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Statics Notes 

Chapter: 1 

Introduction 
General principles 

Mechanics:  Mechanics is a branch of physical sciences which describes or predicts the 

conditions of rest or motion of bodies under the action of forces. 

Mechanics: Mechanics is a branch of physical sciences that is concerned with the 

state of rest or motion of bodies that are subjected to the action of forces. 

Mechanics can be subdivided into three branches:  rigid body mechanics- 

deformable body mechanics- fluid mechanics  
1-  Rigid bodies:  (i) Statics    (ii) Dynamics                                                                  

2- Deformable bodies                                                                                                   

3- Fluid Mechanics:    (i) Compressible – gas  (ii) incompressible - liquids 

Here we will study only the rigid body Mechanics. In the first term we will study some 

subjects in Statics  

In Statics we will assume the bodies to be perfectly rigid, no deformation. 

This is never true in the real world, everything deforms a little when a load is applied. 

These deformations are small and will not significantly affect the conditions of 

equilibrium or motion, so we will neglect the deformations. 

Basic Quantities 

Basic Concepts: There are four basic quantities in Mechanics space, time, mass, 

force: 

(1) - Length:  Length is used to locate the position of a point and describe the size of 

physical systems.  

(2) - Time:  Time is the measure of the succession of events and it is important in 

Dynamics  

(3) - Mass:  Mass is a measure of a quantity of matter that is used to compare the action 

of one body with that of another. This property manifests itself as a gravitational 

attraction between two bodies and provides a measure of the resistance of matter to a 

change in velocity. 

(4) - Force: Force is push or pull exerted by one body on anther. This interaction can 

occur when there is direct contact between the bodies, such as a person pushing on a 

wall, or it can occur through a distance when the bodies are physically separated.  
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Idealizations: Models or idealizations are used in mechanics in order to simplify 

application of the theory. Here we will consider three important idealizations.                       

(i) - Particle: A particle has a mass, but a size that can be neglected. For example, the 

size of the earth is insignificant compared to the size of its orbit, and therefore the earth 

can be modeled as a particle when studying its orbital motion.  

(ii) - Rigid Body:  A rigid body is a combination of a large number of particles in 

which all the particles remain at a fixed distance from one another, both before and after 

applying a load 

A rigid body is considered rigid when the relative movement between its parts is 

negligible. 

(iii) - Concentrated Force. A concentrated force represents the effect of a loading 

which is assumed to act at a point on a body when the contact area is small compared 

with the overall size. We can represent a load by a concentrated force, provided the area 

over which the load is applied is very small compared to the overall size of the body. 

An example would be the contact force between a wheel and the ground 

 

Weight and Mass 

Weight is the measure of how heavy an object 

The unit of measurement for weight is that of force, which in the International System 

of Units (SI) is the newton. 

Mass is both a property of a physical body and a measure of its resistance to 

acceleration (a change in its state of motion) when a net force is applied (The mass of an 

object is the amount of material it contains. ). An object's mass also determines the 

strength of its gravitational attraction to other bodies.  

The unit of measurement for mass in the International System of Units (SI) is the 

kilogram (kg). 

Weight is not the same thing as mass. Mass is a literal representation of the amount of 

matter in a particle or object, and is independent of external factors such as speed, 

acceleration, or applied force (as long as relativistic effects are small enough to be 

neglected). Weight has meaning only when an object having a specific mass is placed in 
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an acceleration field. At the Earth's surface, a kilogram mass weighs about 2.2 pounds, 

for example. But on Mars, the same kilogram mass would weigh only about 0.8 pounds 

Newton's Three Laws of motion: 

Engineering Mechanics is formulated on the basis of Newton's three Laws of motion: 

First Law (1st Law):    
A particle originally at rest, or moving in a straight line with constant velocity, tends to 

remain in this state provided the particle is not subjected to an unbalanced force. 

A particle remains at rest or continues to move in a straight line with a constant speed if 

there is no unbalanced force acting on it (resultant force = 0). 

Second Law  (2nd Law):    
A particle acted upon by an unbalanced force ( F ) experiences an acceleration ( a ) that 

has the same direction as the force and a magnitude that is directly proportional to the 

force.                                                                                                                                      

If ( F ) is applied to a particle of mass ( M ), this law may be expressed mathematically 

as                                                       aMF =                                                                                                                                                          

Third  Law (3rd Law):    
For every action there is an equal and opposite reaction. 

The mutual forces of action and reaction between two particles are equal, opposite, and 

collinear 

The forces of action and reaction between interacting bodies are equal in magnitude, 

opposite in direction, and act along the same line of action (Collinear). 

Newton's Law of Gravitation Attraction 
The gravitational attraction force between any two particles is     

                                            
2r

mM
GF = ,  

F  = mutual force of attraction between two particles 

G  = universal constant known as the constant of gravitation 

M, m = masses of each of the two particles 

r  = distance between the two particles 

 

What am I talking about?  Weight. 

The weight of a particle is the gravitational force between a particle and earth; 

By using the equation       
2r

MG
g =  ,  where 

M = mass of earth,   m = mass of a particle 

r = radius of earth,       g = acceleration of gravity at earth’s surface 

Using 
M

rg
G

r

MG
g

2

2
=→=  
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Substituting into    
2r

mM
GF = ,    we have   








=

2

2

r

mM

M

rg
F  

                            gmF =     weight  is      gmW =   

Or using       amF =  and at the surface of the Earth   ga=  

  gmF = ,  then     W = mg 

g is dependent upon  r.  Most cases use  g = 9.81 m/s² = 32.2 ft/ s² 

Units of Measurement 

A unit of measurement is a definite magnitude of a physical quantity. 

There are two main measurement systems:  

(1)- Metric system (International system SI):  

This system is based on three main units: 

Meter – Kilogram – Second ( It is called mks System). 

SI is an abbreviation of French expression (Systeme International d’Unités) in English 

(International system)  

(2) – English system (British System or Imperial System or US Customary System)  

This system is based on three main units: 

Foot - Pond - Second (It is also called FPS system).  See below Table 

 

Name Length Time Mass Force 

International 

system of Units  

(SI) 

Meter Second Kilogram Newton 

m  s  kg  
2

.

s

mkg
N =  

U. S. Customary 

FPS 

Foot Second Slug Pound 

ft  s  
ft

sIb
N

2.
=  Ib  

Pound (Ib) , unit of avoirdupois weight, equal to 16 ounces, 7,000 grains, or 0.45359237 

kg, 

Newton 

The newton is a unit to for measuring force equal to the force needed to move one 

kilogram of mass at a rate of one meter per second squared. 



7 

 

The newton is the SI derived unit for force in the metric system. Newtons can be 

abbreviated as N , for example 1 newton can be written as N1 .                                       

Newtons can be expressed using the formula: s²)m/  1(kg) (1)1( =N . 

Pound-Force 

Pound-force is a unit of force equal to the force needed to move one pound of mass at a 

rate of 17404932. . 32 foot per second squared. 

The pound-force is a US customary and imperial unit of force. A pound-force is 

sometimes also referred to as a pound of force. Pound-force can be abbreviated as 

IbF or FIb . For example, 1  pound-force can be written as IbF1 or FIb1 .                                                                                  

Pound-force can be expressed using the formula:  
2s

ft
 Ib32.1740491 =Ib .   

How to convert kilograms to pounds 
1 kilogram = 2.2046226218488 pounds 

1 pound = 0.45359237 kilograms 

 
Force:  Newton (N) 

s²)m/  1(kg) (1)1( =N  

1 Newton is the force required to give a mass of 1 kg an acceleration of 1 m/ s². 

Weight is a force.  The weight of 1 kg Mass is: 

gm=W N 81.9s²)m/  81.9(kg) (1W ==  
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Chapter: 2  

Vectors Forces 
Part 1: Vectors in 2D and 3D 

Introduction      
Statics: The study of bodies when they are at rest and all forces are in equilibrium. 

Static equations are often used in truss problems. To solve a static equation, engineers 

use a free body diagram. If an object is at rest, as it is in statics, the sum of the forces 

acting upon the object will equal zero. The sum of the moments will also equal zero. 

Scalars and Vectors 

Scalar:  A scalar is any positive or negative physical quantity that   can be completely 

specified by its magnitude  

Examples: Examples of scalar quantities  include length, mass, and time. 

Vector:  A vector is any physical quantity that requires both a magnitude and a 

direction for its complete description. 

Examples(For instance):  Examples of vectors encountered in statics are force, position,  

and moment.  

Vector  A vector is shown graphically by an arrow. The length of the arrow represents 

the magnitude of the vector, and the angle between the vector and a fixed axis defines 

the direction of its line of action . The head or tip of the arrow indicates the sense of 

direction of the vector (see below Figure ) 

 

Vector Addition:  

 All vector quantities obey the parallelogram law  of Addition 
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BAR


+=                                                                                                 

Vector Subtraction. The resultant of the difference between two vectors A and B of 

the same type may be expressed as 

)( BBAR


−+=−=  

Dot Product                                                                                                            

The Dot Product gives a scalar (ordinary number) answer, and is sometimes called the 

scalar product. 

                   

The Dot product define as cosBABA =•


          

Laws of Operation  

1. Commutative law :                             ABBA


•• =  

2. Multiplication by a scalar    ( ) ( ) ( ) ( ) BABABABA


•••• ===  
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3. Distribution law :                   ( ) ( ) ( )DABADBA


••• +=+  

4. Cartesian Vector Formulation  

Dot product of two vectors KaJalaA ZYX


++=  and KJl ZYX bbbB


++=  , 

then . ZZYYXX bababaBA ++=


    

5. Applications:  The angle formed between two vectors given by    

222222
cos

ZYXZYX

ZZYYXX

bbbaaa

bababa

BA

BA

++++

++
==

•




  

If →= 0BA


 A


 perpendicular B


 

6- Dot product of Cartesian unit vectors  0=== ikkjji


, while  

.1,1,1 222 ====== kkkjjjiii


                                                                                 

Cross Product                                                                                                           

The Cross Product which gives a vector as an answer, and is sometimes called the 

vector product. For two vectors define as  eBABA


sin= , where e


 is unite 

vector in the direction of BA


   

 

Laws of Operation  

1. Commutative law  ABBA


 , but  BABA


−=   

2. Multiplication by a scalar  ( ) ( ) ( ) ( ) BABABABA


===  
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3. Distribution law  ( ) ( ) ( )DABADBA


+=+  

4. Cartesian Vector Formulation  

Cross product of two vectors KaJalaA ZYX


++=  and KJl ZYX bbbB


++=   

Then 

ZYX

ZYX

bbb

aaa

kji

BA




= . 

5. Applications : 

 The angle formed between two vectors given by 
 

BA

BA





=sin  

6- Cross product of Cartesian unit vectors  

jikikjkji


=== ,, , while  

.0,0,0 === kkjjii


, see below figure  

 

Triple Scalar Product                                                                                           

For three vectors CBA


,,  the Triple Scalar Product define as 

Note                                                                      ( )
ZYX

ZYX

ZYX

ccc

bbb

aaa

CBA =


that                                                                                                          (1)  

( ) ( ) ACBCBA  =


,                                                                       (2) 

( ) ( ) ( )ACBBACCBA


==                                                   (3) 

( ) ( ) ( )CABBCACBA


−=−=   , see below figure  
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(4)- Triple Scalar Product represents the volume of parallelepiped 

( )= CBA


 the volume of parallelepiped 

 
Triple Vector Product                                                                                        

For three vectors CBA


,,  the Triple Vector Product define as ( )CBA


   

Note that                                                                                                               

(1)- ( ) ( )BCACBA


 ,                                                                                

(2)- ( ) ( ) ( )CBABCACBA


 −= ,( prove that this property?)   

Unit vector 

A unit vector is a vector that has a magnitude of  1  

 vector theof Magnitude

Vector
r Unit vecto =  

Example 1:  Given a vector  jir


34 −= , find the unit vector? 

Solution 

525916)3()4( 22 ==+=−+== rr


 









−=−== 3,4

5

1

5

3

5

4
ji

r

r
u
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Cartesian vector 

Introduction  

   The operations of vector algebra, when applied to solving problems in 

three dimensions , are greatly simplified if the vectors are first represented in 

Cartesian vector form. In this section we will present a general method for 

doing this; then in the next section we will use this method for finding the 

resultant force of a system of concurrent forces. 

Right-Handed Coordinate System. 

 We will use a right-handed coordinate system to develop the theory of 

vector algebra that follows. A rectangular coordinate system is said to be 

right-handed if the thumb of the right hand points in the direction of the 

positive z  axis when the right-hand fingers are curled about this axis and 

directed from the positive x  towards the positive y  axis, as in Figure. 

 

Position Vectors 

Here we will introduce the concept of a position vector. It will be shown that 

this vector is of importance in formulating a Cartesian force vector directed 

between two points in space. 

  A position vector A


 is defined as a fixed vector which locates a point in 

space relative to another point. For example, if A


 extends from the origin of 
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coordinates, O  , to point  ),,( zyxP  (Fig. a),  then A


 can be expressed in 

Cartesian vector form as 

kajaiaA zyx


++=  

Note how the head-to-tail vector addition of the three components yields 

vector r (Fig. b) . Starting at the origin O , one “travels” x  in the i+  

direction, then y  in the j+  direction, and finally z  in the k+  direction to 

arrive at point ),,( zyxP  

 

Rectangular Components of a Vector. 

A vector A   may have one, two, or three rectangular components along the 

zyx ,,   coordinate axes, depending on how the vector is oriented relative to 

the axes. In general, though, when A  is directed within an octant of the 

zyx ,,  frame ( see front Figure), then by two successive applications of the 

parallelogram law, we may resolve the vector into components as zAAA +=  

and then yx AAA +=  Combining these equations, to eliminate AA ,  is 

represented by the vector sum of its three rectangular components,  

zyx AAAA ++=  
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Cartesian Unit Vectors.  

In three dimensions, the set of Cartesian unit vectors, kji ,,  is used to 

designate the directions of the zyx ,,  axes, respectively. The sense (or 

arrowhead) of these vectors will be represented analytically by a plus or 

minus sign, depending on whether they are directed along the positive or 

negative yx,  or z  axes. The positive Cartesian unit vectors are shown in 

Figure. 

 

Cartesian Vector Representation.  

Since the three components of A

 in above equation act in the positive  

ji


,  and k

 directions (see Figure) , we can write A


 in Cartesian vector  

form as kajaiaA zyx


++=  



16 

 

 

Magnitude of a Cartesian Vector. 

The magnitude of a Cartesian vector is ( ) ( ) ( ) 222

zyx aaaA ++=


.  The 

magnitude of A


 is equal to the positive square root of the sum of the squares 

of its components. 

Direction of a Cartesian Vector.                                                                                    

We will define the direction of A


 by the coordinate direction angles a 

 ,, , measured between the tail of A


 and the positive zyx ,,  axes 

provided they are located at the tail of A


 (see Figure). Note that regardless 

of where A


 is directed, each of these angles will be between O0  and O180 .                                                                                                     

The angles  ,, given by    
A

a

A

a

A

a zyx ===  cos,cos,cos                                

From this Eq. we have  
222222 cos,cos,cos zyx aAaAaA ===   

22222222 coscoscos AaaaA zyx =++=







++  . Then    

1coscoscos 222 =++   
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Note that, the unit vector given by   

k
A

a
j

A

a
i

A

a
A zyx

u


++= . Also given by kjiAu


 coscoscos ++= . 

Then the direction of vector A


  given by  

A

a

A

a

A

a zyx ===  cos,cos,cos  

In the space represent the force as: 

(1) If we know two angles with two axes 

In this case 1coscoscos 222 =++   and the force given by  

kFjFiFF


 coscoscos ++=  

(2)   If we know an angles with two axes in plane 

In this case we resolve the force in the vertical axis and in the other plane   

(3)   If we know the unite vector in space  

In this case k
A

a
j

A

a
i

A

a
A zyx

u


++= , kjiAu


 coscoscos ++= , and 

A

a

A

a

A

a zyx ===  cos,cos,cos  . 

Example 2:    Given a vector  kjir


4312 −−= , find the unit vector? 

Solution 

13169169144)4()3()12( 222 ==++=−+−+== rr










−==−−== 4,3,12

13

1

13

4

13

3

13

12
kji

r

r
u







 

Example 3:  Determine the length and its direction measured from  B toward      A   

as shown in Figure? 
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Solution  

The coordinates of A and B are )4,1,6( −B ,  )6,2,4( −A   

kjir

kjirAB




1032

))6(4()21()46(

+−=

−−+−−+−==
→

11310094)10()3()2( 222 =++=+−+== rr


kji
r

r

AB

AB
u







113

10

113

3

113

2
+−===

→

→

 

The direction of rAB


=
→

 given by                        

 
r

r

r

r

r

r zyx


===  cos,cos,cos

113

10
cos,

113

3
cos,

113

2
cos =−==   

O

O

O

319.8136571
113

10
cos

,03106.392746
113

3
cos

,179.1554523
113

2
cos

1

1

1

=













=

=













−=

=













=

−

−

−







                                                           



19 

 

Example 4: An elastic rubber band is attached to points A  and B  as shown in Figure 

. Determine its length and its direction measured from A toward B ? 

 

Solution  

The coordinates A and B are )3,0,1( −A  , )3,2,2(−B  

kjir

kjirAB




623

))3(3()02())1(2(

++−=

−−+−+−−−==
→

 

7493649)6()2()3( 222 ==++=++−== rr


kji
r

r

AB

AB
u







7

6

7

2

7

3
++−===

→

→

                                                                               

The direction of rAB


=
→

 given by.
r

r

r

r

r

r zyx


===  cos,cos,cos   

Then   
7

6
cos,

7

2
cos,

7

3
cos ==−=  . This tends to  

O

OO

13
7

6
cos

,39837
7

2
cos,376151

7

3
cos

1

11 ..

=







=

=







==








−=

−

−−
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Part 2: Vectors Forces in 2D and 3D  
Resultant of Concurrent Coplanar Forces 

How to calculate the resultant force acting on an object?                                    

Several forces can act on a body or point, each force having different direction and 

magnitude. In engineering the focus is on the resultant force acting on the body.               

The resultant of concurrent forces (acting in the same plane) can be found using the 

parallelogram law, the triangle rule or the polygon rule..                                                      

Two or more forces are concurrent is their direction crosses through a common point. 

For example, two concurrent forces 
1F  and 

2F  are acting on the same point P. In order 

to find their resultant F , we can apply either the parallelogram law, triangle rule . 

 
Fig. 1 

A force is a vector quantity since it has magnitude and direction. There force, the force 

addition will be according to the Parallelogram law   

Parallelogram in 2D:                                                                                        
Redraw a half portion of the parallelogram to illustrate the triangular head-to-tail 

addition of the components. From this triangle, the magnitude of the resultant force can 

be determined using the law of Cosine, and its direction is determined from the law of 

Sine. The magnitudes of two force components are determined from the law of Sine. 

The formulas are given in Figure. 

 

Fig. 2 (a) 
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From  the triangle  force, the resultant force is the vector sum between the components : 

                                                                  21 FFF


+=  

Cosine law is        cos2 21

2

2

2

1 FFFFF −+=  

 
Fig. 2 (b) 

Sine law is          1 2

sin sin sin

F F F

  
= =  

Components 

Also, we can find the resultant of Concurrent Coplanar Forces as  

Step 1: to resolve each force into its yx −  components. 

Step 2: to add all the x  components together and add all the y  components together. 

These two totals become the resultant vector. 

Step 3: find the magnitude and the angle of the resultant vector. 

I. e, we calculate both  xF  and  yF , then the resultant is  

( ) ( )22

 += yx FFF   

The direction is   













=


−

x

y

F

F
1tan . 

Final, the results for two forces can calculate by   
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Example 1: If O60= and NF 450= , determine the magnitude of the resultant force and 

its direction, measured counterclockwise from the positive −x  axis. 

 

Solution                                                                                                                    

We can draw the forces as in below Figure (Free-Body Diagrams) 

 
Fig. (1) 

Applying the law of Cosine to Fig. (1),This yields 

NF O

R 49745cos)450()700(2)450()700( 22 =−+=                                                          

Again, applying the law of Sine to Fig. (1), and using this result, yields 

O
oo

19.95
01.497

45sin

700

)30sin(
=→=

+



                                                                             

Thus, the direction of angle of measured counterclockwise from the positive −x  axis is  
OOOO 19.1556019.9560 =+=+=                                                                                          

Do  you can solve the previous problem using the components method? 

 

Example 2: The vertical force F  acts downward at A  on the 

two membered frame. Determine the magnitudes of the two 

components of F   directed along the axes of BA  and AC . Set 

500=F ? 
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Solution 

    

  From the Cosine low cos2 21

2

2

2

1 FFFFF −+=  

N

F O

03.8423.64423.1252

)2588.0)(48(1636105cos)4)(6(2)4()6( 22

==+=

−−+=−+=
                                                    

From the Sine law 

761.284811.0
03.8

8637.3
)9659.0(

03.8

4

105sinsin
sin105sin

11

=→==

==→=






o

o F

FFF

     

Then O761.325761.28 =−=        

                                                                                    

Example 3: Determine the magnitude of the resultant force (see below Figure) and its 

direction, measured counterclockwise from the positive x axis ? 

 
Solution 
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From the Cosine low cos2 21

2

2

2

1 FFFFF −+=   

)08715.0()800()500(2)800()500(95cos)800)(500(2)800()500( 2222 −−+=−+= OR

Ib98065539979594959724594.69724640000250000 .. ===++=                                   

Using this result to apply the sine law 

50820
980

99610
500

95sin

980
500sin

sin

500

95sin

980

sin

500

95sin
..

=







==→=→=

ooo

R



 

( ) O544953050820sin ..1 =→= −   

Thus, the direction f of R  measured counterclockwise from the positive x  axis is 
OO 5419544953050 .. =−=  

 
Example 4: The force F  has a magnitude of Ib80  and acts within the octant  shown. 

Determine the magnitudes of the zyx ,,  components of F ?   

 

Solution 
From the Figure clears that O60=  and O45=  and using the relation 

1coscoscos 222 =++   , we find that ( ) ( ) 1cos)45(cos)60(cos 222
=++ OO  

( ) 25.0cos1cos5.025.01cos
2

1
5.0 222

2

2
=+→=++→=+








+  →= 5.0cos2    o60=   

Or o120=  

By inspection it is necessary that o60=  , since xF  must be in the x+  

Now using the relation kFjFiFF


 coscoscos ++= , we have 
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( )kjiF ooo


60cos45cos60cos80 ++=

( )( ) 












++=














++= kjikjiF


5.0

22

2
5.0805.0

2

1
5.080

( )( )( ) ( )kjikjiF


++=++= 2405.025.05.080  

So, IbzFIbyFIbxF 40,240,40 ===


                                                                            

Not that IbF 80)2(4044012140 ===+++=  

 

Example 5: The bolt is subjected to the force F , which has components acting along 

the zyx ,,  axes as shown. If the magnitude of F  is N80 , O60=  and 
O45= determine the magnitudes of its components (see below Figure). 

 

Solution 
From the Figure clears that O60=  and O45=  and using the relation 

1coscoscos 222 =++   , we find that ( ) ( ) 1)45(coscos)60(cos
222
=++ OO   

( ) 25.0cos15.0cos25.01
2

1
cos5.0 22

2

22
=→=++→=








++   

→= 5.0cos2    o60=   Or o120=  

By inspection it is necessary that o120=  , since xF  must be in the x+  

Now using the relation kFjFiFF


 coscoscos ++= , we have 

( )kjiF ooo


45cos120cos60cos80 ++=  

( )( ) 












+−=














+−= kjikjiF



22

2
5.05.080

2

1
5.05.080  

( ) ( )( ) ( )kjikjiF


24025.05.05.080 +−=+−=  

So, NzFNyFNxF 240,40,40 ===


 

 

Example 6: Express the force F  shown in Figure  as a Cartesian vector and its 

direction? 
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Solution 
If we resolve the force as in Figure 

 
Then  ( )kjiF OO


6.8645sin5045cos50 +−=  









+−= kjiF


6.86

2

50

2

50  

( )kjiF


6.864.354.35 +−=  
Not that NF 10010005)6.86()4.35()4.35( 222 =++=  

The direction of the force given by 

F

F

F

F

F

F zyx ===  cos,cos,cos   

100

6.86
cos,

100

4.35
cos,

100

4.35
cos =−==   

OOO 30
100

6.86
cos,73.110

100

4.35
cos,3.69

100

4.35
cos 111 =








==








−==








= −−−   
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Example 7:  Two forces act on the hook shown in the Figure. Specify the magnitude 

of 
2F  and its coordinate direction angles so that the resultant force 

RF  acts along the 

positive y  axis and has a magnitude of N800 . 

 

Solution 
Free-Body Diagram. we can plot the Free-Body Diagram as in figure         

 

So, we can expresses 1F


as follows: 

( )kjiF OOO


120cos60cos45cos3001 ++= ( )kjikjiF


−+=







−+= 21505.05.0

2

1
3001 . 

Also, jFR


800=  

We require 21 FFFR


+= (see below Figure)  

  
Then 

( ) kFjFiFkjij zyx


2222150800 +++−+=  

150,650,2150 222 ==−= zyx FFF  
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( ) ( ) ( ) 7004900002250042250045000
2

2

2

2

2

22 ==++=++= zyx FFFF            The direction of 

2F  given from   
2

2
2

2

2

2

2

2
2 cos,cos,cos

F

F

F

F

F

F zyx ===   

OOO 6.77
700

150
cos,8.21

700

650
cos,64.107

700

2150
cos 1

2

1

2

1

2 =







==








==














−= −−−   

 

Example 8: The screw eye is subjected to the two forces as shown below Figure. 

Express each force in Cartesian vector form and then determine the resultant force. Find 

the magnitude and coordinate direction angles of the resultant force. 

 

Solution 

 

( )kjiF OOoOo


60sin45cos60cos45sin60cos3001 ++−=  














++−= kjiF



2

3
)

2

1
()50()

2

1
()50(300 ..1  

( )kjiF


7321)35350()35350(300 ...1 ++−=  

( )kjiF


8125907106)07106( ...1 ++−=  
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Using the relation kFjFiFF


 coscoscos ++= , we have 

( )kjiF OOO


120cos45cos60cos5002 ++=  









−+= kjiF


)50(

2

1
)50(500 ..2                                                                   

( )kjiF


)50()70710()50(500 ...2 −+=  

( )kjiF


250)5542353(250 .2 −+=  

So, the resultant is given by  

( ) ( )kjikjiFFFR


250)5542353(2508125907106)07106( ....21 −++++−=+=  

( )kjiFR


8196294593143 ... ++=  

( ) ( ) ( ) NFR 734818196294593143 .... 222
=++=  

O

O

O

83388)02030(cos02030
73481

819
cos

4217)94510(cos95410
73481

62459
cos

615872)2987770(cos2987770
73481

93143
cos

...
.

.

...
.
.

...
.
.

1

1

1

==→==

==→==

==→==

−

−

−







 

 

Example 9: Determine the coordinate direction angles of 
1F . 

 
Solution 
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( )kjiF OOoOo


60sin45cos60cos45sin60cos3001 ++−=














++−= kjiF



2

3
)

2

1
()50()

2

1
()50(300 ..1 ( )kjiF


7321)35350()35350(300 ...1 ++−=     

( )kjiF


8125907106)07106( ...1 ++−=

OO

O

O

309990929)6880330(cos6880330
300

81259
cos

0969)35690(cos35690
300

07106
cos

7056110)35690(cos35690
300

07106
cos

....

....

....

1

1

1

===→==

==→==

=−=→−=−=

−

−

−







 

 

Example 10:The chandelier is supported by three chains which are concurrent at point 

O . If the resultant force at O  has a magnitude of Ib130  and is directed along the 

negative Z  axis, determine the force in each chain. 

 

Solution 
Equations of Equilibrium. First we will express each force in Cartesian vector form. 

Since the coordinates of points BAO ,,  and C  are ),6,0,0(O  

Figure) we havebelow (see )0,4,0(),0,2,32(),0,2,32( CBA −−−  
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)64(
52

)6232(
52

)6232(
52

kj
F

F

kji
F

F

kji
F

F

OC
OC

OB
OB

OA
OA







−=

−−−=

−−=

 

The magnitude of resultant force is, i. e. OCOBOAR FFFF


++=   

)64(
52

)6232(
52

)6232(
52

130 kj
F

kji
F

kji
F

kF OCOBOA
R


−+−−−+−−==       (1) 

From Eq. (1), we have  

( ) OBOA
OBOA FF

FF
=→−+= )32(

52
32

52
0                         (2) 

Also, from Eq. (1), we have  

OCOBOA
OCOBOA FFF

FFF
20)4(

52
)2(

52
)2(

52
0 +−−=→+−+−=  

From Eq. (2) , we have 02220 =+−→+−−= OCOAOCOAOA FFFFF  

OCOA FF =                                                                                (3) 

From Eqs. (2) and (3) , we have    

OCOBOA FFF ==                                                                     (4) 

Again, from Eq. (1), we have  

)6(
52

)6(
52

)6(
52

130 −+−+−= OCOBOA FFF
, and from Eq. (4), we have  

IbF
F

OA
OA 152

18

52130
)6(

52
3130 .−=−=→








−=  

Then the force in each chain are   IbFFF OCOBOA 152.===  
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Example: 11 Express each of the forces in Cartesian vector form and determine the 

magnitude and coordinate direction angles of the resultant force for the two forces act in 

below figure ? 

 
Solution 

Equations of Equilibrium. First we will express each force in Cartesian vector form.  

Since the coordinates of points BA,  are given )6,0,2(),0,4,0( −BA  

While, C  is given as  (see blow Figure)  )6,0,52())52(
5

12
,0,52( ... −→− CC . 

Since the force ABF  acts across the two points )0,4,0(A  and )6,0,2( −B . So the unit 

vector in this direction is )6,4,2(
56

1
−−=ABe


, i. e. Then                                     

)6,4,2(
56

50
)6,4,2(

56
−−=−−== AB

ABABAB

F
eFF


.   

Also, force ACF  acts across the two points )0,4,0(A  and. So the unit vector )6,0,52( .−C  

in this direction is )6,4,52(
2558

1 .
.

−−=ACe


, i. e. Then                                     

. )6,4,52(
2558

80
)6,4,52(

2558
.

.
.

.
−−=−== AC

ACACAC

F
eFF


 

ACAB FFF


+=  

kjiF

F













+−+








+−








−=

−−+−−=

2558

480

56

300

2558

320

56

200

2558

200

56

100

)6,4,52(
2558

80
)6,4,2(

56

50

...

.
.

 

kjiF










+−+








+−








−=

6327

480

48337

300

6327

320

48337

200

6327

200

48337

100

......
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( ) ( ) ( )kjiF


89362089240928741726126205426351113 ...... +−++−−=  

( ) ( ) ( )kjiF


80722654868854312 ... +−=  

Then ( ) ( ) ( ) IbF 57380722654868854312 .... 222
=+−+−=                                                                 

The direction of F  given from   
F

F

F

F

F

F zyx ===  cos,cos,cos  

Then   

O

O

O

922771)3102990(cos3102990
573

80722
cos

0798159)9340780(cos9340780
573

654868
cos

0233100)8.0(cos1740490
573

854312
cos

...
.

.

...
.

.

..
.

.

1

1

1

==→==

=−=→−=−=

==→−=−=

−

−

−







 

Example:  12  The bracket is subjected to the two forces shown in below Figure. 

Express each force in Cartesian vector form and then determine the resultant force Find 

the magnitude and coordinate direction angles of the resultant force 

 
Solution 

( )kjiF OOoOo


35sin25cos35cos25sin35cos2501 −+=  

( )kjiF


)573570()90630()819150()422610()819150(250 .....1 −+=  

( )kjiF


394143)5989185)54586 ...1 −+=  

Using the relation kFjFiFF


 coscoscos ++= , we have 

( )kjiF OOO


60cos45cos120cos4002 ++=                                         









++−= kjiF


)50(

2

1
)50(400 ..2                                                                  

( )kjiF


200)8427282(200 .2 ++−=  

So, the resultant given by  

( ) ( )kjikjiFFFR


2008427282200394143598918554586 ....21 ++−+−+=+=  

( )kjiFR


6065644161468455113 ... ++−=  

( ) ( ) ( ) NFR 34856065644161468455113 .... 222
=++−=  
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O

O

O

301783)116640(cos116640
3485

60656
cos

146215)965260(cos965260
3485

44161468
cos

5197103)233780(cos233780
3485

455113
cos

...
.

.

...
.

.

...
.

.

1

1

1

==→==

==→==

=−=→−=−=

−

−

−







 

 

 

Problems 
 

(1) Express F1, F2, and F3 as Cartesian vectors. 

 
(2) Determine the magnitude of the resultant force and its orientation 

measured counterclockwise from the positive x axis 
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(3) Express F1 and F2 as Cartesian vectors. 

 
(4) Determine the magnitude of the resultant force and its direction measured 

counterclockwise from the positive x axis. 

 
(5) Determine the magnitude and coordinate direction angles of  f3 so that the resultant of the three 

forces acts along the positive y axis and has a magnitude of 600 lb. 
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(6) Determine the magnitude and coordinate direction angles of  F3 so that 

the resultant of the three forces is zero 

 
(7)  The plate is suspended using the three cables which exert the forces 

shown. Express each force as a Cartesian vector. 
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(8) Determine the magnitude and coordinates on angles of the resultant force. 

 
(9) Express force F in Cartesian vector form if point B is located 3 m along 

the rod end C. 
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Chapter: 3  

Condition for the Equilibrium of a particle 
A particle is said to be in equilibrium if it remains at rest if originally at rest, or has a 

constant velocity if originally in motion. Most often, however, the term “equilibrium” 

or, more specifically, “static equilibrium” is used to describe an object at rest. To 

maintain equilibrium, it is necessary to satisfy Newton’s first law of motion, which 

requires the resultant force acting on a particle to be equal to zero . This condition may 

be stated mathematically as 

0=F                                                                                            (1) 

where F  is the vector sum of all the forces acting on the particle.                        

Not only is 0=F  a necessary condition for equilibrium, it is also a sufficient condition. 

This follows from Newton’s second law of motion, which can be written as amF = . 

Since the force system satisfies Eq. (1) , then 0=am , and therefore the particle’s 

acceleration 0=a  Consequently, the particle indeed moves with constant velocity or 

remains at rest.  

 

Fig. 1 

1. Coplanar Force Systems 

plane, as in Fig. (2) , then each force can be resolved into its i


 and j


 components. For 

equilibrium, these forces must sum to produce a zero 

force resultant, i.e.,    00 =+→=  jFiFF yx
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For this vector equation to be satisfied, the resultant force’s x and y components must 

both be equal to zero. Hence,. 0,0 ==  yx FF    

These two equations can be solved for at most two unknowns, generally represented as 

angles and magnitudes of forces shown on the particle’s free-body diagram. 

When applying each of the two equations of equilibrium, we must account for the sense 

of direction of any component by using an algebraic sign which corresponds to the 

arrowhead direction of the component along the x or y axis. It is important to note that 

if a force has an unknown magnitude , then the arrowhead sense of the force on the free-

body diagram can be assumed . Then if the solution yields a negative scalar , this 

indicates that the sense of the force is opposite to that which was assumed. 

 

Fig. 2 

Example 1: The Crate has a weight of )55(550 kgN = . Determine the tension in 

each supporting cable in Figure  

 

Solution                                                                                                                             

Applying the equations of equilibrium along the x  and y  axes, we have 
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550
2

1
055030sin0

0
2

3
030cos0

5

3

5

3

5

4

5

4

=+







→=−+








→=

=−







→=−








→=





ABAC

O

ABACy

ABAC

O

ABACx

TTTTF

TTTTF

 

,0358 =− ABAC TT          (1),                    550056 =+ ABAC TT          (2) 

        

( )
NTAC 518

368

35500
=

+

=   ( ) →=+ 35500368 ACT ,    Then  355003536 =+ ABAC TT

  In Eq. (1), we have    
( ) ( )

,0

368

1100
8035

368

35500
8 =−

+

→=−
+

ABAB TT  

                                                                              
( )

NTAB 5478

368

8800 .=

+

=

       2. Three-dimensional force system                                                             

         The necessary and sufficient condition for particle equilibrium is    = 0F             

      In the case of a three-dimensional force system, as in Figure .  

 

We can resolve the forces into their respective kji


,,  components, so that 

 =++ 0kFjFiF zyx


.  

To satisfy this equation we require 

0,0,0 === zyx FFF  

These three equations state that the algebraic sum of the components of all the forces 

acting on the particle along each of the coordinate axes must be zero. Using them we 

can solve for at most three unknowns, generally represented as coordinate direction 

angles or magnitudes of forces shown on the particle’s free-body diagram. 

Example 2: If cable AD  is tightened by a turnbuckle and develops a tension of  

Ib1300 . Determine the tension developed in cables AB  and AC  and the force developed 

along the antenna tower AE  at point A . 
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Free-Body Diagram. First we will express each force in Cartesian vector form. Since 

the coordinates of points BAO ,,  and C  are (see below Figure) 

),0,0,0(),0,512,0(),0,10,15(),0,15,10(),30,0,0( . EDCBA −−−   

Form the Figure we can express  ADACAB TTT ,,  and F  as follows  

Since the tension 
ABT


 acts across the two points A  and B . So the unit vector in this 

direction is )6,3,2(
7

1
)30,15,10(

35

1
)30,15,10(

1225

1
−−=−−=−−=−= ABeAB


, i. e 

)6,3,2(
7

1
−−=ABe


. Then                                                                              

)6,3,2(
7

−−=== AB
ABABABAB

T
eeTT


.                                                                                              

Also, the tension ACT


 acts across the two points A  and C . So the unit vector in this 

direction is                                

)6,2,3(
7

1
)30,10,15(

35

1
)30,10,15(

1225

1
−−−=−−−=−−−=−= ACeAC


, i. e 

)6,2,3(
7

1
−−−=ACe


. Then                                                                                     

)6,2,3(
7

−−−== AC
ACACAC

T
eTT


                                                                                               

A third time, the tension ADT  acts across the two points A  and D . So the unit vector in 

this direction is                  
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)300,125,0(
325

1
)30,512,0(

532

1
)30,512,0(

51056

1 .
.

.
.

−=−=−=−= ADeAD


,                                  

i. e  )12,5,0(
13

1
−=ADe


. Then        

)12,5,0(100)12,5,0(
13

1300
)12,5,0(

13
−=−=−== AD

ADADAD

T
eTT


                                              

kFF


=                                                                                                                               

Equations of Equilibrium: Equilibrium requires                                        

00 =+++→= FTTTF ADACAB


,  i. e. 

0)1,0,0()12,5,0(100)6,2,3(
7

)6,3,2(
7

=+−+−−−+−− F
TT ACAB  

0320)0()0(100)3(
7

)2(
7

=−→=++−+ ACAB
ACAB TTF

TT
                       (1) 

03500230)0()5(100)2(
7

)3(
7

=+−−→=++−+− ACAB
ACAB TTF

TT
         (2) 

078400660)1()12(100)6(
7

)6(
7

=+−−−→=+−+−+− FTTF
TT

ACAB
ACAB    (3)  

From Eq. (1) and Eq. (2), we have                              

03500232323 =








+−−+








− ACABACAB TTTT  

NTTTT ACACACAC 461538700013035002233 .=→=→=








+−+







−  

In Eq. (1), we have  

NTNTT ABACAB 692807692807461538
2

3

2

3 ... =→=







==  

While in Eq. (3), we have  

( ) ( ) ( ) 84004615386928076707840046153866928076 .... ++=→=+−−− FF  

NF 8452353.=  

Final 

 .8452353,461538,692807 ... NFNTNT ACAB ===  

 

Example 3:  The crate has a mass of kg130 . Determine the tension developed in each 

cable for equilibrium. 
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Solution 

Free-Body Diagram. First we will express each force in Cartesian vector form. Since 

)0,1,2(),1,3,0(),1,0,0(),1,0,4( DCBA                                                                           

Form the Figure we can express  CDBDAD TTT ,,  and F  as follows                                

Since the tension ADT


 acts across the two points A  and D . So the unit vector in this  

direction is   )1,1,2(
6

1
−−=−= ADeAD


. Then                                         

 )1,1,2(
6

−−=== AD
ADADADAD

T
eeTT


.                                                                                            

Since the tension BDT


 acts across the two points B  and D . So the unit vector in this 

direction is     )1,1,2(
6

1
−=−= BDeBD


. Then                                                     

)1,1,2(
6

−=== AD
ADADADBD

T
eeTT


                                                                                                      

Since the tension CDT


 acts across the two points B  and D . So the unit vector in this 

direction is   )1,0,2(
5

1
−=−= CDeCD


. Then                                                     

)1,0,2(
5

−=== CD
CDCDCDCD

T
eeTT


.                                                                                        

Equations of Equilibrium: Equilibrium requires 

00 =+++→= FTTTF ADACAB


,  i. e.  
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0)1,0,0()12,5,0(100)6,2,3(
7

)6,3,2(
7

=+−+−−−+−− F
TT ACAB  

0320)0()0(100)3(
7

)2(
7

=−→=++−+ ACAB
ACAB TTF

TT
                       (1)        

03500230)0()5(100)2(
7

)3(
7

=+−−→=++−+− ACAB
ACAB TTF

TT
         (2)  

078400660)1()12(100)6(
7

)6(
7

=+−−−→=+−+−+− FTTF
TT

ACAB
ACAB     (3)                   

From Eq. (1) and Eq. (2), we have                                 

03500232323 =








+−−+








− ACABACAB TTTT

NTTTT ACACACAC 461538700013035002233 .=→=→=








+−+







−                                        

In Eq. (1), we have  

NTNTT ABACAB 692807692807461538
2

3

2

3 ... =→=







==  

While in Eq. (3), we have  

( ) ( ) ( ) 84004615386928076707840046153866928076 .... ++=→=+−−− FF  

NF 8452353.=  

Final 

 .8452353,461538,692807 ... NFNTNT ACAB ===  

Example 4:  The Ib80 chandelier is supported by three wires as shown. Determine 

the force in each wire for equilibrium.  

 

Solution 
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From this Figure we can organize the next three Figures (b-d) 
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From Figure (b-d) we can find that 

)1(07071.0045sin
6.2

1

6.2

1
=−→=− ABAC

o

ABAC TTTT

)2(07071.0045sin
6.2

1

6.2

1
=−→=+− ABAD

o

ABAD TTTT

)3(666.86080
6.2

4.2

6.2

4.2

6.2

4.2
=++→=−++ ABADACABADAC TTTTTT                             

Solving Eqs. (1)- (3)                                                                                                         

Subtracting Eq. (1) and (2), we have ADAC TT =                                 

Then substituting into Eq. (3)                               

333.43
2

1
666.86 =+→=++ ABACABACAC TTTTT                               (4)                                      

Again substituting into Eq. (3)                        

IbTTT ABABAB 9.35333.435.07071.0 =→=+                                                                              

Then in Eq. (4), we have IbTT ACAC 4.25333.43)9.35(
2

1
=→=+                                                          

Final IbTTT ADACAB 4.25,9.35 ===    (Ans.)                                           

 

Example 5: If each wire can sustain a maximum tension of Ib120  before it fails, 

determine the greatest weight of the chandelier the wires will support in the position 

shown. 
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Solution 

From the above example 

)1(07071.0045sin
6.2

1

6.2

1
=−→=− ABAC

o

ABAC TTTT

)2(07071.0045sin
6.2

1

6.2

1
=−→=+− ABAD

o

ABAD TTTT

)3(08.10
6.2

4.2

6.2

4.2

6.2

4.2
WTTTWTTT ABADACABADAC =++→=−++                                     

Now if we put  120=ACT  in Eq. (1), we get 

1207072.169
7071.0

120
07071.0120 ==→=− ABAB TT     rejected solution                          

Again, if we put  120=ABT  in Eq. (1) , we get 

( ) 12085.847071.012007071.0 ==→=− ACABAC TTT     A reasonable solution                    

Then in Eq. (2), we have                                    

12085.84)7071.0()120(07071.0 ==→=− ABABAD TTT      A reasonable solution 

In Eq. (3) 

24.2687.28908.108.112085.8485.84 =→=→=++ WWW  

Example 6:The Ib80  ball is suspended from the horizontal ring using three springs 

each having an unstretched length of ft51.  and stiffness of  ftIb /50 . Determine the 

vertical distance h  from the ring to point A  for equilibrium. 
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Solution 

 

It clears that, the three springs are symmetric and subjected to a same tensile force. If 

one realizes  this forces to the −z axis, we have 

)1(80cos3080coscoscos =→=−++  ssss FFFF                               

But we know that , the relation between spring force and stiffness ( k ) given by  

)2(1
sin

1
7551

sin

51
50)( .

.
0 








−=








−=−==


LLkksFs   

Substituting from Eq. (1) into Eq. (2)   

)3(1sintan3555.0sin1
225

80

cos

sin
1

sin

1
75

cos3

80
=+→−=→








−= 
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  tan3555.0  sin  1sintan3555.0 =+   

30 205240)57730()35550( ... =  50.  705240.  

40  298290)8390()35550( ... =  64270.  92990.  

42  320)90()35550( ... =  66910.  98910.  

542.  325750)9160()35550( ... =  675590.  00131.  

 

Then O5.42=  

 

From Fig. (b) we note that  

fth
h O

641
9160

51

)5.42(tan

5.15.1
tan .

.
.

===→=  

Then, the vertical distance h  from the ring to point A  for equilibrium is ft641.  
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Problems 
(1) The three cables are used to support the 40-kg flowerpot. Determine the force 

developed in each cable for equilibrium ? 

 
(2) The 25-kg flowerpot is supported at A by the three cords. Determine the force acting 

in each cord for equilibrium ? 

 
(3) If each cord can sustain a maximum tension of 50 N before it fails, determine the 

greatest weight of the flowerpot the cords can support ? 
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(4) If the maximum force in each rod can not exceed 1500 N, determine the greatest 

mass of the crate that can be supported. 

 
 

(5) If the tension developed in either cable AB or AC cannot exceed 1000 lb, determine 

the maximum tension that can be developed in cable AD when it is tightened by the 

turnbuckle. Also, what is the force developed along the antenna tower at point A ? 
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(6) Determine the tension developed in cables AB,  AC and AD required for 

equilibrium of the 300-lb crate. 

 
 

 

(7) Determine the maximum weight of the crate so that the tension developed in any 

cable does not exceed 450 lb. 
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Chapter 4 
 

Friction 
Introduction 
If a body lies on the rough horizontal plane and is pushed by force, the plane (floor)  

opposes the possible motion by providing a distributed reaction force. The component 

of this reaction force parallel to the floor is the distributed friction force 
FF , and the 

component normal to the floor is the distributed normal force RNF = . 

Friction is the contact resistance exerted by one body when the second body moves or 

tends to move past the first body. Friction is a retarding force that always acts opposite 

to the motion or to the tendency to move. 

  

Types of Friction 

Dry Friction 

Dry friction, also called Coulomb friction, occurs when un-lubricated surfaces of two 

solids are in contact and slide or tend to slide from each other. If lubricant separates 

these two surfaces, the friction created is called lubricated friction. This section will 

deal only with dry friction. 

  

Fluid Friction 

Fluid friction occurs when layers of two viscous fluids moves at different velocities. 

The relative velocity between layers causes frictional forces between fluid elements, 

thus, no fluid friction occurs when there is no relative velocity. 

  

Skin friction 

Skin friction also called friction drag is a component of the force resisting the motion of 

a solid body through a fluid. 

  

Internal Friction 

Internal friction is associated with shear deformation of the solid materials subjected to 

cyclical loading. As deformation undergo during loading, internal friction may 

accompany this deformation. 

 

Angle of Friction 

Angle of friction is defined as the angle made by the resultant of frictional force and the 

normal reaction with the normal reaction. 
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From the Figure 





 tan

cos

sin
sin,cos =→




=→==

R

R

R

R
RRRR  

Example:1  Determine the minimum force required to move a block on a rough 

horizontal plane? 

Solution 
We draw free body diagram as shown 

 
When the body is impending move, we get 

→= 0xF       sinFWR +=                                                                         (1) 

→= 0yF       cosFR =                                                                              (2) 

From Eq. (1) into Eq. (2), we have  






sincos
)sincos(cos)sin(

−
=→−=→=+

W
FFWFFW        (3) But 

 tan= , then Eq. (3) 






















sinsincoscos

sin

cos

sin
sincos

cos

sin

tansincos

tan

sincos −
=

−

=
−

=
−

=
W

W
WW

F
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)(cos

sin





+
=

W
F . The value of F  is minimum if the denominator is maximum. The 

denominator is maximum, if  1)(cos =+  . 

So the minimum force required to move block on a rough horizontal plane is 
sinmin WF =  

Example:2 Determining the minimum force required to move a block upward on a 

rough inclined plane ? 

Solution 
We draw free body diagram as shown 

 
When the body is impending move, we get 

→= 0xF        sincos FWR +=                                                                 (1) 

→= 0yF       sincos WRF +=                                                                 (2) 

From Eq. (1) into Eq. (2), we have  
( )  sinsincoscos WFWF ++=  

( )





sincos

sincos
sincossincos

−

+
=→+=−

WW
FWWF                        (3) 

But  tan= , then Eq. (3)  

( )



















sinsincoscos

cossinsincos

cos

sin
sincos

sin
cos

sin
cos

tansincos

sintancos

−+

+
=

−

+

=
−

+
=

W
WW

WW
F  

)(cos

)(sin





+

+
=

W
F . The value of F  is minimum if the denominator is maximum. The 

denominator is maximum, if  1)(cos =+  . 

So the minimum force required to move block on a rough horizontal plane is 
)(sinmin  +=WF  
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Example:3  A uniform ladder has a  N800  and length m7  rests on a  horizontal 

ground and leans against a smooth vertical wall. The angle made by ladder with 

the horizontal is O60 . When a man of weight N600   stands on the ladder m4  from 

the top of the ladder, the ladder is at the point of slipping. Determine the 

coefficient of friction between the ladder and floor? 

Solution 
We draw free body diagram as shown and apply equilibrium conditions 

Motion impending:                                                                                               
→= 0yF                14008006001 =+=R                                                         (1)  

1112 1400 == RR                   →= 0xF                                                               (2) 

→= 0CM 0)(800)(600)()( 111 ==−=−− ADDAAEEACARABR             

                                            0)(800)(600)()( 111 =−−−−− DBABEBABCARABR              (3) 

 

0)60cos5.360cos7(800

)60cos360cos7(600)60sin7()60cos7( 111

=−

−−−−

OO

OOOO RR 
  

0)60cos5.3(800)60cos4(600)60sin7()1400()60cos7()1400( 1 =−−− OOOO     

  0)5.3(800)4(600)60tan7()1400()7()1400( 1 =−−− O                        

                 2510
98715934

4000

)732.1()9200(

280024009200

)60tan7()1400(

)5.3(800)4(600)7()1400( .
.1 ==

−−
=

−−
=

O
      

Other Solution →= 0BM 0)(600)(800)(2 =−− EBDBCAR            

                                    0)60(cos)3(600)60(cos)53(800)60(sin)7(1400 .1 =−− OOO                  

0)3(300)53(400)0636(1400 .. 1 =−−  →=−− 0)50()3(600)50()53(800)0636(1400 .... 1  

270
)0636(14

23
914)0636(140)3(3)53(4)0636(14 .

.
... 111 ==→+=→=−−   
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Example:4 A uniform ladder whose weight is N400  and whose length is m5  rests on a  

horizontal ground and leans against a smooth (frictionless) vertical wall. If the 

coefficient of friction between the ladder and floor is 46.0 . What is the greatest distance 

can be placed from the base of the wall without the ladder immediately slipping? 

Solution 
We draw free body diagram as shown and apply equilibrium conditions  

Motion impending: 

          →= 0xF     
112 RR =                                                                         (1) 

→= 0yF (2)                                                                           
1RW =                    

 
From Eqs. (1) and (2), we get  

→= WR 12               
W

R2
1 =                                                                               (3) 

→= 0BM 0)()(2 =− DBWCAR           

0)cos52()sin5( .2 =−  WR                                    





sin

cos

5

52.2 =
W

R
                                                                                               (4) 

Substitution from Eq. (4) into Eq. (3), we get                         

22
1

)5(5

52
460

5

52
460cot

5

52 .....
x

x

Ac

x

−
=→=→=    

222 256)25()21160()25(5225)5()460( .... xxxx =−→=−  

461125181521815125 ... 2222 =→=→=− xxxx , then       mx 43.=  
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Exercises 

Exercise:1 A uniform ladder whose weight is W  and whose length is L  rests on a  

horizontal ground and leans against a smooth vertical wall. If the coefficient of 

friction between the ladder and floor is 46.0 . What is the greatest distance can be 

placed from the base of the wall  without the ladder immediately slipping?                                                                                                     

Exercise:2 A ladder 6 m long has a mass of 18 kg and its center of gravity is 2.4 m 

from the bottom. The ladder is placed against a vertical wall so that it makes an 

angle of 60° with the ground. How far up the ladder can a 72-kg man climb before 

the ladder is on the verge of slipping? The angle of friction at all contact surfaces is 

15°                                                  

  Exercise:3 The 180-lb man climbs up the ladder and stops at the position shown 

after he senses that the ladder is on the verge of slipping. Determine the inclination of 

the ladder if the coefficient of static friction between the friction pad A and the 

ground is .Assume the wall at B is smooth. The center of gravity for the man is at G. 

Neglect the weight of the ladder. 

Exercise:4 The uniform 20-lb ladder rests on the rough floor or which the coefficient 

of static friction is and against the smooth wall at B. Determine the horizontal force P 

the man must exert on the ladder in order to cause it to move. 
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Slipping and Tipping 
 

Imagine a box sitting on a rough surface as shown in the figure below. Now imagine 

that we start pushing on the side of the box. Initially the friction force will resist the 

pushing force and box will sit still. As we increase the force pushing the box however, 

one of two things will occur. 

 

The pushing force will exceed the maximum static friction force and the box will begin 

to slide across the surface (slipping). 

Or, the pushing force and the friction force will create a strong enough couple that the 

box will rotate and fall on it's side (tipping). 

 
 

When we look at cases where either slipping or tipping may occur, we are usually 

interested in finding which of the two options will occur first. To determine this, we 

usually determine both the pushing force necessary to make the body slide and the 

pushing force necessary to make the body tip over. Whichever option requires less force 

is the option that will occur first. 

 

Determining the Force Required to Make an Object "Slip": 
A body will slide across a surface if the pushing force exceeds the maximum static 

friction force that can exist between the two surfaces in contact. As is all dry friction 

problems, this limit to the friction force is equal to the static coefficient of friction times 

the normal force between the body. If the pushing force exceeds this value then the 

body will slip. 
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Determining the Force Required to Make an Object "Tip": 
The normal forces supporting bodies are distributed forces. These forces will not only 

prevent the body from accelerating into the ground due to gravitational forces, but they 

can also redistribute themselves to prevent a body rotating when forces cause a moment 

to act on the body. This redistribution will result in the equivalent point load for the 

normal force shifting to one side or the other. A body will tip over when the normal 

force can no longer redistribute itself to any further to resist the moment exerted by 

other forces (such as the pushing force and the friction force). 

 

 
 

 
The easiest way to think about the shifting normal force and tipping is to imagine the 

equivalent point load of the distributed normal force. As we push or pull on the body, 

the normal force will shift to the left or right. This normal force and the gravitational 

force create a couple that exerts a moment. This moment will be countering the moment 

exerted by the couple formed by the pushing force and the friction force. 

Because the normal force is the direct result of physical contact, we cannot shift the 

normal force beyond the surfaces in contact (aka the edge of the box). If countering the 

moment exerted by the pushing force and the friction force requires shifting the normal 
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force beyond the edge of the box, then the normal force and the gravity force will not be 

able to counter the moment and as a result the box will begin to rotate (aka tip over). 

 

Example:1:  
 The box shown below is pushed as shown. If we keeping increasing the pushing force, 

will the box first begin to Slipping or will it Tipping over? 

 

Solution 
We draw free body diagram as shown and apply equilibrium conditions  

Slipping Case 

 

 

 

 

 
 

NFFRFFF SlipPushFSlipPush 56364)588()660( .. ==→====                                 (1)  

 

Tipping Case 

The moment at pint A 

NFFF TipPushPush 56294
3

)51(588
)51)(588()3( ... ===→=                                    (2) 
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From Eqs. (1) and (2), we note that NFNF SlipTip 5636456294 .. == .   

So the box will tipping first. 

 

 
Check x : 518610)(588)3(563640 ... =→=−→= xxM A  

 Not Slipping 

 

Example: 2:  What is the maximum value of d  that will allow the box to slipping 

along the surface before tipping over? 

 

Solution 
We draw free body diagram (FBD) as shown and apply equilibrium conditions  

Slipping Case NFRFFF SlipFSlipPush 56364)588()660( .. =→====       (1) 
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Tipping Case 

 
 

N
dd

FFdF TipPushPush

882)51(588
)51)(588()(

.. ===→=                              (2) 

The box slipping along the surface before tipping over, if  TipSlip FF  . 

From Eqs. (1) and (2), we find that 

 mdd
d

4232
364

882

364

882882
364 .=→→ .   

So the box will Slipping first if  md 422.= . 
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Example3: The refrigerator has a weight of Ib180  and rests on a tile floor for 

which  250.= .Also, the man has a weight of of coefficient the and Ib150  

static friction between the floor and his shoes is 60.= . If he pushes 

horizontally on the refrigerator, determine if he can move it. If so, does the 

refrigerator slipping or tipping? 

 

Solution 

We consider the man can able to move the refrigerator (slipping or tipping case) and we 

study the case of refrigerator and man everyone alone 

The case of refrigerator  

(a) The slipping case 

 

Assuming that the refrigerator is on the verge of slipping, so 

→= 0yF      IbWRr 180==                                                             (1) 
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 →= 0xF   

  IbFFRFFF SlippingPushrrFSlippingPush 45)180()250( . ==→====       (2) 

(b) The tipping case 

 

Assuming that the refrigerator is on the verge of tipping, so 

→= 0yF      IbWRr 180==                                                                       (3) 

5670)51(180)4(0 .. ==→=−→= tippingpushA PPPM                     (4)   

From Eqs. (2) and (4), we note that 56745 .== TippingSlipping PF .   

So the refrigerator does not tipping, but it slipping . 

Check x : 5110)(180)4(450 .=→=−→= ftxxM A  

Since 51.x . Again this confirms that the refrigerator does not tipping, but it slipping. 

Therefore, the correct assumption is that, the refrigerator slipping. 

 So IbFF SlippingPush 45==  

The case of man 
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→= 0yF      IbWRman 150==                                                       (3) 

  

→= 0xF    IbFman 45=                                                                      (4) 

But ( ) ( ) IbRFF manmanfrictionmanman 90)150()60( .
max

====                              (5) 

Since ( ) 4590 == manfrictionman FF , so the man does not slip. Thus the man is capable of 

moving refrigerator.   

Example:4 A regular square plane  rest with one of its sides on a rough inclined 

plane of inclination 
6


. A gradually increased force acts upwards at higher point of the 

plate. Prove that the plate will tipping before slipping if the coefficient of friction is 

greater than 
37

33

+

− . 

Solution 
We draw free body diagram (FBD) as shown and apply equilibrium conditions 

 
Slipping Case 

WRFWRFF Slip

OO

Slipx
2

1

2

3
30sin30cos0 ++=→++=→=                         (1) 

WFRWFRF Slip

OO

Slipy
2

3

2

1
30cos30sin0 +=→+=→=                               (2) 

From Eq. (2) into Eq. (2)  
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WWFFWWFF SlipSlipSlipSlip
2

1

2

3

2

1

2

3

2

1

2

3

2

1

2

3
+=−→+









+=   

( ) ( ) WFWF SlipSlip 













−

+
=→+=−






3

13
133                                           (3) 

Tipping Case 

 

WFRWFRF tip

OO

tipy
2

3

2

1
30cos30sin0 +=→+=→=                                 (4) 

The moment at pint A 

)2(30cos)(30cos)(30sin0 aFaWaWM O

Tip

OO

A =+→=  

( ) TipTip FWaFWaaW 3231)2(
2

3
)(

2

3
)(

2

1
=+→=+   

WFTip
32

31+
=                                                                                                     (5) 

The plate tipping over before slipping if . SlipTip FF  , then  

( ) ( ) ( )1332313
3

13

32

31
++−→















−

+


+





WW  

327333326333 +−+→+−−+→   

( )
37

33
3733

+

−
→+−→  . 

 

 



68 

 

Problem: The drum has a weight of Ib100  and rests on the floor for which the 

coefficient of static friction is  50.=s  as shown in Figure. If fta 3=  and ftb 4= , 

determine the smallest magnitude of the force P  that will cause impending motion of 

the Drum? 
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Chapter 5 
 

Center of Gravity, Center of Mass and Centroids 

Introduction                                                                                                       

Center of Gravity. A body is composed of an infinite number of particles of differential 

size, and so if the body is located within a gravitational field, then each of these 

particles will have a weight dW , Fig. 1(a). These weights will form an approximately 

parallel force system, and the resultant of this system is the total weight of the body, 

which passes through a single point called the center of gravity, G , Fig. 1(b). 

 

It well known that, the weight of the body is the sum of the weights of all of its 

particles, that is 

 == dWWOrFF zR  

The location of the center of gravity, measured from the y  axis, is determined by 

equating the moment of W  about the y axis, Fig.1(b), to the sum of the moments of the 

weights of the particles about this same axis. If dW  is located at point ),,( zyx , Fig.1(a) 

, then 

 == dWxWxOrMM xxR


)(                                                 

Similarly, if moments are summed about the y  axis, 

 == dWyWyOrMM yyR


)(

 

Also: 

 == dWzWzOrMM zzR)(  
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Therefore, the location of the center of gravity G  with respect to the zyx ,,  axes 

becomes 

.,,












===

dW

dWz

z

dW

dWy

y

dW

dWx

x



                                                   

zyx


,,  are the coordinates of each particle in the body .                                        zyx ,,  are 

the coordinates of the center of gravity G. 

The Center of mass                                                                                                   In 

order to study the dynamic response or accelerated motion of a body, it becomes 

important to locate the body’s center of mass (Cm) .                                                                              

This location can be determined by substituting dmgdW =  . Since g  is constant, it 

cancels out, and so 

                                                      
.,,












===

dm

dmz

z

dm

dmy

y

dm

dmx

x



 

 

Definition:  The Center of gravity 

The Center of gravity, that point in a body (or system) around which its mass or weight 

is evenly distributed (or balanced) and through which the force of gravity acts 

The definition of center of gravity is the place in a system or body where the weight is 

evenly dispersed and all sides are in balance. 
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Center of Gravity: point locates the resultant weight 

Centroid: 

point defines the geometric center 

If the material composing a body is uniform or homogeneous, the density or specific 

weight will be constant throughout the body, then the centroid is the same as the center 

of gravity or center of mass. 

Line Centroid: 

The coordinates of the Centroid of Line given by 

 








==

L

L

L

L

dL

dLy

y

dL

dLx

x



,  

Area  Centroid 

The coordinates of the Centroid of Area given by 
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==

A

A

A

A

dA

dAy

y

dA

dAx

x



,                                                                           

Volume Centroid: 

The coordinates of the Centroid of Volume of a body with volume V  are given by 

 

.,,












===

V

V

V

V

V

V

dV

dVz

z

dV

dVy

y

dV

dVx

x  

Remark: 
For a homogeneous body ( const= ), the center of mass and the centroid 

of the volume coincide. 

Examples  

Example 1: Determine  the Center of Mass of a thin uniform Rod? 

Solution 

Let LAB =  be the length of a uniform rod or a uniform strip with its middle point G . The 

mass per unit length of this rod or strip is uniform at all points. For any elemental 

mass )(dm at any point located at distance )(x from the end (beginning) of Rod as shown 

in Figure. 
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The Centre of Mass of a thin uniform Rod is given by  




=

dm

dmx

x



 ,                                                                                                                     

where dxdm = ,                                                                                                            

Then 

( )
L

L

L

L

L

x

x

dx

dxx

dx

dxx

dm

dmx

x
L

L

L

L

L

L

L

L

2

12

1

0

0
2

1
2

1
22

0

0

2

0

0

0

0

0

0 ==
−

−

=====


















  

Then        .0,0,
2

1
=== zyLx  

Example:2 Determine the center of mass for Rod of non-uniform density, where 

the density varies from one end to the other? 

Solution 

Let LAB =  be the length of a uniform rod or a uniform strip with its middle pointG . The 

mass per unit length of this rod or strip is uniform at all points. For any elemental 

mass )(dm at any point located at distance )(x from the end (beginning) of Rod as shown 

in Figure. 

 

The Centre of  Mass of a thin uniform Rod is given by  




=

dm

dmx

x



                                                                                                                           

If the density varies  as a function of distance from end (beginning) of the Rod x =  

and dxxdmdxdm  =→=   then     
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L

L

L

L

L

L

L

L

x

x

dxx

dxx

dxx

dxxx

dm

dmx

x

0

2

0

3

0

0

2

0

0

0

0

2

1

2

1
)(

====

















  

( )

( )
L

L

L

L

L

x
3

2

2

1
3

1

0
2

1

0
3

1

2

3

2

3

==

−

−

=                                                                                                                         

Then       Lx
3

2
=  

Example 3: Determine the center of mass of a uniform square Plate (one of the 

Uniform (regular- symmetric) Shapes) ?  

Solution 

 

 

We consider the square Plate as in upper Figure and we select an small strip at distance 

y from the −y axis, and it has dx  length  and dy  wide. 

Where the shape is homogenous (uniform), then Centre of Mass maybe given by

 

.,
A

dAy

y
A

dAx

x


==



                                                                                                       

Then        

 
a

a

a

a

y
x

a

dydxx

A

dAx

x

a

a

a a

2

1

2

12
2

3

2

0

0

2

2

0 0 ==










===
 



.    
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 Also 

 
a

a

a

a

y
x

a

dydxy

A

dAy

y

a

a
a a

2

1

2

12
2

3

2

0

2

0

2

0 0 ==










===
 



 

  Then )
2

,
2

(),(
aa

yx =                                                                                                    

Exercise: : Determine the Centre of Mass of a uniform Rectangular Plate?  

Example 4: Determine the Center of Gravity of a uniform (is uniform thickness and 

constant density) right Triangular Plate ?     

Solution 

  We consider the right Triangular Plate as in Figure and we select an small element at 

any point located at distance ),( yx from the −x axis and −y axis, respectively.  

 
The Centre of Mass is given by                                                      

                                                                       ,  .0,, ===








z

dm

dmy

y

dm

dmx

x



    Note that, for the triangle  1=+
h

y

a

x

 

  dy
h

y
a

dy
h

y
a

dyx

dy
x

dydx

dydxx

dm

dmx

x
h

h

h
h

y
a

h h

y
a

h

o

h

y
a

h
h

y
a

A

A
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−−
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−

−

−

−

0

0

22

0

)1(

0

0

)1(

0

2

)1(

0

0

)1(

0

0)1(

0)1(
2

1
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2

0
32

2

2

2

32

2

2
1
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2

2

2

32

0

2

0

2

32

0

0 2

22

h

h
h

h

h

h

h
h

a

h

y
y

h

y

h

y
y

a

dy
h

y
a

dy
h

y

h

ya

h

h

h

h

 

 

3

2

3

2

2

3

2

a

h

h

a

h
h

h
hh

a
x ==









−









+−

= .                                                                                               

Similarly, we can prove that 
3

h
y =                                                                          Then 

)
3

,
3

(),(
ha

yx =  

Example 5: Determine the center of mass of right Triangular Plate (uniform thickness 

and constant density) as is in the below Figure ? 

 

Solution 
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The Centre of Mass is given by     ,,
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Example 6: Determine the Center of Mass of arc of Circular arc ?                    

Solution                              

We consider the Circular arc as in Figure and we select an small element at any point 

located at distance ),( yx from the origin point or ),( r . From the figure one can see that, 

the center of gravity will be point on −x axis. So the center of gravity will be given as  
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Then, the Center of Mass of a Circular arc is


sin
ax =    

Example 7: Determine the Center of Mass of a uniform Quarter-circular arc (Wire 

segment as Quarter-circular) ? 

Solution 

 We consider the uniform Quarter arc of circle (wire) as in Figure and we select an 

small element at any point located at distance ),( yx from the origin point or ),( r . The 

Center of Mass will be given as   
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Similarly, 
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Then, the Center of Mass of a uniform Quarter arc of circle is )
2

,
2

(),( aayx


=    

Exercise: Determine the center of Mass of a uniform semi-circular arc (uniform 

Semicircle wire)? ……………. The center of Mass of a uniform Semicircle wire is  

e Exercis . Prove that?  ,0 , where the integral will be in the interval )
4

,0(),( ayx


=

:Determine the center of gravity of a uniform circular arc?  

Example 8: Determine the Center of Mass of a Circular sector?                       .                                            

Solution 

   We consider the uniform a Circular sector  as in Figure and select an small element .  

 

The Centroid of Area (Center of Mass) for this element will be given as
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Then the Centroid of Area (Center of Mass) of a uniform Circular sector given by 
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Example 9: Determine the Center of Mass of a Semicircle area? 

Solution 

We consider the uniform Semicircle area as in Figure and we select an small element at 

any point  

 
 

The Centroid of Area (Center of Mass) will give as                                                           

.
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Form the Figure one can see that,, 0=x    
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Example 10: Determine the Center of Mass of a Quarter Circle area? 

Solution 

We consider the uniform Quarter Circle area as in Figure and we select an small 

element at any point  

 

We known that, the Centroid of  area (Center of Mass ) of a body with area A  are given 

by be given as  
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Similarly, we can prove that 
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Example11:Determine the Center of Mass of a uniform Hollow hemisphere? 

Solution 

The Center of Mass is given by 

.,,












===

dm

dmz

z

dm

dmy

y

dm

dmx

x



 

 
It is well-known that, 

 
 )(cos2)(2 daadaxdm ==  

( )

( )

2 2

2

2

0 0

0

2 cos ( ) cos

sin cos
1 1

4
2

y a a d y dy dm y dm

y a d
m

adm

 

     

  

 

= = = = =

  




 



83 

 

( )
( )

( )
( ) ( )

2
2

2 2 222

00

sin sin 0
sin 1 02

sin sin
2 2 2 2

a
y a d a a a

 


 

 
−  − 

= = = = =  

 

Then  )0,
2

,0(),,(
a

zyx =   

 
Example 12: Determine the Center of Mass of a uniform Solid hemisphere?  

Solution 

 
We know that, the Centroid of Volume of a body with volume V are given by 
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Example 13: Determine the Center of Mass of a solid and  right circular cone of 

height h  and the base radius a ? 

Solution 

It is clear that the Centroid of Volume (Center of Mass) is given by  
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We consider the circular cone as in Figure and we select an small element at any point 

located at distance x from the origin point and its thickness is dx . 
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Then, the center of gravity of a solid is hx
4

3
=   referenced from the origin point or 

the center of gravity of a solid is hx
4

1
=   referenced from the base . 

Exercise: Determine the Center of Mass of a Hollow and right circular cone of height 

h  and the base radius a ? 

Example 14: Determine the Centroid of the area shown in below Figure ? 

 

Solution 

The centroid of area (Center of Mass) is given by 
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Example 15: Determine the Centroid of the area shown in below Figure ? 

 
Solution 

We select the small strip as in below Figure 

 

The centroid of area given by   
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Example 16: Determine the Centroid of the area shown in below Figure?  

 

Solution 
We select the small strip as in below Figure 

The centroid of area  given by   
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Example 17: Determine the Centroid of the area shown in below Figure?  

  

Solution 
We select an small strip as in below Figure  
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The centroid of area  given by   








==

dA

dAy

y

dA

dAx

x



, . 

Where yyxxdyxdA ===


,,2 . Then 

















−

−

−

−
=









−









−

===
b

b

dxx

b

b

dxx

b

b

dxxx

b

b

dxxx

x

dyx

x

dyxx

dA

dAx

x

2

32

0

0

2

1
2

2

1
2

2

)2(


 

0
2

0

4

3

)(4

3

3

1

4

1

33

44

3

4

==
−−

−
==

−

−

bb

bb

b

b
x

b

b
x

x   (Due to symmetry)   

( )

















−

−

−

−

−

=









−









−−

===
b

b

dxx

b

b

dxxx

b

b

dxxx

b

b

dxxxx

x

dyx

dyxy

dA

dAy

y

y

2

422

0

0

)
4

1
(

2

1

2

1
)

4

1
1(

2

2


 

2

2

33

5533

3

53

20

3
1

3

1

203

1

)(
3

1

)(
20

1
)(

3

1

3

1

20

1

3

1

b

b

bb

bbbb

x

xx

y
b

b

b

b −=


















−

=









+









+−+

=


















−

=

−

− 2

20

3
1 by −=   

Then   







−= 2

20

3
1,0),( byx  

If   →= cmb 2 







=








=







 −
=








−=








−=

5

2
,0

20

8
,0

20

1220
,0

20

12
1,0)4(

20

3
1,0),( yx .                          

Example 18: Determine the Centroid of the area shown in below Figure ? 
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Solution 
We select an small strip as in below Figure  

 

The centroid of area  given by   








==

dA

dAy

y

dA

dAx

x



,  

Where 2,,
2

1
, yxyyxxdyxdA ====


. Then  

( )
3

5

4

0

3

4

0

5

0

2

0

4

0

2

0

22

0

0

4

4

10

3

3

5

2

1

4

4

2

1

4

4

2

12

1

====










==

















y

y

dyy

dyy

dyy

dyyy

x

dyx

dyxx

dA

dAx

x

y

  

mx 84
5

24

1

16

10

3 .===  

m
y

y

dyy

dyy

dyy

dyyy

x

dyx

y

dyxy

dA

dAy

y 3
4

4

4

3

3

4

4

4

4

4

3

4

4

0

3

4

0

4

0

2

0

3

0

2

0

2

0

0 =======


















 

Then   )3,84(),( . mmyx =  

 
 

 



91 

 

Chapter 6 
 

Virtual Work 
Work by Force    
If we consider =U work, =F  Force that done the work, =dr  displacement 

 
The work define by  cos. FdrdrFU ==  

What is Virtual Work? 

Virtual Work ( 0=U ) is imaginary work done when a particle subject to a number of  

forces is move a small imaginary distance(du (. 

 

Virtual Work Utilization  

Virtual Work 

 1- Utilize the principle of virtual work 

 2- To determine active forces that maintain the system in equilibrium, 

 3- To determine the equilibrium positions, 

 4-To relate the work done by conservative forces with potential energy. 

 

 

Example:1 The ladder has a weight W  and rests against the floor and a smooth vertical 

wall. Using the principle of virtual work to determine the friction force acting on the 

ladder at the point of contact between the ladder and floor? 
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Solution 

Draw free body diagram as shown Apply the principle of virtual work, where 

 
The normal forces yB  and xC  do no work because they are perpendicular to the 

displacement of point B  and C . Thus yB  and 
xC  are not an active force. 

The force W does work because the point D  moves up, so W is an active force. 

The force xB  does work as point B moves to the lift, so xB  is an active force. 

The principle of virtual work says that the total work done by all forces acting on a 

system in static equilibrium is zero for any possible virtual displacement.. 0=U    

0=+ AxD xByW                                                                                                   (1) 

Form the Figure, we note that   

 sin,cos
2

cos
2

,cos Lx
LL

yyLy ACDC ==−==                                          (2) 

 
From Figs. (1) and (2) 

0)sin()cos
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W x

0cossin
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0cossin
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+−→=+−  xx B
W

B
W

 



93 

 

0 . Then 



tan

2cos

sin

2

W
B

W
B xx =→= . 

 

Example:2 Use the principle of virtual work to determine the force P  required to keep 

the two rods in equilibrium when the angle O30= and weight IbW 30= . The rods are each 

of length L  and of negligible weight. 

 

Solution 
Draw free body diagram as shown 

 
Apply the principle of virtual work, where     

The normal force 
1R  does no work because it is perpendicular to the displacement of 

point A . Thus 1R  is not an active force. 

The forces 
2R  and 3R  do no work because the point B  does not move. Thus 

2R  and 3R  

are not an active force. 

The force W does work because the point C  moves up, so W is an active force. 

The principle of virtual work says that the total work done by all forces acting on a 

system in static equilibrium is zero for any possible virtual displacement.. 0=U    

0)()( =+ ABPDCW                                                                                           (1) 

 From the Figure as shown   
,sin,cos2  LDCLAB ==                                                                              (2) 

From Eqs. (1) and (2) 
0)cos2()sin( =+  LPLW  

0sin2cos0sin2cos =








−→=−  PWPW  

0,0sin2cos =−  PW , 
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Then, IbP
W

P O 343)7321(
2

50
30cot

2
.. =→== . 

 

Example:3 Use the principle of virtual work to determine the value of the weight W  

required to maintain the mechanism in the position shown, if NP 05= . 

 

Solution 
Draw free body diagram as shown 

 
Apply the principle of virtual work, where     

The force W  does work if A  moves vertically, so W  is an active force. 

The reaction forces at B  and E  do no work because B  and E  do not move; thus the 

reactions are not active forces. 

The force P  does work as point F  moves vertically, so P is an active force. 

The principle of virtual work says that the total work done by all forces acting on a 

system in static equilibrium is zero for any possible virtual displacement. 0=U    

 0=+− FA yPyW                                                                                         (1) From the 

Figure as shown 

CA
CA yy

yy



 =→==

33
tan                                                    (2) 
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FD
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3
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32
tan =→==                                                     (3) 

Also,                                        

DC yy  =                                                                                                    (4) 

From Eqs. (2) -(4) 

                                                       FA yy 
3

2
=                                             (5) 

Substitution from Eq. (5) into Eq. (1), we get 

0
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− FFF yPWyPyW   

0,0
3

2
=+− FyPW  , 

)50(
2

3

2

3
0

3

2
==→=+− PWPW .          

 Then     NW 75=  

 

Examples 
 

Example:1 Rotating the threaded rod AC of the automobile jack causes joints A  and 

C to move closer together, thus raising the weight W . Determine the axial force in the 

rod, if O30= and kNW 2= . 

 

Solution 

Draw free body diagram as shown 

The effect of the rod is then represented by the two forces rF . One can see that, W  and 

the two rF  forces are the active forces.  
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Introduce coordinates measured from fixed points to the points of application of the 

active forces 

 
The principle of virtual work says that the total work done by all forces acting on a 

system in static equilibrium is zero for any possible virtual displacement. 0=U    

 0=−−− CrArB yFyFyW                                                                             (1) 

From the Figure as shown 
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aEBDEyxx BCA +=+=== )sin150(2,cos150                                         (2) 

( ) ( ) ( ) 0cos150cos150)sin150(2 =−−+−  rr FFaW  

( ) ( ) ( ) 0sin150sin150cos300 =++−  rr FFW  

( ) ( ) 0sin300cos300 =








+−  rFW  

4643)7321(230cotcot
sin

cos .. ===== O

r WWWF 



.    Then KNFr 4643.=  

 

Example2: Determine the vertical reaction at support C , if KNP 2=  
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Solution 
Draw free body diagram as shown 

One can see that, yC  and P are the active forces Cy and P are active forces for the 

displacements 

The normal force xC does no work because it is perpendicular to the displacement of 

point C . Thus xC  is not an active force. 

The forces xA  and yA  do no work because the point A  does not move. Thus xA  and yA  

are not an active force. 

The force P does work because the point B  moves up, so B is an active force. 

 
The principle of virtual work says that the total work done by all forces acting on a 

system in static equilibrium is zero for any possible virtual displacement.. 0=U    

0=+− CyB yCyP                                                                                                 (1) 

From the Figure as shown, we find that   

 

 dyy BB sin5cos5 −=→=                                                                    (2) 
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 ddyCDyy CBC sin23sin5cos23cos5 −−=→+=+=                    (3) 

From Eqs. (1)-(3) 

( ) 0sin23)sin5)sin5( =−−+−−  ddCdP y                                               (4) 

Again, From the third Figure we find that,  

 sin23sin5
23

sin,
5

sin =→==
BDBD

 





 dddd

cos

cos

5

23
cos23cos5 =→=                                   (5) 

From Eq. (5) into Eq. (4), we get 

0)sin23
cos

cos

5

23
)sin5(

cos

cos

5

23
)sin5( =












−














−+














−− 









 ddCdP y  

0tantantan0tantantan =







+−→=

















+−  yy CPdCP  

KNPCy 8570
7

6

7

3
)2(

1
4

3
4

3

)2(
tantan

tan .===

+

=
+

=



 

Then KNC y 8570.=  

 

Example:3 Two symmetric rods AB andare smoothly  mg and weight  L2 length of BC   

jointed at B  and placed in a vertical plane such that A and C touch a smooth horizontal 

plane to. If the group is kept in equilibrium by an elastic string joining the points of the 

two rods. Using the principle of virtual work, find the tension in the string and show 

that the coefficient of elasticity in the string is W
5

4
 if the equilibrium takes place when 

the inclination of the two rods on the horizontal is 
5

3
cos 1− . 

Solution 
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The principle of virtual work says that the total work done by all forces acting on a 

system in static equilibrium is zero for any possible virtual displacement.. 0=U    

0)()()()( =+++ BATCBTCCWAAW                                           (1) 

Form the Figure, we note that 

 cos,sin LBACBLCCAA ====                                                 (2) 

From Figs. (1) and (2) 

0)cos(2)sin(2 =+  LTLW  

0sincos0sincos =








−→=−  TWTW  

0,0sincos =−  TW , 

Then WTWTWT
4

3

4

5

5

3

sin

cos
=→=→=




. 

From Hawke's law we note that  

WW

L

LL

L

LL

L

LL
T

4

3
)

5

3
(

4

3
)1

5

8
(

4

3
4

3
)

5

3
(2

4

3
4

3
cos2

0

0 =→=−=

−

=

−

=
−

= 


   

W
4

5
=  
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Exercises 

Exercise1: A ladder of mass m  has its ends on a smooth wall and floor. The foot of the 

ladder is tied by an inextensible rope of negligible mass to the base of the wall so the 

ladder makes an angle    with the floor. Using the principle of virtual work, find the 

magnitude of the tension in the rope? 

 

Exercise2: Determine the force exerted by the vice on the block when a given force p  

is applied at C   . Assume that there is no friction 

 

 

 

 


