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Introduction

Recall that there are two main parts of Calculus

1. Derivatives: Measures instantaneous change
2. Integrals: Measures cumulative amounts

We are now ready to begin part 2. It begins with the study of the
reverse operation of taking the derivative.

Definition (Antiderivative)

A primitive or antiderivative of a function f(x) is function F(x)

such that F'(x) = f(x).

Example: Find an antiderivative of x*, by trial and error.

Solution: Initial guess: x* (since derivation decreases the degree

of a power function by 1):

|
{—xazdxa.

dx
d 1 e
Thus: flx(

d 1,
Note E(E

All functions F(x) =




Did we find all antiderivatives?

Theorem

Let F(x) be an antiderivative of the function f(x) defined on
(a,b). Then any antiderivative on (a, b) of f(x) is of the form
F(x) + C for some constant C.

Proof: Let G(x) be another antiderivative of F(x). Set
H(x) = G(x) — F(x). Then
H'(x) = G'(x) - F'(x) = f(x) — f(x) = 0.
We claim that H(x) must be a constant function. For, if it would
be not, there exist (at least) two points x = v and x = v in (a, b)
with H(u) # H(v). By the mean value theorem there exists then a
point X = ¢ in (u, v) such that
H(u) - H(v)
u—v
But since H(u) # H(v) this would mean H'(c) £ 0, a
contradiction. Thus H(x) = C for some constant C. This implies
G(x)=F(x)+C. qed

-~ H/c).




Definition (Indefinite Integral)

The indefinite integral or general antiderivative [ f(x)dx of a
function f(x) stands for all possible antiderivatives of f(x) defined
on an interval, i.e.

[f(x] dx = F(x) + C, where C is a constant

and F(x) is an arbitrary antiderivative of f(x).

Notation: In the expression [ f(x)dx, the function f(x) is called

the integrand and dx is a differential (in its symbolic meaning).
The constant C as above is called the constant of integration.

The indefinite integral should not be confused with the definite
integral j; f(x) dx which we will consider next week and is
defined as a limit of a sum. The symbol [ is a stretched S and
reminds about the Sum. We will also explain the relation between
the indefinite and the definite integral.




Power Rule: The indefinite integral of a power function
f(x) =x", where n # —1is
1

X"dx= —x"l i
n+1

Raise the exponent by 1 and divide by the raised exponent.

Example: Find the indefinite integral of the following functions:

xlil
a) f(x) = x" /f(x}dx:E—C




Integration Rules (1)

n+1
+c ,n#*—1
n+1

(2)jadx =ax+c , ae R

(3)I dx =x+c




Exercises

(B)I%dx =j3x"'dx=-x”+c=—;l-3—+c

(4) [y dy

(5)I Sx dx

(6)I4t-\/t—°dt = j'4tt% dt =I4t%dt =§,_r5‘+c
=-.§--\/IT+C

(7)j\/3_t‘_dt = j\/ﬁ-t%dt =——2;/3_t‘;_+c=-¥\/'—5
(8)[8dx =8x+c |

(9)'[\/3—dx =3 x+c

(10)[3% dx =3 x+c=9x+c




(ll)-'ln3dx =(In3)x +c

(12)[e* dx =e’ x +¢

(13) 'dex =-12—x +c
‘e e

(14)[0dx = 4

(15).'sin 30° dx =xsin 30° +c¢
(16)IZ° dx =2°x +c

(17) [log 22 dx =(log 22)x +c
(18)Isin “'37x dx = (sin *'37) x+c

(19) [(r+3x)dx =rx+%_.x’+c

(20) [(2x* +5x)dx =-§-x’+-g—x’+c

(21) [(x*=5x+9)dx =:11-x‘—-g—xz +9x+c







Integration Rules (2)

(4)[e"™ F'(x)dx =e"™ +c

Fx)

F(x) 7 _
(5)ja F(x)dx—alna+c

Power and Logarithmic Laws

n+m

DDA A =A (1)log, A=InA

n

(2) A_ - A S (2) logmA:]ogA
A (3)log, AB=log A+log B

B)(A")"=A" (4)log, 4=log, A-log B

. o (5) enFlx) :F(x)
(4)(A-B) = A" B 6 a*™ =F(x)

(5) (4)" =4 (Dine=!
(8)log a=1

9log B"=nlog B
(6) Am_ ()oga noga




Exercises

(M) fe™ dx ”dx—-%e +c

) Ie'z‘.dx B f—2e”“dx=—-%e'2‘ +c

(3) Ie-7x+2 dx =_7 J‘_7e-7x+2dx=_%e-7x+2 +c

3, 3. 35
(4)_[82 dx=% j%ez cix=--32-e2 +c

(S)Ixei'x e4x dx—é 4x +C -

©) jx’e'*’ dx=—1 [-3x'e dr=-Le 4

(7) J’x”e-"‘- dx =— J’—x"’e%dx=—e‘ +c

(8)_[——dx J'x e dy=— J'—Zx”e‘ " i %e‘-z +c




O) fle* +€*)dx=1 Pedn-1 e dr=Le*~Le™ +

(10)]ed.x=ex+c
3 2% .3 ~4x . §
,@je—“dx 3fe™ dn=—3 [de ™ du=—3e e

(12 fle* dr=[(e*): d=2 ge‘}‘ dv=2e¥'+c
13 fe" dx=e' x+c

(149 j]nedx=xlne+c=x+c

a3 jgdx= > dx=] e di=levte

(16 I%dx= Ies‘” d.x:% o dx:%es"‘ﬂ'

17 Ie" dx=e™x+c




08 (4" de=[E dut (€ do=) [ 20 o e *ds

=—-%e'2‘ —gE4C
(19 [(e'+e*)(e' ~€*) dr= (" ~¢*)dlr=1 [2e*dx-1 [Ae"dx

—12c_1
2e’-" 4e“+c

9 ﬁ'{fg]dx = n* ™) dx= [Ine™ dx=[-2xInedx

= f—lx dx=—x2+c

@ [£- dx=[ebx2di—f-e*x dimet +c
X

Jx
(22 Iejyc' dx=2[e” Wl.idx:Ze"i +c

(23 & dx=[e™ Ldr=en+c=x+c




f €™ dx =Inl0 [e™* —l—l—odx—(lnIO)e“S‘ +c

/(25) I “dx I2(3 )dx=§-ln—3+c

142 g 1 52 = _ § 2
(26) IS dx 7_" 705 )dx= 71n5

/
(27) [(5* +7*)dx =1 [A5*)dx—4 [-8(7"*)dx

_ 5= 7™
5 87 ' ©

3(5°)

;e

(28) j dx =3[5" dx=—% [~4(57*) dx=—

54:

(29) IJF iy = j(?’*)de—2 13(72 Y dx= 2;;’;7) ¢

(30) [4° dx =4’ x+¢

31) j5 dx = [5** dx=1 j3(5’*)dx=31n5




-8 [ 5% dy=-1 j-ax’S'* dx——g'h‘]sw

,(33)j3 dx= fx’3’ dx—-_f-zx’s"

G

- 1 527 )
B[ dx 2]7’F dx— e

39 fog! ]dx flogt0"*)dx=logl 0™ dx=[2xlogl ix
= I—Zxdx=—x’-+c

¥ u.o Y ,, ,
36 Fl—";6—dx=j4—dx+ jﬁ_dx: [y et O dx

2 3
de+Pdr1n2 1n3

h)
Q-

SV dxe=3 (2 Y dx=
@Dy dx=3 ) <




Integration Rules (3)

(©6) [ f,'((;‘)) dx =In

() [[F (01" F'(x) dx= LEON™ 0
n+1

Logarithmic Laws

()log, A=InA
(2)log,, A=log A
(3)log, AB=log A +log_B

(4)log %=loga A-log B

(5) e"F™ =F(x)

6) a™«"” =F(x)
(7)Ine=1

(8)log a=1

(9)log B"=nlog_ B

17




Exercises
1) I-zdf—x = In2+2+c
w3t Sk 3
@[55 =3 fars =3upr+Yre
__2(=3dx __2
©) j.4—3x 314-3x ln|4 e

(4)}' : x+5 dx_lr 2Jr+10 dx = llnlx +10x+%+c
x +10x+5 ' x? +10x+5

x +4x° 3.1 (3x> +12x° 6
(S)I—3__dx 3ri+2x6 dx = 3 x+2x

(6) j "~ dx=2 j =21n|2+e‘ +c

2+e" 2+e”

(7) fetl dx—lnle‘-l-xi+c

e +x

(8) je —e” dx—lnie‘+e" +c

e'+e™*

) j3x +2X = (32 +2) P +30) 7 de =200 +x2)2 +¢

\)x +X

=2x}+x* +c




10 Jf A+l = j(4x+1) (2% +x+3)-%dx=2(2x2 +x+3)
\/ 2%" +x+3

=2\/ 2 +x43 +¢

) e dx=], (26 ~20) (2" ~x’) 3dx—3(2.e"—x2)

v
=‘-3i3\@e’ =R+

2x 2x
(12 e +e dx—l |’2€ +2£ di=1 —e ¥+
Jelt_e 2.' e _e h# |

AT o L RIN2H2 W2 g L i
(13.,21 =9 rdx—lnz.' W _9* ‘12

(14 jz% =Irje+x+c

(19 [4X. =lim+x+c

(2+lnx)’°dx i 0] 1 1
(16)."r = = J'(2+lnx) -idx-—”(2+lnx) +c




Definite Integration




The Area Under a Curve




b

| f(x)dx= F(.r)ll"=F(b)—F(a) CF(x)=F'(x)

ad a

EX : [2xdx= xz] ~(2)" =) =4-1=3
| |




, : : 3 o
Example 2 Consider the integral [, xdz. The integrand y = z (a
straight line) is sketched below. The area underneath the line is the
blue shaded triangle. The area of any triangle is half its base times

the height. For the blue shaded triangle, this is

1 9

y =2

0 3

As expected, the integral yields the same result:

" 903 At
: i
rdr = 5| =
Jo .
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Definite Integration of Absolute Value

e

++++++++
] >

hmh=}ﬁuh+bdx
-1 =1 0

l 2 = _1 2 l = _1_ z—l
+1e [ =[-10p +L 0l -1 o)




+4+++++++
O —

lﬁﬂwmﬁﬁbbw&kﬁbm:
-3 -2 -1

Lo ¥ elin
=( 5x X) J; +(2x +x).il
=112 —(— _1 9y 10y VAR E
=[ i( 2 -(=D]- —7:( 2) +2]+[§(0) +(0)] [2( 17
=[-%+1]—[—2+2]-[%-1]=1

3) lﬂx + 2| dx
0

x+2 , x2-2]
F{x)=

++++++++
4’




+q dx= t[(x+2) dx
0

dx +2x)[’ ~Lar + 201107 +201=3

4)-ﬂx+l| dx

g, A
-2 -1

=L +114-2+2)=1




(5) [Cxi+2) dx
-2

x ,x20

F(x)=|

+4+++++++
1 >

__l;l._zlz_lz _O(—
~(-10p +1 27 L 07 ~L 0P HR0)-2-2)]

=2+146=17
2+2+6 5

(6) ]'(|x+ {+2x) dx
=2

S .
2 -1




]’qxuﬁzx) dx= -jl]x+lldx+-j'2xdx
2
= j'(—x—l) dx+ pxdx
=(~1x2-x) !+x2
=[P ~DIH-L (27 +2H (- (-27]
—[—1+1]—[—2+2]—3 2—3— g |
(7 J;xIx+2| dx
F(x)=

+4++4+4++++
g 1

>

ﬁ£+q dF.f—x(m) drt ]x(x+2) dx
3 -3 5

- | ; |
_j;(—xz-zx) dﬁ_.:[(x “+2x) dx=(—%x —x Z)J ﬂ%x-” +x2)-l-_-.




(8) ]’x’ —l‘dx
-2

’ w
x2=1 , x=21 or x<—1

—(x*-1) , —1<x<I

++++++ e ++++++
— 2 T 3

>

]’lxz —l‘ dx=—j(x 2 dx+ }—(xz—l) dx+3_’[(x 2-Ddx
- -2 -] 1

| T 1.3 r 1,3 i 933
—(-Sx Jvc)-l2 +( 3x +x)jﬂ3x x)l

Middle Value Theory

If F(X) is a continous function over a closed interval [a,b], there is
a number called C in the open interval which satisfies the
following condition




Exercises ( Find the value of C which satisfies the given
integration)

(1) F(x)=x? ,xe[l,2]
g:=1 , o=l
F(c)=c?




) F(x)=2x-3 ,x€ [1,4]
=1,b=4

c-3=[§-(4)2- 41-[5-(1)2'— 1]

) F(x)=x(3—x) ,x€ [0,3]

=0 ,b=3
(¢)=c(3-c)=3c—c?

3
—c2=_1_[(3x—x?) dx
o]

3
_e2=113(3)2-1(3)%1-13
c2=3153)*-30)’1-3150) ’

—c2=—2- — 2¢2—-6¢c+3=0

~av=Litdi2—-Las
C 3(2x x)]

36




1 =
e-—1[1 o

c=e—-1€ (l,e)




Trigonometric Integration Rules (1)

1) fsin Fx) F'(x)dx =-cosF(x)+c

2) ‘[cosE.(x') F'(x) dx =sin F(x)+c

3) [tanFx) F'(x)dx =InsecF(x+c

4) jcotF(x) F'(x)dx =ln[sin F(x)’+c

5) jsec F(x) F'(x)dx =ln[sec\ﬁ‘§:tan Fl+c

6) IcscF(x) F '(x)dx=ln|csc:F <COtF(x)+c
or =-]n’030F(x);cotF(x)‘+c

7) J'sec F(x)tanF(x) F'(x) dx =sec F(x)+c

8) J'CSCF(x) COtF(x) F'(x)dx =—cscF(x)+c

9) jcsc2 F(x) F'(x)dx =—cotF(x)+c

10) jsec2 F(x) F'(x)dx =tanF(o+c

38




Trigonometric Gen_eral Rules (1)

(1) sin?ax+ cos?ax=1
(2) sec?ax=1+tan2ax
(3) csc2ax=1+cot2ax

(4) sin?ax =-%(1—0032ax)
(5) cos? ax =%(l+cos 2ax)

(6) sin2ax=2sinax cosax
(7)cos2ax= cos?ax—sin?ax

(8) sinax =c—scl'&'x‘

e =8
9) COSAX =corre

=i ]
(10) tanax ot

(1D cotax =L0sax
sinax

— sinax
(12) tanax—m

13) sinax cosbx =%[sin(ax+bx)+sin(ax—bx)]

(14) cosax cosbx =%[cos(ax+bx)+cos(ax—bx)]

(15) sinax sinbx =-%[cos(ax—bx)j—cos(ax+bx)]

(16) sin(A+ B)=sin A cos B * cos A sin B
(17) cos( Ax B)=cos A cos B Fsin Asin B




Exercises

- 1
) J'sm2xdx J‘Zstxdx 20082x+c

2 =3 2 =369
_)Icosgxdx 2%c083xdx 2sm3x+c

) J’tan%x dx=3 %tan%x dx =3ln}sec%11/+c

1) J'xtanx’ secx’dx =% J‘thanxz secx’dx =%sccx2 +c

) J'3 cot3* *esc3™ dx = _2—113 *2(In3) cot3* csc3* dx

=—_1 _csc3¥+
SiCse3  +e

' ;% dx =2 [secy/E )_2\1/_;dx =2lnjsecy/F +tany] +c

g

: /
J’e3’r csc’ ga‘ dx =% * esc’ e dx =—%cote3*+ c

) je‘ sec’ e* dx =tane*+ ¢




5xtan$. "
©) "% dx _% [S(secsxtanSx)(3+s

SCCOX

=%(3+sec§x)i +c=%43+sec§x +c

71 )rsec Xx+secxtanx
secx+tanx

dx = ln|secx+ tanx1+c

a1 j\{ﬁtﬁx dx=1 1 (2(cos22)(1+sin2x) *

=(1+sin2x)? +c=+/1+sin2x +c

(12) _[sinxcosx dx = -%-si:n2 x+c

(13) _"siancos’ 2x dx =g j'—2sin2x(cost)’ dx

=—%cos4 2x+c

(14) f-_c;é? dt =— J'—smt (cost) : dt =—2(cost)? +¢

JCost +c¢




3) Iﬁsin x?dx =—32-j-%-ﬁsin x?dx=— %cosx3+c

| Yoot Yolpsw Pop=Rata g=tde. . -1

L6)It—23m7dt- J’t sint'dt=cost™' +¢
, /

17) je““sint dt =—J'—e°°”sint dt =—e™'+c¢

18) _[cot 2xcsc’2x dx =—% J'—2cot 2xcsc’ 2xdx

=—21t-cot ' 2x+c

19) jcot‘ 3xcsc’3x dx =—-:15- J'—300t‘3xcsc’3x dx

=—_1 cots
15cot 3x+c

20) Jtanstec’Sx dx =z J'Stanstec’Sx dx

=_1 tan?
10tan S5x+c

(21) [tan*3xsec’3x dx =%I3tan‘3xsecz3x dx

=_1 tans-
lstat;_ 3x+c




(22) fﬁe_‘ dx= j’e‘ sec’ e’ dx=tane*+c

(23)f—dx P.xcs x* dx=— 1cot.7c+c

sin’ x

(24) [XCOSX+2CO8X f,— [COSX (x+2) -
x+2 T x2
= Icosxdx=51nx+c

(25) j'cosxsecxdx jcosxm dx
= [dx=x+c

(26) jsmxsecxdx Ismxm dx= gggc dx

= [tanxdx=Insec| +c

) rCOtx CSdex_ _COtXCSCde_ —Inll+ 4
=0 1+cscx J 14+cscx n] Csmi .

(28) j.)lf sin(Inv)dx=—cos(lnx)+c

[ sin2x = L —2s81n2x dx=_ll 2+ +
O ot =3 [Tcotay T gl tCos e




(30) jsec22x tan®2x dx =%12scc’2x tan®2x dx

— ! 7
14tan 2x+c

(31) [(1+cos8x)* sin8x dx =—% [~8(1+cos8x)* sin8x dx

e 4
32(1+cos8x) +c

1
(32) le+sin 2x cos2x dx =% j'(l-i-sin 2x)?% 2cos2x dx

3
=%(1+sin 2x)2+¢

- [ —tanx ———
(33) I In(cos x) =4 In(cos x) de=—lnfin(cas K} +c

(34) j ln‘(:gltnxx) dx—lnlln(sin x)|+c

(BS)Itanxdx J'tanx 12 dx=[tanx sec’x dx=
cos cos’x

=%tan xX+c

(36) [OLX. dx = [cot x —L—dx=—[—cotx csc’x dx
sin - x sin” x

= lcot X+cC
2




ecx Jy— | - COSX
(37)%dx—fsecx-té-nx—dx—jcosx oy dx

= J'cscxdx=ln}cscx—couj+c

1
(38)jcscxdx jcscxcotxdx ‘(smx (S:g‘sfcdx

= jsecx dx=lnsecx+tanxj+c

(39) jsm Sin° X gy [sin”'x 1 dx—é(sin"x)za-c

1-x* V1-x°

(40) [_7608 3x gx=—1L[cos'3x—=3__dx
1—- 9x j A/ 1-9x?

——%(cos4 3x)2+¢

(4p flan 2x)° ax=1 [(tan' 20’ 2 dx=1 tan™ 29
1+4x° 1+4x’

42 jﬂz’;— dx= _[ sin2x (cos2x) " dx

oE j'—231n2x (cos2x)  dx=1 (cost) +c

‘ﬁ*c

OS




Trigonometric Integration Rules (2)

J'sinh F(x) F'(x)dx =coshF(x)+¢

J

_[cosh F(x) F'(x)dx =sinh F(x)-i-,c

Itanh F(x) F'(x)dx =1111’cosh F(x)i+c

cothF(x) F'(x)dx =ln]tsinh F(x)i+c

sechF(x) tanh F(x) F'(x) dx =—sechF(x)+c¢
J'cschF(x) cothF(x) F'(x)dx =—cschF(x)+c
J’cscth(x) F’(x) dx =—cothF(x)+c¢

Isecth(x) F'(x) dx =tanh F(x)+c




Trigonometric General Rules (2)

(1) cosh?ax—sinh?ax=1
(2) sech?ax=1-tanh?ax
(3) csch?ax=coth2ax—1
(4) sinh? ax=%(cosh2ax—l)

(5) coshzax=%(cosh2ax+1)

(6) sinh2ax=2sinhax coshax
(7)cosh2ax= cosh?ax+sinh?ax

(8) sinhax=—1
cschax

(9) coshax= I
sechax

10) tanhax=—_1
1D tanhae cothax

(1)cothax=Ccoshax
sinhax

(12) tanhax= sinhax
coshax

(13) sinhax coshbx =%[sinh(ax+bx)+sinh(ax—bx)]

(14) coshax coshbx =%[cosh(ax+bx)+cosh(ax—bx)]

(15) sinhax sinhbx =-Cl5[cosh(ax+bx)—cosh(ax—bx)]

47




Exercises

2 =1 Psinh2x dx =lcosh2x+c
(l)jsmh x dx 7j sinh2x dx =%cosh2x+c

)J’cosh~ x dx = '[2 cosh%x dx =2 smh%,\' +C

.-a

(3’)] anhl Xdx= J'] tanh—%.x dx -—-31n!cosh%xi +C

J.
__dx=1 P(Loslﬂ x)(1+sinh2x) -*

—(1+sinh2x)i+c= J1+sinh2x+c

-(5) cosh™ 3x gx=1 [cosh™3x .
J\f9x - 3I \9x -1

—%( cosh™'3x)*+c

(6) jc.osh’ 2x (1.\"—‘-;'2 f( 14+cosh4dx) dx= j -:,]Z-d.x+.%§ j4cosh4x d

:%,wl sinh4x+c

- (

(7) jtanh2 x dx= j(l—sechzx) dx= jdx— jsechzx dx

=x—tanhx+c




(8) J’cothl x dx= J’(csclfx +1) dx= jcschzx dx+ de
=—cothx+x+c

\2

izl fraatils = | »
dx-a jcsch xdx= Zcotht -

d =1 J'scch X dxzitanhx—c

(11 J'sechrdx— j r—j 26 gx
e +e ee+ee”

_dx=2tam'(e*)+c

A= [rechy CSChx—cothx
(12) Icsch,xd,x Jcschx = hx—cotmd)‘

Jcsc * hx— Cscmcomxdx—]n)cschx—coth,q+c
cschx—cothx

(13) [tanh xdx= '-S-iﬂ—h—?idx:]n\cosh.x‘.'-kc
- Jcoshx

(14) [coth xdx= [COShX gy = Inlsinh x+c
: Jsinhx

49




(15) [sinh2x sinh3x dx
= j%[cosh(2x+3x)— cosh(2x—3x)] dx
= j%[cosh(Sx)-— cosh(—x)]dx

:% [Scosh(Sx) dx—% fcosh(x) dx

=1 g —Lgi
l Osthx 2smhx+c

L
. 2 2 -L
16) (dsinh” )" 2. _ r14sinh®x)? dx
( )I sechxcschx = I(l AT sechxcschx

L
=% (1+sinh?® x)? 2coshxsinh x dx=%(l+sinh2 X2+

(17)j1+cosh 2x dx=j 1 dx+J'C°Sh 2X_dx
sinh *2x sinh *2x sinh * 2x
— 2 cosh2z.- 1
ICSC e dpext jsinh 2x sinh 2x =

] 2 1 .
—§jZCsc h*2x dx+§j2coth 2x csc h2xdx

=-—%coth 2x—%—csc h2x+c

3
dx :lj ngz_l dx
J9x*—1(cosh '3x) 3 (cosh ~'3x)

= %ln(cosh 43x)+e

(18) |
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Integration by substituting

We introduce the technique through some simple examples for which a linear substitution is
appropriate.

Example
Suppose we want to find the integral

f (z+4)Pds (1)

You will be famihar already with finding a similar integral / u du and know that this integral

B
i u : : : -
15 equal to 3 + ¢, where ¢ 15 a constant of integration. This 15 because you know that the rule

for integrating powers of a variable tells you to mcrease the power by 1 and then divide by the
EW POWE.

In the integral given by Equation (1) there 1s still a power 5, but the integrand 15 more compli-
cated due to the presence of the term = + 4. To tackle this problem we make a substitution.
We let v = £ + 4. The point of doing this is to change the integrand into the much simpler u®.
However, we must take care to substitute appropniately for the term dz too.

du = (%) dr

Now, in this example, because v = 1+ 4 1t follows immediately that d_u =1 and so du = dz.

So, substituting both for = + 4 and for dz in Equation (1) we have

f{r+4]5dr=fu5du
&

o : . . u i
The resulting intesral can be evaluated immediately to give — + ¢, We can revert to an

In terms of differentials we have

expression involving the onginal vanable r by recalling that « = £ + 4, giving

/{I+4}5|:|I=[I-:,;4}E+r:

We have completed the integration by substitution.




Example

Suppose now we wish to find the mtegral

f cos(3r 4 4) dr @)

Observe that if we make a substitution u = 3z + 4, the integrand will then contain the much
simpler form cos ¢ which we will be able to ntegrate.

As before,
du = (:i_u) dr
id
. du
with u = 3r + 4 and E_E

du = (j—ﬂ) dr = 3dr

and so

It follows that

So, substituting u for 3r + 4, and with dzr = -_’gclu n Equation {2) we have

1
fcm{.‘h‘+4]d1‘ fﬁcusudu
1

= =ENu+e
3

We can revert to an expression involving the onginal varable ¢ by recalling that w = 3z + 4,
EIVINE
fcm[ﬂr 4 4)dr = ésin{ir ) +e

We have completed the integration by substitution.

It 15 vory easy to gencralise the result of the previons example. If we want to find f cos{az+b)dr,
. 1 . 1. 1
the substitution ¥ = ar+b leads to o f cos U du which equals s u+rc, that 1s p sin{far+b)+c.

A similar argument, which you should try, shows that f sin(azr + bdr = - cos(ar +b) + c.




i 1
Suppose we wish to find f - dr.

We make the substitution uw = 1 — 2z 1n order to sumphiy the integrand to TLL Recall that the
interral n:-f?' with respect to a 15 the natural loganthm of u, In ju|. As before,

du = (E) dr

du
dr

du = (1:[_1:) dr = =2dr

with un=1-2r and = -2

It follows that

dzr
The mmterral becomes

—%]n|1—2r|+c

1
The result of the previous example can be generalised: if we want to find fn.r_ﬂdl’ the
substitution u = ar + b leads to %f%du which equals %111 lax + b + e

1

d we can 1Imm
+ 7T

This means, for example, that when faced with an integral such as ,[3
T

diately wnte down the answer as %[n |3z + 7| + e

A
\_:'\*.‘ Key Point
f ! = é In|axr + & + ¢

arT + b




Example
Suppose we wish to find

£ 3{9 + 1) de

We make the substitution u = 94 1. As before,
du = (%) dr

with =94z and I:LH=1
dr

du
du = (E) dr =dz

It follows that

The integral becomes

=3
f u? du
=1

where we have explicitly wnitten the variable in the limits of integration to emphasise that those
limits were on the vanable T and not w. We can write these as limits on u using the substitution
u =0+ x. Clearly, when z =1, u = 10, and when z = 3, u = 12. So we require

=12
fﬂ u® du
u=10

Note that in this example there 18 no need to convert the answer given in terms of u back mto
one 1n terms of r because we had already converted the limits on = mnto limits on u.




3. Findingj f(g(z))g'(z) dz by substituting u = g(z)

Example

Suppose now we wish to find the integral

fﬂ:rq’l + ¥dr

In this example we make the substitution @ = 1 + z2, in order to simplify the square-root term).
We shall see that the rest of the integrand, 2rdz, will be taken care of antomatically in t
substitution process, and that this 15 because 2 15 the derivative of that part of the integr:
used in the substitution, Le. 1+ 2
du = (:il_u) dr
dr

Az before,
and so
with u = 1 + 72 and

du

E:.‘EI

It follows that

du = (d_u) dr =2z dzs
dr

So, substituting u for 1 + *, and with 2z dr = du in Equation (3) we have

fﬂrfl + ridr

We can revert to an expression involving the original variable = by recalling that « = 1 + ],
Ziving

fgm“nridr_ _ ;tl P ILT J

We have completed the integration by substitution.




Example

Suppose we wish to evaluate

f iz i
V2241

\/Q_;;jlﬂ -4z we note that it takes the form / f(g(r))g'(z)dz

(z) =22+ 1 and ¢'(z) = 4z.

By writing the integrand as

1
where f(u) = 7 i

The substitution u = g(z) = 22% + 1 transforms the integral to

ff(u)d-u:f%du

This 15 evaluated to give

1 ~1/2
fﬁdu = ffu du

= e

Finally, using u = 222 4 1 to revert to the original variable gives

Ar
dr =202 + )2 1
]'\/_21:'2+1-$ 2+ 1T e

or equivalently

Wat+1l+e




Example

Suppose we wish to find sin vz de.
VT

Consider the substitution v = v/z. Then

du
du (E) dzx

%:ﬂ_l’mdz
1

I
1

PN

fsli%/EdIZQ/Eiﬂudﬂ

from which

Efsinudu —2cosu+rc

—2cos\/T+¢

We can also make the following observations:

: : : : 1
the integrand can be written in the form sin /T - —.
AT




Writing f(u) = sinu and g(z) = /7 then ¢'(z) = l1:_”2 _ ! L

2" T %R AT
Further, f(g(z)) = sin /.

Hence we write the given integral as

, 1
2/5111 ﬁm dz

which 1s of the form

) [ f(g())g (@) do

with f and g as given above.

As before the substitution u = g(x) = /T produces the integral

Q/f{u]d-u:Zfsinudu

Qfsinudu —2cosu+c
—2c0s+/T + ¢

from which




1. f[E: +4)% dr

(a) Let uw =5z 4 4
(b) Then dﬂ:Ed:u:ur%du:dr-

(e} Now substitute

f[ﬂ:HJEdI

2. fm“{z*" +4)" dt

(a) Lot u=1t*+4
(b) Then du = 3¢ dt

{e)}) Now substitute
fzc“{z*"HJE dt f{z*"+4]5.3:2dz

fi:"’-du

15
— i
gl +

War — 5 dr




(a) Let u =4z — 5

(B) T]lcndu:-:iﬁm%dtt:ﬂ

(o) Mow substitute

f dr — L dr

4. Jf i+ 47 e

(a) Let u=1*+4

1
(b) Then du = 3t* dt or 3 du = [ di
(o) Mow substitute

fﬁ{:“ +477 4 = ﬁr? +47E L de

1
-yr 2o
f“ 3




{e) Now substitute
1
fu:m{21'+1]|d1' fu:-c:f-;[:_.!.]uEdu
1

fi cos{u) du

%ﬁ.ln[u}+ Y

1
= gsin(2r + 1)+ C

6. fslnm[:r]l cos(r) dx
() Let uw =sin(r) dx
(b) Then du = eos{z) dr

(¢} Now substitute

fs'mm[:r} cos(r) dr =

sin(T)
' [cos(x))s

(&) Let u = cos(r)

(b} Then du = —sin{z) dr or —du = sin(r) dz




(o) Now substitute

o [OERN,

{a) Let u=,T—1
1 1
(b) Then =ﬁﬂnridu=ﬁﬂ

(o) MNow substitute

f%.ﬁ - ﬁﬁ_lf-%rﬁ

g, [*.a“r“+ﬂ (32" + 2r) dx

(a) Let u =1+ 1"

() Then du = (32 + 21) dx




(c) Now substitute

f"l,"lra+I!-l:_:1I1+1I::li'l:

1
10 }(_.1 L:?-:L;E:I-FEJ* ax
f8) et wu =1 +22x+ 2
(b) Thl:nd-u:{2.1:+2]dr—bdu:ﬂl[r+1}n’.1:ur%du={r+l]dr
) fr=—-1,thenu=(-1F+2{-1)+2=1
(d) fr=1thenu=(1)*+2{1})4+2=15

(e) Now substitute

1 L
(z+1) 1
/_.ll;;=+2:+1]ﬂdr = L{I2+21:+2;.=‘-"{I+1}”’LF

I




1. }:’m{r}m dz
() Let u — sin(z)
(b) Then du = eos(r) dr
(¢) If £ = 0, then u = sin(0) = 0.
(d) If £ =, then u = sin(r) = 0
(¢) Now substitute

[ostavmm s = [ o costa) da

fﬁdﬂ

0

= fni.I]'EIitIi
0

¥
— EE-..'?

1]

ECHNECE
0

Mote, jd f(z) dr = 0. So we didn’t actually need to go through the last § lines.
[+

12, J|r|{:|: + 1} sin{z?* + 2z + 3) dz

(a) Let u ="+ 22 +3

1
(b) Then du = (2r + 2) dr — du = 2z + 1) dr or we can write 5 du = (xr+ 1) dz
(o) Now substitute

f{:+]:|s'|n{12+21'+3:|d:|: fain[:|:1+2:|:+ﬂ}-[.t+1}dr

fain[u} ‘—é du
f%ﬁin{u] du

1
-3 cos(u) + C

—%ma{r"'+2:r:+3]l+ C




(1)

1
(&) [.Etf.l:=1+I

1 1
(b) Then du=—£—= df or —du:L—Eﬂ

(c) Now substitute

1
14. f WD+ 1dr
-1

(a) Let u =2 +1

(b) Th-:ndu:ﬂ:l:?dznrédu=12d:
(e) fr=—-1thenu=(-12+1=10
) Hr=1 themu= (1 +1=2

(e) Now substitute

1
f v+ 1dr
-1




(a) Letu=3z -7
(b) Thendu=3ic¢:rr%du=dr

(c) Now substitute

dx

1
o [ e

(a) Letu=+T+1
1
(b) Thendu=ﬁd_ﬂﬂridu=

() fz=1thenu=+1+1=2

(d) fz=4, thenu=+4+1=3.

dr




(e) Now substitute

1 1
| s -

1
I
17. d:
b s

(a) Let u=x+ 1, then £ = u — 1 (need this for later)

(b) Then du = dr
(e) If £ =0, then u = 1.

(d) fz=1, then u =2




(e} Now substitute

1
[ -
;_|I+1

2
Jr u ™ — a7 dy
1

2
Eual-'z _ oy, 142

3 1

|3 - 2020 - [y - 207

42 2
T—E\.""_—§+E

242 4
—3 '3
14— 27

3

18, fnﬂ_r” dz

(a) Lot u =2r + 1. Then £ = %{u — 1) (need this for later)
1

(b) Then du=2d1m§dﬂ=dr

(o) Now substitute

frm-d:c f%{u—]]ﬁ-%dﬂ
f%{u—]]-ulﬂ du

1 1
IJ.:E""2 — ' dy

% El.lz_g_%ua,f:_g_l_cr
ad

1 Bf2

[

= B2 _ T az

1u[2:+1} E{ZI+IJ +C




19, fﬁ T+ 1ds

You should rewnte the mmtegral as

'[IHE\,-" 2 + 1 dr

to help identify u.

(a) Let u=1%241

3 2
(b) Then du = EJ.Z”E dr or 3 du = £1/? dz

(¢) Now substitute

f:‘ﬂ\fzﬂfﬂ +1dr fﬁrﬂf'hr 1.2 dr

2
fﬁ-idﬂ

2
fﬁul‘rg du

2 99 2

Su4C

%{f’ﬂ + 1% 4

), / /12 + 1 dx

(a) Let u =12 — 1. Then 2 = u — 1 (need this for later)

(b) Then du = 2z dr or % du =z dr




(c) Now substitute
f:3f1'2+1ﬂ'1' = f:'if1'2+ 1-rdr

f{ﬂ—l]ﬁ%du
1aa_1ap

2J..|. gu du
1,0 2 1,0

5 ___3_,"E'F_
Ut g gt gl

gus,.lz _ %HE;'E +C

1 , 1
E{IE_I_ I:IEJE'_E[I‘E_I_ I:IEIJE_I_G

a1, ﬁf+ 1)yT =3 dr

(o) Let u=7—2 Thenu+ 2=z and (u+ 2)* = z?

P =u’+4u+4
{b) Then du = dr

(c) Now substitute

f{:2+1]1.,-"':—:2d:r: f[u‘*+4u+4+1},,fﬂdu
f[u.'2 + du + 5)/u du
= ff.l:s""‘F + 4u™? + 5u' du

+ glﬁ"z + %u




