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CHAPTER I 

Indefinite Integral   
 
Introduction 
 

When our study calculus, focused our attention on the operation 

differentiation, i.e.  defined and use of derivatives function this side of the 

topic called "Differential Calculus". 

 

Now we will study the second part of the calculus, which is called "Integral 

Calculus" . 
 

Example 
 

We saw in the calculus that if the s(t) the distance traveled by a moving 

object in a time t, the instantaneous velocity  v(t) be equal to the derivative 

distance s (t) any that v (t) = s (t), which he credited to velocity v, we 

simply discover which distance s (t), but may happen to be known for is 

our function velocity  v(t) and calculate the velocity s, in such a case be 

known to us is derived s(t) is required to find the function s(t), and this 

inverse operation of the differentiation. 

 

In other when we studied the differentiation derivation functions in certain 

intervals given the known range of the function, will study here reverse 

operation to process differentiation, in the sense that if we gave a function f 

(x) on the open (a, b) is required to find another function F (x) on the same 

period so that: 

 

F(x) = f (x) 

 

We will review here the most important basic rules that we studied in the 

calculus, and will symbolized the symbol D derivative function, in the 

form: 

 

Df(x) = d/dx f(x) = f  (x) 
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If the functions f (x), g (x), h (x) the differential functions then the  

following are true: 

 

1- Differential of summation functions 

 
D[f(x)  g(x)] = Df(x)  Dg(x) = f  (x)  g  (x) 

 

2- Multiplying the differential function in a fixed amount 

 

D[cf(x) ] = c Df(x) =c f  (x)   c is an arbitrary constant  

 

3- Differential of multiplication functions 

 

D[f(x) g(x)] = f(x) Dg(x) + g(x) Df(x) = f(x) g  (x) + g(x) f  (x) 

 

4- Differential of quotients of two functions    

 

 2)(

)()()()(

)(

)(

xg

xDgxfxDfxg

xg

xf
D











 ; g(x) 0 . 

 

The chain rule 
 

If y=f(u) since u=g(x) and y=f(g(x)) then  

 

)()]([)( xgxgf
dx

du
uf

dx

du

du

dy

dx

dy
  

Result: 
 

If y=f(u) since u=g(v) and v=h(x) then  

 

dx

dv

dv

du

du

dy

dx

dy
  
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Differential of inverse functions  
 

If y=f(x) then )(1 yfx   and say the inverse function for  
dy

dx

dx

dy
,  br 

the relations :  
dydxdx

dy 1
  . 

 

For example, differential inverse trigonometric functions and inverse 

hyperbolic trigonometric functions. 

 

Differential of parametric functions 

 

If y=f(t) and y=g(t) then  

 

  
)(

)(

tf

tg

dtdx

dtdy

dx

dy
  

 

Differential of some special functions 

 

(1) 0)(  ccD  

(2) 
dx

du
nuDunxDx nnnn 11    

(3) 
dx

du
uuDxxD cossincossin    

(4) 
dx

du
uuDxxD sincossincos   

(5) 
dx

du
uuDxxD 22 sectansectan   

(6) 
dx

du
uecuDxecxD 22 costancoscot   

(7) 
dx

du
uuuDxxxD tansecsectansecsec   

(8) 
dx

du
uecuecuDxecxecxD cotcoscoscotcoscos   

(9) 
1 1 1

log log log . ; 0, 1
ln ln

a a a

du
D x e D u a a

x x a u a dx
      
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(10) eaee
dx

du

u
uD a  ;1lnlog

1
ln  

(11) ln lnx x u u du
Da a a Da a a

dx
    

(12) x u u u du
De e De e

dx
    

(13) 
dx

du

u
uD

x
xD

2

1

2

1

1

1
sin

1

1
sin





   

(14) 
dx

du

u
uD

x
xD

2

1

2

1

1

1
cos

1

1
cos









   

(15) 
dx

du

u
uD

x
xD

2

1

2

1

1

1
tan

1

1
tan





   

(16) 1 1

2 2

1 1
cot cot

1 1

du
D x D u

x u dx

  
  

 
 

(17) 1

2

11
sec

11

if x
D x

if xx x


 

  
   

 

1

2

11
sec

11

if xdu
D u

if xdxu u


 

   
   

 

(18) 













1

1

1

1
cos

2

1

xif

xif

xx
xecD   












 

1

1

1

1
sec

2

1

xif

xif

dx

du

uu
uD   
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Properties of Indefinite Integral    
 

Suppose that ( ) ; ( )f x g x  two integrals function then, we have  

 

1- dxxfcdxxcf )()(    

2- dxxgdxxfdxxgxf )()()]()([    

 

Some properties for the indefinite integrals:  
 

Power rule  
 

 

 
 

 

Example:  
Find the following integral  

 

4 2 1
(6 10 7 )

2
x x dx

x
    

Solution : 
 

  dx
x

xx )
1

7106( 24 =  


 dxxdxdxxdxx 2

1

24

2

1
7106   

then we have  

 

 


 dxxdxdxxdxx 2

1

24

2

1
7106 = 2

1

35 7
3

10

5

6
xxxx   

and  
4 2 1

(6 10 7 )
2

x x dx
x

    = cxxxx  2

1

35 7
3

10

5

6
 

 

 

11
; 1

1

r rx d x x c r
r

   
  
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Example:  

Find the following integral    dxxx )5(6  

Solution:  
 

  dxxx )5(6 = 26 (5 )x x dx = cxx  )
3

1

2

5
(6 32 = cxx  )215(2  

 

Example:  

Find the following integral  3[4 3) / ]t t dt  

Solution:  
 We see that  

 

3

4 3t
dt

t


 = dt

tt
)

34
(

32
 = dttdtt 32 34 

  = ctt   21

2

3
4  

     = c
tt




)
2

34
(

2
= c

t

t



22

38
 

 

Generalized power rule  
 

 
 

 

 

Example:  

Find the following integral    dxxx 32 54  

Solution:  
 Put the 35)( xxg   we see that  

)().(2

1

xgxg     i.e.  
2

1
r    we get  

  dxxx 32 54 =   dxxx )
3

1
)(3()5(4 22

1

3  =   dxxx )3()5(
3

4 22

1

3  

  = cx 


)
3

2
()5(

3

4 1
2

1

3  = cx  2

3

3)5(
9

8
 

 

11
( ). ( ) ( ) ; 1

1

r
rg x g x dx g x c r

r

    
  
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Some different rules for integral functions which can be written as follows: 
(1) 11

; 1
1

r
rx dx x c r

r

   
  

(2) 11
( ). ( ) ( ) ; 1

r
rg x g x dx g x c r

r

      

(3) cx
x

dx
 ||ln  

(4) cxg
xg

xg



 |)(|ln

)(

)(
 

(5) cedxe xx   

(6) cedxxge xgxg 
)()( )(  

(7) 
1

sin cosxdx x c 



   

(8) cxxdx  


 sin
1

cos  

(9) cxxdx  


 tan
1

sec2  

(10) cxxdxec  


 cot
1

cos 2  

(11) cxxdxx  


 sec
1

tansec  

(12) cxecxdxxec  


 cos
1

cotcos  

(13) 1

2 2
sin ; 0

dx x
c a

aa x

 


  

(14) 1

2 2
cos ; 0

dx x
c a

aa x


 


  

(15) 1

2 2

1
tan ; 0

dx x
c a

a x a a

  
  

(16) 1

2 2

1
cot ; 0

dx x
c a

a x a a


  

  

(17) 1

2 2

1
sec ;

dx x
c a x

a ax x a

 


  

(18) 1

2 2

1
cos ;

dx x
ec c a x

a ax x a


 


  
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Examples : 
 

Example:  
Find the following integrals   

 

(i) dt  

(ii) dxx )5(   

(iii) dxbax )(   

(iv) dxxx )83( 2   

(v) dxaxb )(   

(vi) dx
3

5
  

 

Solution:  
 Now, we find the following integrals   

 

(i) dt =t+c 

(ii) dxx )5(   = cxx  5
2

1 2  

(iii) dxbax )(  = dxbaxdx   = cbxx
a

2

2
 

(iv) dxxx )83( 2  = xdxdxx  83 2  = cxx  23

2

1
.8

3

1
.3  

= cxx  23 4  

(v) dxaxb )(  = )( dxaxdxb    = caxxb  )
2

1
( 2 = caxbx  )2(

2

1
 

(vi) dx
3

5
 = dx

3

5
= cx 

3

5
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Example:  
Find the following integrals   

 
(i) drr2  

(ii) dttt 7/)5( 3   

(iii) 24 ( 1)x x dx  

(iv) dyy 2)5(   

(v) dx
x

xx ]
1

)1([
4

3     

(vi) (vi) dt
t3

4
  

 

Solution:  
 

 Now, we find the following integrals   

 

(i) drr2 = crdrr 
32   

(ii) dttt 7/)5( 3  = )5(
7

1 3

  dttdtdtt = ctdt
tt

 )5
24

(
7

1 24

 

(iii) 24 ( 1)x x dx = dxxx )(4 23  = ]([4 23 dxxdxx     

= c
xx

 ]
34

[4
34

= cxx  34

3

4
 

(iv) dyy 2)5(  = cy  3)5(
3

1
 

or  

dyy 2)5(  = dyyy )2510( 2  = cyyy  255
3

1 23  

 

(v) dx
x

xx ]
1

)1([
4

3  = dxxxdxdxx 44 

  = cxxx  325

3

1

2

1

5

1
 

(vi) 
4

dt
t

 = 
1

24 t dt


 = c
t



2

1
4

2

1

= ct 2

1

8 = ct 8  
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Example:  
Find the following integrals   

 

(i) dxx94
2

1
  

(ii) dx
x

xx



4

2 10125
 

(iii) dyyy 2)13(   

(iv) dxx 12)43(   

(v) dxx 6)43(   

(vi) dxxxx 32 )64)(68(   

(vii) dx
x

x ]
)34(

1
[

2
  

(viii) dyyy 12 2   

 

Solution:  
 

 Now, we find the following integrals   

 

(i) dxx94
2

1
 = dxx )

9

1
)(9()94(

2

1
2

1

  

= dxx )9()94(
18

1
2

1

   

= 3 21 2
(4 9 )

18 3
x c    

= 3 21
(4 9 )

27
x c    

(ii) dx
x

xx



4

2 10125
= dxxdxxdxx 

  432 10125  

= cxxx 








 321

3

10

2

12

1

5
 

= c
xxx


32 3

1065
 

= c
x

xx



3

2

3

101815
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(iii) dyyy 2)13(  = dyyyy )169( 22

1

  

= 
5 3 1

2 2 29 6y dy y dy y dy     

= cyyy  2

3

2

5

2

7

3

2

5

)2(6

7

18
 

= cyyyy  )
3

2

5

12

7

18
( 23  

(iv) dxx 12)43(  = dxx )
4

1
)(4()43( 12   

= dxx )4()43()
4

1
( 12    

= 131
( )(3 4 )

4(13)
x c    

= 131
(3 4 )

52
x c    

(v) dxx 6)43(   = dxx )3()43(
3

1 6  

= cx 


5)43(
)5(3

1
= cx  5)43(

15

1
 

(vi) dxxxx 32 )64)(68(   = 2 3(4 6 ) (8 6)x x x dx   

= cxx  42 )64(
4

1
 

(vii) dx
x

x ]
)34(

1
[

2
 = dx

x
xdx ]

)34(

1
2

   

= dxxx )4()34(
4

1

2

1 22    

= cxx 


 12 )34(
4

1

2

1
 = c

x
x 




)34(4

1

2

1 2  

(viii) dyyy 12 2  = ydyy 2

1

2 )12(   

= dyyy )4()12(
4

1
2

1

2   

= cy  )
3

2
()12(

4

1
2

3

2  

= cy  2

3

2 )12(
6

1
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Integrals of  Logarithmic & Exponential Functions  
 

Example:  
Find the following integrals   

 

(i) dxex

  

(ii) dxeax

  

(iii) dxe x 232 

  

(iv) dxee xx 2)(   

(v) dx
e

ee
x

xx








  


)(

 

(vi) dsee ss cos  

(vii) xdxe x cossin

  

 

Solution:  
 

 Now, we find the following integrals by the above rules    

 
(i) dxex

 = cex   

(ii) dxeax

 = ce
a

ax 
1

 

Thus  

 dxeax

 = adxe
a

ax


1

= ce
a

ax 
1

 

(iii) dxe x 232 

 = dxe x )
3

1
(32 23 

  

= dxe x 3
3

2 23 

 = ce x  3
3

2 23  

(iv) dxee xx 2)(  = dxedxdxe xx 22 2 

   

= 2 21 1
2

2 2

x xe x e c   = 2 21
( 4 )

2

x xe x e c    



Calculus II                                                                   Chapter I  

 

13 

 

(v) dx
e

ee
x

xx








  


)(

= 2(1 )xe dx  

= 22 xdx e dx  = 
2

2

xe
x c



 


= 
2

2

x x

x

xe e
c

e


  

(vi) dsee ss cos = ces sin  

(vii) xdxe x cossin

  = ce x sin  

 

Example:  
 

Find the following integrals   

(i) dx
x

x

3

2
2   

(ii) dt
t 113

4

  

(iii) dx
x

x

3

4
2   

(iv) du
uu

u

112

1
2 


  

(v) 



d

ba tan

sec2

  

 
Solution:  
 

 Now, we find the following integrals by the above rules    

 
(i) dx

x

x

3

2
2  = cx  |3|ln 2  

(ii) dt
t 113

4

 = dt
t 113

3

3

4

 = ct  |113|ln
3

4
 

(iii) dx
x

x

3

4
2  = dx

x

x

3

2
2

2  = cx  |3|ln2 2  

(iv) du
uu

u

112

1
2 


 = du

uu

u

112

22

2

1
2 


 = cuu  |112|ln

2

1 2  

(v) 



d

ba tan

sec2

 = 



d

bab tan

sec1 2

  = cba
b

 |tan|ln
1

  



Calculus II                                                                   Chapter I  

 

14 

 

 

Integrals containing trigonometric functions and inverse 

trigonometric 
 

Example:  
Find the following integrals   

 

(i) xdx2sin  

(ii) d3cos3  

(iii) dyy)2(sec2   

(iv) 0,cos 2  aaxdxecb  

(v) xdxs sincos  

(vi) dxxx 2sin  

(vii) tdt3sin  

 

Solution:  
 

 Now, we find the following integrals  

 

(i) xdx2sin = 
1

cos 2
2

x c


  

(ii) d3cos3 = c3sin  

(iii) dyy)2(sec2  = dyy)2(sec)2(
2

1 2   = cy  )2tan(
2

1
 

(iv) axdxecb 2cos = axdxecb 2cos  = cax
a

b



cot  

(v) xdxx sincos = xdxx sin)(cos 2

1

 = cx 2

3

)(cos
3

2
 

(vi) dxxx 2sin = dxxx )2(sin
2

1 2

 = cx  2cos
2

1
 

(vii) tdt3sin = tdtt sinsin2

 = tdtt sin)cos1( 2  

    = tdtttdt sincossin 2

  = ctt  3cos
3

1
cos  
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Example:  
Find the following integrals   

(i) 
29

6

u

du

  

(ii) 
291

6

y

dy

  

(iii) 
28

dx

x
  

(iv) dx
x

x

2sin3

2sin


  

 

Solution:  
 

 Now, we find the following integrals  

 

(i) 
29

6

u

du

 = 
223

6
u

du

 = 11
6. tan

3 3

u
c   

(ii) 
291

6

y

dy

 = 
2

9

1

6

9

1

y

dy


 = 

22)
3

1
(

6

9

1

y

dy


 = 16 1

( tan )
9 1 3 1 3

y
c   

= 12
tan 3

3
y c   

(iii) 
28

dx

x
 = c

x


22
sin 1  

(iv)  dx
x

x

2sin3

2sin


 = 

1

2 2(3 sin ) ( 2sin cos )x x x dx


    

 =

1

2 2(3 sin ) .2x c    

 

= 
22 3 sin x c    

Since  
   xxx cossin22sin   . 
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Integrals of Trigonometric Functions  
 
(i) xdxsin  = cx  cos  

(ii) xdxcos = cx sin  

(iii) xdxx tansec = cx sec  

(iv) anxdxecxcotcos = cecx cos  

(v) xdx2sec = cx tan  

(vi) xdxec2cos = cx  cot  

(vii) xdxtan = dx
x

x

cos

sin
 =

x

xd

cos

cos
  

= ln | s |co x c  = cx |sec|ln  

(viii) xdxcot = dx
x

x

sin

cos
 =

x

xd

sin

sin
 = cx |sin|ln  

(ix) xdxsec = xdx
xx

xx
sec

tansec

tansec




 = dx

xx

xxx

tansec

tansecsec2




  

= 
xx

xxd

tansec

)tan(sec




 = ln | sec tan |x x c   

(x) ecxdxcos = ecxdx
xecx

xecx
cos

cotcos

cotcos




 = dx

xecx

xecxxec

cotcos

cotcoscos 2




  

   = 
xecx

xecxd

cotcos

)cot(cos




 = ln | cos cot |ecx x c   

 

Generalized Integrals of Trigonometric Functions  

 
sin ( ) ( )f x f x dx  = cxf  )(cos  

cos ( ) ( )f x f x dx = sin ( )f x c  

sec ( ) tan ( ) ( )f x f x f x dx = sec ( )f x c  

cos ( )cot ( ) ( )ec f x an f x f x dx = cos ( )ec f x c   

2sec ( ) ( )f x f x dx = tan ( )f x c  

2cos ( ) ( )ec f x f x dx = cot ( )f x c   
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Also,  
 

xdxtan = dx
x

x

cos

sin
 =

x

xd

cos

cos
 = cx  |sin|ln = cx |sec|ln  

xdxcot = dx
x

x

sin

cos
 =

x

xd

sin

sin
 = cx |sin|ln  

xdxsec = xdx
xx

xx
sec

tansec

tansec




 = dx

xx

xxx

tansec

tansecsec2




  

    = 
xx

xxd

tansec

)tan(sec




 = cxx  |tansec|ln  

ecxdxcos = ecxdx
xecx

xecx
cos

cotcos

cotcos




 = dx

xecx

xecxxec

cotcos

cotcoscos 2




  

        = 
xecx

xecxd

cotcos

)cot(cos




 = cxecx  |cotcos|ln  

 
Integrals of Hyperbolic Functions  
 

(i) xdxsinh  = coshx c  

(ii) xdxcosh = cxsinh  

(iii) xdxhx tanhsec  sechx c    

(iv) anxdxechxcothcos = cechx cos  

(v) xdxh2sec = cx tanh  

(vi) xdxech2cos = cxcoth  

(vii) xdxtanh = dx
x

x

cosh

sinh
 =

x

xd

cosh

cosh
  

 = ln | s |co hx c  

(viii) xdxcoth = dx
x

x

sinh

cosh
 =

x

xd

sinh

sinh
 = cx |sinh|ln  

(ix) 

hxdxsec =
sec tanh

sec
sec tanh

hx x
h xdx

hx x



 = dx
xhx

xhxxh

tanhsec

tanhsecsec 2




  

   = 
xhx

xhxd

tanhsec

)tanh(sec




 = ln | sec tanh |hx x c   
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(x) echxdxcos  =  echxdx
xechx

xechx
cos

cothcos

cothcos




  

     = dx
xechx

xechxxech

cothcos

cothcoscos 2




  

     = 
xechx

xechxd

cothcos

)coth(cos




 = ln | cos coth |echx x c   

 

Also,  
 

sinh ( ) ( )f x f x dx  = cxf  )(cosh  

cosh ( ) ( )f x f x dx = cxsinh  

sec tanh ( )hx x f x dx = chxsec  

cos coth ( )echx x f x dx = cechx cos  

2sec ( )h x f x dx = cx tanh  

2cos ( )ech x f x dx = cxcoth  

Also,  
 

xdxtanh = dx
x

x

cosh

sinh
 =

x

xd

cosh

cosh
 = cx  |sinh|ln = chx |sec|ln  

xdxcoth = dx
x

x

sinh

cosh
 =

x

xd

sinh

sinh
 = cx |sinh|ln  

hxdxsec = xdx
xhx

xhx
sec

tanhsec

tanhsec




 = dx

xhx

xhxxh

tanhsec

tanhsecsec 2




  

      = 
xhx

xhxd

tanhsec

)tanh(sec




 = cxhx  |tanhsec|ln  

echxdxcos = echxdx
xechx

xechx
cos

cothcos

cothcos




 = dx

xechx

xechxxech

cothcos

cothcoscos 2




  

         = 
xechx

xechxd

cothcos

)coth(cos




 = cxechx  |cothcos|ln  
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Integrals squares of Trigonometric and Hyperbolic Functions  

 
 

(i) xdx2sin  = dxx)2cos1(
2

1
 = )2cos(

2

1
xdxdx    

  = 
1 1

( sin 2 )
2 2

x x c   

(ii) xdx2cos  = dxx)2cos1(
2

1
 = )2cos(

2

1
xdxdx    

  = 
1 1

( sin 2 )
2 2

x x c   

(iii) xdx2tan  = dxx )1(sec2  = cxx tan  

(iv) xdx2cot  = dxxec )1(cos 2  = cxx cot  

(iv) xdx2sinh  = 
1

(cosh 2 1)
2

x dx = 
1 1

( sinh 2 )
2 2

x x c   

(v) xdx2cosh  = 
1

(cosh 2 1)
2

x dx = 
1 1

( sinh 2 )
2 2

x x c   

(vi)  xdx2tanh  = dxxh )sec1( 2 = cxx  tanh  

(vii) xdx2coth  = 2(cos 1)ech x dx = cxx coth  

 
Integrals Multiplying of Trigonometric and Hyperbolic Functions  

 

 (i) bxdxaxcossin  = dxxbaxba })sin(){sin(
2

1
  

  = bac
ba

xba

ba

xba


















,

)cos()cos(

2

1
 

(ii) bxdxaxcoscos  = dxxbaxba })cos(){cos(
2

1
  

  = bac
ba

xba

ba

xba


















,

)sin()sin(

2

1
 

(iii) bxdxaxsinsin  = dxxbaxba })cos(){cos(
2

1
  

  = bac
ba

xba

ba

xba


















,

)sin()sin(

2

1
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(iv) bxdxaxcoshsinh  = dxxbaxba })sinh(){sinh(
2

1
  

  = bac
ba

xba
co

ba

xba


















,

)cosh()cosh(

2

1
 

(v) bxdxaxcoshcosh  = dxxbaxba })cosh(){cosh(
2

1
  

  = bac
ba

xba

ba

xba


















,

)sinh()sinh(

2

1
 

(vi) bxdxaxsinhsinh  = dxxbaxba })cosh(){cosh(
2

1
  

  = bac
ba

xba

ba

xba


















,

)sinh()sinh(

2

1
 

 
Integrals of Inverse Trigonometric Functions &  Inverse 

Hyperbolic Functions . 
 

(i) 
22 xa

dx


 = axc

a

x
 ||,sin 1  

(ii) 
22 xa

dx

 = axc
a

x

a
 ||,tan

1 1  

(iii) 
22 xax

dx


 = axc

a

x

a
 ||,sec

1 1  

(iv)  
22 ax

dx


 = c

a

x
1sinh  

(v) 
22 xa

dx

 = c
a

x

a
1tanh

1
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Some rules of the integrals  
 

Suppose that the following relations : 

 

cbxax

dx

 2
 ,  

cbxax

dx


 2

 

 
Example:  

Calculate the following integrals   

 

(i) 
1022  xx

dx
 

(ii) 
245 xx

dx


  

(iii) 
1342  xx

dx
 

 

Solution :  

 

(i) 
1022  xx

dx
= 

9)1(

)1(
2 


 x

xd
 

= c
x




3

1
tan

3

1 1  

(ii) 
245 xx

dx


 = 

)4(5 2 xx

dx


  

= 
2)2(9 


x

dx
 

= c
x




3

2
sin 1  

(iii) 
1342  xx

xdx
=

134

2

2

1
2  xx

xdx
= dx

xx

x

134

4)42(

2

1
2 


  

  = 
2 2

1 (2 4) 2

2 4 13 ( 2) 9

x
dx dx

x x x




      

  = c
x

xx 


 

3

2
tan

3

2
)134ln(

2

1 12 . 
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Exercises :  
 

(1)  Calculate the following integrals   

 

(1) dxxx )15( 34   

(2) dxxx )523( 4  

(3) dxxx )34)(2(   

(4) dxx 22 )1(   

(5) dx
x

xx )
2

(   

(6) 
2

1

)1( x

dx



  

(7) 
x

dxx)1( 
  

(8) dxxx )3((   

(9) 
3


x

dx
 

(10) dxx 12   

(11) 
32  x

dx
 

(12) 
1

)1(




 x

dxx
 

(13) dxxx 2

3

2 )1(   

(14) dxxx 12   

(15) dx
x

e x

3

1

2

  

(16) dx
e

e
x

x

32

2

  

(17) dx
xx

x

42

)1(

3 


  
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(2)  Calculate the following integrals   

 

(1) dx
x

x

cos1

sin

  

(2) xdx2sin  

(3) xdxe x 2cos2sin

  

(4) dxxx cossin  

(5) xdxx 5cos)5sin1( 5  

(6) dx
x

x
2sin1

2sin

  

(7) dx
x

xec

cot1

cos 2

  

(8) dx
x

xx )ln)(cosln(sin
  

(9) xdxx 23 sectan  

(10) xdx5sec  

(11) xdxxec 22 cotcos  

 

(3)  Calculate the following integrals   

 

(1) dxxh )12(sec   

(2) xdxxech 5coth2cos  

(3) dx
x

2
cosh3

  

(4) dx
xx

xhx

)2tanh(3

)12(sec)14(

2

22




  

(5) dx
x

x
4cosh

sinh
  

(6) xdxechx 2cos2coth 26

  
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(4)  Calculate the following integrals   

 

(1) dx
x

dx

24 
  

(2) dx
x

dx

42 
  

(3) dx
x

dx
24   

(4) 
169 2 


x

dx
 

(5) 
169 2 


x

dx
 

(6) 
169 2 


xx

dx
 

(7) 
9

)1(

2 




xx

dxx
 

(8) 
x

xdx

4sin9

8sin
2  

(9) 
x

xdx

2

2

tan41

sec


  

(10) 
572 2 


xx

dx
 

(11) 
572

)43(

2 




xx

dxx
 

(12) dx
x

x




 3

1
 

(13) 
2640 xx

dx

  

(14) 
2884

)4(

xx

dxx




  

(15) 
2624

)32(

xx

dxx




  
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(5)  Calculate the following integrals   

 

(1) xdx3sin    (2) xdx5cos  

(3)  xdxx 32 cossin   (4) xdx4tan     

(5) xdx2sec4

    (6) xdxh 2sec 4

  

(7)    xdx2cot4

     (8) xdx3sinh  

(9) xdx
2

3
cosh3

    (10) xdxx 25 sectan . 

 

(6)  Calculate the following integrals   

 

(1) dx
x

x 92 
  

(2) dx

x 2

5

2)1(

1



  

(3) dx

x

x

2

5

2

3

)9( 

  

(4) dx
x

x

2

2

9 
  

(5) dx
xx 4

1

24 
  

(6) dxxx 223   

(7) dx
x

x
232 )sin2(

2sin

  

(8) dxxxx 2610)3(   

(9) dx
x

x

2

2

1
  

(10) 
 

dx
x

2294

1


  

(11) xdxxx sinhcoshcosh4 2  

(12) dx
xx

x

22

2


  
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(7)  Calculate the following integrals   

 

(1) dxxx )
2

5
(3 3  

(2) dxxx )32(   

(3) dxxx )83( 3   

(4) dxxxx )32(   

(5) dxxx )1(3   

(6) dzzz )6)24(( 3   

(7) drracr )( 2  

(8) dx
x

x )
1

5(3
2

  

(9) dxxx )
3

11
3( 52    

(10) dw
w

w )
1

(   

(11) dzz7(  

(12) du
u

u
3

1
  

(13) dx
x

x 2)
1

(   

(14) duuu 1032 )3(   

(15) dxxx )10(3 32   

(16) dxxx 32 )6(3   

(17) dxx 32 )6(   

(18) dxxx )1(   

(19) 
32 


x

dx
 

(20) 
2)1(  t

dt
 

(21) dzzzz 432 )156)(56(   
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(8)  Calculate the following integrals   

 
(1) dxe bax

  

(2) xdxe x cossin

  

(3) 
14

3
 xe

dx
 

(4) dte t 2

  

(5) 
x

x

e

dxe
21  

(6) dx
xx

x

52

108
2 


  

(7) dx
xx

x

cos

sin1




  
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CHAPTER II 

Methods of Integration 
 

Integration by Parts 

 

The integration by parts is important in the field of integration and can 

be written rule derivative the product as follows: 

 
)()()()()]()([ xfxgxgxfxgxfD   

 

This means that )()( xgxf  is antiderivative for right hand side and  

 
dxxfxgdxxgxfxgxf )()()()()()(     

 

Also, we can write: 

 
dxxfxgxgxfdxxgxf )()()()()()(        (1) 

 

If we put )(),( xgvxfu   then  

 
dxxgdvdxxfdu )(,)(   

 

Thus the formula (1) can we written as follows  

 

vduuvudv          (2) 

 

Thus we get the formula (1) and (2) are true for )(),( xgxf  which have 

two derivatives are continuous , which is the main methods for integration 

by parts. 
 

Example:  
Find the following integral  

 

xdxxcos  
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Solution : 
 By integration by parts we get  

 
xdxdvxu cos,   

1sin, cxvdxdu   

 

From the relation (2) we get  

 
dxcxcxxxdxx )(sin)(sincos 11   = cxxx  cossin  

 

Note : 

 

It should be noted that the constant integration 1c  in the previous example, 

which shows of the end of integral . 

 

Example:  
Find the following integral  

 

dxex x2

  

Solution : 
 By integration by parts we get  

 

dxedvxu x ,2  
xevxdxdu  ,2  

 

By substituting in integration by parts we get  
 

dxxeexdxex xxx

  222        (*) 

 

again we used the integration by parts we have  
 

dxexedxxe xxx

  = cexe xx   

 

By substituting in equation (*)  we get  
xx exdxex 22  - cexe xx  )(2 = cexx x  )22( 2  
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When we used the integration by parts there exist several method to chose 

u and dv as follows :  
 

(1) dxxedvxu x ,  

(2) dxexdvu x2,1   

(3) xdxdvxeu x  ,  

(4) dxxdveu x 2,   

 

Each of these choices, we find 
dxexudv x2   

 

From which we have  

 
dxxdveu x 2,   

3

3

1
, xdvdxedu x   

Thus  
dxexexdxex xxx 332

3

1

3

1
   

 

Example:  
Find the following integral  

 

xdx1tan

  

Solution : 
  By integration by parts we get  

 

dxdvxu   ,tan 1  

xv
x

dx
du 


 ,

1 2
 

 

Thus we have  
dx

x

xdx
xxxdx

2

11

1
tantan


 

 = cxxx  )1ln(
2

1
tan 21  
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Example:  
Find the following integral  

 

xdxex sin  

Solution : 
  By integration by parts we get  

 
dxedvxu x ,sin  

xevxdxdu  ,cos  

 

Thus we have  
 

xdxexexdxe xxx cossinsin    

 

Another time by integration by parts we get  

 

cos , xu x dv e dx   

 

sin , xdu xdx v e    

 

Thus we have  

 

xdxexexdxe xxx sincoscos    

 

and  
)sincos(sinsin xdxexexexdxe xxxx

   

  xdxexxe xx sin)cos(sin   

 )cos(sinsin2 xxexdxe xx   

 
1

sin (sin cos )
2

x xe xdx e x x c    
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Integration by Trigonometric Substitution  
 

The integration method for compensation one of the important ways 

to resolve many of the issues of integration and through an appropriate 

compensation and now write  

 

1cossin 22  xx  
xx 22 sec1tan   
1sectan 22  xx  

xecx 22 cos1cot   
1coscot 22  xecx  

 

Example:  
Find the following integral  

 

xdxx 2tan2sec4

  

Solution : 
To solve  this integration we write   

 

I= xdxx 2tan2sec4

 = dxxxx )2tan2(sec2sec3

  

 

and using  
1( )

( ) ( ) ; 1
1

n
n g x

g x g x dx c n
n



   
  

we get  
I= dxxxx )2tan2sec2(2sec

2

1 3

  

  = cx 4)2(sec
4

1
.

2

1
= cx 4)2(sec

8

1
 

Example:  
Find the following integral  

 

xdx3tan  

Solution : 
To solve this integration we write   
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xdx3tan = xdxx tantan2

  

       = xdxx tan)1(sec2   

       = xdxxdxx tantansec2

   

       = dx
x

x
x

cos

sin
tan

2

1 2

  = cxx  coslntan
2

1 2  

 

Now, we introduce the following some important trigonometric identities 

 

 )cos()cos(
2

1
coscos yxyxyx   

 )sin()sin(
2

1
cossin yxyxyx   

 )sin()sin(
2

1
sincos yxyxyx   

 )cos()cos(
2

1
sinsin yxyxyx                         

2 2 2 2cos 2 cos sin 2cos 1 1 2sinx x x x x       

2 1
cos (1 cos 2 )

2
x x   

2 1
sin (1 cos 2 )

2
x x   

xxx cossin22sin  . 

Example:  
Find the following integral  

 

xdxx 5cos2cos  

Solution : 
To solve this integration we write   

xdxx 5cos2cos = dxxx )3cos7(cos
2

1
  

 = 
1 1

sin 7 sin 3
14 6

x x c   

Using  
2222 , xaax   

we get  
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c
a

x
dxxa  


122 sin  

Now using the following relations  
xaxxaxxax tan,sec,sin   

and  

xx 22 cossin1  ;  xx 22 sec1tan  ; 1sectan 22  xx  

Example:  
Find the following integral  

0;
2

22




 adx
x

xa
 

Solution : 
To solve this integration we write   

put sinax   where 
22





  

 cossin1sin 222222 aaaaxa   

Then  





da

a

a
dx

x

xa
cos

sin

cos
222

22

 


 

  =  decd )1(coscot 22    

  =  ddec  2cos  = ccot  

Therefore  sinax   and  
a

x
sin  we have  

  
 

                       
                                       

 

 

 

         c
a

x

x

xa
dx

x

xa





 


1

22

2

22

sin      
 

 

 

 

 
            a 

                         x  
 

            22 xa  
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Example:  
Find the following integral  

dx

x 2

3

2 )1(

1



  

Solution : 
To solve this integration we write   

put secx  where  sec tandx d    

 

 tan1sec1sec1 222 x  

Therefore  





ddx

x

3

2

3

2 tan

tansec

)1(

1
 



 

  = 



d

2sin

cos
     

  = c
sin

1
 

  = c
x

x





12
 

Integration by Partial Functions 
 

Example:  
Find the following integral  

dx
xx )2)(1(

1

  

Solution : 
To solve this integration we write   

 

)2)(1(

3

)2)(1(

)1()2(

)2(

1

)1(

1












 xxxx

xx

xx
 

i.e.  

)2(3

1

)1(3

2

)2)(1(

)1(











xxxx

x
 

 

 

 

 
                     x 

   12 x  
                         

              1 
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Integration by Substitution 

Example:  
Find the following integral  

34xx

dx

  

Solution : 
To solve this integration we write   

Put  3ux   

34xx

dx

 = 
43

23

uu

duu

  = 
)1(

3

uu

du

  

and  
 du

uuuu

du












  )1(

11
3

)1(
3 = cuu  )1ln(ln3  

= c
u

u


1
ln3 = c

x

x


 3

1
1

31

1

ln3  

Example:  
Find the following integral  

x

dx

cos1  

Solution : 
To solve this integration we write   

)cos1)(cos1(

)cos1(

xx

dxx




 = 

x

dxx
2cos1

)cos1(




  

= 
x

dxx
2sin

)cos1( 
  

   = 2( cos cot )coc x ecx x dx  

= cecxx  coscot  

Example:  
Find the following integrals  

(1) dx
x

x

21

3




  

(2) 
30152  xx

dx
 

(3) dx
xx

x

84

1
2 


  
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(4) dx
xx

x

24

2




  

Solution : 
To solve this integrations we write   

(1) dx
x

x

21

3




 = dx

x
dx

x

x

22 1

3

1 



  

= cxx  12 sin31  

(2) 
30152  xx

dx
= 

5)5( 2  x

dx
= 

22 )5()5( 


x

dx
 

= c
x


 )
5

5
(tan

)5(

1 1

2
 

(3) dx
xx

x

84

1
2 


 = dx

xx

x

84

6)42(

2

1
2 


  

= dx
xx

dx
xx

x

84

1
3

84

)42(

2

1
22 





  

= dx
x

xx
4)2(

1
3)84ln(

2

1
2

2


   

= c
x

xx 


  )
2

2
(tan

2

3
)84(ln 12  

(4) dx
xx

x

24

2




 = dx

xx

x

24

42

2

1




   

= dx
xx

x

24

8)42(

2

1




   

= 
22 4

4
4

24

2

1

xx

dx
dx

xx

x







   

= c
x

xx 


  )
2

2
(sin44 12  

Example:  
Find the following integrals  

(1) xdxx 2sin3sin  

(2) xdxx 5sin3sin  

(3) xdxx 2cos4cos  

Solution : 
To solve this integrations we write   
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(1) xdxx 2sin3sin = dxxxxx )]23cos()23[cos(
2

1
  

  = dxxx ]5cos[cos
2

1
  

  = cxx  5sin
10

1
sin

2

1
 

Likewise, the integral with respect to other integrals can be calculated by 

using different laws for calculating trigonometry. 

Example:  
Find the following integrals  

(1) dxxx 2421   

(2) dxxx 1022   

(3) dxxx 562   

Solution: 
(1) dxxx 2421   = dxxx )4(21 2   

= dxx 4)2(21 2   

= )2()2(25 2  xdx  

then  
 ddxx cos5,sin5)2(   

 2222 cos25)sin1(25sin2525)2(25  x  

dxxx 2421  =  dcos5.cos25 2

 = d2cos25  

  =  d)2cos1(
2

25
  = c )

2

2sin
(

2

25 
  

  = c )
2

cossin2
(

2

25 
  

  = c
xxx






















 







2

1

5

2
1

5

2

5

2
sin

2

25
 

  = cx
xx














 21 )2(25

5

2

5

2
sin

2

25
 

  = cxx
xx














 21 421

5

2

5

2
sin

2

25
 

 

 



Calculus II                                                                        Chapter I  

 

39 

 

(2) dxxx 1022  = dxx 9)1( 2   

put  
 ddxx cosh3,sinh3)1(   

 222 cosh99sinh99)1( x  

dxxx 2421  =  dcosh3.cosh3 = d2cosh9  

  =  d)2cosh1(
2

9
  = c )

2

2sinh
(

2

9 
  

  = c
xxx























 


 1
3

1

3

1

3

1
sinh

2

1
2

1  

  = cxx
xx














 102

3

1

3

1
sinh

2

1 21  

  = cxxx
x











 102)1(
3

1
sinh9

2

1 21  

(3) dxxx 562  = dxx 4)3( 2   
put  

 ddxx sinh2,cosh2)3(   

 222 sinh44cosh44)3( x  

dxxx 562  =  dcosh3.sinh2  

  =  d)12(cosh2   = c











2

2sinh
2  

  =   c coshsinh2  

  = c
xxx














 








  

2

3
cosh1

2

3

2

3
2 1

2

 

  = c
x

xxx 






 

 

2

3
cosh256)3(

2

1 12  
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Exercise  
(1) Find the following integrals (using the fractional integration 

method): 

xdxx ln   ,  xdxx ln3

   ,  xdxxn ln   ,     dxx2ln    ,  dxxe x

  

xdx1cos   ,   xdxx 2sin    ,    xdxx 2cos2

     ,   dxex x3

  

dxxx )ln(  ,     dx
e

x
x2  

(2) Find the value of the following integrals (using partial fractional 

integration or any other method): 

 

(1) dx
xx

x

)3)(2(

1




  

(2) 
822  xx

dx
 

(3) dx
xx )1(

1

  

(4) 
1582  xx

dx
 

(5) dt
at 22

1

  

(6) dx
xx )1(

4
2   

(3) Find the value of the following integrals: 

(1) dx
x

x

53cos2

3sin


     (2) dx

x

x

tan1

sec

  

(3) dx
ee xx )3(

1
      (4) dx

x

xlog2 
  

(5) dx
x

x3log
      (6) dx

e

x
x

sin
  

(7) dxxe x 2tan )(sec      (8) dx
x

x

coslog

tan
  

(9) xdx5sec      (10) dx
x

x

sinlog

cot
  
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d
Let f(x) and g(x) be two functions such that dx (g(x))= f(x); then g(x) is called

antiderivative or primitive of f(x).

d
For example, dx (x3) = 3x2 , thus x3 is the antiderivative or primitive of 3x2•

Indefinite Integral
Let g(x)be the primitive or antiderivative of function f(x).

d
Thus dx (g(x)) = f(x)

d
Also dx [g(x)+c] = f(x) , for any constant c.

Thus if g(x) is the antiderivative of f(x)then for every value of constant g(x)+cis
also an antiderivative of f(x). Thus the derivative of every function is unique but its
antiderivative is not unique but they are infinitely many in numbers. Thus the
antiderivative of a function is not definite, but is indefinite. Due to this fact the
antiderivative of a function f(x) is called indefinite integral and symbolicallywritten as
Jf(x)dx= g(x)+c; c is called Constant of Integration and' dx' indicates that the
integration is carried out w.r.t. x. The function f(x) whose integral is to be found is
called Integrand.

In differential calculus,we studied about the methods to finds the derivatives of
different functions and their applications in Engineering and simple problems of
mathematics. For example to find the slopes of tangents/normals, rate of change of
quantities, maximal minima of functions etc.

Now, in the following section,we shall be given the derivative of a function,and
weare to find the function,whose derivativeisgiven.Thisprocessoffinding the function,
whose derivative is given is called Integration.

Thus integration is the inverse process of differentiation. Application of
integrations is very useful in finding the areas plane regions, lengths of arcs, volume of
solid of revolution etc.

Antiderivative or Primitive of a function

INDEFINITE INTEGRAL
Chapter 1

93



:. Jcot xdx = log I sin x I+c
= -log Icosec x I+c

:. Jcosec x cot x dx = -cosec x +c

:. J sec x tan x = sec x+c

:. Jcosec-x dx = -cot x+c

:. J sec2x dx = tan x+c

:. J sin x dx = -cos x+c

:. Jcos x dx = sin x+c

(ax +b)"+l:. J (ax+b)" dx = a(n + 1) +c, n * -1

:. JLdx = x+c

1:. J - dx = log Ix I+cx

xn+l:. Jx''dx = --1 +c for n *-1
n+

:. J0 dx = c

Integrals

d
dx (log sin x) = cot x

d
dx (cosec x) = -cosec x cot x

d
dx (sec x) = sec x. tan x

d
dx (sin x) = cos x

d
dx (cos x) = -sin x

d
dx (tan x) = sec-x

d
dx (cot x) = -cosec'x

d
- [ax+b]?"! = (n+l)a(ax+b)n. n * -1dx '7.

8.

9. ..

10.

11.

12.

13.

14.

12421

Some Standard Elementary Integrals

Derivatives

d
1. .. dx (c) = 0; where c is any constant

d [xn+l]
2. .. dx ; +1" = xn; n * -1

d 1
3. - (logx) = -; x>Odx x

d
4. - (e") = eX

dx

d
5. .. dx (a") = aXlog a, a > 0, a *1

d
6. - (x) = 1dx
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[
xn+l 1.,' f xndx = -- + C for n ""-1
n i t

x7= -+c
7

ii) f JX dx

Solution
i) f x6dx

vi)

Evaluate the following Integrals
f x6dx ii) f JX dx

f X4/5 dx iv) f v: dx

Example 1
i)
iii)

2.

f f(x).g(x) dx "" ff(x)dx . fg(x)dx

f _f(x_)dx :t: -,;-f f-,-(x-,-)d_x
g(x) f g(x)dx

1.

Some Important Results

I) f cf(x)dx = cff(x)dx; where c is any constant

2) f [f(x) ~ g(x)]dx = ff(x)dx ~ fg(x)dx
Remarks:

:. f cosec dx = log Icosec x -cot x I+c

= log ltan~I+c

= log Itan(: + ~)I +c

:. f tan xdx = log I sec x I+c
= - log Icos x I+c
:. f sec x dx = log I sec x + tan x I+c

1243/

d
dx [log(cosec x - cot x) = cosec x17.

d
dx [log(sec x + tan x)] = sec x16.

d
15. .. dx (log sec x) = tan x
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!+1 3

X2 X2--+C = -+C= 1 3-+1 -
2 2

32 -= -x2+c
3

ill) f x4/5 dx

!+1 9

X5 X5--+C = -+C= 4 9-+1 -
5 5

5 9

= -X5 +c
9

iv) f VX dx
1

= I(X)3dx

!+1 4

X3 X3--+C = -+C= 1 4-+1 -
3 3

43 -= -x3+c
4

v) f 5x2dx

= 5 fx2 dx [.,'f cf(x)dx= cI f(x)dx]

[ x·+1 1x3 .,'Jxndx= -- +'C
= 5-+c n+1

3 forn *-1

5 3= -x +c
3
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J (x3+V;Z +x+5)dx

[.: j[f(x) + g(x)]dx = f f(x)dx + f g(x)dx]

/245/

vi)

iv)

ii)

J (x3+4x2-5x+7)dx
X4 4x3 5x2= -+---+7x+c
4 3 2

Solution
i)

iii) f x2 fx+ 1dx

1
v) f ,J0dx

2 11 2 ~
= -x2 +-x2+C
11 5

Example 2 Evaluate the following integrals :-

2.+1 ~+1
X2 X2--+--+C= 9 3-+1 -+1
2 2

9 3

= f x"2dx + f x"2dx

5-1 2_1
= f x 2dx + f x 2dx
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31 -- 2= 5J--dx +3JX 2dx +JX- dx
X

( 3}1 --
= J 5.-;+3.x 2 +X-2 X

~+1 2+1 --!+1
x2 x2 X 2-----+---+C= 3 1 1--+1 -+1 --+1
222

( 3 1 -1]= J x2 - x2 +x2 dx

X4 6 5 28 9= _--x3 +-x4 +9x+c
459

iii) Jx2 ?x+1dX

~+1 ~+1X3+1 X3 X4
---2--+7--+9x+c= 3+1 2 5--+1 ---+1

3 4

1246/
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2

= Jx3dx+ jx3dx+ jxdx+ J5dx

2

=t::
vi) f (x3+~ +x+5)dx

I

= -2x 2 +C

I
X 2

= -1 +c

2

-~+I
X 2
3 +c
--+1
2

=

I

= 5log [xl-ex -"2 - X-I +C

6 1
= 5log Ixl- .,rx --;+c

1
v) J fx3 dx

J_1_dx_ I

- (x3)"2

1= J-3 dx
x2

-~+I
(x) 2 X-2+I

= 5loglxl+3 3 +--+c
____+1 -2+1
2

/2471
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['," cos a is constant]

~+1 ~+1
x2 x2= -1-+3-+c
--+1 -+ 1
2 2

1 3

= Jx"2dx + Jx"2dx

aX xa+1= eX+--+--+c
log a a+ 1

ii) f (eX,ax+cosa)dx
= f (eay+coso) dx
= f (ea)" dx + f cos a dx

(ea)"
= -l--+(cos a)x+cogea

iii) f (1+x) JX dx

= f( JX +xJX)dx

Solution
i) f (ex+ax+xa)dx; a>Oand a 1:- 1,

iv)iii) f (1+x) JX dx

X4 3 ~ x2= -+-x3 +-+5x+c
452

Evaluate the following integrals
f (ex+ax+xa)dx ii)

Example 3
i)

~+1
X4 X3 X2= -+--+-+5x+c
4 ~+1 2

3

/248/
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f 1 d~ +.Jx+1 X

f( X a a x ~;+;-x +a +axrX

/249/

iv)iii) f x.J1 + X dx

ii)

! 2 ~ 4 ~= 2x2+_(x)2 --x2 +c
5 3

Example 4 Evaluate the followingintegrals

-!+1 ~+1 !+1
X 2 X2 X2= +----2--+c
-~-+1 ~+1 !+1
222

131

= fX-2dx+ fX2dx-2fX2dx

1 x2 X= f-dx+ f-dx-2f-dxs: ~ ~

x2= -+logx+2x+c
2

v) f (1--;;.)2dx

_ f1+X2 -2x d
- ~ X

2 ~ 2 ~= -x2 +-x2 +c
3 5

iv) f ( ~ + ]x rdx
= f(X+~+2}X

= f xdx + f .!.dx + 2f1dx
x
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252 ~= -(1+-x)2 --(1+x)2 +c
5 3

r
·:I (ax+bt dx = _,_(a_x+_b-'----t_+

11
a(n + 1)

for n -::j:.-1

3 1

= I (1+x)"2dx - I (1+x)2 dx

1 x2 xa+1 a" ax2
== -.-+aloglxl+--+--+-+c
a 2 a+-1 loga 2

iii) Jx.Ji+Xdx

= J(1+x-1)~dx

= f (1+x)~l +xdx- J.Ji+Xdx

= J~dx+ I~dx+ Ixadx+ Iaxdx+ Iaxdx
a x

1 1= -Ixdx+aI-dx+ Ixddx+ Iaxdx+aIxdx
a x

; a -::j:. 0, ± 1

X4 x2 x-2= -+loglxl+---+c
4 2 2

ii) J(: +~_Xa +ax +axfX

X4 X2 X-3+1
= -+loglxl+-+--+c

4 2 -3+ 1

Solution

/250/
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[.: sec-x-tan-x = 11

ii)

J (2sin x -3cos x) dx
= 2J sin x dx -3 J cos xdx
= 2(-cos x) -3sin x + c
= -2 cos x - 3sin x + x
J (cos x tan x + eX)dx

J
sin x J= cos x . --dx + e=dxcosx

= J sin x dx + Jexdx
= -cos x +e" + c

iii) J (sec-x + tan/xjdx
= J sec-x +(sec2x-1) ax
= J (2sec2x -1) dx
= 2J sec'x dx - J 1dx
= 2 tan x - x + c

2 ~ 2 ~
= "3(x +1)2 -"3(x)2 +c

Evaluate the integrals of following functions w.r.t. x.
2sin x - 3cos x ii) cos x . tan x + eX
sec-x + tarr'x iv) cof'x + aX-1; a=L, a>O
cosec x cot x vi) tan x (sec x + 1)

!+1
(x)2---+c1-+ 1
2

!+1
(x + 1)2

= 1
-+1
2

1 1

= f(x+1)2dx-f(x)2dx

= f (.JX+i- ../X)dx

f 1 d
../X+..Jx+1 x

f 1 JX-.fX+id- x x
- ../X+ .JX+i ../X-.fX+i

= f../X -.JX+i dx
x-x-1

iv)

/l511

Example 5
i)
iii)
v)

Solution
i)

103



[ .: J sec2(ax + b)dx ='~'t&h(c{x~Jb){}ci
/bJa[- zlJ X··Yl" 1,:" J

) + "/. .- r. mJ £ =-

tan(3- 4x)= +c
·-4

cos(2x + 3)= - +c
2

ii)

J sin (2x+3) dx

vi)v)

J sec? (3-4x) dx
J (tan X)5 sec-x dx

x3-4x2+6i dx
,< ·;-3.-x2 - 8x

I f' (x)!:.f('xh~=~log I f(x) I+c
Evalucite 1lfe fOllowing Integrals.
J sin (2x+3) dx ii)
Je4x dx iv)

J (logx)2 dx
x

iii)

, for n 1:- -1J [f(x)]n f'(x)dx = [f(x)r+: +c
n s- l

ii)

Solution
i)

Example 6
i)
iii)

Three Important Results:
i) If J f(x) dx = g(x) + c

J
g(ax + b)

then f(ax+b)dx = ---+c
a

aX
= - cot x - x + -1 - - x + coga

v) Jcosec x cot x dx
= -cosec x + c

vi) J tan x(sec x +1) dx
= J sec x tan x dx + J tan x dx
= sec x + log I sec x I + C

[.: cosec-x - cot? = 1]

iv) J (cot-x+a'<l) dx; a 1:- I, a>O
= J cot-x dx + Jax dx - Ildx
= J (cosec-x-Ljdx + J axdx - Ildx

osu
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[

.: 1- cosZx « 2sin2xl
. l-cos2x . 2.. -- == SID X

2

Evaluate the integrals of the following functions w.r.t. x.
sin2x ii) cos-x
sec2(3x-4) vi) cos 3x cos 7x

[
d I':_(x3 -4x2 +6)=3x2 -8x

an:x{(x) ~ log II(x)l+c
f(x)

x3 -4x2 +6J dx
3x2 -8x

= log 13x2- 8xl+c

vi)

1= _(1ogX)3 +c
3

(logxf+l= +c
2+1

[.: -<!_(logx)=.!]dx x

1 6= -tan x +c
6

J(logx)2 dx
x

v)

1 6= -(tan x) +.c
6

[
.: Hf(x)]"f' (x) = [f(x)]n+l+c]

n+1

[
eax+b].: f eax+bdx= --a- +ce4x= -+c

4

iv) J (tan X)5 sec2xdx

(tan X)5+1
= +c

5+1

1= --tan(3 - 4x)+c
4

iii) J e4x dx

/253/

Example 7
i)
iii)

Solution
i)
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1 .
= 2Hcos(7x+3x)+cos(7x- 3x)}ix I [,,' 2cosA cosb= cos(A+B)+cos(A-B)]

1= - J (coslOx+cos4x)dx
2
1 sin lOx 1 sin4x= - +---+c
2 10 2 4

1 '10 1. 4= -SID X+-SID x+c
20 8

[multiplying and dividing by 2]

1 1
= J -dx + J-cos2xdx

2 2

1 1= - Jldx +- Jcos2xdx
2 2

1 1, 2= -X+-SID x+c
2 4

iii) J sec2(3x-4) dx
tan(3x - 4)= +c

3
iv) cos 3x cos 7x

1= -J2cos7xcos3xdx
2

[

,,'1+cos2x = 2cos2 X]
1+cos2x 2.', = COS X2 .

= J 1+cos2xdx
2

= J !dx - J!cos2xdx
2 2

1 1= 2Jldx -2 J cos2xdx

1 1, 2= -X--SID x+c
2 4

ii) Jcos2x dx

12~4/
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1
iii) f 1-cosx

1 1+cosx d
= f 1 _ cos x x 1+ cos x x

= f 1+cosx dx
1-cos2 x

sin ' X cos ' X= f dx - f dxsin+xcos+x sin+xcos+x

= f sin x dx _ f cos x dx
cos+x sin 2 X

= J sec x tax x dx - J cosec x cot x dx
= sec x + cosec x + c

sin 3 x - cos 3
X

f sin2 x.cos2 X
ii)

1 3= - f cos3xdx + - f cosxdx
4 4
1 sin3x 3.= ----+-smx+c
4 3 4

1 . 3 3.= -sm x+-smx+c
12 4

.,' cos3x = 4cos3 x - 3cosx

.', 4cos3 X = cos3x + 3cosx

cos ' X = ..!..cos3x+~cosx
4 4

Solution
i)

1
iii)

1 + cos2x
1- cos2xiv)l-cosx

i) ii)

Evaluate the Integrals of following functions w.r.t. x.

sin3 x - cos3 X

sin ' x.cos'' X

Example 8

/1'55/
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f dx

f sin x
Evaluate the following Integrals sin(x _ a)dx

f sinx dx
sin(x - a)

_ fsin(x-a+a)dx
- sin(x - a)

_ f sin(x - a)cosa +cos(x - a)sina dx
- sin(x -a)

[.: sin (A+B)= sinA cosB + cosA sinB]
= f (cos a) dx + f sin a cot (x-a) dx
= (cos a) f Idx + sin a f cot (x-a) dx
= x cos a + sin a log Isin(x-a) I +c

[.: cosec'x - cot-x = 1]

[
.: 1+cos29 = 2cos2 9]
1- cos29= 2sin29

= f2cos2 xdx
2sin2 x

= f cot-x dx
= f (cosec-x-Ijdx
= -cot x - x + c

= ((_1_+ cosx ~x
J sin 2x sin2xr

= f (cosec-x + cosec x cot x) dx
= f cosec-x dx + f cosec x cot x dx
= - cot x - cosec x +c

f 1+cos2x---dx
1- cos2xiv)

= f ~_~cosx dx
sin2x

Solution

Example 10

Solution

Example 9

12561
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1
or - dx = dtx

dt
dx

1
Differentiating both sides w.r.t. x. -x

To solve it, we put log x = t

Integration By Substitution:
So, far we were dealing with the functions whose integration can be found by

J -cos(ax + b) f 1using the standard elementary integrals. e.g. sin(ax+b)dx= , -dx = logx,
a x

J (sec'x) + tan x) dx = tan x + log 1 sec x ] + c etc.
Now, further we are to integrate the functions which can not be integrated by

simply using the standard elementary integrals and important results. Sometimesthese
type of integrals can be calculated by transforming the given integrand into one of the
standard elementary integrands by taking a suitable substitution of the independent

f sin(logx)variable of given integrand e.g. 1= dxx

1 I [COS(X - b)[= og +csin(b - a) cos(x- a)

1 I [sec(x- a)[= og +csin(b - a) sec(x- b)

[.: sin (A-B) = sinA cosB- cosA sinB]
1

= sin(b _ a) J [tan (x-a) - tan (x-b)] dx

1 1
= sin(b - a) J tan(x-a) dx sin(b _ a) J tan (x-b) dx

1 1
= sin(b - a) log, 1sec (x-a) 1- sin(b _ a) log 1sec(x-b) 1 +c

=
1 f sin[(x- a) - (x- b)]dx

sin(b - a) cos(x- a)cos(x- b)

= 1 f sin(x- a)cos(x- b) - cos(x- a)sin(x - b)dx
sin(b - a) cos(x- a)cos(x- b)

12571
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:. Jx2sin(x3 +5)dx = Jsin t ~t
= .!.Jsin tdt3 .

x2sin (x3+5)
put x3 + 5 = t

3x2
dt.. - dx

or 3x2 dx = dt

x2dx
dt

or - 3

ii)

=tant+c
= tan(log x) + c

J sec2(logX)d J 2 dx = sec t t
x

i) J sec2(logx)
x

put log x = t
1 dt.. - dxx
1

or - dx = dtx

Solution

iv)iii) (2x_7)~x2 -7x +5

x-2

ii)x
i)

Integrate the following functions

sec2(logx)

Example 11

i.e.

I = f sin t dt = -cos t + c
= -cos(log x) + c

In the above example, we put log x = t or x = et
the independent variable x is substituted by et•

12581

110



2dx

dx
dt

(x-2)

2x-4

J x-2 dx
~x2-4x+5

put x2-4x+ 5 = t
dt

v)

put eX = t
dt

.. eX - dx
or exdx = dt

.. JeXsin e'idx = Jsin t dt
= -cost+c
= -cosex +c

iv)

2 ~
= 3(t)2 +c

2 2 I 2= -(x -7x+5)\fx -7x+5+c
3

1

= J(t)2 dt

or (2x-7)dx

J(2x-7)~X2 -7x+5 dx

= Jvft dt

dx
= dt

2x-7

iii) J(2x - 7)~X2 -7x +5

put x2-7x+5 = t
dt

1= --cost+c
3
1= --cos(x3 +5)+c
3

/259/
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1J ') 2dxa- +xiii)

1= J 2 2. 2 .acosdea -a sm e
1J-y-:--rlx

a -x

Put x = a sine
dx
de = a cosa

:. dx = a cosu de

1J 2 2dxx -aii)

=./t+c

= ~X2 -4x+5 +c

(!)~+c
= 2 (i)

1 -.!
= -Jt 2dt

2

J dt
= 2./t

dt
=-

2(x-2) dx

Solution

i)

Example 12 Evaluate

J (x - 2)
.. ~X2 -4x +5

12601
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1

:: ! log ( a +X)2 + e
a a-x

1 a+x-log +e
a .J(a + x)(a - x)

::

:: !10gl_1_+ SinSI+e
a cosf cosf

/261/

1
:: -logleos ecS - cote I+ e

a

1:: - f cosecsda
a

Put x = a seeS
dx = a seeS tanS dS

1= f 2 2 2 asecu tanSdS
a sec S-a

1 la+xl= -log-- +e
2a a-x

1 !§+x= -log -- +e
a a-x

x
1 1+--IOgga +e

:: a x2
1-­

a2

11 11+ SinSI= - og +e
a eosS

1= -loglsecS + tan SI+ e
a

1= - f secSdS
a

1J 2 .,dxx -a-

1f 2 2dxx -aii)
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f 1 1 _l(X)---:;--., dx=-tan - +c
a-+x- a a

f 1 1 Ix-al2 2 dx =-log-- +c
x -a 2a x+a

1 _l(X)= ;-tan ;- +c

Remark: the above three integrals should be remembered and can be directly used as
standard integrals.

f 1 1 la+xlThus 2 2 dx =-log-- +ca -x 2a a-x

= 1:.f de
a

_ 1:.f sec2e de
- a (tan2e+1)

1= -e+c
a

J 1 2
2 2 2 asec e de
a tan e+a

Put x = a tane
dx = a sec2e de

1 Ix-al= -log-- +c
2a x+a

1 j§-a= -log -- +c
a x+a

1 x-a
-log +c
a -J(x - a)(x+a)

a1 1- -

= ;;log ~ +c =

1 11 cosel= -log-.---.- +c
a sin O sin O

/262/

114



X ~2= log - + - - 1+e1
a a2

= f seeSdS
= log 1sees + tan SI+e1

= logl~ +~sec2S-11+e1

Put x = a seeS
:. dx = a seeS tanS dS

f 1 dx _ f ~ 1 aseeS tanSdS = f secStan SdS
~x2_a2 - a2see2S-a2 tanS

12631

. _l(X)= sm ; +e

= JIdS
= S +e

Put x = a sinS
dx
dS = a eosS

:. dx = a cose dS
1 1f ~ dx = f ~ .acosdfl

a2_x2 a2-a2sin2S

i)

ii)

i)

Solution

Example 13 Evaluate

f 1 dx
~a2 _x2
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Hence

Remark: The above three integrals should be remembered and can be used directly as
standard integrals.

, [where c = -log a+c.]

':[log: =IOgm-IOgn]= loglx + ~a2 + x21-log a + c1 '

= loglx+~a2 +x21+c

Xg2= log-+ 1+- +c1
a a2

= f sec8d8
= Iog lsecu-e tan Ol+c,

= logltan8 + ~1 + tan2 81+ Cl ,

- f sec28d8
- ~sec2 8

Put x = a tan8 _
:. dx = a secze d8

iii)

, [where C = -log a+c.]

= loglx + ~x2 - a21-log a + c, , .: [lOg : = log m -log n ]

= loglx+~x2-a21+c

x+~x2-a2
= log +c1

a

12641
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J 1 1 la+xl.: 2 2dx=-log-- +c
a-x 2a a-x

4
1 1 S+x= -x--Iog-- +c25 2(~) ~-x

ii) J 1 dx
16-25x2
1 1

= -J 16 dx25 __ x2
25

1 1
- 25 J(~)' _x' dx

1 12X-31= -log-- +c
12 2x+3

J 1 1 Ix -al.: dx=-log-- +c
x2_a2 2a x+a

3x--1 1 2= -x--Iov-- +c
4 2(%) 0 x+%

Solution

i)

Example 14 Evaluatethe followingintegrals
1 1J "") J dx4x2-9 11 16-25x2

f Jx21_a2dx = loglx+R -a2-I+c

and f Ja21+x2dX= loglx+Ja2+~I+c

/265/
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f dx 1 . -l(X).: ~ =-sm - +c
a2 _x2 a a

1 . _1( x)= 3sm ~ +c

f 1 d
~4-9x2 X

1 1
= _r9f ~(:)_X2 dx

Solution i)

1
iii) f ~9 +25x2 dx

1
ii) f ~16x2 _ 25dx

f 1 d
~4 -9x2 xi)

Example 15 Evaluate the following integrals

1 _1(3X)= 12 tan 4 +c

1 1 _1( x J=9X(~)tan ~ +c

= __!_ log I4 + 5x I+ c
40 4 -5x

iii) f 1 dx
16 + 9x2

1 1
= - f 16 dx

9 _+x2
9

1 1
= 9f(4)2 dx_ +X2

3

/266/
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f 1 dxiii) ~9+25x2

1 1--J- ==dx
- J25 ~(2~)+X2

_ .!_ f 1 dx
- 5 F'~)2~l~-) +x2

1 ~16X2 - 25_ -logx+ +c
- 4 4

= } log x +~X2 _~5 +c
4 16

1 1= 4f -----~ dxFIT!

1 . _1(3X)= -SIn - +c
3 2

1
ii) J -:;-i~~~2-=_25dx

1 1

R -!f6 f ~X2 _(~) dx

/2671
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f 1 '
-------;=====-dx
X~9X2-16

1 1
= Inf R dx",9 2 16x x ---

9

_!f 1 dx
- 3 xFIT)

Solution

I E I f _1_-dxExamp e 17 va uate X~2 -16

Remark: The above result can be remembered and used directly as standard integral.

[

.: x = asecf ]

:. ~:=. sect) or sec-l(~) = S
1 -l(X)= ;:sec ;: + c

_ f tanS ao
- ~a2tan2S

= .!f dS = !S + c
a a

Put x = a secS
.', dx = a secf) tanB dS

Solution

1
Example 16 Evaluate the following integrals f r2 2 dxx'Vx--a

/268/
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t2= -+c
2

= .!(logx)2 +c
2

It dt
1I-Iogx dx
x

Put log x = t
1

.. - dx = dtx

ii)

I = I dt.. t

= log I t I + C

= log I sin x + cos x I + c
1

I-Iogx dx
x

Pu t sin x + cos x = t
:.(cos x - sin x) dx = dt

I cos x - sin x d
LetI=. xsmx + cosxi)

1 1 -lJ= 3 x (~) sec ~ + c

1 _1(3X)= 4"sec 4 +c

Example 18 Evaluate the following integrals

I c~s x - sin x dx 1
i) ii) I-Iogx dx

smx +cos x x

iii) I cos x dx
iv) Ism: dx(1+sinx)3

v) I 1 d e2x+ 1vi) I dxx+fx x e2x -1
Solution
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1J dx= Fx ..JX +Jx

J 1 d
v) x +,J;. x

Put Fx = t

1
.. 2Fx dx = dt

dx
or Fx = 2dt

J Sin~dx fFx = sin t (2dt)

= f2sin t dt
= -2 cos t +c
= -2 cosFx +c

iv) Js7!~ dx

-1= ------+c
2(1+ sin x)2

t-2
= -+c

-2

1
= _---+c

2t2

t-3+1
= -----+c
-3+1

J cosx dx _ dt
.. (1+sinx)3 -Jt3

= Jt--3dt

Put (1+ sin x) = t
:.cos x dx = dt

J
cosx d

iii) x-(1+sin x)3
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= log 1e2x-11-log eX+c
= log 1e2x-11-x +c

= Jdt
t

= log 1t 1+c
= log 1eX_e-X1+c

e2x -1
= log +ceX

I

Pu t eX_e-X= t
:. [eX-(-e-X)]dx= dt
or (ex+e-X)dx= dt

[Dividing Numerator and denominator by eX]

e2x +1
vi) Let I= J 2x dx

e -1

Pu t (JX + 1) = t

1.. 2JX dx = dt

dx
or JX = 2dt

J 1 dx _ J2dtJX(JX + 1) - t

= 2Jdt
t

= 2log 1t 1+c
= 2log 1JX +11+c
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. -1 1
. esm x .---dx = dt
.. ~1-x2

ii)

t4= -+c
4

= '!(tan -1X)4 + c
4

J 1 -1 3d
2 (tan x) x = Jt3dt(1+ x )

[.: ~(tan-1 x)=~]
dx l+x

1
:. -l~dx = dt ,+x

Put tan+x = t

J 1 2 (ta~ -1x)3dx
(1+ x )i)

Solution

f sirr'x cos x dxvi)
J cosec x d
log Icos ec x - cot x I xv)

-1
J sec x dx
X~X2 -1iv)J 1 dx

(1+ x2)tan -1xiii)

ii)i)

Example 19 Evaluate the following integrals:
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Put log Icosec x - cot x I = t
:. cosec x dx = dt

J cosec x d
log [cosec x - cot x I xv)

t2= -+c
2

= .!(sec-I X)2 +c
2

-1

J
sec x dx~ = Jtdtxvx2 -1

r::;--: dx = dtxvx~ -1
1

Put sec+x = t

-1

J
sec x dx

iv) r
XVX2 -1

= log I t I+c
= log I tarr+x I+c

Jdt
t

[.:.i_(tan-Ix)=_1 ]
dx 1+X2

1
--dx= dt
1+x2

Put tarr+x = t

iii)

_ (eSin-1x)4
- +c

4
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1= b2 log I t I+c

1= -2 log Ia2-b2cos2x I+cb

Put a2-b2cos2x = t
-b2(2cos x(-sin x))dx = dt
b2 (sin 2x)dx = dt

dt
., sin2x dx = b2

J sin2xdx
(a2 ---b2coS2X)i)

Solution

J (x + l)(x + logx)3 dx
x

iv)iii)

ii)
J sin2xdx
(a2 _ b2 cos2 x)i)

Put sin x = t
:. cos x dx = dt

J sirr'x cos x dx = J (t)4 dt
t5= -+c
5
1= -sin5x +c5

Example 20 Evaluate the following integrals

Jsirr'x cos x dxvi)

J cos ec x dx _ dt
log Icos ec x - cot x I - J t

= log I t I + c
= log [log Icosec x - cot x I I+c

d
[.,' dx [log Icosec x - cot x I] = cosec x]
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t-2+1
=--+c
-2+1
1= --+c
t

1= --+c
XX

= _x-X +c

f (1+ log x) dx = J! d t
XX t t

t

Put XX = t
:. XX (1+log x) dx = dt

dt
(1+log x)dx =;;-

dt

1 ( x4)= '4 sin e + c

1= - sin t + c
4

Put x4 = te
:. eX4• 4x3dx = dt

3 x4d 1. x e x =-dt.. 4

4 4 J 1.. Jx3eX coste" )dx = 4"costdt

ii)

1275/

127



[Adding and subtracting (1/2 coefficient of X)2

[Making the coefficient of x2equal to 1]
1 1

= "4J 2 3 9 dx
x +-x+-

2 4

1 1
= "4J 2 3 9 9 9 dx

x +-x+--- +-
2 16 16 4

J 1. d
4x2 +6x + 9 x,Solution

J 1 dEvaluate 4 2 6 9 x,x + x+
Example 21

iii)

1= -(x + logx)"+ c
4

INTEGRATION OF THE FORM
1J 2 dx ; a :# 0ax + bx +c

Steps of solving
i) Make the co-efficient of x2unity i.e. equal to 1.
ii) Make the Denominator - (a complete square) ± (K)2

111
Use one of the standard integrals J 2 2 dx, J 2 2 dx, J 2 2 dx, to findx -a a -x a +x
the integral.

t4= J-+c
4

= J(l +.;}X + Iogx)3dx

Put (x+logx) = t

:. ( 1 +.; )dX = dt

J(X+l)(x+logx)3 dx
x

iv)
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Solution

f 1 dxExample 22 I 2-v3x - 4x-6

f 1 dx
~3X2 -4x-6

f 1 dx f 1 dx
~2 2 I ~2 2 Ia -x x -aNow use one of the standard Integrals(b)

INTEGRATION OF THE FORM
1f ~ 2 b dx; a i:- 0ax + x +c

Steps of solving
(a) First make the Quadratic Polynomial inside the square root in the standard

form by previous knowledge.

1 _1[4X+3]= 3.J3 tan ffi + c

_ _! f 1 dx

- 4 (x+~)\(1)' ,

1277/
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f 1 -dx
"S + 4x - 9x2

Solution

1
Example 23 Evalute f ~S + 4x _ 9x2 dx

1 1
= J3 f dx

3 ~X2-1X-2
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d
Put (3x - 4) = A+ j..t dx (2X2+ 4x -5)

J 3x-4
Let I= 2 dx2x +4x-5Solution:-

J 3x-4
Example 24 Evaluate 2 2 4 5 dxx + x-

INTEGRATION OF THE FORM

J px +q dx; a * 0
ax2+bx +c

1 . _1(9X-2)= "3sm 2m +c

1 . _1(9X-2)= -sm -- +c
3 J76

[ .: J 1 dx = Sin-l(~)+ '.
~a2_x2 a

1 1
= 3J dx(~r+-~)'
_ _!_ J 1 dx

- 3 ( 728~4 ) - ( x - ~ r
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[ .:J 21 2dX=_!_logIX-al+c]
x-a 2a x +a

1 1- - f 2 dx
- 2- (../7)(x + 1)2 - -Jz

1 1= - J 5 dx
2 x2 +2x--

2

1 1
= -zJ 2 5 dx

(x +2x+1)-1-2

f' (x)
--- (1) , [.: J f(x) dx = log I f(x) I+c]3

= -711 + 4"log 12x2+ 4x -5 I+ c1

1
where 11 = J 2 2 4 5 dxx + x-

=-7J 1 dx+~J 4x+4 dx
2X2+4x-5 4 2X2+4x-5

3-7+--(4x+4)
.. I = J 4 dx

2X2+4x-5

= -4 - 4(!)=-7

and A. = -4 -4J.lJ.l - 4

3x - 4 = A. + J.l(4x + 4)
3x - 4 = 4J.lx+ (A. +4J.l)
Compairing the coefficients of x and constant terms we get,
4J.l= 3 and A. + 4J.l= -4

3
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- - -(1)

19 1--+--(8x+5)
.. I = J 8 8 dx

~4X2 +5x +2

_ 19 J 1 dx + _!_ J ~x + 5 dx
- 8 ~4X2 +5x+2 8 4x +5x+2

19 1= -11 +-12
8 8

19
1..=-

8

and 5J.l.+ 1..=3

and 5 (~) + A = 3

1..= 3-~
8

.. 8J.l.= 1

1
J.l.=-8

x+3

Put (x+3)

J x+3 d
Let I= ~4x 2+ 5x + 2 x

d
= A + J.l.dx (4X2+ 5x + 2)

= 1..+ J.l.[8x + 5]
= Sux + (5J.l.+ A), compairing the coefficient of x

and constant forms we get

Solution:

J x+3 d
Example 25 Evaluate ~ 4x 2+ 5x + 2 x

INTEGRATION OF THE FORM

J px+q
dx . a '* a

~ax2 + bx +c '

using the value of 11in (1) we get,

-7 ..fi(x+1)-.J7 3 2
I = t:t:tlog ..fi .J7 + -log 12x + 4x - 51+c1-7c2

2-v14 2(x+1)+ 7 4

-7 ..fi(x+1)-.J7 3 2
or I= t:t:tlog ..fi .J7 + -log 12x + 4x - 51+c

2-v14 2(x + 1) + 7 4
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-
2

= 2Jt +C2

= 2~4x2+5x+2+C2 ---(3)
using he value of 11and 12from (2) and (3) in (1) we get,

1

t2-+C2= 1

4x2+ 5x + 2 = t
(8x + 5) dx = dt

f ~12 = Jt

Put

_ f 8x +5 dx
and 12- ~4x2 +5x +2

- - -(2)

_!_ f -r===:===1:=::==== dx
=2 25 25125x +-x+-+---

464264

_!_ f 1 dx
=.J4~2 51x +-x+-

4 2

1
Now 11 - f ~ dx- 4X2+5x+2
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,~.

Remarks-
1. The above method can be used to integrate any Integrand which is the Product

of two functions.
2. The order of Preference for the function to be taken as first function can be

made by a word 'ILA TE', where I stands for Inverse function, L stands for
Logarithmic function, A stands for Algebraic function, T stands for
Trigonometric functions, and E stands for Exponential functions.

However, some times the Integrals is the Product of two functions, and it is not
possible to convert the corresponding Integrals into standard elementary Integrals. e. g.
I x sin x dx, Ie sinx dx etc.

This problem leads to the Concept of "INTEGRATION BYPARTS".
If f(x) = g(x) . h(x)
then, I f(x) dx = I g(x) . h(x) dx

= g(x) Ih (x) dx -J( ~f~(g(x)).Jh(x)dx}x

i.e. I (1st function) x (IInd function) dx

= (lst)J (IInd)dx - J[ :x (1st).J (IInd)dx) rx

I = JeXsin e'idx
if we Put edx = dt

I = J sin t dt = -cost + c
= -cos e > + c.

e.g

INTEGRATION BY PARTS
So far, we were dealing with the Integration of the functions which were single

functions or if they were the product of two or more functions, then the corresponding
Integrals can be converted to simple standard elementary Integrals.

or

I K ~ )'119 5 5 - J7 - 1 2 19 1
_ ----IOgl(X+-J-t (x+ --I l(-- ,+-~4x +SX+2+(-C1 +-C2)
- 10 8) H) H I 4 8 8

I I '
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.~

=Hx; J-H x' Jcos2xdx - J[:x {x')JCOS2xdX}X1
= .!.x3 _.!.[X2Sin2X _ I 2xsin2x dX]

6 2 2 2

[.:I - cos 2x = 2sin 2 x]

= .!.x2 log x - .!.Ixdx
2 2

I 2 I 2= - x log x - - x + c
2 4

Example 28 Evalute J x2 sin-x dx
Solution J x2 sin2x dx

I 2 (l-cos2x) d= x x
2

II 2 II 2= - x dx -- x cos2xdx
2 2 I II

(
X2 J I x2= (logx) 2 -I -;.~x

= (log xj] x dx - I( :x (log x). Ixdx )dX

J x logx dx
II ISolution

Example 27 Evaluate J x log x dx

Example 26 Integrate x sin x w.r.t. x

Solution I x sin x dx
I II

. . x is an algebraic function and Sin x is trigonometric, So by the word of
preference 'ILATE' , 'x' should be treated as 1st function and (sin x) as second.

.. I ~s~x dx = x I sinxdx - I[ :x (x)I sinxdx JdX

= x(-cos x ) - b. (-cos x)dx
= -x cos x + J cos x dx
= -xcos x + sin x +c
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d= seeO J see2S dO - J [ dO (seeO). Jsee2 0 dO]dO

= seeO , tan 0 - J sec 0 tanO . tanO dO
= SeeO , tan 0 - J sec 0 , tan2 0 dO
= seeO , tan 0 - J seeO . (see20 -l)dO

I = sec 0 , tan 0 - J see30 dO + J sec 0 dO

Example 30 Evaluate JSee30 dO
Solution Let I = J see30 dO

= JSee2S , Sec 0 dO
II

Example 29 Evalute J (2x - 7) sin (3x + 4) dx
Solution Let I = J (2x - 7) sin (3x+ 4) dx

II

= (2x - 7) J sin (3x + 4)dx - J[:x (2x -7)J sin(3x + 4)dx rx

= (2x-7)(-eos(3x+4)) _ J2[-eo~(3x+4)] dx
3 3

1 2= -"3(2x - 7) cos (3x + 4) +"3 J cos (3x + 4) dx

1 2= -"3 (2x - 7) cos (3x + 4) + 9' sin (3x+ 4) +e

1 3 1 2 '2 IJ '2 d= - x - - x SID X+ - xSID X X
6 4 2 I II

= .!.X3-.!.x2Sin2X+.!.[xJSin2XdX- J~(X)JSin2xdX]dX
6 4 2 dx

[Integrating again by parts]

= .!.X3- .!.X2sin2x +.!.x (-eos2x) -.!. J (1) (-eos2x)dx
6 4 2 2 2 2

= .!.X3- .!.X2sin 2x - .!.xeos 2x +.!. J eos2x dx
6 4 4 4

1312'21 21'2= -x' --x SID x--xeos X+-SID x +c
6 4 4 8
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Example 32 Evaluate flog xdx
Solution f log x

= f k(logx)
I

= Iog xj ldx - f( :x (log x). fldXfx

1= (logx) (x) - f- .x.dxx
= x logx - hdx
= x logx - x + e

An Important Result to remember
f eX[ f (x) + f' (x) dx = eXf(x) + e

1 = see8 tan 8 - 1 + log Isee8 + tan 81
or 1 +1 = see 8. tan 8 + log I see8 + tan8 I
or 21 = see8. tan 8 + log I see8 + tan 8 I

1 1
or 1 ="2 ~ee8 . tan 8 +"2 log Isee 8 + tan e I+e

Example 31 Evaluate f x2 eXdx
Solution f x2 eXdx

1 II

d
= x2 f eXdx - f [ dx (X2). f eXdx] dx
= x2ex - f 2x . eX dx
= x2ex -2f x . eX dx

I II

= x2 eX-2[ xf eXdx- f[:x (x)f eXdx]dX]

[Inte&rating again by parts]
= x2ex - 2[x eX- Jl.ex dx]
= x2 eX- 2x eX+ 2ex + e
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put x= a sinS

:. dx = a cosS dS

Example 34 Evaluate the following Integrals:-

(i) I~a2-x2dx (ii) I~a2+x2dx

(iii) I ~X2 - a2dx

Solution :-

(iv) f eXsecx (1+tanx) dx
= fex (secx + secx tanx) dx
= eXsecx + c ,(using the above result)

(iii) f eX (sin x + cos x) dx
= eXsin x+c ,(using the above result)

X 1= e .- + c ,(using the above result)x
(ii) f eX[tan x + sec'x] dx

= eX tanx + c , (using the above result)

(i)

Integrate the following functions w.r.t x.

I ex( xx-;
1)dX

f eX[tan x + sec? x]dx
f (sin x + cos x ) dx
f eXsecx ( 1 + tanx) dx

/287/
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(ii)
(iii)
(iv)

Solution
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a2 a2= 2" seeS tanS + 2" log IseeS + tanS I+e

= a; ~1 + tan2S.tanS + a; logl,Jl + tan2 S + tansl + e

Put x = a tan S
:. dx = a see2S dS

.. J~a2+x2dx = J,Ja2 +a2tan2S.a see2S ao
= f a seeS . asee2S dS
= a2 f see3S ae
= a2[%sees.tans +%log IseeS + tansl] + e

[see example 30]

1 2 . -l(X) x~a2_x2= -a sm - + +c
2 a 2

. f~a2_x2dx=x.Ja2-x2 +~Sin-l(~)+C
.. 2 2 a

ii) J !';i + x2dx

1
() R22 . -1 X a a-x= - a sm - + -x +c

2 a 2 a

1
()

2 g2 . -1 X a x x= -a SIn - +-- l--+e
2 a 2 a a2

1 (x) 1= 2 a2 sin? ~ + 4 a2(2sinS . eosS) + e

1 1= 2a2 [iae +2a2 J eos2SdS

1 1 2 sin2S= -a2S + -a --+e
222

12881

140



(a2+x2_a2)
= x.Ja2 +X2 - f dx.Ja2 + x2

= x.Ja2 +X2 -J.Ja2 +x2dx+J a2 dx.Ja2 + x2

x.Ja2 +X2 a2 I I= 2 +2Iogx+.Ja2 +X2 + c'

= S1.Ja2 +X2dx
II I

x.Ja2 +X2 a2 I 2 21 a2. + -log x + .Ja + x - --log a + c
2 2 2

a2 Ja2+x2 x a2 .Ja2+x£ x
_ - ? +-+-log +- +c
- 2 a- a 2 a a

a2g2(x) a2 FX2 x= - 1+-. - +-log 1+- +- +c
2 a2 a 2 a2 a

= ~.J1 + tan ' S. tan 8 +~~logl.J1 + tan ' S + tansl +c
221

12891

Let I

141



= x.Jx2 _a2 -£loglx+.JX2 _a21+e
2 2

Note: the above three result can be remembered and used as standard Integrals

.J x.Ja2 - x2 a2 (x)(1) J a2 _x2 dx = +-sin-1 - + e
2 2 a

ax~2 a2 x ~2_ - --I--log-+ --1 +e
- 2 a2 2 a a2

a2 a2= 2- seee tanf) - -:2 log Isees + tanf I+e

= ~2 (; ).J see2 e - 1 - ~ 10gl; + .Jsee2 e - 11+ e

put x = a sece
dx = a sece tanf) de

.. J.Jx2-a2dx = J.Ja2see2e-a2(aseeetanede)

= J a tane . a seee tane de
= a2 J sece . tan2e de
= a2 f sece [see2e -1]de
= a2 f see3e de _a2 f sece de

1 1
= a2 [2 seee . tans + 210g I seee + tane I ]

-a210g I sece + tans I+e

= a22_sees tane + ( ~~ --a2) log I seee + tans I+e

Ior
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Integrating both sides we gave
55151f (x+2)(x-l) dX=-"3f (X+2)dx+"3f (x_l)dx

using the values of A and B in Eq. (a) we get

5 5
5 = __ 3_+_L

(x+2)(x-l) (x+2) (x-I)

or

5 = A(O) + B (1 +2)
5

B= '3

Now, put (x-I) = 0 i.e. x = 1 in (1)

or

- - - -(1)

Solution - - - -(a)
5 A B

Let (x + 2)(x -1) = (x + 2) + (x -1)

5 _A(x-l)+B(x+2)
(x + 2)(x -1) (x + 2)(x - 1)
5 = A(x-l) + B(x+2)
(x+2) = 0 i.e. x = -2 in (1)
5 = A (-2 -1) + B(O)

5
A= -'3

put

f 5 d
Example 35 Evaluate (x + 2)(x -1) x

Integration by Partial Fraction :-
In Previous semester we studied, how to make partial fractions of a given

fraction, now we are to integrate a given fraction, after making its partial fractions.

(3)

(2)

f ~ 2 2 d x~a2 _x2 a2. -l(X)a - x x = + - sm - + c
2 2 a(I)
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:. A=2
2 3A= -x-
3 1or

2
Now I put 3t - 2 = 0 i.e. t = "3 in (2)

B = ~x (-i) =-1

B=-1

or

1
t=- in (2)2put (2t -1) = 0 i.e.

- - - -(1)

- - - -(2)

Put sin x = t
:.cos x dx = dt

= f sinxcosx dx
(3sinx -2)(2sinx -1)

tdt
= f (3t- 2)(2t-I)

tAB
Let (3t - 2)(2t -1) = (3t - 2) + (2t -1)
:. t = A(2t - 1) + B(3t - 2)

J sinxcosx dx
(3sinx - 2)(2sin x -1)Solution

J sinxcosx d
Example36 Evaluate (3sinx-2)(2sinx-I) x

5 IX-II= -log-- +c
3 x+2

[
.: f_I_dx = log lax+bl]

ax +b a

5 5= --3Ioglx+21 +-loglx-II+c3
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1 1 1 1= -J-=-dt--J~t5 4+t 5 9+t

[By making Partial tractions]

Put sin2x = t
:.2sinx cos x dx = dt
:. sin2x dx = dt

J sin2x dx
.. (4+sin2x)(9+sin2x)

dt
= J (4 + t)(9 + t)

= J[5(41+t) - 5(91+t)ft

Solution

J
sin2x dx

Example 37 Evaluate (4 + sin2x)(9+sin2x)

J sin2x dx
(4 + sin2 x)(9+sin2x)

(
13SinX- 21~)= log 1 +c
[Zsin x -112

(
13t- 21~)= log 1 +c
12t-112

2 1- -= log 13t- 213-log 12t-112+C

using the values of A and B in equation (1)we get
t =_2_+ (-1)

(3t-2)(2t-l) 3t-2 (2t-l)

J t = f_2-dt + f (-1) dt
.. (3t-2)(2t-l) 3t-2 (2t-l)

2log 13t- 21 log 12t-11= - +c
3 2
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1 11+ t I= -log-- +c
2 3 + 2t

f tan x dx = f 1 dt
3+ 2tan2x 2(1+t)(3+2t)

= ~ f[ (1: t) - (3: 2t)}t

(By making Partial fractions)
111

= 2" f 1+t dt - f ~t
11 11 1 log 13+ 2tl= - og +t- +c
2 2

1
or tan x dx = 2(1+ tan 2 x) d t

= 1 dt
2(1+ t)

tan x dx

f tan x d
3+2tan2x x

Put tan-x = t
or 2 tan x . sec-x dx = dt

Solution

f tan x
Example 38 Evaluate 3 2 2 dx+ tan x

= ]_ 1i2.!1+ c5 9+t

1 1= Slog 14+ t 1-Slog 19+ t 1+c
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[ .: f 1 dx = _!tan-l(~)]
a2 +x2 a a

put tan x = t

.', sec2 dx = dt
dt

= J 6+ 5t2
= _!f~

5 _?_ + t2
5

1 dt

= sf (~)' +t'

= ~x (krn-'[ k]+c

J sec2dx

1
Let 1= J dx3sin2 X +4cos2 x +2
Dividing Numerator and Denominator by

cos-x , we get

_l_dx
I = f cos2x

3tan2 x +4 +2sec2x

Solution

J 1 dExample 39 Evaluate 3' 2 4 2 2 x
SID x+ cos x+

TYPE I
SOME SPECIAL TYPES OF INTEGRATIONS

INTEGRALS OF THE TYPE

1 1 1J a+bcos2xdx, J a+bsin2xdx and J asin2x+bcos2x+c dx
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x
or sec2 '2 dx = 2dtsec2~

= J x 2 x
2tan-- +Stan---+2

2 2

2dt
:. I = J2e +St +2

dt
= Je +4t+2

dt
= J t2 +4t+4-4+ 1

x
Put tan '2 = t

1 x
'2sec2 '2 dx = dt

[.: sin2e = 2tane ]
1+tan2e

= J .1

[

2tan~ ]2+4 2
1+tan2~

Let I

J 1 dx
2+ 4sinxSolution i)

1") J dx
11 4sinx - 2cosx +5i) J 1 dx

2 +4sinxExample 40 Evaluate

Integrals of the Type

J 1 dx, J 1 dx and J. 1 dx
a +bsinx a +bcosx asmx +bcosx +c

Type II
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2dt
I -f~--.. - 7e +8t+3

x
.. sec? 2. dx= 2dt

xtan --- = t
2

1= J dx

[
X] [ 2X]2tan- I-tan -

4 2 -2 2 +5
l+tan2~ 1+tan2i

1
Let 1= f dx4sinx - 2cosx +5ii)

1 tan~ +2-J3
--log 2 +c

= 2J3 tan~ +2+J3
2

[ f 1 1 [X - a]].. dx=-log--
• X2- a2 2a x +a

1 I t+2-J3=--og +c
2J3 t+2+J3

dt
=f(t+2)2-3

f dt
= (t+2)2 -(v'3y

12971
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Solution f~(4x2+9X+4) dx

= JJ41> +~ x +1) dx

Integrals of the Type

f ~ax2 +bx +c dx

Example 41 Evaluate J~(4x2 +- 9x +4) dx

Type III

2 -ll7tan~ +41rr= tan r;; +c= ",5 ",5

[ 4]t+-2 1 -1 7
= 7X(~r v; +C

2 'dt
= 7f 2 8 16 3 16t +--t+-+---

7 49 7 49

= ~f( 4y 5t+- +-
7 49

2 dt

= 7f(I+~)\(v;J

1
[Adding and sibstracting (2" coefficient of t)2]

~f dt
7 t2 8 t 3+ +

7 7

/1981

150



Example 42 Evaluate J (2x - 3)~x2 +4x +2 dx

Solution Let I = J (2x - 3)~x2+4x +2 dx

=f (2x +4 - 7)~x2 + 4 x +2 dx

= H-7+1(2x+4)]~x2+4x+2 dx

Type IV Integral of the Type

J (px +q)~ax2 +bx +c dx

(
8x + 9 )~ 2 9 17 8x + 9 ~ 2 9= --- x +-x+1--log----+x +-x+1 +c
8 4 64 8 4

~ (x+~) (X+~)'-('T)'
2----~-------------

2

~ z] (x+~)'-( 'T)' dx

( 9)2 (17)= 2J x+g - 64 dx
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= 2f~(1)'+x' dx

2 x~ + (%)' IOgX+J(~)2 +x2 +c
= 2 2 2

Let I = f .J9/+4x2 dx

= f J4~~+x2 dx

Solution

= _7(x +2).JX~ + 4x + 2 +7log I(X+2) +.Jx2 + 4x +21+ ~(X2 + 4x +2)~ +c

Example 43 Evaluate f .J9 + 4x2 dx

[
t: (t;;)2 2 ](X+ 2),,(x + 2)2 - '1/2 ..fi 2

=-7 . 2 -Lf-IOg I{X+2) +J{X +2)' -(,12) 1 +c,

1
2 -+1

7f f( 2)2 2 d (x + 4x + 2)2= - v x + - x + 1· + c1
-+1
2

[
.: j[f(x)fl fl (x)dx = [f(X)]~+l+ c]

(n+l)

1
= -7f~x2+4x+4-4+2 dx +f(2x+4)(x2+4x+2)2 dx

/300/
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~f4~(:)' -x' dx

J .J25 -16x2 dx
""·f.Jf6~25 _x2 dx

. 16

Solution

Example 45 Evaluate J~25 -16x2 dx

LeU = J~9x2 -16dx

== J-foJx2 _(~6) dx

= 3J~x' -(:r dx

[;(4Y (4)2 .
= 3xr;.l3J _3 ~ 109'x+~X'-(~)'+c

Solution

Example 44 Evaluate J~9x2 -16 dx

"" xF' +:logx+~: +X2+C

13011
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Evaluate fsin4xcos''x dx
Because index of cos x is odd, Put sin x = t
cos x dx = dt
J sirr'x cos'x dx = f (t)4(COS2X)(cosXdx)
= f t4 (1-sin2x)dt
= f t4(l-t2)dt
= f (t4-t6)dt
t5 t7= ---+c
5 7
1 1= - sin5x -- sin/x + c
5 7

Evaluate f sin'x cos'x dx
J sin5x cos'x dx
= f cos'x sirr'x . sin x dx
Put cos x = t
- sin x dx = dt
or sin x dx = -dt
f sin5x cos'x dx = f (COSX)4(sin2x)2(sinx dx)

= f (cos X)4 (1-cos2x)2(sinxdx)
= f (t)4(1-t2)2(-dt)
= - f t4(1+t4-2t2)dt

Integrals of The Type
f sinrx cossx dx; (p and q are integers and either p is odd or q is odd)

x..J25-16x2 25. _1(4X)= +-sm - +c
2 8 5

~ 25 . _1(4X)= 2x,tU;-x +ssm 5 +c

Example 47
Solution

Example 46
Solution

TypeV

13021
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-- (1)
d

Put (2sin x-3cos x) = A(4sin x+5cos x) + B dx (4sin x+5cos x)

(2sin x - 3cos x) = A(4sin x+5cos x) + B[4cos x-5sin x]
[2sin x-3cos x] = (4A-5B)sin x+(5A+4B) cos x
Comp airing the coefficients of sin x and cos x, we get

or

Solution

I 2sinx - 3cosx d
Example 49 Evaluate 4' 5 xsmx + cosx

I 2sinx - 3cosx dx
4sinx + 5cosx

I qcosx dx
asinx + bcosx

f psinx dx
asinx + bcosx

f P sin x + q cos x dx
asinx + bcosx

1 5 1 9 2 7= - - cos x - -cos x + -cos x + c
597

Evaluate J sin'x cos'x dx
Put sin x = t
cos x dx = dt
J sin'x cos'x dx = J sin'x cos'x cosx dx

= Jsin'x (1-sin2x)2. cos x dx
= J (t)3(1_t2)2dt
= J r(1-2t2+ti)dt
= J (r-2t5+t7)dt

t4 2t t8= ---+-+c
468

1,41'61.8= -sm x--sm x+-sm x+c
4 3 8

1'81'61,4= -sm x--sm x+-sm x+c
434

Integral of the Type

= - Jtidt - J fldt + 2Jt6dt

t5 t9 2e= ----+-+c
5 9 7

13031

Type VI

Example 48
Solution
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= t tan t - h.tan t dt
= t tan t - log sec t + c

=ttant-log~1+tan2t +c

= tS sec-t dt - J( :t (t)f sec2 t dt) dt

(on integrating by parts)

Solution
i) f tan+x dx

Put x = tan t
. . dx = sec? t d t

f tan+x dx = f tsec2 t dt
[ II

FEW TYPICAL EXAMPLES
Example 50 Integrals the following functions w.r.t. x.

i) tan-Ix ii) x cos'x

-!_ (4 sin x + Scos x) - 22 (4cos x - Ssin x)
= f 41 41 dx

(4sinx +Scosx)

= _2_ f 4 sin x + 5cos x dx _ 22 f 4 cos x - Ssin x dx
41 4 sin x +Scos x 41 4 sin x +Scos x

= -2_f1dx- 22 J(4cosx-Ssinx) dx
41 41 4sinx+Scosx

= - 2_ x - 22 logl4sinx +Scosxl+ c
41 41

4A - SB =-2
and SA + 4B = -3
Solving for A and B, we get

7 22
A = - 41 and B = - 41

Putting the values of A and B in Equation (1) we get,
7 22 d

. . (2sin x-3cos x) = - 41 (4sin x+Scos x) - 41 dx (4sin x+Scos x)

f 2sinx - 3cosx d. x
4smx +Scosx

13041
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f . -1( 2x )Let I = sin 1+ x2

put X = tan 8
dx = sec 28 d8
( 2tan8 )

.. I = fsin-I \ 1+ tan 8 sec28 d8

= f sin-l(sin28) sec28 d8/. . "
= f28sec28d8

I n

i)

Solution

_1(3X _x3)...) tan
III .1- 3x2

, 2 .). -1 Xi sin --
) ! l1+ x2

Example 51 Integrate the following functions w.r.t. x.

-d 1-X2)
ii) cos l1 + x2

1'3133.3= -xsrn x--cos x+-xsrnx+-cosx+c
12 36 4 4

1 (-cos3x) 3. 3
12-'---3--'-+4"xsrnx -4"(-cosx) + c

1 .= -xsrnx
12

1 [XSin3X J (1)sin3x d ] 3 [. [Lsi d]= - x +- xsrnx- .srnx x4 3 3 4 J

[Integrating by Parts]

l':cos3x = 4cos3 X- 3cos x]

ii) f xcos ' X dx

= f x[~ cos3x +!cosx JdX

1 3= 4"Jxcos3xdx +4"f xcosxdx

= (tarrlx) x - log ~1 + x2 +c

= xtan+x - log ~1 + x2 +c

1
= x tarr-x - "2 log (1+X2)+C

/3051
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_1(3X-X3)
Let 1 = tan 1-3x2

Put x = tan 9
dx = see2d9

(
3 tan 9 - tan ' 9)= f tan -1 1- 3 tan 29 see29 d9

= J tarr? (tan39) see29 ae

(iii)

= 2[9Jsee2 9d9 - J(:e (9).Jsec2 9d9 )d9]
= 2[9. tan 9 - fo )tan9 d9]
= 2[9 tan 9 - log sec 9] +e
= 29 tan9 -2 log see9 + e
= 2(tan-1x) x - 2Iog,Jr-1-+-ta-n-2-9+ e

= 2x tan" - 21og~1 + x2 +e
:. 1 = 2x tan- - log (1+x2) +e

- 1:os-{~:::: ) sec'e de
= kos-l(eos 29) . see29 d9

= I29see29d9
I II

1(1-X2):.1 == [cos" 1+ x2

Let 1= feos-1(1-X:)
l+x

Put x = tan 9
:. dx = sex29 d9

(ii)

== 2[9 tan9 - h. tan9 d9]
== 29 tan9 - 2 log see9 + e

= 29 tan 9 -2Iog~1 +tan29 + e

= 2x tan+x - 2log ~1 + x2 + e

/306/
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(a) a (b) 5x+e
5x2

(d) 5(e) -+e
2

J dx is equal to

x2
(d) a(a) 1 (b) --- +e (e) x+c

2

1J - dx is equal tox

(a) x-1+e
1

(b) --;z +c (e) log Ix I +c (d) a
J eXdx is equal to

(b) eX
eX

(a) eX+e (e) - +e (d) e-X+e
2

J aXdxis equal to ; (a>O)

aX
(a) aXlog a (b) -1 -+e (e) aX+e (d) None of these.oga

J e2xdx is equal to

(a) e2x+e
e2x (e) xe2x+e (d) xe2x(b) - +e
2

Q6.

Q 5.

Q4.

Q3.

Q2.

MULTIPLE CHOICE QUESTIONS
Q 1. J 5dx is equal to

= 3[eJsec2 oao - J( :e (e). f see2 ede )de ]

= 3[e tane - J Ltane de]
= 3[e tanu -log secu + e
= 3(tan-1x) (x) -3 log ,Jr-i-+-ta-n-2-e+e

= 3x tan -1 x -3log.J1 +X2 + e

3= 3x tan-1 x - "2 log (1+x') +e

= J 3e sec? de

= 3 JOsec' ede
I II
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(d) None of these

(d) 'l:.x.JX +c
3

(d) n:;e 0

(d) None of these

2 ~ 2 ~ !
(b) -x2 --x2 +4x2 +c

5 3

17 17
(c) -x 5 +c

5

(d) None of these.

2x3 3x2(b) -+--5x +c
3 2

(b) 'l:.x.JX - 2.JX+c
3

(d) 2.JX-.); +c

1
(c) .fi x +c

(c)n:;e-1

a3x
(c) [a3x log a] +c (d) --+clog a

2 ~ 2 ~ !
(a) _X2_-x2+4x2+c

3 3
2 5 2 3 .!.

(c) -x2, __ x2 -4x2 +c
5 3

Q13.

5_,.. 12--
(b) -x12+C

5

5 17
(a)-x 5 +c

17

12
Q12. fxSdx

3x2
(a) 2x3+T-:5x +c

2x3 3x2(c) ---+5x +c
3 2

(a) ~x.JX + 2.JX+ c

(c) 'l:.x.JX +.JX+c
3,

Q11. I (2x2 + 3x -5)dx =

.JX(b) -+c
2(a) .JX+c

Q9.

Xll+l

J x" dx = -- +c for
n+1

, (a) n ~ 0 (b) n s 0
I.JX dx =

Q8.

(b) a:>x +c
a3x

(a) 31 +c, _oga

/3081

Q7. J a3x dx is equal to ; (a>O)
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(b) g f f dx - f (1~f gdx ) dx(
df .)

(a) f f g dx + I dx Jgdx dx

J ~.g d x where f and g are functions of 'x' is equal to
II

Q21.

3
(b) -'8 (5-2x) 1/3+c

3
(d)-'8 (5-2x).Jj3 +c

(d) None of these.

2
(b) '9 (3x -.SfV2 +c

(2x - 3)6
(c) .+c (d) 2(2x - 3)6+c

-18
(b) (2x-3)6 +c

12( )
(2x-3)6

a +c
6

Q19. J.J3x-Sdx =
2

(a) 3' (3x - S) 3/2 +c

2
(c) 9' (3x _5)1/2 +c

Q20. -JVS -;-2x dx =
3

(a) '8 (S _2X)4/3+c

3
(c) 4' (S - 2X)4/3+c

xa+1 a"
(d) -+-l-+aa. x +c

a+1 oga

x8+1 aX
(c) -+-1-+ aa +ca-s l oga

Q18. f (2x -3)5dx =

xa+1
(b) - + a x log a +c

a+1

Q17.

(d) Ixl2 +c
2

x2(c) - -+<;_
2

x2
(a) - +c (b) 2x2 +c

2.
f (xa + aX+ aa) dx (for a > 0) is equal to

x2
(c) --+c

2
x2

(a) .2" +c (b) 2X2+c

Q16. f Ix Idx ( x ~ 0) is equal to

Q14. f K f(x) dx, (where K is a constant) is equal to
(a) Kf(x) +c . (b) K+ If (x) dx +c (c) KIf(x) dx +c (d) None of these

Q1S. f Ix Idx (x < 0) is equal to

13091
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13101

(c) f f g dx - f ( :~ f gdx) dx (c) None of these

Q22. f xe"dx =
(a) xe" +c (b) ( x-l) eX+c
(c) (x +l)eX+c (dj xe" + x +c

Q23. hog x dx =
(a) x log x + x+ c (b) x log x + x2 +c
(c) x log x -x +c (d)logx - x +c
1

Q24. f - (logx)" dx =x

1 ( ) (Iog x)"(a) - +Ilogx)" +c (b) x(log)6+c C +c (d) None of thesex 6
1

Q25. J xlogx dx =

(a) x + logx +c (b) log I log x I+c
(c) x -Iogx +c (d)x logx + x +c

1
Q26 J x logx" dx =

1
(a) x + log x" +c (b) -log [Iogx I+cn
(c) x - nlogx +c (d)n xlogx + x" +c

Q27. f log a dx =
(a) a log a + a +c (b)x log a + ax? +c
(c) x(log a) +c (d) log a - x +c

2x
Q 28. J-dx =?3x .

2x 2 (~r (~r
(a) -Iog- (b) --2 +c (c) --3 +c (d) None of these

3x 3 log- log-
3 2

Q29. f 2x. 3x dx = ?

6x 2x log2
(a) 6Xlog 6 +c (b) log6 +c (c) 'ix13 +c (d) None of these, og
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(d) None of these

1
(b) g cosec (8x - 2)

(d) secx +c(c) cosecx tanx(b) secx cot x

(d) None of these
1 1

(b) "3 sin(3x -7) +c (c) "3 cos(3x-7)

(c) -tanx +c (d) - cotx +c(b) cotx +c

(d) - cot x +c(c) - tan x +c(b) cot x +c

(b) (X2 -2)sin x +2x cosx +c
(d) x2 cosx + 2x sin x +c

(b) cosx +x sinx + x
(d)x cosx - sinx +c

(d)n x logx + x" +c

x2(bj nx' Iogx + n-+c
4

(d) x log x + x +c

x2(b) x2logx + - +c
4

13111

Q39

(a) sin (3x-7) +c

f secx tanx dx is
(a) sec'x +c

J cot(8x - 2) d .
X ISsin(8x - 2)

1
(a) g cot (3x -2) +c

1
(c) -gcosec (8x-2) +c

Q38

x2 x2
(a) n-Iog x - n-+c

2 4

x2 x2
(c) -logx + -+c

2 4
Q32 f x logx" dx = ?

Q30. J eX.eex dx =?

(a) eX+ c

Q31. f x logx dx = ?

x2
(c) n Tlogx +c

Q33. f x sinx dx is
(a) x cosx + sinx +c
(c) -x cosx +sinx +c

Q34 f x2 cosx dx is
(a) (X2 +2) sinx +2x cos +c
(c) x2 sin x + 2x cosx +c

Q35 f sec-x dx is
(a) tan x +c

Q36. f cosec-x dx is
(a) tanx +c

Q37 f cos(3x -7)dx is
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1
(c) 4cOS 2x +c

(b) -log Icotx I+c
(d) log Icosec x- cotx I+c

(b) log Itan x I+c

(d) log I,secx +tanx I+c

1
(c) -4c00 x +c (d) None of these

(c) secx . tanx (d) sec-x +tarr'x +c

(b) iIOgltan(~~)1 +c

(d) None of these.

(b) ~ logltan( ~ + 4x2- 3 )1

(d) None of these.

(d) Both (a) and (b)

1
(b) - slog Icosec(5x-2) I+c

(b) -log Icosx I+c
·(d)Both (a) and (b)

Q48. J sin x cos x dx = ?

1
(a) 4 sin 2x +c

1
(a) "2 tan-x +c

(c) log Isecx I+c

Q47. J tanx cosec-x dx = ?
(a) log Icotx I+c
(c) log Icosecx I+c

?

J sec-x-----dx =?
tan x

Q46.

1
(a) 3" log Icosec 3x-cot 3x I

(c) Both (a) and (b)
Q44. J (tanx)" sec? x dx = ?

1 1
(a) 5" tan-x +c (b) 3" sec''x +c

Q45. J (cotx)" cosec/x dx = ?
1 1

(a) - cof'x+ c (b) -4cor'x +c
3 .

/312/

Q40 f tanx dx is
(a) log Isecx I+c
(c) log Isinx I+c

Q41. J cot (5x-2)dx is
1

(a) slog Isin (5x-2) I+c

1
(c) Slog Icos(5x-2) I+c

Q42 J sec(4x -3) dx is

1
(a) "4 log Isec(4x - 3)+tan(4x-3) I+c

(c) Both (a) and (b)
Q43. J cosec. 3x dx is
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(d) cotx - x+ c

180
(c) -cos XO

1t

(c) cotx + x +c

1 1
(b) "2x + S cos(4x +10) +c

1 1
(d)"2x -Ssin (4x +10) +c

1
(d) -"3 sin 3x +c

1
(d) -"3 sin 3x +c

/313/

(d) None of these.

1
(b) "3cos-x +c

(d) None of these.

1
(b) "3 log Isec3x I+c

1
(c) "3sin 3x +c

1
(c) "3sin 3x +c

J sec2x-l----dx=?sec2x + 1 .Q57.

180
(b) --cos XO

1t
(a) cos XO

Q56. f sin XO dx = ?

(b) tanx - x +c

Q55.

1
(a) "3log Icosec 3x I+c

1
(c) -"3 log Isec3x I+c

Q53. f sirr'x dx = ?
1

(a) "3 sin''x +c

1 1
(c) "2x -"4 sin 2x +c

Q54 f cos- (2x + 5)dx + ?

1 1
(a) "2x +Ssin (4x+l0) +c

1 1
(c) "2x -Scos(4x +10) +c

J 1-- cos2x----dx =?
1+ cos2x .

(a) tanx + x +c

Q52

Q49. f (COS2X - sin-x) dx = ?
1 1

(a) -"2 sin 2x +c (b)-"2cos 2x +c

Q50. f (3 sinx - 4 sirr'x) dx = ?
1 1

(a) -"3 cos 3x +c (b) "3cos 3x +c

Q51 f (4cos2 X - 3) cosx dx = ?
1 1

(a) -"3 cos 3x +c (b) "3cos 3x +c

J( 3tan x - tan 3 x ) = ?

1 3t 2 dx.- an x
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eaX
(b) 2 2 [a cos bx + b sin bx ] +c

a +b
(d) None of these

(d) None of these.

_e5x
(b) 34 [5 sin 3x] +c

(d) None of these

_eaX
(b) 2 2 [a sin bx +b cos bx]

a +b

eaX
(a) 2 2 [a cos bx - b sin bx] +c

a +b
(c) eaX[a cos bx + b sin bx] +c

Q68 J e2xcos (3x + 7) dx + ?

e5x
(c) - [5sin 3x - 3cos 3x]+c

34
Q67 J eaxcos bx dx = ?

e5x
(a) 34 [5 sin 3x + 3 cosx 3x] +c

eaX
(c) 2 2 [asinbx-bcosbx]+c

a +b
Q66 J e5xsin 3x dx = ?

\ eax
(~) 2 2 [a sin bx + b cos bx] +c

a +b

Q61. J eXsecx [1 + tanx]dx = ?
(a) eXtanx +c (b) eXtan2 x +c (c) eXsec-x +c (d) eXsec x +c

Q62. J eX[log Isecx I+tan x] dx = ?
(a) eXlog Isecx I+c (b) eXlog tanx +c (c) log Isecx I+c (d) eXlog Itan x I+c

Q63. J eX(sinx + cosx) dx
(a) eXsinx +c (b) eXcosx +c (c) _eXsinx +c (d) _eXcosx +c

Q64. J eX(cos x - sinx) dx
(a) -e-cos x +c (b) eXcos x +c (c) eXsin x +c (d) _eXsin x +c

Q 65. J eaxsin bx dx = ?

1
(c) eX++cx

(d) eXtan-x +c(c) eX tan x +c

(d) eXf'(x) +c(c) f (x) +c

(d) cot x -x +c(c) tan x - x +c

(a) xeX +c

(a) tan x + X +c (b) cotx + x +c

Q58. J eX[f(x)+ f' (x)] dx = ?
(a) eXf(x)+c (b) e-Xf (x) +c

Q59. J eX[tanx + sec-x] dx = ?
(a) eXsec x +c (b) eXsec2x+c

Q60. f eX[;_ x\ ] dx = ?

13141
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13151

e2x e2x
(a) 13 [2cos (3x+7)+3 sin(3x + 7)] +c (b) 13 [3sin (3x + 7)] +c

e2x
(d) None of these(c) 13 [2 cos (3x+7)-3sin (3x + 7)] +c

Q69 J (2x-3)~X2 -3x+5 dx =?

2 2
(a) - (X2-3x + 5)1/2 +c (b) - (X2-3x + 5)5/2 +c

3 3

(c) (X2-3x + 5) 3/2+c
2

(d) - (X2-3x + 5)3/2 +c
3

2x-3
Q70 J (x2 _ 3x + 5) dx = ?

(a) x2 -3x + 5)2 +c (b) log I x2-3x + 51 +c
1

(c) "2(X2-3x + 5) 2 +c (d) None of these.

Q71
J (x+1)dx
(x2 + 2x + 7) is qual to

1
(b) log Ix2+ 2x + 71+c(a) "2(X2+2x + 7)+c

1
(c) "2loglx2+2x+71+c (d) None of these

tan-1x
Q72 Je dx =?

1+x2

(a) etan-1x+ c (b) tan? +c (c) e-tan-lx +c (d) ecot-lx+c

esin-1x
Q 73 JJ1d dx =?1+x2

(a) esin-1x+ c (b) cos-1 x +c (c) e-sin-1x+c (d) ecos-1x + c

1
Q 74. J--dx =?

x2 +9

(a) icot-1(~)+C (b) itan-1(;)+c (c) isec-1(~)+c (d) i cosec? (~) +c
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1 15+ 4xl(b) 32 log 5 _ 4x +c

(d) None of these.

1 12x- 51(b) 20 log 2x + 5 +c

(d) None of these.

(b) log 12x + ~ 4x2 + 9 1+ c

(d)loglx+~x2_41+c

(d) Both (b) and (c)

/316/

1
Q75 f ff=9dx =?x x -9

1 (X) (b) ~seCl(~)+c(a) -3 sec:' 3 +c

1
Q76 f~ 2dx=?4-x

(a) _~COS-l(~)+C (b) -cos? (~) +c

1
Q77 f ~x2 _ 4 dx + ?

(a) sin:' (~) +c

(c) ~sec-l(~)+c

1
Q78 f ~4x2 + 9 dx = ?

3 (2X)(a) "2tan-1 3 +c

1
(c) "2 12x + ~ 4x2 + 9 I +c

1
Q79 f 4x2 _ 25 dx = ?

1 12x-51(a) 10 log 2x + 5 +c

1 12X+51(c) 10Iog2x_5+c

1
Q80. f 25 -16x2 dx = ?

1 15+ 4xl(a) 40 log 5-4x +c
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1 Ix- bl(d) (b_a)log x-a +c

I
x- bl(b) log x _ a +c

(c) x + sin x +c (d) None of these.

(c) XX+c (d) None of these.

(d) None of these.

(d) None of these.

x.J9~ 9. -l(X)(b) +-sm - +c
2 2 3

(d) None of these.

x~ 9 -l(X)(b) +-cos - +c
2 2 3

(d) None of thses

/317/

Ix-al(c) log x _ b +c

(a) log 1(x-a)(x-b) 1+c

Q86

Q85.

Q84.

X~9-X2 9 -l(X)(a) +-tan - +c
2 2 3

X~9+X2 9 ~
(c) +-loglx +,,9+x2 I+c

2 2

Q83. J~4X2 -9 dx =?

X~4X2-9 9 ~
(a) 2 -4logl2x +V4X2-91+c

x.J4x2 -9 9. _1(2X)(c) +-sm - +c
2 2 3

f xX(1+ log x) dx = ?
(a) XXlogx +c (b) XX+ logx +c

f . 1.
xsm X(- SIn X+ cos x log x ) dx = ?x

(a) xsin x +c (b) (sin x)" +c
1

J (x _ a)(x _ b) dx = ?

x~ 9. -l(X)(a) 2 +2sm '3 +c

(c) 10glx+~9_x2 I+c

Q82. ~92 +X2 dx = ?

1 15+ 4xl(c) 10 log 5-4x +c

Q81. J ~9-X2 dx =?
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2

(i) f(X3+x2-1)dx
1

Solution

1 3x3 _ 4x2 + 1f JX dxo x
(vi)

3 1f dx
2 (3x - 5)(v)

3f e2x dx
2

(iv)
1

(iii) f (2x + 3)4 dx
o

3fJX dx
2

(ii)
2

(i) f(x3 +X2 -1) dx
1

= [F(x) +c] x=b - [F(x) +c]x=a
= [F(b) +c] - [F(a) +c]
= F(b) - F(a) ,
which is unique being independent of constant of integration c.

Example 1 Evaluate.

b

Then f f(x)dx = [f f(x)dxL=b - [f f(x)dxL=a
a

x = a is called Lower limit and
x = b is called Upper limit of Integration.
The interval [a, b] is called the range of integration.

The value of Definite Integral is Unique.
Let ff(x) dx = F (x) +c

a

Definite Integral of a function f(x) from x = a to x = b.
If F(x) is the primitive or anti derivative of f(x) , then,

bf f(x)dx = [F(x)]: = F(b) - F(a)

b

If f(x) is a continuous function on a closed interval [a, b], then f f(x)dx is called
a

DEFINITE INTEGRAL

Chapter 2
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1
(iii) f (2x + 3)4 dx

o

_ ~[(3)~- (2)~]
= ~ [3v'3- 2J2]

[

Xn+l ]',' f xndx =-- for n;f:.-1
n+ I

3 1

= f(X)2 dx
2

3

(ii) IJX dx
2

_[(~4+ (2t -2H(~4 + (~3 -1]
= [4+: -2J-[! +~-1]

/322/
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[.: logm -logn = log(:)]

[
.: J_1-dx = log lax +bl +c]

ax-i b a

[
(ax+ b)ll+l ].: f (ax+b)" dx = for n:;t-1
(n + l)a

/323/

1 1
= "3log 13(3)-51-"3log 13(2)-5I
1 1= -log 4 --log 13 3

(V)

3

(iv) Je2X dxIV
2

1= 10 [(2(1)+3)5- (2(0)+3)5]

1= - [(5)5_ (3)5]
10
1

= 10 [3125 - 243]

1= - [2882]= 288.210

_ [(2X + 3)5]1
- 5(2) 0
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Example 2 Evaluate
11/4 11/4

(i) J (esec-x + sin 4x) dx (ii) J (tarr'x + cos x) dx
0 0

11/3 1 5dx
(iii) J cos 2x sin x dx (iv) [1+X20

= [~ - % + 2] - [0 - 0 + OJ

_ [30 -~56+ 70] _ 0 = 44
- 35 35

[ ]

16 7 8 5 1
_ - X2 - - X2 + 2x 2
- 7 5

o

r
7 5 1 ]1- - -

x2 x2 x23--4-+-= 7 5 1
- - -~

2 2 2 0

1[ 5 3 1]= l 3x2 -4x2 +x~i dx

1(3X3 4x2 1 JJ ---+- dx= 1 1 1o -- - -
x2 x2 x2

1 3x3 _ 4x2 +1J .rx dxo x
(vi)

[,,' log m" = n log m]

1
= "31og4
1

= "3log(2)2
2

= "3log2

/324/
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rr dxf -----
rr/41+cos2x

/325/

1 1t1+---J2 4

= [tanx-x+sinx];/4

= [tan 2: - 2:+ sin 2:] - [tan 0 - 0 + sinO]
4 4 4

[
,,' cos 1t= -1]

cosO = 1

rr/4
f (sec- x -1 +cos x) dx
o

rr/4
= f [(sec2 x- 1) +cos x] dx

o

rr/4
(ii) f (tan-x + cos x) dx

o

13
2

1
= 6 -4 [-1-1]

1
=6+--=

2

1
= 6[1 - 0] - -- [COS1t- cosO]

4

6[ ]1(/4 [-COS4X]rr/4
= tan x 0 +

4 0

= 6[ tan : - tan 0] - ~ [cos 4, : - cos 0]

(vi)

rr/4 rr/4
= 6 f sec2 x dx + f sin4x dx

o 0

rr/4
(i) f (6sec2 x +sin 4x) dx

o

Solution

1(/2( 8 8)2f sin= } cos- de
o 2 2(v)
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Sn
4= s[: -0] =

= S[tan -1x]:

= S[tan-11- tan=O]

= ~(i) 1
12

1 Sdx
(iv) f-

01-1- x2

= ~[~+~+~-1]

= ~[2+3:2-6]

1 [(-cosn n) (1 )]= "2 3 + cos 3 - - 3"+ 1

[( n] j1 -cos3.- 0
= "2 3 3 + cos ~ - ( - c~s + cos0)

1 11/3
="2 [ [sin 3x - sin x] dx

1[-COS3X ]11/3= - +cosx
2 3 0

1 11/3
= "2 [ 2 cos 2x sin x dx

1 11/3
= "2 f [sin (2x + x) -sin (2x -x)]dx

- 0

[.,' 2 cos A sin B = sin (A + B) - sin (A-B)]

o

11/3
(iii) f cos 2x sin x dx

/326/

175



11/2 sin2xJ +; -- dx
11/6 sm x(iii)

(ii)

Example 3 Evaluate
.J2

(i) J ~2-x2 dx
o

1
2

= ~[tanx]:/4

= ~[tan7t-tan ~J

1 11
- - J sec2x dx
- 211/4

11 dx
= J 21I/42c05 X

11 dx
(vi) J41+COS2X

7t= -+1
2

=(;-0)-(0-1)

= [9- cOS9]~/2

- [2:- cos2:]- [0- cosO]- 2 2

[':2 sin A cos A = sin 2A]
11/2

= J(1+sin9)d9
o

11/2( 9 9)2J sin-+cos- ao
o 2 2

1I/2( 9 9 9 9}= J sin2_+cos2-+2sin-cos- 9
o 2 2 2 2

(v)

/327/
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_ 1 [_!_tan -1 ~ _ !tan -1~]OO
- 2 2 b ba -b a a 0

1 [X 1 'lJ 1 l----- J----dx--J dx
- a2 - b2 0 x2 + b2 0 x2 + a2 J

00 dx
J 2 ') 2 2; a e b
o(x +a-)(x +b )

__ l__ OOJ __ K-b~~~_
= (a2 _ b2) 0(x2 + a2)(x2 + b2)

1 "f'J(x2+a2)-(x2+b2)d
= a2 _ b:! 0 (x2 +a2)(x2 + b2) x

(ii)

2
1t

= [0 + sirr+l] - [0]

[
X~(J2)2 _x2 + (J2)2 Sin-l(~)l.fi

= 2 2 J2
o

= [Ji~(J2~-(J2)' +Sin-1(~)l-[O+Sin 10]

.fi
= J ~(J2)2 _x2 dx

o

.fi
(i) J ~2-x2 dx

o

Solution

/328/
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I'
,I

/329/

J3 ~logx-'--....::,_ dx
1 X

2

JZx~5 - x2 dx
1

(iv)
1 (tan -lX)2

(iii) J 1 2 dxo +x

(i) (ii)

Example 4 Evaluate
1/2
J x dx
o ~1-x2

= Z[sin X]7t/27t/6

= Z[sin ~ - sin i]

7t/2
= JZcosx dx

7t/6

7t/2Z '= J sm,xcosx dx
7t/6 smx

=----
Zab(a+ b)

7Tsi~ZX dx
7t/6 smx(iii)

7t

1 (a-b)
= (a-b)(a+b)' Zab 7t

= a2~b2[(~'~-O)-(~,~-O)]

= a2 ~ b2 [Z7tb- Z7taJ
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Put 5- x2= t
:. -2x dx = dt
:. 2x dx = -dt

when x = I, t = 5 - (1)2= 4
when x = 2, t = 5 - (2)2= 1
2 1 1
f2x~5 - x2 dx = f (t)2 (-dt)
1 4

2
J2x~5-x2 dx
1

~ ~[tl;"/2 ~ f;~1]
f3 2-f3

=--+1 =--
2 2

1/2 X .J3/2f .[1;;!dx - f -dt
o 1+ x2 - 1

whenx-_! t ~Jl ~(!)2 = fI == f3
2' 2 ~4 2

x dx == -dt.. ~

when x = 0, t = ~1- (0)2 = 1

.. 2~1- x2 (--2x)dx == dt

Put ~1-x2 -=t

1

(ii)

1/2 x
(i) J dx

o ~1- x2

/330/
Soluion
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1~3 1
= J (t)2 dt

o

when x = 1, t= log 1 = 0
when x = 3, t = log 3

3 ~logx lo~3f dx = JJt dt
1 x 0

put log x = t
1
-dx = dtx

JFoiX dx
1 x(iv)

=

-[t:r
= i[(:)' -(0)']

1t
when x = 1, t = tan-l(l) = "4
1 ( -1)2 n/4f tan ~ dx = f(t)2.dt
o 1+x 0

Put tarr-x = t
1

., -1 2 dx=dt+x
when x = 0, t = tarr! 0 = 0

(iii)

2= --[1-8]
3
2 14= --(-7) = -
3 3

/331/
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1t 1t
when x = - t = tan - == 14' 4

when x = 0, t = tan 0 = 0

1rc/4
== - f tan x sec2 x dx
4 0

Put tan x = t
sec-x dx = dt

715/4 sinx--1- dx
o 4cos' x

rcf/4 sin x
= ----- dx , [,: cos 3x = 4 cos? X - 3cosx]

o (4 cos 3 X - 3cos x + 3cos x)

2 dx
f ~1 (x + 1) x -1

rc/4 sin xf dx
o cos3x + 3cosx

(v)

(iv)(iii)

(ii)
rc/4 sin xf dx
o cos3x + 3cosx(i)

Evaluate

2 3
-(log 3):2
3

? [ 3 3]= ~ (log 3):2-(0)2

=l~]log3
120

(i)

Solution

Example 5

/332/
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00

11:
when x= 2,t= 00

1t/2 sec" x dx
= I a2tan2x+b2

Put tan x = t
Sec-x dx = dt

when x = 0, t= 0

11t/2 --2-dx
f cos x

. 2 2o 2 Sill X b2 COS xa --+ --
cos? X cos ' X

1t/2 dx
(ii) f -~--:::--

o a2 sin ' x +b2 cos ' x
Dividing Numerator and Denominator by cos-x, we get

= ]_[f]1 = ]_[(1)2 _ (0)2]
4 2 0 8

1
8

1t/4 sin x 11f dx = -4 f t. dto cos3x+3cosx 0

/333/
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when X = 0, t = 0,
when X = 1t, t = ex>

X
tan- = t2
1 Xz-sec2Z- dx = dt

Put

2 X
111 sec z-dx

= z-f( X )o tan2 2 +4

= J [dX 2 X]o 1-tan--
5+3 -- --~-

1+tan2-
2

11 dx
(iii) f---05+ 3cosx

1t

2ab- _!_[~-oJ =- ab 2

/334/
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1/3 1
= J - dt

1/2t~1- 2t
t2

= It· -ldt
1/2 ~ 1 2t-- +1---1

t2 t

1 1
when x = 1, t = "2' when x = 2, t == "3

1
x+l =­

t
Put

2 dx
iv) {(X+1)~

= ~[; -0] = :

00 dt
= f e+4o

1t dx
~5+ 3cosx
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= 2[e1- e'']

= 2(e-1)

1
= Jet(2dt)

o

1
£ dx = 2dt

when x = 0, t = 0, when x=l, t = 1

/336/

1/3 -1
= f dt

1/2 .J1- 2t
1/3- f (1- 2tr1/2 dt
1/2

1

~-f ~~:)(~)r
2

+1-~r(1-1):1
= lm~1 1= 13

J e../x
(v) l£ dx

Put £ = t

1
.. 2£ dx = dt
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caa

b c bI f(x)dx = I f(x)dx + I f(x)dx

Property 3
If [a, b] is the range of integreation and a<c<b, then

b aIf(x)dx = I f(x)dx
a b

------ (2)
a

and I f(x)dx = F(a) - F(b)
b

clearly from (1) & (2)

------ (1)
b

I f(x)dx = F(b) - F(a)
a

b a
i.e. I f(x)dx = - I f(x)dx

a b

Proof: Let f f(x) dx = F(x)

Property 2
If the limits of a definite Integral are interchanged, then the value of definite

integral thus obtained remains unchanged but with opposite sign.

b b

i.e. I f(x)dx = If(z)dz
a a

Proof: Let f f(x)dx = F(x) and f f(z)dx = F(z)
b

.. I f(x)dx = F(b) - F(a) ----- (1)
a

b

and I f(z)dz = F(b) - F(a) ----- (2)
a

b b

.. From (1) and (2) If(x)dx :: If(z)dz
a a

1t
= 8 x 2" = 41t

Properties of Definite Integrals
Property 1

The change of variable does not change the value of definite Integral.

/347/
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a

= -I f(x)dx [ By property (1)
o

.l

= - f f(z)dz [·:f is an odd function :.f(-z)=-f(z)]
o

a

= I f( -z)dz [ by property (2) ]
o

-a a

Put X =-z
.. dx = -dz
when x = -a, z = a, when x = 0, z = 0

o 0I f(x)dx == I f( -z)( -dz)

-a

a 0 a

f f(x)dx ::= f f(x)dx + f f(x)dx ----- (1) , [.: -a < 0 <a]
-a -il 0

Let f(x) be an odd function
(}

Consider, f f(x)dx

b c bf f(x)dx ::= f f(x)dx + f f(x)dx
a a c

------ (2)
= [F(c) - F(a)] + [F(b) - F(c)]
= F(b) - F(a)
from (1) and (2)

a C

c b

and f f(x)dx + f f(x)dx

-~---- (1)

/348/

Proof: Let J f(x) dx = F(x)
b

then f f(x)dx = F(b) - F(a)
a
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a

Proof put x = (a -z) in f f(x)dx
o

a a
Property 5 f f(x)dx =! f f(a - x)dx

o 0

-a I 0, if f(x) is an odd function

2j f(x)dx , if f(x) is an even function
o

af f(x)dx _.

Thus.

a

= 2 f f(x)dx
o

a a af f(x)dx = f f(x)dx + f f(x)dx
-a 0 0

[ By Property 1]
a

= f f(x)dx
o

(1) be comes

[.: f is an even function :.f(-z) = f(z)]
a

= f f(z)dz
o

[By Property (2)
a

= f f(-z)dz
o

-a a

Put X =-z
.. dx = -dz
when x = -a, z = a and when x = 0, z = 0

o 0f f(x)dx = f f(-z)(-dz)

-a

a a af f(x)dx = - f f(x)dx + f f(x)dx = 0
-a 0 0

Now , let f(x) be an even function
o

Now, consider f f(x)dx

(1) becomes,

/349/
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2a a af f(x)dx = f f(x)dx + f f(2a - x)dx
000

---- (2)[By Property (1)]
a

= ff(2a-x)dx,
o

From (1) and (2), we have

[By Property (2)1
a

= ff(2a-z)dz,
o

a II

put x = 2a-z
.. dx = -dz

when x = a, z = a, when x = 2a, z = 0
2a 0f f(x)dx = f f(2a - z)(-dz)

2a

Consider the integral, f f(x)dx
a

------ (1) [By property 31
2a a 2af f(x)dx = f f(x)dx + f f(x)dx
o 0 a

Proof

2a a af f(x)dx = f f(x)dx + f f(2a - x)dx
o 0 0

Property 6

a aIf f(x)dx = f f(a - x)dx
o 0

[By Property (1)1
a

= f f(a - x)dx ,
o

[By Property (2)1
a

= ff(a-z)dz,
o

a 0f f(x)dx = f f(a - z)(-dz)
o a

dx = -dz
when x = 0, z = a, when x = a, z = 0

/350/
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4 {4X + 5, if 1~ x ~ 2
(i) !f(x)dx; f(x) = 3x __5, if 2s x s 4

Because the function is defined in two ways in the interval [1,4] first in the
subinterval 1~ x~2 and the other in the subinterval 2~x~4.

Solution

rt
Jlcosxldx
o

(iii)
rt/2

Jlsinxldx
-rt/2

(ii)

{
4X +5, if 1s x s 2

Where f(x) = 3x - 5, if 2 s x -:;;4
4
Jf(x)dx
1

(i)

Example 9 Evaluate the following Definite Integrals :-

{

D'if f(2a - x)= -f(x)

21 f(x)dx, if f(2a - x)= f(x)
2a

Thus, J f(x)dx =
o

a
= 2Jf(x)dx.

o

2a a a
J f(x)dx = J f(x)dx + J f(x)dx
000

d a
= J f(x)dx - J -f(x)dx = D

o 0

If f(2a-x) = f(x), then from (1)

2a a a
J f(x)dx = J f(x)dx + J -f(x)dx
o 0 0

------ (1)
2a a a
J f(x)dx = J f(x)dx + J f(2a - x)dx
o 0 0

If f(2a-x) = -f(x), then from (1)

From property (6)Proof

{

D'if f(2a - x)= -f(x)
2a

J f(x)dx = 2j f(x)dx, if f(2a - x)= f(x)
o 0

Property 7

/351/
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= [cos 0 - cos( - ;)] - [cos ; - cos 0]

= [1-0]-[0-1] = 1+1 = 2

= _[_ cos x]o + [_ cos x]1t/2
-n/2 0

o 1t/2
= f (- sin x)dx + f sin x dx

-1t/2 0

o 1t/2
= flsinxldx + flsinxldx

-1t/2 0

1t/2
flsinxldx

-1t/2

[.,' x is in 1st quad.]
1tfor 0 $;X$;-
2and Isin x I= sin x

By property (3)

[.,' x is in IVth quad.]
-1t

for -$; x $;0
2Isin x I= -sin x

1t/2
flsinxldx

-1t/2
(ii)

= [{2(2)2+5(2)}-{2(1)2 +5(1)}]+[{%(4)2 -5(4)}-{~ (2)2 -5(2)}]

= [18-7]+[(24-20)-(6-10)]
= 11+4+4 = 19

[ ] 2 [ ]44x2 3x2
= 2 + 5x 1 + 2-5x 2

2 4
= f (4x + 5)dx + f (3x - 5)dx

1 2

2 4
= f f(x)dx + f f(x)dx

1 2

4f f(x)dx
1

Thus we shall use property (3) as follows:
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1t/2Ixcosx dx
-1t/2

(vi)

f(x) = x3
f(-x) = (_X)3 = -x3
f(-x) = -f(x)
f(x) is an odd function

and

Solution

1

(vii) IIx]dx
-1

1t/2

(v) Ixsinx dx
-1t/2

1t

(iv) Icos2x dx
-1t

1t

(ii) Isin x dx
-1t

Example 10 Evaluate the following Definite Integrals:

[ . 1t . 0] [. . 1t]= sm2-sm - sm1t-sm-z

= [1-0]-[0-1] = 1+1 = 2

= [. ]1t/2 [. ]1tsmx 0 - smx 1t/2

1t/2 1t

= Icosxdx+ I(-cosx)dx
o 1t/2

1t/2 1t

= Ilcosxldx+ Ilcosxldx
o 1t/2

1t

Ilcosxldx
o

[.: x is in lInd quad.]

[.: x is in 1stquad.]

/353/
1t

(iii) Ilcosxldx
0

1tICOS x I= COS x for O~X~-,
2

1t
and Icos x I= -cos x for -~X~1t,

2
.. By property (3)
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f(x) = cos2x
and f(-x) = cos2(-x) = cos2x
.. f(-x) = f(x)

-II

II

(iv) Jcos 2x dx

a a

[Remark: J xlldx = 2Jxndx; for n to be even integer]
-a 0

= 2[~J: = ~[(2)'- (0)']

= ~[32-0] = 64
5 5

f(x) = x"
f(-x) = (_X)4 = X4
f(-x) = f(x)
f(x) is an even function
2 2

J x4dx = 2J x4dx I [By Property (4)]
-2 0

and

a

[Remark: J (sin xj'ldx = 0 for n to be odd integer]
-a

II

J sin x dx = 0
-II

f(x) = sinx
f(-x) = sin(-x) = -sinx
f(-x) = -f(x)
f(x) is an odd function

and

-II

II

(ii) J sin X dx

a

[Remark: Jxndx = 0 for n tobe odd integer]
-a

[By property (4)]
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f(x) == x cosx
and f(-x) = (-x) cos( -x)

== (-x) cosx
== -x cosx

7t/2
fxcosx dx

-7t/2
(vi)

= -2[~COS~-OJ+27tj~osx dx
220

= 0 + 2[sin X]~/2= 2[ sin ; - 0]

= 2(1) == 2

[
7t/2 1= 2 -lxcosxl~/2 - P<-coSX)dx

[
7t/2 7t/2( d . ) 1= 21xJ sin x dxlo - [ dx (x)j smx dx dx

·. f(x) is an even function
7t 7t
Jcos2x dx = z]cos2x dx [By Property (4)]·. -7t 0

= 2[S~2XI

= [sin21t - sinO] = [0 - 0] == 0
7t/2

(v) Jxsinx dx
-7t/2

f(x) = x sinx
and f(-x) = (-x) sin( -x)

== (-x)( -sinx)
= x sinx

·. f(-x) = f(x)
or f(x) is an even function

7t/2 7t/2Jxsinx dx = 2 f xsinx dx [By Property (4)].. o I II-7t/2
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I ----- (1)
11/2 sin x

= ~ sin x + cos xLet

(vi)
11/2
Ilog(tanx) dx
o

11/2 sin3/2 X
I dx
o sin 3/2 x + COS3/2X(v)

(iv)
11/2 cos5 XI dx
o sin5X+COS5x

11/2 .Jcotx d[JCOtX+~ x(iii)

(ii)
11/2 dx

~ l+tanx(i)

1

= 2Ix dx ,[.,' [x l=x for 0::; x s1]
o

or

f(x) = Ix I
f(-x) = I-xl = [x ]
f(-x) = f(x)
f(x) is an even function
1 1

Ilxldx = 2IIxldx ,[By Property (4)]
-1 0

and

-1

Solution

1

(vii) Ilxldx

= 2[~I= [(1)' ~(O)'l = 1

Example 11 Evaluate the following Definite Integral

11/2 sin xI . dxo sm x +cosx

Remarks:
i) The product of two odd functions is an even function, similar to (-)(-) = +
ii) The product of an odd and an even function is an off function, similar to

(-)( +) = - ; considering' -' for odd and' +' for even.

[By property (4)]

f(-x) = -f(x)
f(x) is an odd function
11/2Ixcos x dx = 0
-11/2

or
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7t/2 cos(~-x) dx
= J ( • ) ( .) [.: foa f(x)dx = foa f(a - X)dX]

o cos 2" - x + sin 2" - x '
Also 1

----- (1)
7tf d~ =7tf cosx dx

= 0 1+ ~m x 0 cosx + sinx
cosx

7t/2 dx
Let I = I -1-+-t-an-x(ii)

1 = 4
or

1t

2.. 21
1t

1t= --0
2

= [ ]7t/2
X 0

7t/2
= fl dx

o

= 7ty(SinX +c~sx) dx
o cosx +sm x

21

----- (2)
7ty cosx dx

. . 1 = 0 cos x + sin x

Adding (1) and (2), we have

7t/2 sin x 7tf/2 cos X
= f . dx + . dxo sm x + cos x 0 cos x + sm x

Also 1

/357/

196



n/2
= II dx

o

Adding (1) and (2), we have

n/2 .Jcotx + .Jtanx
21 = [ ~ +..JcOtX dx

n/2 .Jtanx
= I -rr: ~ dx (2)o vtanx + cotx -----1

Also

----- (1)
n/2 .JcotxI dx
o .Jcotx + .Jtan x=ILet(iii)

or I = 4
1t

2
1t

.. 21

1t= --0
2

n/2

= II dx
o

Adding (1) and (2), we have

21 = n/2(C~sX+SinX)dX
[ smx +cosx

----- (2)
n/2 sin x

= I dxo sin x + cos x1
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----- (1)

7t.. 21 - 2

7t
or 1 = -4

11/2 sin3/2 X
(v) Let I = I dxsin 3/2x + cos3/2X0

7t= --0
2

11/2

= II dx
o

Adding (1) and (2), we have

21 = 1I/2(coS5X+Sin5X]dXI cos5X+ sin 5xo

----- (2)

11/2 COS5(~_X) dx [
= J s(n ) s(n ) ,·:jof(X)dx=jof(a-X)dX]

o sin 2-x +cos 2-x
Also 1

----- (1)

7t
or 1 = 4

11/2 cos5 Xdx
(iv) Let 1 = I sin 5X+ cos5x0

7t

2
:. 21

7t= --0
2
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Adding (1) and (2), we get
11/2

21 = f[log(tanx) + log(cotx)] dx
o

----- (2)
11/2

= flog(cotx) dx
o

Also 1

----- (1)
11/2
flog(tanx) dx
o

=1Let(vi)

or 1 = 4
1t

2:. 21
1t

1t= --0
2

11/2
= [i dx

o

Adding (1) and (2), we get

1I/2(Sin3/2 X +COS3/2X)
21 = I COS3/2X + sin 3/2 X dx

----- (2)
11/2 COS3/2X

= f dxo COS3/2X + sin 3/2 X

Also 1
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J
1I1+ sin x-I d= 7t . X
o l+smx

J
1I sinx d= 7t . X
01 +smx21

11 sin x= 7tJ dx01 + sinx1+1or

11 sinx
= 7tJ . dx - 1

01 + sm x1

= j 7ts~ x dx _ j x s~ ~ dx
o1+ sm x 01+ sm x

_ j (7t- x)sinx dx
- 0 1+ sinx

Also 1

= j x sin x dx (1)
01 + sin x

= j(7t-x)sinx(7t-x)dx , [':jof(X)dx:jof(a-X)dx]
o 1+ sinx(7t - x)

Let 1

j xsinx dx
01 + sin xSolution

j xsinx dx
01 + sin xExample 12 Evaluate

11/2

= JOdx =0
0

.. 21 = 0
or 1 = 0

[.,' log m + log n = log.mn]
11/2

= Jlog(tanx.cotx) dx ,
o

11/2

= Jlog(l) dx
o
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~ [(m - 1)x go on diminishing by 2][(n - 1) x go on diminishing by 2] x '"'
(m + n) x go on diminishing by 2 2

11/2
2) J sin'" x cos'ldx

o

1t
multiplication by 2" if n is odd.

o 1tHere IlJindicates that, multiplication by "2 only when n is even and no

(n - 1) x go on diminishing by 2
n x go on diminishing by 2=

Two Standard Formula (Walli's Formulae)
11/2 11/2

1) S sin" X dx = Jcon'lx dx
o 0

Ior

= 1t2 -1t[tanx - secx]~
= 1t2_1t [{tan1t - secnj-jtantl - secO}]
= 1t2_1t [{O-( -1) }-{O-1}]
= 1t2_1t [1+1]

21 = 1t2-21t

11
= 1t2 -1t S (sec2 x - sec x.tan x) dx

o

2 J1I 1-sin x d= 1t -1t X
o COS2 X

x IX 1-sin x= 1t[x]o - 1t . 2 dx
o1-sm x

11 11 1
= 1tJ1 dx - 1tJ . dx

o 01+ srnx
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'1[/2f sin5xcos7 X dx
o

Here m = 5, n = 7, both are odd:
m-1 = 4, n-1 = 6, m+n = 12

'1[/2

(iii) f sin5xcos7 x dx
o

9x7x5x3x1 315= =

Here n = 9 = odd no., n-1 = 8

'1[/2 (n -1) x go on diminishing by 2 [upto + ve factor]f cos9x dx =o n x go on diminishing by 2 [upto + ve factor]

8x6x4x2 128

'1[/2

(ii) f cos9X dx
o

(n - 1) x go on diminishing by 2 1t
--'---'-----""---------=--=-- X -

n x go on diminishing by 2 2

7x5x3x1 1t 351t= x- =
8x6x4x2 2 256

'1[/2

(i) f sin 8X dx
o

'1[/2 '1[/2

(i) f sin8x dx (ii) f cos9x dx
0 0

'1[/2 '1[/2

(iii) f sin5xcos7 x dx (iv) f sin4xcos6 x dx
0 0

Solution

1t
and no multiplication by 2" if atleast one of m and n is odd.

Remark: In above formulae, (n-1) and n are diminishes by 2 so long as the factors are
positive (i.e. the last factor should be either 1 or 2)
Example 13 Evaluate

~ 1tHere LIJ indicates that; multiplication by 2" only if both m and n are even
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1t 1t
When x = 0, e = 0, when x = 6" ' e = 2"

11/6 11/2 deJ sin7 3x dx = J sin7e_
o 0 3

dxor

3x
3dx

Put

11/6
(i) J sin7 3x dx

o

11/4J sin 72x cos 8 2x dx
o

(3x1)(5x3x1) 1t 31t_ x- = -
- (10x8x6x4x2) 2 512

Example 14 Evaluate
11/6

(i) J sin7 3x dx (ii)
0

jx4~a2 _x2 dx(iii) (iv)
0

Solution

[(m -1) x go on diminishing by 2] x [(n -1) x go on diminishing by 2] 1t_ x-
- (m + n) x go on diminishing by 2 2

11/2J sin4xcos6 X dx
o

Here m = 4, n = 6, both are even
m-1 = 3, n-1 = 5, m+n = 10

11/2
(iv) J sin4xcos6 X dx

o

120= [12x10x8x6x4x2] =

[(m -1) x go on diminishing by 2])<[(n -1) x go on diminishing by 2]
(m + n) x go on diminishing by 2

[4x2] x [6x4x2] 1

=
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11/2
= a" JSin48.a2cos28d8

o

rt/2
J a4sin48Fa2-a2sin28.acos8d8
o

jx4..}a2 - x2 dx =
o

7t
When x = a, 8 = 0, when x = a , 8 = "2

= asin 8
= a cos8 d8

x
dx

Put

(iii)

1 [(7 --1)x4x2] x [(8 -1)x5x3]
= 2' (7 + 8)x13xllx9x7x5x3xl

1 6x4x2x7x5x3 8= -x =
2 15x13x1l1x9x7x5x3xl 6435

7t 7t
When x = 0, 8 = 0, when x = "4 ' 8 = "2

11/4

(ii) J sin7 Zx cos'' 2x dx
0

Put 2x =8
.. 2dx = d8

d8
or dx - 2

16
105

1 16

3'7x5x3

.!i!---1) x go on diminishing by 2
= 3' 7 x go on diminishing by 2

1 6x4x2
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32
1t

Here m = 4, n = 2 byWalli's Formula
[3x1] x [1] 1t= x-
6x4x2 2'

11/2
= fSin48cos28d8

o

11/2 tan" 8
- f-d8
- 0 sec68

11/2 . 48f cos68~d8
o cos48

11/2 tan48 2
= f 2 4 .sec 8 de

o (sec 8)

1t
When x = 0, 8 = 0, when x = 00 , 8 = "2

x
dx

00 X4

(iv) I(1+x2)4 dx

Put

32
=--

6 [3x1] x [1] 1t
= a. 6x4x2 x"2' Here m = 4, n = 2 byWalli's Formula

11/2
= a6 fSin48cos28d8

o
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/367/
MULTIPLE CHOICE QUESTIONS

b

Q 1. f k dx ; where K is constant is equal to
a
(a) k (b)k(b-a) (c) 0 (d) k(a-b)
b

Q2. f dx = 7
a
(a) b-a (b)a-b (c) x(a-b) (d) x(b-a)
a

Q3. f f(x) dx = 7
a
(a) f(a) (b) a (c) 1 (d) 0
b

Q4. f.JX dx = 7
a

3[' 3] 2[' '] 2 ~ 2[' '](a) 2" a2 - b2 (b) 3" (b)2 - (a)2 (c) -(b-a)2 (d) 3" a2 - b2
3

3
Q 5. f(x2 +7x-5)dx =7

1

40 20 80 60
(a) - (b)3 (c)3 (d) -3 3
bl

Q 6. f-dx = 7
aX

a b
(d) log(b-a)(a) (b-a) (b) log b (c) log-a

4

Q 7. f x.JXdx = 7
0

32 64 128
(a) 5 (b)5 (c)5 (d) None of these

2 x2
Q 8. f--dx1+X31

(a) ilog(~) (b) 310g(~) (c) ilog(%) (d) 3Iog(%)
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b
Q9. I eX dx

d

(a) e(b-a) (b) eb_ea (c) ea_eb (d) ea-b

.J3 emtan-lx
Q 10. I 2 dx = ?

o 1 +x

(a) (em7l/3 -1) (b) .l(em7l/6_1) (c) .l(emlt/3 -1) (d) (em7l/6 -1)m m
1tan -Ix

Q 11. I--dx
01 +x2

1[ 1[2 1[2 1[
(a) 32 (b) 16 (c) 32 (d) 16

1/../2 sin -IX
Q 12. I dx =?

o ~1 +X2

1[ 2 1[2 1[
(a) 32 (b) ~ (c) 16 (d) 1632

Q 13.
1sin (tan -1x) dx
o 1+x2

1
(a) 1 (b) -1 (c) 0 (d) .J2
71/3

Q 14. I sec2x dx = ?
0

1
(a) J3 (b) 1 (c) 0 (d) J3

71/4
Q 15. Icosec2x dx = ?

71/6

(a) J3 (b) J3 +1 (c) J3-1 (d) -J3+1

71/4
Q 16. I tan 2xsec2x dx =?

0
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1 1
(a) - (b) - (c) 0 (d) 12 3
11/4

Q 17. I tan n sec2x dx f (n:;t:-l) is equal to
0

1 1
(a) n (b) - (c) n + 1 (d) None of thesen
11/2

Q 18. I sin2x dx =?
0

1t 1t 1t 1t
(a) - (b) - (c) - (d) -2 4 6 8
11

Q 19. Icos2 x dx = ?
0

1t 1t 1t 1t
(a) - (b) - (c) - (d) -8 4 6 2
11

Q 20. I (cos" X - sin 'x) dx
0

1t 1t
(a) - (b) - (c) 0 (d) 12 4

11/2 sin3x
Q 21. I -. - dx =?

o smx

1t 1t
(a) "2 (b) - (c) 0 (d) 14

bl
Q 22. I -(logxt dx = ?

aX

(a) !(bn - an) (b) _1_[(b)Il+1 _ (a)n+l]
n n s-I

1 (b r+1(c) --log - (d) None of thesen+ I a

11/2

Q 23. Ie3Xsin2x dx
0
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1(/2 dx

Q 30. ll+cotx =?

(d) None of these
1(/2

(c) f(cosx+tanx)dx
o

1(/2
(b) f (cos x + cotx)dx

o

1(/2
(a) f (cosx - cotx)dx

o

1(/2
Q 29. f (sinx + tanx) dx

o

a

(d) f -f(x)dx
o

a

(c) f f(x - a)dx
o

a

(b) ff(a-x)dx
o

2a

(a) f f(x)dx
o

a

Q 28. f f(x) dx = ?
o

(d) k(a-b)(c) 0(b) k(a) -k

b a

Q 27. If f f(x) dx = k , then f f(x) dx = ?
a b

1
(d) log2"

5
(c) log 2"

3
(b) log 2"

2
(a) logs

2 3x2 - 4
Q 26. f 3 4 5 dx

1 X - X +

1
(d) 2"log 3

1
(c) log'3(b) -log 3(a) -log.J3

1(/4sec/xf -_ dx =?
1(/6tanx .Q 25.

(d) 42(c) 0

2 x3-1
f dx =?
o(x2+x+1)

(a) 1 (b) 45

Q 24.
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5
(c) -7t

16
7(d) ----7t
16

3
(b) .-7t

16

8
(d) 15

1
(c) -

3
4

(b) 15

7
(d) -7t

32
5

(c) 32
5

(b) -7t
32

12
(d) 35

4
(c) 35

8
(b) 35

7t
(d) -

8
7t

(c) -
4

7t
(b) -

6

7t
(d) -

8
7t

(c) -
4

7t
(b) -6

2
(a) ---7t

15

rr/2

Q 37. J sin" x dx = ?
o

2
(a) 15

rr/2

Q36. Jsin5xdx=?
(l

5
(a) 16

11/2

Q 35. J cos 6
X dx = ?

o

16(a) .---
35

11/2
Q 34. J cos 7

X dx = ?
o

7t
(a) -

2

11/2 dxJ dx =?
o 1+.Jcotx .Q 33.

7t
(a) -

2

11/4 ../cotx
Q 32. l.J tan x-~.JWtX dx = ?

7t
(d) -

4
7t

(c) -
8

7t
(b) -

6
7t

(a) -
2

11/2 sin4x
Q 31 J dx = ?

. cos 4 X + sin 4 x .o

7t
(d) -

8
7t

(c) -
4

7t
(b) -

6
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7t
(a) -

2
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rr/2

Q 38. f sin'' xcos" x dx = ?
0

1 1 1 1
(a) 100 (b) 35 (c) 120 (d) 12

TC/2

Q 39. f sino!xcos/x dx = ?
0

16 8 6 7
(a) 1155 (b) 1155 (c) 1155 (d) i155

TC/2

Q 40. fSin4xcos6xdx =?
()

5 3 3 3(a) -----1t (b) 1281t (c) ---1t (d) --1t
128 256 512

TC/2

Q 41. f sin 4 xcos tx dx =?
0

1 2 3 4
(a) -- (b) 35 (c) 35 (d) 3535
rr/6

Q 42. f sino!3xcos6 3x dx = ?
o

1t 1t 1t 1t
(a) 1024 (b) 256 (c) 512 (d) _--

128
TC/4

Q 43. f sin5 2x dx
0

1 2 3 4
(a) 15 (b) 15 (c) 15 (d) 15
a

Q 44. f f(x) dx = ?; where f(-x) = -f(x)
-,1

a a

(a) 0 (b) 2f f(x)dx (c) f f(x)dx (d) None of these
0 0
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:s:; (y +8y)

L· 8A L· ( ")lID-,-:S:; lID Y + ()y
,)X ~O oX ox-.n

Limy
,h ~()

yor :s:;
8x

Taking limit as Sx ~ 0, [Sy ~ 0 as Sx ~ 0]

8A

Area of (STQP) :s:; Area of (STQQ')
8A :s:; (y +Sy), 8x

Area of (STKP) :s:;
i.e. Sx.y :s:;

oxx
o x

x=a

Ny

aa

b

or I f(x) dx

Proof: Let the adjacent figure shows the graph
of function y = f(x) in [a,b].

Let the ordinate be moving from initial
position RL to final position NM.

Let during this movement, the area swept
out by the ordinate be A

i.e. area LMNQPR = A
Let while moving from RL to NM, PS be

an intermediate position of ordinate such that P has
co-ordinates (x,y). Let Q be any point on the curve
adjacent to point P and having co-ordinates

(x+Sx, v+Sy),
Let 8A = Area (STQP)
Now area of Rectangle (STKP) = 8x.y and area of rectangle (STQQ') = (y+Sy), Sx
Clearly

b

Y= f(x), bounded by x-axis, ordinates x = a and x = b is given by I y dx

Definite Integral as area under the curve
We know that integration is the inverse process of differentiation. Now we are

going to prove that, the definite integral may be regarded as the area under the curve.
Let y = f(x) be a continuous function in a :s:; x sb, then the area under the curve

APPLICATION OF INTEGRATION
AND NUMERICAL INTEGRATION

Chapter 3
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= 2[(4)3 -(0)3] Y'
= 2x64 = 128 Square units.

Example 2 Find the area under the curve y = x-2, above x-axis and bounded by the
line x = 5.

Solution The line y = x-2 cuts x-axis, where y = 0
ie. x - 2 = 0, x = 2

Thus weare to find the area under the cuzve y = x - 2, above x-ax:is and
betw een the oni:inatEs x = 2 and x = 5

4

Area = f Y dx
o
4

= f6x2 dx
o

Find the area under the curve y = 6x2 from x = 0 to x = 4.Example 1
Solution

lines y = c and y = d

d

Similarly, f x dy = Area bounded between the curve x = f(y), Y = axis and the
c

ordinates x = a and x = b.
a

b

Thus, f f(x) dx = Area under the curve y = f(x) and bounded by x-axis,

a

b
= f f(x) dxor A

x=b
f Y dxA

=yor

dA
dxY

dA
dx
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Example 4 Find the area bounded by the curve y = log x, above x-axis and ordinate
x =3.

Solution The curve y = log x cuts x-axis

y'

X'

y

= ![(4)2_(2)3]
3

4 4
= 3[64-8] ::::3x56

= 224 :::: 743_
3 3

4
= I4y2 dy

2

-t
= Ix dy

2

Example 3 Find the area bounded by the curve x = 4y2from y = 2 to Y= 4 and by y­
axis.

Solution Required area

x

9:::: 2" sq. units25-20-4 +8= 2

o= [(51' -2(5)]-[ (2{ -2(2)]
25 4= --10- -+4
2 2

5
= f (x - 2) dx

2

y
5

Area = f y dx
2

/378/

214



2 2

Example 6 Find the area of Ellipse :2 + ~2=1 (a>b)

Solution The Ellipse cuts x-axis where y = 0

y'
= [-cosx]~
= -[COS1t - cosO]
= -[-1-1]
= 2 sq. units Ans.

x
7t

= I sinx dx
o

y
7t

= I y dx
o

3 31
= [(logX)X]1 - I-. x dx

IX

= [(logx)x]~-[x]~
= [3 log3 - logl]-[3-1]
= 3 log 3-2 , [·:logl = 0]

Example 5 Find the bounded by the curve y = sin x and x-axis from x = 0 to x = 1t.

Solution Required Area

3( d ) y'
=llogxII dxl: - I dx (logx)Ildx dx

3
= I (l)(logx) dx
1II I

X'

y

xo3

= Ilogx dx
1

where y = 0
i.e. log x = 0
=> x = 1
Required area

3
= Iy dx
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x=b

A

By

~ 4:[~ .1]
= nab sq. units

Volume of solid of Revolution
When a plane area is rotated about any

line (as its axis), then we get a solid (imaginary) in
the space. The volume of this imaginary solid is
called Volume of solid of Revolution.

4b[a2 . -11]- - -S111
- a 2

Let y = f(x) be a continuous curve from x = a
to x = b. x=a

Let P(x, y) and Q(x +ox, y +Sy) be two 0 L R S M X
neighbouring points on the curve y = f(x). ex
Now, if we rotate the curve AB about x-axis, then the area PQSR will also

rotate about x-axis.

4b[x~a'2-x'2 a2. _1(X)]a
- - +-5111 -
- a 2 2 a

o

y'

B

y

fdb.J" 2= 4 -a~ -x dx
II a

d

= 4f Y dx
o

Ellipse is a symmetric curve about both x-axis as well as y-axis.
Area of Ellipse = 4(Area OAB)

at (-a,O) and (a,O)i.e.

x2 = a2 or x ±ai.e.
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y'
= 1 or x = ±ai.e.

B'

Solution The Ellipse
x2 y2
-+-=1
a2 b2

Intersects x-axis at the points where y=O

x2
a2

y'= 21t [(4)2_(2)2]
= 21t [16-4]
= 21t (12) = 241t cubic units

Example 8 Find the volume of solid of revolution generated by revolving the half
2 2 Y

branch of Ellipse -;- + y2 = 1 about x-axis,
a b B

xx

4
= 1tJ4x dx

2

y'=4xy4

Volume = J 1ty2dx
2

Solution:

Example 7 Find the volume of solid of revolution generated by revolving the curve
y2= 4x (y>O) about x-axis and between the ordinates x = 2 and x = 4.

c

d

V = J 1tX2dy , [Here x = g(y) = f-1(y), c = f(a) and d = f(b)]

Similarly, if the same curve is rotated about y-axis, then the volume of solid of
revolution will be given by

a

b

V = J 1ty2dx , [Here y = f(x)]

Due to rotation of ordinate PR = y, about x-axis, a circle of area 1ty2is generated
and due to rotation of plane area PRSQ a cylinder of volume 1ty28x is generated.

i.e. Sv = 1ty28x
:. The volume of solid generated by the revolution by the complete plane area

ABML will be given by
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B'
Y'

a

= 1tHa2 - x2) dx
-a

XaX' -aa

Reqd. volume = f 1ty2dx
-a

4 2 . .
= -1tab CubICunits

3
Example 9 Find the volume of sphere of radius' a'.
Solution A sphere of radius 'a' can be generated by revolving a semi-circle of radius

'a' about x-axis. Let it be upper half of circle of radius' a'.
Equation of circle having center (0,0) and radius equal to 'a' is given by
~f=~ Y
It intersects x-axis, where y = ° B

i.e. x2 = a2

x=±a
i.e. At the point A' (-a,O) and A(a,O) A' A

a

Volume = f 1ty2dx
-d

i.e the points A'(-a,O) and A(a,O)
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4 x2 +5x +2=f dx
1 3

= 4ff(x)dx
A.V. or M.V. 1 (4 _ 1)Solution

Example 10 Find the Average Value of y = x2+5x+2 from x = 1 to x = 4

(b-a)

b 2
f[f(X)l] dx
aRM.S.V. =

Root Mean Square value (R.M.S.V.) - Rootmean square value of a function f(x)between
x = a and x = b is defined by,

fb f(x)dxA.V. or M.V. = b
a -a

as

Average or Mean Value
The average or mean value of a function f(x) between x = a and x = b is defined

= 2X[(.2X- ':)-(0-0)]
= 2X[" - .: 1

= 21t[.2X - x: l'
_0

[.:If(x)dx == 2I f(X)dX]
where f(-x) = f(x)

a

= 21tf(a2 -x2)dx
o
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1
2

= ~[211: +0-0]
411: (0

(I) [( 211: 1. ) l' sin 0)]= _ -+-s111411: - 0+ --_
411: ro 200 200

= ~[t + ~in 2CO!]'2rr/r.)
411: 2(J) 0

(J) 2rr/(I)
= --. f(1+cos2mt) Lit

411: 0

[.: 1 + cos29 = 2cos2 9]

27(/(0f (1 + C~S2(l)) dt

= 0 2(-2)

2rr/(·)cos2 rotf dt
= 0 (~: - 0)

A.V.

211:
Find the Average Value of COS2(l)t from t = 0 to t = -co

= 21.52

= ]_[128+240+48]_![2+15+12]
3 6 3 6

43

_ ]_[J(4)3 + 5(4)2 +2(4)}_{(lf' + 5(1)2 +2(1)}]
-3 L 3 2 3 2

= ~ [{~: + 820+ 8} - {~ + % + 2}]

Solution

Example 11
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Q.12 The area bounded by the curve y = 3x2+2x-1 from x=l to x=4 is
(a) 76 (b) 75 (c) 72 (d) 78

(d) None of these

1t
Q.9 The area bounded by the curve y = cosx from x = 0 to 2"' and x-axis is

(a) 0 (b)-1 (c) 2 (d) 1
Q.10 The area bounded by the curve y = cosx from x = 0 to 1tand x-axis will be

(a) 0 (b)-1 (c) 2 (d) 1
Q .11 The area under the curve y=6x2 from x=O to x=4 is

(a) 128 (b) 124 (c) 136

25(d) ~-1t
4

Q.7
1

(d) - (e4-1)4

The area bounded by the curve y = e2xfrom x = 0 to 2 is
1

(a) (e4-1) (b) (e2-1) (c) - (e4-1 )2
The area of circle of radius 5 in 1st quadrant is

25 25 25
(a) 21t (b) T1t (c) 81t

Q.8

(c) 2(b) 1(a) 0

1t
Q.6 The area bounded by the curve y = sin2x from x = 0 to 2" and x-axis is

(d)1tab2

x2 y2
The area of Ellipse ~ + b2 = 1 is given by

(a) nab (b) 1tJab (c) 1ta2b

Q.5

Q.4 The area bounded by the parabola y2 = 4ax above x-axis and latus rectum is

(a) 4;2 (b) 8;2 (c) 6;2 (d) a32

(d) log(256e)(
256)(c) log-;-(

256)(b) log 3(
256)(a) log 3e

MULTIPLR CHOICE QUESTIONS
Q1. The area under the curve y = x-3, bounded by x-axis and ordinate x = 5

(a) 1 sq. unit (b) 2 sq. units (c) 3 sq. units (d) 5 sq. units
Q.2 The area under the curve y = 8x2 from x = 1 to x = 4 and above x-axis is?

(a) 63 sq. units (b) 126 sq. units (c) 168 sq. units (d) 21 sq. units
Q.3 The area bounded by the curve y = log x between the x- axis and the ordinates x

= 3 and x = 4 is
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-1 y'

y=cosx;
O:s;x:S;n8

(d) 3
12 4

(a) - (b) - (c)
3 3 2

The following curve shows the graph of y = cosx
[0 :s;x :s;n]. The area of shaded region will be
(a) 2 (b) 0 (c) 3 (d) 2.5

Q.22

ordinates x=l and x=3 is

4
Q.21 The area enclosed between the curve of function y =2' the x-axis and thex

3nab
2(d)

(d) log 2-1

3nab
(c) --

4
nab
2(b)

nab
4(a)

. x2 y2
The area of Ellipse2 + -2 = 1 in Ist quadrant is

a b
Q.20

Q.18 The area bounded by the curve y=3cosx, x-axis and y-axis is
(a) 3 (b) 2 (c) 1 (d) 4

Q.19 The area bounded by y=log x, y=O and x=2 is
(a) log 3-1 (b) log 5-1 (c) log 4-1

110
(d) -

9
121

(c) -
9

112
(b) -

9
118

(a) -
9

Q.17 The area under the curve y = -J3x + 4" between x = 0 and x=4 is

(c) nab2

about x-axis is given by
2 1

(a) -nab2 (b) -nab23 3

2 2

The volume of solid of revolution obtained by revolving the ellipse';' +~ = 1
a b"

Q.16

(d) None of these

(d) None of these

2 3(c) -nR
3

Q.15 The volume of sphere of radius R is

1 3 4 3
(a) 3nR (b) 3nR

(b) Area (c) Length(a) Volume
a

b

Q.14 f ny2 dx represents

(b) Area (c) Length(a) Volume

b

Q.13 f f(x) dx represents
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