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Why we study Mathematics?

Learning math is good for your brain

Practically every career uses math in some way.

Math is all around us and helps us understand the world better

Math is a universal language



3_Syllabus_Math 111_Pure mathematics (I).pdf
0_Start.pdf

Important of Mathematics in Computer science



Why we study Mathematics?

Original Reconstruction



FBI Fingerprint Compression — The U.S. Federal Bureau of Investigation began col-
lecting fingerprints and handprints in 1924 and now has more than 30 million such prints in
its files, all of which are being digitized for storage on computer. It takes about 0.6 megabyte
of storage space to record a fingerprint and 6 megabytes to record a pair of handprints, so
that digitizing the current FBI archive would result in about 200 x 10'? bytes of data to
be stored, which is the capacity of roughly 138 million floppy disks. At today’s prices for
computer equipment, storage media, and labor, this would cost roughly 200 million dollars.
To reduce this cost, the FBI's Criminal Justice Information Service Division began working
in 1993 with the National Institute of Standards, the Los Alamos National Laboratory, and
several other groups to devise compression methods for reducing the storage space. These
methods, which are based on wavelets, are proving to be highly successful. Figure 1 is a

good example—the 1image on the left is an original thumbprint and the one on the right is
a mathematical reconstruction from a 26:1 data compression.

Original Reconstruction



Removing Noise from Data—In fields ranging from planetary science to molecular
spectroscopy, scientists are faced with the problem of recovering a true signal from in-
complete or noisy data. For example, weak signals from deep space probes are often so
overwhelmed with background noise that the signal itself is barely detectable, yet the signal
must be used to produce a photograph or provide other information. Researchers at Stanford
University and elsewhere have been working for several years on using wavelet methods to

filter out such noise. For example, Figure
that has been cleaned up (de-noised) using wavelets.
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Airflow Past an Automobile — Problems involving fluid flow (air, water, and blood,
for example) are a major focus of scientific research. The Army High Performance Com-
puting Research Center (AHPCRC) sponsors numerous unclassified research projects that
involve teams of researchers from various science and engineering disciplines. One such
project deals with airflow past an automobile (they use a General Motors Saturn SL2).
The problem is quite complex since it takes into account the body contours, the wheels,
the recessed headlights, and the spoiler. Figure shows a simulation of airflow past an

automobile that was produced using state-of-the-art mathematical methods and a Cray T3D
supercomputer.




Weather Prediction — Modern meteorology 1s a marriage between mathematics and
physics. Today’s meteorologists are concerned with much more than predicting daily weather
changes—their research delves into such areas as global warming, holes in the ozone layer
(Figure ), and weather patterns on other planets.




Medical Imaging and DNA Structure — Advances in nuclear magnetic resonance
(NMR) have made it possible to determine the structure of biological macromolecules,
study DNA replication, and determine how proteins act as enzymes and antibodies. Related
advances in magnetic resonance imaging (MRI) have made it possible to view internal
human tissue without invasive surgery and to provide real-time images during surgical pro-
cedures (Figure 5). High-quality NMR and MRI would not be possible without mathematical
discoveries that have occurred within the last decade.




Important of Mathematics in Engineering

civil engineering Department




Power engineering
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electricity department

Power soure (2 wire cabile with ground, C1)

I{ 3 wire cable with ground (C2)
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Computer scinces - Mathematics =



Some problems
without solutions



(Sl 4l gl Layy ol e glii G ja i) aladind ollia $aleall slialdl 8 202508 Y cilpaly N of JB8 (e
Aol l JmadiPringles " tadodi™ g8 JLi
Procter & Gamble - 48 & & Jaxy OIS 63l 5 Fredric J. Baur - (2beSl) cailSS 25 1956 ale
L 38 (8 Leiaiy La s ol o Dlaad) (55188 <) S5 of amy g ¢ udaldad) 338 (e an g g5 ghats
ataai€ el laall z ju J8 AL eY) 4y gl s ASIA 038 Ja o ed (e Cpaale ol G0
L 4 glas A ghan) <l gzl 5 ¢ ulallanll
dla Hyperbolic paraboloid. (sl " 3l 8SAl mlandl™ anly ciluzaly Sl o3 JSAN 138 oy cdalially
") B eald ! i Al el SHl ol ) sllaadd Lgie 383y sail il 5 Al daa

Szl )l Gl 6wy Juadll (o) Smls daglis LIS aaail 40 gagl) an LAl (e 5 b L i 5 je JS 8



First Level (Freshman

- Courses of Physical Science proecrams

_g E Hours Cirades

o

= = < E E ; E '! E E E

E Z Course name B £ i = g 'E = 2 3

# - e | 5| E|E | | £| 2| | 2| 2

S = = = & Bl < | E| =
=]
Compulsory Courses (11 Credit Hours)
Math 111 Pure Mathematics (1) - 2 - 2|2 20 20 10 - S50 | LLEI]
Math 121 Applied Mathematics (1) - - 2 20 20 1 - 50 L1
Chmlol General chemistry (1) - 2 2 T3 10 20 10 20 40 L1
Phy 101 eneral Physics (T) - 2 3 |3 1 20 1 20 40 L1
Bot 101 General botany 2 - - |2 20 20 10 - 50 100
Comliil Computer fundamentals (I) | - 1 2 I ] 10 20 10 20 40 1040
¥ Uni 107 Human rights - 2 - -1 2 20 20 10 - 50 100
e | Uni 109 Information technology - 2 - -2 20 20 10 - 50 L0

Total 18
Mathl 12 Pure Mathematics (11} - 2 - 2|2 20 20 10 - S0 104
Mathl22 Applied Mathematics (11) - 2 - 212 20 20 10 - 50 100
Chm 102 General chemistry (1) Chmlol | 2 3 "3 1 20 1 20 40 L1
Phy102 Creneral Physics (1T) Phy101 2 3 -1 3 10 20 10 20 40 100
Zo0 116 General Zoology ~ I ~ - | 3 20 20 10 - 50 100
Com 102 {{i'[‘;“l’" tor (umdamcniats - 2 |1 |72 w |20 |10 20 |40 | 100
LUimi 100 English for science - 2 - - 20 21 10 - 50 LMy

Total 16

Total for both semesters 34
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Math 111: Pure mathematics (l)-2 Credit (Lecture 2h/w+ tutorial 2h/W)
Contents:

Differentiation:

Functions and Limits: Functions and Their Graphs, Inverse Functions, Trigonometric Functions, Rigorous
study of limits, Limit Theorems, Continuity of Functions.

Derivatives: The derivative, Rules for finding derivatives, Derivatives of Trigonometric Functions,
Derivatives of Exponential and Logarithmic Functions, Derivatives of inverse Trigonometric and
Hyperbolic functions, The Chain Rule, Higher-Order Derivatives, Implicit Differentiation.

Applications of Derivatives: Maxima and Minima, The Mean Value Theorem, Indeterminate forms and
L'Héspital’s Rule.

Algebra
Mathematics induction, Partial fractions, Mathematical logic, Sets, subsets, set operations and

inductively definition of sets, Equivalent relations, equivalence classes, partitions and partial order,
Maps, composition of maps, kinds of maps and inverse functions, permutation on finite sets, equivalent
sets and cardinality of sets, binary operations, examples of groups and fields.



Referances:
Edwin J. Purcell and Dale Varberg, Calculus with Analytical Geometry 4th Edition 1984.
J. Eccles, An Introduction to Mathematical Reasoning: Numbers, Sets and Functions, Cambridge University Press, 1997.
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FUNCTIONS

QUALIFYING SPEEDS
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Graphs can be used to describe mathematical equations as well as physical data. For example,
consider the equation

y =V =9

x -3 -2 -1 0 1 2 3
y 0 -2V5=-447214 -2v2=-282843 0 2V2=282843 25=447214 0




FUNCTIONS

Tables, graphs, and equations provide three methods for describing how one quantity de-
pends on another—numerical, visual, and algebraic. The fundamental importance of this
Idea was recognized by Leibniz in 1673 when he coined the term function to describe the
dependence of one quantity on another.

Gottfried Wilhelm Leibniz

1 DEFINITION. If a variable y depends on a variable x in such a way that each
value of x determines exactly one value of y, then we say that y is a function of x.

a5

Compater
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A function [ from set A4 to set B (writtenas f : A — B) is a rule of corre-
spondence that associates to each element of A, one and only one element of B.

(A function is also called a mapping from 4 to B.

B




INDEPENDENT AND DEPENDENT VARIABLES

a function f is a rule that associates a unique output f(x)
with each input x. This output is sometimes called the value of f at x or the image of x
under f. Sometimes we will want to denote the output by a single letter, say v, and write

y = f(x)

This equation expresses y as a function of x; the variable x is called the independent
variable (or argument) of f, and the variable v is called the dependent variable of f.

Example (1)
For f(z) = 2 — 2z, find and simplify

(@) f(4), (b) f(4+h), (c) f(4+h)— f(4)
(d) [f(4 4+ h) — f(4)]/ h, where h > 0.



For f(z) = z? — 2z, find and simplify

(a) f(4), (b) f(4+h), (c) f(4+R)— f(4)
(d) [f(44+ h)— f(4)]/ h,whereh > 0.

Solution
f(4) =42 —2(4) =16 — 8 = 8
f(44+h) = (4 +h)*—2(4 + h)
= (16 + Sh + h?) — (S + 2h)
= 8 + 6h + h?
f(4+h)— f(4)=8 +6h +h° —8
— 6h + h?
[f(4+h)— f(4)]/h=(6h+h*)/h =6+h



Domain and Range of a Function

Definition
Let f be a function from set A toset B (f: A — B), then

e The (entire) set A 1s called the domain of f.
e The (entire) set B is called the codomain of f.

e Anelement y of B that corresponds to some element z of A 1s denoted
by f(z), and it 1s called the image of = under f.

¢ The set of all images constitute the range of f. The range of f is denoted
by f(A) and it is a subset of set 5. In other words f(A) C B.

If y = f(x), then the set of all possible inputs (x-values) is called the domain of f, and the
set of outputs (y-values) that result when x varies over the domain is called the range of f.




For example,

;
y=x> and y=x> x=2

In the first equation there is no restriction on x, so we may assume that any real value
of x is an allowable input. Thus, the equation defines a function f(x) = x> with domain
—oo < X < 0. In the second equation, the inequality x > 2 restricts the allowable inputs
to be greater than or equal to 2, so the equation defines a function g(x) = xZ, x > 2 with
domain 2 < x < 4o,

- =



Find the domain of

(a) f(x)=x ) f(x) =1/[(x = 1)(x — 3)]
(c) f(x) = tanx {] f(x) =+x2=5x+6




(a) f(x)=x"

The function f has real values for all real x, so its natural domain 1s the

interval (—oe, 4oc).

(b) f(x)=1/[(x — D)(x —3)]

The function f has real values for all real x, except x = 1 and x = 3, where

divisions by zero occur. Thus, the natural domain is

(x:x#landx #£ 3} = (—o, 1)U (1, 3) U (3, +x)



(c) f(x)=tanx

Since f(x) = tanx = sinx/ cosx, the function f has real values except
where cos x = (0, and this occurs when x is an odd integer multiple of 7r/2. Thus, the natural

domain consists of all real numbers except T m I
X =T —,I — .
2

5

(d) f(x)=+x>—5x+6

The function f has real values, except when the expression inside the radical

is negative. Thus the natural domain consists of all real numbers x such that

X =5x+6=x-3)(x—-2)=0

This inequality is satisfied if x < 2 or x = 3 (verify), so the natural domain of f is

(—oe, 2] U [3, +o)



Types of Functions

(A)One-One Function
A function is one-one provided deferent elements of the domain are related to deferent
element of the range.

>e

T30




(B) Many-One Function
The range of the function has at least one element, which is the image for two or more
elements of the domain




(C) Onto Function
A function f : A — B 1s called an onto function if each element of the

codomain 1s involved in the relation. (Here, range of f = codomain B.)
In other words, a function f : A — B 1s said to be onto if every element
of B is the image of some element of A, under f, that is, for every

b € B, there exist an element @ € A such that f(a) = b. Onto function

1s also called surjective function.




(D) Bijective Function (or One-to-One Correspondence)
If the function is both one-one and onto. In a function that is one-one and onto, each
Image corresponds to exactly one element of the domain and each element of codomain
IS involved in the relation. Such a function is also called one-to-one correspondence or a
bijective function.

A o B

One—one and onto function



Classification of Functions

Even and Odd Functions

(1) A function 1s an even function if for every z in the domain of f

f(~2) = f(2)

(11) A function 1s an odd function if for every z in the domain of f

fl=z) = —f(z).



Example

1. We have that cos (—:c ) =Cco0sx forallx . Thus, the cosine function 1s an

even function.

2. A constant function is always even (why?).

3. It can be easily verified that the functions / (x )=x and f (x)=x "are

odd functions. In fact, any polynomial function in which the power ot each
term 1s an odd integer 1s an odd function.

4. We have for allx . sin(—x ) = —sinx and ta]:l(—:s: ) = —tanx . Thus, the

sine and the tangent functions are odd functions.



Period of a Periodic Function

If a function f is periodic, then the smallest p > 0, if it exists such that
f(x+p)=f(x) forall x ,is called the period of the function.



Algebraic operation on functions

(a) Sums, Differences, Products and Quotients of Functions

Let f and g be functions.



Example

Let f(x) = 1 and g(z) = Jz . Find the domain and rule of f+ag.
T

Solution
The domain of fis {3: cER:z= 0} and the domain of g(x)
{:1: cER:x> 0}.

The only numbers in both domains are the positive numbers, which constitute
domainof f + g.

For the rule, we have

(f + 9)(z) = f($)+g(m):é+\/£ r>0.






THE ABSOLUTE VALUE FUNCTION

x, x=10
x| =
-x, x <0
If a and b are real numbers, then
(a) | —a| = |a| A number and its negative have the same absolute value.
(b) iI.IF}| = |a| |h| The absolute value of a product is the product of the absolute values.
(c) |a / .-‘_EJl = |a |f |b| The absolute value of a ratio is the ratio of the absolute values.

{d] IliI + b| =< |i1| + |h| The triangle inequality
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LIMITS AND
CONTINUITY

LIMITS (AN INFORMAL VIEW). If the values of f(x) can be made as close as
we like to L by taking values of x sufficiently close to a (but not equal to a), then we
write

lim f(x) =L

X —d

which is read “the limit of f(x) as x approaches a is L.”
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Example the limit

. X
him

x—0 . J/x 4+ | — 1

( X )(\/m—1)_x(\/mﬂ)=x(\/m+1) —Vxr 1 +1

Vx+1 - 1) Wx+1 - 1) x+1-1 X

. X
hhm

x—= X _|_ | — 1|



51N X

lim —
r—0 x
X $1MN X
(RADIANS) Y=

+1.0 0.84147
+0.9 0.87036
+0.8 0.89670
+0.7 0.92031 4y
+0.6 0.94107
+0.5 0.95885
+0.4 0.97355
+0.3 0.98507
+0.2 0.99335
+0.1 0.99833

As x approaches 0 from the left
+0.01 0.99998 or right, f(x) approaches 1.




ONE-SIDED LIMITS

) X ) X
lim u =1 and lim u = —1
r—0r x xr—0- X

L




ONE-SIDED LIMITS . If the values of f(x) can be made
as close as we like to L by taking values of x sutficiently close to a (but greater than a),
then we write

]im+ f(x) =L

which is read “the limit of f(x) as x approaches a from the right is L.” Similarly, if the

values of f(x) can be made as close as we like to L by taking values of x sufficiently
close to a (but less than a), then we write

lim f(x)=L

X—da

which is read “the limit of f(x) as x approaches a from the left is L.”



COMPUTING LIMITS
SOME BASIC LIMITS

THEOREM. Leta and k be real numbers.

Iim k =k lim x = a
X—a X—a
. ] ) 1
Im — = —c Im — = 4=
xr—0 X r—0" X
example,

lim 3 =3, lim 3 = 3, lim 3 = 3

x—»—25 x—10 X—+IT



5x7 + 4
Example 2 Find lim i .
x—2 x—23

Solution.
Sx3 44 lim(5x7+4)
lim -
x—=2 x—3 ]ll’l'%:_r (x — 3)
- 5-224+4

= — = —44
2-3



Example 3 Find
2—x 2—x 2 x

@ lim ——pr—es () lim s () lim

Y —
im ——% &

r—4 (X —4}{.1' +E]



COMPUTING LIMITS: END BEHAVIOR

THEOREM. Suppose that
Iim f(x)=L; and lim g(x) =

X— 4w X— 4o
That is, the limits exist and have values L, and L, respectively. Then,
(@ lim [f()+g®]= lim f(x)+ lim g(x) =L+ L,

X — 4 X — o X— 4=
(b)  lim [f(x)—g(0)]= lim f(x)— lim g(x)=L;— L
(c) Igmx [f(x)g(x)] = (xgmx f(x)) (Iﬁﬂgxgix}) = L,L
lim f(x)
. f(l'} L xX— -+t L LI .
(d) xl_lﬂx o) linl e - Ly provided L, #£ 0
(e) 111141 v f(x) = n .linl f(x) = {’/L_, provided Ly > 0 if n is even.

Moreover, these statements are also true if x — —oe.



REMARK. Asinthe remark following Theorem results (a) and (¢) can be extended to
sums or products of any finite number of functions. In particular, for any positive integer n,

X— 42 X — oo X —» —oo X —» —0oo

lim (f(x))" = ( lim f{IJ) lim (f(x))" = ( lim f{IJ)

Also, since lim, _, . .(1/x) = 0, if n is a positive integer, then

1 1y 1 Y
lim—:(lim —):U lim —:(lim —) =0
x— 4= xn X—+4m X x——oo N X——oo X



LIMITS OF x" AS x — +oo

Iim x"=4w, n=1,273,... -0, n=1273,5,..

e S

!

|
:
.I_
b
~
|

2,4,6, ..




LIMITS OF POLYNOMIALS AS

X — o0
lim (cg +cx+ -+ f,,x") = lim ¢, x"
lim (cu +copx+ -0+ r:,,x") = lim c,x"
e S X — 4o
Example
lim (7x° —4x° +2x —9) = lim 7x° = —w

lim (—4x® +17x° =5x 4+ 1) = lim —4x® = —=

X —% —0IC X — —0IC



LIMITS OF RATIONAL FUNCTIONS
AS x — +oo

3x+5
Example Find lim .
P el

Solution. Divide the numerator and denominator by the highest power of x that occurs
in the denominator; that is, x! = x. We obtain

3x+5 . xG+5/x) . 3+5/x Jim 3 +5/x)

lim = lim = lim = —
x—+m by —8 r—o+ex(6—8/x) r—+=6—8/x _]ml (6 —8/x)
lim 34+ lim 5/x 345 lim 1/x
L X —= oo X— 4 _ X — 4o
lim 6 — lim 8x 6—8 lim 1/x
X — oo X— 4o X — 4+
B 34+(5-0) B 1

6—(8-0) 2 <



Example 4 Find

.
dx- — x

I
R S

Solution (a). Divide the numerator and denominator by the highest power of x that occurs
in the denominator, namely x*. We obtain

o 4xT—x o x34/x = 1/x%) o 4/x —1/x?
lim = lim = lim
x—»—w2x3 =5 x—o—= x3(2-=5/xY) x—>—w 2 —=5/x3
. 2
Jim @/x =120 4000 0

im 2—5/x>) 2—(5-0) 2

X— —0o



5x° —2x2 + 1
(b) lim = T
x>—»  3x +5

Solution (b). Divide the numerator and denominator by x to obtain

5x3 —2x2 41 5x2 —2x + 1
im 2 T im 2 +Hlx

x——o 3Ix+5 x— —x 3+45/x
where the final step is justified by the fact that

| 3
5x2 —2x—> 4w, ——0, and 34 =—3
X X

ds X —» —o0,



LIMITS INVOLVING RADICALS

3x+5
Example 5 Find lim d £

x—+= | 6x — 8

Solution.
. "3/3x+5 ‘_:.,/1, 3x +5
itV 6xr — 8 Vit 6x — 8

3/ 1

2

Example 3



Example 6 Find

. oVxr42
(a) lim

x—+w 3x — 6

Solution (a). As x — +«, the values of x under consideration are positive, so we can
replace |x| by x where helpful. We obtain

o Vx2+2 . Vx2+2/|x]| - Vx2+2//x2

X— 4= 3x—6 r—>+.c (3x—6)/|\f| 1_1"*'1 (3\7-—6)/.\?

1 +2/2 [lim v1+2/x?
_ llm _ .t—~>.+x
x—>+= 3 —6/x lim (3 —6/x)

X— 4=

i 5| (lim 1) + (2, 1m 1)
Jim 3-6/x) (-rl_i’r51rx3)—(6 lim l/x)

X— 4o
V1+@2-0) _ 4

3—(6-0) 3




Solution (b). As x — —oxo, the values of x under consideration are negative, so we can
replace |x| by —x where helpful. We obtain

' Va2 +2 . Vx2 +2/x| ' Vx2 4+ 2/x?
1171

x—+—= 3x — 6 I—IJ-—:E [3_]: — ﬁ)f|I| I—l*n_]m {35': - ﬁ}j(_—rj

1 +2/x2 |
—llm\/+jx——— .|

t——= —3+6/x 3
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Continuity

DEFINITION A function is continuous at a number a if

1. f(a) is defined (that is, a is in the domain of f)

2. lim f(x) exists

X—*d

3. lim f(x) = f(a)

X—*d

THEOREM. Polynomials are continuous everywhere.

THEOREM. A rational function is continuous at every number where the de nominator is nonzero. }
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Example Determine whether the following functions are continuous at x = 2.

2 2
2’ x°—4 x°—4
f(x}:i_;, g(x) = x—2" X #2 hix)=4{ x—2~ X 72
3, I=2, 4, I:Z
IE—
lim f(x) = lim g(x) = lim A(x) = lim — lim (x +2) =4
x—2 x—2 x—2 x—2 X — x—2




b

y = flx)

X
| I | I -

|
|
|
|
|
|
2

The function f i1s undefined at x = 2,

and hence 1s not continuous at x = 2

x> —4
2
gx)y=3 x—2 *7
3 x=2
A Y
B y=g(x)
____l
3/;
|
4.
- | .
I R T B
»
2

The function g is defined at x = 2,
but its value there 1s g(2) = 3,

hence,

g 1s also not continuous at x = 2



2
x-—4

hix) =4 x—2

-
L
I

B
-
1
o

The value of the function h at x = 21s h(2) = 4,

h 1s continuous at x = 2

I. fla) is defined (that is, a is in the domain of f)
2. lim f(x) exists

X—=dl

3. lim f(x) = f(a)

X—=dd




Show that there is a root of the equation 413 _ EIIE 1+ 3r—2=1

Let

f(x) =4x" — 6x + 3x — 2.

We are looking for a solution of the given equation, that is,
a number c between 1 and 2 such that
fle) = 0.

between 1 and 2

f)=4—-6+3—-2=—-1<0

fl2)=32-24+6—-2=12=0
Thus f(1) < 0 < f(2);

Now f ( X) is continuous since it is a polynomial,

So is, a number ¢ between 1 and 2 such that there is a root at it



SOME PROPERTIES OF CONTINUOUS FUNCTIONS

THEOREM. [If the functions f and g are continuous at c, then
(a) f + g is continuous at c.
(b) f — g is continuous at c.
(c) fg is continuous at c.
(d) f/gis continuous at c if g(c) # 0 and has a discontinuity at ¢ if g(c) = 0.



THEOREM. A rational function is continuous at every number where the de-
nominator is ROnzero.

Example 3 For what values of x is there a hole or a gap in the graph of

2 -9

= ?
’ x2—-5x+6

Solution. The function being graphed is a rational function, and hence is continuous at
every number where the denominator is nonzero. Solving the equation

2 —=5x4+6=0

yields discontinuities at x = 2 and at x = 3. <



LIMITS AND CONTINUITY OF TRIGONOMETRIC FUNCTIONS

Iimsinxy =sine and hm cosx = cosc

X—*C X—C




THEOREM. If ¢ is any number in the natural domain of the stated trigonometric
function, then

Iim sinx = sinc lim cosx = cosc lim tanx = tanc
X —=C X —= X —=C
Iim cscx = csc e Iim sec x = secc lim cotx = cote
X—C X —= X—=C

Example 1 Find the limit

) (J:2 — l)
lim cos
x—1 X — l

Solufion. Recall from the last section that since the cosine function is continuous every-

where.

]irnI cos(g(x)) = cos( lirnI g(x))

provided lim, _, ; g(x) exists. Thus,

21
lim cos (I ) = lim cos(x + 1) = cos (limI (x + l}) = cos 2 <1

x—1 X — l r—1 X —



THEOREM.

. sInXx
(a) lim = ]
xr—0 X
AV _
| _ sinx
Y=z
__I__I_,l-""l’-l-( | | .
-2 - 2
. SINX
| = ]
ot S

| — cosx
(b) lim =
x—0 X
AV
l —cos x
-y =
—Elrr"'lﬁa.l___l..f'l";m .
- — 2n
l —cosx




Proof (b). For this proof we will use the limit in part (a), the continuity of the sine function,

and the trigonometric identity sin® x = 1 — cos? x. We obtain
.1 —cosx ) l —cosx 1+ cosx ) sin’ x
lim = lim : = lim
x—0 X x—0 X | 4+ cosx r—=0 (1 4+ cosx)x

‘ SIM 0
_ ( g smx) ( o sinx ) — ) (_) 0 1
r—0 X xr—=01 4 cosx 1 + 1

Example 2 Find

in 20 in 3
(a) lim (b) lim — (c) lim ——

r—0 X d—1 H x—0 sIn 5x




Solution (a).
. tanx ) sin x |
Iim —— = lim ( : ):(l}(l}:]
X  COSXx

r—0 X x—10
Solution (b). The trick is to multiply and divide by 2, which will make the denominator
the same as the argument of the sine function [ just as in Theorem 2.6.3(a)]:

in 26 in 26 in 26
lim —— — lim2- —— =2 lim —
#—10 & @ —1 ZH 8—0 29
Now make the substitution x = 26, and use the fact that x — 0 as # — (). This yields
sin 26 sin 26 sin x
lim = 2 lim =2 lim =2(1)=2
g—0 @ #—0 26 x—=0 x
Solution (c).
sin 3x 3 sin 3x
fim SO X gy 3x 313 - <
x—0s8in5x x—0sin5x x—0_ sinS5x 5.1 5 o _dl i

X X
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Derivatives and rates of change

DEFINITION The tangent line to the curve vy = f(x) at the point P(a, f(a)) is
the line through P with slope

b i LX) @

I—a X —d

Vi

Ea

Qlx, f(x))
flx)— fla)
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DEFINITION The derivative of a function f at a number a, denoted by f'(q), is

f'(a) = lim fla+h) —fla)

h—0 h

EXAMPLE  Find the derivative of the function f(x) = x* — 8x + 9 at the number a.



fla + h) — fla)

fla) = lim h
_Hm[{a+h}3—8(ﬂ+h}—|—9]—[a3—Ea—l—'}]
h—0 h
_Hmﬂz-l-lﬂh-l-hz—ﬂﬂ—3h+9—£12-|—3ﬂ—9
h—0 h
~ 2ah + h* — 8h _
= lim = lim (2a + h — 8)
h—=0 h h—s)

= 2a — 8



DERIVATIVE NOTATION

émm — )

d
d—[f(l)] — ff(l?n)
X

X=AQ




Find the derivative with respect to x of f(x) = x> — x.

fl(x) = 3x* — 1

—x]|  =3(1")—-1=2,

=1




TECHNIQUES OF DIFFERENTIATION

THEOREM. The derivative of a constant function is 0, that is, if ¢ is any real
number, then

d AY
E[E‘]—U

Example i[S] -0
dx

Y =

- ————



THEOREM (The Power Rule).

If n is any integer, then — [IH ] — B Iﬂ—l
dx
Example
Tl=st Tl=1a0 =1, =
i[r'g]= 9x—9-1 — _gy—10




THEOREM. [If f is differentiable at x and c is any real number, then cf is also
differentiable at x and

j—x[cf(x}] _ cé[f(x)]

Example
d

dx

[4x%] = 4i[.xg] = 4[8x"] = 32x’
dx

i_lz__ilz__ 11
d,x[x]_( l)dI[I]_ 12x



THEOREM. [If f and g are differentiable at x, then so are f + g and f — g and

d d d
—[f() +g()] = T [f()] + —[g(x)]

d d d
E[f(l} —g(x)] = E[f(f)] - E[E(I}]

Example
d d d
E[ﬁ + x?%] = E[f‘] + E[f] — 4x° 4+ 2x
d d d
—[6x" —9] = —[6x''] — —[9] = 66x'" — 0 = 66x "

dx dx dx



THEOREM (The Product Rule).

If f and g are differentiable at x, then so is the product f-g, and

d d d
d—[f(.r)g(-r)] = fx)—[g(x)] + gx)—[f(x)]
X dx dx

The product rule can be written in function notation as

(f-8) =fg+gf



Example Find dy/dx if y = (4x* — 1)(7x° + x).

Method 1. (Using the Product Rule)

dy - i 2 3
E_dx[@x D(7x” + x)]

d d
= (4x? = D)—[Tx? + x]+ (Tx° + x)—[4x* — 1]
dx dx

= (4x? — DRIx*+ 1)+ (7x° + x)(8x) = 140x* — 9x% — 1
Method II. (Multiplying First)
y = (4.?‘:E — l}(?.x3 +x) = 28x° —3x° — x
Thus,

dy d
d—} = ——[28x° = 3> — x] = 140x* — 927 — |
X X



THEOREM (The Quotient Rule).

If f and g are differentiable at x and g(x) # 0,
then f/g is differentiable at x and

d d
d [f(x)] E(I)E[f(-’f}]—f(x)a[g(x)]

dx | g0) |~ [g(x)]2

The quotient rule can be written in function notation as

(i)’_ g-f' —f¢
g g’




Example

x* —1

x4+ 1

f(x) =

-2 - (x4+1)i[ﬁ—1]—(.1:3—1)i[x4+1]
d_}‘_ d | x”—1 dx dx

dx_ﬂ_f‘-l—l_ (.1:4+1)2
l.f.]::4 + 1)(2x) — {::.:2 — 1)(4.1:3}

—2x

(x5 1)’
4x3 + 2x 2x(x* = 2x2 = 1)

(v + 1)’ (v + 1)’



HIGHER DERIVATIVES

o ff=U = =", ="

Example If f(x) = 3x* — 2x° + x? —4x + 2, then
fl(x) =12x° —6x*4+2x —4
f"(x) =36x%—12x+2
(x) =72x — 12
FP(x) =172
fO) =0



Successive derivatives can also be denoted as follows:

J'x) = ;;I[f(-x)]

, d T d 42 In general, we write
fr) =——| - [f(x)]] = 5 f()] B
: I
" ﬂ' dE d3 d.]i’”
o=zl [ﬂx)] el 100

dy d*y d’y dy d"y
dx dx? dx® dx*  dx"
or more briefly,

F."' rt H {-I'-'l} ’{;;}
} ? y ¥ y ? y : B | } y = oa o




DERIVATIVES OF TRIGONOMETRIC FUNCTIONS

d d

— (sin x) = cos x — (csc x) = —csc x cot x
dx dx

d _ d

— (cos x) = —sin x — (sec x) = sec x tan x
dx dx

d d

— (tan x) = sec™x — (cot x) = —csc’x
dx dx



Example  Find f'(x)if f(x) = x*tanx.

fl(x) = x*- d—[tﬂnI] + tan x - d—[xz] — x?sec’x + 2xtanx
X X



SIN X

Example  Finddy/dxify = .
' 1 + cosx

d d
dy (1 4+ cosx) - E[sinx]—sinx- E[l + cos x|

dx (1 4+ cosx)?

(1 4+ cosx)(cosx) — (sinx)(—sinx)

(1 + cos x)*°

7 .
cosx + cos“x 4+ sin“ x cosx + 1 |

(1 4+ cos x)? " (14+cosx)?  1+4+cosx



Example Find y"(7/4) if y(x) = sec x.

y'(x) = sec x tan x

y'(x) =secx - —[tanx] 4+ tanx - —[sec x|
dx dx

— S€eCcXx - EEEEI lanx - secx lan x

— sec’ x + sec x tan” x
Thus.
v'(/4) = sec’ (/4) + sec(m/4) tan” (r/4)

= (V2 + (V2)(1)? =32



DERIVATIVE OF THE NATURAL EXPONENTIAL FUNCTION d
— (") = ¢’

EXAMPLE If f(x) = e* — x, find f'" and f".



8_Chain rule.pdf
0_Start.pdf

The chain rule

THEOREM (The Chain Rule). If g is differentiable at x and f is differentiable at
g(x), then the composition f og is differentiable at x. Moreover,

(fog)(x) = f(g(x))g'(x) then y = f(u) and
Alternatively, if dy dy du
y=f(gx)) and u=g(x) dx  du dx

d
d—[f(gix))]=f’(gtx)i - g(x)
X

— i, et

Derivative of Denvative
the outside of the 1nside

evaluated at
the 1nside
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. d o;
Find — e*'"¥
dx

U = 5Inx

Siny du
—e = —£

u —
dx du dx
d . .
= e"—(sinx)
da
= cosxe"

zinx

cCosXx e



lf(gix )= fl(g(x)) - g'(x)

”"-h_-..,'_._,.——-l-"'"-_-..“_,—l-"

Dernvative of | Derivative
the outside of the inside
evaluated at

the 1nside

For example,

dlﬂ{ > 4+ 9)]
— [cos(x* —
dx

. 9
—sin(x~ +9)

l"_.__-I.,,_l-"'
Derivative of the
outside evaluated
al the inside

2x

"—.l_._‘-"

Dervative
of the 1nside



d
—[f(gx)] = fl(gx)) - g'(x)
l‘:j_l — —

”"--—..1‘_,—--"

Derivative of = Derivative
the outside of the inside
evaluated at

the 1nside

(
—_[lzmE x]=— [{tan _1:)2] = 52131‘111 + ESECEI] — 2tan x sec” x

X X o > o
Derivative of Denivative
the outside of the 1nside

evaluated at
the inside



IMPLICIT DIFFERENTIATION

An equation of the form y = f(x) is said to define y explicitly as a function of x because

the variable y appears alone on one side of the equation. Flx) = x—1
x4 1

12+y2=1 yx+vyv+1=ux

define vy implicitly as a function of x.



Example 1 Use implicit differentiation to find dy/dx if 5y> 4+ siny = x°.
d d
—[5v2 — — [x?
dx[ y-+siny] = o [x7]

d d

55[}’2] + E[Siﬂ yl =2x

The chain rule was

d d
5 (Zyd—y) + (cos y}—y = 2x used here because

v 15 a functon of x.

dy dy
10y— + (cos y)— 2x

dx

dy 2x
dx 10y 4 cosy

Solving for dy/dx we obtain



Example Find the slopes of the curve y* — x 4+ 1 = 0 at the points (2, —1) and (2, 1).

d d

— — 1] = 0

Ty = x 1] = (0]

d[E] d[]'d[ll ﬂlr[0]

d,:r:y de Cdx " dx
dy

2 1 =0

yd.t

dy 1

dx 2y



At(2,—1)wehave y = —1,and at (2, 1) we have y = 1, so the slopes of the curve at those
points are

dy R q dy 1
dx |l = 2 MY s T2

y==1 y=I
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Roll’s theorem and the mean value theorem

THEOREM (Rolle’s Theorem). Let [ be differentiable on (a, b) and continuous
on la, bl. If f(a) = f(b) = 0, then there is at least one number c in (a, b) such that

f'(c) = 0.

Example The function f(x) = sinx has roots at x = 0 and x = 2m. Verify the
hypotheses and conclusion of Rolle’s Theorem for f(x) = sinx on [0, 2m].

Solution. Since f is continuous and differentiable everywhere, it is differentiable on
(0, 2) and continuous on [0, 2x|. Thus, Rolle’s Theorem guarantees that there is at least

one number ¢ in the interval (0, 277) such that f'(c) = 0. Since f'(x) = cos x, we can find
¢ by solving the equation cos ¢ = 0 on the interval (0, 2). This yields two values for c,

namely ¢; = /2 and ¢, = 37/2 (Figure 4.8.2).
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THEOREM (Mean-Value Theorem). Let [ be differentiable on (a, b) and continu-
ous on |a, b). Then there is at least one number c in (a., b) such that

f(b) — f(a)
b —a

file) =

B(b, f(b))




Example

(a)

(b)

Generate the graph of f(x) = (x>/4) + 1 over the interval [0, 2], and use it to deter-
mine the number of tangent lines to the graph of f over the interval (0, 2) that are
parallel to the secant line joining the endpoints of the graph.

Show that f satisfies the hypotheses of the Mean-Value Theorem on the interval [0, 2],
and find all values of ¢ in the interval (0, 2) whose existence is guaranteed by the Mean-
Value Theorem. Confirm that these values of ¢ are consistent with your graph in part (a).



Solution (a). The graph of f in Figure suggests that there is only one tangent line
over the interval (0, 2) that is parallel to the secant line joining the endpoints.



Solution (b). The function f is continuous and differentiable everywhere because it is
a polynomial. In particular, f is continuous on [0, 2] and differentiable on (0, 2), so the
hypotheses of the Mean-Value Theorem are satisfied with a = 0 and b = 2. But

flay=f0)=1, f(b)=f(2)=3

, 3x? ’ 32
f[I}ZT, f(f)—T
so in this case Equation (1) becomes
3¢ 3-1
% = m or 3:’32 = 4

which has the two solutions ¢ = 4+2/+/3 & +1.15. However, only the positive solution
lies 1n the interval (0, 2); this value of ¢ is consistent with Figure
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In general, an exponential function is a function of the form

flx) =a"

where a 1s a positive constant. Let’s recall what this means.
If x = n, a positive integer, then

n

a —d*d-=*"*""*d

My -
W

n factors
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LAWS OF EXPONENTS If a and b are positive numbers and x and y are any real
numbers, then

. a"™ = a'a’ 2. at = 3. (") =a” 4. (ab)* = a'b”




Ya



INVERSE FUNCTIONS AND LOGARITHMS

the formulation of an inverse function given by

ffl) =y <= f(y=x

log x=y <= a' =x

log.(a*)

a

log,, x

X

X

forevery x € R

for every x = ()



LAWS OF LOGARITHMS If x and y are positive numbers, then
I. log (xy) = log_x + log,y

2. lﬂgﬂ(i) = log,x — log,y
y

3. log (x") = rlog,_x (where r is any real number)



the natural logarithm and has a special notation:

log,x =Inx

nx=y < e'=x

Ine = 1

In(e*) = x xe R In x
log,.x = ]

e = x x=0 na




INVERSE TRIGONOMETRIC FUNCTIONS

fflix) =y < fly)=x

. =1 . T T
siim- x =y <= siny=ux and _?E;'TE;E




EXAMPLE  Evaluate (a) sin"(%) and (b) tan(arcsin %)

SOLUTION
(a) We have

() =7

because sin(77/6) = 5 and /6 lies between — /2 and /2.

(b) Let # = arcsin 3, so sin 8 = 5. Then we can draw a right triangle with angle # as in
Figure 19 and deduce from the Pythagorean Theorem that the third side has length
V9 — 1 = 2./2. This enables us to read from the triangle that

tan(ar{:sin%) = tan 0 = ﬁ



DERIVATIVE OF THE NATURAL EXPONENTIAL FUNCTION

d
- (ef) =¢




DERIVATIVES OF LOGARITHMIC FUNCTIONS

1

dd
. (log, x)

xIna

d
o (In x) =

1

X

EXAMPLE Differentiate y = In(x” + 1).

SOLUTION To use the Chain Rule, we let u = x° + 1. Then y = In u, so

dy

dy du

ldu_

dx

du dx

u dx

1

P+ 1

(3x7)

3x°

x + 1




y=a,a=1

y=log,_ x, a=1




dl B
Enx-

| -

d, . _f®
&™) =7

\"5




DERIVATIVES OF INVERSE TRIGONOMETRIC FUNCTIONS

d . | 1

— (sin 'x) = —

dx ( ) V91— x?
d | 1
— (cos™ 'x) = ——

dx { ) N
d |

— (tan 'x) =

dx 1 + x°

d ]
— (csc~lx) = — ,

dx { ) x4/x* — 1
d l

— (sec” lx) = .

dx { ) x4/ x* — 1
d l

— (cot ™ 'x) = —

dx { ) ] + x



d
EXAMPLE Find — In(sin x).
dx

SOLUTION i ln{%in I} | dd [Sill :{'} B |
dx sin x dx sin x

COS X = cot x

EXAMPLE Differentiate f(x) = +/In x.

SOLUTION This time the logarithm is the inner function, so the Chain Rule gives

cd | 1 1
d =l] - 1 = . =
fx) = 3(In x) dx (In x) 2 Inx  «x 2x+/In x




LOGARITHMIC DIFFERENTIATION

EXAMPLE  Differentiate y = xV".

SOLUTION | Using logarithmic differentiation, we have

Iny=1Inx"* = /x Inx

!

y |

W i e
—\/; x+(ln.x)2\/;

, 1 g In x (2 +Inx
)y = vl == —_— = x\' —_———
Y= 5 7 2/ e

SOLUTION 2 Another method is to write x¥* = (e™*)¥*:

d d

SN (x\:';) i s (e\? ln.\') - e\:‘I In x dLlr (\/; In x)

dx dx

~(2+Inx -
= XV 5 (as 1n Solution 1)
:;X



THE NUMBER e AS A LIMIT

e = lim (1 + x)'~

x—=)

If weputn = 1/x ,thenn — = as x — (" and so an alternative expression

l i
e = hm (l -+ —)
f—*=0E 1
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Hyperbolic and inverse Hyperbolic functions

DEFINITION OF THE HYPERBOLIC FUNCTIONS

et —e * 1
sinh x = csch x = —
2 sinh x
et + e’ |
cosh x = sech x =
2 cosh x
sinh x cosh x
tanh x = coth x = —
cosh x sinh x
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HYPERBOLIC IDENTITIES
sinh(—x) = —sinh x cosh(—x) = cosh x
cosh’x — sinh’x = 1 | — tanh’x = sech’x
sinh(x + y) = sinh x cosh y + cosh x sinh y

cosh(x + y) = cosh x cosh y + sinh x sinh y



DERIVATIVES OF HYPERBOLIC FUNCTIONS

d d

— (sinh x) = cosh x — (csch x) = —cesch x coth x
dx dx

d _ d
— (cosh x) = sinh x — (sech x) = —sech x tanh x
dx dx

d d
— (tanh x) = sech’x — (coth x) = —csch’x

dx dx



INVERSE HYPERBOLIC FUNCTIONS

y=sinh 'x < sinhy=x
y =cosh 'x < coshy=ux
y=tanh 'x <= tanhy = x

and

:i._!'

W



sinh 'x=In(x+x>+1) x€eER

cosh'x=In(x + /x*—1) x=1

l +x
tanh'l_r=%]n(l ) —1<x<1
— X




DERIVATIVES OF INVERSE HYPERBOLIC FUNCTIONS

d
— (sinh ™ 'x)

dx
d

— (cosh 'x)

dx

d
- (tanh 'x)

1

V1 + x2

1

Jxi—1

d |

— (csch-1x) = —

dx (csch™x) x|/x2+ 1
d 1

— (sech-'x) = —

dx (sech™x) xy/1 — x2
d 1

- th_l

dx (coth™'x) ] — x°



d |
EXAMPLE Prove that — (sinh 'x) = .
dx V1 + x?

SOLUTION  Let y = sinh™'x. Then sinh y = x. If we differentiate this equation implicitly
with respect to x, we get
dy

cnshyd—=l
X

Since cosh’y — sinh’y = 1 and cosh y = 0, we have cosh y = /1 + sinh?y, so

dy 1 1 1

dx cnshy=\fl-|-5inh3y N V1 + x2



12_Taylor.pdf
0_Start.pdf

MACLAURIN AND TAYLOR POLYNOMIAL APPROXIMATIONS

DEFINITION. If f can be differentiated n times at (), then we define the nth
Maclaurin polynomial for f to be

f'® o, 'O, [0,
2! 3! n!

pa(x) = f(0) + f'(0)x +

This polynomial has the property that its value and the values of its first n derivatives
match the values of f and its first n derivatives at x = 0.

Example Find the Maclaurin polynomials pg, pi. p2, p3, and p, for e*.
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Example Find the Maclaurin polynomials pg, pi1, p2, p3, and p, for e*.

Solution. Let f(x) = ¢*. Thus,
flx)y= f'x)= f"x) == fP(x) = ¢

and

f0) = f'0) = f"0) = f"(0) =---= f"0) =’ =1



Therefore,
po(x) = f(0) =1
pi(x) = fO)+ f/(O)x =1+x

p2(1)=f(0}+ff{ﬂ).r+f”() 2 14+x +_E_1-I-.I'—|-1;c
2! 21 2
"(() "0
p3(x) = f(0) + f(0)x _|_f2() 2 f3(l} 3
x2 X 1 1
_1+I+§+§—1+I+§I +EI
rr {”}
pn(*r)=f(0}+ff(0).1'+fz{::J}IE_F fﬂl() n

2 o
—Hﬂ+§+ -+ —



p,(x)

Py(x)




DEFINITION. If f can be differentiated n times at xp, then we define the nth
Taylor polynomial for f about x = xy to be

S (x0)

o (x — xp)°

Pn (I) — f("]:l'l} + fr(xﬂ}(x _ Il’]) +

fIFH(ID)
M 3!

(n)
- f (IIH} (x — xp)"

(x — x0)° +---

Example Find the first four Taylor polynomials for In x about x = 2.



Example Find the first four Taylor polynomials for In x about x = 2.

Solution. Let f(x) = Inx. Thus,
F(x) =Inx f(2) =1In2
fi(x) =1/x 2 =1/2
f(x) =—1/x* f"2) =-1/4
f"(x) =2/x° f"(2) =1/4



po(x) = f(2) =In2
pi(x) = f2)+ f/2Q)(x —2) =In2 + 3 (x — 2)

P = fQ+ FOG -2+ 2w 22 =24 L -2 - hox - 27

p3(x}=f(2)+ff(2)(x—2} / ( }( _2) f3'E )

(x —2)°

=1n2+%(I—Z)—%{I—Z}E—I-E(I—Z)E






SIGMA NOTATION FOR TAYLOR
AND MACLAURIN POLYNOMIALS

i (k)
Z f (-Iﬂ'} (_I o Il_])k — f{—’t[}) _I_ f’(Iﬂ}(x o In)

— k!
"(x (n) X
L0y L0
2! n!
In particular, we can write the nth-order Maclaurin polynomial for f(x) as
n &0y | ’ (0 () ()
2 = po 4+ for+ L2 0

k=0

(x — xp)"



Example  Find the nth Maclaurin polynomials for

(a) sinx (b) cosx (C)

Solution (a). In the Maclaurin polynomials for sin x, only the odd powers of x appear
explicitly. To see this, let f(x) = sinx; thus,



f(x) =sinx f(0) =0
f'(x) =cosx (0) =1
f"(x) = —sinx "(0) =0
f"(x) = —cosx £7(0) = —1

Since f®(x) = sinx = f(x), the pattern 0, 1, 0, —1 will repeat as we evaluate successive
derivatives at 0. Therefore, the successive Maclaurin polynomials for sin x are



po(x) =
p1(x) =E
+x

p2(x) =0+
X
+0
3

p3(x
) =04+ x
+ 0
.
3!

pal(x
) =04+ x
+ 0
— 40

ps(x
) —
04 x + ;
0—13
3!+0+‘I5
| 51
5

Pe(x
)=04+x
+ 0
_.I
3!-|—0+‘I
5!+0



x? x>
pe(x) =04+x+0— —4+0+—+0

3! 5!
13 IS I?

Because of the zero terms, each even-order Maclaurin polynomial [after pg(x)]is the same
as the preceding odd-order Maclaurin polynomial. That 1s,

-
.I'3 .1’5 I? IJ-:+1

— —_— — g — 5 & —_— k
Pout1(X) = Poea(¥) =x = 5+ o5 = o + -+ ( ) 2k +1)!

(k=0,1.2,..)



Example Find the nth Maclaurin polynomials for

(a) sinx (b) cosx (c)

1l —x

Solution (b). In the Maclaurin polynomials for cos x, only the even powers of x appear
explicitly; the computations are similar to those in part (a). The reader should be able to
show that



po(x) = pi(x) =1
|2
p2(x) = p3(x) =1 — —

2!

x2 Xt
pa(x) = ps(x) =1 — E_I-E

x2  xt x®
Pﬁ(I)=P?(I)=1—E+E—E

In general, the Maclaurin polynomials for cos x are given by

2 gt 46 L2
pa(x) = pusi(x) =1 — E_I_E — a‘l'“"l'(—l}km (k=0,1,2,...)



Example Find the nth Maclaurin polynomials for

(a) sinx (b) cosx (c)

1l —x

Solution (c). Let f(x) = 1/(1 — x). The values of f and its first k derivatives at x = 0
are as follows:



f(x) =

] —
Jf'(x) = a—x2
' = 4=
» 3.2
f [*I) - (1—1)4

4.3.2
(4)
fO@ = G5
fP@) = .

(l _ I)ff+1

f0) =1=0!
) =1=1!
0y =2=2!
£7(0) = 3!
FP0) = 4!
F90) = k!



4.3.2

o0 = =503 fO(0) = 4!
(k) — k! &) 0y = k!
o= g—gm PO =k

Thus, substituting f*’(0) = k! into Formula (12) yields the nth Maclaurin polynomial for
1/(1 = x):

pn) = x=l4x+x>+. 41" 0=012..)
k=0



Example Find the nth Taylor polynomial for 1/x about x = 1.

Solution. Let f(x) = 1/x. The computations are similar to those in part (¢) of Example
- We leave it for you to show that

=1, fA)=—1. f(1)y=2. F"(1)=-3
O =4, fOU)= (=1
Thus, substituting £ (1) = (—1)*k! into Formula (11) with x, = 1 yields the nth Taylor

polynomial for 1/x:

S D =D == D+ @ =D = (= D e+ (=D @ = 1)
k=0



n=nn-1mn-2)...3(2)1
51=5(4)3(2)1
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Maximum and Minimum Values

DEFINITION A function f has an absolute maximum (or global maximum)

at ¢ if f(c) = f(x) for all x in D, where D is the domain of f. The number f(c) is

called the maximum value of f on D. Similarly, f has an absolute minimum at ¢
if f(c) = f(x) for all x in D and the number f(c) is called the minimum value of f
on D. The maximum and minimum values of f are called the extreme values of f.
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AT L\
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If f(x) = x°, then f(x) = f(0) because x* = 0 for all x. Therefore f(0) = 0
15 the absolute (and local) minimum value of f. This corresponds to the fact that the
origin is the lowest point on the parabola y = x°.




THE EXTREME VALUE THEOREM If f is continuous on a closed interval [a, b].
then f attains an absolute maximum value f(c) and an absolute minimum value
f(d) at some numbers ¢ and d in [a, b].

Va




FERMAT’S THEOREM If f has a local maximum or minimum at ¢, and if f'(c)
exists, then f'(c) = 0.

YA
. flc))
| | T
0 C cd X

271stwart



A critical number

DEFINITION A critical number of a function f 1s a number ¢ in the domain of
f such that either f'(c) = 0 or f'(c) does not exist.

i7 EXAMPLE  Find the critical numbers of f(x) = x*°(4 — x).




i7 EXAMPLE  Find the critical numbers of f(x) = x*°(4 — x).

SOLUTION The Product Rule gives

05 4 3(4 — x)

f10) =x(=1) + (4 = D)) = - 555

 —5x+34-—-x) 12— 8x
- 5x2/3 o gy 2/5

[The same result could be obtained by first writing f(x) = 4x*° — x*>.] Therefore
f'(x) =0if 12 — 8x = 0, that is, x = 3, and f'(x) does not exist when x = 0. Thus the
critical numbers are % and 0. []



If f has a local maximum or minimum at ¢, then ¢ 18 a critical number of f.

To find an absolute maximum or minimum of a continuous function on a closed interval,
we note that either it 1s local [in which case 1t occurs at a critical number by (7)] or 1t occurs
at an endpoint of the interval. Thus the following three-step procedure always works.

THE CLOSED INTERVAL METHOD To find the absolute maximum and minimum
values of a continuous function f on a closed interval [a, b]:

|. Find the values of f at the critical numbers of f in (a, b).
2. Find the values of f at the endpoints of the interval.

3. The largest of the values from Steps 1 and 2 is the absolute maximum value;
the smallest of these values is the absolute minimum value.




M EXAMPLE Find the absolute maximum and minimum values of the function

i

x=4

-

flx)=x"—3x*+1 —

SOLUTION Since f 1S continuous on [—]1, 4], we can use the Closed Interval Method:
flx) =x" —3x*+ 1
f'(x) =3x* — 6x=3x(x — 2)

Since f'(x) exists for all x, the only critical numbers of f occur when f'(x) = 0, that is,
x = 0 or x = 2. Notice that each of these critical numbers lies in the interval (—gl 4].

The values of f at these critical numbers are
f0) =1 f(2) = -3
The values of f at the endpoints of the interval are

f(—2) =5 f(4) =17



Comparing these four numbers, we see that the absolute maximum value is f(4) = 17
and the absolute minimum value is f(2) = —3.

Note that in this example the absolute maximum occurs at an endpoint, whereas the
absolute minimum occurs at a critical number. The graph of f is sketched in Figure 12. [

VA

. y=x"—3x"+1

15+ I




EXAMPLE The Hubble Space Telescope was deployed on April 24, 1990, by the space
shuttle Discovery. A model for the velocity of the shuttle during this mission, from liftoff
at = 0 until the solid rocket boosters were jettisoned at t = 126 s, 1s given by

vo(t) = 0.001302¢° — 0.09029¢* + 23.61t — 3.083

(in feet per second). Using this model, estimate the absolute maximum and minimum
values of the acceleration of the shuttle between liftoff and the jettisoning of the boosters.



SOLUTION We are asked for the extreme values not of the given velocity function, but
rather of the acceleration function. So we first need to differentiate to find the acceleration:

d
alt) = v'(t) = E (0.001302¢° — 0.09029¢* + 23.61t — 3.083)

= (0.003906¢* — 0.18058¢f + 23.61

We now apply the Closed Interval Method to the continuous function a on the interval
0 =1 = 126. Its derivative is

a'(t) = 0.007812¢ — 0.18058

The only critical number occurs when a'(f) = 0:

0.18058
h = = 23.12
0.007812




Evaluating a(f) at the critical number and at the endpoints, we have
al0) = 23.61 a(t)) = 21.52 a(126) = 62.87

So the maximum acceleration is about 62.87 ft/s* and the minimum acceleration is
about 21.52 ft/s". O
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Colad
ol -1

. A=>AVB, B=>AVB.
ii. ANB=A, AANB = B.
iii, (A—B)AA>B, (A— B)A—B = —A.
iv. (~AVB)AA=B, (-BVA)AB = A.
v. B=>(A—B),—-A=(A— B).
vi (A—B)A(B—C)=(4A—0C).




@91 dana 948 0 aaall el datie

S g1 58 (5-1)

3oke Ll 2 "ol gl gia daals G aal agledl 308" 5 ladl ) ks 13)
LiSay ¥ " (gal ) asin dadls GLIS gaal X" Aleadl I U pks 13) (S1g dama
Zena Gy Alie 4alS X (e Yoy il of WSy 431 W) Lgihad o Lgiaa (e Caanl
o9 "F(X)" el Led 3ens da side dlas A8l Alead) et g dasaa s jle Ll
ot dagaia s jle Wl gy (Jia X" e Y a8 Gl SlalSll e sana s ) padia
As i) ddeall Jall de gana

iy i

F(a) OS 13) D allas 7 side 5 F(X) (o D Ao Laiie X O 22

aeD K

sl
sl Sl D= R G x3 > x? sl @l o F(x) of g
Skl Ll 5 Aila il o2 e sl s F(2), F(—1)
1dal
F(-1)=-1>1 false
F(2)=8>4 True
F(x) 58l ") s Jall de senn 8 D llae 7 5880 5 85 58 F(x) oS W
Ol @l s F(x) Jaais D A 835a sall palinll de sana 0
S ={x € D: F(x) is true}

G suall de sana 2a 50 “ X is @ factor of 97 ¢ sl il » F(x) of pas
A YW A F(x) d

.XE€Dand D =7Z* Js13 (1)

.XEDandD =Z s (2)

:Jad)

S=1{139} (1)
S={+1,+3,49} (2)




@91 dana 948 0 aaall el datie

Jsai Ll ol ool Uad gl oy aSas o LSy ) gl A gitall L& a3
t Y e SN Aihaia dapa ) dpcadl)

V Jsadd) g g (A gadd) AT Yl

iy o
daall canii D Allas 7 5iia 8 8 F(x)_ 0l o=
Vx € D,F(x)
S Lila sl 8l 05805 (dsad i "F(X) el S x S
Al A S Bhi <5 S=D
1l

‘hahie il GLEY) Gl sl Gl o El da
(Dvx € R, x? > 1.

(2)Vx € R, x? > 0.

1dal)
(DS={xeR:x?2>1}#R.
bihie (hla 8l MUl
2)S={xeR:x?2>0}=R.
Lahice ol a8l Ul
3 25290 s g gaga sl AR Ll
1y
eall o D lloe & 580y & 54 F(x)_ o) (a

dx € D, F(x)
OS 1) Liba g2 sl a8l O 5Sa g sasm s 8 "l sa F(X) Cuaa X 225"
b GO G Lkls 55 § # P




@91 dana 948 0 aaall el datie

Al da
Ax € Zt, x> =«
:Jal)
S={x€eZ':x?>=0}=1{0,1} # ®.
S pa ol Ul

=cilaaMa
Ol @l sy o8 A el il &
—(vx € D,F(x)) =3x € D,— F(x)
Ol 6l (sad 8 s sl il & -2
—(3x € D,F(x)) =Vx € D,— F(x)

duia

ALY &l & s

)2 O p Al e J8(1)

A2 2190 OsSiWs) g sane T Gl 22 0 (2)

:Jad)
Clsa 8 1) (oas) p 22 OSp Cusap ol 2 aa 5(1)

(p=3wndn
(s il 128) Aa 50 190 ssbed ¥ Ly g sene T &ilie JS(2)




@91 dana 948 0 aaall el datie

&M\ghﬂ\ a il G

-

[y o
aeii D Lagllam (o gika (1) 85 98 F(x)and P(x)_ o) gad
ileal)
Vx € D; F(x) —» P(x)
1 JUia

flihie Ciba 3l b VX € Z,if x > 2,thenx > 6 O} i

:Jad)
O s
F(x)=Vx€Zx>2and P(x) =x>6
Vx €ZF - P
Vx €ZP->F




@91 dana 948 0 aaall el datie

Ol @k (6-1)
Ly
S iy Lilals dasa cuils 1)) Ay yat Ll 4 Addlatal) 5 jlad) o) J s
r Al sadl) e g 4y
Assa q daatl) 8 daaua P1,P2, ) Pn Cilada Al cuils 1)
Gl 3ok (et g ()Y
Al G ) A8y ks 1Y

Aaaua g of ey p dawa (2 ki 48y k) oa Ay

:JUia
(8 pmaaa 23e n? AL b mesa die g OIS 1) 4 oy
:Jad)
0585 " 528 puaia 22 n2 M g Ol "G a2 n " a p O LU
< sllaall
p > qisa
O (il g p daua (i
n=3m
n? = 9m?
= 3(3m?)
= 3k
q O &f G pna e 12 O ) o A5 s e psaa dae  Cua

aSlaad) JUial) 48y oy ol ) 1L

5kl o3 daua 0 i (S PYx € D, P(x) ™ Addhia 3 jle Ll ¢l 1))
Cuay x € D Y Ao saie o gl aly 0 gl GuSlaall JUiad) aladdialy
.dx € D,—P(x) dasaa Al 5 jlall ¢ oS8
:JUa
Sl e Esane A X g pmana e gl P(x)" Jiad Gl Al 5 el Ja
M e dagaia dlae 6V Gl je Ol an e

:Jad)
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1= 1%
2=1%+ 12
3=1%2+12%+ 12
4 =27
5=1%+ 22

6=1%+1% +2°
Akala s el 6l 37 € ZY but P(7) = F ¢S
el A8y jay e ) GG
YY) (e s 3o ) Alaiall a2 £ o) 138 A
rJUa
e>se n+n? Bn eamb e A oy
:Jad)
Costhaall (583 g Millis oas) 232 1+ 12 il P(R) O b
desann A, BEa N=AUB =sd 2l (w YV E NP(N) =T
Vn € SIS Allual) moad Ul s cas il e da 3l 40054l alacY)
.A,P(n),vyn € B,P(n)
g sana O Lars (538 055 Lemipe (8 (528 gramam 230 1 (S 1) 1A 600 Ada)
P(n) =T 08 a5 058 O G g
& sana O Lags (29 058 Lo e Ol o5 gma 23 1y S 1) 140N A
PM) =T 08 50 058 Gmns) e gl
ORI Gl sl sl
Al g (28 13 M msia — P pa il (S g dilaia 5 le P S 1)
Aasia b 4y ki
:JUa
:Jad)
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O i 222 V5 o gl daaa —P oy s e 22 /5 i P ol i

\/§=%, (nnm)=1

n? ,
...5=—2$n :Sm
m

2

& gm e (8 n = 5q gy aie sn? dalse e dale 5 Jiny 1
Lt Gl ol pud M, nol ) g3 138 s m dalse (e dale 5 iy m? = 5n?
Asmia (S P by il 13a 5 Uad —P ol Uil 5 Leghy

o dl) (atly Sl bl sleald
Baclil) addiud Ci g p — g Aulhaiall 3 jlall daa Gl y U i W) (i A
P—q=—q——p o
.&&pg\wﬁjﬁhﬁ g O paxsi Wi )
rJUa
_‘ﬁ)‘}@uqr_nzoﬁcﬁ})@uar_n QLS\'J;\‘L'JQQ‘);
rdad)
sk " o) e e n? M p Ol ") a2 " 4 g O LA
—q = —p O @l Gl o 583 23 A JU) (e (5358 i dae 2
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Cn
(s e e n? (8 ) gmaa e QS 1Y) B bl A8yl 0 -1
Ne 7 Jiyj XO@ x2+y2=2z2%xy,z€Z KN il (Bl -2
(50
et e e /3 ol e n -3
7l D g dagania Aac A (e Ao gana " i Al dgihaial) 3 5Ll & -4
Saagaaa " Ay gl 3l 28 e g Ml 583 S
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gilfd\ -y
cle ganall 4y i3

Jas has sl e JSG 8 &, LB Y 5 4 el JKEY) 5 dalaily) ST dala)
oy Szl ) agle & ol skl dai dpaia 55 e lea LY 28 2 g
SV Anlall sl o glall (e la g 5 ooyl Jidaill g Slae YV &y plaiy pall o gle
4k @ jeda s Glualyll & 558 e aslall 038 JS Lle i 4K jidie Al 32008
8 slalall (e SN a5 il o 8 lall 028 S 4ia a5 68 LullS Cile sandll

0585 sl Wy slla gl ) e IS5 e sl

ulu) aaliall -1

Set s ganal) iy 25

AS jidie Ciliia Ll s las 1y 23 48 jeall oLiY) (e gend A

el L ey g Wy yalic Law capital letters <os b Ll ey g
L} o8 o easis small letters

A

Al peae &) seen illiilae de sana (1)
N={12.3}(2)

|A] el A A sanall 4 )] a5 4e sanall jalic 2o o 1de ganall 44

S palic e Sua (e Gle ganall Cariial (S Ul

set

infinite finite
B ol (SaV la palic b jas Koy b jualic 4
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rle ganall Jiial 3ok
N ={1,2, ..} Jhall o e e senall jualic o pu oy Lo s 13 pud) 4y o

JM\JMQQFMDJMAMJSJQL@&J :SJ.M\M‘&:UE-‘,I

A = {x: x is odd number} .
P ol e ey seaie ol e (s sind Y Sl Cle sanall oo LA A ganall

Lo a1 jealinl e (5553 J il) e sl b ALY AS gannal
U Deoluld s

rale gaaall Ao cl@Mall -2

reldly) A w

rJ st Lild A de ganall palic ( paic g Ll IS 1)

Qg ACK A G pandl GIA N wibVa -
o) giay) ddNe  w

Jst lild Gilla e (e sane 4, B Lpal (IS 1)

Ade sandl yalic o e S Jxm A ssiniBolel A B -
ACB & Va € «Kigs s paly gl (1Sall5 B de senall 8352 50
A=>a€B
salic Go Y e paic g e AgssiYB Ol A¢B -
A¢ B e 3b€EA> Sy Bic ganall dosage e A de gandll
b &B
-cidaada
ol G (Sas VA P A -]

Letdbc A=3b¢ b,beA




453‘)3‘ A g e L J {)@-d\ J#‘ fatia

Power set 4 gaxall 5 62 -3

-

o 1§t

P(A) = &= sms A e 4 3all Cle sandl) paan (2 A 4o sanall 5 8
{S:5 c 4}

O Y
2" = |P(A)| o n e, de sena 4 CulS 1Y)
allall & g 2ol )

tle ganall Ao clialel) -4

sy
AUB={a:a€AVac€EB}
ablall o
ANB={a:a€ ANa € B}
Gl ¢
A—B={a:a€AANa¢B}
Jilaiall (3 ,all -

AAB=(A-B)U(B-4)
"5 i A" Sl oyl -

AXB={(a,b):a€ ANDb € B}
ic sanall AleSa -

AC=U—A={a:a$A}
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:43jaal -5
i {B;}ier Aol Cle ganall (e ke Wl ()l 5 4 4o ganall Ll o (i
ol e il s 13) 4 de gaaall 45 523 Alilal) oda
Z_UiEIBi:A'

-4d3 gala
Lo JSTAC 9 A B U e 4 inde sana 4 5 ALl e sadll U il 1)
U e sanall
el Jglaa

Ll i ¥ gl et el Ao semally de ganall jualic d83le L L SIS o
1 lephans Ll juaial) olaiil Alls 85 olaiaV) Jglan aladialy @l (e el WiSay
0 2l el pae Alla &

Al Legd LU oLV Jsaa 05 B 5 A e gane il S A 3y @
a).m.'\z_u




6.9} daaa g e 3

3gaall pal) dasia

A | B
1|1
1|0
01
00

: Sl Jsaall Gle saaall o cllead) ae e et Json Jiiad (Say @

A| B |A°|AUB |ANB|A—B | AAB
110 1 0 0
1100 0 1 1
0|11 0 0 1
OO0 |1 0 0 0




6.9} daaa g e 3

3gaall pal) dasia

Culad

1-AUuB=BUA.
2—AUBUC)=(AUuB)UC.

3—AUA=A
4—-—AUQ=A
5—AcAUB& Bc AUB.

6 —-—ANB=BnNA.
7—-An(BNnC)=(ANnB)nC.

8—ANA=A.
9—ANQY=20a.

10-AnNnBcA& ANnBcCB.

Ayl lEdlall Cud)

AcCop®Bc(C sAcC By

A—B=ANB°»n-3

AAB=(ANB)U (BN AS) -5
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Gl L

rale gaaal) i

Lagd (Al ) Juala (8 (BlA 8 lIA) B (e ganall Lnal 0 o2
s

AXB={(a,b):a€ ANb € B}.

= SUAada
1 IS o Al 038 3 Sl jual) Jeala 6 A = B ciS 1Y -1

A2=AxA={(ab)abeA)
‘e sanall (pe Agiia Alle i Joalan2
n
HAi ={(a,,a,,...,a,):a; € A;}.
- e el (o Augia i Al s pon Joolac3
nAi — (a1, ap, ..): a; € Ag).
i=1

:Jbia
b A = R culs 13|

R? = {(a,b):a,b € R}.
( simall Ialas Jiad
R3 = {(a,b,c):a,b,c € R}.
_'&\)ﬂ\ Llas Jid
R"™ = {(a,,a,, ...):a; € A;}.
(ol adl g5 ) el Lales (Jiad




o)) dana gyae 3 aaal) saal) dasie

sSUaadla
JAXB|=|A| X |B|=nm o |B| =m s |A] =n<ils ) -1
(a,b) # (b, a) e daay -2
- 33%l)
1y
R S A X B ¢l ¢l sl qudall Juala (e 4 45 gaza A R A8al)
a yaisl) Jaig aRb AGNS OS5 B9 A s ) g5l 8 Bk W palis
Gals R A8l (b gl JahewaS 5l (A pualinll (paniiy b ainlly ol e
Rang(R) &l s A Kiuall g Dom(R) 48l

py o
R, ={(z,x):x,z € 3R, = {(x,7):x,y € A}®le Lal cuils 1)
AEIS (558 Lagalan ol 4}
Ri°R; ={(z,y):z,y € A} o
.R1°R2 iRZORIMmM

idbia
Ol sasis A ={1,2,3}, B = {2,3,5,6} o<
Ry ={(1,2),(1,3),(1,0)}
R, = {(22),(33),(35)} |
ADle Jii R, iy (candl SY) ddle Jic ¥ R, of Bad
-4 uSal) 483al)
JUAL dipig R C B X A (S5 AuSal) A8Mal) (& R € A X B ils
s Al

R 1'={(y,x):y €B,x€A(x,y) € R}
.Rang(R™1) = Dom(R) s Rang(R) = Dom(R™1) &% by
el R ={(x,y):x,y €A,x >y} of sasis A = {1,2,3,4} o<

Olaa 5 Lgilai Xy R A83all Ca yaie]
flasa 5 Ledlas Sl g R~1 A8Mall (i jasi -2
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faeu¥u R s R71 Jie X4 ¢R"1 0 R-3

il
1- R = {(211)1 (3!1)1 (4,1), (3,2), (4‘,2), (413)}1
Dom(R) = {2,3,4}, Rang(R) = {1,2,3}.
Z'R_l = {(112)1 (113)1 (1,4‘), (ng)i (2;4); (3'4‘)}1
Dom(R™1) = {1,2,3}, Rang(R™1) = {2,3,4}.
3-R71eR =
{(2,2),(2,3),(24),(3,2),(3.3),(3,4), (4.2), (43), (44)}
1 1 1 1
2 / 2 2 2
3 3 3
4 4 4
R R™1

-clBMal) () 6

Reflexive Relation 4uSlall 483all -1

Sl Iyl (5ea 13 duSle il R € A X 4 48l U
Vx € A= (x,x) €R.

Symmetric Relation 4ilais 2811 -2

Al Loyl (g8as 13 Alilaie il R € 4 X B 48l JUy

V(x,y) ER = (y,x) €ER.
Antisymmetric Relation 4&lli’ia 483l -3

Al oyl 5ias 13 ddlaie LSl R € A X B A8l




-
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V(x,y),(y,x) ER=x=1y.
Transitive Relation 48U 43all -4
) a3 13) ABL Sl R € 4 x B A8 U
V(x,v),(y,z) ER = (x,z) €R.
dlay) yia A8Mall -5
) Ja ) 38a 1) Adayl yie Wil R € 4 X B 4801 Uy
Vx,y€A = (x,y) ERV (y,x) €ER.

b
A Wl of pa s A = {a, b, ¢, d} oS3
R
= {(a,a),(a,b),(a,c),(a,d),(bc) (b b),(bd),(cc) (cd),(dd)}
A]) oda UA\P U"‘JJ\
s
dua 4lSle R -1
(a,a),(b,b),(c,c),(d,d) €R.
Cua dlilaie Cud R -2

(b,c) ERbut (c,b) ¢ R
D giay e aga g paal AdASe R -3
O sl ma 5% bl G L5 Adllaie Cad R o (it Sl il (K

—[V(,y), v, x) ER=>x=y]=3(x,y), ¥y, x) ER=x
+y
R (A Gina ye byl 1
ABal) iy 23 e ABL R -4
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A o i o sl Bl (b Gk e Apalal) oda daa i Cisu
Gl 5 Al

—[vV(x,v),(y,z) ER = (x,z) € R] =3(x,y),(y,z) ER
= (x,z) € R

AL A8l Ul 5 A8l 3 Sina yu Vg

LGana da a4 Aoy yic A8l -5
Ordered relation i il 4N =
1aT 1Y) i i ABle Wi R O) JSAI L R C A x 4 <is )
Ausle -1

-

I

-

AL -3
L2 4 e 4o gana (4, R) (aniy

AL a3 e w
r38a5 1) S i 5 ABe LW R O JSA W R € 4 x 4 wils )
5 A -1
Ak e -2
LS 44 ja de gaza (A, R) (aniy

IS e 48 e Z8e R (5 dm gl Animall lacY) e gane 7 oS3
Va,b € Z*,aRb < a\b (b = na,n € Z%)
(iS5 A8 ) LeaST 5 i 3 A83le 1ed oS S (e 48Dl s o)

:Jad)
Cim ASle 38N -1
Va € Z* = a = 1(a) = a\a = aRa.
Gun Aallate A5 -2
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Va,b € Z*,aRb,bRa = a\b, b\a
= b =na,a
=mbV¥m,n €zt
= b = n(mb)

= 1=nm
= 1l=norl=m
= a = b.

Cua 480 A8l -3
Ya,b,c € Z*,aRb,bRc = a\b and b\c
= b =naand c =mb
= ¢ = m(na)
= ¢ = mna
= aRc.
S 8 ARl ) oS3 UL
Cus Ayl e Cand 482Dl -4
23€Z%,(23)€¢R or(3.2)¢R.
LIS Lo 48 jaa 8 R () 5 dprdall dlac Yl de sena N oS
Va,be€ N,aRb a<b

_(dlh (e (38aT) ‘_,JS i ;1 A8Ne () oS5 A8all sl (jld
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Equivalent relation 8\l 43 =

AN (el gAd) cuSia 13) 9SS ABMe R ¢ Jsi
Al -1

Adilaia -2

ABU -3

Bl Jgab

ralinl) A gana oo x € A (S5 A A8 saall o G ABNe R oSl
Al Al Ja g x saindl $AST J guady SASIY ABMay x pa ddagijally 4 (A
0889 X or [x] or cl[x]

x = {y € A: xRy}

R Jpuad Gal s pan
R
1G4 ds ganall o il dBde R okl
1-Vvxe A= x EX.
2-xRy © % = .
3-Vyex =x =Y.
4-Vx,y €A, thenx=yorxny = ®.
A As ganall 45325 Ji5 ) U gha-5

L & e cla
n uul,é &w\ e =

Wl Gl n e ZF ol b
x=Yy
Vx,yEZ,ny@—n € Z

Jici A8all o2 x = y(mod n) iS5 N ol Goldal AB3lay A8l 028 s
Cua IS A8




6.9} daaa g e 3

3gaall pal) dasia

1-let xez,%=oez=>xRx.

2-let x,y € Z, xRy = xn =
3- xRy and yRx = ? and?

XRz.

1
2

€ Z = YyRx.

X—=y+y—2z X—Z
= yzy = —€L=

-y _ —(y—x)
n

—Z
n

-

Ta

LI

B

QsSiy pais n g 7, 4 gaaall palic 3o

Z, ={0,1,..,n—1}

U 5 e s

b n=2 S 13

0=1{0,%2,F4,..,F2k, ..}
F+

b =3 il 1)

0={y€eZy=3k+0}={073F6,..}

={
= {

y€Ziy=3k+1}={..,=5-2,14,7, ..}
y€eZy=3k+2}={.,—-4-1258,..}




-
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Ol
AaY) Rl e o) -1
. Vab€Z' aRb < b = 5a.
. Va,b €Z,aRb © a # b.
. Va,b€7Z aRb © a? = b>.
IV. Vab€Z,aRb < ab > 0.
Aaa U A BlA il e sasall o (J83le Ry, Ry O Gk -2
0Nl sl
Alle 48 R,UR, dasd g S 1Y) HlisSle liEdle R, R, (a)
AuSle A8e Ry N R, ks S 1) lnsle @de Ry, R, (b)
 AUIS b jee il 5 7 e 4 e A8e R O b -3
R ={(ab):a,b €Z,a+ 5y =15}
R palic Sl
R,RTLRoR ™ 1, R 1 oR (1 IS saa (3l aa 4l
ol e JSI Qe e -4
AlLeia Col 5 AL 5 AuSle WD -
AJBL g Bl g dSle A -
Ale Cuad g AL Allaie A8 -
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a0 Gl
o) 9 A

D Al
@ 1A > B A" sl ) @ GEIA 8 (e gaaa A,B Ll ua‘;\:-;
Bralis (a dag paisy bl y A palic (1 paic (S4B B A (e A8
Jiaally (pand B 4 gadall jualie Gaa b Jlaally A 4o ganall jalis andy
dm f S A b il f(A) A salis jgay Jilial)
1 dba
a3 a1 e f1A > A, f(a) =aVa€A O b= -1
LGl sl ) sasd I Al ) sas )
1 o ftAXB > A, f(a,b) =aVa€ A a€B Ol s -2
A e A X B hiva aul i
ol )l Cay 2 S © A of s -3

fs:A - {01}, fs(x) = {0 l}i{éjf.s

S 4o sanall aall gl HlL ansy ansl 1 13

sl 9 S 5 gl Jpnaan
S
f:B > CdXy g: A - B 0S8y bl 8 (e saaa AB wuﬂsﬁ
AU 468 Glasd ) Juanl o\d

feg:A—C (fog)(x)=f(glx))vxeA o
fog #gof s day

2 g:R-Q g») =\/§Oi}f:Z—>R,f(x) =3x+4 o g

feg.g°f.f%g°
il
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fP) =N =f(F(x) =3@x+4)+4=9x+16.

GO =@9»=9(g) = ﬁ

(feg)=?
(g =g(f(x) =V3x +4.
Well define mapping
Ly 2l
rE8aT 1Y) e Wi i s 1 4 > B a8 0y
Vx,y EAx=y= f(x) = f(y). ‘
awal g g1

Surjective or onto mapping "JeLad™ B sdll a1
R
18I 1)) Ag Al f1 A4 - B asl U Jly

VyeB,Ix€eA:y=f(x),i.e.,Imf = B.
: JUia

Sy oS f ol IR R, f(x) =x +4Vx € RO o=
1gall
letyeRy=fx)VxeER=y=x+4
= x=y—4€eR
(B8 055 G el 1l
(S anl S Y f ol NS R, f(x) = x + 4 Vx €N ol g
sgall

A5 05 Y a ) il fm f € R of B
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Injective mapping or 1-1 "uliall" saa¥) aud -2

Ly 2l

(@831 gl Al 1 A4 > B and U J
V,yEAf(xX)=fy)=x=y ;
K]

Vx,yEAx+y= f(x) + f(y)
b

) ol ) oS f ol @l AN > R, f(x) = x2 Vx € N ol g

1dal)
Ve ,yEN,f(x)=f(y) = x*=y*=x=y.
gl and

) anl ) 0O Y f ol @l iR - R, f(x) = x2 Vx € R ol s
(A (e 38)
Bijective mapping or 1-1 correspondence":&ll" gala) BUS aul -3

Dy R
(2989 eIl anl N S gala) B AT £ 4 - B awl U Q&

saed ) (982
S
g =204 3any f1A > Baw Ml gusSaaddl g: B — A a4 Jliy
G@8as ) 1
VyeEB x€A(feg)x)=xand,(g°f)(y) =y.
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Ay
S B aul f Ba8E S 9 1Y) T ugsaa Al 058 1 A o B awd )

_géh\

1O )

Sills £ GasSan al f s )l G it (J5Y) olaaY)
fof M@ =x=f(f")=x
g i FPRPR EN R o IR
v,y €Ax#y= f(x) = f(y)
= fH(f) =)
= X =Y.

aglal and Sl Ml 5 (a8l 13a

A8 sl Sl O Y

leth € B, f(f~1(b)) = b
(A el g8 by f 80 s (D) 855 o b 08 (Sl
(il s aal bl auly 1A > B o G (LAY o))
VyeB,AxeAy=f(x)
LS g1 B 5 A am )l Gad Gige Y
gy)=x= fx)=y
Sulb g
g(f(x) =xand f(g(») =y

S oS 2 g O

;A

W8S CA 9f:A— Bl ol Gk

ScfifEs)) A1

gl pd N 058 Gl B § = FRI(F(S)) -2
Ju|r PNl

I-VxeS=fx)=y€f(S) = 1) cf(S.
S culdl b angx € FTH(S)) Jausx € FH(y) Suss
SHF©)
(SIS FTE(f(S)) €8 of i o (A g st s (& -2
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Vx e fHf))=>f)=yef(S)=x=f1() €S

ad anl Il G

;A ki

8 HCB sf:A— B aw ol pajk

N SN S H A

(B8 el ) (58 oV by FP(F(H)) = H-2
1Ol )

(Ul & g yia)

D Ay ki

_éabi POVRRETS Omdlal el ) S 55 -1

(298 anly 9A (a9 Canid ) S A -2

Lgdal L il 92 gl JBUE Cpadd y S 55 -3

tOR )
(AL & i)
flas fiR—{1} > R— {3} f(x) = 2= vx e R— {1} of u=

sl

=Sall ol Hl) BaclE alagy () e (38a3) (galal) LS o el )l ol aadls

Letye R—{3},y=f(x) = o = yx—-1)=3x—-2

=x(y—-3)=y—-2

2
= X = 36[&—{1}.

ST PSR o i O

fER-(B} > R- {1}, =25 vy e R—{1).
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L4

(b

fiR—{5} > R—{3},f(x) = == vx € R— {1} & vais -1
S sl & B8y galal anl I o cudl

g:Q->Qg(x) =UsfiQ->Q,f(x) =3x+4 o s -2

 3x+1
)

5
fog.g°f.fA9%f gt
QA)&U_\.}S’GA’BQXQJ\S}f:X—)YeM\)MU:}ﬂQ\S\S;\-3
(i) fCAUB)=f(A)U[f(B).
(i) fANB)<cf(A)nf(B).

(i) f(A)—f(B) < f(A-B).
(V) f(A) = f(B) = f(A— B)gal sl W 0l i




5910 daaa g e 0 aaal) saal) dasie

o) )
B_pa 3l g Anilial) dslaal)
by et
Sle Gl ke frA XA o A pul ) o A 2 Ao gaaa A O G2k
o, 0, e S9N f Ga Yy AUl Adeadl Bale e i A
by et
Ll LS (A,%) gl (ramsd Wi A 4o ganal) o 4l Llae + LS 1)
Dy gl
13) il LS (A, ) zool o LB A 4o gagal) o dlas + ciils 1)
Y byl g8a
: Jha
(Z,4), (R, +), (€, =), (R,X) A Akl 481 2aay) -1
(Z,+), (R,+), (C,+), (N, —) L5 Lakasf cand 30001 Lulasl -2
P ddad) el sd e
D
th pd (3833 13) Aadlag) x dland) (0 J 9B LS Lildh Laldad (A4,%) S )
VX, YyEA= Xx*xy=7y%*X.

Dy
rh y (3825 13) "Amand™ dacala x Aalaad) o J g8 L Ll Lallai (A4,%) S )3
Vx,y,ZEA= (x*xy)*xzZ=xx*(y*2).

Pl
Llaa pale e Joli L e, €A yaiall 22y 1) 9 Luilh Lallas (A,%) O 1)
e a3 1) ¢ Aeall pmilly

VxeEA=x+*e, =x.
13) 5 Adaadl dpuilly (5 o Hlaa paic @) Joii Uil @) € A4 sain) 229 1)y
byl (§8a3

VXEA= e *xx =x.
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83 13) x dlaall Luaily wlaa puais @ Johi Lilh @ € 4 paind) 23503y
sha
VxXEA=>exx=x*xe =2Xx.

Pl
Bl iaas Saa s @, € A paaial s 135 Ll LSS (4, 4) IS 13
thpd (a3 1)) x € A paiall Gayl (ugSaa a1 paind) ¢ JgRE LS« dpleall
xxxl=e,.
O S8 L + Alaall Aty (5 b Mo yaic @) € A painl) 329 13y
thpd (825 0)) x € A sairll joul (ugSaa x7 1 ainl)
xjlxx=e,.
i) o)) J 585 Uid & dlaall ity Mlas yaic @ € A painll 229134
tha yd (3825 1) x € A yaiall (i gSaa x 1
xlxx=xxx1=e.

s Jlia

Vx,yER= x*xy=x—y+ 3 s (Rx) w2

rJall

Y R de saadl o 4l dolee x dolaall ]
Vx,yER=x*xy=x—y+3€R.

Y aallay) G dlaall 22

10eER=1x0=4but0*1=2.

(38n3) el Cansd ¢ Blaal) -3

38y paic e, € R U2 -4
VxER=x*e, =x
=>x—e +3=x
= e, = 3.
38y paic @ € R Ui -5

VxER= ¢ *x=x
= e —x+3=x
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= e = 2x — 3.
(SO e paie gV eyl
(B8 yaic x71 € R = -6
VxER=xx*xx ! =e,
=x—x143=3
= x = x; L.
A g eaiell e s sSaddl o
) GasSaa s3sm g paad 3a g Y e (e sSad) -7

D S
Fadl) Lpald (gla 1) B pa ) And Al (4,%) AU aUBI Uy
: Juia

Be) 4k Bl (N, 4) Sl ol

Dy
S 9 !l 4uald (38a 13 monoid i gie AU 4] (4,%) AU AUl (U6
Alaal) palal) 4y

: JUia

o Aleall il 5 i A de sanall (1o ol 5 )l Ao gana o F ol o
A sie Jiay (F,0) alaill (i ausl 5 5l) Jrean
Dy
S slaall 4y (S adll dpealdh (3 131 8 0 A (A,%) (AU plaI Iy
AR Ja g i) ga DI Ja i (B85 13) A B ya) CusSag usSan 4D puals

s Jhia

a3 Ji (Z,+), (R, +), (€, +), (R*,x) Al daksy)
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L.HS=1and R.H.S =1
N =1 Ledie dagaa 48301 Jull
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k
Sr=1+243+...+k=k(k+1) 2)
n=(k+1)ds i

r=1 2
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3)
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:%(k +1)(k +2)(2k +3)




@91 dana 948 0 aaall el datie

Nkt 1 oo licase 5l Las (1) 0 Lo o (3) 0
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3) |
N=K+1oe biase sllad (1) Bhall Leuis oo (3) 283
:\_\;}d\ Z\A:\MM L=l n ﬁgb\aﬂ@m (1) 48Rl -

:(4-1) Jba

1O (emal LY s alasiinly ol
22N +3(3) +...+n(n) =(n+DH+-1 (1)
08
n=1wuc
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N =1 Ladie dapnn 4800
0l gl casemma e kduan = k Leie (1) 48kl A (i
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sl bl b pmsailin = (k4 1) Al A
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= (K+ D)L+ (K +1)] -1
= (k+2)(k+1)+-1
= (k+2)-1

n:k+luchm‘5;)SM(1)z\§M\\.@_umGA 433l sa 4
Aos gl A all ddaall ﬁ?a@.oalﬂ\a:\m(l) A=l -

:(5-1) Jba
1O ol ) Y Tase aladiuly el
;L+14mﬁ 1 _.n (1)
1x2 2x3 nn+1) n+1
:Jadl
n=1u

LHS—1 dRHS—1
H.§=- andR.H.5 =3

N =1 Laie daiaia 4830 Jully
U\Lﬁ\u;y@;mam kéus n = kum(l)ﬁ).d\:\;...aua‘)m
1 1 1 k
—+ ot = (2)
1x2 2x3 k(k+1) k+1

o) plll b pasilin = (K + 1) Ala A

1 1 1 1 k 1

—+ +...+ + = +

1x2  2x3 k(k+1) (k+D)(k+2) k+1 (K+1)(Kk+2)
Ck(k+2)+1  kZ+2k+1
C(k+D)(k+2)  (k+1)(Kk+2)
 (k+D? (k+D)
C(k+D))k+2)  (k+2)

N=k+1 e Giase 5L (1) 38al) Lpusdi o 38Mal) o2
Han sall Aapaal) Boall N psead dasaa (1) 3

:(6-1) JLa
X — Y e dandll JiE x™ - pT ol ezl UL ase aladiiuly gl

sl
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n=1=uic
n = 1&&@Mﬁ)§ﬂ\d5jcx -y ‘_Anw\dmx_y
Ol gl easemmianie Kéuan = kb Leadie &) daia (i
X — y e dedl) Jais xk -k
X — Y e ) Jai L o R o ) G llaall
R S e S U N

= x(x* =y + yF (x—y)
Jiba y* (x — y) 5 g il o x - y e el Jis xk — k(S

X-y e Al
Jan sall Aagaall 403l ) a eal dagaa A
:(7-1) Jba
zanaa e (Y3 e dawdll Jiii 227 4 5 of sl Hll z L) fa alasiuly el
N> g
:Jadl
22" 4+ 5 = 3M,, 3uall o i o Al A8l UK (Ka
n=1=uic

22 45=9=3x3(i.e., M; = 3)
Aaaa A8 UL

22k + 5 = 3Mk
daaa 43D

g

n=k+l Lc

22(k+1) + 5 — 22k+2 + 5
= 4.(2%¢ +5) - 15
= 3(4.M;, —5)

:\_\;}J\ :\A:tMS‘ :\:QA:J\ n ("5\3 @AAJ :\A:\M A8Da])
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:(8-1) Jba
N daa gall dapaiall 2ae Y K [sinnx| < nfsin x| of <l
el X 8 K1,
gl
: =1 Latie Laldl) daa cudii (1)
sin(1)x| < @)[sin X|.
Ol sl N=K laxie palall dana (a4 (2)
[sin kx| < klsin x|
- N=K+1 Laie dpaldll daa i (3)
Isin(k +1)x| = [sin(kx + x| = [sin kxcosx + coskxsin X|.
re Jean Lild (Aalhaal)) donlsl) dadl) al & g Caliall Alie gulaty g
sin(k +1)x| <|sin kx|cosx| +|coskx]sin X|.
10 i 4 sl X o K |cosx [ <1 of e
Isin(k +1)x| < |sin kx| +[sin x| < k[sin x|+ sin x| = (k +1)sin X
o greal s A sall Aamaall N o ST A mia €8 N=1 Ladie damia L) Sua
PR
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(z+a)" = 2"+nzx

(s kad
10 ol L] e aladinly cudil 1]
1. 1+3+5+...+(2n-1)=n?
2. 1+7+13+...+(6n-5)=n(3n-2)

3. 1+4+7+...+(3n—2)=%n(3n—1)

1 1 1 n
+ +..+ =
1x3 3x5 2n-1)(2n+1) 2n+1
1 2 3 n 1
—+—+—+..+ =1-
21 3 4 (n+1)! (n+1)!

6.1+\F \F+ +—>\/_(n>1).

7. (cosB +isin@)" = cosn@ + isinnf .

8 12+32+52+ . +(2n- 1)’ = %n(Zn—l) (2n+1)

i n n , ny ., . .
9. 1+x)"=1+ 1 X + ) XS 4.+ ] x", n is positive number.

‘dx"  (ax+b)n+1 < Y= ax+b w2
d™y n . NN sy = i < 1)
—=a sm(ax+b+7)ug y =sin (ax + b) &l 13 [3]

9 o dadll Jidy Al e e slac| A 4y ClnSa g sana [4]

L:ch ~~n(11)n+2 + (12)21’1+1 d:‘.’-':,.‘n >0 @MJJ& Lﬁy [5]
133

n! > 3" Vn > 748kl daa O [6]
aacdln > 0 maaede @Y [7]

n(n—1 5 o n(n—1 —2
n—la+ ”(”‘)' ):L‘-n—.!a__’_”(” .3)'(” ) n ‘(} i_|_ _|_” ”ln 1

+a".

2500 A s pall e e glogicdl n > 0 maa e Y [§]
n(n+1)
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el dlee e
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2 1
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A 5all e se€ ) Jla 885 138 ) J& 438 e Lo
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1o 5 (G el i oy
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