L Ccomplex Numbers 1 Dr. Saad Shargawy

Definition: A complex nhumber is a number consisting of a real and
imaginary part.

Its standard form is Re(z)=x, Im(z)=y., i=+-1; z=x+iy

v The complex conjugate of a complex number z = X+1iy, denoted by z
is given by 7= X—1y.

v The complex number —z =—x—1y is the addition inverse of a complex
number z = X +1y, and the multiplication inverse of a complex number

0#z=X+iyis z‘lzlzz_: _X_Iy — = )2(—|y2 .
z 2z (x+iy)(x—=liy) X°+y

Examples: Find Re(z), Im(z), z, —z, z* for each comlex number z
of the following:
1-2i, 2+i, i, 2i, i -1
1+i
Solution: z=1-2i
Re(z)=1, Im(z)=-2,z=1+2i ,—-z=-1+2i ,

sl 1 _ 1-+2I . 21+2!2:l(1+2i)
1-2i (1-2i)@+2i) 1I°—(2i))° 5

v Two complex numbers are equal if their real parts are equal and their
imaginary parts are equal
(i.e. If X, +1y, =X, +1y, Then X, =X, and y, =Y, ).
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The polar form of a complex number:

z=r(cos@d+isind) is called the polar form of a comlex number
Z = X+1y such that:

X=rcosf, y=rsing , r=|z=x’+y’ ,eztan’ll
X

0 is called the argument of z, denoted by arg(z) .

The principal argument of z is —7<0<rx
(determined according to in which quarter lies?)
As shown in the following diagram:

r
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7% A
quarterll uarterl
Sin+ / All +
T € > 0 2
0, —r
uarterlv
quarterlll
Tan + Cos+
3_7r
2

“ All Students Take Calculus ”

( 6, will be one of the famous angles

In other words:
v The comlex number z = x+1y lies in quarterl.

v' The comlex number z =—x+1y lies in quarterll.
v' The comlex number z =—x—1y lies in quarterlll.
v' The comlex number z = x—1y lies in quarterlV.




L Ccomplex Numbers

Dr. Saad Shargawy

Examples: Write each of the following comlex number z in polar form:
1+, —/3+i , -1-iV3 , 1-i
1) z=1+i

r=yx2+y? =41+1=4/2,

sinezlz
r

cosd =

= |x

i ol

.'.1+i:\/§(c03%+isin%).

2) z=—+3+i
r=yx’+y>=+3+1=2,

sinH:X:

= | x
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3 z=-1-iv3
r=yx’+y> =41+3=2,

sing===——

cosf =—=

= | x

e
QD
)
()
I
x <
Il
|
w
1
P

2”)].

s —-1-i3= 2[cos(—2?”) +isin (—?

@) z=1-i
r=yx2+y? =1+1=4/2,
sing =" =

= | X

-1
J2
1
cosf=—=—
V2
tanezlz_—l

x 1

===
4

cloi= \/E[cos(—%)ﬂsin(—%)].

v HW:

2 .
1- Write the complex number z = 1— in the form , and find z = X +1y
+1
Re(z), Im(2) , z, |7| , arg(z).
2- Write the complex number z = i - in the form , and find z = x +1y
—/3+1

Re(z), Im(2) , z, |7| , arg(z).
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De Moivre's Theorem: Let z=r(cos@+isin#) be a complex number

and n be any real number. Then z" =r"(cosn@+isinn®).

Examples:
(1) Using De Moivre's Theorem, find the value of (1+1i)®

Solution:
we put the complex number z =1+1 in the polar form as follows:

r=\/1+1:\/§,9:tan‘l%=tan‘11:%
.'.1+i=\/§ cos£+isin£ ,
( 2 4)

S (L)t = (\/E)s(cos%+isin%)8 ~16(cos27 +isin2z) = 16.

(2) Using De Moivres™ Theorem, reduce the complex number:

L (c0s26 —isin 26)°(cos36 +isin36)’
(cos40 +isin40)"*(cos50 —isin56)°

Solution:

L [cos(—26) +isin(-26) T [cos36 +isin36]’
[cos46 +isin 48] [cos(-56) +isin(-56)T

_ [cos@ +isin]*°[cosd +isinG]*

" [cos@ +isin@]*[cosO +isinH)]
= (cos@+isin@)” =cos120 +isinl26.

and at 0 = %: z= cos(lZ)(%) +isin(12)(%) =cos2z +isin2z =1

, and find its value at @ :%
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(3) Using De Moivre's Theorem, reduce the complex number:

H 5
w , and find its value at @ = z )

(1-itan @)’
Solution:
.Sind |5
,_ (@+itan 0)° _ (L cpse)
(L-itan @)’ (1-i sing y
cosé
_ (cos8)?(cosd +isin)°®
(cos@ —isin6)’
_ (cosf)?(cosO +isin®)®
(cos@+ising)”’
= (cos#)*(cosh +isinH)*
= (c0s8)?[cos(126) +isin (120)].
andat =2

z= (cos(%))z[cos(lz)(%) +isin(12)(%)] = (?)Z[cos&htisin 27] =%_

v H.W:
Using De Moivre's Theorem, find the value of (1+i+/3)® , (v/3+i)%




