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Linear Algebra: 

Systems of Linear Equations: 
Definition: The most general  linear equation is bxaxaxa nn  ...2211  where there 

are n  unknowns nxxx ,...,, 21  and baaa n ,,...,, 21  are all known numbers. 

A system of linear equations is nothing more than a collection of two or more linear 
equations. Here is a  general system of m  equations and n  unknowns: 
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In this system the unknowns are nxxx ,...,, 21  and the ija  and ib  are known numbers. 

The two matrices:  

 









































mmnmm

n

n

mnmm

n

n

baaa

baaa

baaa

aaa

aaa

aaa

.....

.........................

.....

.....

,

.....

....................

.....

.....

21

222221

111211

21

22221

11211

 

are the coefficient matrix , the augmented matrix for the system respectively. 
The solution set to a system with n  unknowns nxxx ,...,, 21  is a set of numbers nttt ,...,, 21  

so that we set nn txtxtx  ,...,, 2211  then all of the equations in the system will be 

satisfied. 
Theorem: Given a system of m  equations and n  unknowns there will be one of three 
possibilities for solutions of the system: 

1. There will be no solution. 
2. There will be exactly one solution. 
3. There will be infinitely many solutions. 

If there is no solution to the system we call the system inconsistent , and if there is  
at least one solution to the system we call the system consistent. 
Examples:  

(1) The system of linear equations: 
18

1





yx

yx
 consistent; 0,1  yx . 

Also, the system of linear equations: 

0563

1342

92







zyx

zyx

zyx

 consistent; 3,2,1  zyx . 

(2) The system of linear equations: 
542

163





yx

yx
 inconsistent. 

Also, the system of linear equations: 

144

5232

232







zyx

zyx

zyx

 inconsistent. 

----------------------------------------------------------------------------------------------------------------- 
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The Row Reduction Algorithm: 
 Interchange of any two rows. 
 Multiplication of a row by a scalar. 
 Addition of a multiple of one row to another row. 

A matrix (any matrix) is said to be in reduced row-echelon form if it satisfies all four  
of the following conditions: 
(1) If there are any rows of all zeros then they are at the bottom of the matrix. 
(2) If the row does not consist of all zeros then its first  non-zero entry is a 1 .  
This 1 is called a leading 1.   
(3) In any two successive rows, neither of which consists of all zeros, the leading 1 of 
the lower row is to the right of the leading 1 of the higher row. 
(4) If a column contains a leading 1 then all the other entries of that column are zero. 
Examples:  
1- The following matrices are all in reduced row-echelon form:  

.

00000

00000

31000

10210

,

000

000

1071

,

5100

7010

4001



















 















 

















  

And the following matrices are not in reduced row-echelon form: 

.

10000

01100

06210

,

5100

2610

7341

,

100

310

501


















































  

2- Put the matrix 
















 5523

3112

2111

 in reduced row-echelon form. 

.

0100

1010

1001

0100

1110

1001

0100

1110

2111

0700

1110

2111

1810

1110

2111

1810

1110

2111

5523

3112

2111

2312

3)7/1(322212

313
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-------------------------------------------------------------------------------------------------------------------- 
Remark: The rank of a matrix is the number of Ones in the principal diagonal of the 
reduced matrix.
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 To find the solution set to a system of linear equations:  
we put the augmented matrix for the system in reduced row-echelon form, and write  
the final reduced matrix as a system of linear equations, then we can get the values 
of the unknowns (if the system consistent), that is called the Gauss-Jordan Elimination.  
As it shown in the following examples: 
Examples:  
Use the Row Reduction Algorithm to put the augmented matrix in reduced row-echelon 
form, then find the solution set for each of the following systems of linear equations: 

(i) 

0563

1342

92







zyx

zyx

zyx

     (ii) 

032

024

0







zyx

zyx

zyx

      (iii) 

14322

2523

31345

4321

4321

4321







xxxx

xxxx

xxxx

 

(i) We reduce the augmented matrix as follows: 

.

3100

2010

1001

3100

2/172/710

2/352/1101

3100

2/172/710

9211

2/32/100

2/172/710

9211

271130

2/172/710

9211

271130

17720

9211

0563

1342

9211

23

13

12

332

221

31

)2/7(

)2/11(

23

)2/1(2

3
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2

1







z

y

x

  (the system has unique solution). 

(ii) We reduce the augmented matrix as follows: 

zyzx
rr

rrrrr

rr

5

3
,

5

2
.

0000

0
5

3
10

0
5

2
01

0000

0
5

3
10

0111

0000

0350

0111

0350

0350

0111

0132

0241

0111

12

)5/1(21

312

232



























































































































  

...,3,25,00  yxzyxz  , 

Hence the system has more than one solution. 
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(iii) We reduce the augmented matrix as follows: 

.

522580

30000

313451

522580

74410160

313451

14322

25213

313451
232213

312 




































































rrrr

rr

 

The system has no solution ; 3?0  . 
Exercises:  
Use the Row Reduction Algorithm to put the augmented matrix in reduced row-echelon 
form, then find the solution set for each of the following systems of linear equations:  

(i) 

13

1332

42

31

321

321







xx

xxx

xxx

     (ii) 

0423

088

023







zyx

zyx

zyx

      (iii) 

822

1442

462

321

321

321







xxx

xxx

xxx

 

----------------------------------------------------------------------------------------------------------------- 
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Vector(Linear) Space:   
Def.: A nonempty set V ( on which addition and scalar multiplication are defined )  
is called vector space or linear space over a field K  if for KVwvu  ,,,,  

the following two conditions are satisfied:  VuVvu  )2()1(  

beside the following properties: 
(VA1) uvvu    

(VA2) wvuwvu  )()(   

(VA3) uuuV  00;0  

(VA4) 0)()(;  uuuuVuVu  

(VM1) uu )()(     

(VM2)  Kuu  1;1  

(VD1) vvu   )(   

(VD2) uuu   )(   

Solved Exercises: 
Determine whether or not V is a vector space? Give reasons for your assertion. 

(i) },:),{( RyxyxV   ,  ).2,2(),(,),(),(),( 21212211 kykxyxkyyxxyxyx    

  uyxyxuyxu  )2,2(),(11,),(  
V  is not vector space. 

 
 

(ii) },:),{( RyxyxV   , ).,(),(,),(),(),( 21212211 kykxyxkxyyxyxyx    

 )2,0()0,1()1,0(,)0,2()1,0()0,1(  ... uvvuei   

V  is not vector space. 
 
 

(iii) }2:),{( 2  xRyxV  , ).,(),(,),(),(),( 21212211 kykxyxkyyxxyxyx    

   V  is not vector space ; V )1,4()1,2()0,2( . 
 
 

(iv) },,:),,{( RzyxzyxV   , 

).,,(),,(,),,(),,(),,( 212121222111 zykxzyxkzzyyxxzyxzyx   

 
.)(..

)2,2,)((),,(),,(

,),,)((),,)(()(,),,(

uuuei

zyxzyxzyxuu

zyxzyxuzyxu













  

V  is not vector space. 
 
 

(v) },,:),,{( RzyxzyxV   , 

     ).,1,(),,(,),,(),,(),,( 212121222111 kzkxzyxkzzyyxxzyxzyx   

  uzxzyxuzyxu  ),1,(),,(11,),,(  
V  is not vector space. 

 
 

(vi) },,:),,{( RzyxzyxV   ,  
     ).,,(),,(,),,(),,(),,( 2212222111 kzkykxzyxkzyyxzyxzyx   

 )3,7,1()3,2,1()6,5,4(,)6,7,4()6,5,4()3,2,1(  ... uvvuei   
V  is not vector space.   [ Also (VA1),(VA3),(VA4),(VD2)  (verify that?) ] 

(vii) }:),0,0{( RzzV   ,  

     ).,0,0(),0,0(,),0,0(),0,0(),0,0( 2121 kzzkzzzz   

 V  is a vector space ; all conditions and properties holds. 

----------------------------------------------------------------------------------------------------------------- 
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Subspaces: 
Def.: Suppose that V is a vector space and W is a subset of V . If, under the addition 
and scalar multiplication that is defined on V , W  is also a vector space then we call 
W is a subspace of V . 
Theorem: Prove that a nonempty subset W of a vector space V is a subspace of V   
if and only if  the following two conditions: scalarkWvuWkuiiWvui ,,)(,)(    

are satisfied. 
The proof:  
(1) Suppose W  be a subspace of V , the two conditions )(,)( iii are satisfied from the 

definition of a subspace. 
(2) Suppose the two conditions: scalarkWvuWkuiiWvui ,,)(,)(    

are satisfied,  
we prove that W  is a subspace of V  as follow:  
the properites (VA1),(VA2),(VM1),(VM2),(VD1),(VD2) are true simply based on the fact 
that W is a subset of V , we only need to verify (VA3),(VA4): 
From the condition scalarkWuWkuii ,)(  put WuWouk  00 ,and  

put WuWuuk  )1(1 , therefore W  is a subspace of V .  

Examples: 

(1) Let  }2:),,{( 3 abRcbaW  . Is W a subspace of a vector space 3R ? 

 It is shown that 3RW   , 

(i)  let Wcbacba ),,(),,,( 222111   2211 2,2 abab   

        Wccbbaacbacba  ),,(),,(),,( 212121222111  ; ).(2 2121 aabb   

(ii)  let Wcba ),,( , k scalar  ab 2  

        Wkckbkacbak  ),,(),,(  ; ).2( akkb   

W  is a subspace of a vector space 3R . 

(2) Let  }0:),,{( 3  abRcbaW . Is W  a subspace of a vector space 3R ? 

 W  is not subspace of a vector space 3R ; 

WbutW  )2,1,1()1,1,0()1,0,1(,)1,1,0(),1,0,1( . 

Exercises: 

1- Let  }:),,{( 23 abRcbaW  . Is W  a subspace of a vector space 3R ? 

2- Let  },:
0

0
{ Rba
b

a
W 








 . Is W  a subspace of a vector space )(22 RM  ? 

3- Let  }0:)({ 22   ARMAW . Is W  a subspace of a vector space )(22 RM  ? 

(Give reasons for your assertion). 
----------------------------------------------------------------------------------------------------------------- 
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Linear Combinations: 
Def.: We say the vector u  from the vector space V  is a linear combination of the 

vectors nvvv ,...,, 21 , all from V , if there are scalars nccc ,...,, 21  so that u  can be written 

nnvcvcvcu  ...2211 . 

Example: Verify that the vector )7,2,9(u  is a linear combination of the vectors 

)2,4,6(,)1,2,1( 21  vv , but the vector )8,1,4( w  is not a linear combination of them. 

 Let .,; 212211 scalarsccvcvcu   

 )2,4,6()1,2,1()7,2,9( 21 cc   



21

21

21

27

,422

,69

cc

cc

cc







 

We reduce the augmented matrix 
















 721

242

961

 as follows: 

.

000

210

301

1680

210

961

1680

1680

961

721

242

961
328

126

)8/1(212

31

2















 





























































rr

rr

rrr

rr

 

 2,3 21  cc   ,  .23 21 vvu   

Similarly, let .,; 212211 scalarsccvcvcw   

 )2,4,6()1,2,1()8,1,4( 21 cc   



21

21

21

28

,421

,64

cc

cc

cc







 

We reduce the augmented matrix 




















821

142

461

 as follows: 




















































 



1280

980

461

1280

980

461

821

142

461
21212

31

rrr

rr

, 

i.e. 128,98,46 2221  cccc  ( ???)2 c . 

Hence the system of these equations has no solution.  
)8,1,4( w  is not a linear combination of the vectors )2,4,6(,)1,2,1( 21  vv .  

Exercise: Verify that the vector )1,3,0(  is a linear combination of the rows vectors  

of a matrix 
















133

112

021

, but is not a linear combination of its columns vectors. 

----------------------------------------------------------------------------------------------------------------- 
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Linear Dependence & Linear Independence: 
Def.: Let V be a vector space over a field K .The vectors Vvvv n ,...,, 21  are said to be 

linearly dependent overK  if there exist  scalars Kccc n ,...,, 21  not all of them 0 , such 

that 0...2211  nnvcvcvc . Otherwise, the vectors are said to be linearly independent 

overK ( i.e. 0,...,0,00... 212211  nnn cccvcvcvc ).  

A set },...,,{ 21 nvvvS  of vectors is linearly dependent if the vectors nvvv ,...,, 21  are 

linearly dependent, otherwise S  is linearly independent. 

Example: The set },,{ 3211 vvvS   ; )8,5,1,7(,)1,5,2,1(,)3,0,1,2( 321  vvv   

is linearly dependent in 4R ,  
and the set },,{ 3212 vvvS   ; )3,1,1,1(,)2,1,1,0(,)2,1,0,1( 321  vvv   

is linearly independent in 4R . 
 Let 0332211  vcvcvc , 

 0)8,5,1,7()1,5,2,1()3,0,1,2( 321  ccc  



.083

,055

,02

,072

321

32

321

321









ccc

cc

ccc

ccc

 

We reduce the augmented matrix: 














































0000

0000

0110

0301

0813

0550

0121

0712
?

  (verify that?)  

 3231 ,3 cccc  . 

Hence the system of these equations has more than one solution.  
1,31 213  ccc  , So 1S  is linearly dependent. 

Similarly, 0)3,1,1,1()2,1,1,0()2,1,0,1( 321  ccc  



.0322

,0

,0

,0

321

321

32

31









ccc

ccc

cc

cc

 

We reduce the augmented matrix: 











































0000

0100

0010

0001

0322

0111

0110

0101
?

  (verify that?)  

 0321  ccc  

So 2S  is linearly independent. 
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The Null Space & The Column Space of a Matrix: 

Def.1: Suppose A  is an nm  matrix.The null space of A  is the set of all x  in nR   
such that 0AX . (  we denote the null space of a matrix A  by )(AN  ) 

Examples:  

(1) Determine the null space of a matrix 


















111

110

101

A . 

 We reduce the augmented matrix 
















0111

0110

0101

 as follows: 

.

0100

0010

0001

0100

0110

0101

0100

0110

0101

0010

0110

0101

0111

0110

0101
23

3 1

33231






















































































 rr

rr

rrrrr

 

 

0

,0

,0

3

2

1







x

x

x

  

 }.0{)( AN  

(2) Determine the null space of a matrix 


















113

012

101

A . 

 We reduce the augmented matrix 
















0113

0012

0101

 as follows: 

























































0000

0210

0101

0210

0210

0101

0113

0012

0101
32

3

212

13

rrrr

rr

 

 
02

,0

32

31





xx

xx
   

32

31

2

,

xx

xx




 

 }.:)1,2,1(),,{()( 33321 RxxxxxAN   

(3) For a matrix 


















133

112

021

A : 

 }:)3,1,2(),,{()( 22321 RxxxxxAN    (verify that?). 
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Def.2: Suppose A  is an nm  matrix. The column space of A  is the set 
m

m RbbbB  )},...,,{( 21  such that BAX  .  

(  we denote the column space of a matrix A  by )(AC  ) 

Examples:  

(1) Describe the column space of a matrix 


















523

312

211

A . 

 We reduce the augmented matrix 
















3

2

1

523

312

211

b

b

b

 as follows: 




























































123

12

1

13

12

12

3

3

2

1

000

2110

211

3110

2110

211

523

312

211
3221

31 bbb

bb

b

bb

bb

b

b

b

b
rrrr

rr

 

 }.:),,{()( 213
3

321 bbbRbbbAC   

(2) For a matrix 
























484

242

121

A : 

 }4,2:),,{()( 1312
3

321 bbbbRbbbAC    (verify that?). 

Exercises: For a matrix 






















2352

2310

0021

A . 

(i) Determine the null space )(AN . 

(ii) Describe the column space )(AC . 

----------------------------------------------------------------------------------------------------------------- 
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Exercises: 

1- Verify that )}4,3,3(),0,9,2(),1,2,1{(  is linearly independent in 3R . 

2- Verify that )}1,1,1(),1,0,2(),1,3,1{(   is linearly dependent in 3R . 

3- True or False (explain): If },,{ 321 vvv  is linearly independent, then so is  

},,{ 321211 vvvvvv  . 

4- Let },...,,,{ 321 nvvvvS  be a set of nonzero vectors  such that jivv ji  0 .  

Verify that S  is linearly independent. 

 0...332211  nnvcvcvcvc  we need to prove that 0...321  ncccc : 

0)....(
2

113322111  vcvcvcvcvcv nn  0;0
2

11  vc , 

0)....(
2

223322112  vcvcvcvcvcv nn  0;0
2

22  vc , 

0)....(
2

333322113  vcvcvcvcvcv nn  0;0
2

33  vc , and, so on … 

0)....(
2

332211  nnnnn vcvcvcvcvcv  0;0
2
 nn vc . 

S  is linearly independent. 

5- Show that the vectors nvvv ,...,, 21 are linearly dependent iff one of them is a linear 

combination of the others. 
The proof: 
For suppose, say, iv  is a linear combination of the others: 

nniiiii vcvcvcvcvcv   ...... 11112211  

 0...)1(... 11112211   nniiiii vcvcvvcvcvc  , 

where the coefficient of iv  is not 0 ; hence the vectors are linearly dependent. 

Conversly, suppose the vectors nvvv ,...,, 21 are linearly dependent, then: 

0...... 11112211   nnjjjjjj vcvcvcvcvcvc  

 nnjjjjjj vcvcvcvcvcvc   ...... 11112211  , where 0jc
  

 n

j

n
j

j

j

j

j

j

jj

j v
c

c
v

c

c
v

c

c
v

c

c
v

c

c
v )(...)()(...)()( 1

1

1

1

2
2

1
1














 






 

i.e. one of the vectors is a linear combination of the other vectors. 
--------------------------------------------------------------------------------------- 
(see: Theorem 5.1 page  87_ Lipschutz-LinearAlgebra.pdf)[1]. 
--------------------------------------------------------------------------------------- 
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