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1-Sets: 

Def. A collection of well-defined objects is called  a set. 

We used capital letters A,B,C,…to denote a set and small letters a,b,c,… 

to denote the elements of a set. The symbol Aa  means “a is an element 

of the set A” and Aa  means “a is not an element of the set A ” . 

 Set Formulation: 

(1) The Tabulation Method: 

   We indicate a set by listing all its elements and enclosing them within 

braces. For example, 

 

,....}.2,1,0{

}.,,,{

}.5,4,3,2,1{







Z

dcbaB

A

 

(2) The Rule Method: 

   We state the characteristic property by which we can determine whether 

or not a given object is an element of the set. We write }:{ phasxxA  

to say that “ A  is the set of all elements x  for which a certain property p  

holds “. For example, 

}.065:{ 2  xxofsolutionaisxxA  

xxB :{  is an integer }.100, 2 x   

}.101,:{  xnumberprimeisxxX  

   A set A  is called a subset of a set B  if every element of A  is an 

element of B . 

Symbolically we write BA   to say that A  is a subset of B . 

   A  is called  proper subset of B  and is denoted by BA  if there exists 

in B  at least an element which is not an element of A . 

A subset which is not proper is said to be improper subset. 

Examples: 

1- If B  be the set of all English alphabets , and A  the set of all vowels , 

then BA . 

2- If ,...},...,2,1,0{ nZ  and ,...},...,3,2,1{ nN  , then ZN  . 

   Two sets A  and B  are said to be equal iff every element of A  is an 

element of B  and vice versa, i.e., ABBABA   . 
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Remark: The signs ”  ,,,:  “ are used to denote “ such that , and , 

or , iff “ . 

Examples: 

1- If }5,4,3,2,1{A  and }5,1,3,4,2{B , then BA . 

2- If }10,9,8,7,6,5,4,3,2,1{A  and  

},,,,,,,,,{ XIXVIIIVIIVIVIVIIIIIIB  , then BA . 

3- If A  is the set of letters in the word “ calculate “ and 

},,,,,{ etulacB  , then BA . 

A set consisting of only one element is said to be singleton set . 

A set which contains no elements is called an empty (or null or void) set. 

It is generally denoted by  . 

A set which contains all element is said to be universal set ,It is generally 

denoted by U . 

   Given a set B  and a subset A  of B  , we call the set of all elements of 

B  which are not elements of A  the complement of A  in B  and denoted 

by A  (or CA or AB ), i.e. },:{ AxBxxA  .  

   Given two sets A  and B , we define their intersection BA  as the set 

of all elements which are common to both A  and B . We say that A  and 

B  are disjoint if BA . We also define the union of A  and 

B ,denote BA  as the set of all elements which belong to at least one of 

the two sets A  and B . The union of two disjoint sets A  and B is denoted 

by BA  and is called the sum of A  and B .  

Sometimes, a diagrammatical representation of sets helps in 

understanding relationships between different sets. This is done by what 

is known as Venn’s diagram. It is a diagram in which members of a set 

are represented by the points of a plane enclosed by a curve drawn in the 

plane.   

Examples: 

1- If ,...}4,2,0{ A and ,...}3,1,0{ B ,  

then }0{BA is a singleton set. 

2- If },4:{ 2 oddisxxxA  , then A . 

3- If ,...}3,2,1{N , ,...}12,...,5,3,1{  nA , and ,...}2,...,6,4,2{ nB  ,  

then BA  and NBABA  . 

4- The set consisting of all students of a university forms a universal set, 

whereas students of different faculties form subsets of this universal set. 
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5- If B  is the set of all natural numbers ,...3,2,1  and A  is the set of all 

even natural numbers, then A  is the set of all odd natural numbers. 

   The following properties of   and   for arbitrary sets CBA ,,   

are satisfied: 

(1) ABBAABBA  ,               (commutative law). 

(2) )()(,)()( CBACBACBACBA   

                                                     (associative law). 

(3) )()()(,)()()( CABACBACABACBA   

                                                     (distributive law). 

(4) AAAAAA  ,                           (idempotent law). 

(5) AAAUA  ,                           (identity law). 

(6) BABABABA  )(,)(      (De Morgan's law). 

(7) AA )(                                             (involution law). 

   Given X  a set , then the set )(XP  of all subsets of X is called  

a power set of X . 

The collection of all mutually disjoint subsets of a set X whose union  

is the whole set X is called a partition of a set X .    

The number of elements in a set X is called the order of the set X , and 

denoted by )(XO . 

   Given two sets A  and B  we define the Cartesian product BA of A  

and B  to be the set of all ordered pairs ),( ba  of elements Aa  and 

Bb , i.e. }:),{( BbAabaBA  . 

By definition, two ordered pairs ),( ba and ),( dc are equal iff ca   and 

db  . When RBA   the set of all real numbers, then 
2RRRBA  represent the real plane. 

Examples: 

1- If }3,2,1{X  then }},3,2{},3,1{},2,1{},3{},2{},1{,{)( XXP  . 

2- If },{,}3,2,1{ baBA   then: 

)},3(),,2(),,1(),,3(),,2(),,1{( bbbaaaBA  . 

3- A set ...}},6,5{},4,3{},2,1{{ form a partition of a set of all natural 

numbers N , also a set ,...}}9,6,3{,...},8,5,2{,...},7,4,1{{ , 

but a set ...}},4,3{},3,2{},2,1{{ is not a partition of N  (verify that?). 
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Exercises:  

1- Give some examples of collections which is not considered Set 

    ( by its mathematical Meaning)?. 

2- Give an example for: 

(1) A set contains two elements.           

(2) A set contains only one element.     

(3) An empty set.                                   

(4) An infinite set.                                  

3- By using the Tabulation Method. Represent each of the following 

sets: 

(1)  X={ x: x  is a factor of 6 }.                        

(2)  Y={ y: y  is a solution of  y2=0 }.              

(3)  A={ a: aZ+, a is odd number,1a10}.       

(4)  B={ b: b prime number,1b12}.              

(5)  S = { x : x is a multiple of 3 }.               

4- By using  the Rule Method. Represent each of the following sets: 

(1)  S={ a, e, i, o, u }.  

(2)  S={10, 100, 1000, 10000, ...}.  

(3)  S={ 1, 1/2, 1/3, 1/4, ...}.   

5- By using  the Algebraic Symbols. Rewrite the following expression: 

There exist only eight subsets of a set A={3,5,8,9} contains the 

element 8 . 

6- Let A={a,b,c}.Show that whether of the following is true,  

    and whether is false (Give reasons for your assertion):  

(1) {a}A               (2) {a,b} P(A)                 (3) {} P(A)   

(4) AP(A)             (5) {a,b} A                      (6) {a} P(A)   

(7) {d} P(A)         (8) {{b}} P(A)                  

7- For an arbitrary sets A,B,C. Verify that:  

     (1)  A(AcB) = AB     

     (2)  A(BA) = AB     

     (3)  A(BC) = (AB)(AC) 

(4)  A(BC) = (AB)(AC) 

(5)  (AA)(BC) = (AB)(AC)  
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2-Binary Relations: 

Def.1 A subset BA  is called a binary relation between a two sets 

BA, .And if ),( ba  we say that the element Aa  associates with the 

element Bb by a relation   and denoted ba . 

Remark: When AA  we say that   is a relation on a set A . 

Def.2: For a relation BA  we define two sets: 

BbaBbGAbaAaD   }:{,}:{  ,the set D  is called  

the domain of  , and the set G  is called the range of  . 

Def.3: If BA1 and CB2  we define a composite relation 

}),(),(;:),{( 2112  cbbaBbca . 

Examples: 

1- If   is a relation on a set }6,4,3,2{X defined by: 

    Xbababa  ,\),( . ( ba \  means a  divide b  ) 

)}6,6(),4,4(),6,3(),3,3(),6,2(),4,2(),2,2{(  ,   

XGD   }6,4,3,2{ . 

2- If   is a relation on a set }4,3,2,1{X defined by: 

    XbabaRba  ,),( . 

)}3,4(),2,4(),1,4(),2,3(),1,3(),1,2{(  , }3,2,1{,}4,3,2{   GD . 

3- If 21,  are two relations on a set }3,2,1{X ; 

   )}.1,3(),2,2(),2,1(),1,1{(,)}3,3(),1,3(),2,2(),1,2(),3,1(),1,1{( 21   

)}.3,3(),1,3(),1,2(),2,2(),2,1(),3,1(),1,1{(

)},1,2(),2,3(),1,3(),2,2(),2,1(),1,1{(

21

12








 

Def.4: A binary relation   on a set X is called an  equivalence relation  

if it satisfies the following conditions: 

(E1)  ),( aaXa                 (Reflexivity) 

(E2)  ),(),( abba            (Symmetry) 

(E3)  ),(),(),,( cacbba   (Transitivity) 

Examples: 

1- If   is a relation on a set of all natural numbers ,...}3,2,1{N defined 

by Nbababa  ,),(  

Then: (E1)  ),(; aaaaNa  

          (E2)  ),(),( ababbaba  

          (E3)  ),(,),(),,( cacacbbacbba  

So,   is an equivalence relation. 
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2- If   is a relation on a set of all integers ,...}2,1,0{ Z defined by: 

2,,,),( 


 nNnZbaZ
n

ba
ba  

Then: (E1) 


 ),(0; aaZ
n

aa
Za  

          (E2) 





 ),(),( abZ
n

ab
Z

n

ba
ba  

          (E3) Z
n

cb

n

ba
cbba 


 ,),(),,(  










 ),( caZ
n

ca

n

cb

n

ba
 

So,   is an equivalence relation. This relation is called the congruent 

modulo n  and denoted by )(mod nba  . 

Def.5: If   is an equivalence relation on a set X  we define the 

equivalence class of  an element Xa  to be a set 

}),(:{)(  baXbaC , the equivalence class of an element 

Xa may denoted by ][a  or a  . 

The set of all equivalence classes of the relation )(mod nba  is called 

the set of residue classes, and is denoted by }1...,,2,1,0{  nnZ  

(or by }1...,,2,1,0{  nZn ). 

The set of residue classes of the equivalence relation on a set X form  

a partition of a set X . 

Example: The equivalence classes of the relation )6(modba  is: 

,...}.17,11,5,1,7{...,)5(,...},16,10,4,2,8{...,)4(

,...},15,9,3,3,9{...,)3(,...},14,8,2,4,10{...,)2(

,...},13,7,1,5,11{...,)1(,...},12,6,0,6,12{...,)0(







CC

CC

CC

 

Proposition: The defining conditions (E1),(E2),(E3) of an equivalence 

relation   are logically equivalent to the following two conditions:   

(i) .aa      (ii) .accbba   

Proof: We prove (E1),(E2),(E3) (i),(ii): 

Let (E1),(E2),(E3) hold. Then (E1) is the same (i), and 

accacbba  i.e. (ii) hold. ( from (E3),(E2) ) 

Conversely, let (i),(ii) hold. Then (i) (E1) , abbbbaba   

i.e. (E2) hold. ( from (i),(ii) ) ,and 

caaccbba   i.e. (E3) hold. ( from (ii),(E2) ). 
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Exercises: 

1- Let }5,4,3,2,1,0{X . Define on X  a relation   by: 

.,
3

),( XbaZ
ba

ba 


 . 

Write   as a set of ordered pairs ,Verify that   is an equivalence 

relation, and characterize the equivalence classes. 

2- Let }3,2,1{X . Define on )(XP  a relation   by: 

)(,)()(),( XPBABOAOBA  . 

Prove that   is an equivalence relation, and characterize the equivalence 

classes. 

3- Let }0,,:),{(  bZbabaX . Define on X  a relation   by: 

Xbabaabbababa  ),(),,(),(),( 221121212211 . 

Prove that   is an equivalence relation, and characterize the equivalence 

classes. 

Solved Problem: Let   be an equivalence relation on a set S .  

Show that for all Sba , : 

        (i) )()( bCaaCb   

        (ii) )()()()( bCaCorbCaCeither    

Proof:  

        (i) }),(:{)(  xaSxbaCb  

 

).(

}),(:{

),(

),(

bCa

xbSxa

ab

ba









  

       (ii) Suppose  )()( bCaC , 

         

.)()(

).(

),(

),(),(

),(,),()(

.),(

),(),(

),(),(

)()()()(

QEDbCaC

bCy

yb

yaab

bayaaCylet

ba

bxxa

xbxa

bCxaCxbCaCxlet



















 

( i.e. Two equivalence classes are either disjoint or identical ). 
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3-Mappings: 

Def.1:  Given two non-empty sets BA, . A  relation (or rule) f which 

associates with each element Aa , a well-defined (or unique) element 

Bb  is called a  mapping (or function) from A  into B . 

It is denoted by BAf :  (or BA f ),the set A  is called the domain 

of f , the set B  is called the co-domain of f , and the set )(Af is called 

the range of f . 

 Types of mappings: 

Def.2:  A mapping BAf :  is called  onto (or surjective) if each 

element of the co-domain B  associates with element of the domain A  

(i.e., BAf )( ). 

Def.3:  A mapping BAf :  is called 1-1 (or injective) if Aaa  21, , 

2121 )()( aaafaf   . 

Def.4:  A mapping BAf :  is called 1-1 corresponding  

(or bijective) if it is both onto and 1-1. 

Def.5:  A mapping BAf :  is called  invertible  

(or has inverse map ABf  :1 ) if it is 1-1 corresponding. 

 Composition of mappings: 

Def.6:  Given two mappings DAfCDgBAf  )(;:,: . 

The composite mapping CAfg :  is defined by: 

Aaafgafg  ))(())((  . 

If CBgBAf  :,:  the composite mapping CAfg :  is always 

defined , and gf   is defined  only when ABg )( ,  

so it is not necessary fggf    . 

Examples: 

1- If RxxxfRRf  2)(;:  ( R  is the set of all real numbers), 

then the domain of f is R , also the co-domain of f  

is R , and the range of f  is 
R ( is the set of all non-negative real 

numbers ). 

2- If ZxxxfZZf  12)(;: , then the domain of f  is Z ,  

also the co-domain of f  is Z ,and the range of f  is the set of all odd 

numbers, and we determine the type of f  as follow: 
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(1) Z
y

xxyxfyZy 



2

1
12)(,   

     f  is not onto. 

(2) Zxx  21 , , 212121 1212)()( xxxxxfxf   

     f  is 1-1. 

3- If RxxxfRRf  32)(;: , then 

(1) R
y

xxyxfyRy 



2

3
32)(,  

     f  is onto. 

(2) Rxx  21, , 212121 3232)()( xxxxxfxf   

      f  is 1-1. 

From (1),(2) f  is 1-1 corresponding, so f  is invertible, and the inverse 

mapping is Rx
x

xfRRf 


 

2

3
)(;: 11 . 

4- If RxxxxgxxfRRgf  13)(,32)(;:, 2 , then: 

.1641)32(3)32()32())(())((

,1623)13(2)13())(())((

22

222





xxxxxgxfgxfg

xxxxxxfxgfxgf




 

Exercises: 

1- Given the following relations 4321 ,,,   on a set }4,3,2,1{A . 

Explain in each case why the relation is or not a mapping,  

(determine the type of a mapping): 

)}.2,3(),2,2(),4,1{(

)},1,4(),4,3(),2,1(),3,2{(

)},3,4(),1,3(),1,1(),4,2{(

)},1,3(),4,4(),3,4(),1,1(),4,2(),3,1{(

4

3

2

1









 

2- If NnnnfNNf  1)(;: . 

    (i) determine the domain, the co-domain, and the range of f . 

    (ii) Is f  onto (1-1)? 

3- Determine the type of each of the following mappings: 

    (i) ZxxxfZZf  12)(;:  

    (ii) RxxxxfRRf   1)(;: 2  

    (iii) .

.0

,0
1

)(;:

2

Rx

otherwise

xif
x

x

xfRRf 











  
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4- Determine each of the following mappings is invertible  

    (define the inverse mapping for the invertible mappings): 

    (i) NnnnfZNf   1)(;:  

    (ii) RxxxfRRf  32)(;:  

    (iii) .2)(;: ZxxxfZZf   

5- If RxxxgxxfRRgRRf  2)(,1)(;:,:  

    compute )4)((,)1)(( fggf     

Solved Problem: Let CBgBAf  :,:  two mappings 

prove that: 

(i) fg  is onto if each of f  and g  is onto. 

(ii) fg  is 1-1 if each of f  and g  is 1-1. 

Proof: (i) because each of f  and g  is onto, then 

             CBgBAf  )(,)( , 

             .)())(())(( CBgAfgAfg    

             i.e. fg  is onto. 

          (ii) because each of f  and g  is 1-1, then 

             
.,)()(

,,)()(

212121

212121

Bbbbbbgbg

Aaaaaafaf




 

          

.,

)()(

))(())(())(())((

2121

21

2121

Aaaaa

afaf

afgafgafgafg





 

 

          i.e. fg   is 1-1. 

 



    Abstract Algebra                                                 

______________________________________________ 

 

11 

4-Binary Operations: 

Def.1:  A mapping AAyxAzyxbAAAb  ),(),(;:  

is called a binary operation on a set A . 

We use symbols such as  etc...,,,#,,    for a binary operations. 

Def.2:  A binary operation   on a set A  is called associative if: 

Azyxzyxzyx  ,,)()( , and it is called commutative if: 

Ayxxyyx  , . 

Def.3:  If   is a binary operation on a set A , the element Ae  is called 

the identity element w.r.t.   if: Axxxeex  ,  

and the element Ay  is called the inverse of the element Ax w.r.t.   

if: exyyx  . 

Examples: 

1- If ,  defined on a set of all nature numbers N  by: 

    Nbabababaaba b  ,2, 22 . 

Then   is a binary operation on N , because Naba b   Nba  , , 

but   is not binary operation on N  because, 

NbaNbababa  ,2 22  (for example put 2,1  ba ). 

2- If   defined on a set of integers Z  by: 

    Zyxyxyx  ,3 . 

   (i) Is   binary operation on Z ? 

   (ii) Is   commutative? Is it associative? 

   (iii) Does   have an identity? Is exist an inverse w.r.t.  ? 

        (Give reasons for your answer). 

The Answer: 

   (i)   is binary operation on Z  because, 

      ZyxZyxyx  ,3  

  (ii) Zyxxyxyyxyx  ,33 , i.e.   commutative, 

        
.63)3()3()(

,63)3()3()(





zyxzyxzyxzyx

zyxzyxzyxzyx
 

       Zzyxzyxzyx  ,,)()( , i.e.   associative. 

  (iii) Let Zxxxeex   

       Zexxeex  333  

       i.e.   have an identity 3e , 

       let Zyxexyyx  ,  

      Zxyxyyx  6333  

      i.e.   an inverse of Zx is Zx6 w.r.t.   
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3- If   defined on a set }1{ RX  ; R  is the set of real numbers  by: 

    Xyxxyyxyx  , . 

   (i) Is   binary operation on X ? 

   (ii) Is   commutative? Is it associative? 

   (iii) Does   have an identity? Is exist an inverse w.r.t.  ? 

(Give reasons for your answer). 

 Representation by tables: 

If }1,0,1{X  we can represent the ordinary operations “  ” and “ ” on 

X  by the following tables: 

  

  -1 0 1    -1 0 1 

-1 -2 -1 0 -1 1 0 -1 

0 -1 0 1 0 0 0 0 

1 0 1 2 1 -1 0 1 

 

As it can be seen from the tables above: 

   If all elements in a table belongs to a set X , the operation is a binary 

operation on a set X , and if all elements in a table are symmetric around 

the diameter of the table , a binary operation is commutative. Otherwise it 

is not. 

So, “ ” is a commutative binary operation on X , but “ ” is not  binary 

operation on X . 

Remark: Only an operation defined on a finite set can be represented by 

table. 

Exercise: If   defined on a set }4,3,2,1,0{X  by: 

    .,
55)(

,5
Xyx

yxifyx

yxifyx
yx 








 . 

   (i)  Represent   by table. 

   (ii) Is   binary operation on X ? 

   (iii) Is   commutative? Is it associative? 

   (iv) Does   have an identity? Is exist an inverse w.r.t.  ? 

(Give reasons for your answer). 

 

w.r.t. means: with respect to 
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 Addition & Multiplication mod n: 

We define addition and multiplication on }1...,,2,1,0{  nZn  

( nZ is a set of all equivalence classes of the equivalence relation 

)(mod nba  ) as follows: 

ba n  is the remainder of 
n

ba 
    nZba  ,  , 

ba n  is the remainder of 
n

ba
    

nZba  ,  . 

Example: we represent the two operations 4  and 4  on }3,2,1,0{4 Z  

by the following tables:  

4 0 1 2 3  4 0 1 2 3 

0 0 1 2 3 0 0 0 0 0 

1 1 2 3 0 1 0 1 2 3 

2 2 3 0 1 2 0 2 0 2 

3 3 0 1 2 3 0 3 2 1 

Exercises: 

1- In each of the following   is the specified binary operation on the set 

Z of integers. 

Determine in each case whether the operation is commutative, whether is 

associative , whether there is an identity for the operation , and whether 

there is an inverse w.r.t. the operation? 

(i) bba   

(ii) abbaba   

(iii) baba 22   

(iv) 1 baba  

(v) ababa   

2- Let )(XP  be the power set of a set }2,1{X . 

(i) Is the binary operation   on )(XP  commutative? 

     Is it associative? Does it have an identity?. 

(ii) Answer the same questions for the binary operation   

     on )(XP . 

(iii) Answer the same questions for the binary operation   

      on )(XP  (where )(,)()( XPBABABABA  ). 
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5-Groups: 

Def.1: Let G  be non-empty set, and   binary operation on G . 

The couple  ,G is said to be a group if the following conditions are 

satisfied:  

(G1) GbaGba  ,                                (closure). 

(G2) Gcbacbacba  ,,)()(         (associative). 

(G3) GaaaeeaGe  ;            (existence of identity). 

(G4) eaaaaGaGa   111 ;   (existence of inverse). 

If only the condition (G1) is satisfied,  ,G is said to be groupoid , if 

only the two conditions (G1),(G2) are satisfied,  ,G is said to be semi-

group, and if only the three conditions (G1),(G2),(G3) are 

satisfied,  ,G is said to be monoid. 

Def.2: A group  ,G is said to be commutative (or abelian) if it satisfies 

the commutative law: Gbaabba  , . 

Def.3: By the order of a group  ,G we mean the number of its distinct 

elements, and denoted )(GO (or G ).  

A group  ,G is said to be finite if its order is finite, and is said to be 

infinite if its order is infinite. 

Remark: We write G  instead of  ,G when a binary operation   is 

the usual multiplication. 

Examples: 

1- Each of the following sets with the usual definition of addition of 

numbers is a group: 

Z  the set of all integers. 

Q  the set of all rational numbers. 

R  the set of all real numbers. 

C  the set of all complex numbers. 

2- Each of the following sets with the usual definition of multiplication of 

numbers is a group: 
Q  the set of all positive rational numbers. 
R  the set of all positive real numbers. 

}0{ QQ . 

}0{ RR . 

}0{ CC . 
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3-  nnZ , is abelian group ; }1...,,2,1,0{  nZn  is the set of residue 

classes, and n  the addition of residue classes. 

The identity of this group is the residue class 0  and the inverse of any 

class 10;  naa  is the class an . 

If 4n  we prove that  44 ,Z  is abelian group as follows: 

We represent  44 ,Z by the following table: 

4 0 1 2 3 

0 0 1 2 3 

1 1 2 3 0 

2 2 3 0 1 

3 3 0 1 2 

(G1) 4  is a binary operation on 4Z as it can be seen from the table above. 

(G2) Associative law holds in general for the two operations nn  ,    

on nZ . So 4 is associative on 4Z  . 

(G3) 0  is the identity as it can be seen from the table above. 

(G4)  

The element 0 1 2 3 

The inverse 0 3 2 1 

4  is commutative as it can be seen from the table above. 

  44 ,Z  is abelian group. 

4-  ,A is abelian group ; },3:{ ZnaaA n  , and   the usual 

multiplication of numbers. 

The identity of this group is 130  , and the inverse of any element n3   

is n3 .  

5-  ),(AM is a group ; )(AM  is the set of all 1-1 corresponding 

mappings from A  to A , and   the composition of mappings.  

The identity of this group is the identity mapping aaIAAI  )(;:  

Aa , and the inverse of any mapping )(AMf   is the mapping 

IffffAMf    111 ;)( . 

This group is not commutative, because in general fggf   . 
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Properties: Let  ,G  be a group. The following properties are 

satisfied: 

(1) The identity element e  is unique. For, if 21 ,ee  are two identities in 

 ,G , then 2121 eeee  . 

(2) The inverse element 1a is unique. For, if cb, are two inverses of a , 

then ccecabcabebbecaeab  )()(,, . 

(3) aa  11)( . For eaaaa   11 . 

(4) yxayaxyxyaxa  ,  (cancellation laws). 

Proof: For yxyaxa  . 

.

)()(

)()(

11

11

yx

yexe

yaaxaa

yaaxaayaxa













 

Similarly, for yxayax  . 

(5) The equations bxa  and bay  have unique solutions 

bax  1  and 1 aby  in  ,G . 

Proof: For the equation bxa  . 

...)()(... 11 SHRbbebaabaaxaSHL   , 

let 21 , xx  are two solutions of the equation bxa  , then 

bxabxa  21 , , 2121 xxxaxa   

i.e. the solution is unique. Similarly, for the equation bay  .  

Examples: The solution of the equation 32 x  in a group  44 ,Z  

is 1323232 44

1

4  xx ,  

and the solution of the equation 25 x  in a group  ,Z ;  

Z  the set of integers, Zbababa  ,3  

is 43)2(1)2(1)2()56()2(525 1  xx  

(Verify that?). 

(6) Gbaabba   ,)( 111 . 

Proof:  

.)(

))((

))(()()(

11

11

1111

eaaaea

abba

abbaabba













 

.,)( 111 Gbaabba    

Similarly, we can prove that ebaab   )()( 11 , 
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.,)( 111 Gbabaab    

(7) )(... timesnaaaan  , )(... 111 timesnaaaa n   , 

     mnmn aaa  , nmmn aa )( . 

Remark: In the additive group  ,G ,  

),(... timesnaaana  ),()(...)()( timesnaaana   

.)()(,)( anmmanmanaamn   

Exercises: 

1- Which of the following is group? Give reasons for your assertion. 

(i)  ,Z ; Z  the set of integers. 

(ii)  ,Z ; Z  the set of integers. 

(iii)  ,EZ ; EZ  the set of all even integers. 

(iv)  ,Z ; Z  the set of integers, 1 baba . 

(v)  ,R ; R  the set of all real numbers, 5 baba . 

(vi) }.1:
0

0
,

10

01
,

0

0
,

10

01
{;, 2 








































 i

i

i

i

i
AA  

(vii) }.
11

10
,

10

01
,

10

01
,

10

01
{;, 






































 AA  

(viii) }.1,,:
0

0
{;, 








 xyRyx

y

x
AA  

(ix) }.0,,:{;, 22 









 yxRyx

xy

yx
AA  

2- Let }1{ RX , Xbaabbaba  , .Verify that  ,X   

is abelian group, and determine the solution of the equation 53 x   

in this group. 

3- In a group  ,G  what is the element 111 )(   cba equal to? 

4- Show that a group  ,G  is commutative if Gxex 2 . 

5- Show that a group  ,G  is commutative if: 

Gyxyxyx   ,)( 111 . 

6- Show that a group  ,G of order 3  is abelian? . 

7- Show that a group G  is abelian iff Gbabaab  ,)( 222 . 

8- If G  is an abelian group, Prove that:  ZnGbabaab nnn ,,)(  

(Hint: use the mathematical induction).  
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6-Special types of groups: 
1- Group of Permutations: 

Def.1: A 1-1 mapping of a finite set },...,3,2,1{ nS   onto itself is said to 

be permutation of degree n . 

If   is a permutation of a set },...,3,2,1{ nS  , we write: 

.1;
)()(.....)3()2()1(

.....321
ni

i

i

n

n





















   

Example: If  ,,  are permutations of a set }4,3,2,1{S , 





























2143

4321
,

3214

4321
,

4123

4321
 . 

 ,,  can represented by: 

).42)(31(
2143

4321
,)2341(

3214

4321

),31()4)(2)(31(

1234

3214

2341

2143

3412

1432

4123

4321






























































Each of a representations )42)(31(,)2341(),31( is said to be a cycle 

representation of a permutation. 

The composition of the two permutations ,  is defined as follow: 

).32)(41(
1234

4321

3214

4321

4123

4321


























   , 

and the inverse of a permutation  is defined as follow: 

).4321(
1432

4321

4321

3214
1 

















 , 

and the permutation 









4321

4321
I is the identity. 

We say that there is an inversion in a permutation 











)(.....)3()2()1(

.....321

n

n


  , if for ji   we have: 

0
)()(






ji

ji 
 or, in other words, when a bigger number precedes a 

smaller number in  , and the total number of inversions in   is denoted 

by V . 
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Def.2: A permutation is called even (odd) permutation  if the number of 

its inversions is even (odd). 

Examples: 

1- The number of inversions in a permutation 









4123

4321
   

is 30012 V  (odd), so it is odd,  

the number of inversions in a permutation 









3214

4321
  

is 30003 V (odd), so it is also odd, and the number of 

inversions in a permutation 









2143

4321
  

is 40022 V (even), so it is even.  

2- A permutation: 

)6)(352)(7841(
71638254

87654321









  is odd; 

1300114133 V  (odd).  

Def.3: A set of all permutations of a finite set },...,3,2,1{ nS   with the 

operation of a composition form a group of order !n , it is called a group 

of permutations (or substitution) of degree n , and it is denoted by nP   

(or nS ). 

Example: A set 3S of all permutations of a finite set }3,2,1{S  with the 

operation of a composition form a group of order 6 , 

)}32(,)31(,)21(,)231(,)321(,{3 IS   

(Verify that? Hint: represent  ,3S by table). 

Remarks:  

(1) The identity permutation I  is an even permutation. 

(2) The composition of two even permutations is even permutation, 

also the composition of two odd permutations is even permutation, 

and the composition of two permutations one of them even and the 

other odd is odd permutation, 

(3) There are an equal number of even and odd permutations in a 

group nS . 
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Exercises: 

1- Given a permutations: 

.
613425

654321
,

563142

654321
,

265413

654321


























 

     (i) Write each of  ,,  by a cycle representation. 

     (ii) Compute 12 ,,    

2- Determine which of the following is even (odd) permutation: 

     (i) .
318527964

987654321








 

     (ii) ).2345()642()321(   

3- Verify that   ,3S ; 

3S  is the set of all even permutations of degree 3  

is an abelian group, but   ,3S ; 

3S is the set of all odd permutations of 

degree 3  is not a group?. 

4- Verify that  ,X ; 

4)}2341(,)42)(31(,)4321(,{ SIX   

 is an abelian group?. 

----------------------------------------------------------------------------------------- 

2- Cyclic Groups: 

Def.1: We say that G  is a cyclic group if it is generated by at least one  

of its elements , say Ga , i.e. naxZnGx  ;   

(or naxZnGx  ;  when G  is an additive group), and we denote 

 aG . 

Examples: 

1-  ,Z  is cyclic group generated by 1,1   .For, 

(G1) ZbaZba  , . 

(G2) Zcbacbacba  ,,)()( . 

(G3) ZaaaaZ  00;0 . 

(G4) 0)()(;  aaaaZaZa . 

 ,Z  is a group, 

...,2)1)(2(,2)1(2,1)1)(1(,1)1(1,0)1(0  and so on, 

...,2)1)(2(,2)1(2,1)1)(1(,1)1(1,0)1(0  and so on. 

 ,Z is cyclic group generated by 1,1   . 
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2- 1,},,1,1{;,  iiiGG  is cyclic group generated by ii ,  

For, the table of  ,G  is: 

 

  1 -1 i -i 

1 1 -1 i -i 

-1 -1 1 -i i 

i i -i -1 1 

-i -i i 1 -1 

 

(G1)   is a binary operation onG as it can be seen from the table above. 

(G2) Associative law holds in general for  . 

(G3) 1  is the identity. 

(G4)  

The element 1 -1 i -i 

The inverse 1 -1 -i i 

     

G  is a group, 

    1,,1, 4321  iiiiii   iG  

   1)(,)(,1)(,)( 4321  iiiiii   iG  

3-  33 ,Z  is cyclic group generated by 2,1  (verify that?). 

4-  77 },0{Z  is cyclic group generated by 5,3  (verify that?). 

5-  ,X ; 4)}2341(,)42)(31(,)4321(,{ SIX   

 is cyclic group generated by )2341(,)4321(  (verify that?). 

Remarks: 

(1) The generator of a cyclic group is not unique. For example, the  

    additive group  ,Z  is cyclic group generated by 1,1   . 

(2) Every cyclic group is abelian. 

    Proof: Let  aG  and let ZsragagGgg sr  ,,,;, 2121   

             1221 ggaaaaaagg rsrssrsr   . 

(3) When  aG  is of finite order, say n , then the distinct  

    elements of G are: eaaaaaae nn   ,...,,,,, 1320 . For,  

in this case, all powers of a  can not be different, so we must have:  

    khZkhaa kh  ,,; .If kh  then ea kh  . 

(4) When  aG  is of infinite order, then the elements of G are: 

    ...,...,,,, 210 naaaae  . 
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Def.2: By the order (or period) of an element a  of a group G ,  

we mean the least positive integer m such that eam  . 

The order of all elements in a group  ,},,1,1{ ii  is: 

The element 1 -1 i -i 

The order 1 2 4 4 

Theorem: Given  aG  a cyclic group of order n .An element ma  for 

nm 1  is a generator of G  iff 1),( nm . 

Proof:  

Let  maG . Then Zaa m   ;)( ,  

i.e. Zaaeeaaaa nnmm    ;)(011  

11  nmnm   

i.e. 1),( nm . 

Conversely, let 1),( nm . Then 1;,  nmZ  , 
 )()()()()()(1 mmmnmnmnm aeaeaaaaaaaa    

i.e.  maG . 

Example: A group },,,,,,,1{;, 7654328  GG  of 

order 8  is cyclic group; G , the other generators of this group are 
753 ,,  such that .1)8,7(,1)8,5(,1)8,3(   

Exercises: 

1- Give an example to prove or disprove the following statements: 

(i) Every abelian group is cyclic. 

(ii) If  aG  cyclic group. Then  1aG  . 

(iii) Every element of a cyclic group generates the group. 

2- Determine the order of all elements in a group  ,3S . 

    Is  ,3S  cyclic group?. 

3- Find the generators of the cyclic group  aG  of orders 10,7  

    and 21. 
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7-Subgroups:  

Def.1: A non-empty subset H  of a group G  is said to be a subgroup  

of G , if H  itself is a group w.r.t. the same binary operation in G .  

The fact that H  is a subgroup of G  will be denoted by GH  . 

Every group G  has two improper subgroups, namely, G  itself and }{e , 

and any subgroup other than G and }{e  is called proper sub- group. 

 Examples: 

1- The set EZ of all even integers forms a subgroup w.r.t. addition in the 

additive group Z of all integers. 

2- The set Q  of all rational numbers is a group w.r.t. addition, and the set 
Q of all positive rational numbers is a group w.r.t. multiplication. 

Although Q  is a subset of Q ; we can not consider Q as a subgroup of 

Q , since the binary operations in Q  and Q are different. 

3- If },{;,},1,1{;,},,,1,1{;, 2211 iiHHHHiiGG    

Then GH 1 , but 2H  is not subgroup of a group G , since  ,2H  is 

not a group. 

Theorem1: A non-empty subset H  of a group G  is a subgroup of G  iff 

the following two conditions are satisfied: 

(i) ., HabHba   

(ii) .1 HaHa    

Proof: Suppose the conditions (i) and (ii) hold in H . Then 

by (i) H  closed w.r.t. multiplication in G  i.e. (G1). 

The associative law holds in H , since it holds in G  i.e. (G2). 

Since H , let Ha , then by (ii) Ha 1  i.e. (G4).  

And by (i) we get Heaaaa   11  i.e. (G3).  

Thus H  is a group w.r.t. multiplication in G , i.e. GH  .  

The conditions are therefore sufficient. 

Conversely, let H  is a subgroup of G , the conditions (i),(ii) then follow 

from the group conditions in H . Hence the conditions are necessary. 
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Theorem2: A non-empty subset H  of a group G  is a subgroup of G  iff 

., 1 HabHba    

Proof: Let H  is a subgroup of G . Then: 

.,, 111 HabHbaHba    

Conversely, let ., 1 HabHba    Since H , let Ha , then 

HeaaHa  1  i.e.(G3) , HaeaHae   11,  i.e.(G4), 

HabbaHbaHba   111 )(,,  i.e.(G1) ,  

and the associative law holds in H , since it holds in G  i.e.(G2). 

Thus H  is a group w.r.t. multiplication in G , i.e. GH  . 

Theorem3: Let GHGH  21 , . Then GHH  21 , but is not 

necessary to be GHH  21 . 

Proof: 

         

.

,,,

21

21

1

2

1

1

1

2121

GHH

HHab

HabHab

HbaHbaHHba













 (From Theorem2) 

For, is not necessary to be GHH  21  we give an example: 

)}31(,{,)}21(,{ 21 IHIH   are two subgroups of a group of 

permutations 3S , but )}31(),21(,{21 IHH   is not group  

(verify that?). 

--------------------------------------------------------------------------------- 

 Lattice diagram of a sub-groups: 

Let 321 ,, HHH are proper subgroups of a group G ,and 3H  is  proper 

subgroup of a group 1H  and of a group 2H .  

Then we can represent the set of all subgroups 321 ,, HHH  and the two 

improper subgroups }{, eG  by the following lattice diagram: 

 

  

}{

3

21

e

H

HH

G
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Solved Problem: List all the subgroups of a group 3S  and represent it by 

lattice diagram. 

The Answer: The proper subgroups of 3S  are: 

)}32(,{,)}31(,{,)}21(,{,3 IIIS  , and the two improper subgroups of 
3S  

are: }{,3 IS . Thus the set of all subgroups of a group 
3S  is: 

}}{,,)}32(,{,)}31(,{,)}21(,{,{ 33 ISIIIS  and it represented  by the 

following lattice diagram: 

 

}{

)}32(,{)}31(,{)}21(,{3

3

I

IIIS

S



 

--------------------------------------------------------------------------------- 

 Decomposition of a group: 

Def.1: Let H  be a subgroup of a group G and Ga . 

The set }:{ HhahaH   is called a left coset of H  in G  generated  

by a . 

Similarly, the set }:{ HhhaHa  is called a right coset of H  in G  

generated by a . 

Examples: 

1- The left coset and the right coset of a subgroup }1,1{ H   

in a group  },,,1,1{ iiG generated by Gi  are: 

}.,{})1(,1{

,},{)}1(,1{

iiiiHi

iiiiiH




 

2- The left coset of a subgroup 

3S  in a group  ,3S generated by 

3)21( S  is: 

)}.31(),32(),21{(

)}231()21(),321()21(,)21{()21( 3



  IS
 

and the right coset of a subgroup 

3S  in a group  ,3S generated by 

3)321( S  is: 

}.),231(),321{(

)}321()231(),321()321(),321({)321(3

I

IS



 
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Proposition1: Every subgroup of an abelian group is abelian, but the 

converse is not true in general  

(e.g. 33 SS   , 

3S  is abelian but 
3S  is not abelian). 

Proposition2: If GH   then the identity element in H  is the same 

identity element in G  , and the inverse of an element in H  is the same 

inverse in G . 

Proposition3: Two left cosets of a subgroup H  in a group G  are either 

disjoint or identical. 

Proof: Suppose bHaH  and let 

HhhbhahcbHaHc jiji  ,; , 

Hhhhbhhbhhca kijkiji   111 ))((;))(()( , 

.)()( bHHhbHbhaH kk   

Lagrange's Theorem: Let H  be a subgroup of a finite group G . Then 

the order of H  is a factor of the order of G . 

Proof: Let G  be a finite group of order n  and H  be a subgroup of  G  of 

order m . Suppose HaHaHaeH l 121 ,...,,,  be the left cosets of a subgroup 

H  in a group G . Then mahahah ,...,, 21  are the distinct elements of aH , 

 

.

)().(...)()(

)(...)()()( 11

lmn

timeslHOHOHO

HaOHaOeHOGO l





 

 

Remark: The reverse of  Lagrange's Theorem is not true in general.  

For example 12)( 4 SO  ( 

4S  is the group of all even permutations of 

degree 4 ), but there is no subgroup of 

4S of order 6 . 

Def.2: The number of left (or right) cosets of H  in G  is called the index 

of H  in G . It is denoted by ):( HG  ( i.e. 
)(

)(
):(

HO

GO
HG   ). 

Corollary.1: A finite group of prime order has no proper subgroup. 

Corollary.2: The order of an element of a finite group is a factor of the 

order of the group. 

Corollary.3: Every finite group of prime order is cyclic. 

Corollary.4: The number of all subgroups of a finite cyclic group G  is 

equal to the number of a positive factors of the order of G .  

Example:  1212 ,Z  is a cyclic group (verify that?), 12)( 12 ZO , and 

the positive factors of 12  are 12,6,4,3,2,1  Thus the number of all 

subgroups of  1212 ,Z  is 6   

( It is  0,6,4,3,2,1  ) 
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Exercises:  

1- Verify that HbbHHHaaH  ,  , for )}21(,{IH  ,  

   3)31(,)21( Sba    

2- Determine all subgroups of a group  99 },6,3,0{ZG , 

    and represent it by lattice diagram. 

--------------------------------------------------------------------------------- 

 Normal subgroups, Simple groups, and Factor groups: 

Def.1: A subgroup H  of a group G  is called a normal subgroup  

(or invariant subgroup or self-conjugate subgroup) of G  if:  

GaHaaH  . 

i.e. if the left and right decompositions of G  w.r.t. H  are identical. 

The fact that H  is a normal subgroup of a group G  will be denoted by 

GH  

Def.2: An element 1aHa  where Ga and Hh  is called a conjugate 

of h  in G . 

The defining condition of a normal subgroup can be replaced by a weaker 

condition: 

GaHaHa 1 . 

Def.3: A group which has no proper normal subgroup is said to be  

simple group. 

Examples:  

1- A subgroup )}21(,{I is simple , but it is not  normal subgroup of  

a group 3S  (verify that?). 

2- A subgroup }1,1{ H  is simple , and it is normal subgroup of  

a group },,1,1{ iiG   w.r.t.   (verify that?). 

3- A subgroup 

3S  is a normal subgroup of a group 3S (verify that?) 

 Is it simple?. 

4-  44 ,Z is not simple group, also  ,Z  is not simple group 

 (verify that?).  
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Given a group G  and GH . Let   be the set of all cosets of H   

in G . We define in   a multiplication operation as follows: 

 HbHaabHHbHa ,)())(( . 

The associativity in   is assured by the associativity in G . 

The coset HHe  is the identity in  . 

Every coset Ha  in   has 1Ha  as its inverse. 

So, the set  of all cosets of H  in G forms a group w.r.t. the above 

definition of multiplication of cosets. It is called the  factor group  

(or the quotient group), and it is denoted by HG . 

Example: Let  aG  be a cyclic group of order 10 . 

To determine the factor groups of G  by Lagrange's theorem, if G  has 

any subgroups, then it would be of order 10,5,2,1  .  

Being cyclic, G  is abelian and so every subgroup of it is normal.  

The two improper subgroups are: 

}{,},,,,,,,,,{ 98765432 eEaaaaaaaaaeG  . 

The two proper subgroups are: 

},{ 5aeH  of order 2  and },,,,{ 8642 aaaaeK  of order 5  

Therefore, 

]}[],[],[],[],[],[],[],[],[],{[,]}{[ 98765432 aaaaaaaaaeEGGGG   

are factor groups of order 1  and 10  respectively. Also, 

]},[],,[],,[],,[],,{[},,,,{ 94837265432 aaaaaaaaaeHaHaHaaHHHG 

and ]},,,,[],,,,,{[},{ 97538642 aaaaaaaaaeaKKKG  .  
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8-Homomorphism and Isomorphism between groups: 

Def.1: A mapping 21: GGf   where  #,,, 21 GG two groups is 

said to be a homomorphism  if: 1,)()#()( Gbabfafbaf   . 

If 21 GG   f  is called an endomorphism, a 1-1 homomorphism is called 

monomorphism, and an onto homomorphism is called an epiomorphism . 

Examples: 

1- A mapping  ,,: XRf ; R  the set of all real numbers, 

}0{ RX , nnf 3)(   is a homomorphism. For: 

Rnmnfmfnmf nmnm   ,)()(333)( . 

2- A mapping  ,,: ZZf ; Z  the set of integers , 1)(  nnf  

is not homomorphism. For: Znmnfmfnmf  ,)()()(  

(verify that?). 

3- A mapping  ,,: AZf ; },,1,1{ iiA   , 








.1

,1
)(

oddnif

evennif
nf  is a  homomorphism. For: 

let Znm , , we have the following three cases: 

(1) If each of nm,  even number, then nm  is even, 

1)()(  nfmf , )()(111)( nfmfnmf  . 

(2) If each of nm,  odd number, then nm  is even, 

1)()(  nfmf , )()()1()1(1)( nfmfnmf  . 

(3) If one of nm,  even and the other odd, then nm  is odd, 

1)(,1)(1)(,1)(  nfmfnfmf , 

).()(1)1(1)(

),()()1(11)(

nfmfnmf

nfmfnmf




 

i.e. Znmnfmfnmf  ,)()()( . So, f is a homomorphism. 

4- A mapping  ,,: AZg ; Z  the set of integers , 

},,1,1{ iiA   , 


 


.1

,1
)(

oddnif

evennif
ng  is not homomorphism. For: 

Z4,2 , we have 1)4()2(  gg , 1)6()42(  gg , 

1)1()1()4()2(  gg  )4()2()42( ggg  . 

5- A mapping  443 ,,: ZSf  ;





.2

,0
)(

oddaif

evenaif
af

3Sa  

    is a homomorphism (verify that?). 
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Theorem1: Let  #,,: 21 GGf be a homomorphism, and let 21 ,ee  

are the identities in 21 ,GG  respectively. Then: 

21)()( eefi  . 

1

11 )]([)()( Gxxfxfii   . 

Proof: 

).()()#()#()()(

.)(,)(

12121

21

efeefxfexfexfxf

GxfGxleti




 

.)]([)(

)]([)(#

)]([)()]#(#)]([[

#)]([)]()#([#)]([

)()#()(

)()(

11

11

2

111

2

111

2

1

2

1

21























xfxf

xfxfe

xfxfxfxf

exfxfxfxf

exfxfexxf

eefii 

  

 The Kernel and Image of a Homomorphism: 

Def.2: Let 21: GGf   be a homomorphism.  

The set: 121 })(,:{ker GexfGxxf   is called the kernel of  the 

homomorphism f . And the set: 

212 })(;,:{Im GyxfGxGyyf   is called the image of  the 

homomorphism f . 

See the following diagram: 

 
 

 

 

                                                                                                                                  

  G1                          f                             G2 

 

 

 

 

 

 

 

 

Ker f 
  Im f 
    e2 
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Examples: 

1- The kernel, and the image of a homomorphism  ,,: AZf ; 

},,1,1{ iiA   , 







.1

,1
)(

oddnif

evennif
nf  are: 

.}1,1{Im

,,...}4,2,0{},:{ker

Af

ZevennZnnf




       

2- The kernel, and the image of a homomorphism 

 443 ,,: ZSf  ;





.2

,0
)(

oddaif

evenaif
af   are: 

.}2,0{Im

,)}231(),321(,{ker

4

3

Zf

SIf




   

3- Let },{ baA  .Then  ),(AP  is an abelian group , and let 

},,1,1{ iiB  .Then  ,B  is also an abelian group (verify that?).  

A mapping BAPf )(: ; )(1)( APXXf   is a homomorphism, 

and }1{Im,)(ker  fAPf . 

Theorem2: Let  #,,: 21 GGf be a homomorphism, and let 21 ,ee  

are the identities in 21 ,GG  respectively. Then: 

fi ker)( is a subgroup of a group 1G . 

fii Im)( is a subgroup of a group 2G . 

Proof: We use the fact that a subset H  of a group G  is a subgroup of G  

iff ., 1 HabHba    

.ker#)()#()(

,][)]([)(

,)()(ker,)(

1

21222

1

21

1

21

2

1

2

1

2

1

2

22121

fxxeeexfxfxxf

eexfxf

exfxffxxleti









  

.ker 1Gf   

.Im)()()#()]([)#(#

,)(,)(;,Im,)(

1

21

1

21

1

21

1

21

221112121

fxxfxfxfxfxfyy

yxfyxfGxxfyyletii






 

.Im 2Gf   
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Theorem3: Let  #,,: 21 GGf be a homomorphism, and let 21 ,ee  

are the identities in 21 ,GG  respectively. Then f  is 1-1 iff }{ker 1ef  . 

Proof: Let f is 1-1 we prove that }{ker 1ef  as follows: 

.

)()(

)(,)(ker

1

1

212

ex

efxf

eefexffx







 

i.e. }{ker 1ef  . 

Conversely, let }{ker 1ef  we prove that f  is 1-1 as follows: 

.

}{ker

)(

)()#(

)]([)#()]([)#()()(,,

21

1

1

21

1

1

21

2

1

21

2

1

21

1

22

1

2121121

xx

exx

efxx

exxf

exfxf

xfxfxfxfxfxfGxx























 

i.e. f  is 1-1 . 

Def.3: A homomorphism 21: GGf   is called an isomorphism  if it is 

1-1 corresponding (i.e. f  is 1-1 and f is onto), in this case we say that the 

two groups 21 ,GG are isomorphic, and denote 21 GG   

Def.4: An isomorphism of a group onto itself is called an auto- morphism  

of the group. 

 In order to show 21 GG  we proceed as follows: 

(Step1): Define a mapping f  i.e. describe the element )(xf in 2G  

for every 1Gx . 

(Step2): Show that f  is 1-1. 

(Step3): Show that f  is onto. 

(Step4): Show that f  is a homomorphism. 
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Examples:  

1- To show that  ,, EZZ where Z  the set of integers, and EZ   

the set of all even integers: 

(Step1): Define a mapping EZZf :  by Zxxxf  2)( . 

(Step2): 21212121 22)()(,, xxxxxfxfZxx   So f  is 1-1. 

(Step3): Z
y

xxyxfyZy E 
2

2)(,  So f  is onto. 

(Step4): )()(22)(2)(,, 2121212121 xfxfxxxxxxfZxx   

So f  is a homomorphism. 

Consequently,  ,, EZZ . 

2- Similarly,   ,, RR  where R  the set of real numbers, and R   

the set of positive real numbers. 

(Hint: Define a mapping RRf : by Rxexf x )( ). 

3- Similarly,  ,, AZ  where Z  the set of integers,  

and },3:{ ZnaaA n  . 

(Hint: Define a mapping AZf :  by Znnf n  3)( ). 

4- Let G  be a multiplicative group. The mapping GGf :  defined by 

Gxxxf  1)(  is not an isomorphism. For, 

although f  is 1-1 and onto, it does not homomorphism ; 

)()()()( 11111 yfxfyxxyxyxyf   . 

However, if G  be a multiplicative abelian group, f  is an auto-morphism 

of G . 

Theorem4: Every cyclic group of infinite order is isomorphic to the 

additive group  ,Z . 

Proof: Let }:{ ZnaaG n  , 

(Step1): Define a mapping ZGf :  by Ganaf nn )( . 

(Step2): mnmnmn aamnafafGaa  )()(,,  So f  is 1-1. 

(Step3): nafGaZn nn  )(;  So f  is onto. 

(Step4): )()()()(,, mnmnmnmn afafmnafaafGaa    

So f  is a homomorphism. 

Consequently,  ,, ZG . 
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Theorem5: Every cyclic group of finite order n  is isomorphic to the 

additive group  nnZ , . 

Proof: Let },...,,,{ 120  naaaaeG  and }1,...,2,1,0{  nZn
, 

(Step1): Define a mapping 
nZGf : by Garaf rr )( . 

(Step2): )(mod)()(,, nsrafafGaa srsr   i.e. snqr    

So sssnqsnqr aeaaaaa    i.e. f  is 1-1. 

(Step3): rafGaZr rr

n  )(;  So f  is onto. 

(Step4): )()()()(,, srsrsrsr afafsrafaafGaa    

So f  is a homomorphism. 

Consequently,  nnZG ,, . 

Corollary: Any two cyclic groups of the same order are isomorphic. 

Solved Problem(1): Verify that the two cyclic groups 

  ,3S and  33 ,Z  are isomorphic. 

The Answer: We can represent   ,3S and  33 ,Z  

by the following table: 

   

       3  

I 

                0 

(1 2 3) 

                1 

(1 3 2) 

                2 

I 

                0 

I 

                0 

(1 2 3) 

                1 

(1 3 2) 

                2 

(1 2 3) 

                1 

(1 2 3) 

                1 

(1 3 2) 

                2 

I 

                0 

(1 3 2) 

                2 

(1 3 2) 

                2 

I 

                0 

(1 2 3) 

                1 

 

As it can be seen from the table above: the similar elements in the two 

groups are neighboring in the table. So, 33 ZS   . 
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Solved Problem(2): Show that there exists no isomorphism between 

 ,R and  ,R , where R  the set of real numbers. 

The Answer: Suppose that f  is an isomorphism from  ,R  to 

 ,R . Then 1)0()()0()()()0(  fxffxfxfxf , 

)(

1
)(1)()()0())((

xf
xfxfxffxxf  , 

because f  is an isomorphism it is onto, 

i.e. )(;,, xfyRxRy  ,  

then for )(0;,,0 xfRxR  , 

but  Rxf
xf

xf 
0

1
)(

)(

1
)(  which gives contradiction. 

So, there exists no isomorphism between  ,R and  ,R . 

Exercises: 

1- Which of the following is a homomorphism?  

(Give reasons for your answer)  

and determine ff Im,ker  for a homomorphism. 

(i) 2)(;,,: nnfZZf  , Z  the set of integers. 

(ii) nnfZZf 2)(;,,:   

(iii) 1)(;,,:  nnfZZf  

(iv) 2)(;,,: nnfRRf  , R  the set of real numbers. 

(v) }.,{)()(;,},,{: baPXXOXfZbaPf   

2- Let  ,,: RCf  be a mapping ,where C  the set of complex 

numbers, and R  the set of real numbers, defined by: 
22)( baibaibaf  . Verify that f  is a homomorphism. 

Is f  an isomorphism?. 

3- Let  ,,: YXf  be a mapping defined by xxf )(  

where: 

 
}.1{,

},1{,





RYbaabbaba

RXbaabbaba
   ; R  the set of real numbers. 

Verify that YX  . 

4- Verify that the two cyclic groups  55 },0{Z and 

 },1,,,1{ iiG  are isomorphic. 

==================================================== 

 

 


