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Statics Notes 
 

Chapter 4 
 

Friction 
Introduction 
If a body lies on the rough horizontal plane and is pushed by force, the plane (floor)  

opposes the possible motion by providing a distributed reaction force. The component 

of this reaction force parallel to the floor is the distributed friction force 
FF , and the 

component normal to the floor is the distributed normal force RNF = . 

Friction is the contact resistance exerted by one body when the second body moves or 

tends to move past the first body. Friction is a retarding force that always acts opposite 

to the motion or to the tendency to move. 

  

Types of Friction 

Dry Friction 

Dry friction, also called Coulomb friction, occurs when un-lubricated surfaces of two 

solids are in contact and slide or tend to slide from each other. If lubricant separates 

these two surfaces, the friction created is called lubricated friction. This section will 

deal only with dry friction. 

  

Fluid Friction 

Fluid friction occurs when layers of two viscous fluids moves at different velocities. 

The relative velocity between layers causes frictional forces between fluid elements, 

thus, no fluid friction occurs when there is no relative velocity. 

  

Skin friction 

Skin friction also called friction drag is a component of the force resisting the motion of 

a solid body through a fluid. 

  

Internal Friction 

Internal friction is associated with shear deformation of the solid materials subjected to 

cyclical loading. As deformation undergo during loading, internal friction may 

accompany this deformation. 

 

Angle of Friction 

Angle of friction is defined as the angle made by the resultant of frictional force and the 

normal reaction with the normal reaction. 
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Example:1  Determine the minimum force required to move a block on a rough 

horizontal plane? 

Solution 
We draw free body diagram as shown 

 
When the body is impending move, we get 

→= 0xF       sinFWR +=                                                                         (1) 

→= 0yF       cosFR =                                                                              (2) 

From Eq. (1) into Eq. (2), we have  
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)(cos

sin





+
=

W
F . The value of F  is minimum if the denominator is maximum. The 

denominator is maximum, if  1)(cos =+  . 

So the minimum force required to move block on a rough horizontal plane is 
sinmin WF =  

Example:2 Determining the minimum force required to move a block upward on a 

rough inclined plane ? 

Solution 
We draw free body diagram as shown 

 
When the body is impending move, we get 

→= 0xF        sincos FWR +=                                                                 (1) 

→= 0yF       sincos WRF +=                                                                 (2) 

From Eq. (1) into Eq. (2), we have  
( )  sinsincoscos WFWF ++=  
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But  tan= , then Eq. (3)  
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W
F . The value of F  is minimum if the denominator is maximum. The 

denominator is maximum, if  1)(cos =+  . 

So the minimum force required to move block on a rough horizontal plane is 
)(sinmin  +=WF  
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Example:3  A uniform ladder has a  N800  and length m7  rests on a  horizontal 

ground and leans against a smooth vertical wall. The angle made by ladder with 

the horizontal is O60 . When a man of weight N600   stands on the ladder m4  from 

the top of the ladder, the ladder is at the point of slipping. Determine the 

coefficient of friction between the ladder and floor? 

Solution 
We draw free body diagram as shown and apply equilibrium conditions 

Motion impending:                                                                                               
→= 0yF                14008006001 =+=R                                                         (1)  

1112 1400 == RR                   →= 0xF                                                               (2) 

→= 0CM 0)(800)(600)()( 111 ==−=−− ADDAAEEACARABR             

                                            0)(800)(600)()( 111 =−−−−− DBABEBABCARABR              (3) 

 

0)60cos5.360cos7(800

)60cos360cos7(600)60sin7()60cos7( 111

=−

−−−−

OO

OOOO RR 
  

0)60cos5.3(800)60cos4(600)60sin7()1400()60cos7()1400( 1 =−−− OOOO     

  0)5.3(800)4(600)60tan7()1400()7()1400( 1 =−−− O                        

                 2510
98715934

4000

)732.1()9200(

280024009200

)60tan7()1400(

)5.3(800)4(600)7()1400( .
.1 ==

−−
=

−−
=

O
      

Other Solution →= 0BM 0)(600)(800)(2 =−− EBDBCAR            

                                    0)60(cos)3(600)60(cos)53(800)60(sin)7(1400 .1 =−− OOO                  

0)3(300)53(400)0636(1400 .. 1 =−−  →=−− 0)50()3(600)50()53(800)0636(1400 .... 1  

270
)0636(14

23
914)0636(140)3(3)53(4)0636(14 .

.
... 111 ==→+=→=−−   
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Example:4 A uniform ladder whose weight is N400  and whose length is m5  rests on a  

horizontal ground and leans against a smooth (frictionless) vertical wall. If the 

coefficient of friction between the ladder and floor is 46.0 . What is the greatest distance 

can be placed from the base of the wall without the ladder immediately slipping? 

Solution 
We draw free body diagram as shown and apply equilibrium conditions  

Motion impending: 

          →= 0xF     
112 RR =                                                                         (1) 

→= 0yF (2)                                                                           
1RW =                    

 
From Eqs. (1) and (2), we get  

→= WR 12               
W

R2
1 =                                                                               (3) 

→= 0BM 0)()(2 =− DBWCAR           

0)cos52()sin5( .2 =−  WR                                    
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5

52.2 =
W

R
                                                                                               (4) 

Substitution from Eq. (4) into Eq. (3), we get                         
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222 256)25()21160()25(5225)5()460( .... xxxx =−→=−  

461125181521815125 ... 2222 =→=→=− xxxx , then       mx 43.=  
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Exercises 

Exercise:1 A uniform ladder whose weight is W  and whose length is L  rests on a  

horizontal ground and leans against a smooth vertical wall. If the coefficient of 

friction between the ladder and floor is 46.0 . What is the greatest distance can be 

placed from the base of the wall  without the ladder immediately slipping?                                                                                                     

Exercise:2 A ladder 6 m long has a mass of 18 kg and its center of gravity is 2.4 m 

from the bottom. The ladder is placed against a vertical wall so that it makes an 

angle of 60° with the ground. How far up the ladder can a 72-kg man climb before 

the ladder is on the verge of slipping? The angle of friction at all contact surfaces is 

15°                                                  

  Exercise:3 The 180-lb man climbs up the ladder and stops at the position shown 

after he senses that the ladder is on the verge of slipping. Determine the inclination of 

the ladder if the coefficient of static friction between the friction pad A and the 

ground is .Assume the wall at B is smooth. The center of gravity for the man is at G. 

Neglect the weight of the ladder. 

Exercise:4 The uniform 20-lb ladder rests on the rough floor or which the coefficient 

of static friction is and against the smooth wall at B. Determine the horizontal force P 

the man must exert on the ladder in order to cause it to move. 
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Slipping and Tipping 
 

Imagine a box sitting on a rough surface as shown in the figure below. Now imagine 

that we start pushing on the side of the box. Initially the friction force will resist the 

pushing force and box will sit still. As we increase the force pushing the box however, 

one of two things will occur. 

 

The pushing force will exceed the maximum static friction force and the box will begin 

to slide across the surface (slipping). 

Or, the pushing force and the friction force will create a strong enough couple that the 

box will rotate and fall on it's side (tipping). 

 
 

When we look at cases where either slipping or tipping may occur, we are usually 

interested in finding which of the two options will occur first. To determine this, we 

usually determine both the pushing force necessary to make the body slide and the 

pushing force necessary to make the body tip over. Whichever option requires less force 

is the option that will occur first. 

 

Determining the Force Required to Make an Object "Slip": 
A body will slide across a surface if the pushing force exceeds the maximum static 

friction force that can exist between the two surfaces in contact. As is all dry friction 

problems, this limit to the friction force is equal to the static coefficient of friction times 

the normal force between the body. If the pushing force exceeds this value then the 

body will slip. 
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Determining the Force Required to Make an Object "Tip": 
The normal forces supporting bodies are distributed forces. These forces will not only 

prevent the body from accelerating into the ground due to gravitational forces, but they 

can also redistribute themselves to prevent a body rotating when forces cause a moment 

to act on the body. This redistribution will result in the equivalent point load for the 

normal force shifting to one side or the other. A body will tip over when the normal 

force can no longer redistribute itself to any further to resist the moment exerted by 

other forces (such as the pushing force and the friction force). 

 

 
 

 
The easiest way to think about the shifting normal force and tipping is to imagine the 

equivalent point load of the distributed normal force. As we push or pull on the body, 

the normal force will shift to the left or right. This normal force and the gravitational 

force create a couple that exerts a moment. This moment will be countering the moment 

exerted by the couple formed by the pushing force and the friction force. 

Because the normal force is the direct result of physical contact, we cannot shift the 

normal force beyond the surfaces in contact (aka the edge of the box). If countering the 

moment exerted by the pushing force and the friction force requires shifting the normal 



11 

 

force beyond the edge of the box, then the normal force and the gravity force will not be 

able to counter the moment and as a result the box will begin to rotate (aka tip over). 

 

Example:1:  
 The box shown below is pushed as shown. If we keeping increasing the pushing force, 

will the box first begin to Slipping or will it Tipping over? 

 

Solution 
We draw free body diagram as shown and apply equilibrium conditions  

Slipping Case 

 

 

 

 

 
 

NFFRFFF SlipPushFSlipPush 56364)588()660( .. ==→====                                 (1)  

 

Tipping Case 

The moment at pint A 

NFFF TipPushPush 56294
3

)51(588
)51)(588()3( ... ===→=                                    (2) 
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From Eqs. (1) and (2), we note that NFNF SlipTip 5636456294 .. == .   

So the box will tipping first. 

 

 
Check x : 518610)(588)3(563640 ... =→=−→= xxM A  

 Not Slipping 

 

Example: 2:  What is the maximum value of d  that will allow the box to slipping 

along the surface before tipping over? 

 

Solution 
We draw free body diagram (FBD) as shown and apply equilibrium conditions  

Slipping Case NFRFFF SlipFSlipPush 56364)588()660( .. =→====       (1) 
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Tipping Case 

 
 

N
dd

FFdF TipPushPush

882)51(588
)51)(588()(

.. ===→=                              (2) 

The box slipping along the surface before tipping over, if  TipSlip FF  . 

From Eqs. (1) and (2), we find that 

 mdd
d

4232
364

882

364

882882
364 .=→→ .   

So the box will Slipping first if  md 422.= . 
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Example3: The refrigerator has a weight of Ib180  and rests on a tile floor for 

which  250.= .Also, the man has a weight of of coefficient the and Ib150  

static friction between the floor and his shoes is 60.= . If he pushes 

horizontally on the refrigerator, determine if he can move it. If so, does the 

refrigerator slipping or tipping? 

 

Solution 

We consider the man can able to move the refrigerator (slipping or tipping case) and we 

study the case of refrigerator and man everyone alone 

The case of refrigerator  

(a) The slipping case 

 

Assuming that the refrigerator is on the verge of slipping, so 

→= 0yF      IbWRr 180==                                                             (1) 



15 

 

 →= 0xF   

  IbFFRFFF SlippingPushrrFSlippingPush 45)180()250( . ==→====       (2) 

(b) The tipping case 

 

Assuming that the refrigerator is on the verge of tipping, so 

→= 0yF      IbWRr 180==                                                                       (3) 

5670)51(180)4(0 .. ==→=−→= tippingpushA PPPM                     (4)   

From Eqs. (2) and (4), we note that 56745 .== TippingSlipping PF .   

So the refrigerator does not tipping, but it slipping . 

Check x : 5110)(180)4(450 .=→=−→= ftxxM A  

Since 51.x . Again this confirms that the refrigerator does not tipping, but it slipping. 

Therefore, the correct assumption is that, the refrigerator slipping. 

 So IbFF SlippingPush 45==  

The case of man 
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→= 0yF      IbWRman 150==                                                       (3) 

  

→= 0xF    IbFman 45=                                                                      (4) 

But ( ) ( ) IbRFF manmanfrictionmanman 90)150()60( .
max

====                              (5) 

Since ( ) 4590 == manfrictionman FF , so the man does not slip. Thus the man is capable of 

moving refrigerator.   

Example:4 A regular square plane  rest with one of its sides on a rough inclined 

plane of inclination 
6


. A gradually increased force acts upwards at higher point of the 

plate. Prove that the plate will tipping before slipping if the coefficient of friction is 

greater than 
37

33

+

− . 

Solution 
We draw free body diagram (FBD) as shown and apply equilibrium conditions 

 
Slipping Case 

WRFWRFF Slip

OO

Slipx
2

1

2

3
30sin30cos0 ++=→++=→=                         (1) 

WFRWFRF Slip

OO

Slipy
2

3

2

1
30cos30sin0 +=→+=→=                               (2) 

From Eq. (2) into Eq. (2)  
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WWFFWWFF SlipSlipSlipSlip
2

1

2

3

2

1

2

3

2

1

2

3

2

1

2

3
+=−→+









+=   

( ) ( ) WFWF SlipSlip 













−

+
=→+=−






3

13
133                                           (3) 

Tipping Case 

 

WFRWFRF tip

OO

tipy
2

3

2

1
30cos30sin0 +=→+=→=                                 (4) 

The moment at pint A 

)2(30cos)(30cos)(30sin0 aFaWaWM O

Tip

OO

A =+→=  

( ) TipTip FWaFWaaW 3231)2(
2

3
)(

2

3
)(

2

1
=+→=+   

WFTip
32

31+
=                                                                                                     (5) 

The plate tipping over before slipping if . SlipTip FF  , then  

( ) ( ) ( )1332313
3

13

32

31
++−→















−

+


+





WW  

327333326333 +−+→+−−+→   

( )
37

33
3733

+

−
→+−→  . 
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Problem: The drum has a weight of Ib100  and rests on the floor for which the 

coefficient of static friction is  50.=s  as shown in Figure. If fta 3=  and ftb 4= , 

determine the smallest magnitude of the force P  that will cause impending motion of 

the Drum? 
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Chapter 5 
 

Center of Gravity, Center of Mass and Centroids 

Introduction                                                                                                       

Center of Gravity. A body is composed of an infinite number of particles of differential 

size, and so if the body is located within a gravitational field, then each of these 

particles will have a weight dW , Fig. 1(a). These weights will form an approximately 

parallel force system, and the resultant of this system is the total weight of the body, 

which passes through a single point called the center of gravity, G , Fig. 1(b). 

 

It well known that, the weight of the body is the sum of the weights of all of its 

particles, that is 

 == dWWOrFF zR  

The location of the center of gravity, measured from the y  axis, is determined by 

equating the moment of W  about the y axis, Fig.1(b), to the sum of the moments of the 

weights of the particles about this same axis. If dW  is located at point ),,( zyx , Fig.1(a) 

, then 

 == dWxWxOrMM xxR


)(                                                 

Similarly, if moments are summed about the y  axis, 

 == dWyWyOrMM yyR


)(

 

Also: 

 == dWzWzOrMM zzR)(
                                                            

Therefore, the location of the center of gravity G  with respect to the zyx ,,  axes 

becomes 
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.,,












===

dW

dWz

z

dW

dWy

y

dW

dWx

x



                                                   

zyx


,,  are the coordinates of each particle in the body .                                                                
zyx ,,  are the coordinates of the center of gravity G. 

The Center of mass                                                                                                               

In order to study the dynamic response or accelerated motion of a body, it becomes 

important to locate the body’s center of mass (Cm) .                                                                              

This location can be determined by substituting dmgdW =  . Since g  is constant, it 

cancels out, and so 

                                                      
.,,












===

dm

dmz

z

dm

dmy

y

dm

dmx

x



 

 

Definition:  The Center of gravity 

The Center of gravity, that point in a body (or system) around which its mass or weight 

is evenly distributed (or balanced) and through which the force of gravity acts 

The definition of center of gravity is the place in a system or body where the weight is 

evenly dispersed and all sides are in balance. 

Center of Gravity: point locates the resultant weight 

Centroid: 
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point defines the geometric center 

If the material composing a body is uniform or homogeneous, the density or specific 

weight will be constant throughout the body, then the centroid is the same as the center 

of gravity or center of mass. 

Line Centroid: 

The coordinates of the Centroid of Line given by 

 








==

L

L

L

L

dL

dLy

y

dL

dLx

x



,  

Area  Centroid 

The coordinates of the Centroid of Area given by 
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A

A

A

A

dA

dAy

y

dA

dAx

x



,                                                                           

Volume Centroid: 

The coordinates of the Centroid of Volume of a body with volume V  are given by 

 

.,,












===

V

V

V

V

V

V

dV

dVz

z

dV

dVy

y

dV

dVx

x  

Remark: 
For a homogeneous body ( const= ), the center of mass and the centroid 

of the volume coincide. 

Examples  

Example 1: Determine  the Center of Mass of a thin uniform Rod? 

Solution 

Let LAB =  be the length of a uniform rod or a uniform strip with its middle pointG . The 

mass per unit length of this rod or strip is uniform at all points. For any elemental 

mass )(dm at any point located at distance )(x from the end (beginning) of Rod as shown 

in Figure. 
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The Centre of Mass of a thin uniform Rod is given by  




=

dm

dmx

x



 ,                                                                                                                     

where dxdm = ,                                                                                                            

Then 

( )
L

L

L

L

L

x

x

dx

dxx

dx

dxx

dm

dmx

x
L

L

L

L

L

L

L

L

2

12

1

0

0
2

1
2

1
22

0

0

2

0

0

0

0

0

0 ==
−

−

=====


















  

Then        .0,0,
2

1
=== zyLx  

Example:2 Determine the center of mass for Rod of non-uniform density, where 

the density varies from one end to the other? 

Solution 

Let LAB =  be the length of a uniform rod or a uniform strip with its middle pointG . The 

mass per unit length of this rod or strip is uniform at all points. For any elemental 

mass )(dm at any point located at distance )(x from the end (beginning) of Rod as shown 

in Figure. 

 

The Centre of  Mass of a thin uniform Rod is given by  




=

dm

dmx

x



                                                                                                                           

If the density varies  as a function of distance from end (beginning) of the Rod x =  

and dxxdmdxdm  =→=   then     
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L

L

L

L
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L

x
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dxx

dxx
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x
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0
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0

0
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x
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1
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0
2

1

0
3

1

2

3

2

3

==

−

−

=                                                                                                                         

Then       Lx
3

2
=  

Example 3: Determine the center of mass of a uniform square Plate (one of the 

Uniform (regular- symmetric) Shapes) ?  

Solution 

 

 

We consider the square Plate as in upper Figure and we select an small strip at distance 

y from the −y axis, and it has dx  length  and dy  wide. 

Where the shape is homogenous (uniform), then Centre of Mass maybe given by

 

.,
A

dAy

y
A

dAx

x


==



                                                                                                       

Then        

 
a

a

a

a

y
x
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dydxx
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dAx
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 Also 

 
a

a

a

a

y
x
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dydxy
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dAy

y
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a
a a
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2
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2
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2
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0 0 ==










===
 



 

  Then )
2

,
2

(),(
aa

yx =                                                                                                    

Exercise: : Determine the Centre of Mass of a uniform Rectangular Plate?  

Example 4: Determine the Center of Gravity of a uniform (is uniform thickness and 

constant density) right Triangular Plate ?     

Solution 

  We consider the right Triangular Plate as in Figure and we select an small element at 

any point located at distance ),( yx from the −x axis and −y axis, respectively.  

 
The Centre of Mass is given by                                                      

                                                                       ,  .0,, ===








z
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    Note that, for the triangle  1=+
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Similarly, we can prove that 
3

h
y =                                                                          Then 

)
3

,
3

(),(
ha

yx =  

Example 5: Determine the center of mass of right Triangular Plate (uniform thickness 

and constant density) as is in the below Figure ? 

 

Solution 
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The Centre of Mass is given by     ,,
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Also,  
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Example 6: Determine the Center of Mass of arc of Circular arc ?                    

Solution                              

We consider the Circular arc as in Figure and we select an small element at any point 

located at distance ),( yx from the origin point or ),( r . From the figure one can see that, 

the center of gravity will be point on −x axis. So the center of gravity will be given as  
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Then, the Center of Mass of a Circular arc is


sin
ax =    

Example 7: Determine the Center of Mass of a uniform Quarter-circular arc (Wire 

segment as Quarter-circular) ? 

Solution 

 We consider the uniform Quarter arc of circle (wire) as in Figure and we select an 

small element at any point located at distance ),( yx from the origin point or ),( r . The 

Center of Mass will be given as   
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Similarly, 
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Then, the Center of Mass of a uniform Quarter arc of circle is )
2

,
2

(),( aayx


=    

Exercise: Determine the center of Mass of a uniform semi-circular arc (uniform 

Semicircle wire)? ……………. The center of Mass of a uniform Semicircle wire is  

e Exercis . Prove that?  ,0 , where the integral will be in the interval )
4

,0(),( ayx


=

:Determine the center of gravity of a uniform circular arc?  

Example 8: Determine the Center of Mass of a Circular sector?                       .                                            

Solution 

   We consider the uniform a Circular sector  as in Figure and select an small element .  

 

The Centroid of Area (Center of Mass) for this element will be given as
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Then the Centroid of Area (Center of Mass) of a uniform Circular sector given by 
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Example 9: Determine the Center of Mass of a Semicircle area? 

Solution 

We consider the uniform Semicircle area as in Figure and we select an small element at 

any point  

 
 

The Centroid of Area (Center of Mass) will give as                                                           
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Form the Figure one can see that,, 0=x    
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Example 10: Determine the Center of Mass of a Quarter Circle area? 

Solution 

We consider the uniform Quarter Circle area as in Figure and we select an small 

element at any point  

 

We known that, the Centroid of  area (Center of Mass ) of a body with area A  are given 

by be given as  
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Similarly, we can prove that 
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Example11:Determine the Center of Mass of a uniform Hollow hemisphere? 

Solution 

The Center of Mass is given by 
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Example 12: Determine the Center of Mass of a uniform Solid hemisphere?  

Solution 

 
We know that, the Centroid of Volume of a body with volume V are given by 
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Example 13: Determine the Center of Mass of a solid and  right circular cone of 

height h  and the base radius a ? 

Solution 

It is clear that the Centroid of Volume (Center of Mass) is given by  
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We consider the circular cone as in Figure and we select an small element at any point 

located at distance x from the origin point and its thickness is dx . 
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Then, the center of gravity of a solid is hx
4

3
=   referenced from the origin point or 

the center of gravity of a solid is hx
4

1
=   referenced from the base . 

Exercise: Determine the Center of Mass of a Hollow and right circular cone of height 

h  and the base radius a ? 

Example 14: Determine the Centroid of the area shown in below Figure ? 

 

Solution 

The centroid of area (Center of Mass) is given by 
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Example 15: Determine the Centroid of the area shown in below Figure ? 

 
Solution 

We select the small strip as in below Figure 

 

The centroid of area given by   
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Example 16: Determine the Centroid of the area shown in below Figure?  

 

Solution 
We select the small strip as in below Figure 

The centroid of area  given by   
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Example 17: Determine the Centroid of the area shown in below Figure?  

  

Solution 
We select an small strip as in below Figure  
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The centroid of area  given by   
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Example 18: Determine the Centroid of the area shown in below Figure ? 
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Solution 
We select an small strip as in below Figure  

 

The centroid of area  given by   
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Chapter 6 
 

Virtual Work 
Work by Force    
If we consider =U work, =F  Force that done the work, =dr  displacement 

 
The work define by  cos. FdrdrFU ==  

What is Virtual Work? 

Virtual Work ( 0=U ) is imaginary work done when a particle subject to a number of  

forces is move a small imaginary distance(du (. 

 

Virtual Work Utilization  

Virtual Work 

 1- Utilize the principle of virtual work 

 2- To determine active forces that maintain the system in equilibrium, 

 3- To determine the equilibrium positions, 

 4-To relate the work done by conservative forces with potential energy. 

 

 

Example:1 The ladder has a weight W  and rests against the floor and a smooth vertical 

wall. Using the principle of virtual work to determine the friction force acting on the 

ladder at the point of contact between the ladder and floor? 
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Solution 

Draw free body diagram as shown Apply the principle of virtual work, where 

 
The normal forces yB  and xC  do no work because they are perpendicular to the 

displacement of point B  and C . Thus yB  and 
xC  are not an active force. 

The force W does work because the point D  moves up, so W is an active force. 

The force xB  does work as point B moves to the lift, so xB  is an active force. 

The principle of virtual work says that the total work done by all forces acting on a 

system in static equilibrium is zero for any possible virtual displacement.. 0=U    

0=+ AxD xByW                                                                                                    (1) 

Form the Figure, we note that   

 sin,cos
2

cos
2

,cos Lx
LL

yyLy ACDC ==−==                                          (2) 

 
From Figs. (1) and (2) 

0)sin()cos
2

( =+  LB
L

W x

0cossin
2

0cossin
2

=








+−→=+−  xx B
W

B
W

 



43 

 

0 . Then 



tan

2cos

sin

2

W
B

W
B xx =→= . 

 

Example:2 Use the principle of virtual work to determine the force P  required to keep 

the two rods in equilibrium when the angle O30= and weight IbW 30= . The rods are each 

of length L  and of negligible weight. 

 

Solution 
Draw free body diagram as shown 

 
Apply the principle of virtual work, where     

The normal force 
1R  does no work because it is perpendicular to the displacement of 

point A . Thus 1R  is not an active force. 

The forces 
2R  and 3R  do no work because the point B  does not move. Thus 

2R  and 3R  

are not an active force. 

The force W does work because the point C  moves up, so W is an active force. 

The principle of virtual work says that the total work done by all forces acting on a 

system in static equilibrium is zero for any possible virtual displacement.. 0=U    

0)()( =+ ABPDCW                                                                                           (1) 

 From the Figure as shown   
,sin,cos2  LDCLAB ==                                                                              (2) 

From Eqs. (1) and (2) 
0)cos2()sin( =+  LPLW  

0sin2cos0sin2cos =








−→=−  PWPW  

0,0sin2cos =−  PW , 
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2sin
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W
P

W
P =→=                                                                           

Then, IbP
W

P O 343)7321(
2

50
30cot

2
.. =→== . 

 

Example:3 Use the principle of virtual work to determine the value of the weight W  

required to maintain the mechanism in the position shown, if NP 05= . 

 

Solution 
Draw free body diagram as shown 

 
Apply the principle of virtual work, where     

The force W  does work if A  moves vertically, so W  is an active force. 

The reaction forces at B  and E  do no work because B  and E  do not move; thus the 

reactions are not active forces. 

The force P  does work as point F  moves vertically, so P is an active force. 

The principle of virtual work says that the total work done by all forces acting on a 

system in static equilibrium is zero for any possible virtual displacement. 0=U    

 0=+− FA yPyW                                                                                           (1) From the 

Figure as shown 

CA
CA yy

yy



 =→==

33
tan                                                    (2) 
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FD
FD yy

yy





3

2

32
tan =→==                                                     (3) 

Also,                                        

DC yy  =                                                                                                    (4) 

From Eqs. (2) -(4) 

                                                        FA yy 
3

2
=                                             (5) 

Substitution from Eq. (5) into Eq. (1), we get 

0
3

2
0

3

2
=








+−→=+








− FFF yPWyPyW   

0,0
3

2
=+− FyPW  , 

)50(
2

3

2

3
0

3

2
==→=+− PWPW .          

 Then     NW 75=  

 

Examples 
 

Example:1 Rotating the threaded rod AC of the automobile jack causes joints A  and 

C to move closer together, thus raising the weight W . Determine the axial force in the 

rod, if O30= and kNW 2= . 

 

Solution 

Draw free body diagram as shown 

The effect of the rod is then represented by the two forces rF . One can see that, W  and 

the two rF  forces are the active forces.  
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Introduce coordinates measured from fixed points to the points of application of the 

active forces 

 
The principle of virtual work says that the total work done by all forces acting on a 

system in static equilibrium is zero for any possible virtual displacement. 0=U    

 0=−−− CrArB yFyFyW                                                                             (1) 

From the Figure as shown 
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aEBDEyxx BCA +=+=== )sin150(2,cos150                                         (2) 

( ) ( ) ( ) 0cos150cos150)sin150(2 =−−+−  rr FFaW  

( ) ( ) ( ) 0sin150sin150cos300 =++−  rr FFW  

( ) ( ) 0sin300cos300 =








+−  rFW  

4643)7321(230cotcot
sin

cos .. ===== O

r WWWF 



.    Then KNFr 4643.=  

 

Example2: Determine the vertical reaction at support C , if KNP 2=  
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Solution 
Draw free body diagram as shown 

One can see that, yC  and P are the active forces Cy and P are active forces for the 

displacements 

The normal force xC does no work because it is perpendicular to the displacement of 

point C . Thus xC  is not an active force. 

The forces xA  and yA  do no work because the point A  does not move. Thus xA  and yA  

are not an active force. 

The force P does work because the point B  moves up, so B is an active force. 

 
The principle of virtual work says that the total work done by all forces acting on a 

system in static equilibrium is zero for any possible virtual displacement.. 0=U    

0=+− CyB yCyP                                                                                                 (1) 

From the Figure as shown, we find that   

 

 dyy BB sin5cos5 −=→=                                                                    (2) 
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 ddyCDyy CBC sin23sin5cos23cos5 −−=→+=+=                    (3) 

From Eqs. (1)-(3) 

( ) 0sin23)sin5)sin5( =−−+−−  ddCdP y                                               (4) 

Again, From the third Figure we find that,  

 sin23sin5
23

sin,
5

sin =→==
BDBD

 





 dddd

cos

cos

5

23
cos23cos5 =→=                                   (5) 

From Eq. (5) into Eq. (4), we get 

0)sin23
cos

cos

5

23
)sin5(

cos

cos

5

23
)sin5( =












−














−+














−− 









 ddCdP y  

0tantantan0tantantan =







+−→=

















+−  yy CPdCP  

KNPCy 8570
7

6

7

3
)2(

1
4

3
4

3

)2(
tantan

tan .===

+

=
+

=



 

Then KNC y 8570.=  

 

Example:3 Two symmetric rods AB andare smoothly  mg and weight  L2 length of BC   

jointed at B  and placed in a vertical plane such that A and C touch a smooth horizontal 

plane to. If the group is kept in equilibrium by an elastic string joining the points of the 

two rods. Using the principle of virtual work, find the tension in the string and show 

that the coefficient of elasticity in the string is W
5

4
 if the equilibrium takes place when 

the inclination of the two rods on the horizontal is 
5

3
cos 1− . 

Solution 
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The principle of virtual work says that the total work done by all forces acting on a 

system in static equilibrium is zero for any possible virtual displacement.. 0=U    

0)()()()( =+++ BATCBTCCWAAW                                           (1) 

Form the Figure, we note that 

 cos,sin LBACBLCCAA ====                                                 (2) 

From Figs. (1) and (2) 

0)cos(2)sin(2 =+  LTLW  

0sincos0sincos =








−→=−  TWTW  

0,0sincos =−  TW , 

Then WTWTWT
4

3

4

5

5

3

sin

cos
=→=→=




. 

From Hawke's law we note that  

WW

L

LL

L

LL

L

LL
T

4

3
)

5

3
(

4

3
)1

5

8
(

4

3
4

3
)

5

3
(2

4

3
4

3
cos2

0

0 =→=−=

−

=

−

=
−

= 


   

W
4

5
=  
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Exercises 

Exercise1: A ladder of mass m  has its ends on a smooth wall and floor. The foot of the 

ladder is tied by an inextensible rope of negligible mass to the base of the wall so the 

ladder makes an angle    with the floor. Using the principle of virtual work, find the 

magnitude of the tension in the rope? 

 

Exercise2: Determine the force exerted by the vice on the block when a given force p  

is applied at C   . Assume that there is no friction 
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SIMPLE HARMONIC MOTION 

 

scillations are a particularly important part of mechanics and 

indeed of physics as a whole. This is because of their 

widespread occurrence and the practical importance of oscillation problems. 

Most engineering materials are nearly elastic under working conditions. And, 

of course, all real things have mass. These ingredients, elasticity and mass, are 

what make vibration possible. Even structures which are fairly rigid will 

vibrate if encouraged to do so by the shaking of a rotating motor, the rough 

rolling of a truck, or the ground motion of an earthquake. The vibrations of a 

moving structure can also excite oscillations in flowing air which can in turn 

excite the structure further. This mutual excitement of fluids and solids is the 

cause of the vibrations in a clarinet reed, and may have been the source of the 

wild oscillations in the famous collapse of the Tacoma Narrows bridge. 

Mechanical vibrations are not only the source of most music but also of most 

annoying sounds. They are the main function of a vibrating massager, and the 

main defect of a squeaking hinge. Mechanical vibrations in pendulum or quartz 

crystals are used to measure time. Vibrations can cause a machine to go out of 

control, or a building to collapse. So, the study of vibrations, for better or for 

worse, is not surprisingly one of the most common applications of dynamics. 

When an engineer attempts to understand the oscillatory motion of a machine 

or structure, she undertakes a vibration analysis. A vibration analysis is a study 

of the motions that are associated with vibrations. Study of motion is what 

dynamics is all about, so vibration analysis is just a part of dynamics. A 

O 

SIMPLE HARMONIC MOTION 
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vibration analysis could mean the making of a dynamical model of the 

structure one is studying, writing equations of motion using the momentum 

balance or energy equations and then looking at the solution of these equations. 

But, in practice, the motions associated with vibrations have features which are 

common to a wide class of structures and machines. For this reason, a special 

vocabulary and special methods of approach have been developed for vibration 

analysis. For example, one can usefully discuss resonance, normal modes, and 

frequency response, concepts which we will soon discuss, without ever writing 

down any equations of motion. We will first approach these concepts within 

the framework of the differential equations of motion and their solutions. But 

after the concepts have been learned, we can use them without necessarily 

referring directly to the governing differential equations. 

 

 Definition 

A particle is said to execute Simple Harmonic Motion if it moves such that its 

acceleration is always directed towards a fixed point, and is proportional to 

the distance of the particle from the faced point. 

 

 

 

 

 

 

 

The expressions for velocity and position of the particle at any instant are 

obtained as follows: 

Suppose O be the fixed point in the line A1OA and let P denote the particle 

after time t  from moving with a velocity v  in the positive direction from O to 

A. Let OP x , then the acceleration is kx  where k  is a constant. Since the 

A A1 O p 
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acceleration is in the direction opposite to that in which x  increases, the 

equation of motion of the particle is given as 

2

2

d xm kx
dt

 

Rearranging this equation, we get one of the most famous and useful 

differential equations of all time: 

0kx x
m

 

This equation appears in many contexts both in and out of dynamics. In non-

mechanical contexts the variable x and the parameter combination k/m are 

replaced by other physical quantities. In an electrical circuit, for example, x 

might represent a voltage and the term corresponding to k/m might be 1/LC, 

where C is a capacitance and L an inductance. But even in dynamics the 

equation appears with other physical quantities besides k/m multiplying the x, 

and x itself could represent rotation, say, instead of displacement. In order to 

avoid being specific about the physical system being modeled, the harmonic 

oscillator equation is often written as 

2 0x w x  

The constant in front of the x is called 2w  instead of just, say, w , for two 

reasons:  

(i) This convention shows that 2w  is positive,  

(ii) In the solution we need the square root of this coefficient, so it is 

convenient to have 2w =w . 

For the spring-block system, 2w  is k/m and in other problems 2w  is some 

other combination of physical quantities. 
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 Solution of harmonic oscillator differential equation 

2
2

2

d x w x
dt

 or  2 2dvv w x vdv w xdx
dx

 

Integrating previous equation, we have 

1
2 2 21 1

2 2
v c w x  

where 1c  is an integral constant. As P is supposed to be moving in the 

direction OA and as the acceleration is given to be taking place in the opposite 

direction, the particle P must come to rest at some point in OA  say at A, i.e., 

suppose  0v  where x a , so that 

2 2
1 1

2 21 10
2 2

c w a c w a  

Therefore  

2 2 2 2 2 2 2 2( )v w a w x w a x   or 2 2v w a x  

This equation gives the value of the velocity v  for any displacement x  

As P is moving in the positive direction 2 2v w a x  

2 2

2 2

dx dxw a x wdt
dt a x

 

By integrating  

1

2 2
sindx xwdt wt

aa x
  Or 

sin( )x a wt  

where  is integration constant to be determined from the initial conditions. If 

t  is measured from the instant when P is at O, i.e., if 0x  when 0t , then 

0 . 

 Note 1 Velocity in terms of time t can be obtained by differentiating any of 

these equations involving x and t. 

 Note 2 When the particle is on the left-hand side of O, the equation of 

motion is 2x w x  acceleration in the direction of P1A
2w OP1 
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2 2( )w x w x  Hence the same equation that holds on the right-hand side 

of O, holds also on the left hand side. 

The Equation 2 2w a x  gives the velocity of P in terms of its distance 

from O. Initially, when 0x  at the point O, the velocity is maximum and 

equal to wa . As As the particle proceeds towards A, the acceleration being 

towards O, the velocity goes on decreasing as x  increases. At A where x a , 

it vanishes and the particle is, for an instant, at rest. Then owing to the 

acceleration towards O the particle moves in the negative direction with a 

velocity which increases numerically as x  decreases and is the greatest at O 

where it is wa . Due to this velocity, the particle proceeds further to the 

negative side of O, the velocity remaining negative and decreasing gradually in 

magnitude till the particle comes to rest at Al where x a . The acceleration 

being towards O, the particle then starts and moves towards O with a positive 

velocity which increases gradually till it is again maximum at O. The same 

motion is repeated again and again and the particle goes on oscillating 

indefinitely between A and A1, the two positions of momentary rest. 

The motion of the particle is oscillatory. All oscillatory motions are, however, 

not necessarily simple harmonic. In fact, simple harmonic motion is the 

simplest and most important case of oscillatory motion which occurs in nature 

and it is always dominated by the differential equation 

2
2

2

d x w x
dt

 

The distance OA or OAl i.e., the distance of the center from one of the 

positions of rest is called the Amplitude. 
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 The Periodic time of Motion 

The equation sinx a wt  gives the time form in terms of x , the distance of 

the particle measured from O. Since 

2sin sin( 2 ) sinx a wt a wt a wt
w

 

And 
2cos cos( 2 ) cosdx aw wt aw wt aw wt

dt w
 

the particle has the same position, velocity and direction after time  
2t
w

, 

4t
w

 etc., as it had at the time t, i.e., the particle has a periodic motion, its 

periodic time  being 2
w

 

 The Frequency  

The frequency of SHM is the number of complete oscillations in one second, 

so that if n  denotes the frequency and  the periodic time of the motion, 

11
2
wnn  

 Simple Pendulum  

If a heavy particle is tied to one end of a light 

inextensible string with length and the other 

end of which is fixed, and oscillates in a 

vertical circle, we have what is called a Simple 

Pendulum. We now obtain the time of 

oscillation of such a pendulum when it is 

allowed to oscillate through a small angle only. 

Let O be the fixed point, A the lowest position 

of the particle, and P any position such that 

YOP=  

The equations of motion in horizontal direction is (resolve the tension) 
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an nd cossimx T mgT  

Here we suppose that the motion of mass m in X  direction only. Now, when 

the angle  is small enough so the approximations cos 1  and sin

can be applied and the equation of motion,  sinmx T becomes  

orm
gxmg x x

L L
x  

which is similar to 2x xw  with 2 Or =
g

L
w

g
w

L
 

So, a simple pendulum moves like a SHM with periodic time of motion equals 

2 L

g
 

 The Cycloid Pendulum 

We have illustrated that the motion of a simple pendulum is simple harmonic 

motion only when the angle of swing is so small that sin  is very nearly equal 

to  and the amplitude to the motion is so small that it may be treated as 

infinitesimal. If, however, the amplitude of motion is not small and  the particle 

supposed to be constrained to move under gravity, along the arc of a smooth 

cycloid in a vertical plane, the equation of motion of the particle along the 

tangent to the curve is 

2

2
sind Sm mg

dt
   (1) 

where  is the angle which the tangent to the curve makes with the horizontal 

and S  the length of its arc measured from the vertex, the cycloid being placed 

with its vertex downwards and axis vertical. We know by the Calculus that the 

intrinsic equation of the cycloid is 

4 sinS a       (2) 

Note S being measured from the vertex where 0 , and a being the radius 

of the generating circle. From equations (1) and (2), we have 
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2

2 4

gd S S
adt

        (3)  

this formula shows that the motion represents simple harmonic no matter how 

great the amplitude.  The time of a complete oscillation is given as  2 4 /a g  

which is constant for oscillations, small or large. Thus, if a particle is 

constrained to move along a smooth cycloid curve, its period of motion is 

absolutely independent of the amplitude. (This is an answer to the question 

which interested the mathematicians of the 18
th
 century in what curve should 

that the bob of a pendulum swing in order that the period of oscillation may be 

absolutely independent of the amplitude?) 

The oscillations on a cycloid are called isochronous because the period is the 

same for large or small oscillations. This important property of a cycloid finds 

its application in the formation of clocks. A cycloid pendulum may be 

constructed by causing the cord of the pendulum to wind and unwind itself on 

the evaluate of the path. 

In order to find the pressure of the curve on the particle, we write its equation 

of motion in the direction of the normal at the point, namely 

2
cosvm R mg  

where  is the radius of curvature of the curve, R  the normal pressure and v  

the velocity of the particle obtained from equation (3) by integration. 

Note (i). The students acquainted with elements of differential equation will 

note that  

cos sinS A wt B wt  where / 4w g a  

is the most general solution of differential equation (3). 

Note a. Since 24 sin 4 8 ,
dy

S a a S ay
ds

 y and S  being measured 

from the vertex of the cycloid 
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 Hooke's Law 

The ' extension' of a stretched elastic string means the ratio of the increment in 

length to the unstretched length. Thus if , is the natural or unstretched length 

and the stretched length is  then the extension is ( ) / . 

 

Hooke's Law is that the tension of the string is proportional to the extension. If 

T  denote the tension and we state the law in the form  

T  

where  is called the modulus of elasticity of the string. 

The extension or compression of a spiral spring follows the same law, but in 

this' case the length is measured along the axis of the helix and not along the 

wire that forms the spring; and when the spring is extended or compressed the 

force exerted by the spring is a tension or a thrust in the direction of the axis. 

The formula above may be used for compression as well as extension provided 

we regard a negative tension as a thrust. For when the spring is compressed the 

length  is less than the natural length , so that the formula would give a 

negative tension, i.e. a thrust of magnitudeT . 

 Motion of a Particle Attached to an Elastic String 

Elastic Strings. If an elastic string or wire or a spiral spring is fixed at one 

point and pulled within limits at the other, it is found to increase in length, the 

extension being proportional to the tension of the string. 

If different wires of the same material are considered, the extension is directly 

proportional to the product of the tension and the natural length and inversely 

as the area A of the cross-section. Thus if x denotes the extension, l  the natural 

length and T the tension (in absolute units), then,  

OrT Axx T
A
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where  is a constant depending on the material of the wire. If we take A =unit 

area, we have xT  

If  is the natural length of an elastic string and l  the stretched length, then 

( )T  

i.e., tension of an elastic string or a spring is proportional to the extension of 

the spring beyond its natural length. This is Hooke's law of elastic string and A 

is called the Modulus of Elasticity. 

When ,x T , so that  for a string of unit cross-section is equal to the 

amount of force which would stretch it to twice its natural length. 

Let one end of an elastic string be fixed to a point O on a smooth horizontal 

table and let OA=  be its natural length. 

 

If a particle of mass m is attached to the other end and if the particle is 

displaced along the line OA, a distance AB=b and P be position of the particle 

at any subsequent time so that AP=x, then the tension in the string is 
xT ; 

which acts in the direction PA and is directed towards A. The tension of the 

string being the only force which tends to move the particle, its equation of 

motion is 

2 2
2

2 2
Ord x x d xm T x w x

mdt dt
 

which shows that the motion about A is simple harmonic, the constant w

equals  
m

. The periodic time of oscillation is 2 m
 

The particle will further move through to a point B' at an equal distance on the 

other side of and then back again and so on. The distance from A to A'  
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(OA= OA') and back to A is moved with the velocity which the particle 

acquires at A. The string being slack this velocity remains the same throughout 

this part. The periodic time obtained above refers to the time which the particle 

takes in moving from B to A, from A' to B' and then from B' to A' and from A 

to B. This is the only part where motion is simple harmonic. 

 Vertical Elastic string 

Suppose that a particle of mass m is suspended from a fixed 

point by a string (or spring) OA of a natural length . Let 

OB be the length of the string when the mass hangs in 

equilibrium, then AB(=e), the extension of the string is 

given by 

AB emg  

Now if the particle is displaced vertically from B it will 

oscillate in a vertical line about B and it will execute SHM 

which can be proved as follows: 

Let P be the displaced position of the particle during its motion and let PB x , 

then the tension, T , of the string in this position is given by 

( )T BA x mg x  (from previous equation) 

Then the resultant force acting on the particle in the direction BP 

( )mg T mg mg x x  

Hence the equation of motion of the particle 

2 2
2

2 2
Ord x x d xm x w x

mdt dt
 

which shows that the particle moves with simple harmonic motion having B, 

the position of equilibrium, as the center of oscillation. The period of motion is 

2 2m e

g
 

 

 

p 
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 e being the extension of the string in the equilibrium position of the particle. 

By Equation AB emg , e being proportional to m , the A period 

depends on the weight which is hung on, and on the stiffness of the string or 

spring to which the particle is attached. The stiffer the spring the shorter the  

 

Note (i). At B, the ultimate position of equilibrium of the particle, the forces 

acting on it, viz., its weight and the tension of the string, balance. In all 

problems of this typo the position of this point must be obtained first. 

Note (ii). The particle moves with Simple Harmonic motion only so long as the 

particle is below A, i.e., so long as the string remains stretched. If the particle 

rises above A (it will do so, for example when it is pulled down below, B, a 

distance greater than AB) the string will become slack and the part of the 

motion above A will be simply free vertical motion under gravity. 
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XAMPLESE LLUSTRATIVEI

 

Example 
A point moves along a straight line such that its distance given by 

3cos2 4sin2x t t . Prove that the motion of the point is simple harmonic 

motion and find its periodic time and amplitude. 

Solution 

Since the position of the point is given by 3cos2 4sin2x t t  and by 

differentiating w.r.t  t  we get 

6sin 2 8cos2 ,

again differentiating 12cos2 16sin 2

x t t

x t t
 

2Or 4(3 cos2 4 sin 2 ) 2
x

x t t x  

This equation represents a simple harmonic motion with 2  since the 

acceleration varies with distance, where the periodic time is  and given by  

2 2
2

 and the amplitude may be calculated as 

3 43 cos2 4 sin 2 5 cos2 sin

2 cos sin 2 )

2
5 5

5 sin 5 sin(2

t t t t

tcos t t
 

that is the amplitude is 5a  

Example 

A moving particle along a straight line where , cos2x t  is constant. 

Show that the motion of the point is simple harmonic motion and find its 

periodic time and amplitude. 

Solution 

Since the position of the point is given by cos2x t  and by 

differentiating twice w.r.t  t  we get 

2

2
2 sin 2 and 4 cos2 4( ) 4( )

x

dx d xt t x x
dt dt
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This equation indicates a simple harmonic motion (SHM) with center  x  

and 2 4 . The periodic time is  and given by  2 2
2

 . 

(Hint: Let  y x  then the previous equation turn into 22 yy , which 

represents a simple harmonic motion with center 0y  (x )). 

(Readers have to calculate the amplitude) 

 
Example 

A particle moves with SHM in a straight line. In the first second after starting 

from rest, it travels a distance a  and in the next second it travels a distance b  

in the same direction. Prove that the amplitude of the motion is 22 / (3 )a a b

? 

Solution 

Measuring time t from the starting point and the distance x of the particle from 

the center of motion and denoting the amplitude by A, we have 

cosx a wt  

Now by the question when 1,t x A a  

And when 2,t x A a b  

2cos and cos2 2cos 1A a A w A a b A w A w  

From these two equations we have 

2
2 2

2

( ) 12 1 4 2
A a

A a b A A aA a
AA

 

2 2 2 24 2 Or (3 ) 2A aA bA A aA a a b A a  

22
3
aA
a b
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Example 

A point executing SHM has velocities ,u u and positions in two of its 

positions ,b b respectively. Show that the periodic time of motion is  

2 2

2 2
2 b b

u u
 

Solution 

Let a  be the amplitude of the simple harmonic motion then 

2 2 2 2( )v w a x  

Therefore,  

2 2 2 2 2 2 2 2( ) and ( )u w a b u w a b  

By subtracting  

2 2 2 2 2( )u u w b b          
2 2 2 2

2

2 2 2 2
Oru u u uw w

b b b b
 

Since 
2 2

2 2

2 2 b b

w u u
 

Example 

A body moving with SHM has an amplitude a  and period T . Show that the 

velocity v  at a distance x  from the mean position is given by 

22 22 2( )4v T a x  

Solution 

As we have 2 2 2 2( )v w a x  where a  represents the amplitude  

Also  
2 2T w
w T

 

2
2 2 22 ( )v a x

T
   2 2 2 2 24 ( )v T a x  
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Example 

The speed v  of a particle moving along the axis of x  is given by the relation 

22 2 2(8 12 )n bx xv b . Show that the motion is simple harmonic with its 

center at 4x b  and amplitude 2b . Find the time from 5x b to or 6x b .  

Solution 

A particle is said to be its motion as simple harmonic motion if   

2x w x  

From the question we have 22 2 2(8 12 )n bx xv b  thus by differentiation   

2 2(8 2 Or ( 42 ) )

x

dv dvv vn b
dx d

b
x

x n x  

So the particle moves as a SHM with center 4x b  

2 20 8 12 0 ( 6 )( 2 ) 0v bx x b x b x b  

Therefore  6 and 2x b x b   

which gives the ended points of SHM and the amplitude is 2b . 

Example 

At the ends of three successive seconds, the distances of a point moving with 

SHM, from its mean position, measured in the same direction are 1 2 3, ,X X X . 

Find the periodic time of motion. 

Solution 

As known the general solution of simple harmonic motion is sin( )x a t  

Let the time to reach position 1X  is t  and thus the time to reach position 2X  

is 1t  and 2t  is the time to reach position 3X  and therefore, 

2

1

3

sin(

sin( ( 1)

sin( 2

)

)

)( )

X a t

X a t

X a t
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From previous equations – by adding first and third equations- we have 

2

31

2

sin( sin( ( 2)

2 sin( ( 1)

cos

) )

)cos

2
X

X X a t t

a t

X

 

Here we use the triangle relation 

 sin sin 2sin cos
2 2

x y x y
x y  

1 3 1 31
1 2

2 2
3 cos cos Or co

2
2 s

2

X X X
X X X

X

X X

But the periodic time is given by  
2

 therefore,  

1 1 3

2

cos
2

2
X X

X

 

Where 2 1 3 22 2X X X X  

Example 

An elastic string supporting a heavy particle with mass m hangs in equilibrium. 

The particle is now pulled down below the equilibrium position through a 

small distance and let go then the particle done n complete oscillations per 

second. If  represents the natural length of the string in the case of 

equilibrium. Find the natural length of string and evaluate the tension when the 

equals natural length.                                             

Solution 

Suppose that 0  represents natural length of string and T gives the tension in 

equilibrium after hangs mass m, in equilibrium case and from Hooke's law 

0
0

( )mg T    (1) 
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After particle is pulled down below the equilibrium position a distance x  then 

equation of motion becomes 

mx mg T   

Where 0
0

( )T x  

0
0

0
0 0 0

( )

( )

mg

mx mg x

mg x x  

2

0

x x w x
m

 

Which shows that the motion about a point of equilibrium is simple harmonic 

 motion, the constant w equals 
0m

. The periodic time is 02
m

 

Now since 2 2

00

1 4
2 2
wn n

m
n m  

Therefore, from Equation (1)  

m 0
0

2 2( ) 4g n m
20 0 2

( )
4

g

n
   

Or 
20 24

g

n
 

Which evaluate the natural length of string. To obtain the tension from Hooke's 

law 

2 2 2 2 2 2

20 20
0

4 4 4
4

g
n m n mT m n g

n
  

Example 

A heavy particle is supported in equilibrium by two equal elastic strings with 

their other ends attached to two points in a horizontal plane and each inclined 

at an angle of 60° to the vertical. The modulus of elasticity is such that when 
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the particle is suspended from any portion of the string its extension is equal to 

its natural length. The particle is displaced vertically a small distance and then 

released. Prove that the period of its small oscillations is 2 2 / 5g , where  

is the stretched length of either string in equilibrium. 

Solution 

Let m  be the mass of the particle and  the 

modulus of elasticity. Then by supposing the 

particle to be suspended from any portion of the 

string, since the extended length is double the 

natural length we find 

that mg . 

If 0  be the natural length of either string, we have, in 

the equilibrium position, 

0 00

0 0

2 cos 60mg  

but mg , therefore 0
1
2

 

Let y  denote the vertical displacement and L  the length of either string 

at time t . To find the period of small oscillations we want to obtain an 

equation of the form 

2x x  

where  is a constant. It will therefore be sufficient for our purpose to 

write down the equation of motion at time t  and neglect all powers of x  

higher than the first. 

We have  

0

0

2 cos OPA
L

my mg  

where P  is the particle at time t , O  is its equilibrium position and 

PA=PB L  are the strings. 
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Now 

2
2 2 2 21 3

2 4
L y y y  

Therefore      

1/2
11
2

y
L y  

correct to the first power of x , and 

1 1
2 2cos OPA=

1
2
21 1 1

2 2
31 1

2 2

y y

L y

y y

y

 

to the first power of y . And hence 

1 12
32 2 1 1

1 2 2
2

y
y

my mg  

Therefore, 

3
1 1

2

y y
y g g    Or 

5

2

g
y y  

 

which represents a simple harmonic motion of period 2 2 / 5g . 
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 PROBLEMS 

 A point executing SHM has velocities u and v and accelerations a and b in 

two of its positions. Find the distance between the two positions and that the 

periodic time of motion 

 

 

 

 If the displacement, velocity and acceleration at a particular instant of a 

particle describing SHM are respectively 3 in., 3 in./sec. and 3 in./sec
2
, Find 

the greatest velocity of the particle and the period of motion. 

 

 

 

 A point moving with SHM has a period of oscillation of л sec. and its 

greatest acceleration is 5 ft. /sec
2
. Find the amplitude and the velocity when the 

particle is at a distance 1 ft. from the center of oscillation. 

 

 

 

 A particle describing simple harmonic motion executes 100 complete 

Vibrations per minute and its speed at its mean position is 15 ft. per sec. What 

is the length of its path?  
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 A particle oscillates in a cycloid under gravity the amplitude of the motion 

being  l  and the periodic time being T . Show that its velocity at a time t 

measured from a position of rest is 2 2sinl tw
T T

 

 

 

 

 

 

 

 

 A body is suspended from a fixed point by a light elastic string of natural 

length  whose modulus of elasticity is equal to the weight of the body and 

makes vertical oscillations of amplitude a . Show that, if as the body rises 

through its equilibrium position it picks up another body of equal weight, the 

amplitude of the oscillation becomes 
1/4

2 21
2
a  

 



 

 

IMPACT AND COLLISION OF ELASTIC BODIES  

 

 
 

n this section we will integrate the equation of motion with respect 

to time and thereby obtain the principle of impulse and momentum. 

The resulting equation will be useful for solving problems involving force, 

velocity, and time. Using kinematics, the equation of motion for a particle of 

mass m  can be written as 

dvF ma m
dt

 

where a and v  are both measured from an inertial frame of reference. 

Rearranging the terms and integrating between the limits 1v v at 1t t  and

2v v , at 2t t we have 

2 2

1 1

t v

t v

Fdt m dv    
2

1

2 1

t

t

Fdt mv mv   (*) 

This equation is referred to as the principle of linear impulse and momentum. 

From the derivation it can be seen that it is simply a time integration of the 

equation of motion. It provides a direct means of obtaining the particle's final 

velocity 2v  after a specified time period when the particle's initial velocity is 

known and the forces acting on the particle are either constant or can be 

expressed as functions of time. By comparison, if 2v  was determined using the 

equation of motion, a two-step process would be necessary; i.e., apply 

F ma to obtain a , then integrate 
dva
dt

 to obtain 2v  

I 

IMPACT AND COLLISION 
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 Linear Momentum   

Each of the two vectors of the form L mv  in Equation (*) is referred to as 

the particle's linear momentum. Since m  is a positive scalar, the linear-

momentum vector has the same direction as v  and its magnitude mv has units 

of mass-velocity, e.g., kg.m/s, or slug. ft/s. 

 Linear Impulse  

The integral I Fdt  in Equation (0) is referred to as the linear impulse. 

This term is a vector quantity which measures the effect of a force during the 

time the force acts. Since time is a positive scalar, the impulse acts in the same 

direction as the force, and its magnitude has units of force-time, e.g., N.s or 

lb·s. If the force is expressed as a function of time, the impulse can be 

determined by direct evaluation of the integral. In particular, if the force is 

constant in both magnitude and direction, the resulting impulse becomes 

2

1

2 1( )c c

t

t

I F dt F t t  

 Impact  

This action occurs when two bodies collide with each other during a very short 

period of time, causing relatively large (impulsive) forces to be exerted 

between the bodies. The striking of a hammer on a nail, or a golf club on a ball, 

are common examples of impact loadings. In general, there are two types of 

impact. Central impact occurs when the direction of motion of the mass centers 

of the two colliding particles is along a line passing through the mass centers of 

the particles. This line is called the line of impact, which is perpendicular to the 

plane of contact. When the motion of one or both of the particles makes an 

angle with the line of impact, the impact is said to be oblique impact. 

 Elasticity If we drop a ball of glass on to a marble floor, it rebounds almost 

to its original height but if the same ball were dropped on to a wooden floor, 

the distance through which it rebounds is much smaller. If further we allow an 
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ivory ball and a wooden ball to drop from the same height upon a hard floor 

the heights through which they rebound are quite different. The velocities of 

these balls are the same when they reach the floor but since they rebound to 

different heights their velocities on leaving the floor are different. 

Again, when a ball strikes against a floor or when two balls of any hard 

material collide, the balls are slightly compressed and when "they tend to 

recover their original shape, they rebound. The property of the bodies which 

causes these differences in velocities and which makes them rebound after 

collision is called Elasticity. If a body does not tend to return to its original 

shape and does not rebound after collision, it is said to be Inelastic. 

In considering impact of elastic bodies, we suppose that they are smooth, so 

that the mutual action between them takes place only in the direction of their 

common normal at the point where they meet, there being no force in the 

direction perpendicular to their common normal. 

 Definitions 

When the, direction of each body 

is along the common normal at the 

point where they touch, the impact 

is said to be direct.  

When the direction of motion of 

either or both, is not along the 

common normal at the point of 

contact the impact is said to be 

oblique. 
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 Direct Impact of two Smooth Spheres 

Suppose two smooth spheres of masses m and m  moving in the same 

straight line with velocities u  and u , collide and stick together. The forces 

which act between them during the collision act equally but in opposite 

directions on the two spheres so that the total momentum of the spheres remain 

unaltered by the impact. If U  be the common velocity of the spheres after the 

collision and if the velocities are all measured in the same direction, we have 

( )m m U mu m u  

This equation is sufficient to determine the one unknown quantityU . 

But we know, as a matter of ordinary experience, that when two bodies of any 

hard material impinge on each other, they separate almost immediately and a 

finite change of velocity is generated in each by their mutual action depending 

on the material of the bodies. Hence the spheres, if free to move, will have after 

impact, different velocities say v  and v . 

The equation of momentum now becomes 

mv m v mu m u   (1) 

This single equation is not sufficient to determine the two unknown quantities 

v  and v .  

 

 

 

 

 

 

Another relation between the velocities is supplied by Newton's Experimental 

Law which states that when two bodies impinge directly, their relative velocity 

after impact is in a constant ratio to their relative velocity before impact, and 

is in the opposite direction. 
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If bodies impinge obliquely, the same fact holds for their component velocities 

along the common nominal at the point of contact. The equation derived from 

this law for the above spheres is, 

v v e
u u

  Or  ( )v v e u u   (2) 

, ,v v u and u  being all measured in the same direction. 

The constant ratio, e  is called the co-efficient of elasticity or restitution. It 

depends on the substances of which the bodies are made and is independent of 

the masses of the bodies and their velocities before impact. The value of e 

differs considerably for different bodies and varies from 0 to 1. 

(i) When 0e , the bodies are said to be inelastic (Plastic impact). In this case 

we have from Equation (2) v v i.e., if two inelastic spheres impinge they 

move with the same velocity after impact. 

(ii) When 1e  the bodies are said to be perfectly elastic. 

Both these are ideal eases never actually realized in nature. 

In order to evaluate the velocities of the spheres after direct impact we solve 

Equations (1) and (2) and get 

( )mu m u em u u
v

m m
    and 

( )mu m u em u u
v

m m
 

When m m and 1e , we have v u and v u i.e., if two equal 

perfectly elastic spheres impinge directly they interchange their velocities after 

impact. 

 Kinetic energy lost by direct impact 

In general, there is always a loss of kinetic energy whenever two bodies 

impinge. Since we have by algebra   

2 2 2 2( )( ) ( ) ( )m m mu m u mu m u mm u u  

And   2 2 2 2( )( ) ( ) ( )m m mv m v mv m v mm v v  

Subtracting these two equations and divide by 2( )m m and using  



Impact and Collision 

 
28 

mv m v mu m u  and ( )v v e u u  

Therefore, Loss in K.E. is 

2 2 2 2 2 21 1 1 1 1 ( ) (1 )
2 2 2 2 2

mmmu m u mv m v u u e
m m

 

 Oblique Impact of two smooth spheres  

Suppose that at the moment of impact the direction of motion of the spheres is 

not along the line joining their centers. Let ,m m  be the masses of the two 

spheres with centers A and B at the time of impact, ,u u  the velocities just  

before impact, ,  the angles the directions of motion make with AB before 

impact, ,v v  the velocities after impact, and ,  angles the directions of 

motion make with AB after impact. 

Since the spheres are smooth, there is no impulse perpendicular to the line of 

centers and hence the resolved parts of velocities of the two spheres in the 

direction perpendicular to AB remain unaltered. 

sin and si nn isi n su uv v    (3) 

Since the impulsive forces acting during the collision on the two spheres along 

their line of centers are equal and opposite, the total momentum along AB 

remains unchanged. 

cos cos coc s so m v mm mu uv   (4) 

By Newton's experimental law for relative velocities resolved along the 

common normal AB, we have 

cos (co c os os c s )v e uv u   (5) 
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We deduce the following particular cases from the above equations: 

(i) If 0u , from Equation (3) 0 , ( 0v ), i.e., if the sphere of mass 

m  were at rest, it will move along the line of centers after impact. 

(ii) If  0u  and m em  from Equation (3) 0  and then 90o  , so 

that if a sphere of mass m  impinges obliquely on a sphere of mass m  at rest, 

the directions of motion of the spheres after impact will be at right angles if

m em . This evidently holds true when the spheres are equal and perfectly 

elastic i.e. , when 0, 1u e and m m . 

(iii) If m m  and 1e  then, we have 

cos anco d cos coss u v uv  

i.e., if two equal-and perfectly elastic spheres impinge they interchange their 

velocities in the direction of their line of centers. Also in this case, by using 

Equation (3), we get: ta tan tann tan  

It follows that if two equal and perfectly elastic spheres impinge at right 

angles, their directions after impact will still be at right angles. 

The students advised to prove this particular case independently. 

Obtain the relation that describes the loss of kinetic energy in Oblique Impact 

2 21LossK.E. ( cos cos ) (1 )
2
mm u u e
m m

 

 

 Impact against a Fixed Plane  

Suppose a smooth sphere (or particle) of mass m , 

moving with a velocity u , strikes a smooth fixed plane in 

a direction making an angle  with the normal to the 

plane, and that it rebounds with velocity v  making an 

angle  with the normal. Then, since the plane is smooth, 

the component of the velocity along the plane must 

remain unaltered 



Impact and Collision 

 
30 

sisin nv u        (6) 

The plane being fixed its velocity is taken as zero. by Newton's experimental 

law for relative velocity along the common normal AN, we have 

0 ( cos 0) cos coscos e u v euv   (7) 

Squaring and adding (6) and (7), we get  

2 2 2 22 (sin cos )v u e  

Dividing (7) by (6) we have: cot otc e  

These equations give the velocity and direction of motion of the sphere after 

impact.  The following facts may be noted: 

(1) If 0  then by Equation (6),  0  and by Equation (7), v eu  i.e., 

when the impact is direct, the direction of motion of the sphere is reversed after 

impact and its velocity is reduced in the ratio : 1e . 

(2) If 1e , therefore  and then u v , i.e., when the plane is perfectly 

elastic, the angle of reflection is equal to the angle of incidence, and the 

velocity remains unchanged in magnitude. 

(3) If 0e , thus 90o  and then sinv u , i.e., when the plane i 

perfectly inelastic, the sphere simply slides along the plane, its velocity parallel 

to the plane remaining unaltered. 

(4) Loss of Kinetic energy E  

2 2

2 2 2

2

2 2

2 2

1 1
2 2
1 1 (sin cos

)c

)
2 2

1 s(
2

o1

E mu mv

mu m

e

u

mu

e  
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XAMPLESE LLUSTRATIVEI

 

Example 

A ball of mass 8 Ib  moving with a velocity of 14 ftsec  is overtaken by a ball, 

of mass 12 Ib  moving with a velocity of 19 ftsec , (i) in the same direction as 

the first, (ii) in the opposite direction. If 0.2e  find the velocities of the balls 

after impact. Find also the loss of Kinetic energy in the first case. 

Solution 

 (i) Let the direction of motion of the first ball be taken as positive and let ,v v  

be the velocities after impact, then with consideration conservation of 

momentum. 

8 12 8 4 12 9 140v v  and 0.2(4 9) 1v v  

which give  7.6v  ft./s. and 6.6v  ft./s. 

(ii) 8 12 8 4 12 9 76v v  and 
1(4 ( 9)) 2.6
5

v v  

which give 5.36v  ft./s. and 2.76v  ft/s 

 

 

 

 

 

 

In this case the first ball turns back after impact. It should be noted that the 

velocities are measured algebraically, that is, all velocities in one direction cert 

taken as positive while those in the opposite direction as negative. 

 

 

 

  

 

 

i ii 
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Example 

A ball A, moving with velocity u  impinges directly on an equal ball B moving 

with velocity v  in the opposite direction. If A be brought to rest by the impact, 

show that 1
1

u e

v e
 where e  is the co-efficient of restitution. 

Solution 

Let V be the velocity of B after impact and let m  be the mass of each, then 

since A is reduced to rest after the impact, according to Conservation of 

momentum we obtain 

0 ( ) Orm m V mu m v V u v  and 

0 ( ( )) Or ( )

( ) Or (1 ) (1 )

V e u v V e u v

u v V e u v e u e v
 

Hence 
1
1

u e

v e
 

 

 

 

Example 

A ball with mass nm   moving with velocity 1ua  impinges directly on 

another ball with mass m  moving with velocity u  in the same direction. If the 

ball with mass m  be brought to rest by the impact, determine the co-efficient 

of restitution. 

Solution 
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Let V  be the velocity of the mass nm  after impact (along the impact line 

since the balls impinge directly). According to the principle of the momentum 

along the impact line, we get 

(0) 1u nm nmV mu nm nV u
a a

  (1) 

From Newton’s Experimental Law, we obtain 

10 1uV e u V eu
a a

        (2) 

From these two equations (1) and (2) 

neu 11 1 n u
a a ( 1)

a ne
n a

 

Example 

Let 1 2,m m  be the masses of two spheres impinge directly with velocities

1 2,u u  in the same direction. If  e  be the co-efficient of restitution. Prove that 

the loss of kinetic energy by impact is 
2

1 2 2
1 2

1 2)

(1 )
( )

2(

e m m
u u

m m
 

Solution 
 

 

From the figure and according to the principle of the momentum along the 

impact line, we get Let 1 2,u u  be the velocities of the spheres after impact. 

1 1 2 2 1 1 2 2m u m u m uu m   (1) 

By Newton’s experimental law 
1 1 22 ( )u u e u u           (2) 
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Squaring equations (1) and (2) and multiply equation (2)  by 1 2m m  then 

adding we get 

2 2
2

2 2 2
1 1 2 2 1 2 1 1 1 2 2 1 2 1 2)(m uu m u m m u u m u em um um

 

By adding and subtracting the value  2
1 2 1 2( )um m u  to the R.H.S. of 

previous equation 

2 2
1 2 1 1 2 2 1 1 2 2

2 2 2
1 2 1 2 1 2 2

2

1

( )

) )( (

m m m u m u m u m

m u m

u

m uu m e u
 

Or 

2 2
1 2 1 1 2 2

2 2 2
1 2 1 1 2 1 2 1

2
2 2

( )

( 1 () )

m m m u m u

m m m u m m uu m e u
 

Dividing the last equation by 1 2
1
2
m m , we have 

2 2
1 2 1 22 2 2

1 1 2 2 1 1 2
1 2

2
2

)1 1 1 1
2 2 2 2 2( )

1 (m e um u
m u m u m u m

m m
u  

2 2
1 2 1 22 2 2

1 1 2 1 1 2 2
1 2

2
2

)1 1 1 1
2 2 2 (

(

2 2 )

1m u
E m u m m u m

m

m
u

m

e u
u

 
This relation illustrates that the total of kinetic energies of the two spheres after 

impact is less that the total of kinetic energies before impact by the value 

2 2
1 2 1 2

1 2

1 ( )

2( )

m um

m m

e u
 and this values represents the loss of the kinetic 

energy by collision. 

Example 

A ball weighting one pound and moving with a velocity 8 ftsec
-1

, impinges on 

a smooth fixed horizontal plane in a direction making 060  with the plane; find 

its velocity and direction of motion after impact, the co-efficient of restitution 

being 0.5 . Find also the loss in Kinetic energy due to the impact.  
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Solution 

The direction of motion of the ball makes an angle of 030  with the normal to 

the plane. If after impact the ball moves in a direction making an angle  with 

the normal with velocityv , then 

1coco s 8 cos 0 2s 3 3
2

v eu  

sinsi sin3n 8 0 4v u  

2 112 16 28 5.29 ftsecvv  

and    

3cot
2

  i.e. 49 6o  

Loss of K.E. E  is  

2 21 1 1 (8 8 28) 18
2 2 2

E mu mv m    ( 1m ) 

Example 

A smooth ball A , collides Obliquely with an equal smooth ball B. Just before 

impact B is stationary and A makes an angle of  with the line joining the 

centers of the spheres with velocity v  in a direction making an angle of  at 

the instant of impact. If e  is the co-efficient of restitution, find the resulting 

motion of the sphere A? 

Solution 
 

 

 

 

 

Since the momentum after impact along the line of centers = momentum before 

impact, we have, let be the velocity of the rest ball after collision 
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cos cos 0 cos cosmu mV mu u V u   (1) 

Again by Newton's experimental law  

cos ( cos 0)u V e u           (2) 

By adding the equations (1) and (2)  

2 cos (1 ) cosu e u            (3) 

Now since the velocity of the sphere A perpendicular to AB remains the same, 

we have 

 sin sinu u             (4) 

By dividing the equations (3) and (4) therefore 

1tan 2 tan 2 tanOr tan1 tan tan
2 1 1 1e e e

 

Example 

A sphere A, impinges obliquely on another sphere B at rest. If the direction of 

ball A after impact is perpendicular to the direction of ball B and the balls are 

perfectly elastic. Prove that the masses of the spheres are equivalent. 

Solution 

 

 

Let m  be the mass of the sphere B and hence its motion after impact will be 

along the line of impact and suppose its velocity will be V . Since the 

directions after impact make right angle, that is the velocity of the sphere A 

will be perpendicular to the line of impact. Let the sphere has a mass m  and 

velocity u  with an angle of   before the impact and has velocity u  after 

impact  (perpendicular to the line of impact). According to the principle of 

constant of momentum along the line of impact we have 
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cos90 cos 0 cosmu m V mu m V mu   (1) 

According to Newton's experimental law 
cos90 ( cos 0) cos ( 1)u V e u V u e       (2) 

Substituting Equation (1) into Equation (2) we have  m m  

Example 

A smooth sphere A moving with speed u, collides with an identical smooth 

sphere B which is moving in a perpendicular direction with the same speed u 

The line of centers at the instant of impact is perpendicular to the direction of 

motion of sphere B.  If the coefficient of restitution between the spheres is 

e . Prove that 
1

tan
2

e
, where  is the angle through which sphere 

B is turned as a result of the impact. 

Solution 

Let ,V u  be the velocities of the spheres after impact. From the figure and 

according to the principle of the momentum along the line of impact, we have, 

cos cos90 cosmV mu mu mu V u u   (1) 

Again from Newton's experimental law 

( cos ) ( cos90) cosV u e u u V u eu       (2) 

Subtracting Equations (1) and (2) 

2 cos (1 )u e u             (3) 

Since the resolved parts of velocities of the two spheres in the direction 

perpendicular to the line of impact remain unaltered. 

sinu u              (4) 

Now by dividing the equations (3) and (4)    

2an
1

t
e
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In order to determine the deviates of the velocity at an angle say  where 

2
 therefore  

1

1tan tan cot
2 2

1 1tan Or tan
2 2

e

e e
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PROBLEMS 
 A smooth sphere A of mass 5 kg is moving on a smooth horizontal surface 

with velocity (2i+3j) m s1. Another smooth sphere B of mass 3 kg and the 

same radius as A is moving on the same surface with velocity (4i-2j) m s1. The 

spheres collide when their line of centres is parallel to j. The coeffi cient of 

restitution between the spheres is 3/5. Find the velocities of both spheres after 

the impact. 

 A smooth sphere P, of mass 5 kg, moving with a speed of 

2 m/s collides directly with a smooth sphere Q, of mass 3 kg, 

moving in the opposite direction with a speed of u m/s on a 

smooth horizontal table. The coefficient of restitution for the 

collision is 0.5. As a result of the collision, sphere P is 

brought to rest. 

(i) Find the value of u.   

(ii) Find the speed of Q after the collision. 

 An imperfectly elastic sphere whose elasticity is equal to tan 30 impinges 

upon a plane with a velocity such that the velocity after impact equals the 

velocity before impact  sin 45. Calculate the angles of incidence and 

reflection. 

 If the masses of two balls be as 2:1 and their respective velocities before 

impact be as 1 : 2 in opposite directions. Evaluate the co-efficient of restitution, 

each ball moves back, after impact, with 5 / 6  of its original velocity. 

 sphere impinges directly on an equal sphere at rest; if the coefficient of 

restitution is e show that their velocities after the impact are as 
1
1
e

e
. 

 Two bodies A and B whose elasticity is e, moving in opposite directions 

with velocities a and b, impinge directly upon each other ; determine their 

distance at time t after impact. 

3   5   

2 m sec-1 u m sec-1 
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 Two equal balls moving with equal speeds impinge, their directions bring 

inclined at 30 and 60 to the line of centers at the time of impact; show that if 

1e , the balls move in parallel directions after the impact, inclined at 45 to 

the line of centers 

 body of moss M moving with a velocityv  collides with another of mass m 

which rests on a table. Both are perfectly elastic and smooth and the body m is 

driven in a direction making an angle  with the previous line of motion of the 

body M, show that its velocity is 
2 cosM v
M m

 

Two equal smooth spheres moving along parallel lines in opposite directions 

with velocities u and v. collide with the line of centers at an angle  with their 

direction of motion. If after impact their lines of motion are at right angles to 

one another, show that 
2

2 2
2

2( )
si cn

( )
os

u v

u v
e  

 Two smooth disks A and E, having a 

mass of 1 kg and 2 kg, respectively, 

collide with the velocities shown in the 

Figure. If the coefficient of restitution for 

the disks is e = 0.75, determine the x and 

y components of the final velocity of 

each disk just after collision. 

 Determine the coefficient of restitution e between ball A and ball B. The 

velocities of A and B before and after the collision are shown 

 

 



 

ORBITAL MOTION 
 

e have already illustrated the motion of a particle in a plane 

by writing down its equations of motion either in the 

directions of two fixed co-ordinate axes or in the direction of the tangent and 

normal to the path described by the particle. However a large number of 

dynamical problems, where a particle moves under a central force, are readily 

solved, as already pointed out, by writing the equations of motion in the 

direction of the radius vector and in a direction perpendicular to it. These 

equations are of the form (using polar coordinates) 

22

2r
d r dF m r

dtdt
 

and     
2

2

2

12d dr d d dF m r m r
dt dt r dt dtdt

 

where m  is the mass of the particle and rF  and F  denote the sums of the 

components of the forces in the radial and transverse directions 

Now, if a particle is moving only under the influence of a force having a line of 

action which is always directed toward a fixed point called the centre of force, 

the motion is called central-force motion. The path described by the particle is 

called a central orbit. This type of motion is commonly caused by electrostatic 

and gravitational forces. The position of the particle at any instant is defined by 

the polar co-ordinates r  and  referred to the centre of force O  as the origin 

and any fixed line OX through O as the initial line.  

 

W 

ORBITAL MOTION 
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 Definitions: 

Central force. A force whose line of action always passes through a fixed 

point, is called a central force. The fixed point is known as the center of force 

Central orbit. A central orbit is the path described by a particle moving under 

the action of a central force. The motion of a planet about the sun is an 

important example of a central orbit. 

 Theorem. A central orbit is always a plane curve. 

Proof.  

Take the center of force O as the origin of vectors. Let P be the position of a 

particle moving in a central orbit at any time t  and let OP r .Then is the 

expression for the acceleration vector of the particle at the point P. Since the 

particle moves under the action of a central force with center at O , therefore 

the only force acting on the particle at P is along the line OP or PO. So the 

acceleration vector of P is parallel to the vector OP  

2

2

d r

dt
  is parallel to r  

2

2
0

0 0

d r r
dt

d dr dr drr
dt dt dt dt

 

Integration we have  Constvector (say) ....(1)dr r h
dt

 

Taking dot product of both sides of Eq. (1) with the vectorr , we get 

drr r r h
dt

 

But the left hand member is a scalar triple product involving two equal vectors, 

and so it vanishes 

0r h  
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Which shows that r  is always perpendicular to a constant vectorh . Thus the 

radius vector OP  is always perpendicular to a fixed direction and hence lies in 

a plane. Therefore the path of P is a plane curve 

 Differential Equation of Orbital Path 

In order to find the differential equation of the path of a particle moving in a 

plane under a force which is directed to a fixed centre, we will consider the 

particle P shown in Fig. 1, which has a mass m and is acted upon only by the 

central forceF . The free-body diagram for the particle is shown in Fig. 2. 

Using polar coordinates ( , )r the equations of motion are  

  

 

 

 

 

 

Fig. 1     Fig. 2 

22

2
, ....(1)r r

d r dF ma F m r
dtdt

 

2

2
, 0 2 ....(2)d dr dF ma m r

dt dtdt
 

The Equation (2) may be re-written in the form 

21 0d dr
r dt dt

 

so that integrating yields 

2 ....(3)dr h
dt

 

Here h  represents the constant of integration. 
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To obtain the path of motion, ( )r f , the independent variable t  must be 

eliminated from Equations (1) and (2). Using the chain rule of calculus and 

Equation (3), the time derivatives of Equations (1) and (2) may be replaced by 

2

r rdr d d h d

dt d dt dr
 

2

2 2

2

2 2

d r d h d

dt ddt r
d h d d

d d dtr
h d h d

d d

r

r

r

r

r

 

 

Substituting a new dependent variable 1r u  into the Equation (2), we have 

dr d du d duh
dt du d

r

dt d  

2 2
2 2

2 2
....(4)d r d uh u

dt d
 

As well as, the square of Equation (3) becomes  

2
2

4 ...(5)d h u
dt

 

Substituting these two Equations (4) and (5) into Equation (1) yields 

2
2 2 2 3

2

d u Fh u h u
md

 

Or 
2

2 2

2
.....(6)d uF mh u u

d
  

This differential equation defines the path over which the particle travels when 

it is subjected to the central force d . Equation (6) is important for the solution 

of two problems: 

(i) Given the orbit, to determine the law of central force. 

(ii) Given the law of central force, to determine the orbit. 
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 Velocity Law 

Since, ,r
dr v d

t
v

dtd
r  then 2 2,r

du h
d

v h v u  

Therefore, the velocity law describes as 
2

2 2 2 ......(7)duv h u
d

 

which gives the velocity when the path is known. 

 Areal Velocity 

When a particle moves along a plane curve, the 

rate of change of the area traced out by the radius 

vector joining the particle to a fixed point is 

called the areal velocity of the particle. Let the 

particle moves along the curve APQ and let it 

describes the arc PQ s  in time t .     

Let ( ),r  be the co-ordinates of P and ( , )r r  be those of Q, therefore 

the areal velocity A  at P is given by 

0 0
2

2

0 0

2 2

( )sin1lim lim
2
1 sin 1lim lim
2 2

1 1
2 2 2

t t

t t

h

r r rOdAA
dt t t

r r
t t

hr r
d

P

d

t

Q

 (7) 

From Fig. 3 notice that the shaded area described by the radiusr , as r  moves 

through an angle . In other words, the particle will sweep out equal 

segments of area per unit of time as it travels along the path. 

 Apse and Apsidal Distance 

An apse is a point on central orbit at which the radius vector drawn from the 

center of a force is a maximum or minimum. The length of the radius vector at 

such a point is known as the apsidal distance. The analytical condition for a 

maximum or minimum value of the length of the radius vector is that /du d
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shall vanish and that the first differential co-efficient which does not vanish 

shall be of an even order. 

Now if  be the angle between the radius vector and the tangent to the curve, 

then by the Calculus, 

tan Or cotd duu u
du d

 

so that when    0
2

du

d
 

Hence the tangent at an apse is perpendicular to the radius vector. In the case of 

a planet moving round the sun in an ellipse, the ends of the major axis are the 

two apses, the one nearer to the sun is called, perihelion and the further one is 

called aphelion. 

 Conservation of Angular Momentum 

The angular of momentum about the center of O  

represents by the moment of linear momentum about O  

– remember that ( , )v r r - 

2( ) cons a t(0) t n
h

r mrmr mr mh  

That is the angular of momentum about O  remains constant during the motion, 

this called the principle of Conservation of Momentum 

 

 Planetary Motion (Three Kepler’s Laws)  

The laws according to which planets move round the sun are stated as follows: 

(i) The orbit of a planet round the sun is an ellipse, in one focus of which the 

center of the sun is situated. 

(ii) The radius vector, drawn from the center of the sun to the planet describes 

equal areas in equal times. 

(iii) The square of the periodic times of the various planets are proportional 
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to the cubes of the semi-major axes of their orbits. 

These three laws were discovered by Kepler (1571-1630) and were deduced by 

him entirely from observations of the movements of the planets without any 

reference to the nature of the forces which control these movements. 

For application, the force of gravitational 

attraction will be considered. Some common 

examples of central-force systems which depend 

on gravitation include the motion of the moon 

and artificial satellites about the earth, and the 

motion of the planets about the sun. As a typical 

problem in space mechanics, consider the 

trajectory of a space satellite or space vehicle launched into free-flight orbit 

with an initial velocity  V0 , see the figure.  It will be assumed that this velocity 

is initially parallel to the tangent at the surface of the earth, as shown in the 

figure. Just after the satellite is released into free flight, the only force acting on 

it is the gravitational force of the earth. (Gravitational attractions involving 

other bodies such as the moon or sun will be neglected, since for orbits close to 

the earth their effect is small in comparison with the earth's gravitation.) 

According to Newton's law of gravitation, force F will always act between the 

mass centers of the earth and the satellite, Figure 3. From Equation 1, this force 

of attraction has a magnitude of 

2

eMF G
m

r
 

where eM  and m  represent the mass of the earth and the satellite, 

respectively, G is the gravitational constant, and  r  is the distance between the 

mass centers. To obtain the orbital path, we set 1r u  in the foregoing 

equation and substitute the result into Equation 6. We get 

2

2 2

eGMd u u
d h
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This second-order differential equation has constant coefficients and is 

nonhomogeneous. The solution is the sum of the complementary and particular 

solutions given by 

2

1 cos( ) e

r

G
C

h
u

M
 

This equation represents the free-flight trajectory of the satellite. It is the 

equation of a conic section expressed in terms of polar coordinates. 

The type of path traveled by the satellite is 

determined from the value of the 

eccentricity of the conic section as 

2

e

Che
GM

 

0e  free-flight trajectory is a circle,  

1e  free-flight trajectory is a parabola 

1e  free-flight trajectory is an ellipse 

1e  free-flight trajectory is a hyperbola 
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 Illustrative Examples  

Example 

A particle describes the path tanr a  under a force to the origin. Find its 

acceleration and velocity in terms of r . 

Solution 

Since, tanr a  and let us consider 1r
u

 then cotau  

By differentiation with respect to   

2 2 2 2csc 1 cot 1dua a u
d

 

Again 

2
2 2 2

2
2csc cot 2 1d ua au a u

d
 

2 2 2 2

2
2 2

2

2 2
2 2 2 3

2 2

32 2 31 3a u a

d uF mh u u
d

h aF mh u u u mh u
r r

u
 

Also to get the velocity law 

22 22
2 2 2 2 2 2

2

1 a uduv h u v h u
d a

 

2
2 4 2 2 4

2 4
3hv a a r r

a r
 

 

Example 

Determine the law of force in the following orbits, the pole being the centre of 

attraction  

2 2

2

(i) co

(i

s 2

i) a

a

r
b

r
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Solution 

 (i) Due to 2 2 cos2r a  and let us choose 1r u  therefore 2

2

1 cos2a
u

 

Now differentiate with respect to   

2
3

1 2du

du

2 2 3sin 2 sin 2dua a u
d

 

Again 

2

2 3

2
2 3 2 2 3 2 2 2

2
1/

sin2

2 cos2 3 sin 2 2 cos2 3 sin 2
u

a u

d u du dua u a u u a a u
d dd

 

2
4 5 2 4 5 2

2

4 5 4 5 2

4 5 4 5

2 3 sin 2 2 3 1 cos 2

2 3 3 cos 2

2 3 3 3

d u u a u u a u
d

u a u a u

u a u u a u u

 

2
4 5

2
3d u u a u

d
 

2
2 2

2

4 2
2 2 44 2 7

7

53 33

d uF mh u u
d

ma hF mh u ma h u
r

a u

 

(ii) In the similar manner, we have  
2

ar
b

 assume that 1r u  hence 

2 2

2

22

1 21

2

du

d

a a

u b u

du u
d a

b

2

1

u

2 2du

a d a

  

Now differentiate again with respect to variable   

2

2

2d u

ad
 

2

2

2d u u u
ad
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2
2 2

2

2
2 2

3

2 2 1

d uF mh u u
d

mhF mh u u r
a ar

 

Example 

If a particle describes the cardioid (1 cos )r a  under a force to the pole, 

show that the force is proportional to the inverse fourth power of the distance. 

If P be the force at the apse ( ) and V  represents the velocity, prove that

23 4V aP . 

Solution 

Since we have (1 cos )r a  and let us choose 1r u  therefore 

1 (1 c s )oa
u

 

Now differentiate with respect to   

2

2

1 sin sindu dua au
d du

 

Once again 

2
2 2 3 2 2

2
2 sin cos 2 sin cosd u duau au a u au
dd

 

2
2 2 2 2

2
cos 2 sin cos 2 1 cosd u au au au au

d
 

2
2 2

2

2

1/
2

2 2

1/
2

cos 2 1 cos

cos 2 1 cos (1 cos )

cos 2(1 cos )

( 2 cos ) ( 3 1 cos )

3

u

au

d u au au
d

au ua

au

au au

au u
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2
2

2
3d u u au

d
 

2
2 2

2

2
2 2 2 4

4

23 33

d uF mh u u
d

mahF mh u m h
r

au a u

 

At apse we have  

20 Or 0 sin 0 sin 0dur au
d

 

2 ( ) 2 Note (1 cos ) 2
V

h r r r aV r a a  

But we derived the law of force 

22
2

4 4

3 (2 )3 3 4
(2 )

ma aVmahF F P mV aP
r a

 

Example 

Show that the curve cosn nr a n  can be described under a force to the pole 

varying inversely as 2 3n  power of the distance 

Solution 

Since, cosn nr a n  and let us take 1r u  thus
1 cosn

n
a n

u
 

Now differentiate with respect to   

n
1

1
n

du n
du

1sin sinn n ndua n a u n
d

 

Once again 

1

2
1

2

1

1/
sin

cos ( 1) sin

cos ( 1) sin
n

n n

n n n n

n n n n

u
a u n

d u duna u n n a u n
dd
dunu a n n a u n
d
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2

2
2 2 1 2 2 2 1 2

2

2 2 1 2 1 2 2

1/

( 1) sin ( 1) (1 cos )

( 1) ( 1) cos
n

n n n n

n n n n

u

d u nu n a u n nu n a u n
d

nu n a u n u a n
 

2
2 2 1 2 2 1

2
( 1) ( 1) ( 1)n n n nd u nu n a u n u n a u u

d
 

2
2 2 1

2
( 1) n nd u u n a u

d
 

2
2 2

2

2 2
2 2 2 12 2 2 2 3

2 3
( 1) 3( 1)n n

n
n n

n

d uF mh u u
d

ma hF mh u n ma h un a u
r

 

Example 

A particle moves under the action of a force to a fixed point varying inversely 

as the square of the distance r. Prove that the orbit is a conic section with one 

focus at the center of force. 

Solution 

Since, 2

2
F u

r
 then 

2 2

2 2 2 2

2

2 2 2
( )F d u d uu u

mh u d d mh u m

u

h
 

2

2d u u
d

 

This is a differential equation which its general solution is 

(1 cos( )1 )u
r

 

Where  and represent the constants of integration. 

 

Example 

A particle with mass 1grmoves under an attractive force varies inversely as 3r  

where the force equals 1 Dyne  when 1 cmr .  Find the path equation if 
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0  when 2 cmr  and velocity 11
cm sec
2

 with direction makes an angle 

of 
4

 with constant line. 

Solution 

Since the attractive force varies inversely as cub of  r , i.e. 
3

F
r

 where  

is constant of proportional which can be evaluated from the condition 1F  

when 1r  then 1 , therefore 
3

1
F

r
 and the path differential  

equation is 

3

2

2 2 2
2 2 2

2 2 2

1Or 1 0d u d u d uh u u u h u u u
d d d h

 (1) 

The constant h  can be obtained from the principle of conservation of angular 

momentum about the attractive point and then 

1 1(2sin )
2 4 2

h  

Substituting in differential equation (1) we obtain 

2

2
0d u u

d
 

0 Or 0du d du du duu d udu
d du d d d

 

Then by integration 

1

2
2du u c

d
       (2) 

Where 1c  is constant of integration and to determine 1c  we have to evaluate 

du

d
 as 2r  which can be evaluated from velocity law 

2 2
2 2 2 21

2
v

du du
h u u

d d
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Since 
1

2
v  when  

1

2
u  then 

2 2

2

1 1 1 1

4 2 4 4
r

du du

d d
 

That is as 
1

2
u  we have 

2
1

4

du

d
 therefore, the value of integration 

constant 1 0c  and from equation (2) 

2
2 Ordu du duu u d

d d u
 

Then by integration we have  

2ln cu  

Now from the initial condition 
1

2
u  as 0  we get  2

1
ln Or
2

c  

2 ln 2c  and then  

ln2 ln lnl 2 Or 2n r ru e  

Which gives the path equation. 

 
Example 

If the ratio between the maximum value of angular velocity of a planet and the 

minimum value is 2 . Prove that eccentricity of the planet trajectory is 
1

1
. 

Solution 

According Kepler’s law the planet moves around the sun in an ellipse path, in 

one focus of which the center of the sun is situated, where 

2
2r

r
h

h  
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It’s clear that the angular velocity  varies inversely as the square of distance 

of the sun r , therefore the greatest angular velocity occurs as r  be smallest 

say 1r r  where 1r OA a ae  and again the lowest angular velocity 

occurs as 2r r  where 2r OB a ae  

2
2 2

2
1
2

2

(1 )

(1 )

A

B

r

r

e

e

 

1 1
Or

1 1

e
e

e
 

Example 

If a particle moves under the effect of a detractive central force to outside such 

that its path equation is ( )r . Prove that the force law is given by  

2 2 3

5 3

(2 )mh r r

r
 

where '  indicates differentiations with respect to r . 

Solution 

The law of detractive force is given by  

2
2 2

2

d uF mh u u
d

 

from the path equation  is a function of r  let  as usual 
1r
u

 hence 

2

2

1( ) d d drr
du dr du u

du u

d

 

Once time differentiate we have 
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2 2

2

2
22

2 2

2

2

3 2

3

12

2

2

d u d u du

du dd

u u
du du
d dr

u u

u u

 

3 2
2 2

3

2 3
2

5 3

2 1

2

u uF mh u u u
r

r rmh
r

 

Example 

Prove that the areal velocity in Cartesian coordinate is 
1( )
2
xy yx . 

Solution 

Since the relation between Cartesian ( , )x y
 
and Polar ( , )r  coordinates are 

2 2 2tan ,
y

r x y
x

 

And the areal velocity is given by 21 1
2 2

A h r  

Then differentiating  

2

2

2

2

tan sec

cos

y yx xy

x x
yx xy

x

 

 but 
2

2

2 2
cos x

x y
 

2
2 2 2

2 2 2

1 1( )
2 2

1
2

yx xy xA r x y
x x y

yx xy
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PROBLEMS 
 

 A particle is attracted to a point by a central force, and it is observed that the 

orbit of the particle is the spiral r e . Determine the force that is acting. 

 

 

 

 

 

 

 

 

 A particle moving under the influence of a central force, describes a circle 

through the center of the force. Prove that the force is attractive and inversely 

proportional to the fifth power of the distance  

[Hint. Equation of the circle is 2 cosr a ]. 
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 If in a central orbit under the force ( 3 2 2(3 2 )u a u ), a particle be projected 

at a distance a with a velocity 5 / a  in a direction making 1 1tan
2

 with the 

radius, show that the equation to the path is cot
4

r a . 

 

 

 

 

 

 Show that the curve 
1 cos

r  can be described under a force to the 

pole varying inversely as 2  power of the distance. 


