The area bounded by the curve y = log x between the x~ axis and the ordinates x
=3andx=4is

(a) log(zfeé) (b) log(-zg—6) () log(gf) (d) log(256€)

The area bounded by the parabola y? = 4ax above x-axis and latus rectum is

4a® 8a’ 6a’ a’
—_— by — —_ —_—
@ = () = © = @ 5
X2y
The area of Ellipse — + P 1 is given by
a 2
(a) mab (b) n/ab (c) ma®b (d)mab?
The area bounded by the curve y = sin2x from x = 0 to g- and x-axis is
3
(a) 0 (b)1 (c) 2 (d) 3
The area bounded by the curve y = e from x = 0 to 2 is
1 1
(a) (e*-1) (b) (e2-1) (©) 5 (e*1) (@ 7 (e-1)
The area of circle of radius 5 in 1% quadrant is
@ ®) 5 © 3 @ 5
The area bounded by the curve y = cosx from x = 0 to *723, and x-axis is
(@) 0 (b)-1 (c) 2 (d)1
The area bounded by the curve y = cosx from x = 0 to = and x-~axis will be
(@) 0 (b) -1 (c) 2 (d)1
The area under the curve y=6x2 from x=0 to x=4 is
(a) 128 (b) 124 (c) 136 (d) None of these
The area bounded by the curve y = 3x?+2x-1 from x=1 to x=4 is
(a) 76 (b) 75 (c) 72 (d) 78
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b -
Q.13 ff(x) dx represents
(a) Volume (b) Area (c) Length (d) None of these

b
Q.14 J“Yz dx represents
a

(a) Volume (b) Area (c) Length (d) None of these
Q.15 The volume of sphere of radius R is
1 4 5 2
(a) 3R’ (b) 3R (c) 37R’ (d) 4zR?
2 y2
Q.16 The volume of solid of revolution obtained by revolving the ellipse —2+B7 =1
a
about x~axis is given by
2 1 4
@ 3 nab? (b) 3 nab? (c) nab? (d) 3 nab?
Q.17 The area under the curvey = ,/3x + 4 between x = 0 and x=4 is
s ) 12 121 L, 110
(@) b) 5 ©) = @ 5
Q.18 The area bounded by the curve y=3cosx, x-axis and y-axis is
(a) 3 (b)2 (€)1 (d) 4
Q.19 The area bounded by y=log x, y=0 and x=2 is
(a) log 3-1 (b) log 5-1 (c) log 4-1 (d) log 2-1

2 2
Q.20 The area of Ellipse X—2 + % =1 in Ist quadrant is
a

3nab d 3nab
4 (d) 2

nab
(@) = ) — (©)

Q.21 The area enclosed between the curve of function y =2 the x-axis and the

ordinates x=1 and x=3 is YA y=COSX;

0<x<n

2 4 1 8
O ® 3 © ; @ 3

Q.22 The following curve shows the graph of y = cosx 0 U T X
[0 < x < xn]. The area of shaded region will be
(a) 2 (b) O (c) 3 (d) 25 L
-1\7Y,
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