Chapter 30

Fundamental Integration Formulas

IF F(x) IS A FUNCTION whose derivative F'(x) = f(x) on a certain interval of the x axis, then F(x) is
called an antiderivative or indefinite integral of f(x). The indefinite integral of a given function is
not unique; for example, x> x* +5, and x> — 4 are all indefinite integrals of f(x) = 2x, since

d d . .
dix (x*) = e (x*+5)= p (x* — 4) = 2x. All indefinite integrals of f(x) = 2x are then included
in F(x)=x" + C, where C, called the constant of integration, is an arbitrary constant.
The symbol | f(x) dx is used to indicate the indefinite integral of f(x). Thus we write

2xdx =x*+ C. In the expression | f(x) dx, the function f(x) is called the integrand.

FUNDAMENTAL INTEGRATION FORMULAS. A number of the formulas below follow immedi-
ately from the standard differentiation formulas of earlier chapters, while others may be
checked by differentiation. Formula 25, for example, may be checked by showing that

d 1 3 9 1 9 . X -~ 3
— |z xVa —x + -a‘arcsm;+()= at—x

dx \2 2
Absolute value signs appear in certain of the formulas. For example, for formula 5 we write

% =In|x| + C instead of
fgx)—c=lnx+Cforx>0 and J%:ln(—x)+Cforx<0
and for formula 10 we have ftan x dx = In|sec x| + C instead of
jtan xdx=Insecx+ C for all x such that secx =1

and ftan xdx=In{—-secx)+ C for all x such that secx = —1

& gojax=fn+ €

—

2. f[f(x)+g(x)] dx=Jf(x) dx+J'g(x) dx
3. jaf(x) dx=aff(x) dx . a any constant
xm’l
4, jx"'dx= +C, m#-1
m+1
dx R a
5. J—=ln|x|+C 6. fa dx = +C, a>0,a#1
X Ina
7. fe"dx=e"+C 8. jsinxdx=—cosx+C

206
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9. fcosxdx=sinx+C 10. jtanxdx=ln|secx|+C
11. fcotxdx=ln |sin x| + C 12. fsecxdx=ln |sec x + tan x| + C
13. [cscxdx=ln|cscx—cotx[+c 14. jseczxdxztanx+C
15. fcsczxdx=~cotx+C 16. fsecxtanxdx=secx+C
17 f txdy=—cscx+C 18 f—L-— sin > + C
. | escxcotxdx=—cscx . Voo arcsin —
dx 1 x dx 1 x
19. az+x2=;arctanz+C 20. I;‘W:EarCSCC;-FC
dx 1 xX—a dx 1 a+x
. == + . = — +
21 -2 22 NI, C 22 g 2aln — C
23. IL=ln(x+Vx2+a2)+C 24, I—L=ln[x+Vx2—az|+C
Vx? + a° Vx?l—a’
1 1
25. f\/az—xzdx=§x az—x2+§a2arcsin§+C

26. f\/x2+a2dx=%x x2+a2+%azln(x+ Vil +ah)+ C

27. f\/xz—azdx=%xVxZ—az—%azln|x+ Vx’—d’|+C

THE METHOD OF SUBSTITUTION. To evaluate an antiderivative j f(x) dx, it is often useful to
replace x with a new variable u by means of a substitution x = g(u), dx = g'(u) du. The equation

| 10 ax = [ stgng o) an (30.1)
is valid. After finding the right side of (30.1), we replace u with g~ '(x); that is, we obtain the
result in terms of x. To verify (30.1), observe that, if F(x)= j f(x) dx, then :_u F(x) =

d dx ' ' ' . :
2 P 2 = fx)8/ () = ()8 (w). Hence, F(x) = | f(g(u)g'(u) du, which is (30.1).
EXAMPLE 1: To evaluate f(x +3)" dx, replace x + 3 with u; that is, let x = u — 3. Then dx = du, and

we obtain

f(x+3)“dx=ju” du=}u”+C=L(x+)N?+C

QUICK INTEGRATION BY INSPECTION. Two simple formulas enable us to find antiderivatives
almost immediately. The first is

[ els) dr= = (g1 + € re (30.2)
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(81"} = '8

d
This formula is justified by noting that — {

de \r+1

EXAMPLE 2: () f “"x") dx = f (In x)* dx—— (Inx)*+C

(b) jx\/x2+3dx=%f(21)(x +3)" dezi[m(st)’ 2]+C=%[Vﬁ+3]~‘+c

The second quick integration formula is

g'(x)
dx=1In{g(x)|+ C 30.3
20 |g()l (30.3)
This formula is justified by noting that 4 (In|gx)|) = gx)
dx 8(x)

COs X
| 32 slinx
X 3
= - —_— = — -_— +
3Jx3_5dx 3lnlx 5|+ C

EXAMPLE 3: (a) Jcot x dx =j dx =Inlsinx| + C

Solved Problems

In Problems 1 to 8, evaluate the indefinite integral at the left.

()
fﬁm=%+c

fdx f ‘de——+C——l+C

43

3 — 1/3 _Z* =§ 4:3
j\/Edz fz dz—4/3+C i +C

1/3

f{}ﬁ—z=fx7mdx=%+c=3x“3+C
x

f(zx ~Sx+3)dx= 2fx dx—s[xdﬁs[dx-zi—%—uﬁc

f(l —):)\/T(bc=J'(x”2 —.x',l'z)d,r:fx”2 d)c—jx‘”Z dx=3x*?~-ix""+ C

f(3s+4)zds=f(9s2+24s+ 16)ds =9(1s’) +24(1s°) + 165+ C=3s" + 125" + 165 + C

LI . 4 1 4
J"—if—dx f(x+5 4x2)dx——x +5x——x—1+C—§x F5x+24C
. =

Evaluate (a) j(x3+2)2(3x2) dx, (b) I(xz +2)"% dx. (c )j 8x’ dxh
by means of (30.2).

and (d) J\/~+—2_
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(a) J(x3+2)2(3x2) de=4(x*+2)+C

(b) f(x3+2)”2x2dx=%f(x3+2)”2(3x2)d.x= %%(x3+2)3'2+c= %(IJ+2)3,Z+C
8x’ 8 [ 3. mesmzn g  8( 1\, 3, -2, ~_ 4 1

(©) f——(x,+2)3 dx=§f(x +2)7%(3x )dx~§(—§)(x +DFHC= 3 gt €

(*+2)y*+C= g &’ +2y+C

Wl

dx = % f(x3+2)'”‘(3x2)dx=%

@ |

All four integrals can also be evaluated by making the substitution u = x* 42, du=3x"dx.

10. Evaluate f?ax\/l ~-2x% dx.

Formula (30.2) yields
f3x\/1 —2x  dx =3(- %)[(1 -2 (~4x)dx = - 331 -2+ C
=-1a-2*"*+C
We could also use the substitution u =1 —2x> du = —4x dx.
(x+3)dx
(x* +6x)'"?"

Formula (30.2) yields

(x+3)dx
(x> + 6x)'"

11. Evaluate

1

= % f(x2 +6x)7"3(2x +6) dx = 5 ; (x* +6x)""+ C

= % (x*+6x)*>+ C
We could also use the substitution u = x* + 6x, du = (2x + 6) dx.

In Problems 12 to 15, evaluate the indefinite integral on the left.

12. f{’l—xzxdx=—'%](l—xz)'u(—z,tdx)=—%%(1—x2)4/3+c=—%(1—x2)4/3+c

13. j\/xz_z‘xa dx=j(1 —2x%) e dy = — ) f(l ~2x)'"}(—dx dx) 12(1-27)% 4 C

=-1(1-2*+C

(1+x)° 1+2x+x° - 4 2

14. f_de= _xT dx= (x 1/2+2x1/2+x3/2)dx=2x1/2+ §x3/2+ 5 xS/Z+C
42 1 1 x° X’

15. fx =f[ ——] = '= "=
(x+1)2dx : (x +1)° dx X+x+1+c x+l+1+C x+1+C

FORMULAS 5 TO 7

16. Evaluate f dx/x.

Formula 5 gives J' % =Inlx|+ C.
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17. Evaluate f xi’

T using (30.3).

j xd:Z =In|x + 2| + C. We also could use formula 5 and the substitution u = x + 2, du = dx.

18. Evaluate f E—dé-, using (30.3).

2dx 1 . _—
) J;%i; 3 2 33" 2 In |2x — 3| + C. Another method is to make the substitution u = 2x — 3,
u =

In Problems 19 to 27, evaluate the integral at the left.

19. fidi=%ffffx sInlx* -1+ C=

njx>=1+lnc=In(cVix’-1]),c>0

-1 5

X dx 1 [ —6x%dx 1 N c
. = | =5 =-Ch{1-2%"|+ C=In j——=
20 fl_le 6] T5m = -gmhi-2rl+C e R
21. j 1+— dx=x+In|x+1|+C
22. f = fe"‘( dx)=—e "+ C
23 J = jz‘de l‘1—21+C
) de =3 (2d)=3

Jx e}x

24. 3 (3dr)=5+C

l/x
25. j J’ l/x(_if_)= _el/x + C

pd

4 x 4
26. I(ex+1)3e‘dx=Ju’du="7+C=(L:_l)

J(e‘+1)3e‘dx=f(e‘+1)’d(e'+1)=£ex—:1—)—‘+C

+ C, where u=¢* +1 and du = ¢" dx, or

dx J’ 1 —x _ el
27. pe +1 fl+e' ,— In(1+e )+C—ln1+e,+C

=x—ln(l+e )+ C

The absolute-value sign is not needed here because 1+ e * >0 for all values of x.

FORMULAS 8 TO 17
In Problems 28 to 47, evaluate the integral at the left.

28. fsin%xdx=2f(sin%x)(%dx)=—2cos§x+c
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29,

31.

32.

33.

37.

39.

41.

42,

43.

jcosSxdx= 5 f(cosSx)(3dx)= fsin3x+ C

.3
. sin’ x
fsinzxcosxdx=fsm2 x(cos x dx) = 3+ C

sin x —sin x dx
Jtanxdx f =—j————=—In|cosx|+C=In|secx]+C
€Os x cos x

ftan 2xdx=1 I(tan 2x)(2dx)= 3 In|sec2x|+ C

f:ccotx2 dx=1 j(cotxz)(Zxdx)= Lin|sin x°| + C

sec x(sec x + tan x) sec x tan x + sec’ x
sec x dx = =
secx +tanx sec x +tan x

jsecﬁ % =2J(secx”2)(%,1"”2 dx)=21In |sec VX + tan Vx| + C

tan 2ax

fsec 2ax dx = f(sec 2ax)(2a dx) = +C

J’sinx+cosx

dx=j(tanx+1)dx=1n|secx|+x+ C
cos x

f sin y dy _
cos’ y

tan ysec ydy =secy+ C

[(1+tanx)2dx=f(l+2tanx+tanzx)dx=f(seczx+2tanx)dx

=tanx +2In|secx|+ C

Je‘ cos e dx = f (cose”)(e* dx)=sine" + C

3cos 2x
fe““z"stxdx——é > (= 6 sin 2x dx) = — & e +C

J’ [ 1—cosx J’l COs X
1+cosx 1—coszx sin” x
=—-cotx+cscx+ C

=f(csc2x—cotxcscx)dx

f (tan 2x + sec 2x)* dx = f (tan® 2x + 2 tan 2x sec 2x + sec” 2x) dx

=](256c22x+2tan2xsec2x—1)dx=tan2x+se02x—x+ C

=In|tan ju|+ C

du du f (SeC 2")(2 du)

fcscudu= ;
sin u 2sin 3ucos ju tan ju

dx=In|secx +tanx|+ C

21
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J(sec4x— 1)? dx=j(secz4x—2sec4x+l)dx= ! tandx — { In|secdx + tandx|+ x + C

sec x tan x dx (sec x tan x)(b dx) _ 1
46. Ia+bsecx _b a+ bsecx bn|a+bsecx|+C
dx _J’ sin2xdx 1 [ (sin2x)(2dx) _ 1 _ ,
47. J'csc2x—c0t2x— T cos2x 3 1~ cos 2x —zln(l cos2x) + C

1 1
=§1n(25in2x)+C'=i(1n2+2|nlsinx|)+C’=ln|sinx|+C

FORMULAS 18 TO 20
In Problems 48 to 72, evaluate the integral at the left.

48. j \/% =arcsinx + C 49. j 1 fxxz =arctanx + C
dx dx x
50. f ~—==—= =arcsecx + C 51. f =arcsin - + C
Vx' -1 Via - x? 2
dx 1 X
52. a—+_XZ = 5 arctan ‘3‘ +C
53 j f drcsm 4x +C
) Vx—wx T3 Vy Mx
54 f arctan 2 +C
) 4x +9 (2x)* 4—3 6 3
5s. j d.x =j 2dx2 2=larcsec2—x+C
V' -9 Jax(en?-3* 3 3
56. x_dx f 3x7de 1 arcsin x* + C
Vi-ax* 3 \/ - ) 3
xdx 1 [ 2xdx 11 x’ V3 x*V3
57. fx4+3-§ m—i——,jarctanﬁ+C—7arctan 3 +C
dx 1 2x dx 1 1 1
58. J == f = = - arcsecx’ + C = - arccos < + C
wWx'-1 2 xz\/(x‘)2 -1 2 2 x?
+
59. j __d.x—: = arcsin x+2 +C
Va~(x+2) 2
dx —J/ e.l _ .
60. e 2,+1—arctane +C
P _Ax? 4
61. —3—X———Z£idx=f(3x—4+ 24 )dx=3i—4x+4arctanx+C
x“+1 x“+1 2

[CHAP. 30
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62.

63.

65.

67.

69.

70.

71.

72,

2secx

J'secxtanxdx_l 25ecxtanxdx=larctan + C
9+4sec’x 2J) 3+ (2secx)’ 6 3
(x+3)dx x dx J'
= +3 1-x"+3arcsinx + C
Viee Jvie v
(2x-T)dx [ 2xdx dx > 7 X
f parramil o yver 7 x2+9—ln(x +9) 3arct.m3+C
+
f _d =f & =f dy V5 etan QIS
y + 10y + 30 (y "+ 10y +25)+5 (y+5)+5 5 5
f —f dx = :arcsinx
V20 +8x — x° V36 — (x* — 8x + 16) V36— (x — 4)°
j dx __J 2 dx _J' 2 dx latn2x+1+C
Wi+ 2x+5 Jadvax+10 ) @xr)yieo 37N T3
[ x+1 f 2042 _1f@x-4)+6 _1((@Qr-4)dr
Yo s T v s ® x’—4x+8 2) ¥ -4x+8

_1[(@x-4)dx 3f 1
20 ¥ —4x+8 (x - 2) +a4 2

The absolute-value sign is not needed here because x* — 4x + 8 >0 for all values of x.

[ dx =f dx =J' dx
Va-12x-x I Vea- (P +12x+36) 7 64— (x +6)

_x+3 1 ~2x—6 1 (-2x—-4)-2

=—z | ——=dx=— 3 | —V——— dx
V5-4x-x’ 2 V5 —4x —x° 2 V5 —dx — x°
1 -2x—4 dx
--3 dx+ | :
2) Vs —4x-x° \/5—4x—x‘

1 -2x—-4 f
2)Vs—ax-x V9 - (x+2)

+
——V5—4x—x2+arcsinx 2

3 +C
j 2x+3 [ 18x+27  _ (18x —12) + 39
9x>— 12x +8 9> —12x+8 9 9x>—12x+8
f 18x-12 1_3_f
9x® -~ 12x + 8 3) (3x-2)"+4
1 —
=5 In(x —12x+8)+1—3arctan3x2 +C
+2 1 -2x—4 —2x +4) -
x  dx = —2x-4 dx——— (—2x 4)’8dx
Vix - x V x—x° 2 Vdx — x*
1 4—-2x dx 3 X
= — = ——h—dx+4f—=—m+4arcsin
2J Vax-»x° Va-(x-2)

In (x* —4x+8)+3

. x+6
= arcsin

213
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FORMULAS 21 TO 24
In Problems 73 to 89, evaluate the integral at the left.

e _ 1 x-ll de 1 |1+x
73. it Rl Feerd R4 74. ik Ll Ene Be
dc 1 x—2’ dx 1 3+x
75. a3l e 76. o g3 ¢
77 dx =ln(x+Vx'+1)+C 78 I & Injx+Vx*-1|+C
. = . = X -
Vil +1 Vxi-—1
dx 1 2dx ]
79. f—~——-=—f—,=—ln2x+\/4xz+9+(’
Vax'+9  2Jyax)+30 2 ( )
dz 1 3dz 1 =
80. j—~—=—[—,——=—ln3z+V9‘—25+C
V9z'-25 3J V9z2-25 3 | ‘ |
dx 1 3x -4
L AN
8 9x - 16 3 (3x) —16 a5 tC
dy 1 4 dy 1 ‘5+4y'
82. f-,=— — = +
316y 4) 5-(4y a0 M[5oay| T C
dx ‘f dx (x+3)—l) 1 x+2)
83. fx2+6x+8_ x+3)Y -1 ] (x+3)+1 M Rl et Rl
dx dx I 2) 1 X
PR R S N T
m-x Ja G-z At iyl Tt || * €
85. J ds ,=f ds, =ln{s+2+Vds+s°|+ C
Vas+s® D V(s+2)7 -4
x+2 1 2x+4 1 2x dx dx
86. —dx= dx = = + f -
Vxi+9 21 vVxi49 20 Vel +9 Vx°+9
=Vx'+9+2In(x+ VX' +9)+ C
2x -3 1 8x—12 1 8x dx 3 2dx
. ST dx=- | S gy= | XE 224X
87 - al - un YTl T2 o
_1 ) IVIT, [2x-V1T
T3 Infax” - 1| 4 Vit T ¢
38 _ox+2 dx—l _2x+4 1 o x+2 f dx
) Vr +2x~-3 20 V4243 Vx +2x -3 Vir+1)" -4

=Vxi+2x-3+Injx+1+Vx'+2x =3[+ C



CHAP. 30] FUNDAMENTAL INTEGRATION FORMULAS 215

89 I__z_—x_ = j 8x—16 . __1[_ 8x+4 +_j_—_
. i 3T T a3 %78 a3 2) x+1)y -4

5 2x —

e a4 -3+ 2
= 8lnl4x +4x 3l+16] P +3+C

FORMULAS 25 TO 27
In Problems 90 to 95, evaluate the integral at the left.

xV25-x2+z§arcsin'E +C

90. fVZS—xzdx= > 5

SR

o, [Vitara=)[oATanean=5(EVioar+ Jarein 25) 4 ¢

1 ) . 2xV3
—ix 3-4x +Zarcsm 3 +C

92, jVx:—36dx=%xVx2—36—181n[x+ Vx®—36l+C

93, f\/3x2+5dx=%f\/3x2+5\/§dx:%[?x\/3x1+5+gln(\/§x+\/3x2+5)}+C

x\/3x2+5+5—6‘/—§1n(\/§x+\/3x3+5)+c

I
2

9. fv3—2x—x2dx=f\/4—(x+l)zdx:xgl V3—2x—x2+23rcsinx+1

+C

95s. JV4x2—4x+de=%J( (2x = 1Y + )2 dx)
=%[2X2_1 V4x2—4x+5+2]n(2x—I+\/4xl—4x+5)]+C
2x -1 5 -
=3 Vax’—4x+5+In(2x -1+ Vax’ —4x +5)+ C

Supplementary Problems
In Problems 96 to 200, evaluate the integral at the left.
96. f(4x*‘+3x2+2x+5)dx=x“+x"+xz+5x+C
97. f(3—2x—x“)dx=3x— -i*+C
f(2—3x+x3)dx=2x-— I+ i+ C

f(xz-l)zdx=x’/5—zx~‘/3+x+C
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100.

101,

103.

105.

107.

109.

111.

113.

118.

117.

119.

121.

123,

125.

127.

129.

131,

133.

135.

137.

139.

FUNDAMENTAL INTEGRATION FORMULAS

f(\/f— Ly 42T de = P - I 4P+ C

J(a+x)3d.x=%(a+x)4+C

a__ 1

X 2x°

[ & —avar3sc
Vx+3

f\/2—3xdx——-(2 3x)*? +
J(x—l)zxdx=%°—§x3+%x2+C
f1+y"y y=t(1+y')Y"7 +

J'(4—xz)x2dx Byl 8t i+ C

x dx 1
=- +C
f (x* +4) 4(x* +4)°

f(]—x’)zxdx=%x2— I+ i+ C

f(x2 —x)'Q2x-Ddx=ix*-x)’+C

(X+l)dx \/——_——
x*+2x—-4+C
Vxi+2x -4
[ S
J'(x-f-l\)/(;—Z)dx=§x5/z_§x.hz_4xuz+
dx
et lnl3x+1|+c

xtdx 1 3
— =z -+ C
J'l_XJ 3lnll x|

dex 3 X ‘42Injx+2/+ C
x+2

f( de  dx )_ ‘2):—1'
2x-1 2x+1/7 12

J’e4xdx=.%e4x+c
a2 42
J'e rdx=—4e "7+ C

J(e‘+1)2dx=% *+2e*+x+ C

102.

104.

106.

108.

110,

112.

114.

116.

118.

120.

122.

124.

126.

128.

130.

132,

134,

136.

138,

140.

(CHAP. 30

j(x -2y dx=3x -2+ C

a1
[(x—1)3_ 2(x—1)2+C
f\/3x—1dx=%(3x~1)”+c

I(sz +3) xdx = F(2x7+3)7+ C
I(xz -Dxde=1x*-1)+C

f(x’+3)xzdx= H* 43P+ C

dy 1
= C
f(z—y)’ -y "

f(l—x) de=x-ix*+3ix+C

f(l ~xYxPde=-5(1-x)Y+C

3:dl3=§(t2+3)2/3+c
e’t +

dx 3 ,
[t o0 c

f\/}(3—5x) dx=2x"*(1-x)+ C

dx
I;*__—l—ln|x—ll+c

3x dx

3 2
=2
212 2ln(,t +2)+C

x—1
=x- +1|+
Jx+1dx x=2lnjx+1|+C

x+1 1 5
—————dx=31 +2x+2)+C
Jx2+2x+2dx g In(i+2r+2)

Iahdx:

lix
I—sdx=—%e”‘z+C

X
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141.

143.

145.

147.

149.

151.

153,

155.

157.

159.

161.

163.

165.

167.

169.

171,

173.

175.

177.

179.

J(e"+1)2e‘dx= He*+1)+ C
2 1 1

f(e’+l,) dx = e2’+2x——2—x+C
e 4

e -1 2 |
- —dx = T+3)Y P - - x+
feh+3dx In(e” +3) 3% C

dx

_3 5 In C(x*?+1),C>0
x+x

fcos%xdx=25in Ix+C
jcchZxdx-—Acot2x+C
ftanzxdxztanx—x+C
fcsc3xdx= YInjesc3x —cot3x|+ C
f(cosx—sinx)zdx=x+ fcos2x+ C
fsin“xcosxdx=£sin‘x+€
Jtansxseczxdx=%,tan°x+c

]%ﬁ =2(tan 3x +sec 1x)+ C

dx

1
————— =x+ - (cotax —cscax) + C
1+ secax a

sec’ 3x 1
j tan 3x dx = 3 In [tan 3x| + C

feranz:r sec22xdx= %elan2x+c
f—dx——arc infﬁ +C
V5 - x? ° 5
f—————ﬁarcsecﬂwtC
wWVx -5 5 5

edx 1 .
f—4—x=—arctane2 +C
1+e¢ 2

;dx—-lact §3‘-+C
9x’+4 67
secxdx

= arcsm QRtanx)+ C

V1-4tan® x

FUNDAMENTAL INTEGRATION FORMULAS

142,

144,

146.

148,

150.

152.

154.

156.

158.

160.

162.

164.

168.

170.

172,

174.

176.

178.

180.
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er _l 2
jez,+3dx~2ln(e +3)+C

-1 . 2
fmdx—ln(e +1)Y-x+C

C

=1 _
T35

C>0

f dx
Va(l = vx)
Jsin2xdx=—%cost+C
Jsechtaandx=%sec3x+C
fxseczxzdx=%tanx2+C
flan%xdx=2|n|sec%x|+€
b
bsecaxtanaxdx=;secax+C
. 1 .,
smaxcosaxdx=-2—asm ax + C
1 2 1 "
=——c¢cos ax+C' ' =—--—cos2ax+ C
2a 4a

jcos‘xsinxdx= ~leos®x+ C

Jcot4 3rcese’3xdr=— g cot’3x + C

1 - cos 3x

3sin 3x +C

f l+cos3x

X X 1 X
jsecz—tan—dx=-atan‘—+C
a a 2 a

5

sec” x 1

f dr=-sec*x+ C
csC x 4

jez‘"‘ Meos3xdx = §e* " + C

dx Vs

2=—arctanx—5+C
5+x 5 5

flﬁ—- =arcsine” + C
\/] _elx -

j arcsm 3 +C
V4 -9x* 2
sin 8x | sin? 4x
jmdx—lzarcta 3 +C
372 + C

dx 1 .
——————— = = arcsin In x
ij4-91n2x 3
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2t - xf 1 V2 f cos2xdx V2 sin 2x
. = -x+ = . —_— = -

181 ey * = x X+ arctan xV2 + C 182 Gniacsg - 8 arctan o=+ C
(2x - 3) dx (2x + 6) dx J dx 2 9 x+3

183. = 9| 5————=In(x’+6x+13)- 2

83 P brt 3 Y i6es 3 9 P r6c 13 n(x"+6x+13) 2arctan 3 +C
(x-1dx (6x —4) dx dx \/3 3x -2

184, = - 3 —4x+3)- —= =+
3x —dx+3 37 —axs3 ) o C1zers g mBX T4t arctan —7s— + €

185. xdx —V27 + 6x — x* + 3 arcsin _3+C
V27 + 6x — x° 6

186. _Godndy 4x)dx =VI12x - 4x° —8—1arcsm(2x—3)+C
Vi12x —4x* - 2
de 1 x—2 J’ _1 2x =3

187. x2_4—4ln P +C 188. =—|n 313 +C
dx 1 x+3 f 3x+5|

9. =~ il

18 -2 6 n 190. 25— 052 ln 3

191. f-—dx——=ln(x+\/x2+4)+c 192. IL=11n|2x+V4x2—25|+c
Vxi+4 Vax*-25 2

193. jmdx=%x\/m+§arcsini—x+C

194. [ Vi l6dr= Ve~ 16-8Inlx + VEZ - 16| + €

195. fmdx=;x\/m+2ln(zx+\/zuz—+§)+c

196. f\/mdpg(xq)\/m—zmu—nmuc
197. fm——xzdx=é(x—2)m+8arcsin%(x—2)+C

198. fmdp;(ﬁz)m—zmlﬁumuc

199. J-sz—&rdx=%(x—4)Vx2—8x—81nlx—4+Vx2—8x|+C

3+C

200. IV6x—x2dx=%(x—3)V6x—x2+%arcsinx_

3



Chapter 31

Integration by Parts

INTEGRATION BY PARTS. When u and v are differentiable functions of x,

d(uv) = udv + v du
or udv=d(uv)—vdu

and fudv=uv—]vdu (31.1)

When (31.1) is to be used in a required integration, the given integral must be separated into
two parts, one part being u and the other part, together with dx, being dv. (For this reason,
integration by use of (31.1) is called integration by parts.) Two general rules can be stated:

1. The part selected as dv must be readily integrable.

2. v du must not be more complex than | « dv.
EXAMPLE 1: Find f e dx.
Take u = x* and dv = e* x dx; then du=2x dx and v = Le*. Now by (31.1),
fx”e’z dx = x%e” - jx eCdx=1xe " — e+ C

EXAMPLE 2: Find f]n (x? +2) dx.

Take u = In (x> + 2) and dv = dx; then du=}2—2x—%andv x. By (31.1),

2 _ 2 2x2dx_ 2 _J _ 4
fln(x +dx=xIn(x"+2) - e =xIn(x’+2) (2 x2+2)dx

=xln(x2+2)—2x+2\/§arctan—%+C

(See Problems 1 to 10.)

REDUCTION FORMULAS. The labor involved in successive applications of integration by parts to
evaluate an integral (see Problem 9) may be materially reduced by the use of reduction
formulas. In general, a reduction formula yields a new integral of the same form as the original
but with an exponent increased or reduced. A reduction formula succeeds if ultimately it
produces an integral that can be evaluated. Among the reduction formulas are:

& =iz[ a 4 2m-3 dxm_,],m#l (31.2)

(@ +x*)" 2m~ 2)(a +x Zym=t " 2m—2J (@’ = x*)

f(aztxz)mdx=x(;mt+xl) + 2m+1 f(aztxz)'"“dx, m#—1/2 (31.3)
dx 1 [ x 2m -3 dx ]

-~ + ,m#1 (314
f(x a) (2m—2)(x2~az)"'_l 2m=2J (x*-a')y""! " (31.4)
2w, _ X —a)” gty - 315
(x*~a )Y dx= T 1 2m+1 (x*—-d’ dx, m#-1/2 (31.5)
f m ax dx_ _ _f m-1 ax (316)
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220 INTEGRATION BY PARTS

. com-1
. sin” ‘xcosx m-—1 . w2
Jsm"'x dx=— + Ism'" x dx
m m
m-~1 .
cos xsinx m-~—1 -2
J cos”x dx = + J cos™ “x dx
m m
. 1 -1
o n o, _sin""xcos" 'x n-1{_ . o2
sin”" x cos x dx = + sin"x cos” “xdx
m+tn m+n

n+l

sin” xcos" x m-—1 . m-2

=- + sin” “xcos"xdx, m# ~—n
m+n m+n

s om-—1

fx'"sinbxdx= —%cosbxi—%fx'""cosbxdx

Jx"‘cosbxdx= ib—sinbx— %fxm'lsinbxdx

(See Problem 11.)

Solved Problems

1. Find f xsin x dx.

[CHAP. 31

(31.7)

(31.8)

(31.9)

(31.10)

(31.11)

We have three choices: (a) u = xsin x, dv =dx; (b) u =sinx, dv = x dx; (c) u=x, dv =sin x dx.

(a) Let u = xsinx, dv = dx. Then du = (sin x + x cos x) dx, v = x, and

J‘xsinxdx=x-xsinx—jx(sinx+xcosx)dx

The resulting integral is not as simple as the original, and this choice is discarded.
(b) Let u=sinx, dv=xdx. Then du =cos x dx, v = 1x°, and

. 2 . 2
fxsmxdx=%x smx—J'%x cos x dx

The resulting integral is not as simple as the original, and this choice too is discarded.

(c¢) Let u=x, dv =sinx dx. Then du = dx, v = —cos x, and

stinxdx=—xcosx—f—cosxdx=—xcosx+sinx+C

2. Find jxe’ dx.
Let u=x, dv=¢" dx. Then du = dx, v = ¢*, and

fxe"dx=xe’—fe‘dx=xe‘—e’+C

3. Find fﬁ In x dx.

a
x

3
Let u=Inx, dv=x" dx. Then du = ,v=%—,and
3

3 3 3
: S e [ x _lfz T SR S
jx Inxdx = 3lnx [3 P 3 Inx 3% dx 3 Inx g ¥ +C
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4, Find fx\/l + x dx.
Let u=x, dv=VT+ xdx. Then du = dx, v=3(1+x)"" and

fx\/‘_1 Fxde=23x(1+x)"~1% f(1 +x) 2 dx=x(1+ ) - {2+ 0"+ C

5. Find farcsin x dx.

dx
Let u = arcsin x, dv = dx. Then du = ——=—===, v =1x, and
V1-x

2

] . x dx ) 5
farcsmxdx=xarcsmx—J\/i-—;=xarcsmx+\/1—x7+C
_x-

6. Find [sin2 x dx.
Let u =sin x, dv =sin x dx. Then du = cos x dx, v = —cos x, and

fsinzxdx=—sinxcosx+fcoszxdx=—sinxcosx+f(1—sin2x)dx
=—%sin2x+[dx—fsin2xdx

Hence 2jsin2xdx=—§sin2x+x+C' and J’sinzxdx=§ —Lisin2x+ C

7. Find jsec3 x dx.
Let u = sec x, dv = sec’ x dx. Then du = sec x tan x dx, v = tan x, and

fsecsxdx=secxtanx~fsecxtan2xdx=secxtanx—fsecx(seczx— 1) dx
=secxtanx—jsec3xdx+Jsecxdx
Then 2fsec”xdx=secxtanx+jsecxdx=secxtanx+ln]secx+tanx|+ C'

and fscc’xdx= y{secxtanx +In|secx +tan x|} + C

8. Find f x* sin x dx.
Let u = x°, dv =sin x dx. Then du =2x dx, v = ~cos x, and

fxzsinxdx=—xzcosx+2jxcosxdx

For the resulting integral, let ¥ = x and dv = cos x dx. Then du = dx, v = sin x, and

szsinxdx=—xzcosx+2<xsinx—jsinxdx>=—xzcosx+2xsinx+2005x+C

9, Find [xaez" dx.
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x°, dv=e""dx. Then du =3x’dx, v = }e”*, and

Ix’ez’ dx = bx’e’" - fxzez’ dx
For the resulting integral, let u = x* and dv = ¢** dx. Then du =2xdx, v = le
2 I

3 2 3.2 2 2 32
jxe‘dx*ixe'—g(%xe jxe‘dx) i ”—%x262‘+§jxez"dx

Let u=

2
*, and

2x

For the resulting integral, let u = x and dv = ™ dx. Then du = dx, v = }¢™, and

J}Zxdx_7 2x 2x (% %jerdx)_1x3e2x_3 22.:+ xe _3_,+C
dx m—
dnd(b)fx(aw) "dx.

10.  Find reduction formulas for (a) f __x—)_
x

*1

x dx
(a) Take u=x, dv @ then du = dx, v am 2@ =)y and
f Pt Fx L1 J’ X
(aZIxZ)m (2m_2)(02ix2)m-1 - 2m -2 (aztxz)m—l

+1
(b) Take u = x, dv=x(a’ = x*)" ' dx; then du=dx, v = > (@* = x*)", and

sz(aztx:)"'"d,t*;—(a +x)"F ——J(az*-x) dx

11.  Find: (a) j T and (b) J(9+x Y2 dx.

(a) Since (31.2) reduces the exponent in the denominator by 1, we use this formula twice to obtain

J dx _ x + gj dx _ X +z x i C
(1+x2)5/2 - 3(1+x2)3/2 3 (1+x2)3l2 3(] +x2)3/2 3(1 +x2)| 2
(b) Using (31.3). we obtain
j(9+x2)3='2 dx= %x(9+x2)3/2 + 2‘_7 J’(9+x.’_)l/2 dx
P2+ Z 9+ ) +9In(x + VO+x*)|+ C

=1x(9+ 47

« om=—1
sin xcosx m—1  m2
+ fsm'" x dx.

12.  Derive reduction formula (31.7): fsin'" xdx=— =
”™~'x and dv =sinxdx; then du=(m - 1)sin

We use integration by parts: Let u =sin

cos x dx. v = —cos x, and

. . - . - 2
fsm”'xdx=—cosxsm"‘ ‘x+(m—1)fsm"' ? xcos® x dx

—cosxsin™ ' x+(m-1) J (sin™ 2 x)(1 - sin® x) dx

=~cosxsin™ ' x+ (m— l)fsin”'zxdx—(m - l)fsin”'xdx

Hence, mfsin"'xdx =—cosxsin™ 'x+(m-— 1)Jsin""2 x dx

and division by m yields (31.7).

2
X
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Supplementary Problems

In Problems 13 to 29 and 32 to 40 evaluate the indefinite integral at left.
13. chosxdx=xsinx+cosx+C

14. J’xsec2 3xdx = lxtan3x - § In[sec3x|+ C

15. jarccos 2x dx = x arccos 2x — ;m +C

16. farctanxdx=xarctanx—lnV1+x2+C

17. fﬁ\/l “xdi= -1 -5 + 12x+8)+ C

18 Jxe’dx _ e s
) (1+xP° 1+x
19. jxarctanxdx= I« + Darctanx — lx + C
20. sze"3' dx=-1e (X’ +ix+§)+C
21. fsin’xdx=—§cos3x—sin2xcosx+C
22. fx’sinxdx=—-chosx+3xzsinx+6xcosx~63inx+C
2. \/;ixbxzz(bx_23agz\/m+c
2. x” dx 2 (3 —ax+8VITE+C

V1+x=l_5

25. jx arcsinx’ drx = ix*arcsinx’* + IV1-x'+C
26. fsinxsin3xdx=§sin3xcos —3sinxcos3x+ C

27. fsin (lnx)dx=ix(sinlnx —coslnx)+ C

e”*(b sin bx + a cos bx)
2 2 +
a+b

28. J' €"" cos bx dx = C
e“(a sin bx — b cos bx) +

a+b? ¢

29, fe'" sin bx dx =
. a’ dx @ =x)Fx’ dx _] x* dx
30. (a) Write j @ =) =J- @) dx=j @) x @ =) and use the result of
Problem 10(a) to obtain (31.2).
(b) Write f(a’ =) de=qa" | (@£ x*)" " dx :t[x’(a2 +x%)” 7" dx and use the result of Problem
10(b) to obtain (31.3).

31 Derive reduction formulas (31.4) to (31.11).

dx =x(5—3x2)+il ]
A-x) 81-x3) 16"

1+x

32.
1-x

+C




224 INTEGRATION BY PARTS [CHAP. 31

dx X
3. j(4+x2)}:2 - 4(4+X2)”2 +C

M. f(4—xz)"zdx= 1x(10- x*)V4 - x* + 6 arcsin §x + C

-4
n X—H+C

3. x+4

dx 1 [x(3x2-80)+§
(x*~16)° 2048 L (x*—-16)° 8

36. I(x 1) dx = &x(8x* —26x* + 3V - 1- Zn|x+ Vx' = 1|+ C

37. jsin‘xdx=%x—§sinxcosx—}sin’xcosx+C
38. jcos“xdx=,'-5(3cos“x+4coszx+8)sinx+C

39. [sin’xcoszxdx——-cos x@GinPx+ )+ C

40, jsin‘xcos"xdx=%,sinsx(cos‘x+?,coszx+§;)+C

An alternative procedure for some of the more tedious problems of this section can be found by noting (see
Problem 9) that in

J’xle._xdx_ l_ 3e21~3 Zelx+ Xe %er+C (1)

the terms on the right, apart from the coefficients, are the different terms obtained by repeated differentiations
of the integrand x’¢*. Thus, we may write at once

j e dx = Ax’e™ + Bx’e™ + Dxe™ + Ee™ + C (2)
and from it obtain by differentiation
X’ =2Ax"e” + (3A + 2B)x’e® + (2B + 2D)xe** + (D + 2E)e*
Equating coefficients, we have
24=1 3A+2B=0 2B+2D =0 D+2E=0

sothat A=} B=-31A4= ,D=-B=3, E=~}D=—3. Substituting for A, B, D, E in (2), we obtain
(1).

This procedure may be used for finding Jf(x) dx whenever repeated differentiation of f(x) yields only a
finite number of different terms.

41. Find f e” cos 3x dx = 5e’*(3sin3x + 2 cos 3x) + C, using
f e™ cos 3x dx = Ae** sin3x + Be** cos3x + C

42, Find f e**(2sin4x — 5cos 4x) dx = £e>* (- 14sin 4x — 23 cos 4x) + C, using

f e**(2sin4x — Scos 4x) dx = Ae* sindx + Be¥ cosdx + C

43. Find fsin 3x cos 2x dx = — {(2 sin 3x sin 2x + 3 cos 3x cos 2x) + C, using

fsin3xc052xdx=Asin3x5in2x+ Bcos3xcos2x + Dcos3xsin2x + Esin3xcos2x + C

Jx

. 3¢ 2
4. Find fe x“sinxdx = 350

[25x%(3sin x — cos x) — 10x(4 sin x — 3cos x) + 9sin x — 13 cos x) + C.



Chapter 32

Trigonometric Integrals

THE FOLLOWING IDENTITIES are employed to find some of the trigonometric integrals of this

chapter:
1. sinfx+cos’x=1 2. l+tan’x=sec’ x
3. 1+cot’ x=csc’ x 4. sin’ x=1(1-cos2x)
5. cos’x =1(1+ cos2x) 6. sinxcosx = }sin2x
7. sinxcos y = j[sin (x — y) +sin (x + y)] 8. sin xsin y = $[cos (x — y) — cos (x + y)]
9. cosxcosy=3[cos(x—y)+cos(x+y)] 10. 1-cosx=2sin’ ix
11. 1+cosx=2cos jx 12. 1xsinx=1xcos(im—x)

TWO SPECIAL SUBSTITUTION RULES are useful in a few simple cases:
1. For f sin™ x cos” x dx: If m is odd, substitute u = cos x. If n is odd, substitute u = sin x.

2. For f tan™ xsec” xdx: If n is even, substitute u =tanx. If m is odd, substitute
u =secx.

Solved Problems

SINES AND COSINES

In Problems 1 to 17, evaluate the integral at the left.

3

fsinzxdx=f%(l—cos2x)dx= fx—1lsin2x+ C
2. jcosz3xdx=j%(1+cos6x)dx=%x+i‘isin6x+c

3. Jsin3xdx=fsinzxsinxdx=f(l —cos’ x)sinxdx=—cosx+ §cos’>x+ C
This solution is equivalent to using the substitution u = cos x, du = —sin x dx, as follows:

fsin’xdx=—f(1—u2)du=-u+§u3+C=—cosx+%cos3x+C

4. fcos’xdx=fcos4xcosxdx=j(l—sinzx)zcosxdx

=jcosxdx—2fsin2xcosxdx+jsin‘xcosxdx
=sinx— Isin’x+ isin®x+ C

This amounts to the use of the substitution u = sin x. We have also used (30.2).

225
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10.

11.

12.

13.

TRIGONOMETRIC INTEGRALS

fsinzxcos“xdx=jsin2xcoszxcosxdx=fsin2x(1—sinzx)cosxdx

—_ =2 -4 — 1 o103 .5

-jsm xcosxdx-—J'sm xcosxdx=4sin" x~ tsin®x+ C
fcos" 2xsin’ 2x dx = fcos‘ 2x sin’® 2x sin 2x dx =fcos" 2x (1 - cos’ 2x) sin 2x dx

fcos 2x sin 2x dx — fcos 2xsin2xdx=—f5cos’2x + & cos’ 2x + C

J sin® 3x cos® 3x dx = J (1 — cos? 3x) cos® 3x sin 3x dx
=fcos’3xsin3xdr—fcos73xsin3xd =—tcos®3x+ % cos®3x+ C

or f sin’ 3x cos’ 3x dx = J'sinJ 3x (1 - sin® 3x)? cos 3x dx

fsin’ 3xcos3xdx -2 f sin® 3x cos 3x dx + fsin’ 3x cos 3x dx

Hsin*3x— §sin®3x+ & sin®3x+ C

Ico f —sin® 3 cos L ax= 3sm3—sin3§+C

jsm xdx = j(sm x)? dx—lf(l—COSZx) dx

i

%jdx—%fcostdx+%fcosz2xdx

i

ifdx—%jcostdx+§f(l+cos4x)dx

=lxy—lsin2x+ixr+ &sindx+ C=3x~}sin2x+ %sindx+ C
jsinzxcoszxd.x=%jsinZZxdx=éj(l—cos4x)dx=éx—f‘fsin4x+c

fsin‘ 3xcos’3xdx = I(sinz 3x cos® 3x)sin®3x dx =} Isin2 6x (1 — cos 6x) dx

jsm 6x dx — 3 | sin® 6x cos 6x dx

% J(l—colex)dx— i jsin26xcos6xdx

= f&x~ b sin12x — L sin® 6x + C

jsin 3x sin 2x dx =J L{cos (3x — 2x) —cos (3x +2x)] dx = } j(cos x — cos 5x) dx

=1lsinx—fHsind5x+C

jsin3xc055xdx=f 3[sin (3x — 5x) +sin (3x + 5x)] dx = § cos 2x — % cos 8x + C

[CHAP. 32
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14. jcos4xcostdx= 3 j(c052x+cos6x)dx= Lsin2x+ & sin6x + C
15. f\/l—cosxd.x=\/§jsin;‘;xdx=—2\/7cosix+C

16. ](l + cos 3x)*"? d.rc=2\/§jcos3 3x dx =2\/§j(1 —sin® x)cos ¥x dx

=2VZ(4sin ix— Zsin’ $x)+ C

dx dx V2 dx V2 1
17. f\/l—sinlx __J'\/l—cos(%,”_zx) ‘—z—fm—TICSC(zW—x)dx
=—QInlcsc(%-rr—x)—cot(iqr—x)“c

2

TANGENTS, SECANTS, COTANGENTS, COSECANTS
Evaluate the integral at the left.

18. ftan‘xdx=ftan2xtan2xdx=ftanzx(scczx—1)dx=[tan2xscc2xdx—ftan2xdx

=jtan2xseczxdx—f(sec2x—1)dx=%tan3x—tanx+x+C

19. ftansxd.x=jtan3xtan2xdx=J’tan3x(sec2x—l)dx
=ftan3xsec2xdx—ftan3xdx=Jtanaxseczxdx—ftanx(seczx—l)dx
=1tan*x - ltan’ x +In[sec x|+ C

20. fsec‘ 2xdx= fsecz 2x sec? 2xdx=!sec2 2x (1 + tan® 2x) dx

=jsec22xdx+jtan22xsec22xdx=%tan2x+ Ltan’2x + C

21. j tan’ 3x sec* 3x dx = f tan® 3x (1 + tan® 3x) sec” 3x dx
= J'tan3 3xsec’ 3xdx + j tan’ 3xsec’ 3xrdyr = S tan* 3x + L tan®3x + C
22. jtanzxsec3xdx=f(sec2x— l)sechdx=jsec’xdx—jsec3xdx
=4isec’xtanx— }secxtanx — } In|secx + tanx|+ C (integrating by parts)
23. f tan’ 2x sec’ 2x dx = f (tan” 2x sec” 2x)(sec 2x tan 2x dx)
= f (sec” 2x — 1)(sec’ 2x)(sec 2x tan 2x dx)

= f (sec* 2x)(sec 2x tan 2x dx) — f (sec’ 2x)(sec 2x tan 2x dx)

= &sec’2x— Lsec*2x+ C
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24,

25.

26.

27.

28.

TRIGONOMETRIC INTEGRALS [CHAP. 32

jcot’Zxdx=fcot2x(csc22x—1)dx=—§cot22x+%lnlcsc2x|+C

fcot‘3xdx=fcot’ 3x (csc® 3x — l)ci:|c=J'cot23xcsc23xdx-Icot2 3x dx

=fcotz3xcsc23xdx—I(csc23x—1)d.x=—$cot33x+§c0t3x+x+C

fcw“xdx=fcx2x(l+cot2x)2dx=fcsc2xdx+2fcotzxcsc2xdx+fcot‘xcsc2xdx

=—cotx—3cot’x—Ltcot’x+C

jcot 3xcsc’ 3xdx = f cot 3x (1 + cot® 3x) csc” 3x dx

=fcot3xcsc23xdx+fcot’3xcsc23xdx=—%c0t23x— Scot*3x+ C

Jcot3 xcsc' xdx = j (cot® x csc* x)(csc x cot x dx) = J (csc® x — 1)(esc* x)(csc x cot x dx)

= I(csc" x)(csc x cot x dx) — f (csc’ x)(cscxcotxdx)=—Lesc’ x+ desc’x+ C

Supplementary Problems

In Problems 29 to 56, evaluate the integral at the left.

29.

30.

31.

J2.

33.

3s.

37.

fcoszxdx=%x+isin2x+C
jsin’Zxdx=;‘,cos’2x—%cost+C
Jsin‘2xdx=% ~Lsindx+ & sin8x+ C
Jcos‘%xdx=%x+%sinx+ﬁsin2x+c

sin’ xdx=13cos  x— 2cos’x+cos’x—cosx+C
cos® Ixdr=Sx+ isinx+ $sin2x— &sin*x+ C
sinxcos’xde=13sin’x—¢sinx+ dsin"x+C
sin*xcos’xdr=1}cos’x~}cos’x+C

N 3
sin® x cos” xdx = & cos®2x — & cos2x + C

—_— — —— —— —
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38. jsin'xcos‘xdx=ﬁ(3x—sin4x+f§sin8x)+C
39. fsin 2xcosdxdx =} cos2x — & cosb6x + C
40. jcos3xc052xdx=%sinx+%sin5x+C

41. fsinstinxdx=};sin4x—,—‘isin6x+C

3
42, M=sinx+lsin2x+C
1-sinx 2

213

cos” T x 3 s

43. J'—.-———dx=——cot x+C
sin®? x 5

3
Ccos” X 1
4. J'—————dx=cscx——csc3x+C

sin* x 3

45. fx(cos’ x* —sin® x?) dx = & (sin x* + cos x*)(4 +sin2x*) + C
46. ftan’xdx=%tan2x+]n |cos x| + C

47. ftan3 3xsec3xdx=4sec’3x— Lsec3x+ C

48. ftan”zxsec‘xdx= Z2tan®?x + i tan®?x+ C
49. jtan‘xsec‘xdx=%tan7x+%tan5x+C 50. fcsc‘Zxdx=—%cot2x—};cot’2x+C
secx\* 1 1
51. fcot’xdx=—%cotzx—lnlsinx|+c 52 f( ) =- — - +
tan x 3tan’x tanx
cot’ x :
53, fcot’xcsc‘xdx=—§col‘x—%cot°x+C 54, fcscx dx=-sinx—cscx+ C
55. jcot’xcsc’xdx=—§cscsx+%csc’x+C 56. ]tanszecxdx=2Vsecx+C
57. Use integration by parts to derive the reduction formulas
- 1 ~— m— _
[sec udu= sec™ ? utan u + Isec"’zudu
m-—1 m-—1
- _ m-—2 -
and Jcsc udu=— csc™ 2 ucotu + fcsc *udu
m-—1 m-—1

Use the reduction formulas of Problem 57 to evaluate the left-hand integral in Problems 58 to 60.
58. fsechdx=%secxtanx+%lnlsecx+tanx|+C
59. fcscjxdx= —lesc*xcotx— 3 cescxcotx + 2 Infescx —cot x|+ C

60. Iscchdx=%sec‘xtanx+%seczxtanx+,—",tanx+C=%tan5x+§tan3x+tanx+C
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Trigonometric Substitutions

SOME INTEGRATIONS may be simplified with the following substitutions:

1. If an integrand contains Va® — x°, substitute x = a sin z,
2. 1f an integrand contains Va’ + x’, substitute x = a tan z.
3. If an integrand contains Vx? — a’, substitute x = a sec z.

More generally, an integrand that contains one of the forms Va® - b’x’, Va® + b2 or

Vb’x® —~ a° but no other irrational factor may be transtormed into another involving trig-
onometric functions of a new variable as follows:

For Use To obtain
a -
Va® - b’x? x = sinz aV1—sin®z=acosz
2 T 2 _a \/ 7 _
Va' + b'x x-Etanz aVl+tan z=asecz

5 a
Vbl ~a x = secz aVsec’z—1=atanz

In each case, integration yields an expression in the variable z. The corresponding expression in
the original variable may be obtained by the use of a right triangle as shown in the solved

problems that follow.

Solved Problems

1 Find f L

Let x =2tan z, so that x and z are related as in Fig. 33-1. Then dx =2sec’ zdz and V4 + x* =

2sec z, and
j dx —J 2sec” zdz —lf ez dz*ljsin'zzcoszdz
2Va+ 52 (4tan® z)(2secz) 4 ) tan’:z 4
\/ 2
=- 1 +C=- 4+X+C
4sin z 4x

230



CHAP. 33] TRIGONOMETRIC SUBSTITUTIONS 231

2
] X
2. Fmdj—z—-dx.
Vx' -4
Let x=2secz, so that x and z are related as in Fig. 33-2. Then dx =2secztanzdz and
x’—4=2tan z, and
x’ 4sec’ z J .
f——\/)?—?-idx— m—z—(Zsccztande)—4 sec” zdz
=2secztanz +2lIn|sec z +tan z| + C’
=V —4+2Injx+ V' -4+ C
. V9 —4x’
3. Fde————dx.
X
Let x = 2 sin z (see Fig. 33-3); then dx = } cos zdz and V9 — 4x* = 3 cos z. and
V9 —4x’ 3 : 1—sin’
j——xdx= ::Cf)sz (—coszdz)=3jc(?S Zdz=3| —2 2 4
X 3sinz \2 sin z sin z
=3fcsczdz—3fsinzdz=3ln|cscz—cotz|+3cosz+ C
_1\/go— 2
=3]n‘3—% +V9-4x’+ C
3
2x
z
V9 —4z*
Fig. 33-3
dx
4. Findf————.
xV9 + 4x?

Let x = 3 tan z (see Fig. 33-4); then dx = § sec’ z dz and V9 + 4x” = 3sec z, and

J’ dx _f 3 sec’ zdz _1J’ d—1|| 2]+ C
Vorar (%tanz)(3secz)_3 csczdz = 3 Injescz —cot 2

1, | V9+4x’ -3
=3h|—F——|+C

021372
5.  Find j a6 -9 ) "~ 4.
X

Let x = 4 sin z (see Fig. 33-5); then dx = % cos z dz and V16 — 9x” = 4 cos z, and
J' (16 — 9x%)*"? (64 cos’ 2)(3 cos zdz) 243 [ cos' z 243
__x.ﬁ— dx = = dz =

4 2
- - z=—{cot’ zesc® zdz
9% sin® z 16 J sin®z 16

24 — 215/2 _ 24572
LM s oo MBS0 1 (16-9%)

80 80 243x° 80 x ¢
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: 3z ! x-1
z z
Vi6 =9z Vez— 2t
Fig. 33-5 Fig. 33-6
2 2
) x°dx x“dx
6. Fmdf = = =.
V2x —x Vi-(x-1)
Let x — I =sin z (see Fig. 33-6); then dx = cos z dz and V2x —x*=cos z, and
x* dx (1 + sin 2)° j . J(3 _ 1 )
= = = - 4+ _ -
Voo cos 2 cos z dz (1 +sinz) dz 2 2sin z 2cosZz dz
3 | . 3 3
=3 z—2cosz—Zsm22+C=%arcsm(x—l)—2\/2x—x‘~%(x~l)V2x—x‘+C
=%arcsin(x~1)—%(x+3)v2x—x2+C

dx dx
7. Find f = J .
(4x* —24x +27)*"* [4(x —3)° - 9]*"*
Let x — 3= }secz (see Fig. 33-7); then dx = } sec ztan zdz and V4x® —24x + 27 =3 tan z. and

j dx _J’%sccztanzdz_ljsm,,2 cos 2 d
(4x° = 24x +27)*? 27 tan’ z 8 z
1 x—3

1
=-—ccz+C=—-7 =——=—=—+C
18 9 Vax® -24x +27

5 Viz' = 24z + 27

Fig. 33-7

Supplementary Problems

In Problems 8 to 22, integrate to obtain the given result.

8 f dx _ x
' @-x"7 44—

V25 - x? 5-V25-x?
——;—dx=5ln —_—

+C

+V25—-x'+C
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dx a’—x’
. =- +
10 f *Va - x? a’x ¢
11. fo2+4dx=%x\/x2+4+21n(x+\/x2+4)+C
2 j ldc x sin® + C
. @-x)" = Vi - 22 arcsin a
13. f\/x2—4dx=5x\/x2—4—21n|x+vx2—4|+c
14 j__wdx_ P N L S Sl S
’ x 2 Va'+x'+a
x* dx x*
o [re 2
! A-xY"7 124- X"
dx x
16. f — = +C
(@+x°)Y"? Vet +x
dx Vo —x*
17. = - +C
V9 — i 9x
x*dx 1 5 >
18. ﬁ—ixVx—16+81n|x+Vx—l6|+C
2
19. J'xSVaz—x2 dx=%(az—xz)m—?(a2~x2)“+C
20. J'Z;ix—=ln(x—2+Vx2—4x+l3)+C
Vx°—4x + 13
dx x-2
21. f = +C
(4x—x*Y"?  aVax-?
dx 1 x x
22. — = It o+
2 9+ ) 54 arctan 3 1809 + 1) C
In Problems 23 and 24, integrate by parts and apply the method of this chapter.
23, fxarcsinxdx=%(2x2—1)arcsinx+%le—x2+C
24. fxarccosxdx=3(2x2—1)arccosx—%le—x2+C
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Chapter 34

Integration by Partial Fractions

A POLYNOMIAL IN x is a function of the form agx" + a,x" "' + - +a,_,x + a,, where the a’s are
constants, a, # 0, and n, called the degree of the polynomial, is a nonnegative integer.

If two polynomials of the same degree are equal for all values of the variable, then the
coefficients of the like powers of the variable in the two polynomials are equal.

Every polynomial with real coefficients can be expressed (at least, theoretically) as a
product of real linear factors of the form ax + b and real irreducible quadratic factors of the
form ax’ + bx + c. (A polynomial of degree 1 or greater is said to be irreducible if it cannot be
factored into polynomials of lower degree.) By the quadratic formula, ax’ + bx + ¢ is irreduc-
ible if and only if b — 4ac <0. (In that case, the roots of ax’ + bx + ¢ =0 are not real.)

EXAMPLE 1: (a) x* - x + 1 is irreducible, since (—1)> —4(1)(1) = -3 <0.

1
(b) x* —x -1 is not irreducible, since (-1)° —4(1)(~1)=5>0. In fact, xz-x—1=(x— +\/§)
2
( i 1—\/3)
X 3 .

A FUNCTION F(x) = f(x)/g(x), where f(x) and g(x) are polynomials, is called a rational fraction.

If the degree of f(x) is less than the degree of g(x), F(x) is called proper; otherwise, F(x) is
called improper.

An improper rational fgaction can be expressed as the sum of a polynomial and a proper
rational fraction. Thus, Tx__ =x- _Zx_

x+1 x+1

Every proper rational fraction can be expressed (at least, theoretically) as a sum of simpler
fractions ( partial fractions) whose denominators are of the form (ax + b)" and (ax’ + bx + ¢)",
n being a positive integer. Four cases, depending upon the nature of the factors of the
denominator, arise.

CASE I: DISTINCT LINEAR FACTORS. To each linear factor ax + b occurring once in the
denominator of a proper rational fraction, there corresponds a single partial fraction of the

form where A is a constant to be determined. (See Problems 1 and 2.)

ax+ b’

CASE I1: REPEATED LINEAR FACTORS. To each linear factor ax + b occurring n times in the
denominator of a proper rational fraction, there corresponds a sum of n partial fractions of the
form

Al + AZ + + An
ax+b  (ax +b)’ (ax + b)"

where the A’s are constants to be determined. (See Problems 3 and 4.)

CASE III: DISTINCT QUADRATIC FACTORS. To each irreducible quadratic factor ax® + bx + ¢

occurring once in the denomi{gator Bof a proper rational fraction, there corresponds a single
, R X +
partial fraction of the form —
+bx+c

Problems 5 and 6.)

, where A and B are constants to be determined. (See

234
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CASE IV: REPEATED QUADRATIC FACTORS. To each irreducible quadratic factor ax’ + bx + ¢
occurring n times in the denominator of a proper rational fraction, there corresponds a sum of n
partial fractions of the form

Ax+ B, Ax+ B, Ax+B,
2 + 2 sttt S
ax“+bx+c (ax"+bx+ o) (ax" + bx + ¢)
where the A’s and B’s are constants to be determined. (See Problems 7 and 8.)

Solved Problems

1.
We factor the denominator int —2+2)dw't1—A+BCl'f
e factor the denominator into (x —2)(x an nexz_4—x_2 T3 Clearing o
fractions yields
1=A(x+2)+ B(x-2) (1)
or 1=(A+B)x+(2A—2B) (2)
We can determine the constants by either of two methods.
General method: Equate coefficients of like powers of x in (2) and solve simultaneously for the
constants. Thus, A+ B=0and 24A-2B=1; A=}and B=—}.
Short method Substitute in (1) the values x =2 and x = —2 to obtain 1 =44 and 1 = —4B; then
=} and B = —}, as before. (Note that the values of x used are those for which the denominators of
the partial fractlons become 0.) . .
. 1 3 H
By either method, we have F-4a 12 1+2 Then
1 f dx 1 1 x=2 ‘
x_4 4f ~3 T2 4lnlx 2| ln|x+2|+C—4 2+C
+1)dx
2. Find f xt 1)
Ptxt-6x’
. . 3, 2 g _ x+1 _4 B C
Factoring yields x™ + x° — 6x = x(x — 2)(x + 3). Then i 6 x + P + 753 and
x+1=A(x—-2)x+3)+ Bx(x+3) + Cx(x - 2) )
x+1=(A+B+C)x*+(A+3B-2C)x-6A 2)

General method: We solve simultaneously the system of equations
A+B+C=0 A+3B-2C=1 -6A=1

toobtain A=—-%, B=2,and C=-4%.

Short method: We substitute in (1) the values x =0, x =2, and x = -3 to obtain 1=-6A or
A=-1/6,3=108B or B=3/10, and -2=15C or C=-2/15.

By either method,

(x+1)dx _ J‘dx j dx 2 dx
x +x*—6x 10 x+3

=-2inld+ & - njx -2 - —ln|x+3|+C

lx_2|3/10
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+
3. F.df _Bxr3)dx

Toxt x4l
Ix+5§ A + B + C d
-x-x+1 x+1 x-1 (x—l)zan

x*—x>=x+1=(x+1)x— 1) Hence,
x

Ix+5=A(x -1 +Bx+1Dx-1+Clx +1)
Forx=-1,2=4A and A=}. Forx=1, 8=2C and C =4. To determine the remaining constant, we
use any other value of x, say x =0; forx=0,5=A - B+ C and B= —%. Thus,

j 3x+5 d—l dx _l J’ dx
-t -x+1 o 2) x+1 x—l
1 4 4 1 x+1 .
—§In|x+1|—5lnlx—l|‘x—_—l+C——'x—_—l+§ln _1|+C

S-x-x-1
4, Findj—3—2dx.

X — X
The integrand is an improper fraction. By division,
xt=xt-x-1 S x+1 e x+1
' -x’ ' -x (x—1)
. +1 A B C _
We write 2)‘— =—+ =+ and obtain
x-1) x x x—1

x+1=Ax(x- 1D+ Bx-1)+ Cx’

Forx=0,1=-Band B =—1. Forx=1,2=C Forx=2,3=2A+ B+4C and A= -2. Thus,

f"————f — ldx—fxd“zfd" fd"—zj
x x—1

|+ c

1 1 1 1
= +2Inx|- = —2lnjx -1+ C=zx' - = +2In|-—
X 2 x x -1

T2

CAXF 42
S. Fmdj dx.
f+3x7 42
‘+x'+x+2 Ax+B  Cx+D

x‘+3x1+2=(x2+1)(x2+2).Wewrite"x,Hx2+2 =St s
X +2=(Ax+ B +2)+(Cx+ DY)(x* + 1)
=(A+ O’ +(B+Dx*+(2A+ C)x+ (2B + D)
Hence A+ C=1,B+D=1,2A+ C=1, and 2B + D =2. Solving simultaneously yields A =0, B=1,
C=1, D=0. Thus,

and obtain

[M x = i—+J X dx —arctanx+lln(x2+2)+C
' +3x2 42 2+1 )P 2 2
x* dx
6. Solve the equation f 1= f k dt, which occurs in physical chemistry.
a —x
x’ A B Cx+ D
. _ + .
Wewrltea4_x4 i—x aix T A o Then

x*=A(a+ x)(@* + x*) + B(a — x)(@’ + x*) + (Cx + D)(a — x)(a + x)

Forx=a, a*=4Aa’ and A=1/4a. For x= —a, a =4Ba” and B=1/4a. Forx=0,0= Aa’ + Ba' +

Da*=a%2+ Da* and D = - }. For x =2a, 4a’ = 15Aa’ — 5Ba’ — 6Ca® —3Da’ and C = 0. Thus,
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fxzdx _1 dx L dx 1 dx
at-x* 4al a-—x 4a a+x 2 ad+x°

1 1 1 x
=— -x|+ = +x|- == <+
o @~ x| ypRL la + x| 5, arctan — C

1 + 1
so that jkdt=kt=—ln A - —arctan 2 + C
4a a—x 2a a
S 4 3 2
xXX—x +4x —4x" +8x—4
7. Findj 5 3 dx.
(x* +2)
S E) 3 2
x'—x"+4x —4x“+8x-4 Ax+B Cx+D Ex+ F
i = +— + . Th
We write 12y F12 T2 (e et
x4t a8y —4=(Ax+ B)(X + 2V + (Cx + DY) +2)+ Ex+ F
= A’ + Bx* + (4A+ CO)x’ + (4B + D)x° + (4A+2C + E)x
+(4B+2D + F)
from which A=1, B=-1,C=0, D=0, E=4, F=0. Thus the given integral is equal to
x—1 J’ V2 x 1
= +2) -~ — +
f dx o +2) 2ln(x 2) drctan\/i T2y C
. 25°+3
8. Find ~3 .2
(x*+1)

x*+3 _Ax+B Cx+D

@+1)7 41 (FP+1)Y
20 +3=(Ax+ B)Y (X’ + D)+ Cx+D=Ax"+ BX’ + (A+ C)x + (B + D)
from which A=0, B=2, A+ C=0,B+D=3. Thus A=0,B=2,C=0,D=1 and
2x*+3 2dx dx

—_— = +
AT e Ty

For the second integral on the right, let x =tan z. Then

‘zd 1
dx =fsecz Z=J'coszzdz=—z+1sin22+C

. Then

We write

x>+ 1) sec z 2 4
and f-z—xfl—i- dx = 2 arctan x + % arctan x + xT%-t_l +C= g arctan x + xj+ 1 +C
Supplementary Problems
In Problems 9 to 27, evaluate the integral at the left.
s [ismamhalc e e Ll b
11. j;y%%=%]nl(x+l)(x-4)‘|+c 12. f%dx=x+ln|(x+2)(x—4)“]+(’
13. J)?_:—jf__z—lxdx=ln )‘I(T"_’le)—‘—z +C 14. f(xx_d’z‘)2=|nlx—2|—x—3—2+c
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1S.

16.

17.

18.

19.

20.

21.

22.

25.

27,

INTEGRATION BY PARTIAL FRACTIONS

x! 1, o 4 1
=-Zx-3x- -x)° - o
[t =g -aemma-n - gt
dx x ’
=1 +C
X +x n\/x2+1

TrxT x4+ 5
fx—,lfx—de:Ian'+3+arctanx+C
(x"+1)}(x" +3)

fxa_leﬂx:_“‘zdx—1x2+ln — |+c
X = 2x7+3x 2 x*=2x+3
20 dx 3
5 = +1 + +C
(x~+ 1) In (x ) ¥ +1
'+ x+4 2 1 1 4
———dx = 2 = - X+ 55—+
) dx =In(x +4)+2arctan2x Iy C
jwd =InV :+1—larctan —1( X )+C
(Crpy? TV 2 T\
J'.r‘+8.r"—x;+2x+ldx_ln -xl+x 3 +iarctan2x—
T+ 0+ 1) (x+1)* x+1 V3 V3
T+t -Sx+15 2 5 x+1 x
; : =V +2x+3+ o= B I
J(x‘+5)(x“+2x+3) dx=InVx’ +2x + +\/§arctan 75 V3 arctan S C

fx“+7x-‘+15x*+32x‘+23x3+25x—3dx_ 13
(FF+x+2) W+ 1) +tx+2 41

JL— 1 +_lln
e —3e" 3¢" 9

"6’—_,3' + C (Hint: Let " = u.)

J sin v dx 5 =In ‘ 1+ cos” x + C (Hint: Let cos x = u.)
cos x (1 +cos™ x) cos x
(2 + tan” 8) sec” @ do 2 2tan @ — 1

+C

= + 1 + ==
T’ e In |1+ tan 6| U3 arctan ——=

[CHAP. 34
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Miscellaneous Substitutions

IF AN INTEGRAND IS RATIONAL except for a radical of the form

1. Vax + b, then the substitution ax + b = z" will replace it with a rational integrand.

2. Vg + px + x° then the substitution g + px + x° = (z — x)° will replace it with a rational
integrand.

Vag+px-— x =V(at x)(/S' x), then the substitution g + px — x* = (a + x)’z* or

g+px—x'=(B - x)%2% will replace it with a rational integrand.
(See Problems 1 to 5.)

THE SUBSTITUTION x = 2 arctan z will replace any rational function of sin x and cos x with a
rational function of z, since
2z 1-2° 2dz

cos x = and dx =
14 2° 1427 1422

(The first and second of these relations are obtained from Fig. 35-1, and the third by
differentiating x = 2 arctan z.) After integrating, use z =tan ix to return to the original
variable. (See Problems 6 to 10.)

sinx =

Fig. 35-1

EFFECTIVE SUBSTITUTIONS are often suggested by the form of the integrand. (See Problems 11
and 12))

Solved Problems

1. Fmdf
xV1—x’

Let1—x=2% Thenx=1-2% dx=—22dz, and
dx —-2zdz dz 1+z Vl-—
= = = —In T_— + C=1In

wWl-x (1-2z)z “J1-27 1+VI-x

+C

. dx
Find f m
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Let x +2=z> Then x = 2> - 2, dx =2z dz, and

I dx [ 2zdz dz —lln Z_2|+C—1ln Vx+2-2 4 C
(x—2)Vx +2 2(2* - 4) P-4 2 1z+2 2 V242
. dx
3. Fmdfx,z_
Let x = z* Then dx =4z> dz and
dx  (4z2'dz _ J z? _ J’( 1 )
J‘x”—xm_ 22_2—4 Z_ldz—4 2-0—1+z__1 dz
=47+ z+In|z - 1)+ C=2vI+4vT+InWx~1)*+ C
dx
4. Findf—.
XV +x+2
Let x* + x +2=(z — x)> Then
2 =2 A+ z2+2)dz < 2Ptz +2
T KT T vy Vet x+2= 105,
A+ 2+2)
dx (1+2z) J' dz 1 z2~-V2
d f =f S dz=2 = +
an AWVt +2 27-2 22+ z+2 \/- z2+V2 ¢
1+2z 1+22
Va3V

+C

1
_ll
V2 IVl v x+24x+ V3

x dx
5. Fi df
n (5-4x—-x )3/2

Let 5—4x~ x> =(5+ x)(1 - x) = (1 - x)°z°. Then

2_
x=£—5— dx=1—2212— Vi—dx-x'=(1-x)z= 622

14 2° (1+2°)° 142
2’-5 122
x dx B 1+2° (1+z) J’
and J’(5—4x—x2)3"2 - 2162° T 18
a+z22y
1 s 5~ 2x
(o) e i e

In Problems 6 to 10, evaluate the integral at the left.

2dz
+ 72
6. .dx =J' 1*z 2=J' dz =lhnjz|-In|1+z|+C
1+sinx—cosx 2z 1-z 2(1+2)
1+ 2 T 2
1+ 2 1+2
z tan ix
=1In 1+l’+C-—ln
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2dz
dx 1+27° 2dz 2V§
7 - ) )
3-2cosx 1- 22 1352 5 arctan zV5 + C
3-2 .
1+z2

2V3
= =5~ arctan (V5tan ix)+ C

+ 2
8. fsecxdx=fl 2 2dz =ZI dzz=ln}l+z'+c=ln’
1-z 1-z

1-22 142

=i jin (5 5+ 7))
=In tan(2x+41,- +C
2dz
dx j 1+22 dZ 2 z
. = _ _2 z
9 j2+cosx +1—22 2 3151 V3 Artan 5 C
1+ 22
_.2__3 t: (-@t 1 )+C
= 3 arctan 3 anzx
2dz

10 J’ dx =f 1+ 7* _f 2dz =2J dz
‘ S+4sinx s 2z S+8z+52° S5J) (z+4)Y+3

+4

1+2°
2 z+ % 2 Stan ix +4
= - arctan —— + C= 7 arctan ——— + C
3 3 3 3

11.  Use the substitution 1 — x° = z° to find fﬁv 1—x° dx.

The substitution yields x* = 1 — 2% 3x® dx = —2z dz, and

fxsmdx=jx3m(x2 dx)=f(l - 2z(-izd2) = —% J(l~zz)z2 d:z

3 5
4 r4

__2(___) __2 L san )
=-3 +C= 45(1 )2 +3x)+ C

3 5

12. Usex=ltofmdf—:-dx.
z x

The substitution yields dx = —dz/z°, Vx —x*=Vz - 1/z, and

f\/ﬁdx:f_vzz—;l(‘%)
x* 1/z*

Let z —1=5% Then

[viTia- [ e noesa - o5 +5)

5

—2[(2 i Y € l)m] +C= -2[

5 3

. dx
13. Find f W .

=-fz\/mdz
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=4 and x''? = u*. Then we obtain

1 1
)du=6(§u3—§u2+u—ln|u+1|)+C

Let u = x"'® so that x = u®, dx = 6u’ du, x"'

6u’ du J
ua + uz =6

— 2_ —_
u+1du—6J'(u u+1

=22 3t llb—lnlx”6+1|+C

u+1l

Supplementary Problems

In Problems 14 to 39, evaluate the integral at the left.

14.

i vire I

=2In(1+Vvx)+ C

dx
16. f3+\/}T 2Vx+2-6In(3+Vx+2)+ C

-V3ix+2 4{ }
17. —l+\/3_x—+_2dx__x+3 Vax+2-In(1+V3x+2);+C
dx
18. f—=ln 2Vxi-x+1+2x -1+ C
el |
dx
19. J————=2arctan Vil+x-1+x)+C
xVei+x -1 ( )
dx 2x -1
20. J————=arcsin—+C
V6 +x—x’ 5
— _ 2332
21. J'V4x3 x dx=—(4x xs) e
x 6x
22. j T dx l/‘=2(x+1)112_4(x+1)1/4+4ln(1+(x+1)]/4)+c
+D"7+ @+
de 2 2tan ix + 1
23. fﬁsi—n;—ﬁarctan 73 +C
tan jx -2 - V3
TR e e
1-2sinx 3 tan ix —2+V3
1 3tan ix +1 f dx l
2. f3+55inx—3n anixs3 | 7€ 2. S oo - inltan dx—1]+C
1 Stan 3x +3 jsmxdx \/_ tan® ix +3-2V2
. _— = T T4 :
7 IS+35mx g retan 4 ¢ 28 1+sincx 4 “ltan? Ix+3+2V2 *C
29 dx - =In|1+tan }x|+ C 30. j = arctan(\/-tan X+ C
: 1+sinx +cos x 2 cosx 3 3

31. ]sin\/i'dx=—2x/icosx/i+25in\/f+c

32,

J’ =—arcsm1 +C (Hint: Letx=1/z)
Vi +2x -1 2x

33, f (ee —+2}e =e¢*—3In(e*+1)+ C (Hint: Let &* +1=2)



CHAP. 35]} MISCELLANEOUS SUBSTITUTIONS
4. S;n_x;(;sxx dx=cosx+In{l—cosx)+ C (Hint: Let cosx=z.)
dx V4 - x? '
3. fxz\/4 — T 4x + C (Hint: Let x=2/z.)
dx 1 1 2
36. m——rx+§ar¢tan;+C
37. fvl+\/§dx=§(1+ﬁ)5/2_g(1+m3r2+c
3s8. f dx _ 2V1+x +C
1-x)—(S+an)V1-x 3IVI+x-Vi-zx
39, J' x1/2 dx = lO(i le/m - 1 xnuo+ l x9/10_ l x7/m + 1 xsno _ l xg,m

13 11 9 7 5
+ C (Hint: Let u=x""")

xl/S + 1
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Chapter 36

Integration of Hyperbolic Functions

INTEGRATION FORMULAS. The following formulas are direct consequences of the differentia-
tion formulas of Chapter 20.

28. J’sinh xdx=coshx+ C 29. fcosh xdx=sinhx+ C
30. J’tanhxdx=lncoshx+ C 31. fcothxdx=ln |sinh x| + C
32. fsechz xdx=tanhx + C 33. fcschzxdx = —cothx+ C

34. jsechxtanhxdx =—-sechx+ C 3s. fcschxcothxdx= —cschx+ C

dx X dx 1 X
36. f—=sinhl—+C 37. f——=cosh1-+C, x>a>0
Vx?+ a’ a Vi® - a’ a
1 -
38. de 2 =- tanh ! { + C y xz < az
a —-x a a
d 1 -
3. | 5= =--cth” Z4C, ’>d
x"—a a a

Solved Problems

In Problems 1 to 13, evaluate the integral at the left.

1. jsinh %xdx=2J'sinh fxd(3x)=2cosh ix+ C

2. Jcosh 2xdx =} | cosh2x d(2x) = } sinh2x + C

3. fsech2 Cx-1Ddx=1} J‘sech2 (2x-1)d2x—-1)=}tanh 2x - 1)+ C

4. fcsch 3xcoth3xdx =1} jcsch 3xcoth3xd(3x)= -4 csch3x+ C

1 J’ cosh x I cosh x .
. = = = = -+
5 f sech x dx f oz dx cochZx 1T simhx dx = arctan (sinh x) + C

6. J'sinhzxdx=§j(c0sh2x—l)dx=%sinth—§x+C

7. J'tanh2 2xdx=f(l —sech’2x)dx=x - { tanh2x + C
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8. J'COS"S lxdx= f (1 +sinh? ix) cosh fxdx=2sinh ix+ Zsinh® ix+ C

9. fsech"xdx =f(1 ~tanh® x)sech’ xdr=tanh x — { tanh’ x + C

10. J *
w |

_;J(ez"+l)dx=%e2’+lx+c

2
_lj __f -x
=3 xe” dx xe

1 oo _ .o e +e e —e
=§(xe—e) 2(xe e+ C=x > > +C
=xcoshx —sinhx+ C
dx 1 1 2x J' dx 1 -1 3x
. —— = + . ———— =——coth™ =+
12 j\/4x2——9 2coh 3 C 13 9% — 35 15coh 5 C

14. Find f\/x2+4dx.

Let x = 2sinh z. Then dx =2 cosh z dz, Vx* + 4 =2 cosh z, and
f\/x2+4dx=4fcoshzzdz=2f(cosh22+1)dz=sinh2z+22+C

=2sinhzcoshz+22+ C=xVx'+4+2sinh ' ix+C

dx
xV1-x*
Let x = sech z. Then dx = —sech z tanh z dz, 1 — x* = tanh z, and

f dx =_fsechztanhz
V1-x sech z tanh z

15. Find [

Supplementary Problems

In Problems 16 to 39, evaluate the integral at the left.

16. jsmh 3xdx=1cosh3x+ C 17. fcosh ixdx=4sinh ix+ C

18. jcoth 3xdx =%In[sinh ix|+ C 19. jcsch2(1+3x)d =-jcoth(1+3x)+C

20. fsech2xtanh2xdx~——sech2x+c 21. ICSChxdx=ln fcosh x — 1 Ny
coshx +1

22. fcostﬁ Ixdx=1i(sinhx+x)+C 23. fcom23xdx=x— leoth3x + C

4. fsinh’xdx=%cosh’x—coshx+C 25, J'e sinhxdyx=lte” - ix+C

dz=—fdz=—z+C=—sech—1x+C
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29.

31,

33.

3s.

INTEGRATION OF HYPERBOLIC FUNCTIONS [CHAP. 36

fezxcoshxdx=ée3‘+%e"+C 27. jxcoshxdx=xsinhx—coshx+C
fxzsinhxdx=(x2+2)coshx*2xsinhx+C
fsinh}xcosh2 xdx=Lcosh®x—lcosh’x+ C

fsinh x In cosh® x dx = cosh x (Incosh® x ~2) + C

dx x dx X
—e———=sinh™' 2 + C 3. f—————=cosh"—+C
JV):Z+9 3 Vxi-25 5

dx« 1 3 a1 4
4-;9—-;3—6(311}1 2).’+C 3. —_—_-1612‘9_ 12C0(h 3X+C
J’\/;_Z—_de=§\/x7—_§—%cosh"§+C

dx oo x—1 f dx _ 1 ~1( é)

fm—Slnh 2 +C a7. Tl s 4coth x+2 +C

2
X - X X x*+1 i
J(x2+4)3’2dx=5'nhl§_~v;T_4+C 39. j p dx = sinh x—~x—+C



Chapter 37

Applications of Indefinite Integrals

WHEN THE EQUATION y = f(x) of a curve is known, the slope m at any point P(x, y) on it is given
by m = f'(x). Conversely, when the slope of a curve at a point P(x, y) on it is given by
m = dy/dx = f'(x), a family of curves, y = f(x) + C, may be found by integration. To single out
a particular curve of the family, it is necessary to assign or to determine a particular value of C.
This may be done by prescribing that the curve pass through a given point. (See Problems 1 to
4.)

AN EQUATION s = f(¢), where s is the distance at time ¢ of a body from a fixed point in its
(straight-line) path, completely defines the motion of the body. The velocity and acceleration at
time ¢ are given by

dv d’s

a=3 =7 =0

Conversely, if the velocity (or acceleration) is known at time ¢, together with the position (or

position and velocity) at some given instant, usually at ¢ = (), the equation of motion may be

obtained. (See Problems 7 to 10.)

ds
U—E—f(t) and

Solved Problems

1. Find the equation of the family of curves whose slope at any point is equal to the negative of
twice the abscissa of the point. Find the curve of the family which passes through the point

(1,1).

We are given that dy/dx = —2x. Then dy = —2x dx, from which fdy = f —2xdx,andy=-x"+ C.
This is the equation of a family of parabolas.

Setting x = 1 and y = 1 in the equation of the family yields 1 = —1 + C or C = 2. The equation of the
curve passing through the point (1, 1) is then y = —x* + 2.

2, Find the equation of the family of curves whose slope at any point P(x, y) is m = 3x’y. Find
the equation of the curve of the family which passes through the point (0, 8).
. _dy dy . 3 _ .3 S
Since m= —= =3x"y, we have — =3x"dx. Thenlny=x"+ C=x"+Incand y =ce’ .
When x =0 and y =8, then 8 =yce° = ¢. The equation of the required curve is y = 8e* .

3. At every point of a certain curve, y” = x’— 1. Find the equation of the curve if it passes
through the point (1, 1) and is there tangent to the line x + 12y = 13.

dz)’__ d w2 J d ' j 2 ) x’
Herezx—z——a(y)—x — 1. Then E(y)d.x— (x*—1)dx and y '§_X+C|~
At (1, 1), the slope y* of the curve equals the slope — & of the line. Then — 5 =4 -1+ C,, from
which C, = 5. Hence y’ = dy/dx = 1x> — x + &, and integration yields

X+ px+C,

Rail—

fdy=f(%x’—x+%)dx or y=fx'-
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At (1,1, 1=% -1+ %+ C, and C, = . The required equation is y = 5x* — {x* + Zx+ 2.

The family of orthogonal trajectories of a given system of curves is another system of curves,
each of which cuts every curve of the given system at right angles. Find the equations of the
orthogonal trajectories of the family of hyperbolas x* — y* = c.

At any point P(x, y), the slope of the hyperbola through the point is given by m, = x/y, and the
slope of the orthogonal trajectory through P is given by m, = dy/dx = —y/x. Then

J%X=—J% sothat  Injyl=-Injx|+InC" or |xy|=C

The required equation is xy = *C’ or, simply, xy = C.

A certain quantity q increases at a rate proportional to itself. If g =25 whens=0and g =75
when ¢ =2, find g when t=6.

Since dq/dt = kq, we have dq/q = k dt. Integration yields In ¢ = kt + In ¢ or g = ce®.
When 1 =0, g =25 = ce’; hence, ¢ =25 and g = 25¢*"

When 1 =2, g =25¢** =75; then e** =3 =¢""". So k =0.55 and g = 25¢" """

Finally, when t = 6, g =25¢"°* =25¢* * =25(¢' ')' =25(27) = 675.

A substance is being transformed into another at a rate proportional to the untransformed
amount. If the original amount is 50 and is 25 when ¢ = 3, when will f}; of the substance remain
untransformed?

Let ¢ represent the amount transformed in time . Then dg/df = k(50 — g). from which
dgq

50~ gq

When =0, ¢ =0 and ¢ = 50; thus 50 — g = 50e “".

When =3, 50— ¢=25=50e ; then ¢ *=05=¢"", k=023, and 50-g=50—¢
When the untransformed amount is 5, 50e °?*=5; then e "?* =0.1=¢ > and 1 = 10.

ki

=kdt 50 that In(50-¢g)=-kt+Inc or 50—-¢g =ce

-1.23«¢

A ball is rolled over a level lawn with initial velocity 25 ft/sec. Due to friction, the velocity
decreases at the rate of 6 ft/sec’. How far will the ball roli?

Here dv/di= —6. So v = —61+ C,. When t =0, v =25; hence C, =25 and v = ~6¢ +25.

Since v = ds/dt = — 61 + 25, integration yields s = —3:° + 25¢+ C,. When 1 =0, 5 = 0; hence C, =0
and s = —3¢* + 25¢.

When v =0, 1= ¥; hence, the ball rolls for £ sec before coming to rest. In that time it rolls a
distance s = - 3(¥)Y +25(2)=-F + L =% ft.

A stone is thrown straight down from a stationary balloon, 10,000 ft above the ground, with a
speed of 48 ft/sec. Locate the stone and find its speed 20 sec later.

Take the upward direction as positive. When the stone leaves the balloon, it has acceleration
a=dv/dt = —32 ft/sec’ and velocity v = —32r+ C,.

When 1 =0, v = ~48; hence C, = —48. Then v = ds/dt = —32t - 48 and s = - 161° — 48t + C,.

When ¢ =0, s = 10,000; hence C, = 10,000 and s = — 16° — 48¢ + 10,000.

When t =20,

s = —16(20)° — 48(20) + 10,000 =2640  and v = —32(20) - 48 = - 688
After 20 sec, the stone is 2640 ft above the ground and its speed is 688 ft/sec.
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10.

11.

12.

13.

14,

A ball is dropped from a balloon that is 640 ft above the ground and rising at the rate of
48 ft/sec. Find (a) the greatest distance above the ground attained by the ball, (b) the time
the ball is in the air, and (c) the speed of the ball when it strikes the ground.

Take the upward direction as positive. Then @ = dv/dt = —32 ft/sec’ and v = -32r + C,.
When t =0, v =48; hence C, =48. Then v =ds/dt = —321+ 48 and s = — 1617 + 481 + C,. When
t=0, s =640; hence C, =640 and s = — 161> + 48¢ + 640.
(@) When v =0, 1= 2 and s = —16(1)’ + 48(3) + 640 = 676. The greatest height attained by the ball is
676 ft.
(b) When s =0, — 161> + 48t + 640 =0 and ¢ = — 5, 8. The ball is in the air for 8 sec.
(c) When ¢t =8, v = —32(8) + 48 = —208. The ball strikes the ground with speed 208 ft/sec.

The velocity with which water will flow from a small orifice in a tank, at a depth A ft below the
surface, is 0.6\/2gh ft/sec, where g = 32 ft/sec’. Find the time required to empty an upright
cylindrical tank of height 5 ft and radius 1 ft through a round 1-in hole in the bottom.

Let h be the depth of the water at time . The water flowing out in time df generates a cylinder of
height v dt ft, radius 1/24 ft, and volume 7(1/24)* v dt = 0.67(1/24)°\/2gh d! ft°.

Let —dh represent the corresponding drop in the surface level. The loss in volume is ~ 7(1)° dh ft”,
Then 0.67(1/24)’(8VR dt) = — 7 dh, or dt = —(120 dh)/VF and 1t = —=240VR + C.

Att=0, h=5 and C = 240VS5; thus 1 = —240Vh + 240V5.

When the tank is empty, & =0 and ¢ = 240V5 sec = 9 min, approximately.

Supplementary Problems

Find the equation of the family of curves having the given slope, and the equation of the curve of the
family which passes through the given point, in each of the following:

(@) m=4x;(1,5) (b) m=vx; (9,18) (c) m=(x-1)*; (3,0)
(d) m=1/x*;(1,2) (&) m=xly; (4,2) (f)y m=x%y*, (3,2)
(g) m=2yix; (2.8) (h) m=xy/(1+x%); (3,5)

Ans. (a) y=2x+C, y=2x"+3; (b) 3y=2x"?+C, 3y=2x"% (c) d4y=(x—-1)*+C, 4y=
(x=1)"'-16; (d) xy=Cx—1, xy=3x-1; (&) X’ =y’ =C, X’ = y*=12; (f) 3y*=4x"+ C,
3y =4x"~60; (g) y = Cx’, y =20 (h) y* = C(1 + &%), 29" = 5(1 + x7)

(a) For a certain curve, y"=2. Find its equation given that it passes through P(2,6) with slope
10. Ans. y=x"+6x-10

(b) For a certain curve, y” = 6x — 8. Find its equation given that it passes through P(1,0) with slope
4. Ans. y=x'—4r’+9x-6

A particle moves along a straight line from the origin (at ¢ = 0) with the given velocity v. Find the
distance the particle moves during the interval between the two given times 1.

(@) v=4:+1;0, 4 b)yv=66+3;1,3 (¢c) v=3rr+21;2, 4

(d)v=Vr+5;4,9 () v=2-2,0,5 (Hv=1r"=-31+2,0,4

Ans. (a) 36: (b) 30; (c) 68; (d) 373; (e) 17; (f) 53

Find the equation of the family of orthogonal trajectories of the system of parabolas y* =2x + C.
Ans. y=Ce"
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18.

16.

17.

18.

19.

APPLICATIONS OF INDEFINITE INTEGRALS [CHAP. 37

A particle moves in a straight line from the origin (at ¢ = 0) with given initial velocity v, and acceleration
a. Find s at time .
(@) a=32,v,=2 (b) a=-32;0,=96 (¢) a=12+6¢;v,= -3 (dya=1Vt;v,=4

Ans. (@) s=168+2t; (b) s =~ 1617 +961; (c) s=1* + £ =31, (d) s= $(£>'* +31)

A car is slowing down at the rate 0.8 ft/sec>. How far will the car move before it stops if its speed is
initially 15 mi/hr? Ans. 302} ft

A particle is projected vertically upward from a point 112 ft above the ground with initial velocity
96 ft/sec. (@) How fast is it moving when it is 240 ft above the ground? (b) When will it reach the highest
point in its path? (c¢) At what speed will it strike the ground?

Ans. (a) 32 ft/sec; (b) after 3 sec; (c) 128 ft/sec
A block of ice slides down a chute with acceleration 4 ft/sec’. The chute is 60 ft long, and the ice reaches

the bottom in 5 sec. What are the initial velocity of the ice and the velocity when it is 20 ft from the
bottom of the chute? Ans. 2 ft/sec; 18 ft/sec

What constant acceleration is required (a) to move a particle 50 ft in 5 sec; (b) to slow a particle from a
velocity of 45 ft/sec to a dead stop in 15 ft?  Ans. (a) 4 ft/sec’; (b) — 67} ft/sec’

The bacteria in a certain culture increase according to dN/dt = 0.25N. If originally N =200, find N when
t=8. Ans. 1478



Chapter 38

The Definite integral

THE DEFINITE INTEGRAL. Let a<x=<b) be an interval on which a given function f(x) is

continuous. Divide the interval into n subintervals A,, h,, ..., h, by the insertion of n—1
points £,, &, ..., &, ,, where a<§,<§,<---<§,_,<b, and relabel a as & and b as §,.
Denote the length of the subinterval h, by A;x =¢, — &, of h, by A,x=¢,—§,,...,0f h, by

A x=¢ — &, . (This is done in Fig. 38-1. The lengths are directed distances, each being
positive in view of the above inequality.) On each subinterval select a point (x, on the
subinterval h,, x, on h,,...,x, on h,) and form the sum

S, = i fx) Bex = flx) Ax + flxy) Box + - + flx,) A x (38.1)

each term being the product of the length of a subinterval and the value of the function at the
selected point on that subinterval. Denote by A, the length of the longest subinterval appearing
in (38.1). Now let the number of subintervals increase indefinitely in such a manner that
A,— 0. (One way of doing this would be to bisect each of the original subintervals, then bisect
each of these, and so on.) Then

lim S, = lim > f(x,)A,x (38.2)
n—+x n—+x k=1

exists and is the same for all methods of subdividing the interval a=x=b, so long as the
condition A, — 0 is met, and for all choices of the points x, in the resulting subintervals.

i O S W { ™o I i 1b

1 Mo T 2w 1 T aw | 2z | Y

0 éo 1 {2 k-1 £k fn—1 £n
Fig. 38-1

A proof of this theorem is beyond the scope of this book. In Problems 1 to 3 the limit is
evaluated for selected functions f(x). It must be understood, however, that for an arbitrary
function this procedure is too difficult to attempt. Moreover, to succeed in the evaluations
made here, it is necessary to prescribe some relation among the lengths of the subintervals (we
take them all of equal length) and to follow some pattern in choosing a point on each
subinterval (for example, choose the left-hand endpoint or the right-hand endpoint or the
midpoint of each subinterval).

By agreement, we write

n—+x

L fx)dx= lim S, = lim i flx)Ax

b
The symbol f f(x) dx is read “the definite integral of f(x), with respect to x, from x = a to

x = b.” The function f(x) is called the integrand; a and b are called, respectively, the lower and
upper limits (boundari%s) of integration. (See Problems 1 to 3.)

We have defined | f(x) dx when a < b. The other cases are taken care of by the following
definitions:

f f(x)dx =0 (38.3)
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a b
If a<b, then L flx)dx = -L flx) dx (38.4)

PROPERTIES OF DEFINITE INTEGRALS. If f(x) and g(x) are continuous on the interval of
integration a < x < b, then

3 3
Property 38.1: J cf(x) dx = L‘J; flx) dx, for any constant ¢
(For a proof, see Problem 4.)
Property 38.2: | [f(n = gmldc= | fdex [ gwax

Property 38.3: J:f(x)dx+fc f(x)dx=£bf(x)d,x, fora<c<b

b
Property 38.4 (first mean-value theorem): f fx)dx = (b - a)f(x,) for at least one value x =x,
between a and b.

(For a proof, see Problem 5.)

Property 38.5: If F(u) = f ’ f(x) dx, then % F(u) = f(u)

(For a proof, see Problem 6.)

FUNDAMENTAL THEOREM OF INTEGRAL CALCULUS. If f(x) is continuous on the interval
a=<x=b, and if F(x) is any indefinite integral of f(x), then

b
= F(b) - Fla)

b
J; f(x) dx = F(x)

(For a proof, see Problem 7.)

b

b
EXAMPLE 1: (a) Take f(x) = c, a constant, and F(x) = cx; then J’ cdx = cx' =¢(b — a).

s 1 525 25

— =1 2. == ? =5 - =5

(b) Take f(x) = x and F(x)= 3x ,thenjoaxd.x 2x o 2 0 7
© Takef(x)=x: and F(x)=%x‘;thenjl xjdx=%x‘ 1:%—%=20.

These results should be compared with those of Problems 1 to 3. The reader can show that any indefinite
integral of f(x) may be used by redoing (c) with F(x) = {x* + C.

(See Problems 8 to 20.)

THE THEOREM OF BLISS. If f(x) and g(x) are continuous on the interval a<x=b, if the
interval is divided into subintervals as before, and if two points are selected in each subinterval
(that is, x, and X, in the kth subinterval), then

Jim 3 fx)g() Ax = || f0g() d

We note first that the theorem is true if the points x, and X, are identical. The force of the
theorem is that when the points of each pair are distinct, the result is the same as if they were
coincident. An intuitive feeling for the validity of the theorem follows from writing
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3 80X Aux = 2 5 )g) A+ 3 fx){8(X,) - k)] dex

and noting that as n— + (that is, as A,x—0) x, and X, must become more nearly identical

and, since g(x) is continuous, g(X,) — g(x,) must then go to zero.
In evaluating definite integrals directly from the definition, we sometimes make use of the

following summation formulas:

_n(n+1)

D ok=1+42+--+n 5 (38.5)
k=1

n ” +

Y TSR LGRR CLARY (38.6)
k=1

zk3:13+2a+...+n3=[”(_'1211_)] (38.7)

These formulas can be proved by mathematical induction.

Solved Problems
In Problems 1 to 3, evaluate the integral by setting up S, and obtaining the limit as n— +x.

b
1. f cdx = ¢(b — a), ¢ constant

Let the interval a = x = b be divided into n equal subintervals of length Ax = (b — a)/n. Since the
integrand is f(x) = c, then f(x,) = ¢ for any choice of the point x, on the kth subinterval, and

n

s = flx)Ax= > cAx)=(c+c+ -+ c)Ax) = nc Ax = nc

n
k-

b-a

=¢(b — a)

b
Hence f cdx= lim § = lim c(b—a)=c(b-a)

n-—+ x

iR

5
2. f xdx =
(1]

Let the interval 0 = x =5 be divided into n equal subintervals of length Ax = 5/n. Take the points x,
as the right-hand endpoints of the subintervals; that is, x, = Ax, x, =2 Ax, ..., x, =nAx, as shown in
Fig. 38-2. Then

n n . + 2
S = > fx)Ax= > (kAx)Ax=(l+2+-~-+n)(Ax)'=M (é) -2 (l+ l)
k=1 k=1 2 n 2 n
and fxdx=|ims=1im 2§(1+1)=-2é
o Nt 0 ne+x 2 n 2
0 X1 X X Xu-1 Xnm
| l |- | 1 N |
Taxlaxl | T Taxl 1T T
o & b2 &3 & $e—1 &k $n—2 En-1 én

Fig. 38-2
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3
3. f xtdx =20
I
Let the interval 1 = x =3 be divided into n subintervals of length Ax =2/n.
First method: Take the points x, as the left-hand endpoints of the subintervals, as in Fig. 38-3; that
is, x, =1, x,=1+4x,..., x, =14 (n—1)Ax. Then

S,= 2 flx)Bn=x Ax+x3Ax+ - +x}Ax
k=1

{1+ +Axy +(1+2Ax)° +---+[1 + (n— 1) Ax]’} Ax
={n+3[1+2+ -+ (n-D]Ax +3[1°+27 +--- + (n - 1)*|(Ax)’
+[1P+28 4+ (n - 1)Y)(Ax)’} Ax

= [n+3 ("]‘_;)" % 3 11).’12(.2;_ ) (,,) (n(l—lz)) (n) ] %

Cefom ) (s A (un B Ay im0 8
n n n n

n n n-
3
’ 26 8
and fx‘dx: lim (20——+—2)=20
! A x n n
X X2 xa Lx  Tx+i xa 3
ol ] | ] 1 | ]
Az | Ax T Ax | T ax ! i T |
o & &2 & k-1 &k fn—-1 £n
Fig. 38-3

Second method: Take the points x, as the midpoints of the subintervals, as in Fig. 38-4; that is,

2n—-1
x,=1+3Ax. x,=1+3Ax,.. . x =1+ n2 Ax. Then

:[(HiAx)‘+(1+§Ax)3+---+(1+2”2_1AX)3]Ax
([ a() s o) s (3) @] e[ Fan+a(3) wor+(3) (x) ]+
' ) o] ax

+ [1 +3 2"2_ Ax + 3( 2"2_ 1)A(Ax)2 + (

a2 2n(2) s faw-m(2) oy (3)
a2 (n +4(4n n)n (2 )n)
4
:2+6+(8-%)+(4—%)=20——:
n n n
3
and fx dx = lim (20——)=20
1 2 Xy X3 T Zn 3
I N T I I O | [ ] 111
laxT Az Tax ] R T T
0 & & & $—1 £k n—1 &a
Fig. 384

4, Prove: Ja cf(x) dx = CL flx) dx.

For a proper subdivision of the interval a = x = b and any choice of points on the subintervals,
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S, = i flx)dx=c 2 f(x)A,x

k=1

b n b
Then [ of(x)dr=c lim D, f(x,)Ax=c f f(x) dx
n— + x k=1 a
S. Prove the first mean- value theorem of the integral calculus: If f(x) is continuous on the

interval a =< x < b, then j f(x) dx = (b — a)f(x,) for at least one value x = x, between a and
b.

The theorem is true, by Example 1(a), when f(x) = ¢, a constant. Otherwise, let m be the absolute
minimum value, and M be the absolute maximum value, of f(x) on the interval a <x <b. For any
proper subdivision of the interval and any choice of the points x, on the subintervals,

S mAx<D fx)Ax< > MAx
k=1 k=1 k=1
Now when n— +«<, we have

J;bmdx<£bf(x)dx<fde

-which, by Problem 1, becomes

m(b—a)<£bf(x)dx<M(b—a)

b
Then m<b—1a-f fx)dx<M

so that f flx) dx = N, where N is some number between m and M. Now since f(x) is continuous

on the interval a < x < b, it must, by Property 8.1, take on at least once every value from m to M.
Hence, there must be a value of x, say x = x,, such that f(x,) = N. Then

D ad [ fode=-afix,)

6. Prove: If F(u)= f: f(x) dx, then d—d& F(u) = f(u).

utAdu

We have Fa+aw) - Fuy= [ feode- [ oo ax

By Properties 38.3 and 38.4, this becomes

F(u + Au) — F(u) = f fix)dx + J:“M fix) dx = ﬁ“h flx) dx = f(u,) Au

where ¥ <u,<u+ Au. Then

F(u + AAuz - F(u) = fluy) and %’ - lim F(u + Au) - F(u)

Au—0 Au
since u,— u as Au—0.
This property is most frequently stated as:

= Jlim fu,) = f(u)

If F(x)= f f(x) dx, then F'(x) = f(x) . (1)

The use of the letter u above was merely an attempt to avoid the possibility of confusing the roles of the
several x's. Note carefully in (1) that F(x) is a function of the upper limit x of integration and not of the
dummy letter x in f(x) dx. In other words, the property might also be stated as:
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If F(x) = f " () dr, then F'(x) = fx) .

It follows from (1) that F(x) is simply an indefinite integral of f(x).

7.  Prove: If f(x) is continuous on the interval a < x < b, and if F(x) is any indefinite integral of
f(x), then

L f(x) dx = F(b) — F(a)

Use the last statement in Problem 6 to write J f(x) dx = F(x) + C. When the upper limit of
integration is x = @, we have

ff(x)dx=0=F(a)+c o  C=-F(a)

Tben j f(x) dx = F(x) — F(a). and when the upper limit of integration is x = b, we have, as required,
flx) dx = F(b) — F(a).

In Problems 8 to 17, use the fundamental theorem of integral calculus to evaluate the integral at the
left.

10. f%=[2\/?]*,=2(\/3—ﬁ)=2

11. J’_‘,ei' de:[_ze “2]{3:_2(6-];2‘8):4,9904

10
12. I_h xdx —[ln|x+2|] 10 ~In8—1nd=1In2
imes
13. I’ sinxdx ={- cosx]""—_ S W3-0)= W3
2 dx _[1 1 ]z 1[ ) ] |
14. Jr—+4:_ Earctanix LT3 ( Z") L
-3 . 1 i ] 3 v-s
1s. f.sm‘“—[zxm 2l + IENSE IO ¢ v

Zd.x[l

O x-9 L6

-3 1( 1 1
16. n H_l—a ln——ln2) In0.1

x+3 5

6

17. Llnxdx=[xlnx—x]‘,=(elne—e)~(ln1—1)=

L]
18. Find ﬁ xy dx when x =6¢o0s 8, y =2sin 6.
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We shall express x, y, and dx in the integral in terms of the parameter 6 and df, change the limits of
integration to corresponding values of the parameter, and evaluate the resulting integral. We have,
immediately, dx = —65sin 6 d6. Also, when x =6cos 8 =6, then @ =0; and when x = 6cos 6 = 3, then

9 = m/3. Hence
6 [¢] (]
J’ xy dx =f , (6.cos 8)(2sin 8)(~6sin 0) df = —72[ , sin” 6 cos 6 do
3 ” "/

=[~24sin*6]°,, = —24[0 - (V3/2)’] = 9V3

2n/3
19. Find L df

S+4cos @’
2dz
N . . de _J' 1+22  2dz
The substitution 6 =2 arctan z (Fig. 38-5) vyields ]5+4c056 = g il freped To
+4 1+ 2°
determine the z limits of integration, note that when 8 =0, z =0; when 8 =27/3, arctan z = /3 and
z=%3. Then
szs do _ZJV_B dZ B 2 [ retan i]\/i- Z
o 5+4cos8 “Jo 9+ 3143 T 9
by
>’ 22
1— 2t
Fig. 38-5
. dx
20. Fmdj _
0 1-sinx
2dz
+ 72
The substitution x =2arctan z yields j dx =f 142 = 2dz 7. When x=0,
1-sinx - 2z (1-2)
1+ z°
arctan z =0 and z =0; when x = /3, arctan z = 7/6 and z = V3/3. Then
w3 d V313 d 2 V33 2
[P [ ke (2] 2, 4y
o l-sinx o (1-2) 1-z1lo 1-V3/3

Supplementary Problems

b
21. Evaluate f cdx of Problem 1 by dividing the interval a <x=b into n subintervals of lengths A x,

a

A,x, ..., A x. Note that 2 Ax=b-a.

k=1
5
22. Evaluate f x dx of Problem 2 using subintervals of equal length and (a) choosing the points x, as the
left-hand endpoints of the subintervals; (b) choosing the points x, as the midpoints of the submtervals
and (c) choosing the points x, one-third of the way into each subinterval, that is, taking x, = } Ax,
x,=%Ax,. ...
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27.

29.

31.
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4
Evaluate | x” dx = 21 using subintervals of equal length and choosing the points x, as (a) the right-hand
endpoints of the subintervals; (b) the left-hand endpoints of the subintervals; (c) the midpoints of the
subintervals.

4
U4sing the same choice of subintervals and points as in Problem 23(a), evaluate L xdx and
1 (x> + x) dx, and verify that f [f(x) + g(x)] dx -I fix)dx + | g(x) dx.

2 4
Evaluate L x* dx and , x* dx. Compare the sum with the result of Problem 23 to verify that

ff(x)dx+ff(x)dx=ff(x)dx fora<c<b

=2 e Ax= ete-1) AAx i Ax

k=1 e‘—l'

1
Evaluate L efdx=e—1. (Hint: e

ns+x @

A "
Alimu o ad 3 is indeterminate of the type 0/0. )

Prove Properties 38.2 and 38.3.

Use the fundamental theorem to evaluate each integral:

(a)L(2+x)dx=6
(¢) J:(3—2x+x2)d.x=9

(e) f(l—u)\/idu=—%°

®) [ @-nrar=1
(d) fl (A-ede= -3

(f) f\/'ﬁs‘xdx:ze

® [ P +nar=4

() Lr(l‘mzﬂ=$

4 _ll 3 ) x* dx \/§1r__§
(m)325_x2—3n2 (n Sz i+ x4+ 1 9 8
*Vie- dx 3 8

(o) |, x dx=4ln(2+\/—) 2V3 (p)L x_xm—ilng

2w
(r)J0 sin 3t dr =

j dx _\/777
) o 3+cos2x 8

() L In(x*+1)dx=In2+§m -2

(s)J; x*sin3xdx= &(w’—4)

3 dx
Show that f =j .
3 Vel+16 Iy VP46

6 =2w
Evaluate J;_G ydx=3m, given x =0 ~sin6, y =1~ cos 0.

In2, given y = 4x’ -} Inx.

4
Evaluate‘,‘l Vi+(y'Yde=%+}
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/ d
32. Evaluatef y dt—\/_e (e—1), given x=¢"cost, y=e'sint.

33. Use the appropriate reduction formulas {Chapter 31) to establish Wallis’ formulas:

3. (n=3)(n-1) =
4---(n—-2)n 2

if n is even and >0
w/2 2

f sin"xdx=f cos” x dx =
0 ¢ 4---(n—3)n-1)
3---(n—=2)n
(13- (m-1)-1-3---(n-1) =
24 (m+n-2)m+n) 2

if n is odd and >1

if m and n are even and >0

4---(m-3)(m-1)

w2
L sin™ x cos” x dx = i D)(n+3) - (n+tm) if mis odd and >1

4 (n=3)n-1)

\(m+ 1)(m +3)---(m +n) if n is odd and >1

5. Evaluate each integral:

11
= . _ o8 c052x _1 _
(@) 3 2x+3dx=3 ()f cost+1 _47r 1
()f 1+\/_dx 4ln§—l (d)f e’ dx=1L(?+1)
© j”"" sin x dx =ll 7+3V32
cos’x—5cosx+4 3 7-3V2
ox-1 3-2V2
—————— dx=1In +2V2 - V15
(f)[‘z Vx? —4x +3 4-VT5

w3 dx
(8) L/e sin2x In V3

(h)fl ln(x+Vxi—1)dx=3In(3+2V3)-2V2

et a ) Pt tDdr L 18
O [, o= -0 va- 0 [, G =amy-5
-3 4
x+2)de _1 3 1 " de 1 V2 o¢m
(k)f—s x(x - 2) =ang*s3 (I)J; 2+tanx gl 7 10

3s. Prove (38.5) to (38.7).

36. Prove: L jb f(u) du = —f(x).

8(x)

ST Prove: 1 [ ftu) du = f(8C0)8'(x) ~ SO ')

3s. Evaluate — f sin u du = sin x,
39, Evaluate — ] wdu=—-x*

40. Evaluate — j w® du = sin® x cos x.

41. Evaluate - f cos u du = 4 cos 4x — 2x cos x°.





