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1. Introduction 

Coordinate systems is an artificial mathematical tool that used to describe the 

position of an object in space.. There are three coordinate systems:  

1. One dimension coordinate system (1D).  

2. Two dimension coordinate system (2D).  

3. Three dimension coordinate system (3D).  

In physics basic laws are first introduced for a point partile and then laws are extended to 

system of particles or continuous bodies. Therefore, we also begin the discussion with 

point particle and later on we will study  collection of particles or rigid body. 

         To write equations governing the dynamics of a aprticle we need its position vectors, 

velocity, acceleration  etc.     Therefore we first introduce these elementaty concepts. 

 

1-1: (1D) Coordinate system  

The easiest coordinate system use to describe the location of objects in one 

dimensional space. For example, to describe the location of a train along a straight 

section of track that runs in the East-West direction. {Figure (1)}.  

 

Figure (1): A 1D coordinate system describing the position of a train. 

** In order to fully specify a one-dimensional coordinate system we need to choose:  

1-  The location of the origin.  

Chapter (1) 
Different Coordinate Systems 
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2-  The direction in which the coordinate, x, increases.  

3-  The units in which we wish to express x.  

In one dimension, it is common to use the variable x to define the position along the 

“x-axis”. The x-axis is our coordinate system in one dimension.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1-2 :  2D Coordinate systems  

To describe the position of an object in two dimensions, we need to specify two 

numbers. The easiest way to do this is to define two axes, x and y. Figure (2) shows 

an example of such a coordinate system. The axes are perpendicular in “Cartesian” 

coordinate system. 

 
 

Figure(2): Example of Cartesian coordinate system and a point P 

                                     with coordinates (xp, yp).  

Another common choice is a “polar” coordinate system, where the position of an 

object is specified by a distance to the origin, r, and an angle

specified direction, as shown in Figure (3). Often, a polar coordinate system is 

defined alongside a Cartesian system, so that r is the distance to the origin of the 
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Figure (3): Example of a polar coordinate system and a point P with coordinates (r,ɵ) .  

 

 

 

 

 

 

 

 

 

 

 

 

1-3 :  3D Coordinate systems  

In three dimensions, we need to specify three numbers to describe the position of an 

object. In a three dimensional Cartesian coordinate system, we simply add a third axis, 

z, that is mutually perpendicular to both x and y. The position of an object can then be 

specified by using the three coordinates x, y, and z. Two additional coordinate 

systems are common in three dimensions: “cylindrical” and “spherical” coordinates. 

All three systems are illustrated in Figure (4) superimposed onto the Cartesian system.  

One can easily convert between the two Cartesian coordinates, x and y, and the 

two corresponding polar coordinates, r and ɵ:  

 

Polar coordinates are often used to describe the motion of an object moving 

time. 
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Cylindrical coordinates can be thought of as an extension of the polar coordinates. We 

keep the same Cartesian coordinate z to indicate the height above the x-y plane, 

however, we use the azimuthal angle,ɵ , and the radius, r , to describe the position of 

the projection of a point onto the x-y plane.     is the angle between the x axis and 

the line from the origin to the projection of the point in the x-y plane and  is the 

distance between the point and the z axis.  

**The cylindrical coordinates are related to the Cartesian coordinates by:     

 

In spherical coordinates, a point P is described by the radius, r, the polar angle ɵ , and 

the azimuthal angle . The radius is the distance between the  point and the origin. 

The polar angle is the angle with the z axis that is made by the line from the origin to 

the point. The azimuthal angle is defined in the same way as in polar coordinates. 

**The spherical coordinates are related to the Cartesian coordinates by:  

                                                                            

Figure (4): Cartesian (left), cylindrical (center) and spherical (right) 

coordinate systems used in three dimensions. 
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Unit Vectors in Rectangular , Cylindrical and Spherical Coordinates 
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Velocity and acceleration in a different cooredinates systems{ 

First : Position vector: 

It is a vector directed from some point to location of 

particle. In the figure shown r is position vector of 

particle ‘P’ with respect to point ‘O’. If we specify the 

coordinate of particle then position vector can be 

expressed in terms of coordinates and unit vectors 

used in that coordinate system. 
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In cartesian coordinate system: 

Coordinates of particle are written as (x, y, z) and unit vectors along x, y, z axes are 

x̂ , ŷ ,  and ẑ  respectively. 

Therefoer, from figure, 

 
 

Unit vectors are taken in the directions in which coordinates increase. 

 

In cylindrical system  

coordinates of particle are written as  ( s, φ, z) and unit vectors along the 

increasing direction of coordinates are ( ŝ , φ̂ , ẑ  ) . s is perpendicular distance of 

particle from z-axis, φ is its angular position with respect to x-axis and z is its 

distance above x-y plane. 
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 system, rdinatescoo polar spherical In 

coordinates of particle are written as (r, θ , φ )  and unit vector in increasing direction of 

coordinates are ( rˆ, θˆand  φˆ),   r is the distance of particle from origin, θ and φ are 

angular position with respect to  z  and   x  axes respectively. 

 

 

 

 

        If motion of a particle is confined in one plane then only two coordinates are required 

to describe its position. 

We can either use cartesian coordinates (x, y) or plane polar coordinates ( s , φ) . Thus 

if a particle is moving on a plane then its position vector can be written as  : 
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          Plane polar coordinates (s , φ) are the same coordinates which are used in cylindrical 

coordinates system.  

            Notice that,  x̂ , ŷ   and ẑ   have a fixed direction as they are along the x, y and z axes, 

whereas r̂ , ŝ , θ̂ , φ̂  etc do not have fixed directions. Therefore,  x̂ , ŷ , ẑ   are constant unit 

vectors but  r̂ , ŝ , θ̂ , φ̂   are not constant unit vectors. 

 

Derivative of unit vectors ( r̂ ,θ̂ , ŝ ,φ̂ ) can easily be found by using their relation with (x̂ , ŷ, ẑ ) . 
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Second : Velocity  (Average velocity is defined as) : 

 

By expersing ( v ) in different coordinate systems : 

1- In Cartesian coordinate system : 

 

 

 

 

2- In plane coordinate system: 
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3- In cylindrical coordinate system: 

 

 

 as defined is acceleration Average : ccelerationaThird :   

 

 

Instantaneous acceleration is defined as time derivative of velocity vector. 

 
By expressing v indifferent coordinatge system. We can writge acceleration of a particle in 

different coordi- nate system. 

1- In cartesian coordinate: 
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: coordinate polar Plane In -2 

 

 



21 
Lecs in  َ  Quantum Mechanics-III  By Dr. Badry Abdalla– South Valley Unis-Faculty of science - Phys Dept 

 

 

Therefore, if vs = constant , then as may not be zero. 

 

 

Therefore, if vφ= constant then aφ may not be zero. 

 

3-In cylindrical coordinate system: 

 
First two terms are same as in plane polar coordinate 

 

******************************************************* 

Solved Problems 

Example [1]:  A body moves in a spiral path in such a way that the radial distance 

decreases at a constant rate r = b – ct while the angular speed increases at a constant 

rate, , Find the speed as a function of time.       By using equation of velocity  
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Example [2]: A particle is moving along a spiral path with its polar coordinate position r 

= bt2 

function of time.     By using equation of velocity : 

 

 

By using the equation of acceleration  

 

 

6. Velocity and Acceleration in Cylindrical Coordinates  

In the case of three-dimensional motion, the position of a particle can be described in 

 

 

Where eR is a unit radial vector in the x-y plane and ez is the unit vector in the z 

direction.      A third unit vector e is needed so that the three vectors eR e  ez 

constitute a right-handed triad,  
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The velocity and acceleration vectors are:  

 

 

By using the equation of velocity and acceleration 

 
By using the equation of velocity and acceleration 

 

Fourth : Velocity and Acceleration in Spherical Coordinates  

When spherical coordinates r,ɵ,  are employed  

to  describe the position of a particle, the position  

vector is written as the product of the radial  

distance r and the unit radial vector er, as with  

plane polar coordinates. Thus,   

      The velocity vector in terms of its components  

in the rotated triad.   

                      
The acceleration vector in terms of its components in the triad " 

 

 

 

 

Example [3]:   A bead slides on a wire bent into the form of a helix, the motion of the 

and acceleration vectors as functions of time.  
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Chapter (2) 

 
Operators   in 

Quantum Mechanics 
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Postulate 1.  

        The state of a quantum mechanical system is completely specified by a 

function (r, t) that depends on the coordinates of the particle(s) and on time. This 

function, called the wave function or state function, has the important property 

that *(r, t) (r, t) d  is the probability that the particle lies in d  the volume 

element located at at r time t .  The wavefunction must satisfy certain 

mathematical conditions because of this probabilistic interpretation. For the case of 

a single particle, the probability of finding it 3Tsomewhere3T is 1, so that we have 

the normalization condition : 

 

It is customary to also normalize many-particle wavefunctions to 1.0T20T The 

wavefunction must also be single-valued, continuous, and finite.  

 

Postulate 2.  

        To every observable in classical mechanics there corresponds a linear, Hermitian 

operator in quantum mechanics. 

This postulate comes about because of the considerations raised in section 

0T3.1.50T: if we require that the expectation value of an operator is  real, then 

must be a Hermitian operator. Some common operators occuring in quantum 

mechanics are collected in Table 0T10T. 

            2TTable 1:2T Physical observables and their corresponding quantum 

operators (single particle) 

 

Chapter (2) 

Operators in Quantum Mechanics 
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Operators in Quantum Mechanics 

Basic Concepts 

• Operators are the principal components of quantum mechanics. 

• Notationally, operators will be distinguished by hats on top of symbols. 

• Every observable physical quantity, there exists a corresponding operator with real 

eigenvalues. 

• In a finite number of dimensions, a matrix A can transform any arbitrary vector 𝑣 into 

different vector   

 
Similarly, an operator transforms a function into another function: 

 
Some simple examples of operators 
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An operator is a symbol which defines the mathematical operation to be carried 

out on a function 
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2- Basic Properties of Operators 

Sum and subtract of two  operators : 

  
Multiple of two  operators : 

 
For two  equal  operators : 

 
 Multiple of unit operator equal unity: 

 
 Mix law of operators : 
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 Distribution law of operators : 

 
3- Linear Operators 

The linear operators only are studied in quantum mechanicsand have 
the following properties  : 

 
.  are functions  g ً &Where  c is a constant value and  both f 

 

 

: 
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Examples:- 
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Problem (7) : 
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Comutation  relations : 

 Note :  Angular momentum operators on different coordinates are not commutating :  

 

           Or 
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, 

 While the total angular momentum operator commutating with all components of angular 

momentum on a coordinates, given the following  relations : 
 

 

Angular momentum Comutation  operators 
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Prove that : 

 
Simmalry ;  

 
We begin to find commutating relations of angula r momentum operators, and 

understand the role of commutation angular momentum operators in deriving these 

relations.  .These operators  gives the abslute values of these relations.  Suppose a 

function f(x,y,z) and we need to prove that it is has a good beh avioer (eigenfunction).  

First : we need to determine  the comutator ]ˆ,ˆ[ yx LL  :  
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Eqs (1-1), show the periodic comutators operation.  This means that replace y instead of 

x,  and z instead by y, and z instead by x.   This means that, if we carried out  the periodic 

commutator on 
xL̂
 
 we get 

yL̂  and simmlary the periodic commutator on 
yL̂  to get zL̂  and 

from zL̂  we can get xL̂   using the periodic commutating of cartezien coordinates , If we 

carried out the circular comutation on equation (1-7) . 
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Orthogonality and Normalization conditions 
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Second, The probability of finding the particle in the separation (x, x+dx)  

 

Third : Total  probability : 
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Chapter (3) 

 
Shrodenger's Equations  
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3-1: Introduction to wavefunction 

During 1925 three different but equivalent versions of quantum theory were 

proposed.   Schrödinger-proposed wave mechanics; Heisenberg-developed matrix 

mechanics and  Dirac introduced  operator theory. 

           Considering the de Broglie’s matter waves Erwin Schrödinger, an Austrian 

physicist, argued that if a particle like an electron behaves as a wave then the equation 

of wave motion could be successfully applied to it. He postulated a function varying in 

both space and time in a wavelike manner (hence called wave function and denoted it 

as 𝜓).  This function is generally complex and assumed to contain information about a 

system. 

          Schrödinger set up a linear and time-dependent wave-like equation, called 

Schrödinger wave equation, to describe the wave aspect of a particle taking account of 

de Broglie’s relation for wavelength. Physically, |𝜓(𝑋, 𝑡)|2, where 𝜓(𝑋, 𝑡) is the 

solution of the Schrödinger equation, is interpreted as position probability density. 

That is, |𝜓(𝑋, 𝑡)|2 is the probability density of observing a particle at position 𝑋 at time 

𝑡. 𝜓 does not give exact outcomes of observations but helps us to know all possible 

events and their probabilities. Further, the probability interpretation allows us to find 

the average or expected result of a set of measurements on a quantum system. 

3-2:  The wavefunction 

In classical mechanics : Determination of the position for any microscopic 

particle at any time (i.e. 𝑥(𝑡)) leads to find any other interested dynamical variables 

velocity (𝑣 = 𝑑𝑥 / 𝑑𝑡 ), the momentum (𝑝 = 𝑚𝑣),the kinetic energy [𝐾𝐸 = (1/2) 𝑚𝑣2 ], 
etc. 

In Quantum Mechanics : The information about the state of a particle is 

described by a wavefunction, which is usually denoted by ψ(r,t) and can be used to 

describe all dynamical variables (i.e. velocity (𝑣), the momentum (𝑝),the kinetic energy 

(𝐾𝐸). 



61 
Lecs in  َ  Quantum Mechanics-III  By Dr. Badry Abdalla– South Valley Unis-Faculty of science - Phys Dept 

 

 

         This wavefunction can take various formula, the sinusoidal wave is the simplest 

example of a periodic continuous wave and can be used to build more complex waves. 

 

 

 
There are several interesting features of the wave function 𝜓. 

• The probability interpretation of |𝜓|2 imposes certain conditions on meaningful 𝜓. 

Further, the |𝜓|2 satisfies a conservation law, an equation analogous to the continuity 

equation of flow in hydrodynamics. 

• To set the total probability unity the 𝜓 must satisfy the normalization condition 

Knowing 𝜓 we can compute expectation values of variables such as position, 

momentum, etc. 
• In quantum mechanics the experimentally measurable variables are no longer 

dynamical variables but they become operators. The outcomes of experiments are the 

eigenvalues of the operators of the observables. 

• A valid wavefunction must be “well behaved,” with specific properties 

➢ Single valued of the parameters of the system. 

➢ Continuous and finite. 

➢ Differentiable. 

➢ Square integrable. 

➢ Space coordinate and time. 
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 The Probability Interpretation and Normalization : 

The Born's statistical interpretation of the wave function has been used to describe the 

state of particle, which says that |Ψ(𝑥. 𝑡)|2 gives the probability of finding the particle 

at point 𝑥, at time 𝑡 - or more precisely; 

 
The statistical interpretation introduces a kind of indeterminacy into QM and because 

of the statistical interpretation, probability plays a control role in QM. For example, 

when an electron manifests as a wave, it is described by : 

 
And a generalization of this wave into three dimensions' yields : 

∇2𝜓(𝑟) = −𝑘2𝜓(𝑟) 
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The statistical interpretation of the wave function |Ψ(𝑥. 𝑡)|2 is the probability density 

for finding the particle at point 𝑥 at time 𝑡.The value of the integral of the probability 

density must be equal 1, so that the particle's go to be somewhere : 

 
This mathematical relation represents the normalization of the probability density for 

finding the particle over all region. 
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Schrödinger Equation in 3D Cartesian Coordinates: 
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